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Foreword for isotopic generalizations
of quantum theories

Jeremy Dunning-Davies *

Abstract

Here it is attempted to give a brief introduction to the work of Ruggero San-
tilli via a slightly more detailed discussion of two areas in which he has made
major contributions. The motivation for his work is also discussed through-
out and an attempt is made also to highlight some of the problems which
have inspired him over the years. The two examples taken are, firstly, a fas-
cination with the early work of Rutherford in viewing a neutron, which was
undiscovered at the time, as a proton and an electron. This model was dis-
carded because it wasn’t allowed by conventional quantum mechanics. The
second was a deep interest in the paradox introduced into physics by the ap-
pearance of the now famous article by Einstein, Podolsky and Rosen in 1935.
Both these contributed to Santilli’s realization that, for further progress to be
made in physics, a new approach had to be adopted which would involve the
use of as yet unused, or unknown, mathematical methods. Over the years, a
huge body of new mathematics has emerged through the efforts of Santilli,
helped to some extent by various other workers, but the main body has been
due to him. This relatively short foreword has as its aim to promote this
lifetime’s work of Santilli and hopefully encourage others to be motivated
to study it with truly open minds and, where necessary, carry out actual ex-
periments to test independently some of the predictions made — especially
the one relating to a possible method for the safe, rapid disposal of nuclear
waste.

Keywords: nuclear physics; radioactive waste; hadronic mechanics
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1 Introduction

In the very last paragraph of his well-known book on quantum mechanics [1], the
Nobel Prize Winner Paul Dirac states that:

“It would seem that we have followed as far as possible the path of logical de-
velopment of the ideas of quantum mechanics as they are at present understood.
The difficulties, being of a profound character, can be removed only by some dras-
tic change in the foundations of the theory, probably a change as drastic as the
passage from Bohr’s orbit theory to the present quantum mechanics.”

This is a powerful statement by an eminent, highly respected theoretician but
echoes accurately concerns which have existed about quantum mechanics since
the subject was born. This is not to decry its enormous achievements in the inter-
vening years but merely to draw attention to the fact that it, like all other theories,
cannot be accepted as the final answer; again like all other theories, it is not com-
plete and depends crucially on any assumptions made in its beginnings.

Very often the queries about quantum mechanics have revolved around the
role of the observer and over whether or not quantum mechanics is an objective
theory. One man who has considered these points is Karl Popper, one of the best
known philosophers of science. Contrary to the so-called Copenhagen Interpre-
tation, he expresses the view that the observer, or as he prefers to call him, the
experimentalist, plays exactly the same role in quantum mechanics as he does in
classical physics — that is, he is there to test the theory.

As has been noted elsewhere, a great many eminent physicists have switched
allegiance away from the pro-Copenhagen camp over the years. However, where
does Popper fit into anything to do with Hadronic Mechanics? Quite simply, the
answer lies in the fact that it was in his 1982 book [2] that he, Karl Popper, drew
attention to the thoughts and ideas of Ruggero Santilli. In the ‘Introductory Com-
ments’ to his book, Popper reflects on, amongst other things, Chadwick’s model
of a neutron. He notes that it could be viewed and indeed was interpreted origi-
nally as being composed of a proton and an electron. However, again as he notes,
orthodox quantum mechanics offered no viable explanation for such a composi-
tion. Hence, in time, it became accepted as a new particle. Popper then notes that,
around his (Popper’s) time of writing, Santilli had produced an article in which the
“first structure model of the neutron” was being revived by “resolving the techni-
cal difficulties which had led, historically, to the abandonment of the model”. It
is noted that Santilli felt the difficulties were all associated with the assumption
that quantum mechanics applied within the neutron and disappeared when a gen-
eralised mechanics is used. Later, at the end of section IV of his ‘Introductory
Comments’, Popper makes the following assertion:
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“I should like to say that he (Santilli) — one who belongs to a new generation
- seems to me to move on a different path. Far be it from me to belittle the giants
who founded quantum mechanics under the leadership of Planck, Einstein, Bohr,
Born, Heisenberg, de Broglie, Schrodinger, and Dirac. Santilli too makes it very
clear how greatly he appreciates the work of these men. But in his approach he
distinguishes the region of the arena of incontrovertible applicability of quantum
mechanics (he calls it atomic mechanics) from nuclear mechanics and hadronics,
and his most fascinating arguments in support of the view that quantum mechanics
should not, without new tests, be regarded as valid in nuclear and hadronic me-
chanics, seem to me to augur a return to sanity: to that realism and objectivism
for which Einstein stood, and which had been abandoned by those two very great
physicists, Heisenberg and Bohr”.

Obviously, these comments of Popper will not be too well-received by some
but, at the very least, they provide much food for thought and, considering his own
well-deserved reputation, should convince people to assess Santilli’s contributions
with open minds at the very least.

2 Limitations of quantum mechanics?

As stated above, in more recent times, one man who has worried about the extent
of the claims for much of conventional theory is Ruggero Santilli. He has devoted
his life to studying and attempting to extend the theory to cover situations to which
it was not, in its usually accepted form, truly applicable. The fact that it is, at
the very least, not applicable in certain cases is something which is hidden from
the public and from most students and Santilli’s investigations have placed him
squarely in opposition to the ‘godfathers’ of ‘conventional wisdom’.

All this has put him at a grave disadvantage in the scientific world where ques-
tioning the currently accepted views on basic theory is still a perilous route to
follow just as it was in the days of Waterston. It might be remembered that Lord
Kelvin opined that, ignoring Waterston’s work on the kinetic theory of gases, had
probably delayed advances in the field by a great many years. This scientific blun-
der is well documented in Brush’s two volume work ‘The Kind of Motion we call
Heat’. [3]. As already indicated, Ruggero Santilli has dedicated his life to exam-
ining the bases of not just quantum mechanics but relativity as well, feeling both
theories to be incomplete.

11
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3 The need for new clean nuclear power

Santilli’s investigations have led, in recent years, to possibilities for new clean
energies and it is this which is now so important to consider, especially at this time
when the world is so troubled by the depletion of energy stocks and worries about
environmental effects of the energy sources presently being utilised so widely.
This whole problem of future energy supplies is probably far more serious than
usually imagined. Present demand is increasing but, when countries such as those
of both the Indian sub-continent and of Africa come on line fully and require
as much energy as the countries of the present west, that demand will escalate
enormously. Given the present state of orthodox fundamental knowledge, the
only realistic solution to this problem is presented by nuclear power. To many,
this is not an acceptable option.

Alternatives such as solar power, wind power, geothermal energy, wave en-
ergy, and others are all put forward but, in truth, these in total would come nowhere
near satisfying the probable future demands for energy. No; as has been pointed
out on more than one occasion, the only realistic answer at the world’s disposal
at present is nuclear power. [4] However, nuclear power is felt to pose two major
problems and both are concerned with safety. The safety of the actual power sta-
tions is, not unreasonably, a tremendous worry for many. This is accentuated by
incidents such as the Three Mile Island problem in the U.S.A. and, more recently,
the disaster at Chernobyl. However, it is only the latter case that proved a true
disaster; the first was fundamentally contained by the safety systems in place.

There is little doubt that, provided adequate funds are made available, nuclear
power plants can be made extremely safe, although, as with all man-made struc-
tures, no-one can guarantee complete safety of anything and, whether those in
authority like to admit it or not, genuine accidents will, and do, occur. Therefore,
there can be no room for complacency but, if a sensible number of safety measures
are incorporated into the plant, nuclear power stations should be safe.

4 The need for recycling nuclear waste

The disposal of nuclear waste is another matter, as has been highlighted by all the
problems being faced in the U.S.A. over its proposed storage facility in Nevada.
This brings the story back to Santilli for another outcome of his work has been
the emergence of a possibility for the safe disposal of nuclear waste in-house; by
which is meant, the safe disposal of the waste without any need for transportation.
[5] The idea is still only at the theoretical stage and, as Santilli has been requesting
for some time now, requires the performance of about three experiments to see if
the theory actually works in practice. Such experiments would not be cheap to
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perform but, considering the enormous sums spent on some elementary particle
work, the cost would not be too great and, if successful, the ensuing benefit for
mankind would truly be out of all proportion to that cost!

Most will ask at this point why these experiments haven’t been performed.
This is a difficult, if not impossible, question to answer, but it may be noted that,
on the one hand, the theory behind all this does not conform to ‘conventional wis-
dom’ and does, in fact, raise questions about the range of validity (at least) of the
widely accepted theories of relativity and quantum mechanics, while, on the other
hand, the theory has led already to the production of the new clean fuel, ‘magne-
gas’! Hence, although the theory may be abstruse, may contain elements which
some feel unacceptable, and may conflict with ‘conventional wisdom’, neverthe-
less something concrete has been produced already which can be, and has been,
used. The theory definitely appears to have had a readily identifiable success al-
ready.

On the other hand, enormous profits are being made by people in the business
of disposing of nuclear waste using the current somewhat crude and unsatisfac-
tory methods. So the question arises as to whether, in some sense, ‘conventional
wisdom’ and ‘big business’ have combined to prevent the performance of these
experiments which, if successful, could have such a dramatic effect on both. San-
tilli has extended his work to cover a huge number of seemingly disparate fields
but, as far as much of his basic work is concerned, he derived a large amount of
inspiration from a relatively small number of sources.

5 Rutherford’s synthesis of the neutron in a star

From the point of view of physics, it seems that Santilli obtained inspiration from
early ideas of Rutherford. It was in 1920 [6] that Rutherford postulated the exis-
tence of a new particle, which was, in essence a ‘compressed hydrogen atom’; that
is, it was composed of an electron compressed entirely within the proton. This he
called a neutron. Presumably Rutherford thought that, when a hydrogen atom is
compressed, for example, in the core of a star, the high pressures involved could
result in it being reduced in size to that of a proton, with an electrically neutral
particle emerging finally. Twelve years later, Chadwick [7] established the exis-
tence of the neutron experimentally. However, Rutherford’s original conception
of this particle was dismissed by many of the founders of quantum mechanics for
a variety of seemingly good reasons at the time: - the model would require a posi-
tive binding energy; both constituents possess spin ¥2 and so, the resulting particle
would not be permitted to have spin %2 by normal quantum mechanics; orthodox
quantum mechanics would also not allow the correct magnetic moment to follow
in this model. Hence, the rejection of Rutherford’s model of a neutron and this
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heralded a change in the direction of physics’ research.

Up to that time, physics had been based on the notion that the constituents
of so-called bound states have to be capable of being isolated and identified in
laboratories. The rejection of Rutherford’s conception appears to have altered
this view. This then was the spur for Santilli and, having devised some totally
new mathematical techniques, he first succeeded in producing a consistent model
of the meson, 7, as a bound state of an electron and a positron. This model is
not possible in conventional quantum mechanics for a number of reasons, one of
which concerns binding energy. Quantum bound states possess negative binding
energies and this implies a total mass less than the sum of the constituent masses.
For a 7% meson, this would imply a rest energy appreciably less than its actual rest
energy of 135 Mew.

This problem, as are all others, is resolved by hadronic mechanics or, at least,
that is the claim with all the evidence clearly available for examination by those
with a mind so to do. The model Santilli proposes does, in fact, explain all the
characteristics of the said particle — zero spin, electrically neutral, null magnetic
moment, a rest energy of 135 Mev, a mean-life of approximately 10716 sec., a
charge radius of about 1 fm (that is, 107'° m), decay according to 7 — ¢~ + e*
- and this model of the smallest of hadrons has now been extended successfully to
all mesons. Further, although the theory does not view quarks as actual physical
particles, but rather as mathematical objects with a composite structure, this new
model for hadrons does prove compatible with the current quark theories, always
assuming that quarks have a composite structure. For those interested, further
details of this model may be found in a variety of publications but especially in
volume 4 of the Journal of New Energy. [8] In fact this reference is a veritable
goldmine of information on this general topic of hadronic mechanics and its con-
sequences both for physics itself and probably for mankind as a whole through its
consideration of the possibilities offered by the theory for alternative new clean
energies.

6 The need to generalise Heisenberg’s uncertainty
principle

Central to all of this was the generalization of Heisenberg’s uncertainty princi-
ple of hadronic mechanics (for details of this refer to the summary in reference
below [9]) because in its absence none of this would have been possible and the
above mentioned new method for the recycling of nuclear waste could never have
been contemplated.. Hence, it is his success in using the new hadronic mechan-
ics to resurrect the Rutherford model for the structure of the neutron successfully
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which could conceivably turn out to be Santilli’s most important achievement.
This model recognises a neutron as being composed of a bound state of a proton
and an electron at a distance of 1fm; that is, at a distance of 10-15 m. As men-
tioned earlier, such a model is prohibited by conventional quantum mechanics,
so, if Santilli’s ideas are valid, what are the consequences for physics? The an-
swer is, quite simply, enormous! The abandonment of the original approach to the
structure of physical particles will have had a profound and far-reaching effect on
research in the area of particle physics obviously.

However, it is the possible ecological implications which are staggering and
of so much direct relevance to absolutely everyone. The orthodox approach has
conceivably prevented the study of the neutron as a major source of clean energy
and actually seems to have obstructed the study of new forms of clean nuclear
energy.

7 Recycling nuclear waste via stimulated decay

As for the actual proposal for a safe method of disposal of nuclear waste, that
has been treated in a number of articles and more details may be found in these.
The basic idea revolves around the fact that the nuclei concerned are large and
naturally unstable. One idea is to expose the highly radioactive nuclear waste to
an intense, coherent flow of photons with the required resonating frequency. It is
felt that this may be achieved via a synchrotron of about three meters diameter; - a
size which could be accommodated in nuclear power plants. A typical example is
provided by uranium (92-U-238) which has a life-time of the order of 109 —years.
A double stimulated transmutation of this element could change it into Plutonium
(94-Pu-238).

Again, this is an unstable quantity and has harmful emissions as well, but its
life-time is a mere 86 days and it could well be retained under suitable shields for
that period of time. It may be superfluous to draw extra attention to this point,
but it is worth noting the different life-times involved here — 86 days as against
109 years!

The phenomenal advantage of this stimulated transmutation is immediately
evident. Will it work? The theory certainly suggests that it should, but only ex-
perimentation will give the actual answer to that question. Possibly the bigger,
more relevant, question to ask at this time is whether or not the scientific commu-
nity and national governments are prepared to finance the experiments necessary
to test this thesis? There is little doubt powerful forces, both within the scientific
establishment and in big business, will violently oppose the performance of these
but can the possibility of the existence of such a prize be ignored any longer?
As has been stated above, Santilli derived much inspiration for much of his work
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from the earlier ideas of Rutherford but that was merely one source of inspiration
for the work that has occupied his entire working life.

8 The Einstein, Podolsky and Rosen paradox

Another important source was supplied by the well-known article by Einstein,
Podolsky and Rosen [10] which appeared in 1935 and raised important ques-
tions concerning the completeness of quantum mechanics. As far as the Einstein-
Podolsky- Rosen , or EPR, ideas are concerned, it is worth noting that questions
concerning the completeness of quantum mechanics as a physical theory have
been discussed at length ever since that famous article first appeared. Many exper-
iments have been carried out in attempts to both prove and disprove the assertions
it contains and much deep thought has gone into the theoretical investigations of
such as Bell. In fact all the references to this work may be found in the collec-
tion of Bell’s papers on quantum philosophy which may be found in ‘Speakable
and Unspeakable in Quantum Mechanics’ [11] as published by Cambridge Uni-
versity Press in 1993. Less well-known is the resolution of the paradox advanced
by Santilli in 1998 [12] and it is the lack of publicity for this work which poses a
significant question for the scientific community as a whole.

However, when you read even the abstract for this paper, some possible an-
swers become apparent. With talk of such concepts as nonlinear, nonlocal, non-
canonical, axiom-preserving isotopies and spin-isospin symmetry and iso-spaces,
some will be put off by the implied effort to understand properly what follows in
the body of the article, while others will dismiss the work out-of-hand because it
depends on concepts unfamiliar to them. Hence, the question facing the scientific
community is ‘when do we agree to examine openly and without prejudice radical
new proposals aimed at producing solutions to age-old problems?’

It seems there was little concerted effort to deny investigating results ema-
nating from the use of the methods of Riemannian geometry — and, at the time,
these would have been a total mystery to many practicing physicists — as well as
the uncertainties introduced into physics and chemistry by the advent of quantum
mechanics some one hundred years ago, so why not afford the same respect to
Hadronic Mechanics in this present time or are the basic tenets of quantum me-
chanics to remain sacrosanct even when they fail to answer some of the important
questions facing the World today?

These are important questions generally but are particularly apposite when
considering the so-called EPR paradox and work related to it. The EPR criticisms
of quantum mechanics, together with those by others, led to the establishment of
the notion of so-called local realism which is formulated via conventional mathe-
matical ideas.
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Santilli introduced a generalisation of this under the name iso-local realism
which is based on his own covering theory of iso-mathematics. Basically, the
EPR claim is that quantum mechanics is an incomplete theory because its de-
scription of physical reality does not include all elements of reality, while every
element of physical reality should be precisely represented in a complete theory.
Santilli’s new approach has important consequences as far as the EPR argument
is concerned. Traditionally, commuting quantities are believed to be independent
but, in the so-called iso-topic completion of quantum mechanics, iso-commuting
quantities can be mutually interacting, although it should be understood that such
interactions are structurally different from those of action-at-a-distance/potential
type. Fundamentally, quantum mechanics may be considered an incomplete the-
ory in that it does not contain the element of reality given by the nonlocal structure
of interactions expected from the mutual wave overlapping. Hadronic mechanics
overcomes this problem.

However, as Santilli himself points out, hadronic mechanics is not intended to
represent all elements of reality. It is not meant to be a final theory. Physics is,
after all, a discipline which will never admit final theories. Hadronic mechanics
simply provides one type of completion of quantum mechanics — that of axiom
preserving type.

9 The limitations of von Neumann’s, Bell’s and other
theorems

It should be noted at this point that Santilli has shown via his new mathematics
that von Neumann’s theorem on hidden variables is inapplicable under isotopies
— note, not violated but inapplicable! He has established also that the oft quoted
Bell’s inequality is not valid universally but holds specifically for the conventional
form of quantum mechanics. Of course, more recently the matter has resurfaced
with the announcement of experimental results supporting the EPR assertions at
Basel. [13] The team there noted that the phenomenon dated back to a thought
experiment of 1935 and that it allowed measurement results to be predicted pre-
cisely. However, it is always important to remember that thought experiments are
just that — thought experiments - and, as such, are very difficult to interpret due to
the assumptions made not always being totally clear, possibly not even to the orig-
inators themselves. The essence of a good practical experiment is that it should be
readily repeatable. It is relatively easy to see how this could be true but, equally,
could be untrue of any thought experiment. It follows that important results de-
rived via thought experiments should be viewed with extreme care. Nevertheless,
as far as the thought experiment leading to the EPR paradox is concerned, it is
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one which has been viewed and examined over many years and has always led
to a genuine paradox in physics. Basically, via a thought experiment, Einstein,
Podolsky and Rosen showed that precise predictions are possible theoretically in
certain circumstances. Such a notion may be explained briefly as follows;- they
considered two systems in

an entangled state in which their properties are strongly correlated. In this
case, the results of measurements on one system may be used to predict the results
of corresponding measurements on the second system with arbitrary precision in
principle. It was also the case that the two systems could be separated spatially.
The resulting paradox is that an observer may use measurements on the first sys-
tem to make more precise statements about the second system than an observer
who has direct access to that second system but not the first.

The Basel team used lasers to cool atoms to a small fraction of a degree above
the absolute zero of temperature. At such low temperatures, the atoms are thought
to behave completely according to the rules of quantum mechanics and form a
Bose-Einstein condensate. In this ultra-cold cloud, the atoms collide with one
another constantly, causing their spins to become entangled. The researchers in-
volved then took measurements of the spin in spatially separated regions of the
condensate. By using high-resolution imaging, they were able to measure the spin
correlations between the separate regions directly and simultaneously localise the
atoms in precisely defined positions.

Hence, in this experiment, the researchers seem to have succeeded in using
measurements in a give n region to predict precisely the results for another region.
This writer is unaware of any objections being raised as yet about this work by
the Basel team. If such have or, indeed, do in the future then the argument over
the EPR paradox will, no doubt, rumble on. If that does not happen then it is
conceivable that a new era might be opening up for physics since, if that does
happen, it is likely that applications will follow which it is hoped will be of benefit
to mankind rather than the opposite.

The whole issue of the EPR paradox was discussed at length recently at a tele-
conference held in Florida [14] and the proceedings of that conference provide an
excellent source of references and information for the present situation concern-
ing it. Also, a detailed summing up of the situation is to be found in a fairly recent
review article. [15] Both of these publications draw attention to the pioneering
work of Santilli and his numerous contributions.

10 Concluding remarks

This introduction has focussed on just two of the various issues that provided
inspiration to Ruggero Santilli for all that has followed over the years. The aban-
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doned original Rutherford model for a neutron has been resurrected and examina-
tion of the new proposals indicates that, if the theory is correct, great benefits by
way of the safe disposal of nuclear waste and the possibility of new clean energies
could be at hand. As for the suggested theoretical resolution of the well-known
EPR paradox, that too could conceivably lead to advances which could benefit
mankind although such may not be as immediately obvious as in the case of the
resurrection of the Rutherford model of the neutron. Further details on both these
topics as well as on other issues addressed by Ruggero Santilli may be found in
the general texts listed below. [16] where references to the theoretical background
may be found also. In short it seems now is the time for an unbiassed examina-
tion by the science community at large of this huge body of work. For too long
have ideas been summarily dismissed purely because they conflict with ideas of
presently accepted ‘conventional wisdom’.

References

[1] Dirac, PA.M.: The Principles of Quantum Mechanics, 4th Ed., O.U.P., Ox-
ford, 1958

[2] Popper, K.R.: Quantum Theory and the Schism in Physics, Hutchinson, Lon-
don (1982).

[3] Brush, S.G.: The Kind of Motion we call Heat, North-Holland, Amsterdam
(1976).

[4] Cole, G.H.A.: in Entropy and Entropy Generation, J. Shiner, Editor, Kluwer
Acad. Pub. Netherlands (2010); Castellano, V., Evans, R.F. and Dunning-
Davies, J., Nuclear Power and the World’s Energy Requirements,
arXiv:physics 040604h6

[5] Santilli, R.M.: Reduction of Matter in the Universe to Protons and Electrons
via the Lie Isotopic Branch of Hadronic Mechanics, Progress in Physics, 19,
73-99, (2023); and Elements of Nuclear physics according to Hadronic Me-
chanics, III. Exact Lie-isotopic Representation of Nuclear Stability, Ratiio
Mathematiica, in press (2025)
http://www.Santilli-foundation.org/docs/RM-santilli-3.pdf

[6] Rutherford, E.: Nuclear Constitution of Atoms, Proc. Roy. Soc. 97 A, 374-
400 (1920).

[7] Chadwick, J.: The Existence of a Neutron, Proc. Roy. Soc. 136 A, 692-708
(1932).

19



Jeremy Dunning-Davies

[8] Santilli, R.M.: The Physics of New Clean Energies and Fuels according to

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Hadronic Mechan, Mechanics, Journal of New Energy 4, no.1.(1999).

Muktibodh, A.: Santilli’s Recovering of Einstein’s Determinism,Progress in
Physics 20, 26-34 (2024),
https://www.eprdebates.org/docs/muktibodh-2024.pdf

Einstein, A.: Podolsky, B. and Rosen, N.,Can Quantum-Mechanical De-
scription of Physical Reality be Considered Complete? Phys. Rev. 47, 777-
780 (1935).

Bell, J.S.: Speakable and Unspeakable in Quantum Mechanics, C.U.P.,
Cambridge (1993).

Santilli, R.M.: Isorepresentation of the Lie-isotopic SU(2) Algebra with Ap-
plication to Nuclear Physics and Local Realism, Acta Applicandae Mathe-
maticae 50, 177-190 (1998).

Fadel, M. et al.: Spatial Entanglement Patterns and Einstein-Podolsky-Rosen
Steering in Bose-Einstein Condensates, Science 360, 409-415 (2018).

Beghella-Bartoli, E.: Editor, Proceedings of the 2020 Teleconference on the
Einstein-Podolsky-Rosen argument that Quantum Mechanics is not a Com-
plete Theory, Algebras, Groups and Geometrie , 36 (2019-2020).

Dunning-Davies, J.: A Present Day Perspective on Einstein-Podolsky-Rosen
and its Consequences, J. Mod. Phys. 12, 887-936 (2021),
http://doi.org/10.4236/jmp.2021.127056

Gandzha, 1. and Kadisvily, J.: New Sciences for a New Era, Sankata Print-
ing Press, Nepal ( 2010); Santilli, R.M., Foundations of Hadronic Chem-
istry, Kluwer Acad. Pub. Dordrecht (2001); Dunning-Davies, J., Exploding
a Myth, Horwood Publishing Ltd, Chichester (2007).

20



Ratio Mathematica Volume 52, 2024

Problematic aspects of generalized
quantum theories and their apparent
resolution via hadronic mechanics

S. Beghella-Bartoli? A. Muktibodh'and R. M. Santilli*

Abstract

We show that nonlinear and nonlocal completions of quantum mechanics on
conventional spaces over conventional numeric fields are generally afflicted
by a number of problematic aspects such as the general loss of observability,
superposition principle and causality as well as the general inability to pre-
dict the same numeric values under the same conditions at different times.
We show that said problematic aspects are resolved by hadronic mechanics
in view of its embedding of all nonlinear and nonlocal interactions in the new
operator S > 0 of the axiom-preserving product Ax B = ASB of the en-
veloping algebra, resulting in the representation of new potential-free inter-
actions between extended particles, while reconstructing linearity, locality
and potentiality on isospaces over numeric isofields. We prove, apparently
for the first time, a theorem according to which hadronic mechanics ad-
mits as particular incomplete cases all possible nontrivial generalizations of
quantum mechanics, by therefore unifying seemingly disparate experimen-
tal tests. In particular, we show that available experiments on the violation of
Bell’s inequalities, or on departures from quantum mechanical predictions,
constitute direct experimental verifications of hadronic mechanics.

Keywords: quantum mechanics; nonunitary transforms; hadronic
mechanics'

“Hadronic Techn. Corp., Tarpon Springs, Florida, USA; simone.beghella@protonmail.com

"Department of Mathematics, Mohota College of Science, Nagpur, India;
amukti2000 @yahoo.com

*The Institute for Basic Research, Palm Harbor, Florida, USA; research@i-b-r.org
'Received on May 5, 2024. Accepted on May 31, 2024. Published on June 30, 2024.
DOI:10.23755/rm.v52i0.1612. ISSN: 1592-7415. eISSN: 2282-8214. ©Simone beghella-Bartoli
et al. This paper is published under the CC-BY licence agreement.

21



S. Beghella-Bartoli, A. Muktibdh and R. M. Santilli

1 Introduction

As it is well known, the 1935 historical argument by A. Einstein, B. Podolsky and
N. Rosen that ”Quantum mechanics is not a complete theory” [1] (see also related
works [2]-[5]) has stimulated a large number of completions/generalizations of
quantum mechanics as well as of its basic laws, such as: 1) Nonlinear theories
[6]- [8]. 2) Nonlocal theories [9]-[10]. 3) Theories with nonpotential interactions
[11] [12]. 4) Generalizations of Heisenberg’s uncertainty principle [13]-[15]. 5)
Generalizations of Bell’s inequalities [16]-[18]. 6) g-deformations [19]-[21]. 7)
Operator deformations [22]- [26]. 8) Squeezed states theories [27]. 9) String
theories [28], and others.

Let us recall the majestic axiomatic structure of quantum mechanics for the
conditions of its original conception and experimental verification (point-like par-
ticles in vacuum under electromagnetic interactions), such as the capability of
predicting the same numeric values under the same conditions at different times.
This important feature is due to the unitary character of the time evolution of a
quantum mechanical observable A,

umui() =utut) = 1, (1)
e.g. in the finite Heisenbergs representation
A(t) = e A0)e ™ = U(t)A(0)UT (1), (2)

with ensuing verification of causality laws and preservation over time of the nu-
meric value of the (multiplicative) unit of quantum mechanics

h=1— 1'=U1U'=1. (3)

In turn, the preservation of the unit over time implies the preservation over
time of the numeric field R in which measurements belong, and the preservation
over time of Hermiticity/observability on a Hilbert space ‘H with states 1/ over the
field of complex numbers C

WUGHU®)]|v) = (|[UGHUT(0)]'v) € R. 4)

resulting in unquestionable experimental verifications that have justly made quan-
tum mechanics part of history.

In this paper we note that, nothwistanding their clear historical character, gen-
eralized theories 1-9 generally depart from the above axiomatic structure and,
consequently, are afflicted by a number of problematic aspects, such as [29]-[36]:

1.1. Loss of unitary time evolution. A necessary and sufficient condition for
a generalization of quantum mechanics to be nontrivial is to exit from the infinite
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class of unitary theories (1), which is possible if and only if the time evolution of
the generalized theory is nonunitary

At) =W (AW (1), WHW(t)#1, (5)
with ensuing: 1) lack of preservation over time of the basic unit
h=1 — 1'=W(HIW(t) #1,; (6)

ii) consequential loss over time of the numeric field R; and iii) lack of consistent
experimental verifications.

1.2 . General loss of Hermiticity/observability. Even though condition (7)
holds at time ¢ = ¢, for generalized theories 1-9,

(V[W (to) HW (to)]|10) = (0|[W (to)) HW (to)]"y)) € R. (7)

the same property cannot be consistently defined at a later time with ensuing loss
of the necessary conditions for the validity of essential self-adjointness. Also, the
time evolution of a number of generalized theories has the structure

A(t) =W AO)W (1)~ ®)

in which case Hermiticity condition (7) no longer holds, with consequential loss
of observability at all times (see [36] for a detailed study).

1.3. General loss of the superposition principle, i.e., the wave function ¥ of
a bound state of two particles with relative coordinate r

1
[zkzl,g%pi + V(r)|¥(r) = EY(r), ©)
cannot be generally reduced to the sum of the wave functions of the individual
particle constituents

U(r) # Zp=129k(r), (10)

with consequential inability to characterize the constituents of generalized bound
states.

1.4. General violation of causality laws, e.g., the admission of possible so-
lutions in which the effect precedes the cause (see the violation of causality for
half- odd-integer eigenvalues of the angular momentum in Ref. [37]).

1.5. General loss of associative character of the enveloping algebras, with
consequential, inapplicability of Lie’s theory loss of all space-time symmetries
and ensuing lack of preservation over time of numeric predictions (see Refs. [31]
[34]).
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In this paper, we show the apparent resolution of insufficiencies 1.1-1.5 for
theories constructed via the mathematical and physical laws of hadronic mechan-
ics which was proposed in 1978 by R. M. Santilli [11] [12] at Harvard University
under DOE support and developed by several scholars (see [38] for a classifica-
tion of hadronic mechanics, [39]-[41] for a review, monographs [42] [43] [44] for
a comprehensive treatment and Refs. [45]-[54] for independent studies).

In this paper we assume a knowledge of the preceding papers of this Special
Issue, with particular reference to: the insufficiencies of quantum mechanics in
nuclear physics [55]; Sect. 2 (axiomatic formulation of quantum mechanics),
Sect. 3 (outline of isomathematics) and Sect. 4 (outline of isomechanics) of [56];
Sect. 4 (representation of nuclear stability) and Sect. 6 (recycling of nuclear
waste) of [57].

2 Apparent resolution of axiomatic insufficiencies

2.1. The fundamental assumptions of hadronic mechanics.

The first fundamental condition by R. M. Santilli [11] [12] for the completion of
quantum mechanics into hadronic mechanics is the preservation of the associative
character of the quantum mechanical enveloping algebra,

¢={AB,..;AB=AXx B; 1},

(11)
Ax (Bx(C)=(AxB)xC,

as the only known way to avoid the mathematical and physical inconsistencies of
nonassociative envelopes (see Ref. [34] for a technical treatement).

Santilli’s [11] [12]second fundamental condition is the use of an enveloping
algebra characterized by a generalized, yet axiom-preserving (thus isotopic) asso-
ciative product, called isoproduct (First introduced in Charts 5.2, 5.3, 5.4, p. 154
on of [12] as part of the step-by-step isotopies of Lie’s theory)

£ = {A,B,..;AxB;1},
AxB = ASB, S >0, (12)
AX(BXC) = (AXB)XC,

where S , called the Santillian (see, e.g., [3]), with ensuing necessary generaliza-
tion of the quantum mechanical unit 2 = 1 into the isounit of hadronic mechanics

h=1— =1=1/5>0, (13)
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and resulting nonunitary character of he generalized theory (Sect. 4 of [56]).

Santilli’s [42] [43] third fundamental condition is the generalization of the
entire 20-th century applied mathematics, with no known exceptions, into iso-
mathematics (Sect. 3 of [56]) which is based on isoproduct (12) and related
isounit (13), resulting in the novel isonumbers, isofunctions, Lie-isotopic the-
ory, isospaces, isogeometries, isosymmetries, isorelativities, etc. The Lie-isotopic
branch of hadronic mechanics is the axiom-preserving completion of quantum
mechanics based on isomathematics (see Sect. 3 of [56] for a review and refer-
ences).

The above third condition is important for the resolution of the mathematical
and physical inconsistencies of nonunitary generalizations of quantum mechanics
treated in Sect. 1. This important point can best be seen as follows. Note that the
Santillian is positive-definite S > 0 like the unit 1 > 0. Therefore, at the abstract,
realization-free level, the isoproduct Ax B coincides with the conventional prod-
uct A x B and the isounit ] coincides with the conventional unit 1. It then follows
that the Lie-isotopic branch of hadronic mechanics [38] coincides at the abstract
level with quantum mechanics to such an extent that they can be expressed with
the same symbols, only subject to different realizations.

This occurrence guarantees that hadronic mechanics preserves all properties
of quantum mechanics to such an extent that, to the authors best knowledge, any
possible preservation by hadronic mechanics of inconsistencies 1.1-1.5 is due to
insufficient knowledge or use of isomathematics.

The reader should keep in mind that Santilli’s proposed “hadronic” mechanics
is intended for the time invariant (hence the need for isosymmetries) represen-
tation of the numeric value of the generally ignored actual dimension, shape and
density of nucleons (spheroids with 0.78 fm radius), as well as for the representa-
tion of nuclei as generalized bound states of extended, thus deformable nucleons
in conditions of partial mutual penetration [56] with conventional, action-at-a-
distance, variationally selfadjoint (SA) interactions represented with the Hamilto-
nian /1 plus contact, zero-range, variationally nonselfadjoint (NSA) interactions
represented with the Santillian S [11] [12], under the condition of recovering
quantum mechanics identically, uniquely and unambiguously for all distances suf-
ficiently bigger than the range of the strong interactions (about 1 fm) [42] [43].

Recall also that the Santillian is solely subjected to the condition of being
positive-definite but otherwise possesses an unrestricted functional dependence
for the representation of the indicated, generally ignored, nuclear structure, e.g., a
dependence on: time ¢, relative coordinates r, relative momentum p, acceleration
a, energy I, charge radius R, nucleon density d, pressure 7, temperature 7, wave
function (), their derivatives 0,¢(r) and any other needed local quantity,

~

S=1/I=5(trpa E R dmr 1,49),b),...) >0, (14)
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with explicit realization for a hadronic two-body system given by Eq. (15) of Ref.
[56],i.e.,

2+ 0 0 0
o g 0 -+ 0 o0
— — Ha— 2, X
1o 1
0 0 0 K (15)

><6_F(7’7p7a7R7d7¢71/;(T)767‘w(r)"') > O’

Ny >0, T'>0,

where the exponential structure (which is crucial for the results of this paper) orig-
inates from the axiom-preserving restriction on the isodifferential (for spherical
nucleons)[58]

~ ~

P = Sd(rl) = Sdri(r,..)] = dr — rdD(r, ...). (16)

We see in this way the emergence of the new term —rdl responsible for the nu-
merically exact and time invariant representation of nuclear data [55]-[57], which
term is completely absent in quantum mechanics.

2.2. Isounitarity.

Recall that the projection of hadronic mechanics on conventional spaces over con-
ventional fields can be easily constructed via a nonunitary transformation repre-
senting the size, shape, density of nucleons and their interactions

vut =ulut =1, (17)

under the condition of subjecting the fotality of 20th century applied mathematics
to said transformation, such as:

Ax B — AxB =U(AB)UT =
— (UAB)(UU")"Y(UBU') = A'SB, (18)
S=(Uuh)-t>o.
To prevent a rather frequent misrepresentation, it should be stressed that Egs.

(17)-(18) do not belong to hadronic mechanics because they are not formulated
according to isomathematics, as one can seen from the fact that all products are
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conventional. In fact, said equations belong to the class of nonunitary general-
izations of quantum mechanics with ensuing physical inconsistencies identified in
Sect. 1.

Most insidious for physical applications, is the lack of invariance of the San-
tillian under an additional nonunitary transformation WWT # 1,

W(A'SB YW = A"xS'xB”,
(19)
S =WSWT+ S,

with consequential lack of invariance over time of nonpotential/ NSA interactions.
The above insufficiency was resolved in the 1998 paper [59] with the reformu-
lation of all possible nonunitary transformations in terms of the isounitary trans-
formations
U=US"?
(20)
UUT =UxUT = UtxU =1,
under which we have indeed the isoinvariance of the isounit and of the Santillian,
provided that all quantities are formulated on isospaces over isofields (Sect. 3.12
of [56])

[ - UxIxUt=1=1,

0t = A58, @1

X

AXB = Ux(AxB)

S =S.

The resolution of the mathematical and physical inconsistencies indicated in
Sect. 1 crucially depends on the above isotopic reformulation of nonunitary theo-
ries.

The notion of isounitarity can be best expressed via the iso-Heisenberg equa-
tion ( first achieved in p.153 of [12] and developed in Chap. 4, p. 127 of [43]) also
called the Heisenberg-Santilli isoequation, here presented for the particular case
with £ = ¢, I, = 1 in the infinitesimal form

A~

i — [ H) = AXH — HxA =

(22)
= AS(e,p, ¢, ... H — HS(r,p, v, ...)A;
with integrated form showing its clean isounitary structure
A(t) _ eHS’tz‘A(())e—itS'H _ éHti%A(t);(é—itH _
(23)

A A

= Ut)xA0)xU(t), UxU'=UxU =1,
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where we have used the isoexponential of an operator X characterized by the
Poincaré-Birkhoff-Witt-Santilli isotheorem of the isoenvelope & (Chart 5.2, p. 154
on of [12])

¥ = (™)1 =1(e"). (24)

Note that hadronic mechanics requires two operators for the representation of

systems: the Hamiltonian / for the representation of Hamiltonian interactions
and the Santillian S for the representation of non-Hamiltonian interactions;

2.3. Isolinearity.

Consider the Schrodinger-Santilli isoequation for a two-body hadronic bound state
on the iso-Hilbert space 7 with isostates |W(#*)) over the isofield C with relative
Isocoordinates # = UrUT = rl (first introduced in Eq. (15), p. 259 of [12]),
developed in Chapter 5, p. 182 of [43] and reviewed in Sect. 4 of [56])

HS(#,p, ), )W (7)) =

/\ /\

Hx|¥(7) =

= [Ster25m /(R x| (F)) = (25)

X >

— Ex|¥(7)) = B|¥ (7).

Since all nonlinear terms are embedded in the Santillian S (or, equivalently, in
the isounit 1), the above equation is clearly linear in the isowave function when
formulated on isospaces over isofields, a property called isolinearity (Append.
4,C.1 and Definition 4.C.1, p. 166 of [43]), although highly nonlinear when pro-
Jjected on conventional spaces over conventional fields.

In a language accessible to nuclear physicists, we introduce the following im-
portant property:

THEOREM 2.3.1 [43]: Any regular, algebraic or partial differential equation
which is nonlinear on the three-dimensional Euclidean space E(r,d,1) over R
always admits an identical isolinear reformulation on the isospace E (7, (5 1) over

R

In fact, for any given nonlinear equation, there always exists at least one San-
tillian S for the representation of all nonlinear terms with ensuing isotopy of the
product (12) and/or or of the differential calculus (16) [58].

Th above setting has stimulated the following problem that has remained open
to this day:

QUESTION 2.3.1 [43]: Is an elementary solution of an isolinear equation on an
isospace over an isofield a solution of the nonlinear projection of said equation
on a conventional space over a conventional field?

28



Universality of hadronic mechanics

In the event the answer to the above question is positive, isotopies can provide
new means to identify at least one solution of nonlinear equations.

2.4. Isolocality

In view of the abstract identity between quantum and hadronic formulations (be-
ginning with the abstract identity between coordinates r and isocoordinates 7), it
is evident that iso-Schrodinger equation (25) is local on H over C yetitis nonlocal
when projected on H over C, resulting in a property called isolocality (Append.
4.C.1 and Definition 4.C.1 p. 166 on of [43]). In fact, the isocoordinate 7 of an
isolated nucleon is a point on an isospace over an isofield, yet its projection in an
ordinary space over an ordinary numeric field represents the volume occupied by
the charge distribution of the considered nucleon

# = rl = rDiag.(n?,n3,n2, n?). (26)

Consequently, Santilli’s isodifferential calculus [58] (see S. Georgiev’s extended
studies [54]) is a generalization of the Newton-Leibnitz differential calculus from
points to volumes, as needed to represent extended particles.

When we have two nucleons under strong nuclear interactions, the Santillian
(15) represents the experimentally established overlapping of the charge distribu-
tion of the two nucleons, resulting in the contact, zero range NSA interactions that
are at the foundation of the exact representations of nuclear data [56] and stability
[57].

Since the wave packet of a particle is identically null only at infinity, the vol-
ume characterized by Santillian (15) for the EPR entanglement of particles is gen-
erally infinite.

2.5. Isouncertainties.

As indicated earlier, a necessary condition for a generalization of quantum me-
chanics to be nontrivial is that its time evolution must be nonunitary, Eqs. (23).
In turn, a nonunitary time evolution implies a necessary generalization of Heisen-
berg’s uncertainty principle first identified by R. M. Santilli [60] in 1981 for strong
interactions, extended in 1994 to black holes [61] and finalized in 2019 [62] (see
also studies [3] [40] and the possible experimental verification [62]) resulting in
the isouncertainty principle of hadronic mechanics, also called Einstein’s isode-
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terminism, which can be written for spherical particles

ArAp ~ 5[U{{r|[r,p] 11 (r) }UT| =
= S (F) % [70] X |[)(7))] =
= $1((7)|S [7p) S| (7))| = @n

— l he_F(taT7p7a1E7Rudu7r’T7w(T)18”"¢)(T) 7) It
2 ~

~ %h[l —T(t,r,p,a, B, R, d, 7, 7,9(r),0:(r),...) < %h,

As one can see, the above principle includes as particular cases all axiomati-
cally incomplete generalizations of the uncertainty principle known to the authors
(see Refs. [13]-[15] and papers quoted therein). The significance of reformula-
tion (27) 1s given by the resolution of the inconsistencies identified in Sect. 1 plus
the isoinvariance for the prediction of the same numeric values under the same
conditions at different times.

As an illustration, Heisenberg’s uncertainty principle prohibits a quantitative
representation of the synthesis of the neutron from the proton and the electron
in the core of stars, because the standard deviation Ar, for the coordinate of the
electron is much bigger than the size of the neutron and the standard deviation
Ap, of the momentum implies a kinetic energy of the electron bigger than the rest
energy of the neutron [55],

Ar, > R, = 0.87 x 10713 em,

Ave > L — > 10 m/s, (28)

Are Xme

AK, = 57— x (Ap.)? > m,, = 939.56 MeV/c2.

T 2me

By comparison, studies of the neutron synthesis via hadronic mechanics under
isouncertainty principle (27), imply standard isodeviations for which Egs. (28)
become [56] [62]

Ar, = SAr. < R, = 0.87 x 10713 em,
Av = SAv, < 101 m/s, (29)

AK, = SAK, < m, = 939.56 MeV/c2,

by therefore allowing advances that cannot be formulated via quantum mechanics,
let alone treated, such as:
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2.5.1) Numerically exact and time invariant representation of all Deuteron data
in its true ground state, namely, that without orbital contributions [56].

2.5.2) Numerically exact and time in variant representations of al/ character-
istics of the neutron in its synthesis from the hydrogen at the nonrelativistic and
relativistic levels [64] [57] (see [65] for experimental verifications).

2.5.3) Apparent elimination of the Coulomb barrier opposing nuclear fusions
via the synthesis of negatively charged pseudonuclei [66] .

2.5.4) The possible return to the continuous creation of matter in the universe
to explain the 0.782 MeV missing in the neutron synthesis [65].

2.5.5) Apparent confirmation of the original conception of all matter in the
universe as being composed by protons and electrons [64] [57].

2.6. Isosuperposition

It is evident that the regaining of linearity (Sect. 2.3) implies the recovering of
the superposition principle on isospaces over isofields. This property can be illus-
trated via the simple nonunitary transformation of linear equations (9)

U{Sk=1255P% + V()9 (r)}UT =
(30)
= U[E:[1h1(r)) + Ealtoa(r)]UT = E1[i1 (7)) + Ea|ta (7)),
where one should note the preservation of the eigenvalues under isotopies since
nonpotential/NSA forces carry no energy [56].

Isosuperposition principle (30) has permitted the characterization of the indi-
vidual nuclear constituents under nonlinear internal interactions [56] [57].

3 Experimental verification of hadronic mechanics
via the violations of Bell’s inequality.

We are now sufficiently equipped to state, prove and illustrate the following:

THEOREM 3.1: Particle experiments measuring deviations from numerical pre-
dictions of quantum mechanics constitute experimental verifications of hadronic
mechanics.

PROOF: The sole possibility of achieving theoretical predictions numerically dif-
ferent than those predicted by quantum mechanics is via nonunitary transforma-
tions of quantum predictions that, as such, are within the class of isounitary equiv-
alence of hadronic mechanics. Q.E.D.

Let us illustrate the above theorem with the following representative examples:
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3.1) Quantum electrodynamics predicts the following value for the giromag-
netic factor (g-2) of the muon [67] [68]

g9FP = 2.00233183620, (1)

which value is invariant under the infinite class of unitary equivalence of quantum
mechanics (Sect. 1). Consequently, the anomalous experimental value of the g-2
factor [69]

g"*F = 200233184122, (32)

can solely be achieved by subjecting the derivation of the theoretical value g@#”
to a step-by-step nonunitary transformation that, as such, constitutes experimental
verification of hadronic mechanics [72] [71]. The expectation of additional devia-
tion caused by the reversibility of quantum mechanics versus the irreversibility of
spontaneous decays should be noted [70].

3.2) Under the use of the tabulated values of the magnetic moments of the
proton and of the neutron in vacuum [67] [68]

fp = +2.79285 iy, fn = —1.91304 puy, (33)

(where iy represents the nuclear magneton) quantum mechanics (qm) predicts
that the magnetic moment of the Deuteron is given by

" = (2.79285 — 1.91304) puny = 0.87981p, (34)
which is about 3% off the experimentally measured value [67] [68]
pup? = 0.85647 fiy. (35)

By remembering the invariance of quantum mechanical predictions under unitary
transformations, the experimental value p5" can be solely achieved via nonuni-
tary transformations of the quantum mechanical treatment that, as such, belong to
hadronic mechanics (Sect. 2), as confirmed in Refs. [73] [74].

3,3) For various other cases, see the analysis of Refs. [44] [56] [57] and inde-
pendent studies [45].

In 1964, J. S. Bell [75] published a theorem essentially stating that, under the
assumption of quantum mechanics per axiomatic structure (12), (13), including
the representation of the spin 1/2 of particles via Pauli’s matrices, and other as-
sumptions, a system of two point-like particles with spin 1/2 does not admit a
classical counterpart. The theorem was proved by showing that a certain expres-
sion D¢ (whose explicit value depends on the assumed conditions of the two
particles) is always smaller than the corresponding classical value D¢,

DBell < DC’las’ (36)
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for all possible values of D¢, Consequently, Bell’s theorem confirms the im-
possibility for quantum mechanics to recover Einstein determinism [1].

In 1998, R. M. Santilli [76] published the value DB for two extended nu-
cleons under strong interactions according to hadronic mechanics via the Pauli-
Santilli iso-matrices on an isospace H over the isofield C [40], resulting in the
value (Eq. (5.8), p. 189 of [76])

bBell _ %(/\IAQ_I + /\1—1)\2)DBell’ (37)
where \; and )\, are Bohm’s hidden variables [77].

Experiments [78] [79] on the polarization of entangled photons have measured
numeric values of a generalized Bell’s inequality which violates inequality (36).
Since the latter deviations can be solely achieved via nonunitary transformations
of Bell’s derivation, experiments [78] [79] constitute direct experimental verifica-
tions of hadronic mechanics, and the same holds for the additional experiments
[80] [81] [82] whose papers quote the EPR argument in their titles (see Sect. 1 of
[55] for a comprehensive list of experimental verifications of hadronic mechan-
ics).

4 Concludig remarks

As shown in the preceding sections, all generalizations of quantum mechanics,
thus including theories 1 to 9 of Sect. 1, must have a nonunitary time evolution as
a necessary condition to be nontrivial. Consequently, all generalized theories im-
ply isotopies (12) with the addition of nonlinear, nonlocal and nonpotential/NSA
interactions represented by the Santillian S. 1t then follows that all generalized
theories 1 to 9 are incomplete particular cases of the infinite class of isounitary
equivalence of hadronic mechanics.

The universality of hadronic mechanics can be more formally expressed by
the following:

THEOREM 4.1: Hadronic mechanics is universal for the representation of all
infinitely possible, regular, linear and nonlinear, local and nonlocal and poten-
tial as well as nonpotential interactions (universality) directly in the frame of the
experimentalist (direct universality).

PROOF: Under the assumption that the Hamiltonian is conserved (closed sys-
tems, e.g., stable nuclei), the Hamilltonian H of the iso-Schrodinger equation
(25) represents all infinitely possible linear, local and potential/SA interactions,
while the Santillian S represents all infinitely possible nonlinear, nonlocal and
nonpotential/NSA interactions. When the Hamiltoinian is not conserved (open
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systems, e.g., nuclear fusions), the bimodular structure of Egs. (25) is ordered to
the right (left) to represent motion forward (backward) in time for the additional
representation of irreversibility over time [83] [84]. Q.E.D.

It is hoped that the unification of seemingly different generalized theories pre-
sented in this paper may remove the need of a number of experimental verifica-
tions for different generalized theories and their restriction to only one test, as it
is the case for generalized uncertainties.
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I: Apparent insufficiencies of quantum
mechanics in nuclear physics
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Abstract

In this paper, we recall the majestic axiomatic consistency of quantum me-
chanics for point-like particles and electromagnetic waves in vacuum. By
following the 1935 historical argument by A. Einstein, B. Podolsky and
N. Rosen that quantum mechanics is not a complete theory, we identify a
number of apparent insufficiencies of quantum mechanics in nuclear physics
with particular reference to the lack of numerically exact representation in
one century of nuclear data, the prohibition by Heisenberg’s uncertainty
principle to represent the neutron synthesis from the electron and the pro-
ton in the core of stars despite their extremely big Coulomb attraction and
the ensuing inability to represent the nuclear stability. We then point out that
the axiomatic origin of the indicated insufficiencies appears to be due to the
representation of nuclear constituents as dimensionless particles, compared
to the experimentally measured extended character of the charge distribution
of protons and neutrons in conditions of partial mutual penetration within a
nuclear structure, with consequential strong interactions of nonlinear, non-
local and nonpotential. In the second paper, we attempt a resolution of the
indicated insufficiencies with ensuing exact and invariant representation of
the Deuteron data. In the third paper, we present a consequential representa-
tion of nuclear stability with ensuing new means of recycling nuclear waste
by nuclear power plants and other advances.
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1 Introduction

This author has expressed various times in his writings the view that non-relativistic
and relativistic quantum mechanics, thus including Galilean and special relativ-

ities, have a majestic axiomatic structure and an impressive amount of experi-

mental verifications within the conditions of their original conception, those of

dimensionless particles in vacuum under linear, local and potential interactions.

Contrary to historical discoveries in atomic physics, quantum mechanics has
been unable to achieve in one century under billions of dollars of research funds:
exact representations of nuclear data; a structural (rather than kinematical) repre-
sentation of the synthesis of the neutron from the hydrogen in the core of stars;
the representation of nuclear stability despite the natural instability of the neutron
as well as the strongly repulsive protonic Coulomb forces; industrially viable re-
cycling of radioactive nuclear waste; sustainable and controllable nuclear fusions;
and the lack of other advances of societal need.

Consequently, for societal as well as scientific accountability, we need to rein-
spect the exact validity of quantum mechanics in nuclear physics, with the un-
derstanding that its approximate validity in nuclear physics is beyond scientific
doubts.

Among supporting views, we mention the widely forgotten (and often op-
posed) 1935 historical view by A. Einstein, B. Podolsky and N. Rosen (EPR) that
”quantum mechanics is not a complete theory” or that "the wave function of quan-
tum mechanics dies not provide a complete description of physical reality”, herein
called the EPR argument [1], which was based on the experimental evidence on
particle entanglements, namely, on the evidence that particles initially bonded to-
gether and then separated, can continuously and instantaneously influence each
other at arbitrary mutual distances (see the recent paper [2] for entanglements at
the classical level).

By noting that electromagnetic and gravitational interactions are ignorable at
large mutual distances and superluminal interactions would violate special relativ-
ity, Ref. [1] argued that particle entanglements constitute experimental evidence
on the lack of universal validity of quantum mechanics, thus suggesting the study
of its completion.

On theoretical grounds, R. M. Santilli [3] has recently proved Einstein’s rejec-
tion of the very name quantum entanglement” on grounds that quantum mechan-
ics can solely represent interactions derivable from a potential, and consequently,
can solely represent entangled particle as being free due to the lack of any con-
ceivable potential interactions at large mutual distances, by therefore suggesting
the study of a suitable completion of quantum mechanics.

On experimental grounds, the lack of exact character of quantum mechanics
in nature has been established by direct experiments [4] [5] [6] citing the EPR ar-
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Figure 1: In this figure, we illustrate experimental data on nuclear volumes compared to
the volume of individual nucleons [23]-[27], according to which nuclei are composed by
extended nucleons in conditions of partial mutual penetration of their dense charge dis-
tributions, with ensuing non-linear, non-local and non-potential interactions which have
been technically studied via the conditions of variational self-adjointness in monograph
[30].

gument in their titles, as well as measurements in virtually all branches of physics,
including: electrodynamics [7] [8] [9] [10]; large ion physics [11]; particle physics
[12] [13]; Bose-Einstein correlation [14] [15]; propagation of light within physical
media [16]; cosmology [17] [18]; and in other fields.

Following decades of studies in the field initiated in the late 1970’s at Harvard
University under support from the U. S. Department of Energy, the protracted
general ignorance in nuclear physics of opposing experimental evidence [4]-[18]
appears to be a primary reason for the failed achievement to date of an industrially
viable controlled nuclear fusion despite the use of trillions of dollars of public
funds, with known implications for our decaying environment.

In fact, the engineering realization of reactors for nuclear fusions may well
be inadequate to achieve sustainability because: 1) Quantum mechanics has been
experimentally established not to be exact for complex physical processes [4]-
[18]. 2) Quantum mechanics has been unable to achieve an exact representation
of nuclear data and stability. 3) The engineering components of nuclear reactors
are based on the theoretical assumption of the validity for nuclear structures of
Heisenberg’s uncertainty principle, contrary to the recently achieved, progressive
recovering of Einstein’s determinism in the structure of hadrons, nuclei and stars,
and its full recovering at the limit of gravitational collapse [19] [20] [21].

In the author’s view and experience, a primary reason for the century old oppo-
sition by mainstream physicists against the completion of relativistic quantum me-
chanics in nuclear physics, as well as for the oblivion of experimental deviations
[4]-[18], is a widespread resilience against the consequential completion of spe-
cial relativity for point-like particles in vacuum into a covering relatvity, known
as isorelativity, for extended, therefore deformable and dense particles [22].
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In this paper, we illustrate the validity of the EPR argument in nuclear physics
via the following primary aspects:

1.1. The experimental evidence [23]-[27] that nuclei are composed by ex-
tended protons and neutrons (collectively called nucleons) in conditions of partial
mutual penetration of their dense charge distribution, with ensuing expectation
that, in addition to conventional linear, local and potential terms, nuclear forces
contain additional terms that are non-linear (in the sense of depending on pow-
ers of the wave-function) as first studied by W. Heisenberg [28], non-local (in
the sense of occurring in volumes) as first studied by L. de Broglie and D. Bohm
[29], and non-potential (in the sense of being of contact, thus zero-range type not
derivable from a potential), as first studied by R. M. Santilli in monographs [30]
[31].

1.2. The consequential lack of exact representation in one century of nuclear
data, such as nuclear spins, nuclear magnetic moments and nuclear stability.

1.3. The time reversal invariance of quantum mechanics (in view of the in-
variance of Heisenberg’s equations under anti-Hermiticity), compared to the time
irreversibility of all physical, chemical and biological energy releasing processes.

By using a language specifically intended for nuclear physicists, in Sect. 2 of
this paper we identify a number of apparent insufficiencies of quantum mechanics
in nuclear physics. In Sect. 3, we identify their apparent axiomatic origin as a
necessary pre-requisite for their possible resolution.

In the second paper [32] (hereon indicated with the prefix 1I) we attempt a
resolution of the insufficiencies indicated in this paper via the representation of the
extended character of nucleons and their contact, thus non-potential interactions,
with ensing exact and invariant representation of the Deuteron data.

In the third paper [33] (hereon referred with the prefix III), we use the methods
of paper II for a quantitative representation of the synthesis of the neutron from
an electron and a proton in the core of stars with a cinsequentiuak representation
of nuclear stability despite the natural instability of the neutron and despite the
strongly repulsive protonic Coulomb forces. We then apply the results to the
recycling of radioactive nuclear waste and other problems.

2 Apparent insufficiencies of quantum mechanics in
nuclear physics

It is conceivably possible that above insufficiencies 1.1, 1.2 and 1.3 may be at
least partially responsible for the lack of achievement to date of controlled nuclear
fusions, thus deserving their closer inspection.

2.1. Insufficient representation of strong nuclear forces
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As it is well known, the achievement of a full representation of nuclear forces has
remained elusive to this day despite the use in one century of a large number of
potentials, including the Yukawa potential [34], the Woods-Saxon potential [35],
the Reid potential [36], magnetic resonance technique [37], solutions of the Klein-
Gordoin equatin [38], meson exchange formulations and other methods [39] (see
Refs. [40]-[41] for historical accounts). This insufficiency suggests the study of
possible additional terms in the nuclear force of non-linear, non-local and non-
potential type which have been technically identified as being variationally non-
selfadjoint (NSA) [30]. An explicit and concrete representation of strong nuclear
forces is presented in Sect. II-3.4 and applied in Sect. II-5, I1I-3, 111.4.

2.2. Insufficient representation of nuclear stability due to strongly repulsive
protonic forces

Let us recall that protons repel each other with a Coulomb force, which at the
mutual nuclear distance of 10~3 ¢m, is extremely big for particle standards, since
it is of the order of hundreds of Newtons. As an example, the two protons of the
Helium experience the repulsive Coulomb force of 230 Newton,

F=+4% =
(1.60x10~19)2 )

.60x10™

= +(8.99 x 109)W = +230N.

It is possible that the Yukawa, Woods-Saxon, Reid and other attractive nuclear
potentials may overcome such a big repulsive force, but it is unlikely whether
there exists a residual attractive force sufficient for a quantitative representation of
the stability of the Helium and other nuclei. A representation of nuclear stability

despite the strongly repulsive protonic Coulomb forces is presented in Sect. III-
4.2.

2.3. Inability to represent the synthesis of the neutron from the Hydrogen
atom in the core of stars

Stars begin their lives as an aggregate of hydrogen atoms that increases in time
via the accretion of hydrogen from intergalactic spaces. When the temperature
(and pressure) in the core of stars reaches values estimated to be in the order of
10M F, the electron is “compressed” inside the proton according to E. Rutherford
[42] resulting in a new particle called the neutron p* + e~ — n.

W. Pauli noted that Rutherford’s synthesis does not conserve the spin, by there-
fore vioiating special relativity, and suggested for their preservation the emission
of a hypothetical massless particle with spin 1/2 called by E. Fermi the neutrino
[40] [41]

pT e = ntu (2)
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It appears that W. Pauli did succeed in maintaining the validity of special rel-
ativity for the neutron synthesis, but he jointly failed to maintain the validity of
quantum mechanics. In fact, despite the existence of an extremely big attractive
Coulomb force of 230 Newtons between the (negatively charged) electron and the
(positively charged) proton, Eq. (1), quantum mechanics prohibits the synthesis
of the neutron from the hydrogen for various reasons identified by R. M. Santilli
in the 1978 Harvard University memoir [43].

The first insufficiency is caused by the fact that the validity of Heisenberg’s
uncertainty principle under strong interactions implies that the maximal value of
the standard deviation Ar, for the coordinate 7. of an electron inside a nucleus nay
be bigger than the radius of the neutron, with consequential speed such that the
kinetic energy of the electron /K, may be bigger than the mass m,, of the neutron,

Ar, > R, = 0.87 x 10713 em,

Av, = —— > 10 m/s, (3)

T ATeXMe

2m

AK, = 5 x (Ape)? > m, = 939.56 MeV/c?,

by therefore prohibiting any meaningful synthesis of the neutron, and suggesting
the completion of Heisenberg’s uncertainty principle for strong interactions pre-
sented in Ref. [21] (Sect. 1I-4.7), and applied to the resolution of insufficiencies
(3) in Sect. III-3.3.1.

Additionally, Ref. [43] noted that the mass of the neutron is 0.782 MeV bigger
than the sum of the masses of the proton and of the electron

E, =938.272 MeV, E,=0.511 MeV,
E,, = 939.565 MeV, 4)

AE=FE,— (E,+ E.) =0.782 MeV > 0,

by therefore requiring a positive binding energy and resulting in a mass excess for
which the Schrodinger equation for a bound state with two constituents admits no
physically meaningful solution.

Ref. [43] finally noted that, while being fully valid for the representation for
the Hydrogen atom, Dirac’s equation fails to provide any representation of its
“compression” into the neutron (for extensive theoretical studies in the neutron
synthesis from the Hydrogen see the theretical [44], experimental studieds Ref.
[45] and Sect. 1II-3).

It should be noted that the above insufficiency has been generally dismissed by
20th century nuclear physics on grounds that the missing energy of 0.782 MeV is
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Figure 2: In this figure, we illustrate the well known Schmidt limits in nuclear physics
(see, e.g., Ref. [41]) establishing deviations between the predictions of quantum mechan-
ics for nuclear magnetic moments and their experimental values.

carried by the neutrino of reaction (3). However, in the event that is the case, the
synthesized neutron n in reaction (3) could not exist because of insufficient en-
ergy for its synthesis. Also, the missing energy of 0.782 MeV cannot be provided
by the e — p-relative kinetic energy because the ¢ — p cross section at 1M MeV
is virtually null , thus preventing any synthesis. In the event said missing en-
ergy is provided by the e — p-relative energy, stars would never produce light
because they synthesize about 10%° neutrons per second, by therefore requiring
about 10 MeV/s. Additionally, scientific accountability prohibits the dismissal
of a generalized structure equation for the e — p bound state just because it does
not verify quantum mechanics in view of its implications for controlled nuclear
fusions and the recycling of radioactive nuclear waste [44] [45].

A review and upgrade of half a century of studies in the representation of all
characteristics of the neutron in its synthesis from the Hydrogen in the coire of
stars via hadronic mechanics is presented in Sect. III.3.

2.4. Insufficient representation of nuclear stability despite the instability of
the neutron
As it is also well known, neutrons are naturally unstable (when isolated) with a
mean life 7 = 880 s and spontaneous decay from Eq.3) n — p" +e  + .
Consequently, the stability of the neutron under strong nuclear forces deserves
indeed a study. A representation of nuclear stability despite the natural instability
of the neutron in presented in Sect. 11I-4.1.

Mainstream nuclear physicists generally dismiss the above problem (formu-
lated in this paper apparently for the first time) on grounds that the evident nuclear
stability dismisses the existence of the problem itself.

2.5. Insufficient representation of nuclear spins
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According to quantum mechanical basic axioms, the only stable bound state of
two particles with spin 1/2 (such as the proton and the neutron) is the singlet
coupling. Consequently, quantum mechanics predicts that the Deuteron D has the
structure

D= (pTanJ,)qma (5)

for which the total angular momentum is null, Jp = 0, contrary to the experimen-
tal value of the spin of the Deuteron Jp = 1.

As a result of this insufficiency, quantum mechanics represents the spin of the
Deuteron via such a collection of orbital contributions with value Lp = 1 (see,
e.g., Ref. [41]). However, the spin Jp = 1 has been measured for the Deuteron
in its true ground state, i.e., the experimentally detected state for which L = 0.
Consequently, quantum mechanics does not allow a consistent representation of
the spin of the Deuteron in its true ground state, with similar insufficiencies for
heavier nuclei (Sect. 111-4.1).

Mainstream nuclear physicists generally dismissed the above insufficiency on
grounds that the spin of the Deuteron is fully recovered at the level of nuclear
1sospins. However, the nuclear isospin symmetry is a purely mathematical sym-
metry solely definable in a complex valued two-dimensional carrier space that, as
such, cannot possibly have any sound connection with the spin of the Deuteron
in a state that, by definition, has no excited orbital states. Other attempts at sal-
vaging quantum mechanics via hypothetical symmetric and antisymmetric states
of the Deuteron are afflicted by the same shortcoming.

Since spin is a fundamental nuclear characteristic with direct implications for
nuclear fusions, recycling of nuclear waste and other unsolved problems of direct
societal relevance, scientific accountability requires ay least the search for a con-
sistent representation of the Deuteron spin without orbital contributions, which
study is done in Sect. 11-33.3.2.

2.6. Insufficient representation of nuclear magnetic moments
Under the use of the tabulated values of the magnetic moments of the proton and
of the neutron in vacuum (see, e.g., Ref. [23])

fp = +2.79285 i, fn = —1.91304 puy, (6)

(where py represents the nuclear magneton) quantum mechanics (qm) predicts
that the magnetic moment of the Deuteron is given by

= (2.79285 — 1.91304) uy = 0.87981u, (7)
while the experimentally measured value is given by

[SE = 0.85647 (8)
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resulting in a deviation for about 3% of the quantum mechanical prediction 5",
Eq. (7), from the experimental value 1%, Eq. (8), with bigger deviations for
heavier nuclei (Figs. 1, 2). A numerically exact and time invariant representation
of the Deuteron magnetic moment in its true ground state (that without orbital
contributions) is presented in Sect. 11.3.3.

The above insufficiency of quantum mechanics is generally dismissed by main-
stream nuclear physicists on grounds that an exact representation of the deuteron
magnetic moment can be achieved via the angular contribution to its spin. The
credibility of the dismissal is however in question due to the vast experimental ev-
idence for which the Deuteron spin Sp = 1 holds in the ground state, that is, the
experimentally detected state without orbital contributions by its very definition.

2.7. Insufficient representation of nuclear irreversible processes
As it is well known, quantum mechanics is a theory invariant under time reversal
in view of the invariance of Heisenberg’s time evolution of an observable A under

anti-Hermiticity

dA L dA
'LE — [A, H] = —{ZE —

Consequently, under the assumption that the total energy H (7, p) is an observable
(rather than a complex-valued, thus non-observable quantity), the same Schrodinger
equation in the relative coordinate r has to be applied for time irreversible energy
producing processes, such as the controlled fusion of two nuclei into a third, mov-
ing forward in time (fw), as well as for their image under motion backward in time
(bw), such as the disintegration of the synthesized third nucleus,

[A, H]}. 9)

0=t
Hp(r)) = BM(r), (@(r)|H = ($(r)| E™, (10)
[W(r) = ()t BfY=E™,

by therefore lacking an axiomatically consistent representation of the irreversibil-
ity of energy releasing processes at large and for controlled nuclear fusions in
particular.

Additionally, quantum mechanics can solely represent the conservation of the
energy due to the known antisymmetric character of Lie’s brackets,

dH

Z—

dt

Hence, quantum mechanics additionally lacks an axiomatically consistent repre-

sentation of the energy production of controlled nuclear fusions (see Ref. [46] for
details).

=[H,H]=HH - HH = 0. (11)
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Figure 3: In this figure, we illustrate the conception of nuclei originating from the lo-
cality of quantum mechanics [1] as ideal spheres with isolated dimensionless particles in
their interior. Such a view is disproved by actual value 0.87 x 10713 ¢m of the charge
distribution (rather than of the wave packet) of protons and neutron [27].

For the apparent intent of maintaining quantum mechanics under physical con-
ditions beyond those of its original conception, the limitation caused by time
reversibility has been generally dismissed by mainstream nuclear physicusts on
grounds that the direction of time is set by thermodynamical laws. The scien-
tific character of the dismissal is however in question due to the notorious in-
compatibility of quantum mechanics with thermodynamics, as well as by known
opposition against the EPR completion of quantum mechanics with non-potential
interactions to achieve compatibility between mechanics and thermodynamics.

3 Apparent axiomatic origin of quantum mechani-
cal insufficiencies

In this section, we attempt to identify the axiomatic origin of the insufficiencies of
quantum mechanics studied in the preceding section as a necessary pre-requisite
for their possible resolution studied in paper II [32], Sects, 1I-3 and 1I-4.

3.1. Is the linearity of quantum mechanics an axiomatic insufficiency?

As it is well known from the axiomatic structure of /inear operators on a Hilbert
space H over the field of complex numbers C [41], quantum mechanics is linear in
the wave function, while non-linear interactions are expected in nuclear structures.
Various nuclear models with interactions non-linear in the wave functions have
been studied (see the first study by W. Heisenberg [28]), but all of them have been
formulated via the quantum mechanical Hamiltonian structure

H(r,p, ¢, )W (r)) = EP(r)[¥(r)), (12)

in which case: A) The Hamiltonian does not generally represent the total energy.
B) There is the general violation of the superposition principle for the decomposi-
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tion of a state |¥(r)) representing a nucleus with A nucleons into states |1 (7))
representing the individual nucleons

|W(r)) # p=12,.al¥e(re)), (13)

with consequential inability to characterize individual constituents of a nucleus.
C) Being additive to the kinetic energy in a Hamiltonian, non-linear interactions
are generally interpreted as having a potential energy against their expected non-
potential character (Fig. 1). A possible resolution of the above axiomatic insuffi-
ciency is presented in Sect. 1I-3.4 and applied in Sect. II-5, III-3, I11.4.

3.2. Is the locality of quantum mechanics an axiomatic insufficiency?
This axiomatic insufficiency is due to the fact that, as voiced by A. Einstein, B.
Podolsky and N. Rosen [1], the wave function ¢(r), the potential V' (r), the Lapla-
cian A, and the Newton-Leibnitz differential calculus of the Schrodinger equation
hQ
H(r,p)y(r) = [ =2y + V(r)](r) = Ep(r), (14)

2m

can only be defined at a finite number of isolated points r, resulting in an exces-
sively simple conception of nuclei as ideal spheres with isolated massive points in
their interior (Fig. 3). In reality, nuclei are composed by extended, therefore de-
formable and dense nucleons with a charge radius of about 0.87 x 107! em [27]
in conditions of partial mutual penetration, with ensuing non-linear, non-local
and non-potential interactions (Sect. 1). It appears evident that these complex
conditions cannot be represented in a final form by the linear, local and potential
structure of quantum mechanics.

It should be noted that, for the apparent intent of maintaining quantum me-
chanics under non-local conditions beyond its representational capability, 20th
century nuclear physics dismissed the insufficiency on the dimensionless charac-
ter of nuclear constituents on grounds that the dimension of protons and neutrons
are represented by their wave packets. In reality, such a dismissal does not appear
to have solid physical grounds because:

1) Wave packets fill up the entire universe, while protons and neutrons have
the measured dimension of 0.87 x 10713 c¢m.

2) Assuming that wave packets can be used for the representation of the size
of particles, their interactions are non-local (because occurring in volumes not re-
ducible to points), thus being outside the representational capabilities of quantum
mechanics.

3) The dismissal of dimensionless constituents is in disrespect of A. Einstein,
B. Podolsky and N. Rosen because their concluding statement is that ... the
wavepackets of quantum mechanics cannot represent the entire physical reality

[1].
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For the apparent intent of opposing the representation of the actual, measured,
dimension of nucleons achieved in Paper II, mainstream nuclear physicists gen-
erally dismiss the extended character of nucleons on grounds that their size is
represented by the standard deviations Ar of Heisenberg’s uncertainty principle.
This additional dismissal does not appear to have solid physical grounds because:

1) The validity of Heisenberg’s uncertainty for nuclear constituents is a per-
sonal opinion by individual physicists because said principle has never been di-
rectly tested under strong nuclear interactions.

i1) To have physical value, the dismissal should prove in refereed publications
that, while being a constituent of a nucleus such as the Zirconium, a proton has
a standard deviations Ar, Ap exactly equal to that when the same proton is the
nucleus of the hydrogen atom.

ii1) To remain within the boundaries of science, the indicated dismissal should
first disprove the iso-uncertainty principle under strong interactions of Refs. [19]
[20] [21].

A possible resolution of the above axiomatic insufficiency is presented in Sect.
I-3.4 and applied in Sect. I-5, II-3, 11.4.

3.3. Is the potentiality of quantum mechanics an axiomatic insufficiency?
Let us recall the following technical treatment of potential forces by R. M. Santilli
in the 1978 Springer-Verlag monograph [30]:

DEFINITION 3.1: A force is said to be ’variationally self-adjoint’ (SA) when it
verifies all necessary and sufficient conditions for its derivation as an additive
potential in a Hamiltonian.

However, as recalled in Sect. 1.1 and Fig. 1, experimental nuclear data [23]-
[27] suggest the presence of new terms in nuclear force that can be technically
identified via the following:

DEFINITION 3.2 [30]: A force is said to be ’variationally non-self-adjoint’ (NSA)
when it violates the necessary and sufficient conditions for its derivation from an
additive potential in a Hamiltonian.

NSA forces are known to exist since Newton’s time, they are represented by the
external terms in Lagrange’s and Hamilton’s equations, and their operator coun-
terpart cannot be ignored in view of the No-Reduction Theorem studied by R.
M. Santilli in the 1983 Springer-Verlag monograph [31] whose understanding re-
quires a knowledge of the progressive recovering of Einstein’s determinism stud-
ied in Refs. [19] [20] [21].

THEOREM 3.1: A macroscopic system with SA and NSA internal forces can-
not be consistently decomposed into a finite number of quantum mechanical par-
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ticles all with sole SA forces, and vice versa, a quantum mechanical system with
sole SA internal forces cannot represent a classical system with SA and NSA forces
under the correspondence or other principles.

As an example, the resistive force experienced by a spaceship during re-entry
in our atmosphere is a NSA force, that analytically, can be solely represented via
the external terms in Lagrange’s and Hamilton’s equations. Theorem 3.1 estab-
lishes that said spaceship cannot be consistently decomposed into a collection of
quantum mechanical particles thus suggesting the EPR completion of quantum
mechanics via the inclusion of NSA forces.

In any case, following decades of studies by various scholars along the EPR
argument, quantum mechanics has been completed into the covering hadronic me-
chanics [47] [48] [49] [50] which has achieved a numerically exact and time in-
variant representation of nuclear data [52] thanks to the characterization of strong
interactions as the most general conceivable superposition of SA and NSA forces
[53] by therefore establishing that irreversibility originates at the most elementary
possible level in nature, e.g., in meson’s spontaneous decays. A possible resolu-
tion of the above axiomatic insufficiency is presented in Sect. I-3.4 and applied in
Sect. I-5, II-3, 11.4.

3.4.Is the modularity of quantum mechanics an axiomatic insufficiency?

We are here referring to the conventional associative action (called modular) of a
Hamiltonian on a state |¢)) of the Hilbert space verifying conditions (10), which
modular action is evidently responsible for possible causality violation by quan-
tum mechanical treatments of controlled nuclear fusions. Axiomatic insufficiency
3.4 implies the expectation that quantum mechanics cannot represent consistently
time irreversible systems, such as nuclear fusions as well as high energy particle
collisions. We can therefore say that the causal treatment of controlled nuclear fu-
sions suggests the construction of a suitable completion of the modular structure
of quantum mechanics to be studied in subsequent papers.

3.5. Is the single-valudness of quantum mechanics an axiomatic insufficiency?

We are here referring to the quantum mechanical property for which the product of
two quantities (such as numbers, matrices, operators, etc.) yields one single result.
By contrast, the correlation of two atoms in a DNA may yield a full organ, such as
a liver, with about 10%° atoms. The mathematical representation of the correlation
is given by the multiplication. Hence, axiomatic limitation 3.5 suggests the need
for an additional completion of quantum mechanics of multi-valued character in
which the product of two quantities can yield an ordered, but otherwise arbitrary
number of results in which case, there appears to be hope to initiate a quantitative
representation of life [54].
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4 Concluding remarks

In preparation of our search for new radiation-free controlled nuclear fusions of
light elements preliminarily indicated in report [46], in this paper we recalled the
majestic axiomatic consistency of non-relativistic and relativistic quantum me-
chanics with corresponding Galilean and special relativities, as well as their im-
pressive record of experimental verifications for the conditions of their original
conception, those of point-like particles in vacuum under electromagnetic inter-
actions.

As an illustration of the 1935 historical argument by A. Einstein, B. Podolsky
and N. Rosen that quantum mechanics is not a complete theory [1], we have iden-
tified a number of apparent insufficiencies of quantum mechanics for extended
protons and neutrons under strong interactions, with particular reference to the
inability of achieving in one century under billions of dollars of research funds:
exact representations of nuclear data; a structural (rather than kinematical) repre-
sentation of the synthesis of the neutron from the hydrogen in the core of stars; the
representation of nuclear stability despite the natural instability of the neutron as
well as the strongly repulsive protonic Coulomb forces; the recycling of radioac-
tive nuclear waste; sustainable and controllable nuclear fusions; and the lack of
other advances of societal needs.

In the author’s view, the insufficiency at the foundation of the preceding ones
is the impossibility by quantum mechanics to achieve a representation via a struc-
ture equation (rather than ”ad hoc” kinematic arguments) of the synthesis of the
neutron from an electron and a proton in the core of stars despite their extremely
big Coulomb attraction (1), because Heisenberg’s uncertainty principle implies
a maximal standard deviation for the electron coordinate bigger than the size of
the neutron and independently, a maximal standard deviation of the momentum
yielding a kinetic energy of the electron bigger than the mass of the neutron (3),
by therefore prohibiting any possible neutron synthesis.

This rather serious insufficiency confirms the need for a suitable EPR comple-
tion of quantum mechanics including, most importantly, a completion for strong
interactions of Heisenberg uncertainty principle studied in Sect. II-4.7, which has
been assumed for one century to be valid in nuclear physics without any direct or
indirect experimental verification.

We have then identified the apparent axiomatic origin of the indicated insuf-
ficiencies in the point-like approximation of nuclear constituents, compared to
the experimentally established extended character of nucleons, with consequen-
tial, expected new terms in the nuclear force of nonlinear type initiated by W.
Heisenberg [28], nonlocal type initiated by L. de Broglie and D. Bohm [29] and
nonpotential type initiated by R. M. Santilli [30] [31].

In paper II [32], we present in a language specifically intended for nuclear
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physicists an apparent resolution of the indicated insufficiencies and apply the
results to achieve exact and invariant representations of the Deuteron data.

In paper 111 [33], we apply the same methods to achieve an exact and invariant
representation of all characteristics of the neutron in its synthesis from the Hy-
drogen in the core of stars thanks to the completion of Heisenberg’s uncertainty
principle into the isouncertainty principle for strong interactions [21] (Sect. 11-4-
7), and apply the results for new means of recycling radioactive nuclear waste by
nuclear power plants and other applications.

The methods underlying our studies are given by the axiom-preserving EPR
completion— of quantum mechanics into hadronic mechanics [47] [48] [49] [50]
according to the following branches with increasing complexity for the repre-
sentation of progressively more complex nuclear conditions (see Ref. [51] for a
summary classification of hadronic mechanics):

4.1. Lie-isotopic branch of hadronic mechanics [31] [48] comprising a time
reversal invariant completion of quantum mechanics for the representation of sta-
ble nuclei as a collection of extended and dense nucleons in conditions of partial
mutual penetration with linear and non-linear, local and non-local and potential,
as well as non-potential internal forces (Fig. 1).

4.2. Lie-admissible branch of hadronic mechanics [48] [46] comprising a
time irreversible completion of the Lie-isotopic branch for the causal representa-
tion of the controlled nuclear fusion, recycling of radioactive nuclear waste and
other problems of societal relevance.

4.3. Hyperstructural branch of hadronic mechanics [48] [54] comprising a
multi-valued completion of the irreversible Lie-admissible branch in the hope of
initiating a quantitative representation of life intended as the difference between
organic and inorganic molecules.
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In the preceding paper, we have presented apparent insufficiencies of quan-
tum mechanics in nuclear physics To attempt a resolution of the indicated
insufficiencies, in this paper we present a systematic and upgraded out-
line of the axiom-preserving, time reversal invariant, Lie-isotopic branch
of hadronic mechanics for the characterization of stable nuclei via the rep-
resentation of the dimension, shape and density of protons and neutrons
in the experimentally measured conditions of partial mutual penetration in
a nuclear structure, with ensuing potential-Hamiltonian and contact non-
Hamiltonian terms in nuclear force. We show that the Lie-isotopic methods
allow a numerically exact and time invariant representations of all Deuteron
data in the ground state without orbital contributions. We finally show that
said representations are primarily due to the violation by Lie-isotopic meth-
ods of Bell’s inequalities with explicit and concrete realizations of Bohm’s
hidden variables, as well as to the completion of Heisenberg’s uncertainty
principle for point-like particles in vacuum under electromagnetic interac-
tions into the isouncertainty principle of hadronic mechanics for extended
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1 Introduction

1.1. Experimental foundations

Inspired by the 1935 historical argument by A. Einstein, B. Podolsky and N.
Rosen (EPR) that Quantum mechanics is not a complete theory [1] (see also recent
studies [2] [3] [4]), in the preceding paper [5] (herein referred to with the prefix
I), we have presented apparent insufficiencies of quantum mechanics in nuclear
physics with particular reference to the prohibition by Heisenberg’s uncertainty
principle for point-like particles in vacuum to achieve a quantitative representa-
tion of the neutron synthesis from the Hydrogen in the core of stars, Eq. 1-3) and
of other nuclear data (Sect. 1-2).

In this paper, we attempt a resolution of the indicated insufficiencies based on
the rather dramatic physical differences between atomic and nuclear structure. In
fact, atomic structures can be well approximated as being composed by point-like
constituents in vacuum under sole action at a distance, thus potential interactions
and ensuing exact validity of quantum mechanics.

By comparison, experimental evidence [6]-[? ] establishes that nuclei are
composed by extended protons and neutrons (collectively called nucleons) in con-
ditions of partial mutual penetration when they are members of a nuclear struc-
ture. As an example, the charge radius of the Helium-4 Dy, = 1.67 fm [9] is
0.07 fm smaller then the diameter of the proton Dy = 1.74 fm [11]. Conse-
quently, the charge distributions of the four nucleons composing the Helium-4 are
in conditions of 0.07 fm mutual penetration of their dense structure, with gener-
ally increasing values for heavier nuclei.

The latter conditions imply the expectation that nuclei are composed by ex-
tended constituents under conventional action at a distance, thus Hamiltonian in-
teractions, plus basically new contact, thus zero range and non-Hamiltonian inter-
actions outside any possible representation by quantum mechanics with ensuing
need for its suitable completion.

1.2. Hamiltonian interactions

We are collectively referring to interactions that are linear, local and derivable
from a potential, thus being fully representable by the conventional Hamiltonian
of quantum mechanics (Sect. 2).

1.3. Non-Hamiltonian interactions

We are collectively referring to interactions that are: Nonlinear (in the wave func-
tion) as pioneering by Werner Heisenberg [13]; Nonlocal (distributed in a volume
not reducible to points) as pioneered by Louis de Broglie and David Bohm [14];
Nonpotential (of contact zero-range type) as pioneered by R. M. Santilli in the
1978 Harvard University monograph [15] via the conditions of variational self-
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adjointness according to which Hamiltonian interactions are variationally selfad-
joint (SA ), while non-Hamiltonian interactions are variationally nonselfadjoint
(NSA) (Sect. I-3).

1.4. Hadronic mechanics

In this paper, we shall outline and update the EPR completion of quantum into
hadronic mechanics, first introduced by R. M. Santilli in the 1983 second vol-
ume [16] for the representation of extended nucleons under Hamiltonian/SA and
non-Hamiltonian/NSA interactions in such a way to preserve the basic axioms of
quantum mechanics at their abstract level, according to the following two primary
branches:

TIME REVERSIBLE LIE-ISOTOPIC BRANCH OF HADRONIC MECHANICS
studied in this paper, which was introduced in Charts 5.2, 5.3 and 5.4, p. 165 on
of [16] and comprises the axiom-preserving isomathematics (Sect. 3) and isome-
chanics (Sect. 4) for the representation of stable (thus, time-reversal invariant)
systems of extended particles at short mutual distances under Hamiltonian/SA and
non-Hamiltonian/NSA interactions. The Lie-isotopic methods are based ion the
generalization oi the conventional associative product AB = A x B of generic
quantities into the associativity-preserving form Ax B = ATB ) T > 0 (first pre-
sented in Eq. (5), p. 71 of [16]) where T, called the isotopic element (and at times
the Santillian) is positive-definite but possesses otherwise an unrestricted func-
tional dependence on all needed local variables, with ensuing Lie-isotopic gener-
alization of Heisenberg equation idA/dt = AxXH — Hx A = ATH — HT A (Eq.
(18a), p. 153 of [16]) where the Hamiltonian H represents all SA interactions
and the Santillian 7 represents the extended character of particles and their NSA
interactions.

TIME IRREVERSIBLE LIE-ADMISSIBLE BRANCH OF HADRONIC MECHAN-
ICS introduced in Chart 5.1, p. 148 on of [16] which comprises genomathematics
and genomechanics. Lie-admissible formulations are intended to achieve an ax-
iomatization of irreversibility by restricting all associative products AB = A x B
to be ordered to the right A > B = ASB, S>0(eft A< B = ARB R > 0)
for motion forward (backward) in time. Irreversibility is then assured for R # S
(for technical details, see the 1981 paper [17] from Harvard’s Department of
Mathematics). The basic dynamical equation is given by the Lie-admissible gen-
eralization of Heisenberg's equations (Egs.(19a), p. 153 of [16]) idA/dt =
(AJH) = A < H—H > A = ARH — HSA which admits the Lie-isotopic
case for R = S = T > 0 and, for the particular case R = 1, S = 1 — F/H,
assumes the form idA/df = (AH — HA) + F A, by therefore providing the first
known operator realization of Lagrange’s and Hamilton’s external terms F' for
the representation of irreversibility in their celebrated analytic equations. Lie-
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admissible methods are suggested for the axiomatically consistent representation
of controlled nuclear fusions and other irreversible processes to be studied in sub-
sequent papers.

For advances on hadronic mechanics that occurred during the past decades,
the interested reader can inspect: the final classification of hadronic mechanics
(including the additional hyperstructural branch for biological structures and the
isodual branch for antiparticles) [18]; the collection of papers [19]; the list of early
workshops and conferences [20]; independent studies [21]-[29]; and the general
presentation [30] [31] [32].

1.5. EPR entanglement

Experimental evidence known since Einstein’s times establishes that particles,
which are initially bounded together and then separated, can influence each other
continuously and instantaneously at arbitrary distances [33]. Albert Einstein stron-
gly objected against the terms “quantum entanglement” on grounds that the sole
possible representation of particle entanglements via the Copenhagen interpre-
tation of quantum mechanics would require superluminal communications that
violate special relativity.

For the intent of honoring the generally forgotten Einsteins view, R. M. Santilli
[34] proved that the sole possible representation of particle entanglement by the
Copenhagen interpretation of quantum mechanics is that the particles are free,
evidently because the sole possible interactions admitted by said interpretation
are those derivable from a potential which is identically null for particles at large
mutual distances.

By recalling that the wave packet of particles is identically null solely at infi-
nite distance, Ref. [34] then pointed out that the sole interactions that are contin-
uous, instantaneous and at arbitrary distances are given by the mutual penetration
of wave packets of particles which, being NSA [15], are beyond any hope of treat-
ment via quantum mechanics.

Thanks to the prior development of isomathematics for the representation of
nonlinear, nonlocal and NSA interactions [26] [29] [30], Santilli [34] proposed
the axiom-preserving completion of quantum into hadronic entanglement under
the suggested name of EPR entanglement which does indeed provide a quantita-
tiverepresentation of particle entanglements without superluminal speeds via con-
tact, nonlinear, nonlocal and non-Hamiltonian, thus NSA interactions between the
wave packets of entangled particles (Fig. 1).

Einstein’s entanglement has intriguing implications for the studies presented
in this paper, such as:

1.5.A) A new conception of nuclei as hadronic bound states of extended nu-
cleons in condition of deep entanglement that persists following nuclear fission or
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fusion.

1.5.B) A new conception of computers based on isomathematics, which has
been suggested under the name of EPR computers [35], with: increased energy ef-
ficiency because NSA interactions carry no potential energy; better cybersecurity
(Sect. 3.5) and faster computations (Sect. 4.6).

1.5.C) A new conception of continuous and instantaneous interactions that, in
view of the recent detection of entanglement at classical distances [36], is here
suggested as a possible realization of the fifth interaction (see also Ref. [37]. Its
lack of identification to date is easily explained by the fact that the EPR entangle-
ment cannot be conceived, let alone treated via quantum mechanics.

1.6. Bell’s inequalities

In the 1950’s, J. S. Bell [38] proved a number of quantum inequalities, the first
one of which essentially states that systems of (point like) particles with spin
1/2 represented via quantum mechanics do not admit classical counterparts. This
view was assumed by mainstream physicists for over half a century to be the
final disproof of the EPR argument, and to establish the validity of Heisenberg’s
uncertainty principle for all possible particle conditions existing in the universe.

Again thanks to the prior development of isomathematics, R. M. Santilli [39]
proved in 1998 a number of hadronic inequalities essentially stating that systems
of extended particles with spin 1/2 represented via the Lie-isotopic branch of
hadronic mechanics do indeed admit classical counterparts, while providing ex-
plicit examples. Santilli’s hadronic inequalities are confirmed by experiments [40]
[41] [42] establishing the existence in nature of particle conditions which violate
Bell’s inequalities (see also experiments [7]-[19] of Paper I).

A deeper understanding of this paper requires the knowledge that the theo-
retical [39] and experimental works [40] [41] [42] disproving Bell’s inequalities
imply the expectation that Heisenberg’s uncertainties principle is correspondingly
violated by strong interactions between extended nucleons in conditions of mutual
penetration.

1.7. Einstein’s isodeterminism

Soon after joining the faculty of Harvard University under DOE support in late
1977, R. M. Santilli expressed doubts on the exact validity for strong interactions
of Heisenberg’s uncertainty principle and other basic quantum mechanical laws,
as one can see from the titles of the 1978 introductory memoir on hadronic me-
chanics [43] (see also the subsequent papers [44] [45]). The argument underlying
such a conviction is that the standard deviations for coordinates Ar, momenta Ap
and their product are certainly valid for the conditions of their original conception,
1.e., for point-like charged particles under electromagnetic interactions, because
a point-like particle can move within a star by solely sensing action-at-a-distance
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interactions due to their dimensionless character.

The situation is conceptually, mathematically, theoretically and experimen-
tally different when considering extended nucleons in conditions of mutual pen-
etration because, in view of their ’strength’, their strong interactions imply the
emergence of a pressure created on a given nucleon by its surrounding nucleons
(Fig. 3) according to a view pioneered by L. de Broglie and D. Bohm with their
nonlocal theory [14]. It is then evident that the standard deviations for the in-
dicated nucleon Ar and Ap cannot be the same as the corresponding standard
deviation for an electron in vacuum, thus implying the need for a suitable comple-
tion of Heisenberg’s uncertainty principle for strong interactions.

Thanks to works written at Harvard University in the late 1970’s [43] [44] and
the recent works [45] [34] [39], R. M. Santilli [46] finally achieved the axiom-
preserving, EPR completion of Heisenberg’s uncertainty principle for point-like
particle under electromagnetic interactions into the isouncertainty principle for
extended nucleons under electromagnetic, weak and strong interactions collec-
tively called Einstein’s isouncertainies (see Sect. 4.7 for its formulation), which
new principle essentially states that Einstein’s determinism [1] is progressively
recovered with the increase of the density in the interior of hadrons, nuclei and
stars and fully recovered at the limit of Schwartzschild’s horizon.

Ss known to experts, despite one century of studies under large public funds,
nuclear physics has been unable to achieve exact representations of nuclear data,
the synthesis of the neutron from the Hydrogen atom in the core of stars, nuclear
stability despite the natural instability of the neutron and extremely repulsive pro-
tonic Coulomb forces and other open problems.

A main point which is attempted to convey in this and in the next paper is that
the indicated open nuclear problems appear to be due to the theoretical assump-
tion that Heisenberg’s uncertainty principle for point-like particles under electro-
magnetic interactions is also valid for extended nucleons under strong interac-
tions. However, in view of the lack of any direct experimental verification, said
assumption is a personal view by the individual physicist, while the indicated open
problems deal with clear physical evidence, by therefore suggesting the need for
collegial mathematical, theoretical and experimental studies on the uncertainties
of nucleons in a nuclear structure as a necessary premise for advances in the re-
cycling of radioactive nuclear waste, controlled nuclear fusions and other clear
societal needs.

1.8. Bohm hidden variables
From the preceding outline one can see that Bohm’s hidden variables [48] [49] are

hidden in the associative axiom of quantum mechanics with generic realization in
terms of the Santillian A = T, AxB = A\B, Ax(BxC) = (AxB)xC.
It should be noted that, despite its apparent elementary character, the quantita-
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tive study of the indicated realization of Boh’s hidden variables required nonlocal
lifting of 20-th century applied mathematics, including the Newton-Leibnitz dif-
ferential calculus [50] (see also studies [29]). A preliminary realization of Bohm’s
hidden variables has been presented in Sect. 4.C.3, p. 170 on and Sect. 6.8, p. 254
on of [31] (see Sect. 5.5 for details). Additional explicit and concrete realizations
of Bohm’s hidden variables have been presented in Refs. [51] [52].

The deterministic interpretation of Bohm’s hidden variables resulted to be pro-
gressive [46] because dependent on the density of a composite strongly interacting
system represented by the isotopic element T which becomes null for gravitational
collapse under which nucleons are essentially frozen in their position with identi-
cally null standard deviations Ar = 0, Ap = 0 due to the immense surrounding
pressures. (see Sect. 4.7 for details).

1.9. Simple construction of hadronic models
On pedagogical grounds, the main objectives of this paper are:

1.A) Show that quantum mechanical models for point-like nucleons with sole
Hamiltonian interactions can be mapped via simple nonunitary transformations
into covering hadronic models for extended, deformable and hyperdense nucleons
under Hamiltonian and non-Hamiltonian interactions.

1.1.B) Show that, when formulated on quantum mechanical spaces over con-
ventional fields, said nonunitary models are afflicted by serious consistency prob-
lems, such as the lack of conservation of the Hermiticity/observability, lack of
prediction of the same numerical values at different times, loss of causality and
others (Sect. 3.11).

1.C) Show that, the indicated inconsistencies are resolved when said quan-
tum mechanical nonunitary models are reformulated into hadronic models on
isospaces over isofields (3.12).

In this paper, we shall: review the main axiomatic structure of quantum me-
chanics; outline and upgrade the foundations of the axiom-preserving isomath-
ematics and isomechanics; and then show that the resulting Lie-isotopic meth-
ods, including above all Einstein’s isodeterminism presented in Sect. 4.7 [46],
allow the first known numerically exact and time invariant representation of the
Deuteron experimental data in a form expectedly extendable to other stable nuclei.

2 Axiomatic foundations of quantum mechanics

In this section, we recall a few axiomatic aspects of quantum mechanics that are
relevant later on for comparison with their corresponding axiom-preserving com-
pletion.

As it is well known (see, e.g., Refs. [53] [54] [55], nuclear physics has
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been based since its inception on the universal enveloping associative algebra
¢ :{A B,..;AB,= A x B;1} of Hermitean operators A, B, ... on a Hilbert
space H with states [¢)(r) > over the field of complex numbers C with conven-
tional associative product

AB = A x B, (1)

and unit
IxA=Ax1=AVA € & (2)

In fact, the above basic axioms are sufficient to characterize, uniquely and un-
ambiguously, all quantum mechanical methods used in nuclear physics including:

2.1) The representation of stable nuclei via a primitive, k-dimensional space-
time or internal Lie symmetry with anti-symmetric Lie algebra attached to the
enveloping algebra L = & with commutation rules for Hermitean generators
Xp=X/, k=1,2,...N

(X, Xj] = X, X; — X;X; = CEX, (3)

including the rotational symmetry SO(3), the spin symmetry SU(2), the Lorentz
symmetry SO(3.1), the Lorentz-Poincaré symmetry P(3.1), the spinorial cover-
ing of the Poincaré symmetry P(3.1), and others.

2.2) The infinite class of equivalent nuclear models under the unitary law

UUY = U'U = I = Diagpyi(1,1,...,1). 4)

2.3) Heisenberg’s representation of the time evolution of a Hermitean operator A
in terms of the Hamiltonian A here expressed in the infinitesimal and its unitary
finite form

i =[AH|=Ax H—H x A,
A(t) = et 5 A(0) x e H — W () A(0)W (1), (5)

WWT=WIW = 1.

2.4) The unitarily equivalent Schrodinger representation of the time evolution of
A on a Hilbert space H with states |¢)(r)) over the field of complex numbers C

(r)e(r)) =1,
< (W) H|ip(r)) =< (@ (r)|[H(r))",
H x [ih(r) >= [5.09p; x pj + V(r)] x [(r) >= E x [o(r) >, (6)
p X (1)) = =i |1(r)),
[ri, ps] X [(r)) = —idij, [ri,r5] X [0(r)) = [pi, ps] x |(r)) = 0.
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2.5) The important prediction of the same numerical values under the same condi-
tions at different times (hereon called time invariance), which is evidently due to
the unitary structure of time evolutions (5) (6) with ensuing invariant of numeric
values, e.g.,

1 - 1"=U1U = 1. (7

2.6) The perturbation theory based, e.g., on power series

Ao AL H]

A(t) = A0) +w x = .

®)

2.7) The remaining well known methods used for a century in the quantum me-
chanical study of nuclear physics.

3 Elements of isomathematics

3.1. Historical notes

On September 8, 1977, R. M. Santilli joined the Lyman Laboratory of Physics
of Harvard University with a research contract from the Department of Energy
(DOE) to search for possible new clean forms of nuclear energies. To conduct
this task, Santilli requested authorization from the DOE to initiate the research
with the study of the most fundamental fusion in nature, that of the neutron from
the Hydrogen atom in the core of stars [56], (the inability by quantum mechan-
ics to provide any quantitative representation of the neutron synthesis despite the
extremely big e — p Coulomb attraction) was identified as part of this initial study.

The origin of the insufficiency was identified with the need to represent the
charge distributions of the proton as being extended. The admission of the ex-
tended character of particles then implied Insufficiency 1.2.1 (the expectation at
short mutual distances of non-Hamiltonian interactions 1.3, Fig, I.1), which ex-
pectation is essentially implied by Rutherford’s “compression” [56] of the elec-
tron within the hyperdense proton. The analysis essentially confirmed the EPR
argument [1] because a quantitative representation of the neutron synthesis was
beyond any hope of achievement via quantum mechanics, thus leaving no other
possibility than that of constructing a suitable completion.

Since the task was of primary mathematical nature, Santilli was moved in
1979 from the Lyman Laboratory of Physics to the Department of Mathematics
of Harvard University (see, e.g., paper [17]) where he proposed the completion
of quantum mechancs into hadronic mechanics [16] (to indicate its intended use
for strong interaction), under the challanging intent of maintaining the abstract
axioms of quantum mechanics despite the admission of non-Hamiltonian interac-
tions.

72



R. M. Santilli

Figure 1: In this figure we illustrate the notion at the foundation of the studies presented
in these papers, which is given by the "Einstein-Podolsky-Rosen (EPR) entanglement of
particles” when interpreted as being due to the continuous and instantaneous overlapping
of the wave packets of particles at arbitrary mutual distance [34], with resulting nonlin-
ear, nonlocal and nonpotential interactions whose representation required the construc-
tion of the new isomathematics, isomechanics and isosymmetries (see also the overview

[30).

3.2. The birth of isomathematics

As it is well known, Lie’s theory (see, e.g., Ref. [57] and works quoted therein)
has acquired a justly historical value for the representation of point-like parti-
cles under sole Hamiltonian interactions, such as the representation of the spin
S = 1/2 of atomic electrons via Pauli’s matrices, and the consequential exact rep-
resentation of the magnetic moment of the electron via the giromagnetic factor,
p=gs.

By contrast, Lie’s theory appears to be excessively restrictive in nuclear physics
due to its inability to represent the extended character of nucleons and their ex-
pected non-Hamiltonian interactions, with consequential insufficiencies studied in
Paper 1. At the same time, the numeric value 1/2 of the spin of nucleons is beyond
scientific doubt. Hence, the problem addressed by Santilli in the late 1970’s was
that of identifying a completion of Lie’s theory for the representation of extended
particles under Hamiltonian and non-Hamiltonian interactions while preserving
conventional spin values.

To achieve the intended needs, Santilli proposed in Eq. (5) p. 71 of the 1983
Springer-Verlag monograph [16] the completion (also called lifting) of the univer-
sal enveloping associative algebra ({A, B, ...; AB = A x B; I} (Sect. 2) into the
associativity-preserving, thus isotopic envelope é characterized by the new prod-
uct called the isoproduct (first introduced in Eq. (5), p. 71, and then studied in
details from Sect. 5.1, p. 148 and Sect. 5.2 of [16])

Ax B — AxB=ATB, T >0, 9)
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with related new unit, called the isounit
h=1— I=1/T, IxA=AxI=A, VA € &, (10)

where the isotopic element T, at times called the Santillian, is solely restricted
by the condition of being positive-definite T > 0, while admitting an arbitrary
functional dependence on the relative coordinate , momentum p, acceleration a,
energy I, charge radius R, density d, pressure 7, temperature 7 wave function ),
and any other needed local variable (Fig. 3),

T=1/I=T(rp,a E R d, 7 1,1, ..) >0, (11)

which dependence is hereon tacitly assumed.

The reader should be unformed that the generalization of the basic unit of
quantum mechanics, 4~ = 1, into a nonlinear, nonlocal and nonpotential opera-
tor / = 17 intends to represent the possible ack of quantized energy exchanges
within a nuclear structure in favor of rather complex integro-differential energy
exchanges, as expected for extended nucleons in conditions of mutual penetration
(see Sect. 3.12 for more comments, experimental works [47] and papers quoted
therein).

3.3. The Lie-isotopic theory

Despite its simplicity, isotopic completion (9) of associative product (1) has re-
quired, for consistency, a compatible isotopic completion of the totality of 20th
century applied mathematics (with no exception known to the author) into the
novel isomathematics [15] [16] (see monographs for physicists [28] [30] and those
for mathematicians [26] [29]) whose knowledge is essential to avoid structural in-
consistencies in isotopic nuclear models that may remain unknown to non-experts
in the field.

To begin a brief outline of the isomathematics implied by basic axiomatic
assumptions (9) and (10), in Chapter 5, p. 148 on of [16] Santilli constructed
the step-by-step isotopies of the various branches of Lie’s theory, including the
isotopies of the universal enveloping associative algebras (Sect. 5.2), Lie algebras
and Lie’s Theorems (Sect. 5.3), Lie groups and the Lie transformation theory
(Sect. 5.4), resulting in the Lie-isotopic theory, today known as the Lie-Santilli
isotheory [22] [58] [59], with generic isocommutation rules for a k-dimensional
isoalgebra with iso-Hermitean generators

[Ji,J] = JixJ; — JjxJ; = JTJ; — J,TJ; =
(12)
- ijk(rapaa7E7R7d7¢a7raT7wv"')Jk-
Lie-Santilli isoalgebras are nowadays classified into [60]: regular isoalgebras
when the structure quantities ij are constant, and irregular isoalgebras when
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said structure quantities are functions of local variables. As we shall see in Sect.
3.11, regular isoalgebras can be easily constructed via nonunitary transformations
of the original Lie algebras, while irregular isoalgebras cannot, by therefore con-
stituting new realizations of Lie’s axioms which remain vastly unexplored to this
day.

It should be noted since these introductory words that the above assumptions
have permitted various explicit and concrete realizations of Bohm’s hidden vari-
ables )\ [48] (Sect. 1.8). Such a realization is known to be impossible for the
Copenhagen interpretation of quantum mechanics, but it becomes possible for iso-
mathematics because Bohm’s variable are hidden in the axiom of the associative
product of quantum mechanics [31]

A=T,
(13)
AX(BxC) = AXNB)C) = (AxB)xC = (AAB)AC.

The time invariant and numerically exact representation of nuclear data presented
in Sect. 5 is a direct consequence of the capability of isomathematics (and, there-
fore, of isomechanics) to represent Bohm’s hidden variables.

It should also be noted that isoproduct (9) assures that hadronic mechanics
is outside the infinite class of unitary equivalence of quantum mechanics (be-
cause the new product AT B cannot be obtained via a unitary transformation of
the original product AB). Despite that, isoproduct (9) does preserve the "majestic
axiomatic structure of quantum mechanics” indicated in Sect. 1.1.

3.4. Representation of extended particles and their non-Hamiltonian interac-
tions

The main objective of the isotoopic element T > 0 is that of resolving axiomatic
insufficiencies I-3.1, 1-3.2 and I-3.3 of quantum mechanics in nuclear physics,
(namely, its linear, local and potential character) via its representation of nonlin-
ear, nonlocal and nonpotential/NSA interactions among extended nucleons.

The representation was initiated by Newton’s historical conception of velocity-
dependent resistive, thus nonpotential forces which were then represented by La-
grange and Hamilton via the external terms in their analytic equations.

As indicated in Sect. 1, particle interactions nonlinear in the wave function bur
represented with a Hamiltonian were initiated by W. Heisenberg [13]; interactions
occurring in volumes not reducible to points but also represented with a Hamil-
tonian were initiated by L. de Broglie and D. Bohm [14]; nonlinear and nonlocal
interactions not representable with a Hamiltonian were initiated by R. M. Santilli
in the1978 Harvard University monograph [15] via their technical characterization
as being variationally non selfadjoint (NSA).
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The first known application of NSA interactions in particle physics occurred
in Santilli’s 1978 memoir [43] via an isotopic element of the simple type

e

~ (r) A~
T=eTo, F(r)>0, F(r)>0, (14)

where F (r) (F(r)) are positive-definite, generally nonlinear and nonlocal func-
tions of relative coordinates 7 representing NSA (SA) forces in the Schrodinger-
Santilli isoequation Hx|()) = HT|)) = E|) (see Sect. 4.3 for the full repre-
sentatiion).

Despite its simplicity, isotopic element (14) allowed the first known represen-
tation of all characteristics of the 7 meson, the u* lepton and other particles
(including the mechanism for their spontaneous decay and the representation of
their mean lives) via hadronic structure equations of physical constituents, elec-
trons and positrons, produced free in the spontaneous decay with the lowest modes
(Sect. 5.1, p. 827 on of Ref. [43]).

The isotopic element for the joint representation the extended character of
particles and their non-Hamiltonian/NSA interactions adopted in these papers is
given by the (contravariant) form [3]

- 0 0 0
nl,a
. 0 —=— 0 0 o
T = T4><4 = Ha:1727374 O 60‘ 1 O X e~ (sz’ar 5 ﬂl’ﬂl’»n) > 0’
"3 o
0 0 0 -
4,

Nya >0, I'>0,
(15)
wqghere

3.4.A) The representation of the dimension and shape of the particle is done
via semi-axes nia, k = 1,2,3 (with n3 parallel to the spin) with normalization
for the vacuum 7} , = 1 (Fig. 2).

3.4.B) The representation of the density is done via the characteristic quantity
n} , per individual nucleons with normalization for the vacuum nj , = 1.

3.4.C) The representation of the nonlinear, nonlocal and nonpotential interac-
tions between extended particle is done via the exponential term " (¥) generally
realized in terms of volume integrals, as we shall see in Sects. 3 and 4.

3.4.D) When representing nucleons and their NSA interactions, the dimension
of the ellipsoids is restricted not to surpass the range of strong interactions R =
1 fm =101 cm.

3.4.E) When considering fifth interactions (Sect. 1.5.C), the dimension of
the particle is generally assumed to be infinite so that isointegrals [30] [29] yield
measurable predictions.
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Figure 2: In this figure, we illustrate the second fundamental notion of these studies,
the implementation of the nonlocality advocated by Einstein-Podolsky-Rosen [1] via the
representation of protons and neutrons (nucleons) as being extended, thus deformable
charge distribution that, as such, can be prolate or oblate ellipsoids [3].

The reader should keep in mind that the isotopic element for covariant nuclear
models is the inverse of contravariant isotopic element (15), thus have a positive
value in the exponent.

3.5. Isonumber theory

The formulation of experimental values of isotopic nuclear models over the con-
ventional field of real numbers R (n, x, 1) implies the loss of their invariance over
time because the conventional unit 1 of the theory is no longer invariant under the
nonunitary transformations of hadronic mechanics, 1 — 1’ = Wiwt # 1, with
the consequential loss of the base field over time and the invalidation of experi-
mental measurements.

In order to maintain the crucial time invariance of isotopic numeric predic-
tions, it has been necessary to complete the conventional number theory into a
form applicable for arbitrary, positive-definite isounits I > 0. This completion
was achieved by Santilli in the 1993 memoir [61] (see independent studies [25]
[62]) via the notion of isofields F (, X, I ) for which the infinite family of rings
with elements 7, called isoreal, isocomplex or isoquaternionic isonumbers, char-
acterized by the ordinary product of conventional numbers 7 times a given isounit
I

A=nxlI, (16)

when equipped with isoproduct (9)

~ A A A

axm = (nI)T(mI) = (nm)I € F, (17)
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verify all axioms of a numeric field, thus being fully acceptable for experimental
values.

Predictably, all conventional operations with numbers should be replaced, for
consistency, with the compatible operations for isonumnbers, such as (see [30] for
details)

W2 = axin = (021, afim = n(/Dm, a2 =n'2] ete. (18)

In essence, Santilli discovered that the abstract axioms of a numeric field do
not necessarily require that the multiplicative unit be the millenary unit 1 since
said axioms merely require that the multiplicative unit be invertible and it is here
assumed to be positive definite for isotopic theories.

It should be noted that the primary difficulty in using isonumbers in nuclear
physics is of conceptual, rather than of mathematical nature because from realiza-
tions (15), isonumbers represent volumes, as expected for the needed representa-
tion of extended nucleons at all levels of study, thus including the number theory.
For example, the isoreal isonumbers for the nonrelativistic representation of one
nucleon are given by the following volumes on isospaces over isofields which,
when projected into the Euclidean space, acquire the meaning of volumes (Fig. 2)

f =n x Diag.(n3,n3,n3), (19)

although, on grounds of abstract axions, there is no difference between n and n
due to the positive-definiteness of the isounit.

The isonumbers for a nucleus with A nucleons are given by the following
collection of overlapping volumes

f=nx a1, aDiag.(nf 4, n3 4,13 ) (20)

2,00

-----

It should also be noted that the implications of Santilli’s isonumber theory are
not trivial. As an illustration, consider the isoreal isofield F'(7, x, I) for which
I =3 € F. In this case 2x3 = 2 and

1=3,2=6, 3=9, 5=15, 7=21, elc., (1)

by therefore suggesting that the numeric values of prime numbers depend on the
selected multiplicative unit.

The above reformulation of prime numbers is not trivial because it has permit-
ted the development and use of isocryptograms, (Appendix 2C, p. 84 of Ref. [30])
consisting of conventional cryptograms reformulated via isomathematics with a
change of the unit such to require infinite time for the solution by hackers (see
also Ref. [63]).
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Figure 3: In this figure, we illustrate a third basic notion of these studies, which is given
by the representation in the nuclear force of pressure, density, temperature and other
measurable quantities for nuclei conceived as physical media (generally called hadronic

media’) [31].

3.6. Isofunction analysis

In quantum mechanics, all scalar quantities must have values in an ordinary field
F'. Corresponding quantities of isotopic theories must be isoscalar, that is, they
must have values in the isofield F'. This means that all functions used in 20th cen-
tury physics must be replaced by suitable isofunctions whose study was initiated
with the isoexponential isofunction (Eq. (55), p. 171, Ref.[16])

X =T+ X + XxX/11+ .. = (XTI = [(eT). (22)

Consequently from definition (16), ordinary coordinates r = (x,r, z) repre-
senting a point of the 3-dimensional Euclidean space are mapped into iso-coordinates
representing volumes

P =rx I =rx Diag(n? n2,n?). (23)

This implies that Newtonian massive points 7 are replaced by massive volumes
(Fig. 2).

Similarly, functions f(r) of local coordinates  must be completed into iso-
functions f of isocoordinates 7, and in addition, have values in F', thus suggesting
the structure

f) = [F(P) (24)
Interested readers should be aware that the elaboration of isotopic nuclear
models studied in these papers requires the use of isotrigonometric, isohyperbolic

and other isofunctions that cannot be reviewed here for brevity (see monographs
[30] [31] and Refs. [64]-[66]).
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Figure 4: This picture illustrates the isodifferential calculus [50] with birds flying in
close formation without wing interferences. This flying formation can be best understood
by assuming that birds conceive themselves as a volume encompassing their wings, rather
than a mass concentrated in their center of gravity as it would be requested by the Newton-
Leibnitz differential calculus [50]

3.7. Isodifferential calculus

Following the construction of all possible isotopies of 20th century mathematics
reviewed in the preceding sections, in the early 1990’s hadronic mechanics was
still missing a consistent isotopic formulation of the linear momentum, since the
sole available formulation at that time was the familiar form from Eq. (6) p|¢) =
—i0,|1). This insufficiency implied the inability, at that time, of formulating the
isotopies of the Schrodinger equations in a way compatible with all other aspects
of isomathematics, with ensuing inability to formulate meaningful experiments
(Fig. 4).

Studies of this impasse revealed that its ultimate origin rested in the conven-
tional differential calculus due to its sole definition at isolated points, while the
representation of the extended character of particles was needed for consistency
at all levels, including the differential calculus.

The above insufficiencies left no other option than that of constructing the
completion of the Newton-Leibnitz differential calculus, from its historical defi-
nition at isolated points 7, to a formulation defined over volumes r = rl , which
completion was finally achieved by Santilli in the 1996 special issue of Springer
Nature Rendiconti [50] via the following:

Isoaxiom 3.7.1: The isodifferential d of an isocoordinate © = rI incudes all pos-
sible completions dr of the conventional differential dr under the sole condition
of recovering the latter at the limit when the isounit I recovers the conventional
unit 1

Lim;_,dr = dr, (25)
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with solution for the isodifferential [50]
If = Tdi = Td[rI(r,...)] = dr + rTdI, (26)
and consequential solution for the isoderivative

of(#) _ Aaf()
5 =1 g 27)

The discovery of the isodifferential calculus finally allowed the formulation of
the isolinear isomomentum with the consequential consistent isotopies of Schrodinger
equations presented in next section (for systematic studies on the isodifferential
calculus, see the monumental works by the mathematician, S. Georgiev [29]).

3.8. Isospaces

Let £ (7’ 0ij, 1), 1,5 = 1,2,3 be the three-dimensional Euclidean spaces in the
(contravarlant) coordinates r*, over the field of real numbers R with invariant
r? =r'0;r7 = r{ +r3 +ri. The infinite family of isotopic images of £ (rk, 6:5, 1)
are given by the iso-Euclidean isospaces [26] [31] ) E(Ak A”, I ) characterized
by the contravariant isotopic element

A I 1 1
T = Diag.(—,—,— 28
tag (n%7 7157 ng)? ( )

in which the exponential term of Eq. (15) has been imbedded in the n-characteristic
quantities, with isocoordinates P = rk [, isometrics

~

AV =591, = (Tis¥)]I, (29)
and isoinvariant
2 2 2
3 SR Sad it g\ 7 71 Ta | T3z
P2 = P Ay xi = (r'dyr) 1., = (n_% + n—% + n_g)]’ (30)

where one should note that A = 47 is an iso-metric, namely, a metric whose
elements are iso-numbers. Note also that the covariant isotopic element is the
inverse of the contravariant expression (28).

Let M(x,n,I) be the conventional Minkowski space over the field of real
numbers R with contravariant spacetime coordinates x = (2!, 2% 23, 2* = ct),
metric = Diag.(1,1,1,—1), unit [ = Diag.(1,1,1,1) and invariants 2% =
x#n,,2” and p* = p,n"'p,. The infinite family of iso-Minkowskian isospaces
[21][31] M (z, f, I ) are characterized by the infinite family of isotopic elements

. A 11 1
T =1/I = Diag.(—=, =, =, —), 31)
nt n3’ ng’

3
S|
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Figure 5: In this figure, we illustrate a basic notion of the isotopies of the Lorentz sym-
metry (Sect. 3.10.1), that of providing the invariance of Lorentz’s locally varying speed of
light C' = ¢/n within physical media with density n = ny (left view), while reconstructing
the universal invariance of the constant speed c on isospaces over isofields (right view)

[3].

isocoordinates T = x1, isometrics

I'=dl = (Tn)l, (32)
and isoinvariants
R L 2 2 2 2
B = D, ki = (L4 22 4 5 T p (33)

2 2
ny ny; N3 Ny

3.9. Isogeometries

Euclidean, Minkowskian, Riemannian, symplectic and other 20th century geome-
tries are axiomatically based on the conventional associative product and their
values are formulated over numeric fields. It is then evident to see that the lift-
ing of the associative product into its isotopic form (9), with compatible lifting of
number theory and functional analysis, implies non-trivial isotopies of 20th cen-
tury geometries we cannot possibly review here (see Refs. [30] [31], independent
studies [24], the recent monoigraph in iso- Euclidean geometry [67] and papers
quoted therein).

For future needs, we limit ourselves to recall that the isometric (32) of the
Iso-Minkowskian isospoace M coincides with the Riemannian metric w(zx), as a
result of which:

3.9.1) The iso-Minkowskian geometry admits the complete machinery of the
Riemannian geometry although expressed in terms if the isodifferential calculus
[68].

3.9.2) The Riemamnnian metric w(z) admits the factorization into the gravita-
tional isotopic element (Santillian) here illustrated with the particular case of the
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Schwartzschild’s isotopic element [69]

w(x)Riem = TSant X NMink TSant > 07
(34)

1 1 L1 2M)
N PhY] PhY]
(1-=2)7 1-=%)" (1-=2)’ r

TSchwar = DZag(

where the positive definiteness T's,,; > 0 is guaranteed by the factorization of the
Minkowski metric.

3.9.3) Despite its dependence on iso-coordinates, the iso-Minkowskian ge-
ometry is isoflat, that is, with null curvature when formulated on isospaces over
isofields, because the lifting of the Minkowski metric n — w(x) = T(x) X
is cpmpensated by the inverse lifting of the Riemannian unit /.4 — I Sant =
1/TSant~

3.9.4) Relativistic isomechanics characterized by the isounit I =1 /TSam
provides an axiomatically consistent unification of Einstein’s field equations and
quantum mechanical axioms. [70].

3.9.5) In view of the absence of curvature, the above identical reformulation of
Einstein’s field equations provides an axiomatically consistent unification of grav-
itation and electroweek interactions [70] studied in detail in the Springer Nature
monograph [71].

3.10. Isosymmetries

The main methods used in nonrelativistic hadronic mechanics are given by the
isotopies of the Galilean symmetry and relativity first presented in Chapter 6, p.
199 on of monograph [16] with various applications in pages 253-267. Said iso-
topies were then studied in the1991 monographs [72] [73] (see also notes [21]
from Santilli’s 1991 lectures at the ICTP, Trieste, Italy, and review [28]).

The main conceptual and technical difference between the conventional Galileo
symmetry and its isotopic image is that the former symmetry is based on the New-
tonian notion of massive points, as a consequence of which no resistance can be
admitted during the free fall in our atmosphere. By contrast, the iso-Galilean sym-
metry represents the dynamics of massive volumes moving within physical media
with ensuing resistive and other NSA forces represented via the isounit of the
theory in such a way to recover the conventional Galilean symmetry at the limit
I—1.

Regrettably, we cannot review these Galilean studies to prevent excessive
length of this paper and refer the interested reader to monographs [72] [73] and
independent reviews [21] [28].

The main methods used for relativistic hadronic mechanics are given by the
isotopies of spacetime symmetries which include: 1) The isotopies Sb(?)) of the
rotational symmetry [74]-[76]; 2) The isotopies SU (2) of the spin symmetry
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SU(2)[77); 3) The isotopies SO(3.1) of the Lorentz symmetry SO(3.1) in clas-
sical [78] and operator [79] formulation; 4) The isotopies ]5(3.1) of the Lorentz-
Poincaré symmetry P(3.1) [80]; 5) The isotopies P(3.1) of the spinorial sym-
metry P (3.1) [81]; 6) The isotopies of the various discrete spacetime symmetries
[31]; 7) The isotopies M (3.1) of the Minkowskian geometry M (3.1) [82].

To render this paper minimally self-sufficient, let us outline the isotopies of
the Lorentz and Poincaré symmetries which are needed for the representation of
the Deuteron data of Section 5.

3.10.1. Iso-Lorentz symmetry. As it is well known to historians, H. Lorentz
attempted in 1904 the construction of the invariance of the speed of light within
physical media C' = ¢/n where n is the local density of the medium considered,
but failed to do so and had to restrict his study to the invariance of the constant
speed of light in vacuum c. The latter symmetry was characterized by the unitary
irreducible representations of the Lie group SO(3.1), which are the justly cele-
brated Lorentz transformations. It is unfortunate for science that Lorentz’s crucial
words in vacuum were generally ignored in the 20th century physics, resulting in
the widespread belief that the speed of light is a universal constant ¢ throughout
all possible conditions existing in the universe. A list of inconsistencies for such
an assumption is available in Sect. 8.4.4., p. 134 of the overview [3] and a decade
of experiments in the U.S.A. and in Europe establishing Lorentz’s local value
C' = ¢/n of the speed of light in a physical medium, such as our atmosphere, are
presented in Ref. [? | and papers quoted therein.

Santilli pointed out in the 1983 Springer-Verlag monograph that the restric-
tion of the invariance to the constant speed ¢ was due to the Hamiltonian character
of Lie’s theory, while Lorentz’s problem was highly non-Hamiltonian due to the
complex functional dependence (11) of the index of refraction n. For this rea-
son, Santilli constructed in Ref. [16] the Lie-isotopic completion of Lie’s theory
for non-Hamiltonian systems, and achieved in the 1983 paper [78] the universal
invariance of Lorentz’s speed of light (34), which is characterized by the isouni-
tary isoirreducible isorepresentations of the Lie-Santilli isosymmetry Sb(?).l) of
isoinvariant (33), today known as the Lorentz-Santilli isosymmetry. It’s isoalgebra
so(3.1) is characterized by the isogenerators (Eq. (10), p. 550 of [78] expressed
in terms of the characteristic quantities b, = 1/n,,)

jl = nangJi, j2 = ningJa, j3 = ningJs,
(35)
M, = ny My,

where Ji, M}, are the conventional generators of so(3.1), with isocommutation
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rules (Eq. (12), p. 551 of [78])

[jz,jj] = Eijk;jka [Mi:Mj] = CQEijk:jk:y

(36)
[Ji;Mj] = _EijkMka
and iso-Casimir isoinvariant (Eq. (13), p. 551 of Ref. [78])
. v 1 s A A a
01:J2—5M2:—31, Cy=JxM = 0. (37)

A main feature of the Lorentz-Santilli isosymmetry at the abstract level is that
of being identical to the conventional Lorentz transformations when formulated
on an iso-Minkowskian isospace M (z, AT ) over the isoreal isofield R, in which
case the speed of light is indeed the universal constant ¢ (Fig. 5). The invariance
of the Lorentz speed C' = ¢/n occurs in the projection of the isosymmetry on the
conventional Minkowski space M (x,n, ) over the field of real numbers C, e.g.,
for the case of the isoboosts (Eq. (15), p. 551 of Ref. [78] for isotransformations
in the (3, 4)-plane, and Chapter 8, p.329 on of Ref. [31] for a general treatment)

2 =l ¥ =2
v =42 - pat), o¥ =4 (2t — fa?d), (38)
C =< = itnvariant,
where / .
A~ wv3/ng .
b= V=T (39)
4 1 — 52

It should be indicated that the Lorentz-Santilli isosymmetry leaves invariant
the local speed of light C' = ¢/ny, with ensuing wiggly-shaped light cone (left of
Fig. 5), only when the isosymmetry is projected into the conventional spacetime
over the conventional field of real numbers, as it is the case for isotransformations
(38). By contrast, the isosymmetry Sb(S.l) restores the perfect light cone in the
1sospacetime over the isoreal isofied (right of Fig. 5). We can therefore say that
the speed of light c is indeed a universal constant, but only on isospacetime over
the isoreal isofield, while it is a local variable in the physical realty.

It should be indicated that isomathematics introduces no restrictions on the
density of the medium besides that of positive-definiteness, n, > 0 which, as such,
can be smaller or greater than one. Consequently, the Lorentz-Santilli isosymme-
try confirms Lorentz’s local speed of light for transparent media of low density
for which C' = ¢/n4 < ¢, n4 > 1 and predicts superluminal speeds for physical
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particles within hyperdense media in the interior of hadronic, nuclei and stars for
which C' = ¢/ny > ¢, ny < 1[83] [84] [85], a prediction that has been con-
firmed by all exact and time invariant representations to date of all characteristics
of unstable particles with physical constituents (Sect. 5).

Intriguingly, the Lorentz-Santilli isosymmetry has essentially proved that the
abstract axioms of special relativity do indeed admit arbitrary speeds, with a con-
sequential considerable increase of its representational capability [86].

Note finally that the Lorentz-Santilli isosymmetry SO(3.1) is irregular be-
cause the structure quantities are isofunctions (Sect. 3.3), thus constituting a new
realization of Lie’s axioms.

As it is the case for the symmetries, the axioms of special relativity and its
1sotopic extension, called isospecial relativity, coincide at the abstract level, since
physical differences solely occur in specific realizations. Regrettably, we are un-
able to review this additional profile for brevity and have to refer the interested
reader to monographs [72] [73] [30] [31], the 2021 upgrade [3] and independent
reviews [21] [28].

3.10.2. Iso-Poincaré symmetry. The second basic isosymmetry of relativis-
tic hadronic mechanics is given by the isotopies P(3.1) of the lorentz-Poincaré
symmetry P(3.1) introduced by Santilli in the 1993 paper [80] [81] (see also
Sect. 8.3, p. 342 on of Ref. [16] and independent studies [21]), today called the
Lorentz-Poincaré-Santilli isosymmetry. It’s isoalgebra with Hermitean generators
(Juw = (Jg, My) is characterized by the isocommutation rules where

(STl == 1Nvadpy — Nuadsr — Nupdap + NusJon),

(40)
[Jpw:Pa] = i(ﬁuapu - ﬁvapu)a [Pu:Pu] =0,
and iso-Casimir-isoinvariants
CA11 - j(t7rap7Evu7T)¢7a¢7 ) > 07
Cy = P2 = P, X P* = (i}, P*TP")I, 1)

Gy = W2 = W, W0, W= W, W, = ey % Jo 5 PP,

We should note that the isounit of isoinvariant C’g is the inverse as that of
the Lorentz-Santilli isosymmetry due to the covariant nature of the considers iso-
Casimir invariant. We should also note that isomomenta isocommute on isospaces
over isofields, but they do not commute when they are projected on conventional
spaces over conventional field, thus confirming the nonlinearity of the Lie-Santilli
isotheory.
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As itis well known, a particle can be assumed to be physical according to 20th
century physics (that is, existing and experimentally detectable in our spacetime
vacuum) if and only if it is represented by a unitary irreducible representation of
the Poincaré symmetry P(3.1).

An important feature identified since the 1978 Harvard University memoir
[43], and confirmed in subsequent works [3], is that in the transition from mo-
tion in vacuum to motion within a hadronic medium (such as a hadron, a nucleus
or a star), an extended particle generally experiences alterations of its intrinsic
characteristics originally called mutations and nowadays referred to as the char-
acteristics of isoparticles [87].

We shall therefore say that a particle within a hadronic medium is consid-
ered to be extended in these papers if and only if it is an isoirreducible isounitary
isorepresentation of the Lorentz-Poincaré-Santillii isosymmetry ]5(3.1). As we
shall see, the mutations of the intrinsic characteristics of particles appears to be
dependent on the density of the hadronic medium, with minimal mutations (if
any) in the interior of mesons and maximal mutations in the core of stars or in the
interior of gravitational collapse. Intriguingly, the indicated mutations appear ti
be deeply linked with, or complementary to the expected deviations from Heisen-
berg’s uncertainty principle for extended particles in the interior of hadronic media
[46].

Note that the above isosymmetries are sufficient for the representation of the
Deuteron data studied in this paper, but they need a spinorial extension for the
studies of the subsequent paper.

3.10.3. Isorelativities. In these papers we gave assumed since the Introduction
of Paper I that the Galilean and the special relativity are exactly valid for point-
like particles in vacuum under Hamiltonian (thus including electromagnetic and
weak) interactions, although they need a suitable completions for extended parti-
cles within physical media under Hamiltonian and non-Hamiltonian (thus includ-
ing strong) interactions. Their study was initiated in 1983 [16] (see Chapter 6),
continued in monographs [72] [73] [30] [31] and upgraded in the 2021 work [3]
(see independent studies [21] [24] [28]).

By recalling from the preceding sections the isomorphism between conven-
tional space time symmetries and their isotopic formulation, the primary intent
for the EPR completion of the Galilean, special and general relativities, collec-
tively known as isorelativities, is that of preserving the original basic axioms and
merely introducing broader realizations, by therefore enlarging their representa-
tional capabilities.

3.10.4. Experimental verifications. Let us indicated the generally ignored ex-
perimental verifications of isorelativities for:
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1) The invariant representation of the the Bose-Einstein correlation [88] [89]
with physical characteristics of the proton-antiproton fireball (dimension, shape
and density) rather than with unknown “chaoticity parameters”.

2) The representation of all characteristics, including their anomalies of muons
[35]1 [90] [91] [92], kaons [93] [94] [95], and unstable baryons [96] via hadronic
structure models with physical constituents generally produced free in the sponta-
neous decays with the lowest modes.

3) The representation of all characteristics of the neutron in its synthesis from
the electron and the proton in the core of stars at the non-relativistic and relativistic
levels [97] and its experimental verification [98] and generic cases in generic cases
in classical mechanics [3] (see the subsequent paper).

3.11. Simple construction of isotopic theories

As indicated in more details in Sect. 4, in practical applications of isotopic meth-
ods in nuclear physics, the Hamiltonian H(r,p) > 0 represents all possible linear,
local and potential interactions, while the Santillian T=1 / I> 0, represents all
possible nonlinear, nonlocal and nonpotential interactions expected from the ex-
tended character of nucleons in conditions of partial mutual penetration (Fig.
L1).

It then follows that, despite their apparent mathematical complexity, all as-
pects of regular (Sect. 3.3) isotopic formulations, thus including isomathematics,
isomechanics and all their applications, can be constructed via the following sim-
ple nonunitary transformation of the quantum mechanical unit 1 = h defined on
conventional spaces over conventional fields [99]

UUt=1>0 T=1/I=UWUN">0, (42)

which transformation merely completes quantum mechanical models with the rep-
resentation of the extended character of nucleons and their non-Hamiltonian in-
teractions, provided that said transformation is applied to the totality of quantum
mechanical quantities and all their operations without any known exception.

In fact, the above procedure maps the quantum mechanical unit, product, Lie
algebras, etc., into their isotopic images, according to the simple rules (1 = h)

h=1 — UUt=1+#1,
AB — U(AB)U' = (UAUN(UUY) Y (UBU') = AT B, (43)

where one should note that the transformations are defined on conventional spaces
over conventional fields and all products are conventional. Therefore Eqgs. (43)
characterize quantum mechanical (rather than hadronic) transformations.
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Note the necessity of abandoning the century-old notion of quantized energy
exchanged for point-like electrons in vacuum when dealing with extended nu-
cleons in conditions of mutual penetration (see the experimental works [47] sug-
gesting integro-differential energy exchanges for complex/extended structures and
applications in Sect. 5).

Note also that, once quantum mechanical models have been completed via
the above simple procedure, when remaininhg within the quantum mechanical
formalism, the resulting new models are afflicted by a number of inconsstencies
which are typical of all nonunitary theories on conventional spaces over conven-
tional fields, such as:

3.11.1) Lack of invariance of the observables under additional nonunitary
transformations WWT = I, including the lack of invariance of the isounit, iso-
product, etc.

I - WIWt=1 41,
(44)
ATB - WATBYW! = AT'B, T' 4T,

with consequential lack of invariance of numeric predictions.

3.11.2) Consequential general lack of conservation of Hermiticity/observability,
Egs. (6), U((pH|v))U" # [U({¢[Hy))UT].

3.11.3) General loss of causality, including the possible admission of solutions
in which the effect precedes the cause (see also the analysis by L. Biedenharn
[100] on the violation of causality for nonunitarily achieved, half-odd-integer ein-
genvalues of the conventional SO(3) orbital symmetry). Additional problematic
aspects of nonunitary theories formulated over a conventional numeric field are
addressed in the so-called Theorems of catastrophic inconsistencies of nonunitary
theories (see p. 451 on of [101]).

The axiomatic origin of the above inconsistencies is that their basic product is
the conventional associative product (1), rather than isoproduct (9), with ensuing
nonconserved basic unit 1, loss under time evolution of the basic numeric field
and other insufficiencies.

3.12. Invariance of isotopic formulations

Problems 3.11.1-3.11.3 were resolved in 1998 by Santilli [99] via the identifica-
tion of the infinite class of equivalence of the dynamical equations of isotopic
theories (Sect. 4) which is given by the completion of unitary law (4) into the
isounitary law

WxWh=wixw =1, (45)

completed by the identical reformulation of transformations (43) into the isouni-
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tary form
U=WTr'2,

A

UUN =T > WxWh=WixWw =1,

I s WxIxWt=1=1,
(46)

A

AXB = Wi (A% B)xW

S_A AN A

= (WXAXWHxWH AW -1 (WIxBxWH) =
= AxB' = ATB', (UU)™!

(where we have used the isotopoic inverse w-l [30]) with consequential invari-
ance of isotopic formulations.

It should be indicated that isoinvariance (46) [99] embodies the very essence
of hadronic mechanics as an axiom-preserving image of quantum mechanics be-
cause:

3.12A) Quantum mechanical unitary transformations on H over C leave the
product x numerically invariant, i.e., U X (A x B) X Ul=AxB, UxU'=1.

3.12B) Quantum mechanical nonunitary transformations on A over C change
the numeric value of the product x, Eq. (43), i.e., W x (A x B) x W =
ATB, x T =W xWH=t W x Wt #£1.

3.12C) Isomechanical isounitary transformations on 7 over C leave numeri-
cally invariant the issoproduct X, Eq. (46), i.e., WX (A><B) XWT =Wx(ATB)-
KW= A%B = ATB, W = WT 12 WxW = Wiz = 1.

Note that the isotopies of spaces and numeric fields. thus of the entire 20th
century appleid mathematics, are necessary to achieve isoinvariance (46).

The axiomatically and physically important significance of transformations
3.12A and 3.12C is that they coincide at the abstract, realization-free level to
such an extent that quantum mechanics and the Lie-isotopic branch of hadronic
mechanics can be expressed via the same equations, only subjected to different
realizations of the associative produc,t to such an extent that the lack of formal
identity of quantum and isotopoic expressions is due to the insufficient knowledge
and/or use of isomathematics.

It is easy to see that the above reformulation resolves insufficiencies 3.11.1-
3.11.3 because: expressions (46) imply the numerical— invariance of the isounit I
and of the Santillian T, with ensuing invariance of the numerical predictions of the
theory; such an invariance implies that all observables of quantum mechanics re-
main observable in hadronic mechanics, e.g., H' = H f and isotopic formulations
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verify the causality laws of quantum mechanics (see the fully causal isoorbital
angular momentum with half-odd-integer isoeigenvalues of Ratherford’s electron
compressed inside the proton in the core of stars of Sect. 5.3) [30] [31].

On mathematical grounds, the invariance of numeric predictions, the conserva-
tion of Hermiticity under unitary transformations and the verification of causality
laws are ultimately reducible to the abstract associative enveloping algebra, thus
having an assured validity for conventional as well as isotopic realization of said
envelope.

On pedagogical grounds, all applications of isotopic formulations in nuclear
physics to date (including those of Sect. 5) have been derived via conventional
nonunitary transformations (42) (43) and thenir reformulation in terms of iso-
mathematics to prevent the indicated inconsistency problems.

Alternatively we can say that applications of isotopic theories in physics can
be initially done via simple rules (42) (43) because they represent the projection
on conventional spaces over conventional fields of covering formulations (45) (46)
on isospaces over isofields.

It should be indicated that this author has received various claims of incon-
sistency of hadronic mechanics via arguments based on product (1) with basic
unit 1, which claims are essentially equivalent to the early 20th century claims of
inconsistency of quantum mechanics based on Newtonian mechanics.

3.13. Inconsistencies of deformed Lorentz transformations

It should be indicated that decades following the 1983 isotopies of the Lorentz
symmetries [78], iso-Lorentz transformations (38) have been identically used un-
der the name of ’deformed Lorentz transformations’ but formulated over a con-
ventional numeric field’ (see books [102] [103] and literature quoted therein). As
an example, the 2005 deformed Lorentz transformations (4.9), p. 23 of [102] co-
incide with the 1983 isotransformations (15), p. 351 of [78] and they coincide
with Egs. (38) with b, = 1/n,,, although without the quotation, specifically, of
their origination [78], contrary to admission of said knowledge in preceding works
[89] [93] [94] [104]. Similarly, one can see that the 2005 principles of deformed
special relativity [102] coincide with the 1991 isoaxioms of special isorelativitry
[73].

Readers should be aware that deformed Lorentz transformations and special
relativity formulated on conventional numeric fields verify the Theorems of catas-
trophic inconsistencies of Ref. [101]) with particular reference to the lack of
invariance over time of the numerical predictions and consequential lack of mean-
ingful application to experiments.

This occurrence illustrates the importance of formulating nonunitary comple-
tions of quantum mechanics over isospaces and isofields due to their reconstruc-
tion of unitarity, Eq. (45).
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Quantum Mechanics

Isomechanics

Figure 6: In this figure, we illustrate that the application of hadronic mechanics (hm) in
nuclear physics is restricted to hold in the interior of a sphere of radius Ry,,, = 10713 cm,
called the ’nuclear hadronic horizon’ in representation of strong nuclear forces, while
uniquely and unambiguously recovering quantum mechanics outside said range. The un-
derstanding is that, in general, the continuous and instantaneous fifth interactions rep-
resented by Santillian (15) hold at arbitrary distances in view of the EPR entanglement
[34].

4 Elements of isomechanics

In order to render this and the following papers minimally self-sufficient, in this
section we review, update and specialize to nuclear physics the Lie-isotopic branch
of hadronic mechanics, also known as isomechanics, first proposed in the 1978-
1983 Springer-Verlag monographs [15] [16] and subsequently studied by various
authors (see the 1995 general treatment [30] [31], monographs [21] [29] and pa-
pers quoted therein).

4.1. Iso-Newtonian mechanics

It is important for these papers to indicate that the assumed realization of strong
nuclear forces as the most general possible combination of potential/SA (Defi-
nition 3.1) and nonpotential/NSA forces (Definition 3.2) originates at the purely
Newtonian level, carries over at the operator level and permits the numerically
exact and time invariant representation of the experimental data of the Deuteron
while preserving the abstract axioms of quantum mechanics (Sect. 2, p. 27 on of
Ref. [50]).

Consider the historical Newton’s equations for N “massive points” (in New-
ton’s language) on a conventional 3-dimensional Euclidean space E(r, d, I)

dvak

maT_Fak(tyravy-.-) :07 k:172a37 a:1727"'7N7 (47)
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which, under the conditions of variational selfadjointess [15] can be written

dva k

e FSA(r,v) — FNS4(t rv,...) = 0. (48)

It was generally believed for centuries that the above equations can solely rep-
resent open nonconservative systems generally illustrated via Newton’s nonpoten-
tial velocity-dependent forces of the type FV94 = kv + kov?, ..... Egs. (6.3.6),
p. 236 of Ref. [16] introduced the new notion of closed NS systems, which are
given by systems (39) for N > 2 verifying all ten conservation laws of Galileo
relativity under the conditions

ZakF;ZSA =0, Zakr CFNSA =, Zakr AFNSA = . (49)

The main equations of isomechanics are given by the formulation of New-
ton’s equatlons (39) on iso-Euclidean isospaces E (7, 5 I ) (Sect. 3.6) over isoreal
isonumbers R (Sect. 3.4) first achieved in Egs. (2.5), p. 31 of Ref. [50] follow-
ing the discovery of the isodifferential calculus (Sect. 3.7), and nowadays called
Newton-Santilli isoequations [21] [28],

Mg X~ — FA(7,9) = 0. (50)

The main features of Eqs. (41), hereon considered for the particular case ¢ =
t, ft = 1, are the following:

1) By recalling that the isodifferential calculus coincides at the abstract level
with the conventional differential calculus, iso-Newton’s equation (41) coincide
at the abstract level with the Newton’s equations (39) with FV54 = (.

2) Egs. (41) provide the first known, axiomatically consistent representation
of the actual shapes and dimensions of the particles considered thanks to their rep-
resentation via the isodifferential calculus with realization of the isotopic element
of type (15).

3) Egs. (41) are directly universal for NSA systems [31] in the sense of rep-
resenting all possible NSA systems directly in the r-coordinate system of the ex-
perimentalist, thus without any needs for the transformation theory. In fact, by
writing explicitly the isoderivative b / di, we reach the representation of NSA
forces in terms of isotopic element (15)

.dI
FNSA(t r 0, ..) = mvTa, (51)

which always admit an isotopic element 7' for any given (nonsingular) NSA force.
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4.2. Iso-Lagrange and iso-Hamilton mechanics

A primary motivation for developing the isodifferential calculus has been the re-
formulation of NSA Newton’s equation in such a way to admit the following iso-
variational principle (Sect. 2.4, p. 43 on of Ref. [50]), here written for simplicity
for the case of one particle with evident extension to many particles

A = b (pxdi — Hxdf) =
(52)
= [ ((pl,)T,di — (HI,)Tdf) = 6 [ (pT,di — HT,di) = 0,

because important for operator images.

The above principle has permitted the formulation of the following main equa-
tions of classical isomechanics [50]:

1) The iso-Hamilton equations

di OH(F.H) dp  OH(
dr _OH(p) dp_ OH("p) (53)
dt op dt or

(where we have assumed [ = H 1, = H) with time evolution for a quantity ()

d 8 8H OH (9
dt o 8p 8p 87’

(54)

where the brackets [);H] constitute a classical realization of Lie-Santilli isoalge-
bras [16] [22].
i1) The iso-Lagrange isoequations

d OL(7,0)  OL(#,0)
dt  dv oF
iii) The iso-Hamilton-Jacobi equations also called Hamilton-Jacobi-Santilli
isoequations

=0. (55)

A A A
~ + H=0(47a), — —p=0 (47b), — =0 (47c). 56
5 (47a), 57 P (47b) 3 (47¢) (56)

It should be indicated that the above analytic equations represent the external
terms of the historical Hamilton’s and Lagrange’s equations via the embedding of
said terms in the isodifferential calculus, as one can see for the simple case with
t=t, I, = L, r=mr I, =1and I, representing the external terms via equations
of type (50).

4.3. Iso-Schrodinger representation
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The isotopic lifting of the conventional naive quantization [105] characterizes the
following map of the (classical) iso-Hamiltonian mechanics into the (operator)
isomechanics

A= /(@2 I — Hxdi) — —ixlog(t,7) = —illog|w(t,7)),  (57)

where we use the notion of isolog légzﬂ =] log+ [30]. Note that map (57)
is restricted in nuclear physics to hold within a radius R, = 107* c¢m called
the nuclear hadronic horizon in representation of strong nuclear forces, while
uniquely and unambiguously recovering quantum mechanics outside said range
(Fig. 6).

The resulting iso-Schrodinger representation, also known as the Schrodinger-
Santilli isorepresentation, 1s characterized by:

1) The iso-Schrodinger equation here derived from the iso-Hamilton-Jacobi
Eq. (47a) (see Chapter 5, p. 182 of Ref. [31] for a general treatment)

(58)
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where we should recall our assumption H = HI, = H for our assumption that,
in first approximation, ¢ = t, I, = 1, the last identity trivially follows from the
value £ = F1, and in case the isostates W(f, 7)) are k-dimensional, the isotopic
element £ must be a k x k-isomatrix to avoid evident inconsistencies.

2) The isolinear isomomentum from Eq. (47b)

pX(7) = —ix0)(7) = —il0p(7), (59)
with ensuing isocanonical isocommutation rules
[FpX[D) = —ix by X[ = —idis10), (7)) = [pipslld) = 0. (60)

3) The independence of the isowavefunction from the isolinear isomomentum
from Eq. (47¢)

Db = 0. (61)
The above naive isoquantization is formulated on the Hilbert-Myung-Santilli

isospace [106] on an isocomplex isofield C (Sect. 3.4) with: isostates |¢) isonor-
malization

(WIx|9) = @ITW) =1, (62)
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(where different isonormalizations per different applications should be kept in
mind); isoexpectation isovalues of an iso-Hermitean operator A,

(A) = (|x Ax]

\€/>

(63)

and isoidentity
() = (PIXIx[) = 1. (64)

It should be recalled from Ref. [106] that the condition of iso-Hermiticity
coincides with the conventional Hermiticity. Therefore, all quantities that are
observable in quantum mechanics remain observable in isomechanics [31].

Note also that the characterization of extended particles via isomechanics re-
quires two quantities, the conventional Hamiltonian H for the representation of
SA interactions and the isotopic element T for the representation of NSA interac-
tions.

We should finally note that the quantum mechanical representations of nonlin-
ear interactions via the Hamiltonian violate the superposition principle, by there-
fore preventing the study of individual nucleons under nonlinear nuclear forces.
This insufficiency has been resolved by isomathematics and isomechanics because
the representation of all nonlinear interactions via the isounit restores linearity at
the abstract, realization-free level called isolinearity (see Sect. 4.2, p. 128 on Ref.
[30]), by therefore allowing the decomposition of an isostate | V) (representing a
nucleus) into the isostates |¢;) (representing the individual nucleons)

U(r)) = Iye1o, NUk(TE)), (65)

with consequential capability of quantiitative representations of individual nuclear
constituents.

4.4. Iso-Heisenberg representation

Nonrelativistic isomechanics is additionally based on the iso-Heisenberg isoequa-
tions, also called Heisenberg-Santilli isoequations (first formulated in Eq. (18a),
p- 153, Ref. [16] (see Sect. 3.1, p. 80 on Ref. [31] for a detailed treatment), here
written in the isoinfinitesimal form for the time evolution of an iso-Hermitean
operator Q in terms of the Hamiltonian H representing all linear, local and poten-
tial interactions and the Santillian 7 representing all all nonlinear, nonlocal and
nonpotential interactions

ix9Q = [QH] = Q% H — HXQ =
(66)

= QT(?/% )H(T,p) - H(Tvp)j—'(d)a )Q7
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Figure 7: An illustration on the left of the conventional Feynman's diagrams representing
an elastic scattering of two point-like electrons via the exchange of a point-like photon,
and an illustration on the right of the elastic scattering of two extended hadrons mediated
by their EPR entanglement (Figure 1) without particle exchange due to the density of the
scattering region (Ch. 12 of [31]).

and in their isoexponentiated form

Q(t) = eMixQ0)xe ™M = U(t)xQ(0)xU(t)T =
(67)

where we have used isoexponentiation (22), showing the reconstruction by the
Lie-Santilli isogroups of unitarity on isospaces over isofields, called isounitarity
(see Sect. 4.2, p. 128 on Ref. [30])

A~

Ut)xU)" = U@ xU(t) = 1. (68)

Note that the iso-Heisenberg equations (65) verify the invariance under anti-
Hermiticity of the conventional equations (5), by therefore restricting the sole
consistent application of the Lie-isotopic formulations to stable nuclei.

The author contacted Prof. Werner Heisenberg in the early 1970’s on the ex-
pected nonlinear interactions in nuclear physics, with particular reference to the
inability for the Hamiltonian representation to characterize individual nucleons.
Prof. Heisenberg responded very nicely to a young physicist (then an Assistant
Professor of physics at Boston University), but essentially indicated no knowledge
available at the time of including nonlinear interactions while preserving the su-
perposition principle. The isotopic solution of the problem via the incorporation
of all nonlinear interactions in the isounit of the theory, Eqs. (49), was the out-
come of years of trials and errors by the author stimulated by his correspondence
with Prof. Heisenberg.

4.5. Relativistic isoequations

The relativistic isoequations of hadronic mechanics are characterized by the isosym-
metry Poincaré-Santilli isosymmetry P(3. 1) (Sect. 3.8.2) of the covariant formu-
lation of the iso-Minkowski isospacetime M (p, O, 1 ) over the isoreal isofield R,
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with four-dimensional isomomentum

R 4
B(@), p=1,2,34, i' =2, (69)

Ny

~

Bux|0)(2)) = —ix0s,

resulting in the local speed of light within the considered physical medium, Eq.
(34), with density n = ny (Figure 4). Consequently, the isometric O = (ﬁ)f is
now the inverse of isometric (29).

The second order relativistic isoequation, called Klein-Gordon-Santilli isoe-
quation [107] [108] (see Chapter 10, p.477 on Ref. [31] for a detailed study and
review [28]), is characterized by the second order iso-Casimir invariant of 75(3.1)
and can be written

PI(@)) = @ xpuxpyx () =
(70)
= i (—i19,)(~i18,) () >= [(mC)2(#)).

The first order isorelativistic equation of isomechanics, called the iso-Dirac
equation, will be introduced in Section 5.5.

4.6. Isoconvergence

In all applications to date, the isotopic element (15) resulted to have a numeric
value much smaller than one, ||7|| < 1. Since this numeric value has to be
sandwiched between all products of isomechanics, isomathematics may eliminate
quantum mechanical divergencies, besides allowing much faster data elaboration
via perturbative and other methods (see Chapter 11, p. 500 on Ref. [31]).

To illustrate this important feature, consider the following divergent quantum
mechanical series A(w) = A(0) + (AH — HA)/1! + .... = oo, w > 1. But the
value of the isotopic element is much smaller than the parameter w. Therefore,
the isotopic completion of the above series

A(w) = A(0) + (ATH — HTA)/1! + ... = N <oo, T < w,  (71)

is always strongly convergent.

More specifically, the divergencies of quantum mechanics originate from the
singularity existing at the origin of the Dirac delta distribution which divergence,
in turn, originates from the point-like approximation of particles.

Another important feature of isomechanics is that of avoiding these singular-
ities as illustrated by the isotopic image of Dirac’s delta distribution, known as
Dirac-Myung-Santilli isodelta isofunction first introduced in Ref. [106] (see also
Nishioka’s studies [109]-[112])

5@:/&@&:/%%@ 72)

98



R. M. Santilli

where we have used isoexponentials and isointegrals [30]. In fact, the appear-
ance of the isotopic element in the exponent of the integrant may change a sharp
singularity at the origin » = 0 into a bell-shaped function.

The author visited P. A. M. Dirac, in 1981 at the Department of Physics of the
University of Florida, Tallahassee, in connection with his suggestion to remove
the divergencies of quantum mechanics so as to avoid the removal of infinities via
infinities. During a brief encounter, the author indicated to Prof. Dirac isotopic
product (9) with ensuing strongly convergent perturbative series (64) without di-
vergencies. Following a long minute of complete silence, Prof. Dirac simply
stated ”Please send me the papers.” Following his return to Harvard University,
the author mailed the day after to Prof. Dirac: paper [106] that he was writing
with the mathematician H. C. Myung, a copy of monograph [15] and the draft of
[16]. It was unfortunate for science that, quite likely, Dirac never saw these works
because he became ill and died a few years later.

4.7. Einstein isodeterminism

Recall the physical reality that stars initiate their lives as an aggregate of Hydro-
gen, synthesize the neutron from the electron and the proton and then synthesize
all natural elements. Recall the prohibition by the 1927 Heisenberg’s indetermi-
nacy (also called uncertainty) principle to represent the synthesis of the neutron
from an electron and a proton in the core of stars despite their extremely big
Coulomb attraction at 1 fm mutual distances which can be computed to be of the
order of 230 V.

The above occurrences suggested the need to generalize Heisenberg’s uncer-
tainty principle for extended nucleons in conditions of mutual penetration whose
study was initiated by Santilli in the late 1970s at Harvard University under DOE
support (see the title of memoir [43]) which was first formulated in the 1981 pa-
per ”Generalization of Heisenberg’s uncertainty priciniple for strong interactions”
[44], followed by the 1994 paper for gravitational collapse [45], and applied in the
1998 paper [39] to set the foundations for the recovering of Einstein’s determin-
ism by showing that a system of extended spin 1/2 particles with potential and
non-potential interactions violate Bell’s inequalities [38] thus admitting classical
counterparts.

The considerable lapse of time between papers [44] - [45] - [39] is due to the
need for corresponding prior advances in isomathematics. In fact, starting with
the isotopies of Lie’s theory [16], the 1981 paper [44] established the need that the
formulations had to be defined over numeric isofieds that were discovered in 1993
[61]. The 1994 paper [45] established the need for the extension of the Newton-
Leibnitz differential calculus to volumes, that was achieved in 1996 [50]. The
1998 paper [45] identified the final needs to predict the same numeric values under
the same conditions at different times, such as the invariance under isounitary
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transformations reviewed in Sect. 3.12.

Santilli’s final (isotopic) form of the generalized uncertainty principle for strong
interactions was presented in the 2019 publication at Acta Mathematica [46] with
an extended 2020 presentation also published by Acta Mathematica [113].

Nowadays, the EPR completion of Heisenberg’ indeterminacy principle which
is needed for the synthesis of the neutron (studied in the next section) and the
representation of nuclear stabillity (studied in paper I1I) can be derived via a truly
elementary, quantum nonunitary transformation of the conventional principle on
conventional spaces and fields (Sect. 3.11) reformulated in terms of hadronic
isounitary transformations on isospaces over isofields to avoid the inconsistencies
of quantum nonunitary theories (Sect. 3.12) and can be reviewed as follows.

For applications in nuclear physics it is sufficient to assume the isonormaliza-
tion necessary for constant T

~

(W|x[) =T, (73)

and isocommutation rules (60), under which a simple nonunitary-isounitary trans-
formation of the conventional principle yields the isoindeterminacy (or isouncer-
tainty) principle of hadronic mechanics whose projection on our spacetime (as
needed for experiments) is given by

P AT = (74)

~ [l =T (r,p,a, R, d,b,,..) + .| < 1,

where the Santillian 7" has beed derived from realization (15) to represent the
non-potential-NSA component of strong interactions.

It should be noted that isoprinciple (77) contains as particular cases all gen-
eralizations of Heisenberg’s uncertainty principle known to the author (see, e.g.,
Refs. [114] [115] [116] and papers quoted therein).

Note in isoprinciple (77) that the quantum expression ArAp > (12)h (also
denoted o,.0p > (12)h) is turned into the hadronic form ArAp ~ (1/ 2T h because
of the impossibility to maintain quantum mechanical statistical averages of point-
like particles in vacuum for extended protons and neutrons under the contact-
nonlocal effects cause by the surrounding particles (Fig. 3).
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The connection between the above isoindeterminacy principle and Einstein’s
determinism [1] is intriguing indeed. Recall from Sect. 1:

4.7.1) The prohibition of Einstein’s determinism by Bell’s inequalities because
they prohibit the existence of classical images for quantum mechanical systems of
point-like spin 1/2 particles in vacuum [38];

4.7.2) The violation of Bell’s inequalities by extended spin 1/2 particles in
conditions of mutual penetration with the ensuing existence of classical counter-
parts [39] ;

4.7.3) Bohm’s attempt of achieving Einstein’s determinism via the hypothesis
of hidden variables [48]-[49];

4.7.4) Santilli’s explicit and concrete realization of Bohm’s variables as being
hidden in the axiom of associativity of quantum mechanics [31] [51].

4.7.5) Santilli [46] [113] has shown that isomathematics and isomechanics
uniquely and unambiguously characterize the explicit form of the standard isode-
viations for isocoordinates A7 and isomomenta Ap which, again in their projec-
tion on conventional spaces over conventional fields, can be written

Ar = T < Q)| i~ < D) %7 5 [9(F) >2[(F) >,
(75)

Ap = \JT <) [p— < D(p)| *p» [D(5) >21(p) >.

In view of the lack of energy by contact zero-range NSA interactions and
the ensuing very low value of 7" for all known physical applications, the above
isodeviations, individually tend to zero Wiﬂ} the increase of the density of the
hadronic medium up to the limit identity of 7" with Schwartzschild’s horizon, Eq.
(34),

Limj_,Ar =0, Lims_oAp =0, (76)
resulting in the Lemma (p. 127 of [113])

LEMMA 4.7.1 (EINSTEIN’S ISODETERMINISM): The standard isodeviations for
isocoordinates Ar and isomomenta Ap progressively and individually tend to be
zero for extended particles in the interior of hadrons, nuclei, and stars, and fully
achieve Einstein’s determinism at the limit of gravitational collapse.

The first significant implication of the above Lemma is a confirmation of the
isoconvergence of Sect. 4.6, which can be expressed via the following Corollary
(p. 128 of [113]):

COROLLARY 4.7.1. Einstein’s isodeterminism according to Lemma 4.7.1 implies
the removal of quantum mechanical divergencies in hadronic mechanics.

As we shall see, Einstein’s isodeterminism plays a fundamental role for first
known, numerically exact and time invariant representation of the Deuteron data
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(Sect. 5), as well as of the neutron synthesis from the Hydrogen and, consequently,
of nuclear stability (paper III).

4.8. Isoscattering theory without divergencies

As indicated in Section 1.1, we have assumed in our study the exact validity of
quantum mechanics for point-like particles and electromagnetic waves in vacuum.
Consequently, we can safely assume that quantum mechanics is exactly valid for
particles in accelerators.

However, the mathematical, theoretical and experimental evidence presented
in these papers imply that guantum mechanics is not valid for high energy scatter-
ing regions, for numerous reasons, such as the lack of representation of the time
irreversibility of nonelastic scattering processes (Insufficiency I-2.7), unavoidable
nonlinear, nonlocal and nonpotential effects due to the impact of extended protons
on dense targets, and other reasons (Fig. 7).

Studies on the EPR completion of the conventional scattering theory into a
more realistic theory representing the collision of extended particles on dense tar-
gets have been initiated by R. Mignani [117]-[118], A. K. Aringazin and D. A.
Kirukhin [119], A. O. E. Animalu and R. M. Santilli [120] and others.

These studies have established the foundations of the scattering theories of
hadronic mechanics known under the names of isoscattering and genoscattering
theories and collectively, as hadronic scattering theories (Figure 7). Regrettably,
we cannot review these studies to avoid a prohibitive length. We limit ourselves
to the following comments (see Chapter 12, p. 507 on of Ref. [31] for details):

4.8.1. In view of the time-reversal invariance of the Lie-Santilli theory, the
isoscattering theory can solely represent the elastic scattering of extended parti-
cles/wavepackets on a dense target. The causal and axiomatically consistent rep-
resentation of inelastic scatterings is done via the broader genoscattering theory
with a Lie-admissible algebraic structure [120].

4.8.2. Evidently, hadronic scattering theories cannot change experimentally
measured values, such as scattering angles, cross sections, etc. However, hadronic
scattering theories do require a revision of the theoretical interpretations derived
via the conventional scattering theory.

4.8.3. Recall that rather vast studies have been conducted on nonunitary scat-
tering theories (see, e.g., Ref. [121] and papers quoted therein). These studies
had to be abandoned because nonunitary theories violate causality laws (Sect.
3.10). By contrast, hadronic scattering theories reconstruct unitarity on general-
ized space over generalized fields, thus restoring causality [30].

4.9. Connection between Birkhoffian mechanics and isomechanics
Following the technical characterization of NSA forces in the first volume of the
1978 Springer-Verlag monographs [15], the primary aim of the 1983 second vol-
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Figure 8: In this figure, we illustrate the two stable bound states of particles with spin
predicted by hadronic mechanics, which are given by the ’planar singlet coupling’ on the
left and the ’axiom triplet coupling’ on the right.

ume [16] was the achievement, via the use of conventional mathematics, of direct
universality for the representation of NSA Newtonian systems in terms of a gen-
eralized variational principle so as to allow apparently for the first time the opti-
mization, for instance, of the actual shape of a wing moving in atmosphere (see
representative papers [122]-[126]).

This aim was achieved via the formulation of Birkhoffian mechanics in the
6-dimensional phase space with local coordinates a* = (r,p), p = 1,2,...,6,
and the assumption of the most general possible action principle in the indicated
phase space

5A5/[Ru(t, a)da" — B(t,a)dt] =0, (77)
with consequential Birkhoff’s equations (Sect. 4.2, p. 30 of [16])

[GRM(t,a) B 8R,,(t,a)]da” B [8B(t,a) _ OR,(t,a)
oa” da dt da ot

=0, (78)

where B(t, a) is the Birkhoffian (which does not generally represent the energy)
with the most general possible realization of the Lie-Santilli isotheory in classical
mechanics in terms of brackets between observables while admitting as particular
case the conventional Hamilton’s equation in phase space (those without external
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terms) for R = (0, p)

48] = S le,

wu % — 2L — o, (79)

(A, B] = Q@B — 2498 _ 9804

Note that the conventional Hamilton’s equations can only represent SA New-
tonian systems while, by comparison, Birkhoff’s equations are directly universal
for NSA systems (Sect. 4.5, p. 54 of Ref. [16]).

A crucial point occurred in these studies with the identification of the fact that
the Birkhoffian form of the Hamilton-Jacobi equations (p. 205 on of Ref. [16])
no longer verifies the crucial property (47c) on the independence of the action
from the linear momentum. As a consequence, the Birkhoffian generalization of
Schrodinger equation (p. 211 of Ref. [16]) requires a generalization of quantum
mechanical axioms because wave functions would also depend on momenta ) =
Y(t, 7, p).

In order to maintain the validity of quantum axioms for NSA interactions, R.
M. Santilli proposed in Eq. (15), p. 259 of Ref. [16] the decomposition of the
Birkhoffian eigenvalue equation into the iso-Hamiltonian

B(t,a) x [¢(t,a)) = Hx[(t,r)) = HT|[(t, 7)) = Ely(t.r)), (80)

which is possible thanks to the embedding of all NSA terms in the isounit of the
theory.

By looking in retrospect, Birkhoffian mechanics has seen various applications
for the classical treatment of NSA systems (see representative papers [122]-[126])
while the isotopic formulation of NSA systems has been preferred over the oper-
ator Birkhoffian form in view of its clear preservation of quantum mechanical
axioms.

S5 Representation of the Deuteron data

5.1. Foreword

Thanks to studies initiated in 1978 [43] and continued thereafter (see Refs. [127]-
[131]), in this section we review and upgrade the numerically exact and time in-
variant representation permitted by the Lie-isotopic mechanics of the following
experimental data of the Deuteron [6]-[? ] in the ground state used for experi-
mental measurements, that with null orbital contributions:
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DEUTERON
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Figure 9: In this figure, we reproduce known experimental data on the dimensions of the

2.1281 fm
0.3745 fm
=

0.8768 fm

Deuteron [8] and its constituent proton and neutron [11], as well as their interpretation
as a hadronic bound state in axial triplet coupling (Fig. 1), thus representing for the
first time the spin of the Deuteron Sp = 1 in its ground state, that with null angular
contributions Lp = 0 [51].

5.1.1. The spin Sp = 1.
5.1.2. The magnetic moment £, = 0.85647 juy.
5.1.3. The total energy E'S* = M, + M,, — BE = 1875.7 MeV.

exp

5.1.4. The charge radius Rp = pj," = 0.85647 py.
5.1.5. The mean life Tp = oo.

In order to apply isotopic formulations, in this section we assume in first ap-
proximation that the Deuteron is a hadronic bound state of a proton and a perma-
nently stable neutron. The representation of the stability of the Deuteron despite
the natural instability of the neutron and the Deuteron stability despite strongly
repulsive protonic forces, are studied in the following paper.

5.2. Representation of the Deuteron spin

Recall that the sole stable bound state predicted by quantum mechanics between
two point-like particles with spin S = 1/2 is the singlet for which Sp = 0. The
stable bound states predicted by hadronic mechanics for two extended particles
with spin S = 1/2 are the planar singlet coupling and the axial triplet coupling
illustrated in Figure 8. It then follows that, according to the Lie-isotopic branch of
hadronic mechanics, the Deuteron in its true ground state is composed by a proton
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and a neutron in axial triplet coupling (Fig. 9) [51]

.
Dz(%), (81)

resulting in a structure illustrated in Figure 9 with dimensions from Refs. [§]
[11]. In the subsequent Figure 10, we illustrate the consequential structure of the
Helium-4 (Fig. 10).

It should be noted that the above representation of the Deuteron spin is highly
preliminary because a deeper study of the spin of the Deuteron requires the prior
representation of the synthesis of the neutron in the core of stars, which represen-
tation is studied in the next paper.

5.3. Hadronic angular momentum

As it is well known, the quantum mechanical angular momentum is given by
the familiar expression on an Euclidean space over the field of complex numbers
L = r A p|b) acting on a state of the Hilbert space 7. The rotational symmetry
so(3) represents the conservation of the angular momentum.

The angular momentum for extended nucleons under strong interactions, called
hadronic angular momentum (first presented in the 1985-1991 papers [76]-[78]
and then studied in detail in Chapter 6, p. 209-285 of Ref. [31]) is characterized by
the isounitary isoirreducible isorepresentations of the Lie-Santilli isogroup Sb( 2)
characterized by the isorotations on the iso-Eucliean isospace (7, AT ) (Sect.
3.6)

P = R(0)x7, RO)XRO)=R(O)"%xR(O) =1,
RO)XR(O) = R(O)VXR() = RO+ 0), RO)XR(—0) = R(0)=1=1T.
(82)

The isoalgebra so(2) can be realized on an iso-Hilbert isospace over an isofield
via a simple isotopy of the conventional angular momentum (Section 3.6)
LX[b) = (EAD)X|b),
(83)
£ =rl, px|b) = —id:|b) = —ild;|b).
As expected, the so(3) isosymmetry characterizes the conservation of the hadronic
angular momentum, which conservation is evidently verified for stable nuclei.
The simplest possible realization of the isoalgebra so(3) can be constructed
via the isotransformations of the conventional generators Ji, £ = 1,2, 3 (Sect.
3.8) X
U U = Jy,
(84)
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It is easy to see that the above isoalgebra preserves the conventional structure
constants of so(3)

=~
(P
~
X >
>
I
IS)
|
<
~>
<
X

b) = €;uJ5 X |D), (85)

as well as conventional quantum mechanical eigenvalues

~ ~

Jyx|by =m|b), m=Jj—1,.,—J j=0,1,2, ..
A (86)

by therefore assuring the isomorphic so(3) ~ SO(3).

It should be indicated that the above simplest possible isorealization of so(3),
called standard (p. 212 of Ref. [31]), is sufficient for the representation of the
Deuteron magnetic moment done in the next section. Nevertheless, the represen-
tation of the conserved angular momentum of the neutron in its synthesis from the
Hydrogen atom (studied in the next paper) will require the broader regular isorep-
resentation (p. 213 of Ref. [31]) while the representation of nonconserved angular
momenta in nuclear fusions requires the more general irregular isorepresentations
[58] [59] [60].

5.4. Representation of the Deuteron magnetic moment via the hadronic an-
gular momentum

Let us recall the historical view by E. Fermi [53], V. F. Weisskopf [54], and other
founders of nuclear physics according to which the inability by quantum mechan-
ics to represent nuclear magnetic moments may be due to a deformation of the
charge distribution of nucleons under strong nuclear forces, a prediction hereon
referred to as the Fermi-Weisskopf hypothesis. In fact, p. 31 of Ref. [54] presents
the statement it is possible that the intrinsic magnetism of a nucleon is different
when it is in close proximity to another nucleon.

We are here referring to the fact that a rotating charge distribution creates a
magnetic field along its rotation axis. When said charge distribution is deformed
into a prolate (oblate) ellipsoid, the magnetic field decreases (increases). Since
the quantum mechanical prediction for the magnetic moment of the Deuteron is in
excess by about 3% of the experimental value 15" = 0.85647 1, the deformation
of the charge distribution of the proton and the neutron is expected to be of prolate
type (bottom right view of Fig. 2).

The representation of the Deuteron magnetic moment via the Fermi-Weisskopf
hypothesis achieved for the first time in the 1994 paper [127] (see also monograph
[128] and idnependent studies [129]-[131]) is based on the representation of the
deformation of nucleons via isotopic element (28) which reconstructs the per-
fect sphere on the iso-Euclidean isospace over an isofield (top of figure 2). The
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reformulation (isotopy) via hadronic mechanics (hm) of the conventional connec-
tion between magnetic moment and spin of nucleons [55] [7] (here omitted for
brevity) implies the following mutation of the magnetic moments of the protons
and the neutron [127]

n n
P = 2,8 + guS) = =2l qm). (87)
ns ns

By recalling the experimental value u,” = 0.8565/y, and the quantum mechan-
ical (qm) value 15" = 0.8798, we reach the numeric value

~exrp
s ng  0.8565
b - = —0.9735. 88
pht ng o 0.8798 (88)
In the above expressions, n4 represents the density of individual nucleons whose
currently available best value is given by the density ny = 605 of the p — p fireball
of the Bose-Einstein correlation [88] [89], resulting in the numeric values
0.605
= ——— =0.6215, n3 = 0.3862. 89
"8 0.9735 3 (69)
To obtain the value of the remaining characteristic quantities, we assume that
the mutation of the magnetic moment does not alter the volume of nucleons. By
assuming a normalization of the type

ni+n3+n3 =3, (90)

we obtain the numeric values of the semiaxes of the spheroids here expressed for
the characteristic quantities n,, of this paper as well as for their inverse b, = 1/n,,
used in paper [127]

n? =n2 = 1.3069, n? = 0.3862, n2 = 0.3660,

b2 = b2 = n—12 = % = 0.7652, ni% = 2.5893, n—lz = 1.7668,
‘ 1)
n = ny = 1.1432, ng = 0.6215, ny = 0.605,

by =by = ;- = - = 0.8709, by = - = 1.6098, by— = ;- = 1.653,
which confirm their prolate character because n2 < n? = n2.

It should be noted that Ref. [127] studied the isotopic representation of a
possible 1% deformation of the neutron under nuclear interactions. By using the
same nucleon density by = 1/n4 = 1.653 of Refs. [88] used above [89], Ref.[127]
reached the numeric value b5 = 1/ng = 1.662 (Eqs. (3.5), p. 124, of Ref.
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Figure 10: In this figure, we illustrate the structure of the Helium as a hadronic bound
state of two Deuterons composed by protons and neutrons in axial triplet coupling [51].

[127]) which is rather close to the value b = 1/n3 = 1.6098 of Eq. (90) above
confirming the prolate character of the deformation, The b; = b, value of Ref.
[127] different than that of Egs. (90) is due to a normalization of the characteristic
quantities different than used above.

The possible application of the above model to a numeric representation of
the magnetic moments of light stable nuclei with /N nucleons can be done via the
following isotopy of standard representation of nuclear magnetic moments [54] [?
] first presented in Eq. (3.8), p. 125 of Ref. [127]

Tk

m N4k
P =St N (—EgE L + —E g8 S,s), (92)
nsg n3g

where gL and (g;) are tabulated, orbital (spin) giromagnetic factors of the k-
nucleon, ng4 is the density of the k-nucleon and ng is its semiaxis along the
spin direction.

By assuming again in first approximation that nuclei are composed by protons
and neutrons, it is easy to see that isotopic model (91) provides a numeric repre-
sentation of the magnetic moment of the Helium and other light stable nuclei with
potentially significant information on the deformation of the individual nucleons.

5.5. Hadronic spin

The spin of extended nucleons under strong interactions, called hadronic spin
(first presented in Ref. [77] is characterized by the isounitary isoirreducible isorep-
resentations of the Lie-Santilli su(2) isoalgebra whose general case is studied in
Chapter 6, pages 209-285 of monograph [31], jointly with the hadronic angular
momentum of the preceding section and the isotopies of spin-orbit couplings. The
hadronic spin was then used for the 1998 verification of the EPR argument [39]
and in other applications [32] (Fig. 8).
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We here study the particular case of the hadronic spin with conventional quan-
tum value S = 1/2, yet with new degrees of freedom representing Bohm’s hidden
variables [51]. Its formulation requires the isolinearization of the second order
isoinvariant C (41) of the Poincaré-Santilli isosymmetry P(3.1) (Sect. 4.8.2)
done in Ref. [82] (see [31], Chapter 8, p. 329, particularly Sect. 8.5, p. 353). Said
isolinearization required:

1) A four-dimensional real valued isospacetine M (z, I ) for the characteri-
zation of the orbital motion (orb).

2) A two-dimensional complex valued isospace F(z, ) , Aspm) for the represen-
tation of the spin (spin).

3) A six-dimensional total (tot) isospace MxE.

From Sect. 3.9, we introduce the corresponding nonunitary transformations

),

T T _ Dy 1 1 1
UO”'onrb = Iorb = DZ(Ig.(n—%, TL_%’ n—g,

3
N Ly

Uspm UT

spin

— Diag.(\"1, ), 93)

(Uorb X Uspin) X (Uorb X []spin)Jr = jtota

where A represents Bohm’s hidden variable [48] [49].
We now introduce the 4 x 4-isomatrices [' verifying the conditions

f‘u = &,uj orb-
(94)
{'S/,u:;yzz} = :)/pTorbfAyu + ﬁ/uTorbﬁ/,u = 2ﬁuujorb7

The second order isoinvariant of ]5(3.1) is then decomposed into the isoprod-
uct (Eq. (6.1a), p. 190, of Ref. [82])

ﬁuuﬁuTorbﬁu + m*C? =
A A A (95)
= (ﬁ‘w:}/uTtotﬁu + imc)Ttot<ﬁ#V&unotﬁu + ch)a C = C/n47

where the local speed of light C' = ¢/n4 within a hadronic medium with density
ny originates from the Lorentz-Santilli isosymmetry SO(3.1) [78] (Sect. 3.8.1),
resulting in the Dirac-Santilli isoequation [107] (see also Refs. [50] [31]), here
written according to isomathematics and in its projection on the conventional
Minkowski space

[ XD, X B, + MxC]x[{(i) >=
(96)
= (=il ""3.0, + mC)[¢ (&) >= 0,
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where the Dirac-Santilli isogamma isomatrices I = ’yf are given by

S
Nk -6, 0 ’
97
A :L IQ><2 O ( )
V4 na 0 _12><2 )

and the Pauli-Santilli isomatrices (Eq. (6.8.20), page 254 of Ref. [31] and Ref.

[39D)
. 0 X . 0 -2 . A0
01:()\1 0)7 02:<7>\1 0 )7 03:( 0 _/\) (98)

It is easy to see that the Pauli-Santilli isomatrices verify the iso-commutation
rules with the same structure constants of Pauli’s matrices

(99)

= 0iLspin0j — 0T 5pin0; = 126550k,

showing the iso-morphism su(2) ~ su(2).

The representation of the spin 1 /2 of nucleons is given by the isoeigenval-
ues on an iso-state |b > of the Hilbert-Myung-Santilli iso-space F[106] over the
1sofield of isocomplex isonumbers C [61]

G3x|b >=65T|b >= +|b >, (100)
62%|b >= (61761 + 62165 + 63T635)T|b >=3|b > .

It should be noted that the above hadronic spin, called standard, is sufficient
for our needs for this section, but it is insufficient for the synthesis of the neutron
studied in the next paper in favor of the broader notions of regular and irregular
hadronic spins [31].

5.6. Representations of the Deuteron magnetic moment via the hadronic spin
Let us recall the factorization of the Pauli-Santilli isomatrices in Egs. (6.8.18), p.
254 of Ref. [31]

61 =owl =Toy, I=1/T = Diag.\™*,\), Det. =DetT =1, (101)
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and assume the realization of the hidden variable [51] [52]

A=¢e?>0,
I = cosh ¢ + o5 sinh ¢ = %73, (102)

T = cosh ¢ — o3 sinh ¢ = =73,
By recalling that o3 characterizes the nucleon spin S = 1/2, we have
G3|b >= o3I|b >= 03¢?7%|b >, (103)
with ensuing characterization of the magnetic moment
[t |b >= K gS|b >, (104)

where K is an iso-renormalization constant of the gyromagnetic factor g created
by Bohm’s hidden variables in the hadronic spin. By using the above property, we
reach the relation

Lhm b>= e‘z"”u m b>= e?73 g9 b> . (105)
q

Note that the proton and the neutron have the same spin 1/2, they have essen-
tially the same mass (thus being characterized by the same \) and they have the
same eigenvalue equation )

oslb >= —|b > . (106)

We can, therefore, write the expression per each nucleon
L = (L4 ¢0s)ttgmyr = (1 — @) pigmi, k= p,n, (107)

from which we obtain the isorenormalized value of the magnetic moment of the
proton and of the neutron

fp, = +(1— @) 2.79285 pn,  fi, = —(1 — ¢) 1.91304 py, (108)
with corresponding value for the magnetic moment of the Deuteron

s = (1 — ¢) 2.79285 — (1 — ¢) 1.91304 uy =

(109)
= (1 —¢) 0.87981 uy = p% = 0.85647 uy,
from which we obtain the numeric value
¢ =1-—0.87981/0.85647 = 1 — 0.02334 = 0.976606, (110)
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with corresponding numeric value of Bohm’s hidden variable for the Deuteron
[51]
A =e? = ™70 = 2.65557. (111)

We can, therefore, state that isomathematics and isomechanics do allow a
numerically exact representation of the Deuteron magnetic moment in terms of
Bohm hidden variable A which is invariant over time due to the invariance of the
Dirac-Santilli isoequation under the isosymmetry 75(3.1) [82].

5.7. Representation of the Deuteron mass, stability and charge radius
In accordance with our primary assumptions of Sect. 1, the terms hadronic struc-
ture equations are referred to iso-Galilean isoinvariant isoequation (57) represent-
ing stable bound state of extended nucleons in conditions of partial mutual pen-
etration. The conventional linear, local and potential interactions are represented
by the Hamiltonian /7, while nonlinear, nonlocal and nonpotential interactions are
represented by the isotopic element T under the condition of rapidly recovering
the conventional unit, 7' — I at mutual distances bigger than the range of strong
interactions R = b1 = 10713 cm.

The first hadronic structure equation was proposed by Santilli in Sect. 5.1,
p. 827 on of the 1978 Harvard University memoir [43] for the representation of
all characteristics of the pion 7% as a bound state of an electron and a positron
at R = 1073 ¢m mutual distance, so as to have a physical origin of the great
instability of the particle as well as of the spontaneous decay with the lowest
mode 70 — 2 .

The isotopic element was selected to be of type (14), with the function F (r)
given by the Hulten potential in representation of nonpotential interactions, and
the function F'(r) representing the Coulomb attraction between the electron and

the positron
—br

. _Fm) EF(r) S
T=¢ 70 x~1-— =1-== 112
resulting in the iso-Galilean invariant [72] [73] [21] iso-Schrodinger equation
1 62 e—br
—— A —— - N—— = E), 113
[—— A = & - N () = El) (13)

where N is a normalization constant, ' is the binding energy and the reduced
mass
m = mima/(my + ma), (114)

is isorenormalized to the form on isospaces over isofields m = m/n, originating
from the Lorentz-Santilli isosymmetry (Sect. 3.8.1), with value for the 7% m =
Me/2n4.
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The resulting hadronic structure equations of the 7° in their radial form are
given by (Eqgs. (5.1.14), p. 835 of Ref. [43])

L (Ly 2d)+m(E+ + N:& _br)] =0,

Ewo=FE,- +Eq+ —F =135 MeV,
(115)

Tro = 202 (0) P = 107105,

Reo=bt=10"Bcm=1 fm.
A detailed study of the analytic solution of the radial differential equation with
the inclusion of boundary conditions (p. 836-841 of Ref. [43]), reduced the struc-

ture model of the 7° to the solution of the following algebraic equations in the
parameters k1, ks (Egs. (5.1.32a) and (5.1.32b) p. 840 of Ref. [43])

48x (137
Tr0 = zgrbc) (k2 T = =0,
(116)
Ero=k[l—(k—1)2 ] € =135 MeV,
with energy spectrum
1 1
=—(ky——n)* n=1,23,.. 117
4R2m< Qn n) , T ) Sy ) ( )
numeric values for the pi°
ki =034, ko=1+427x1072, (118)

and consequential approximate value of the Binding Energy F ~ 0.

Following the above 1978 proposal, the hadronic structure model of the 7° has
been applied to the structure of other particles, in each case providing a numeri-
cally exact and time invariant representation of all characteristics of the particle
considered [91] [35].

The application of the hadronic structure model of the 7° to the Deuteron
as a bound state of a proton and a neutron has been studied extensively in the
1998 monograph [128] resulting in the iso-Galilean isoinvariant hadronic struc-
ture equations of the Deuteron (we cannot review to prevent a prohibitive length)

L(Lp2dy | (B 4+ N2 br)] _0,
Ep=E,+ E, — E = 1875.7 MeV,
(119)

7p = 2wA2[i(0) 2L ol = oo,

Rp=b1=108cem=1 fm,

114



R. M. Santilli

with values for the k-parameters
ki =25 ko =1. (120)

The following comments may be helpful for identifying some essential aspects
of structure model (119):

5.7.1. As expected, non-Hamiltonain interactions generate no binding energy,
because for k; = 1 the finite spectrum of the Hulten potential (116) solely admits
the solution &/ = 0. Consequently, the binding energy and related missing mass
in nuclear structures is created by potential interactions.

5.7.2. Model (114) contains the clearly identified Coulomb potential between
the electron and the positron with ensuing well identified binding energy £. By
contrast, the author could identify no physical, independently verifiable potential
between the proton and the neutron. Consequently, the representation of the total
energy of the Deuteron in model (118) occurs on isospaces over isofields via the
isorenormalized mass of the constituents

my1 + Mo

), (121)

Eiop = my +my = (
ny
where n,4 is a geometrization of the energy density of the Deuteron.

5.7.3. The author has no words to express the highly approximate character of
model (118) and therefore, of the Deuteron conceived as a bound state of a proton
and a neutron, thus suggesting the reinspection of model (118) with the synthesis
of the neutron done in the next paper.

6 Concluding remarks

In accordance with the Einstein-Podolsky-Rosen argument that quantum mechan-
ics is not a complete theory [1], the main aim of these papers is to present the Lie-
isotopic methods as a recommendable ore-requisite for the broader Lie-admissible
methods for the search (to be conducted in future papers) of new radiation-free
controlled nuclear fusions of light element, which have been preliminarily pre-
sented in report [132] (see also the video on a reactor built with funds from China
[133]).

Along the above lines in this paper we have reviewed and upgraded the EPR
completion of quantum mechanics into hadronic mechanics as originally proposed
in 1978 by R. M. Santilli [43] [15] [16] at Harvard University under DOE support
comprising:

6.1) The technical characterization of nonpotential interactions via the con-
ditions of variational self-adjointness presented in the 1978 monograph [15] and
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their classification into Self-Adjoint/Hamiltionian (SA) interactions and Non-Self-
Asdjoint/non-Hamiltionian (NSA) interactions.

6.2) The proposal presented in Charts 5.2-5.4, p. 154 on of the 1983 mono-
graph [16] of representing stable, thus time reversal invariant systems, via the
axiom-preserving time-reversal invariant Lie-isotopic formulations representing
SA interactions via the conventional Hamiltonian / and representing NSA in-
teractions via the Santillian 7' > 0. The representation is based on the comple-
tion of the universal enveloping associative algebra of quantum mechanics with
generic product AB = A x B into the associativity-preserving form with product
AXB=ATB, T > 0.

6.3) We have then reviewed, upgraded and specialized to nuclear physics stud-
ies conducted on hadronic mechanics by various scholars since the late 1970’s
[30]- [32] [19] [18] [21]-[29].

We have shown that isotopic formulations are based on:

6.1) The novel EPR entanglement characterized by the non-Hamiltonian inter-
actions of the wave packets of particles [34].

6.ii) The violation of Bell’s inequalities [38] by a system of extended spin
1/2 particles under NSA/non- Hamiltonian interactions with ensuing existence of
classical counterpart [39].

6.111) The completion of Heisenberg’s uncertainty principle for point-like par-
ticles under electromagnetic interactions into the isouncertainrty principle for ex-
tended particles under electromagnetic and strong interactions (Sect. 4.7) [46]
which implies a progressive recovering of Einstein’s determinism [1] with the in-
crease of the density of hadronic media (decrease of the value of T) in the interior
of hadrons, nuclei and stars and its full recovering at the limit of gravitational col-
lapse due to the identity of the isotopic element with Schwartzschild’s horizon,
Eq. (34).

6.iv) Explicit and concrete realizations [51] [52] of Bohm’s hidden variables
A [48] [49] in terms of the Santillian T = ) as being hidden in the axiom of
isoassociativity of hadronic mechanics sAx(BxC) = (AxB)xC, AxB =
AMNB.

We have shown that the time reversal invariant isotopic formulations per the
above outline permit the representation of stable, thus time reversal invariant nu-
clei as a collection of extended protons and neutrons in conditions of partial mu-
tual penetration with Hamiltonian and Santillian interactions, with the consequen-
tial numerically exact and time invariant representation of the experimental data
of the Deuteron conceived as a hadronic bound state of a proton and a neutron in
its ground state as experimentally measured without orbital contributions.

In the hope that the methods may by applied to strong interactions at large, ,
we have shown that quantum mechanical nuclear models for point-like nucleons
with sole Hamiltonian interactions and insufficient representation of nuclear data
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can be uniquely and unambiguously mapped into hadronic models for extended
nucleons with Hamiltonian and non-Hamiltonian interactions with ensuing exact
representation of nuclear data via the simple quantum nonunitary transformation
on conventional spaces over conventional fields U x UT = I=1 / T (Sect. 3.11),
provided that the resulting model is reformulated in terms of the hadronic isouni-
tary transformations on isospaces over isofields UxUt = I = 1/T to avoid
insidious inconsistencies (Sect. 3.12).

We have finally shown that, despite the indicated advances, the conception of
the Deuteron as a hadronic bound state of a proton and a neutron does not allow
a quantitative representation of the Deuteron stability in view of the natural insta-
bility of the neutron or of the strongly repulsive protonic Coulomb forces. These
insufficiencies, combined with unsolved nuclear problems of societal relevance
(such as the recycling of radioactive nuclear waste and the controlled nuclear fu-
sion) suggests the conduction of deeper studies on nuclear structures which are
presented in the subsequent paper.
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III: Exact and time invariant representation
of nuclear stability
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Abstract

In the preceding two papers, we presented exact and time invariant represen-
tations of stable nuclei via the Lie-isotopic branch of hadronic mechanics
and showed the necessity for the results of lifting Heisenberg’s uncertainty
principle for point-like particles into the isouncertainty principle of hadronic
mechanics, also called Einstein’s isodeterminism, for extended nucleons in
condition of mutual penetration. In this paper we present apparently for
the first time: the treatment of protons and neutrons as isoparticles charac-
terized by the isosymmetries and isorelativities of hadronic mechanics; the
representation of all characteristics of the neutron at the nonrelativistic and
relativistic levels as a hadronic bound state of an isoelectron and an isopro-
ton; the identification of the density of the neutron in a way compatible with
other experimental data; and the representation of nuclear stability despite
the natural instability of the neutron and despite the extremely repulsive pro-
tonic Coulomb forces. The main implications of the above studies are: 1)
The prediction of novel means for the recycling of radioactive nuclear waste
by nuclear power plants via new stimulated decays. 2) The possible return
to the continuous creation of matter in the universe as a consistent way to
explain the 0.782 MeV missing in the neutron synthesis. 3) The apparent
confirmation of the historical reduction of all matter in the universe to pro-
tons and electrons.
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1 Introduction

Inspired by the Einstein-Podolsky-Rosen view that Quantum mechanics is not
a complete theory [1], in the preceding first paper [2] (herein referred to with
the letter I) we have presented apparent insufficiencies of quantum mechanics
in nuclear physics. In the preceding second paper [3] (herein referred to with
the letter II) we have presenetd a systematic review and upgrade, specialized
for the first time to nuclear physics, of the axiom-preserving time reversal in-
variant Lie-isotopic branch of hadronic mechanics [4]- [6] comprising the novel
isomathematics (Sect. 1I-3), isomechanics (Sect. 1I-4) and isosymmetries (Sect.
II-3.10) which are based on the axiom-preserving completion of the universal
enveloping associative algebra of quantum mechanical Hermitean operators f :
{A, B, ...; Ax B = AB; I} into the isoassociative enveloping algebra of hadronic
mechanics ¢ : {A,B,..;AxB = ATB;I = 1/T} with consequential iso-
Heisenberg’s equation (Sect. 11-5.4) [5] idA/dt = AXH — xA = ATH —TA
in which potential interactions are represented by the Hamiltonian /7 and non-
potential interactions are represented by the isotopic element T at times called the
Santillian.

We have shown in paper [2] that the Lie-isotopic mechanics implies:

1.1) The first known representation invariant over time of the dimension, shape
and density of particles via the isotopic element T per realization (II-15) [5].

1.2) The first known quantitative representation of subluminal, continuous and
instantaneous interactions of entangled particles at arbitrary distances character-
ized by the non-Hamiltonian interactions of the wave packets of particles [7].

1.3) The first known explicit and concrete realizations of Bohm’s hidden vari-
ables A [8] [9] in terms of the Santillian A = T, as being hidden in the axiom of
associativity of quantum mechanics [10] [11].

1.4) The violation of Bell’s inequalities [12] by a system of extended parti-
cles with spin 1/2 under non-Hamiltonian interactions with ensuing existence of
classical counterpart [13].

1.5) The EPR completion of Heisenberg’s uncertainty principle for point-like
particles under electromagnetic interactions into the isouncertainrty principle of
hadronic mechanics, also called Einstein’s isodeterminism, for extended particles
under electromagnetic and strong interactions (Sect. 4.7) [14] (see [15] for an ex-
tended derivation), which principle implies a progressive recovering of Einstein’s
determinism [1] with the increase of the density of hadronic media (decrease of
the value of T) in the interior of hadrons, nuclei and stars and its full recovering at
the limit of gravitational collapse due to the identity of the isotopic element with
Schwartzschild’s horizon, Eq. (II-34).

It should be indicated that none of the results of paper I or of this paper are
possible under the validity for nuclear structures of Heisenberg’s uncertainty prin-
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ciple for electromagnetic interactions, while the results are all possible for the
completion of said principle into Einstein’s isodeterminism for strong interactions
(Sect. 3.3.1).

We have then shown in the preceding paper I that the Lie-isotopic branch of
hadronic mechanics has permitted the achievement of the first known, numerically
exact and time invariant representation of the experimental data of the Deuteron
conceived as a hadronic bound state of a proton and a neutron in its ground state
without orbital contributions used in experimental measurements.

Based on tabulated fundamental characteristics of electrons, protons and neu-
trons [16]-[23], in this paper we study, apparently for the first time, nuclear sta-
bility despite the neutron natural instability and the strongly repulsive protonic
Coulomb forces via the following primary steps:

1.A) The EPR completion of the 20th century notion of particle, as a uni-
tary irreducible representation of the spinorial covering of the Poincaré symmetry
P(3.1) = SL(2.C) x T into that of isoparticle, as an isounitary, isoirreducible
isorepresentation of the isospinorial isosymmetry P(3.1) = SL(2.C)xT [24]
[25] [26] which appears to be necessary under non-Hamiltonian interactions be-
tween extended particles due to an apparent mutation of the intrinsic characteris-
tics of 20th century particles predicted in the 1978 memoir [27].

1.B) A review of extensive studies in the synthesis of the neutron from the
Hydrogen atom in the core of stars as a hadronic bound state of an isoelectron e~
totally compressed and entangled inside the dense isoproton p.

1.C) The representation of nuclear stability despite the natural instability of
the neutron via the decoupling of the neutron into its original, permanently stable
constituents, the isoproton and the isoelectron, resulting in a three-body structure
of the Deuteron.

1.D) A representation of the nuclear stability despite the very big, protonic
Coulomb repulsion via isoprotons.

1.E) The prediction of means for the recycling of radioactive nuclear waste by
nuclear power plants via new stimulated decays.

1.F) The possible return to the continuous creation of matter in the universe as
a consistent way to explain the 0.782 MeV missing in the neutron synthesis.

1.G) The apparent confirmation of the historical reduction of all matter in the
universe to protons and electrons.

As we shall see, the primary applications of the above representation of nu-
clear stability are given by:

1.1) The prediction of means for the recycling of radioactive nuclear waste by
nuclear power plants via new stimulated decays.

1.i1) The possible return to the continuous creation of matter in the universe a
consistent way to explain 0.782 MeV missing in the neutron synthesis.
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1.iii) The apparent confirmation of the historical reduction of all matter in the
universe to protons and electrons.

the prediction of basically new means for the recycling of radioactive nuclear
waste via their stimulated decay by the nuclear power plants themselves, the ap-
parent reduction of all matter in the universe to protons and electrons in conditions
of increasing complexity and the apparent origin (rather than the sole description)
of gravitation in the nuclear structure.

The understanding of the main lines of this paper can be achieved via a knowl-
edge of Ref. [2], although a technical understanding of this paper can be best
achieved via a full knowledge of hadronic mechanics [4]-[6].

2 Isoparticles and isorelativities

To our best knowledge, the notion of mutation of elementary particles was first
introduced in Sect. 5, p. 819 of the 1978 Harvard University memoir [27] to
denote the expected alteration of the intrinsic characteristics of particles under
strong interactions. To upgrade the notion of mutation with the advances occurred
in the meantime, let us recall also that, according to 20th century physics, a spin
1/2 particle [28] is a unitary irreducible representation of the spinorial covering
P(3.1) = SL(2.C) x T(3.1) of the Poincaré symmetry P(3.1) = SO(3.1) x
T(3.1) (Sect. 1I-3.10).

The impossibility of representing the indicated mutation with conventional
spacetime symmetries and relativities has suggested the following generalized no-
tion of particles introduced at the nonrelativistic level in the 1991 paper [29] and
at the relativistic level in Sect. 7.7, p. 312 on of the 1995 monograph [5].

DEFINITION 2.1: A ’relativistic isoparticle’ is an isounitary isoirreducible isorep
resentation of the spinorial covering of the Poincaré symmetry

P(3.1) = SL2.0)xT(3.1), (1)

Sformulated on the Hilbert-Myung-Santilli isospace over an isofield (Sect. 11-4.3).

The Galilean isorelativity for the non-relativistic dynamics of extended ob-
jects within resistive media has been proposed in Refs. [30] [31] and cannot be
reviewed for brevity (see the excellent general review [32]). The isotopies of spe-
cial relativity have been first introduced in the 1983 paper [24], then developed
in papers [25] [26], in the 1991 monographs [30] [31] and upgraded in the 2021
overview [33] (see independent reviews [32] [34] [35]). A conceptual review the
isorelativities appears recommendable in view of their applications in subsequent
sections.
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DEFINITION 2.2: The term ’isorelativities’ denotes the infinite family of axiom-
preserving isotopies of special relativity characterized by the infinite family of
isotopic elements and related isounits of (contravariant) type (II-15), represented
in terms of the characteristic quantities n,, > 0 of paper [2] as well as in terms of
the characteristic quantities b, = 1/n,, > 0 used in the literature of the 1990’s

1

T =1/I = Diag.(ny.2, b2, 0%,03) = Dzag( 55
N3

2)

>—Al\’)| =
3

[N\ =
V

1
n2’

n3
where the exponential term of Eq. (II-15) has been incorporated in the character-

istics quantities and can be factorized whenever needed.

All isorelativities are formulated on an iso-Minkowski isopace M (z, Q, I over
the 1sorea1 isofield R (Sect. 1I-3.5) with isocoordinates & = — 2l = (2 — u)f =
(z¥, x* = ct)], isometric Q) = 7I, 7 = T, where n = Diag.(1,1,1,1), isoin-
variant in isospace

(& —9)? = (& — 9"} x (& — §)" 3)

and its projection in our spacetime M (x, n, I') over the field of real numbers R

[(m ;y 1)2 4 (xQ;gQ)z n (x3;2y3)2 B (14;34)2]]@_ _
1 2 3 4

“4)
= [bi(2" = §")° + 03(a® — y*)* + B3(2® — y*)” — Bi(a* — ")),

under the universal isosymmetry (1), with ensuing unique and unambiguous char-
acterization of relativistic isolaws (Sect. 8.4.4, p, 134 on of [33]).

Besides the admission of special relativity for the particular case p = 1, u =
1,2, 3,4, the most important isorelativities are given by:

2.1. Special isorelativity, which occurs for the particular case 1 = constant #
1, p = 1,2,3,4, for the characterization of extended-spheroidal particles with
semiaxes n?,n3, n3 moving within a hadronic medium with density n, = 1/b,
(see the isoaxioms of special isorelativity, p. 138 of [33] and Refs. [24]-[35]).

2.2. Exterior isogravitation, which occurs for the factorization of the iso-
topic element Tgr from any nonsingular Riemannian metric g(z) for the exterior
treatment of gravitation and its formulation in terms of the isounit I=1 / T of
relativistic hadronic mechanics (first presented at the 1992 Marcel Grossmann
Meeting in Gravitation, [36] [37])

g(z) = Tyr(z)n),

Iyr(x) = /Ty (),

®)
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(whose positive-definite character is guaranteed by the non-singularity of the met-
ric g(x)) under which realization the isoaxioms of special isorelativity, p. 138 of
[33] remain valid for n, = n,(z) > 0, with particular realization given by the
first Schwartzchild’s paper on the exterior gravitational problem [38]

, Ty =1-—"—. (6)

L r

Tir, =

2.3. Interior isograviation, holding for general nonsingular, symmetric, 34 1-
dimensional isometrics QQuv with an unrestricted functional dependence on all
needed local variables of type (II-11), when represented via the isodifferential
calculus (Sect. II-3.7) and related iso-Minkowskian geometry [39] for the study
of the origin (rather than the sole exterior description) of gravitation in the nuclear
structure [40] [45] under which assumptions the isoaxioms of p. 138, Ref. [33],
remain valid for an arbitrary functional dependence of the characteristic quantities
n, > 0.

These studies are along the second Schwartzchild’s paper on the interior grav-
itational problem [42], which paper has been vastly ignored because incompatible
with general relativity, but compatible with interior isogravitation.

Note that realization (6) of the Santillian is a particular case of the nuclear
analysis of [2], by therefore indicating the possible primary source of gravitation
in the electromagnetic structure of nuclei according to the 1905 historical hypoth-
esis by H. Poincaré [43] and its apparent realization by R. M. Santilli in the mid
1970’s when at MIT [44] under the necessary resolution of the insufficiencies of
20-th gravitation into a form compatible with all century sciences [45].

A realization of the isoalgebra of isosymmetry (1) is given by [26]

Ry = %ekijfiifj, B = %fkifu, k=123, (7)
where Ry represents the generators of isorotations, By represents the generators
of the isoboosts and f# = ’yuf represent the Dirac-Santilli isomatrices (II-96),
while a realization of the isotranslations 7’(3.1) is given by 4-isomomentum (II-
68) P,, pu=1,2,3,4.

The isocommutation rules of isosymmetry (1) with generators J w = {Rk, Sk}
are then given by the spinorial covering of Egs. (II-40)

[juy:jaﬁ] - ﬁuajﬁ,u, - ﬁ,uajﬁu - ﬁuﬁja,u + ﬁ,uﬂjowa
[JwiBa| = i B, = ia B [BiB] =0, ®)

ﬁ,uu = TU = (TA‘U””),
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while the iso-Casimir invariants are given by the spinorial covering of isoinvari-
ants (II-41)

Cr=1>0, Cy=P2=341,3L2P2 —m232p?),
A o A A A A )
Cg = W2 = WM;(W“, WM = Euaﬁpt]aﬁ;(Pp.

In this paper, we shall also use the explicit form of the hadronic angular mo-
mentum O(3) as an isosubgroup of isosymmetry (1) (Eqs. (6.4a) (6.4b) of Ref.
[26] and Sect. II-5.3) and related isoeigenvaues

Ek = Ei]’kﬂ';(]aj, ' [ilAI:J] = eijkniik = Ez’jkbzf/k,
(10)
Lyx|v) = £3b7'b; " [v), L2X|v) = (b303 + B3B3 + b303)|4)),

as well as the realization of the hadronic spin and related isoeigenvalues (see Egs.
(6.4c) (6.4d), p. 190 of Ref. [26] and Sect. II-5.5)

Sy, = €k X5, [Sﬁgg} = €5kby Sk,
(11)
Syx|v) = £3biboley),  S2X[) = F(b303 + B3B3 + 0307) |¢)).

Some of the main features occurring for all isorelativities are given by [33]:

2.A) The invariance of events described by all isorelativities under isosymme-
try (1) which is fundamental for the prediction of the same numeric values under
the same conditions but at different times (Sect. 1I-3-12). By contrast, covariant
theories (such as general relativity) violate this fundamental condition for experi-
mental verifications that will pass the test of time.

2.B) The admission of arbitrary speeds of light within hadronic media with
subluminal (superluminal) speeds, i.e., for media with low (high) density,

C = c/ny,
(12)
C<ec ng>1, C>cny<l.

2.C) Under the assumption of perfect spheridicity, the isorenormalization of
the energy of extended particles within a hadronic medium called the mass-energy
isoequivalence principle (see again the isoaxioms of special isorelativity, p. 138
of [33], particularly Eq. (133), p. 139)

- n? b3
E:ch—>E2m02:n—”;E:b—;1
1 k

B, (13)
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Figure 1: In this figure, we illustrate some of the hadronic reactors built by Thunder
Energies Corporation (now Hadronic Technologies Corporation) for the synthesis of neu-
trons from a commercially available Hydrogen gas.

where ni = 1/b7 is the semiaxis of the considered particle in the direction of its
spin, and the difference £ — E is due to the nonlocal effects at the foundation
of hadronic mechanics, namely, the effects in the mass-energy equivalence on a
given mass from its hadronic medium under a state of deep EPR entanglement
[7].

As we shall see in the next section, the above realization of isosymmetry (1)
and related notion of isoparticles is sufficient for a consistent representation of the
synthesis of the neutron in a star and for the consequential study of nuclear stabil-
ity, with the understanding that progressively broader realizations of isoparticles
are needed for progressively more complex physical conditions.

3 Representation of the neutron synthesis from the
Hydrogen

3.1. Historical notes. As it is well known, stars initiate their lives as an aggregate

of Hydrogen that grows by accretion during travel in interstellar spaces. When the

temperature in the core of the aggregate reaches a value of the order of 10M K, E.

Rutherford [46] suggested in 1920 that the Hydrogen atom is “compressed” into
a new neutral particle which he called the neutron [16]-[23]

e +pt — n. (14)

The existence of the neutron was experimentally established in 1932, by J.
Chadwick [47]. In 1933, W. Pauli [48] pointed out that synthesis (11) violates the
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conservation of the angular momentum. Therefore, E. Fermi [49] submitted in
1935 the hypothesis that the synthesis of the neutron occurs with the joint emission
of a neutral and massless particle » with spin 1/2 which he called the neutrino
(meaning “little neutron” in Italian)

e +pt = nitv, (15)

with the neutron decay
n—p+e +0, (16)

where v is the antineutrino.
Subsequent tests [22] established that the neutron is naturally unstable with a
mean life of 7 = 877 and spontaneous decay

n—e +pt+7, (17)

where v is the antineutrino.

Predictably, the synthesis of the neutron from the Hydrogen attracted attention
soon following Chadwick’s confirmation. According to the historical account [50]
Ernest J. Sternglass conducted in 1951 the first test for the laboratory synthesis of
the neutron from the Hydrogen, followed by tests in 1952 by E. Trounson and
others, although none of these initial tests were reported in published papers in
view of the incompatibility of the neutron synthesis with quantum mechanics and
for other reasons.

To the author’s best knowledge, the first published tests on the laboratory syn-
thesis of the neutron from the Hydrogen were done in the 1960’s by the Italian
priest-physicist Don Carlo Borghi and his associates [51]. In essence the exper-
imentalists constructed a cylindrical metal chamber (called klystron) which was
filled up with a Hydrogen gas at a fraction of 1 bar pressure kept mostly ionized
by an electric arc with about 500 V' and 10 mA. Additionally, the gas was tra-
versed by microwaves with the frequency of 1071 s. The experimentalists then
placed in the exterior of the Klystron various materials suitable to be activated
when exposed to a neutron flux (such as gold or silver).

Following exposures over several weeks, the experimentalists reported clear
and reproducible nuclear transmutations that can only be due to a neutral hadron
emitted from the Klystron. Due to insufficient evidence on neutron emission, the
experimentalists conjectured that the detected nuclear transmutations were due to
a new neutral particle with the mass of the neutron but spin different than 1/2 that
they called the neutroid.

3.2. Recent studies. In view of its fundamental character in nuclear physics, R.
M. Santilli and his associates have conducted over the past four decades mathe-
matical, theoretical, experimental and industrial research on the synthesis of the
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Figure 2: In this figure, we illustrate the mechanism used by hadronic reactors (Fig. 1)
for the synthesis of neutroids and neutrons via an especially designed DC electric arc
between Carbon electrodes submerged within a Hydrogen gas causing the ionization of
Hydrogen atoms into electrons and protons by the activation of the arc (left view) and the
compression of the electron within the dense proton by the de-activation of the arc (right
view).

neutron from the Hydrogen atom in the core of stars as well as in laboratory (see
theoretical studies [52]-[58], experimemtal works [59]-[65] and independent stud-
ies [66]-[71]).

The studies were initiated in the late 1970’s at Harvard University under DOE
support with the inapplicability of quantum mechanics for the neutron synthesis
[27], followed by the proposal to construct hadronic mechanics in the 1978-1983
Springer-Verlag monographs [72] [73].

By far the biggest difficulty of the above studies was the representation of the
spin of the neutron S,, = 1/2 from two particles each having spin 1/2 as originally
conceived by Rutherford [46]. This problem stimulated the construction of the
Lie-Santilli isotheory (Sect. 4.4, p. 173 on of Ref. [73] and Sect. II-3.2), followed
by systematic studies on the isotopies of spacetime symmetry reported in Sect. II-
3.10, with particular reference on the isotopies Sb(S) of the angular momentum
symmetry SO(3) at the classical and operator levels [74] [75].

As a result of these preparatory studies, Santilli was able to achieve a numer-
ically exact and time invariant representation of all characteristics of the neutron
at the nonrelativistic level in the 1990 paper [52] and at the relativistic level in the
1995 paper [56] with a more extensive study in monograph [57].

Following, and only following, the achievement of a consistent representation
of the neutron synthesis via the Lie-isotopic branch of hadronic mechanics, San-
tilli initiated in 2007 experimental tests on the laboratory synthesis of the neutron
from the Hydrogen [59]-[63]. According to these studies, the neutron synthesis
from the Hydrogen can be generated by hadronic reactors (Fig. 1) consisting of
a metal vessel containing in its interior a commercially available Hydrogen gas
at pressure and a pair of submerged carbon electrodes powered by a specially
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NEUTROID

Figure 3: In the left of this figure, we illustrate the predicted structure of the neutroid
in its ground state as a hadronic bond of electrons and protons in singlet couplings with
null eigenvalues of the angular momentum and of the spin under their very big Coulomb
attraction. In the right of this figure, we present a conceptual gear equivalent of the
left view to illustrate the reason for the half life of neutroids as being about 10% that of
neutrons, i.e., of about 8 s (which is extremely big for particle standards).

designed, external DC source via a gap controllable from the outside. During op-
erations, the DC arc is continuously connected and disconnected because of the
consumption of the carbon electrodes. During its activation (left of Fig. 2), the
special form of the DC arc ionizes the Hydrogen gas by creating a plasma mostly
composed by protons and electrons in its cylindrical surroundings, while during
its deactivation (right of Fig. 2), the DC arc compresses the ionized gas from all
directions toward its symmetry axis, by realizing in laboratory Rutherford com-
pression of the electron inside the proton.

Tests [59]- [65] have confirmed: 1) The production of Don Borghi’s neutroids
(Fig. 3) for DC power of the order of 5 kw, gas pressure of 5 psi and electrode
gap of 2 mm. 2) The production of neutrons (Fig. 4) for powers of the order of
50 kw, gas pressure from 10 psi on and electrode gas of 5 mm. In particular, the
synthesis of neutroids resulted to be an unavoidable step prior to the synthesis of
the neutron.

Following, and only following, sufficient experimental evidence on the lab-
oratory synthesis of the neutron from a Hydrogen gas, Santilli founded in 2012
the U. S. publicly traded company Thunder Energies Corporation (now the pri-
vately held Hadronic Technologies Corporation, www.hadronictechnologies.com)
for the production and sale of Directional Neutron Source (DNS), namely, equip-
ment producing a beam of low energy neutrons (with energy less than 100 eV') in
a preferred direction and in the desired intensity for the detection of fissionable
material that may be hidden in baggage (lower left view of Fig. 1).

Interested readers should be aware that commercially available AC-DC power
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units to create electric arcs between carbon electrodes submerged within a Hy-
drogen gas may synthesize neutroids (Fig. 3) and other unstable states under the
big electron-proton Coulomb attraction (Eq. I.1), but said power units are not
designed to synthesize neutrons via the compression of electron inside the proton.

3.3. Nonrelativistic representation of the neutron synthesis from the Hydro-
gen. Studies [52]-[56] were conducted under the assumptions (dating back to the
1978 memoir [27]) that:

3.3.A) The angular momentum of the electron compressed inside the proton
is constrained to be equal to the spin of the proton to prevent big resistive forces
caused by the motion of its extended wave packet against the dense medium in the
interior of the proton.

3.3.B) When compressed inside the dense proton, the electron e is mutated into
a new particle called the eleton in Sect. of [27] and hereon called the isoelectron
¢~ , while the proton is mutated into the isoproton, although in first approximation
the proton can be assumed to be unmutated, p* ~ p* since it is about 1800 times
heavier than the electron.

3.3.C) While the numeric value of the mean life of the resulting hadronic state
may be subject to scientific debates, the existence of a bound state between the
electron and the proton at short distance should be beyond scientific doubt in view
of their extremely big Coulomb attraction.

The above assumptions imply the following structure model of the neutron
according to hadronic mechanics (hm) which can be constructed via isounitary
transformations (Sect. 3.12) of the quantum mechanical (qm) model of the Hy-
drogen atom

n=(e;, 5 hm = Ux (e, pf )gmxUT, (18)
under the Coulomb attraction in the macroscopic value of 230 Newton,
2 —19)2
e o\ (1.60 x 210~ ")
F = 5= —(8.99 x 107) (10-15)2 = —230 Newtons. (19)

3.3.1. The fundamental role of Einstein’s isodetermiunism. The most se-
rious insufficiency of quantum mechanics in nuclear physics identified in [2] has
been the prohibition by Heisenberg’s uncertainty principle to represent the syn-
thesis of the neutron from the hydrogen in the core of stars, because when said
principle is applied to the coordinate 7. and momentum p. of an electron in the
core of stars,

1 1
Ardp = 5| <9(re)l x [reipe] x [¢(rr) >= Shy (20)

it implies standard deviations of the coordinate bigger than the neutron radius
with consequential kinetic energy of the electron bigger than the neutron mass,
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Figure 4: In the left of this figure, we illustrate the compression of the neutroid (Fig. 3)
into the neutron (Fig. 4), resulting in a constrained hadronic angular momentum of the
electron within the dense medium inside the proton that, to avoid extreme resistive forces,
has to be equal to the proton spin with ensuing total angular momentum 1/2.

Eq. (I-3), 1.e.,

Ary > R, = 0.87 x 10713 em,

Ave > L — > 10" m/s, (21)

Are Xme

AK. = 5= % (Ap.)? > my, = 939.56 MeV/c?,

By recalling that the validity of the uncertainty principle for point-like par-
ticles under electromagnetic interactions (as occurring in the atomic structure) is
beyond doubt, its validity for nuclear constituents is a personal opinion by the indi-
vidual physicist due to the lack of any direct experimental verification denounced
beginning with the title of the 1978 Harvard memoir [27] while, by comparison,
the synthesis of the neutron from the electron and the proton in the core of stars is
a physical reality.

It is easy to see that the isouncertainty principle of hadronic mechanics (Sect.
1I-4.7) [1] [14] [15]

1 - A 1 .
Ardp = S| < ()| * [750] * [9) > SHT < 1, 22)

resolves the above impasse, because in view of very small value of T, Eq. (II-15),
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the isotopic image of values (51)
Ar. < R, = 0.87 x 10713 em,

Av, < 101 m/s, (23)

AK, = ﬁ X (Ape.)? < m,, = 939.56 MeV/c?,

implies standard deviations of the coordinates of the order of the neutron radius
and electron kinetic energy much smaller than the neutron mass.

3.3.2. Representation of the neutron spin. Assumption 3.3.A requires that
the hadronic angular momentum of the isoelectron be equal to the spin of the pro-
ton, thus having value IA/37é = 1/2. The study of this assumption was initiated
in the 1984 papers on the isotopies of the rotational symmetry [74] [75] and pre-
sented in the 1990 paper [52] via the isotrigonometric isofunctions (see also p.
304 on of Ref. [4]), as well as the use of the Lie-Santilli isoalgebra so(3). We
here study, apparently for the first time, the nonrelativistic representation of the
hadronic angular momentum ﬁg = 1/2 of the isoelectron in model (18) under the
assumptions in first approximation that the orbit of the isoelectron is contained in
a plane and it is a perfect circle with radius R = 10713 e¢m. In fact, deviations
from the above assumptions imply instabilities generally preventing a representa-
tion of the neutron mean life of 887 s. Under the above assumptions, the acting
isosymmetry is the two-dimensional Lie-Santilli isogroup @(2) [74][75] (see also
Sect. 6.4, p. 233 on of [5]).

Consider the conventional O(2) symmetry which is classically formulated
on the two-dimensional Euclidean space E(z,d, ), and quantum mechanically
treated on a Hilbert space H over the field of complex numbers C. In accordance
with the simple rule of Sect. II-3.9 (for the construction of isotopic images of
quantum models to add the representation of extended nucleons and their non-
Hamiltonian interactions), we map the entire classical and quantum mechanical
formulation of O(2) under the nonunitary transformation

UUt =1 =1/T == Diag.(n2,n2), =

(24)
= Diag.(b;%,b5%), bp=1/ny >0, k=1,2,
and introduce Bohm’s hidden variable [8]
1 1
— =—=by=by=)X>0. (25)
ny N9

Therefore, the isorepresentation occurs in the two-dimensional iso-Euclidean isospace
E(r, A, I) over the isofield C with isocoordinates

=1l ={z,y} NI, (26)
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Pseudoproton, g=-e, s=1/2
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Proton

Se

Figure 5: In this figure, we illustrate the prediction by hadronic mechanics of the synthe-
sis in the core of stars of negatively charged strongly interacting particles characterized
by a hadronic singlet bond between an electron and a neutron, with null total spin, as well
as the pseudoproton on the right with total spin 1/2, and other hadronic states [101].

isometric o
A= (01,6 =16 = N6, (27)
isoinvariant A
7 = N2, (28)
and isotrigonometric representation (App. 5C, p. 300 on of Ref. [4])
r = r)\*lcosgzg, Yy = T)\*lsingzg,
(29)
¢ =Typ =n1natp = X\"2¢ Ty =b—1by> = A2,
The 1sounitary isoirreducible isorepresentations of 0(2) is defined on a Hilbert-

Myung-Santilli isospace  over the iso-complex isofield C with iso-states |1 (7) >,
isonormalization

WX (F) =1, (30)
isoeigenvalues
R(§)x[1h) = eMOX i) = (€M) I, X |i) = (eNM9) ),
30
M = bibyM = \2M,
(where ¢ is, this time, the isoexponentiation in the ¢-plane) with Lie-Santilli

isogroup laws

(32)
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The isoeigenvalue of the hadronic angular momentum L is given by

A A ~

LX)y = M) = N2 M |4)). (33)

But isotopies preserve original numeric values. Therefore,

M=XM=0,1,2,3,.. (34)
Consequently, the angular momentum measured by the experimentalist is given
by
M
M =3, (35)

and can represent the constrained angular momentum of the isoelectron inside the
proton for the value

M 1
M=—=—-, A=+v2=14142. 36
2= A=V2 (36)

The total spin of the neutron is then given by

+ 3, (37)

N | —

Sn:3p+se+Le:%—%
and therefore, the spin of the neutron coincides with the spin of the proton as
expected.

For brevity, we leave to the interested reader the representation of the spin
1/2 of the isoelectron via the isosymmetry SO(2), which can be derived from the
above treatment with the O(2) symmetry with Santillian

T= Dmg.(nil, n%) = Diag.(bi,bs) = Diag.(\, A7), Det.T =1, (38)
and the use of suitable isostates to separate positive and negative eigenvalues.

An important rule for the isorepresentation of the neutron synthesis from the
Hydrogen atom is that the total angular momentum of the isoelectron compressed
inside the proton is identically null. As we shall see, in case confirmed, the above
rule appears to have basic implications for models of nuclear structures according
to hadronic mechanics.

The spin of the neutroid according to Fig. 3 is characterized by the following
value for the hadronic angular momentum of the isoelectron

~

M ~
M===0, M=0 A>0. (39)
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Deuteron
isoelectron
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Figure 6: In the left of this figure, we illustrate the first three-body structure model of
the Deuteron permitted by the neutron synthesis from the Hydrogen [57 [consisting of two
protons in triplet coupling with an electron acting as their ”gluon.” Despite its stability
illustrated in the right of this figure, this model had to be abandoned because of its inabil-
ity to represent: 1) The spin Sp = 1 of the Deuteron as a bound state of a proton and a
neutron in their ground state [2]; 2) The constrained angular momentum of the electron
being equal to the proton spin with ensuing null total value S'°° = 0; and 3) The stability
of the Deuteron under the natural instability of the neutron.

Consequently, the spin of the neutroid according to Figure 3 is predicted to be
zero, by therefore explaining the reason for their lack of detection via commer-
cially available neutron detectors.

3.3.3. Representation of the neutron magnetic moment. The anomalous mag-
netic moment of the neutron according to model (18) has been first represented in
the original proposal via the following three contributions [52]

spin

i = i + "+ g (40)

The biggest difficulty of the above representation is that the magnetic moment of
the electron 5P is too big for nuclear standard to prevent a quantum mechanical
model of the neutron synthesis as well as to prevent that electrons can be members
of nuclear structures. In fact, we have the value

[P = —9.284764 x 1072 J/T =
— —0.284764 x 10~ x 1.979890761026 11y = 41)

= —928.4784 x 1.979890uy = 1838.2851 up,

which is 961-times bigger than the neutron magnetic moment.
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Under the assumption that the proton is a point-like particle, there is no known
possibility to reduce magnetic value (41) down to the magnitude needed for the
neutron magnetic moment. The above impasse is here resolved, apparently for
the first time for value (41), via the magnetic moment of the orbital motion of the
isoelectron ;2" which is opposite that of the isoelectron (Fig. 4) and its value is
predicted to be [52]

13" = 1833.580 puy. (42)

By recalling the known values of the magnetic moments of the proton and
the neutron [76] p, = 2.792 py, pn, = —1.913 puy, we have the numerically
exact and time invariant representation of the anomalous magnetic moment of the
neutron [52]

spin orb _

P = fp + e+ g
(43)
= 2.792 uy — 1838.285 uy + 1833.5801 pun = —1.913 uy.

It should be noted that the assumption of the above orbital contribution from
the isoelectron not only allows a representation of the numeric value of the anoma-
lous magnetic moment of the neutron, but also of its negative value.

3.3.4. Representation of the neutron rest energy, mean life and charge radius.
In this section we shall identify, apparently for the first time, the numeric value of
neutron density ny = 1/b, from isoequivalence principle (13) (the isoaxiom IV of
special isorelativity, p . 139 of [33]) in remarkable agreement with the density of
the proton-antiproton fireball of the Bose-Einstein correlation [77] [78].

By assuming the iso-Galilean invariant hadronic structure model of Sect. II-
5.7, first presented in Eqgs. (5.1.14), p. 835 of Ref. [27] (see the review in Sect.
2.5.4 of Ref. [79]) we have the following hadronic structure equations of the
neutron

—br

L(dp2dy L (B +er + Nre2)| = 0,

E" = E, + E; — E = 939.565 MeV,
(44)

Tl = 2mA2 [ (0)[22E = 877 s,

R=b1'=10"Bcm=1 fm,

which can be reduced to the algebraic equations in the parameters k;, ko (Egs.
(5.1.32a) and (5.1.32b), p. 840 of Ref. [27])

E = k[l — (kg — 1)2]2¢ = 939.565 MeV,
(45)

T= 4815317327)2 (k;illp = 877 S, £ = ﬁa
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Figure 7: In the left of this figure, we illustrate the structure of the Deuteron as an axial
triplet coupling (Fig. 1I-8) of a proton and a neutron which permits the representation of
the stability of the Deuteron (illustrated in the right of this figure) via the decoupling of the
neutron into its permanently stable constituents, the proton and the electron. An important
point for the consistency of the representation is that the electron in the indicated axial
triplet configuration preserves its null total angular momentum due to the persistence of
its total immersion within the proton which is not possible for the planar singlet coupling

(Fig. II-8) of Fig. 6.

energy spectrum

1 ks E:
E=— 2 _N2=0, hh=Ky—2 =1 46
4th2(N =0 k= Kms =1, (46)

and numeric solutions[52] (see also Refs. [63])
ki =26, ky=1, (47)

which numeric values should be compared with those for the meson and baryon
octets of Refs.[27] [79].

The primary difference between the above equations and Eqs. (II-118) is the
absence of a potential in the latter while the former exhibits indeed a potential,
evidently given by the Coulomb potential between the electron and the proton.

We now compute the rest energy of the neutron via the isoequivalence prin-
ciple (13) under the approximation that all particles are perfectly spherical, thus
having ng = 1/by = 1, d = 1,2, 3 (see next section for the spheroid case). We
shall then compare the results with other experimental particle data. By recalling
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from Sect. 1I-5.7 that the Hulten potential does not generate a binding energy, the
total energy of the neutron in model (18) is given by

E,=E:+FE,—E, (48)
where, from principle (13) for the assumed values ng = 1/b; =1, d =1,2,3,

~ E. 0.511
Be = n? n
1 1

: (49)

By keeping in mind that we cannot use quantum mechanical methods for
the computation of the binding energy of neutron due to its excess energy of
0.782 MeV, we can assume in first approximation that the binding energy E of
the neutron according to structure model (18) is of the same order of magnitude
as that of the positronium in the 1s state because the charge structures and radii of
the neutron and the positronium are essentially the same, [80]

E=-0.948 eV. = 0. (50)
Hence, we can assume in first approximation that
E;=E, — E,=0511+0.762 MeV = 1.293 MeV (51)

resulting in the best available estimate of the density of the proton based on the
isoequivalence law (13)

n2
4
0.511
ny = 0.628,

resulting in the value of the neutron density ny = 1/b, = 0.610 which is in re-
markable agreement with the numeric value of n = 0.429, ny = 0.654 for the
proton-antiproton fireball of the Bose-Einstein correlation, Egs. (10.28b), p. 127
of [77] (see also Ref. [78]). Therefore, from Eqs. (44), (46) and (50), the rest
energy of the neutron is given by the rest energy of the proton plus the isorenor-
malized rest energy of the isoelectron, F,, = E, + E,.

Note that values (52) imply the following superluminal tangential speed of the
electron within the proton structure

=5 —-159¢ (53)
U2
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which is fully possible for hadronic mechanics because contact nonpotential in-
teractions carry no energy [13] [81].

Intriguingly, values (52) confirm the nonlocal effects at the foundation of the
isoequivalence principle (13), the second digit difference between the value n, =
0.628 of Eqgs. (48) and the value ny, = 0.654 of Ref. [77] being due to the
assumption of perfect spheridicity of the particle in isoprinciple (13) compared to
the spheroid shape of the particles in Ref. [77].

3.4. Relativistic representation of the neutron synthesis. Recall that the Dirac
equation has acquired a justly historical stature because of its exact and time in-
variant relativistic representation of the electron under the Hamiltonian interaction
of the point-like proton in the structure of the Hydrogen atom.

The Dirac-Santilli isoequation (I-95) has been constructed to attempt the exact
and time invariant representation of the isoelectron under the Hamiltonian and
non-Hamiltonian interactions of the extended proton in the structure of the neutron
according to Fig. 3, thus requiring its characterization via the isotopies of the
spinorial covering of the Poincaré symmetry P(3.1) = SL(2.C)xT(3.1), Eq. (1)
first introduced in the 1995 paper [26] jointly with the Dirac-Santilli isoequation
and the first relativistic representation of the neutron synthesis.

For consistency, model (18) requires that the absolute value of the hadronic
angular momentum of the isoelectron Lyis equal to its spin S, thus requiring that

Ly=8, [2=382 (54)

From Egs. (8) and (10) of the isospinorial isosymmetry 75(3.1), we therefore
obtain the conditions on the characteristic quantities of the isotopic element (2)

by by = 1byb,

(35
b1 2by % + by ?by” + b3 byt = T(b3by % + b3y + b3b 7,
with numeric value for the case of spherical symmetry [26]
1 1 1 1
bi=by=—=—5=V2=1415 b =by=—=—=1189.  (56)

The value for the semi-axis b3 = 1/n? of the isoelectron can be found by
assuming the volume preserving normalization n? +n3 +n3 = 3 used for neutron,
Eq. (I-89), resulting in the value [26]

ni =n3 =0.707, n3 = 1.587, (57)

by therefore suggesting that the wave packet of the isoelectron is oblate (because
2 2 _ 2
ns < nj = nj).
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Figure 8: In this figure we compare the structure of the Helium according to ref. [2] (left
side) and that according to the analysis of paper (right view) to illustrate the achievement
of stability as well as the identification of an internal attractive force in the transition from

the former to the latter.

To compute the rest energy of the neutron, we now assume the full form of
the isoequivalence principle (13) from which, instead of Eq. (48), we have the
following expression for the energy E; of the isoelectron from the value (52) of
the shape of the electron wave packet

Ep="E, =137 MeV/e2,
4

n

n2 = 1870511 MeV/c* = 0.592, (58)

1.37

ny = 0.789,

which remains close to the value n, = 0.6 for the density of the fireball of the
Bose-Einstein correlation of [77] [78].

The relativistic representations of neutron magnetic moment is essentially the
same as that of the preceding non-relativistic analysis (see Eq. (7.4), p. 182 of
[26] for an alternative derivation). As it is well known, the radial equation of
Dirac’s equation for the Hydrogen atom is essentially the same as the correspond-
ing nonrelativistic equation, and the same holds for the Dirac-Santilli isoequation.
Consequently, the relativistic representation of the mean life and charge radius of
the neutron per model (19) is essentially the same as that of Sect. 3.3.3. of Ref.
[26] and, as such, it is omitted for brevity.
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4 Representation of nuclear stability

4.1. Representation of nuclear stability despite the neutron instability. We
shall now search for a mechanism according to which the naturally unstable neu-
tron (when isolated) becomes permanently stable under strong nuclear forces.

Let us recall our initial structure model of the Deuteron as a three-body hadronic
bound state of two protons in plane triplet alignment with spins 1/2 and one iso-
electron with total angular momentum J = 0 (Fig. 6) [52] [57]. This model had
to be abandoned despite the representation of the Deuteron spin Sp = 1 and its
great stability (illustrated with the ’gear model’ in the right of Fig. 6), because of
the impossibility to represent proton-neutron exchange forces (due to the inabil-
ity that the isoelectron could be consistently transferred from the neutron to the
proton), the inability to represent the stability of the Deuteron despite the neutron
natural instability, and for other reasons.

In the hope of resolving the above insufficiencies, we have then assumed
model (I-81) on the Deuteron structure as a two-body hadronic bound state of
a isoproton and an isoneutron in axial triplet couplings with spins 1/2. We here
submit the hypothesis that, when it is a member of the Deuteron structure, the
isoelectron of model (18) decouples from the neutron to acquire a position inter-
mediate between the two protons (right of Fig. 7).

X

A p

Do (PP _ |G (59)
At )

p

in which the isoelectron remains immersed within dense hadronic matter as a nec-
essary condition to activate hadronic mechanics with ensuing restricted angular
momentum equal to the proton spin and null total angular momentum (Sect. 3.3.1

and Fig. 4)
1 1

tot __ Qspin orb _ —  — __
J =S 4 L =3 2—O. (60)

Consequently, the decoupled isoelectron assumes an intermediate position be-
tween the two protons by occupying the distance between their charge distribu-
tions of 0.3745 x 10~!3 e¢m indicated in Figure I1-9 [82].

Note that the above hypothesis is supported by null values (46) and (50) of the
neutron binding energies fior the SA and NSA components of strong interactions,
according to which the isoelectron is quasi-free, and indeed decouples from the
neutron under the strong Coulomb attraction by the second proton.

It appears that, unlike the case for the planar configuration (Fig. 6), the axial
triplet coupling of the isoproton and the isoneutron in the Deuteron structure (left
of Fig. 7) allows the representation of: all experimental data of the Deuteron in
its true ground state; the representation of proton-neutron exchange forces via the
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mere exchange of the isoelectron in between the two protons; and the representa-
tion of the deuteron stability despite the natural instability of the neutron.

Additionally, the decoupling of the isoelectron from the neutron indicates the
apparent existence of a strongly attractive Coulomb force e — p in the Deuteron
structure which is absent in quantum mechanical treatments, by therefore con-
tributing to the stability of the Deuteron.

4.2. Representation of nuclear stability despite repulsive protonic forces. Let
us recall that, according to quantum mechanics, protons repel each other (in view
of their equal charge) with a Coulomb force of such an extreme value not to be
counter balanced by potential nuclear forces.

We here indicate, apparently for the first time, that hadronic mechanics can
represent this additional problem of nuclear stability via a mechanism similar to
the achievement by hadronic chemistry of a strongly attractive force between the
identical electrons of valence couplings [83] [84] [85].

The proposed isotopic mechanism is essentially that of counter-balancing re-
pulsive nuclear force via the completion of a conventional repulsive quantum
mechanical model with non-Hamiltonian forces generated by a suitably selected
nonunitary transform (Sect. II-3.11).

Various measurements [86] have established that the Helium He(2,4,0) [87]
has a charge radius of 1.678 x 107! ¢m, against the radius of two protons and
two neutrons each having the value of 0.841 x 10~*? ¢m[20] with a total radius of
1.682 x 10713 cm.

The above measurements confirm the primary assumption of hadronic me-
chanics, according to which nuclei are composed by extended nucleons in condi-
tions of partial mutual penetration of their dense charge distributions, with ensuing
non-Hamiltonian interactions. Consequently, the indicated measurements justify
the presence of non-Hamiltonian interactions in the structure of the Helium.

Let us assume in first approximation that the Helium is a quantum mechanical
(gm) bound state of two Deuterons with anti-parallel spins (Fig. 8)

He(2,4,0) = [D(1,2,14),D(1,2,1})] gm, (61)
under the sole action of the Coulomb potential between the two protons,
Ve(r) = +—, (62)

where, as usual, the positive sign denotes repulsion, with the understanding that
conventional, attractive, nuclear potentials will be added later on.
In order to add non-Hamiltonian interactions in model (61), we subject its
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Schrodinger equation to the nonunitary transformation (Sect. I11-3.7)

e—br

K€
Vi (r) 173_1”
UUT—I—l/T—eVC(T> =e T
(63)
e—br
T = 1 — “i}cl((:)) — 1 _ 1§—br’

where N is a normalization constant, resulting in the iso-Schrédinger equation
(Sect. II-5.7 and Sect. 3 of Ref. [79])

Ul 0Ypip; + Ve(r)] |4 (r) JUT =

= U(5=09pp ) UTT |4(r)) + UV (r)UTT [9(r)) ~
. (64)
~ = 20,0, + Vo)1 = T d(r) =

LA+ £ K |6)),

where K is a normalization constant. But the Hulten potential behaves like the
Coulomb potential at short distances (Eq. (5.1.6), p. 833, of the 1978 memoir
[27]), by therefore absorbing the Coulomb potential via a mere redefinition of its
normalization constant from K to K’

62 ebr , ebr
Vair) = V.(r), Vo+Vy=+——-K ~—K , 65
(1) (r) = r 1—ebr 1 —ebr (65)
resulting in the radial equation without any presence of repulsive forces
1 d , e*bT ~

Consequently, it appears that nonlinear, nonlocal and nonpotential nuclear inter-
actions due to the mutual penetration of nucleons can be so strongly attractive to
overcome repulsive Coulomb force between protons.

For brevity, we leave to the interested reader the completion of the above iso-
topic model with some of the attractive nuclear potentials such as the Yukawa
potential [88], the Woods-Saxon potential [89] and other potentials or their com-
bination [90].

4.3. Open problems in nuclear stability. It should be indicated that the repre-
sentation of the nuclear stability of Sect. 4.1 via the decoupling of the neutron into
its original, permanently stable constituents appears to be solved on both mathe-
matical and physical grounds.
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By contrast, the representation of nuclear stability under repulsive proton-
proton Coulomb forces of Sect. 4.2 is purely mathematical, by therefore creating
the fundamental open problem on the physical origin of the attraction.

In the author’s view, the above open problem can be best studied via the com-
pletion of the quantum mechanical notion of point-like charge into the nonlocal
notion of isocharge of isopartices (Definition 2.1). In turn a nonlocal formulation
of the Coulomb law requires a structure model of the charge, e.g., along the au-
thor’s undergraduate thesis [91] [92] [93] (see also the review in Sects. 3.2 and
3.3 of [35)).

S Implications of the neutron synthesis

5.1. Stimulated neutron decay. In the author’s view, an intriguing implications
of the synthesis of the neutron from the Hydrogen is the possible existence of
mechanisms suitable to trigger the neutron decay, of course, under the strict valid-
ity of all nuclear conservation laws.

As it is well known, according to quantum mechanics the electron is not a
constituent of the neutron, which therefore with consequential prohibition to stim-
ulate the neutron decay. Nevertheless, the representation by hadronic mechanics
of all characteristics of the neutron at the nonrelativistic and relativistic levels
as a hadronic bound state of an isoproton and an isoelectron admits indeed the
stimulated neutron decay. In fact, the decoupling of the neutron for nuclear sta-
bility predicts a possible stimulated decay of the neutron via the irradiation with
resonating photons +,.s with the frequency [57]

Eres = E: =1,293 MeV. (67)

Note that the stimulated neutron decay is generally not admitted by stable
nuclei, except for double beta decays of the type

Yres (0,0, 1) + Mo(100, 42, 0) — T¢(100, 43, 1) + 8~(0, —1,0),
(63)
Tc(100,43,1) — Ru(100,44,0) + 8=(0,—1,1),

which transmutation has been tentatively verified by Santilli [6] [67]) and by the
experimental team [94] (see Fig. 9 and review [67]) via the following simple and
inexpensive experimental set up:
5.1.1) Purchase a small sample of the commercially available radioisotope
Europe-152 (emitting photons with E,) and of the pure isotope Mo(100,42,0).
5.1.2) Place the Europe-152 sample in contact with the sample of M 0(100, 42, 0).
5.1.3) The emission of easily detectable electrons from the Mo(100,42,0)
sample, or the possible detection of traces of Ru(100,44,0) in the originally pure

156



Exact Lie-isotopic representation of nuclear stability

sample of M 0(100,42,0), would establish the existence of the stimulated double
beta decays (75) beyond scientific doubt.

5.2. The etherino hypothesis. It should be indicated that, despite the best possi-
ble efforts conducted over decades, the author has been unable to identify any pos-
sibility of maintaining the Pauli-Fermi neutrino hypothesis in a structural (rather
than kinematical) representation of the neutron synthesis in a star.

This impasse has left no other option than that, in line with Rutherford’s orig-
inal conception (18), of assuming that the neutron is a generalized bound state
of the permanently stable electron and proton without any additional constituent.
Different models are encouraged, provided that they interpret the totality of the
characteristics of the neutron during its synthesis from the electron and the proton
as occurring in nature.

To begin, recall that bound states of two particles were assumed throughout the
20-th century to have negative binding energies, resulting in a mass defect which
is at the foundation of nuclear fusions. By comparison, the neutron synthesis
misses 0.872 MeV which can be provided, quite simply, by the kinetic energy of
the electron (Sect. 3.3.4). However, the author has located no plausible source of
the additional energy needed to accomodate the neutrino.

Similarly, the only known structural representation of the neutron synthesis
is Rutherford’s compression of the electron inside the dense proton in the core
of stars. In turn, such a compression mandates that, to prevent extreme resistive
forces, the angular momentum of the internal electron must be equal to the proton
spin, thus implying Rutherford’s original conception (18) rather than Pauli- Fermi
conception (15). Despite years of attempts, the author has found no possibility of
accommodating the neutrino spin 1/2 in the neutron synthesis.

To illustrate the intriguing character of the problem, let us also indicate that the
studies reviewed so far on the neutron synthesis have left open the fundamental
problem of the origin of the missing energy of 0.782 MeV (Sect. I-1). Contrary
to a rather general view, said missing energy cannot be provided by the relative
kinetic energy between the electron and the proton in the core of stars, because at
that energy, the electron-proton cross section is essentially null, thus prohibiting
any synthesis.

Similarly, said missing energy cannot be provided by the Sun, because the Sun
synthesizes about 103® neutrinos per second [95], that would require about

AE = 10% MeV per second, (69)

by therefore implying such an energy loss for which the Sun would cool down and
never produce light.

For these and other reasons, Santilli proposed in 2007 the hypothesis that the
missing energy in the neutron synthesis is provided by the ether conceived as a
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universal substratum with extremely big energy density, and that the energy of
0.782 MeV is transferred from the ether to the neutron by a massless, chargeless
and spinless longitudinal impulse called etherino (denoted with the letter a from
the Latin aether) [96] according to the synthesis

e +a+pt — n (70)

Note that, contrary to the case of the neutrino in the Pauli-Fermi synthesis
(15), the etherino is on the left of synthesis (14) as a condition to supply the
missing energy. It should also be recalled that (see the original 1956 study [91]
and Chapter 3 of the review [35]):

5.2.1) The ether as a universal substratum is necessary for a coherent concep-
tion of electromagnetic waves.

5.2.2) The ether as a universal substratum is not in conflict with special rela-
tivity because of the inability by us to identify a reference frame at rest with the
ether due to inertia.

5.2.3) The aethereal wind, that has been historically used to maintain the va-
lidity of special relativity, is eliminated by admitting that, as it is the case for
electromagnetic waves, the electron and other truly elementary particles are oscil-
lations of points of the ether.

It should be also indicated that Santilli proposed the etherino hypothesis to
assure the gravitational stability of the Sun, in view of the fact that the Sun re-
leases into light 2.3 x 103 MeV/s [97] (see also [98]), corresponding to about
4.3 x 105 ¢ /s. Since in a Gregorian year there are 107 seconds, the loss of mass
by the Sun A Mg per year due to light emission is given by

AMg = 10? metric tons per year. (71)

The above loss of mass is of such a magnitude to cause a change of plane-
tary orbits detectable in astrophysical laboratories, which change is contrary to
centuries of measurements on the stability of the Sun gravitational field. How-
ever, the energy needed for the star to synthesize neutrons, Eq. (50), is essentially
equal to the energy loss into light, by therefore allowing a representation of the
gravitational stability of the star, with the understanding that it implies a return to
cosmology based on the continuous creation of matter in the universe [99], with
intriguing implications, e.g., for a realistic representation of the energy released
in supernova explosions, since it is of such a dimension and of such instantaneous
character not to be realistically representable via the sole use of nuclear fusions.

By keeping in mind that (as it is the case for quarks) neutrinos cannot be di-
rectly detected, we should finally indicate for interested readers the existence of
unpublished indications that available experiments on the predictions of the neu-
trino hypothesis [100] appear to be numerically representable via the correspond-
ing predictions of the etherino hypothesis [96].
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Figure 9: In the left of this figure, we reproduce the original drawing of paper
[105] showing (from the left) a beam of resonating photons irradiating a cylinder of
Mo(100,42,0) which emits electrons easily trapped by a metal casing with the produc-
tion of a clean DC electric current of nuclear origin (for which reason the set up is called a
‘nuclear battery’), plus clean heat utilized by a heat exchanger (because the metal casing
heats up while trapping electrons with 0.782 M eV and the transmutation is esoenergetic).
In the right of this figure, we reproduce the original figure of paper [105] illustrating the
simplicity as well as the low cost of experimental verifications [6] [94].

5.3. The pseudoproton hypothesis. Following the synthesis of the neutron via
the compression of an electron within the dense proton, hadronic reactors (Fig.
1) progressively synthesizes, in statistical smaller amounts, various negatively
charged, strongly interacting particles [101] such as:

5.3.1) The protoid p; ) with spin 0, mass essentially that of the neutron and
mean-life predicted to be of about 7 s which is predicted to be a planar singlet
coupling of an isoelectron and a neutron (left of Fig. 5).

5.3.2) The pseudo-proton p, with spin 1/2, mass equal to that of the neutron
and mean-life of the order of 5 s, which is predicted from the compression of the
isoelectron, this time, inside the hyperdense neutron (right of Fig. 5).

5.3.3) Additional states with decreasing mean life [101] (see also Ref. [108]).
The protoid and pseudoproton are representable with the unified notation

P = (€, 1) hm, (72)
where, as it is the case for the neutron synthesis, the isoelectron has total angular
momentum J!' = S5 4 [or% = 1/2 for the exterior orbital configuration and
Jtot = Gspin 1o — () for the constrained interior configuration of Fig. 5.

The existence of the above hadronic states is predicted from the fact that non-
Hamiltonian interactions caused by deep EPR entanglement of particles are in-
sensitive to charges, thus being somewhat reminiscent of the charge independence
of strong interactions.

A reason currently stimulating mathematical, theoretical, experimental and in-
dustrial interest is that being negatively charged and strongly interacting, pseudo-
protons are attracted by nuclei here represented in standard notation N (Z, A, J, u)
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[87] with resulting unavoidable transmutation into new nuclei called nucloids
[101] )
Py + N(Z, A J) = N(Z—-1,A+1,J+s,u+my), (73)

whose possible significance for the recycling nuclear waste, medical treatments
and other fields is indicated in Sect. 6.

It should be finally noted that the existence of the pseudo-proton, let alone its
long mean life for particle standards, is impossible without the EPR completion
of quantum into hadronic mechanics.

6 Recycling radioactive nuclear waste

6.1. The societal problem of recycling radioactive nuclear waste. As it is
well known [102], in view of the popular opposition against the transportation of
radioactive nuclear waste through populated areas to reach an assigned general
depository, the radioactive nuclear waste generated by nuclear power plants has
been stored on their site since start up, by reaching current storage levels such to
constitute a serious danger for local residents as well as to the environment.

Amidst a social problem of such a dimension, it appears recommendable to
study all possible forms of recycling o nuclear waste irrespective of whether they
are aligned with preferred theories. The problem is compounded by the failure
to date of all forms of recycling based on 20-th century theories which have been
attempted under billions of dollars of public funds.

The problem is compounded by the fact that radioactive nuclear waste can
solely be handled by governmental or para-governmental conduits, by therefore
preventing the open participation by the industry at large. Societal accountability
then suggests the continuation of the ongoing research based on the assumption
that quantum mechanics is exactly valid for nuclear waste, as well as the initiation
of governmental research based on new vistas, such as the Einstein-Podolsky-
Rosen argument that suggesting a suitable completion of quantum mechanics for
nuclear structures as a recommendable premise for the successful recycling of
nuclear waste or the development of radiation-free controlled nuclear fusions.

With the understanding that the standard model has produced a valid classi-
fication of particles, the recycling of nuclear waste is additionally precluded by
the assumption that the hypothetical quarks are the actual physical constituents
of protons and neutrons without the dismissal in refereed publications of related
inconsistencies, such as the belief that the permanently stable electron and proton
disappear from the universe at the time of the neutron synthesis to be replaced
by the hypothetical quarks ,and at the time of the neutron decay, the hypothetical
quarks disappear to be replaced by the original electron and proton [103]. For
brevity, we refer the interested reader to the inconsistencies of quark conjectures
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in Sect. 8.2.2 of [33] and the return to sanity advocated by Sir Karl Popper [104]
for the structure model of unstable particles with physical constituents produced
free in the spontaneous decays as it is the case for the neutron and all unstable par-
ticles, of course, according to hadronic rather than quantum mechanics [27] [79].
It is hoped that governmental agencies do not expose themselves to a judgment
by posterity for keeping the recycling of nuclear waste hostage to hypothetical
quarks that are incompatible with the physical reality of the neutron synthesis,
admit a rigorously proved finite probability of tunnel effect and have not been
detected free despite hadron collisions at extremely high energies.

By keeping in mind the prohibition of transporting radioactive waste through
populated areas, R. M. Santilli has proposed the recycling of radioactive nuclear
waste by the nuclear plants themselves via their stimulated decay reducing their
very long mean lives down to minutes or seconds [105]-[107] (see also [108][33]
[109]. The main issue is that the stimulated decays predicted by quantum me-
chanics are insufficient for the indicated reduction of mean lives, while hadronic
mechanics does indeed predict a number of effective stimulated decay deserving
due scientific process for proper societal accountability.

6.2. Recycling radioactive nuclear waste based on the neutron synthesis. In
the author’s view, the most important societal implication of the studies on the
synthesis of the neutron from the proton and the electron [52]-[71] is the predic-
tion of innovative means for the recycling of radioactive nuclear waste via nuclear
transmutations.

The first possibility is offered by the representation of nuclear stability via
the decoupling of the isoelectron € from the neutron (Sect. 4) since it implies
that neutrons can be stimulated to decay via irradiation with photons ~y, with the
resonating frequency or energy F, = F; which, for the case of the Deuteron, is
given by £ = 1.293 MeV, according to the reaction first proposed in the 1994
paper [105]

4t = 4pt el 4o, (74)

with possible application to the transmutation of Mo(100,42,0) into the stable
Ru(100, 44, 0) preliminarily verified by Santilli [6] as well as by the experimental
team [94] (see also Refs. [66] [71])

7(0,0,1) + Mo(100,42,0) — Te(100,43,1) 4+ 8-(0, —1,0),
(75)
Tc(100,43,1) — Ru(100,44,0) + (0, —1,1).

Note that, in the event confirmed, the above transmutation would provide a
dual source of nuclear energy without the emission of harmful radiation or the re-
lease of radioactive waste (Fig. 9), which are given by the production of a DC cur-
rent (since one resonating gamma would produce two easily trappable electrons)
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as well as of heat since the transmutation is isoenergetic with AE = 1.828 MeV/,

AE = E(100,42,0) — E(100,44,0) — E(y) — 2E(e) =
(76)
— (3.034 — 0.184 — 1.022) MeV = 1.828MeV.

A second possible recycling of radioactive nuclear waste via their stimulated
decay is given by the irradiation of waste pellets with a beam of low energy neu-
trons produced by the Directional Neutron Source of Hadronic Technologies Cor-
poration (see Sect. 3.3 and Fig. 1). By remembering that radioactive nuclear
waste can solely be handled by governmental agencies, the possibility can be il-
lustrated via the following neutron irradiation of the unstable 42 — Mo — 100 with
half life of 10! years into the isotope 42 — Mo — 102 with half life of one minute,

2n + Mo(42,100,0) — Tc(42,102,1). (77)

For brevity, we leave to interested colleagues the extension of the above results
to radioactive nuclear waste.

6.3. Recycling radioactive nuclear waste via pseudoproton irradiation. It
should be mentioned that the confirmation and separation of the pseudoproton
and/or the protoid (Sect. 3.6 and Ref. [101]) would imply the possible recycling of
radioactive nuclear waste via their stimulated decay, as illustrated by the predicted
transmutations of the type

25~ (—1,1,0) + Mo(42, 100, 0) — Zr(40,102,0), (78)

in which case the 10'? years main-life of 42 — Mo — 100 is reduced to the of 2.9
seconds mean-life of 40 — Zr — 102.

It should be noted that, being negatively charged and having low energy (es-
timated up to 100 eV”), all protoids or pseudoprotons are expected to be absorbed
by nuclei of an irradiated waste pellet. It should also be noted that protoids and
pseudoprotons are evidently unstable. Nevertheless, their half life is predicted to
be of the order of seconds (about 10% the half life of the neutron), thus being
suitable for industrial applications.

In the author’s view, the above application of protoids and pseudoprotons
should not be dismissed on grounds of its incompatibility with the antiprotons
allegedly produced at various particle laboratories, in view of their unsettled char-
acter as true antiparticles [101]. It is hoped that particle physics laboratories may
develop reactors producing a beam of antiprotons/pseudoprotons to test possible
recycling of radioactive nuclear waste.

In view of these and other unsettled aspects, Santilli has also proposed the test
of the gravity of true antiparticles such as the positrons in a horizontal vacuum
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tube [110] (see also A . P. Mills [111], V. de Haan [112] and the Springer Nature
monograph [113]), and test the gravity of the apparent anti-hydrogen atom only
following the verification that its nucleus is indeed a true antiparticle.

7 Concluding remarks

In the hope that the studies presented in these papers can be applied to strong inter-
actions at large, in the preceding [2] we have presented a systematic and updated
study, specialized to nuclear physics of the axiom-preserving time reversal invari-
ant Lie-isotopic branch of hadronic mechanics, whose knowledge is recommend-
able prior to the study of the time irreversible Lie-admissible branch of hadronic
mechanics for the axiomatically consistent treatment of controlled nuclear fusions
[114]- [116].

We have then presented numerically exact and time invariant representations
of the experimental data of the Deuteron conceived as a bound state of a pro-
ton and a neutron via simple quantum mechanical nonunitary transformations of
available models (Sect. I-3-11) under the condition of being reformulated in terms
of isomathmatics and isomechanics (Sect. I-3.12) to avoid known inconsistencies
of quantum nonunitary theories.

In this paper, we have presented apparently for the first time:

7.1) The relativistic completion of the quantum mechanical notion of parti-
cle into that of isoparticles via special isorelativity and related Lorentz-Poincaré-
Santilli isosymmetry for extended nucleons under potential and nonpotential in-
teractions.

7.2) The representation of all characteristics of the neutron at the nonrelativis-
tic and relativistic levels in its synthesis from the isoelectron and the isoproton in
the core of stars under their big attractive Coulomb force.

7.3) The identification of the numerical value of the density of the neutron in
a way compatible with other experimental data.

7.4) The representation of nuclear stability despite the natural instability of the
neutron via the decoupling of the electron from the neutron in the Deuteron due
to the big Coulomb attraction from the second proton.

7.5) The representation of nuclear stability despite the big Coulomb repulsion
between protons thanks to the admission of nonpotential forces between extended
nucleons.

The main implications of the above advances are:

7.A) The prediction of means for the recycling of radioactive nuclear waste
by the nuclear power plants themselves via new stimulated decays permitted by
hadronic mechanics which apparently reduce very large mean lives down to sec-
onds (Sect. 6).
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7.B) The possible return to the historical cosmology with continuous creation
of matter in the universe because the sole consistent possibility of explaining the
missing 0.782M eV in the neutron synthesis is that it originates from the ether as
a universal substratum (Sect. 3).

7.C) The return to the first conception of the neutron and of nuclei at large as
being bound states of the original constituents of stars, the proton and the elec-
tron. Said conception was prohibited by the theoretical assumption that Heisen-
berg’s indeterminacy principle for point-like particles in vacuum is also valid in-
side nuclei. However, the conception of the neutron, and therefore, of all matter
in the universe as being bound states of protons and electrons is fully valid under
Einstein’s isodeterminism (Sects. 3 and 4.7) [1] [14] [15] for extended particles
within hadronic matter.
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1. Weak Hyper-structures

The largest class of hyper-structures is the class of Hy-structures which was introduced
in 1990 [16]. These satisfy the weak axioms where the non-empty intersection replaces
the equality.

Definitions 1.1 Hyper-structure is any set H equipped with, at least one, hyper-operation:
- HxH — P(H)-{<}.

A hyper-operation satisfy the weak associativity, if (xy)znx(yz) # &, VX,y,zeH and
satisfy the weak commutativity, if xynyx = &, Vx,yeH.

A hyper-structure (H,-) is an Hy-semigroup if it is weak associative and it is an Hy-group
if it is reproductive Hy-semigroup: xH = Hx =H, VxeH.

In the classical theory, the quotient of a group with respect to an invariant subgroup is
a group. In hyper-structures, the quotient of a group with respect to any subgroup is a
hypergroup. Finally, Vougiouklis introduced and proved in 1990, that the quotient of a
group with respect to any partition is an Hy-group.

Definitions 1.2 The (R,+,:) is an Hy-ring if both (+) and (-) are weak associative, the
reproduction axiom is valid for (+) and (-) is weak distributive with respect to (+):

X(y+2)N(Xy+xz)=d, (X+y)zn(xztyz)=d, VX\y,zeR.

Let (R,+,-) be Hy-ring, (M,+) be a weak commuttive Hy-group and there exists an external
hyper-operation
-7 RxM — P(M): (a,x) > ax

such that, Va,peR and Vvx,yeM, we have
a(xty)n(ax+ay)=d, (atb)xn(ax+bx)=d, (ab)xna(bx)=J,

then M is an Hy-module over F. In the case of an Hy-field, which is defined later, F instead
of an Hy-ring R, then the Hy-vector space is defined.

For more definitions and applications on Hy-structures one can see the books and
papers as the: [1], [2], [5], [7], [16], [17], [18], [28], [29].

Definition 1.3 The fundamental relations p*, y* and €*, are defined, in Hy-groups, Hy-
rings and Hy-vector spaces, respectively, as the smallest equivalences so that the quotient
would be group, ring and vector spaces, respectively [5], [16], [19], [23], [27].

The way to find the fundamental classes is given by analogous to the following
theorems:

Let (H,-) be Hy-group, U the set of all finite products of elements of H. Define the relation
pin H by setting xfy if, and only if, {x,y}cu where ueU. Then * is the transitive closure

of .
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Let (R,+,-) be Hv-ring, U the set of all finite polynomials of elements of R. Define the
relation y in R by: xyy if, and only if, {x,y}cu where ueU. Then y* is the transitive
closure of .

An element is called single if its fundamental class is singleton.
The fundamental relations are used for general definitions:

Definition 1.4 An Hy-ring (R,+,-) is called Hy-field if R/y* is a field. The elements of an
Hy-field are called hyper-numbers or Hy-numbers.

Definition 1.5 Let (H,-), (H,*) be Hy-semigroups defined on the same set H. (-) is called
smaller than (*), and (*) greater than (-), if, and only if, there exists an automorphism

feAut(H,*) suchthat xycf(x*y), Vx,yeH.
Then we say that (H,*) contains (H,). If (H,*) contains a group, then is called Hy-group.

The Little Theorem. Greater hyper-operations than the ones which are weak associative
or weak commutative are, as well, weak associative or weak commutative, respectively.

The Little Theorem leads to a partial order, posets, on Hy-structures and introduce
several new classes of hyper-structures [16], [27].

Definition 1.6 An Hy-structure is called very-thin if all hyper-operations are operations
except one, which has all hyper-products singletons except only one, which is a subset of
cardinality more than one.

Definition 1.7 Let (G,-) be groupoid, then for all PcG, P~ we define the following P-
hyper-operation:

P: xPy= (xP)yux(Py), VvxyeG.
If (G,-) is semigroup, then xPy=(xP)yux(Py)=xPy, so (G,P) is a semi-hypergroup.
A generalization of P-hyper-operations is the following [4], [5], [24]:
Let (G,-) be abelian group and P, subset of G. We define the hyper-operation xp, by
xxpy = x-P-y = {x-h-y|heP}, if x+e and y=e
{ xy, if x=e or y=e

we call this Pe-hyper-operation and the hyper-structure (G, xp) is an abelian Hy-group.

The general definition of an Hy-Lie algebra was given as follows [5], [15]:

Definition 1.8 Let (L,+) be an Hy-vector space over (F,+,-), o:F—F/y* the canonical map,
or={XeF:@(x)=0}, where 0 is zero of F/y*. Let . the core of ¢':L—L/e* and denote 0
the zero of L/e*. Consider the bracket hyper-operation

[,]: LxL - P(L): (x,y) = [x,y]
then L is an Hy-Lie algebra over F if the following axioms are satisfied:
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(L1) The bracket hyperoperation is bilinear:

[Aaxitdaxz,y]N(Xey]+z[x2,y]) # &

[x,Aay1 A2yl (A [X, Y]+ he[X,Y2]) = &, VX, X1,X2,¥,y1,y2€L and VA1, e F
(L2) [XX]noL=d, VxelL
(L3)  (x[y.zll+ly.[zx]]*+ [z, [xy]DnoL = &, VxyeL.

2. Hy-fields and hyper-matrix representations

The enlargements and the reductions of hyper-structures are examined in the sense that
extra elements appear in results or we take out elements. In both directions most
interesting cases in the research are those Hy-structures when the fundamental structures
remain the same [16], [19], [23], [27].

Theorem 2.1 Let (G,-) be semigroup and v G be an extra element appearing in a product
ab, where a,b G, thus the result becomes a hyper-product a®b={ab,v}. Then the minimal
hyper-opration (®) extended in G’=GuU{v} such that (®) contains (-) in the restriction on
G, and such that (G",®) is a minimal Hy-semigroup which has fundamental structure
isomorphic to (G,-), is defined by

a®b={ab,v}, x®y=xy, V(Xx,y)eG>-{(a,b)}
vev=abab, x®v=xab and vex=abx, VxeG.

(G",®) is very-thin Hy-semigroup. If (G,-) is commutative then we obtain that (G',®) is
strongly commutative.

Now we present some ‘small’ Hy-fields obtained mainly by finite ordinary rings, by
enlarging only one result by adding only one element from the underline ring. These Hy-
fields are useful since the results are as small as possible. Moreover, they obey in axioms
needed in applications in hadronic mechanics [15], [23], [26].

Constructions 2.2 On the rings (Z4,+,") and (Zs,+,") we will define all the multiplicative
Hy-fields which have non-degenerate fundamental field and, moreover they are,

(@) very-thin minimal, (b) weak commutative, (c) have 0 and 1, scalars.

() On (Z4,+,") we have the isomorphic cases: 293={0,2} or 3®2={0,2}. The fundamental
classes are [0]={0,2}, [1]={1,3} and we have (Z4,+®)/y*=(Z2,+,"). In this Hy-group there
is only one unit and every element have a unique double inverse.

(1) On (Zs,+,"), we have the only one hyperproduct,

(i) 2®3={0,3}, 204={2,5}, 3®4={0,3}, 305={0,3}, 485={2,5}. Fundamental classes:
[0]={0,3}, [1]={1,4}, [2]={2,5} and we have (Zs,+,&)/y*=(Z3,+,").
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(i) 2®3={0,2} or 293={0,4}, 2®4={0,2} or {2,4}, 2®5={0,4} or 2®5={2,4},
3®4={0,2} or {0,4}, 3®5={3,5}, 4®5={0,2} or {2,4}. Fundamental classes:
[0]={0,2,4}, [1]={1,3,5} and we have (Zs,+,Q)/y*= (Z2,+,").

Representations of Hy-groups, can be considered either by Hy-matrices [5], [14], [16],
[17], [18] or by generalized permutations [16]. Here we focus on representations by Hy-
matrices because they are used in Santilli’s admissibility.

Definition 2.3 Hy-matrix is called a matrix with entries from an Hy-ring or Hy-field. The
hyper-product of Hy-matrices A=(aj;) and B=(bjj), of type mxn and nxr, respectively, is a
set of mxr Hy-matrices, defined in a usual manner:

AB = (ai)-(bij) = {C=(ci) | cije ®Zaib},
where (@) is the n-ary circle hyper-operation, which means the union of all possible
patterns of parentheses put for elements, on the hyper-addition.
The representation problem by Hy-matrices is the following:

Definition 2.4 Let (H,-) be an Hy-group, (R,+,-) be an Hy-ring and take a set of Hy-matrices
Mr ={(aij) | aijeR}, then any
T:H->Mgr: h—>T(h) with T(h:h2)"T(h1)T(h2)=d, VhihoeH,

is called Hy-matrix representation. If T(hih2)cT(h1)T(hz), then T is called inclusion
representation, if T(hih2)=T(h1)T(h2), then T is called good representation, in this case
an induced representation T* for the Hy-group algebra, is obtained. If T is one to one and
good, then it is a faithful representation.

Theorem 2.5 A necessary condition in order to have an inclusion representation T of an
Hv-group (H, -) by nxn Hy-matrices over the Hy-ring (R,+, -) is the following:

For all B*(x), xeH there must exist elements aijjeH, i,je{1,...,n} such that
T(B*(@) < {A = (@) | ajer*(ai), ije{l...n}}
Thus, every inclusion representation T:H—MRg: a— T(a)=(ajj) induces a homomorphic

representation T* of H/B* over R/y* by setting T*(B*(a))=[y*(ai;)], VB*(a) e H/B*, where
the element y*(ai;)eR/y* is the ij entry of the matrix T*(B*(a)).

Several classes of Hy-structures can give special representations. Some of those classes
are [16], [20], [26]:

Definition 2.6 Let M=Mmxn, the set of mxn matrices on R and take P={Pi:iel}cM. We
define, a kind of, P-hyper-operation P on M as follows

P: MxM—>P(M): (A,B) APB={AP'B: icl }= M

where P! denotes the transpose of P. P is bilinear Rees’ like operation where, instead of
one sandwich matrix, a set is used. P is strong associative and the inclusion distributive
to addition is valid:
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AP(B+C) c APB+APC, VA B,CeM
So (M,+,P) defines a multiplicative hyperring on non-square matrices.
Let M=Mmxn be module of mxn matrices on R and take the sets
S={skkeK}cR, Q={Qi:jel}=M, P={Piiel}cM.
Define three hyperoperations as follows
S: RxM—P(M): (,A)—>rSA= {(rs)A:keK}c M
Q+: MxM—>P(M): (A,B)—>AQ+B= {A+Qj+B: jeJ}c M
P: MxM—P(M): (A,B)—>APB= {AP'B:icl}c M
Then, (M,S,Q-+,P) is a hyperalgebra on R the general matrix P-hyperalgebra.

3. The Lie-Santilli H,-admissibility

Hyper-structures have applications in other sciences, which range from hadronic
physics, leptons, Santilli’s iso-theory, bio-mathematics to mention but a few. The hyper-
structure theory is related to fuzzy theory; consequently, can be widely applicable in
linguistic, in sociology, in industry and production, too [1], [2], [3], [5], [6]. [7], [10],
[11], [12], [13], [16], [28], [29].

In [21], with ‘The Santilli’s theory ‘invasion’in hyperstructures’, there is a description
how Santilli’s theories effect in hyper-structures and how new theories in Mathematics
appeared by Santilli’s pioneer research. In 1996 Santilli & Vougiouklis [14], [21], point
out that in physics the interesting hyper-structures are the e-hyperstructures. These hyper-
structures contain a unique left ant right scalar unit, which is an important tool in Lie-
Santilli theory. See books and related papers for definitions and results related topics: [3],
[4], [5]. [6], [81]. [9]. [10], [11], [12], [13], [14], [20], [21], [22], [24], [25].

Definition 3.1 A hyper-structure (F,+,-), where (+) is operation and () hyper-operation,
is called e-hyperfield if the following are valid: (F,+) is abelian group with additive unit
0, (-) is weak associative, (-) is weak distributive with respect to (+), 0 is absorbing:
0-x=x-0=0, VxeF, there exist a product scalar unit 1: 1-x=x-1=X, VxeF, and VxeF there
is a unique inverse X%, such that 1ex-x*nx?tx.

The elements of an e-hyperfield are called e-hypernumbers. If 1=x-x=x1.x, then we
say that we have a strong e-hyperfield.

Definition 3.2 Main e-Construction. Given a group (G,-), where e the unit, we define in
G, a huge number of hyper-operations (®) by

x®y={Xy,01,92,...}, VX,yeG-{e}, where g1,92,...€G-{e}.

(G,®) is e-hypergroup, in fact is an Hp-group because contains (G,-). Moreover, if Vx,y
such that xy=e, so x®y=xy, then (G,®) becomes strong e-hypergroup.
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The proof is immediate since we enlarge results of the group by putting elements from
G applying the Little Theorem. Moreover, e is unique scalar and VxeG, there is a unique
inverse x1, such that eex-x*~x*x. Finally, if the last condition of this difinition is
valid, then e=x-x!=x1.x, so (G,®) is strong e-hypergroup.

The useful e-hypergroups are if only one product is enlarged by one element.

An important topic in hyper-mathematics comes from Santilli’s admissibility. We may

transfer this theory to representations in two ways: using either, ordinary matrices with a
hyper-operation on them, or hyper-matrices with ordinary operations [5], [9], [26].

Definition 3.3 Let L be Hy-vector space over the Hy-field (F,+,-), :F—>F/y*, canonical
map and or={xeF:p(x)=0}, where 0 is the zero of F/y*. Let oL be the core of ¢':L—>L/e*
and denote again by 0 the zero of L/e*. Take two subsets R, ScL then a Lie-Santilli
admissible hyperalgebra is obtained by taking the Lie bracket hyper-operation

[, Jrs: LxL—P(L): [X,y]rs= XRy—ySx= {xry-ysx | reR,seS}
We can define admissibility on non square matrices, as well:

Definition 3.4 Let (L=Mm:n,*) be the Hy-vector space of mxn hyper-matrices on the Hy-
field (F,+,-), 9:F—F/y*, canonical map, or={xeF:¢(x)=0}. Similarly, let oL the core of
¢":L—L/e*. Take any two subsets R,ScL then a Santilli’s Lie-admissible hyperalgebra is
obtained by taking the Lie bracket, which is a hyper-operation

[, ]rs: LxL—P(L): [X,y]rs=XRly—yS'x.
reR and seS}

Definition 3.5 According to Santilli’s iso-theory, on a field F=(F,+,-), a general isofield
F=F(a,%,X), is defined, to be a field with elements a=ax1, called isonumbers, where
acF, and 1 is a positive-defined element outside F, equipped with two operations + and
X where ¥ is the sum with the conventional additive unit 0, and X is a new product

AR b:=axTxb, with 1=T?1, va, beF (i)

Notice that  [X,y]rs=xR'y—ySx={xr'y-ys'x

called iso-product, for which 1 is the left and right unit of F,
1xa=axi=3a,vaeF (i)
called iso-unit. The rest properties of a field are reformulated analogously.

In order to transfer this theory to hyper-structures, we generalize only the new product
X from (i), by replacing with a hyper-operation including the old one. There are two
general constructions on this direction as follows:

Construction 3.6 General enlargement. On a field F=(F,+,) and isofield F=F(3,F,%X)
we replace in the results of the iso-product

-~

AR b= axTxb, with 1=T1
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of the element T by a set of elements Hap={T X1,%2,...} where &1,%2,...€F, containing T,
for all 4 X b for which 3,b{0,1} and %1%2,...eF-{0,1}. If one of 3, b, or both, is
equal to 0 or 1, then Hap={T}. Therefore, the new iso-hyper-operation is

4 R b = axHapxb= ax{T X1,%2,...} xb, Va,beF (iii)
F=F(3,%,%) is iso-H.-field. The elements of F are called iso-Hy-numbers or iso-numbers.

Important hopes, of this construction, are those where only for few ordered pairs (3,b)
the result is enlarged, even more, the extra element X, is exactly one. Thus, there exists
only one pair (a,b) for which

AR b= ax{T & }xb, va,beF
and the rest are ordinary, then we have a very-thin iso-H,-field.

The assumption that Ha={T}, 4 or b, is equal to 0 or 1, where &;, are not 0 or 1, give
that the iso-Hy-field has scalar absorbing 0, scalar 1, and every 4cF, has one inverse.

Construction 3.7 The P-hyper-operation. Consider an isofield F=F(3,F,%) with a=ax1,
isonumbers, where acF, and 1 is positive-defined outside F, with two operations F and
K, where F is the sum with the conventional unit 0, and X is the iso-product

4% b:= axTxb, with 1=T"!, vabeF

Take a P={T,p1,...,ps}, with P1,..., Psc F-{0,1}, define the isoP-H,-field, F=F(3,F,%p),

where the hyper-operation Xp i deflned as follows:
axPxb = {axhxb|heP} if 4#1 and b=1

a Rp b= (iv)

axTxb if a=1orb=1

The elements of F are called isoP-Hy-numbers.

If P={T,p}, the inverses in isoP-Hy-fields, are not necessarily unique.

Example 3.8 The generalized P-construction can be applied on rings to obtain Hy-fields.
Thus for, Z10= Z10(3,F,X), and if we take P={2,7}, then we have the table
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X012 /3|42 |5|6|7Z 8|23
0|0 (0|00 000|000
1012 |3 |4 5|67 |8]23
2 028|286 |0|32]|8]2]%¢8
310 (3|2 |38/4|05|/6/|272|8]4d
4 0|46 |2 )2 0/8]686 |42
5/0|5|0|05|0 |05/ 0|05 0|05
6 | 0|64 |6 8 |0|2]|4 |68
710272827 6|05|42[38|2|186
8 082 |8 |4 0|6| 2|81
9 0|9 |6 |49 2 |05|8 |16 |4 |27

Then the fundamental classes are

0={0.5}, (1)={18&} (@={2.7} (3)={38} W={43},

and the multiplicative table is the following

x | (0] @ ) 3) (4)
© | © | O (0) (0) (0)
@ O 0O @@ E0 | @e
@ O @4 6 () (1)
@ O a0 (3) (4)
@ | O @3 | O (4) 2

Consequently, Z10=Z10(a,¥F,X), is an Hy-field.

184

Example 3.9 Consider the Z14=Z14(3,F,X), and take P={2,9}, then we have the table



K. Hila,

R.M. Santilli and T. Vougiouklis

X0 |12 |3 4|5 |6 |7 |89 |10)]11 1213
0|0 |00 |0 |O|D]O|O|]OD|ODO|]OD|]O]OD]|]OD
i|0|1]]2 |3 |45 |6|7|8] 9 |10|11 12|13
2 |0 |2 |2 |12|2 |6 |T0|D ]| 4|8 |12|]2 |6 |10
3 |0 |3 |12)411|/10 25| 8 |07 | 6 [512| 4 |310| 2 |18
4 | 0| 4|2 |10|4 12|60 |82 10| 4 |12]|¢%b
5 0|5 |6 |25 12,18 | 4 |07 |10 |613| 2 |512| 8 |41l
6 | 0 |6 |10| 8 |6 | 4 | 2|0 |12 10|86 |4 ]2
7|0 |7 |0 07 |0 07|00 |07]0 |07 |0 |07 |OQ |07
8 | 0|8 |4 | 6 |8 |10 |12[0 ]2 ]| 4|56 |8 |10]|12
9 | 0|9 |8 |512|2 |613| 10|07 | 4 |18 |12 |29 | & |310
i0 | 0 |f0| 12| 4 |10 | 2 |8 |0 | & |12 | 4 10| 2|8
11 | 0 |11| 2 |310| 4 |512| 6 |07 | 8 |29 |10 |411]| 6 |310
12 | 0 |12| 6| 2 |12| 8 |4 |0 |10| 6 | 2| 6 |8 4
13| 0 (13|10 |18 | & [411] 2 |07 |12 |310] 8 |310] 4 | 29

Then the fundamental classes are

0)={0.7}, (1)={1.8}, (2={2.9}, 3)={3.10}, (4)={4.11}, (5)={5.12}, (6)={6.13},
and the multiplicative table is the following

x | (0] (@) (2) (3) (4) (5) (6)
© | © | © (0) (0) (0) (0) (0)
@ O DO | @@ E6) | 1)@ | GO | (6)06)
@ | O @@ 0| 6 @) (6) @)
® | O @6 | 6 (4) (3) () 1)
@ [ O | 0O@, @ @) @) | 516 | (3).(6)
G | O &6 | © @ | G606 | @O (4)
© | © | G.6) | O @ | G6 | @ )

Consequently, Z14= Z14(3,¥F,%), is an Hy-field.
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4 Conclusions

The very big number of hyper-structures, especially of Hy-structures, defined on a set
gives the opportunity to work in applications in an opposite direction. This means that we
ask from applied sciences to give more axioms in order to reduce the number of possible
Hy-structures to express the problem by a mathematical model. This is the problem of
Lie-Santilli’s admissibility which can be faced by defining the appropriate hyper-numbers
or Hy-numbers, needed to express the irreversibility and uniqueness of living organisms
and time.
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Problematic aspects of 20-th century
antiparticles and their apparent
resolution via isodual mathematics

Ruggero Maria Santilli *

Abstract

In this paper, we recall Dirac’s negative energy antiparticles, their compati-
bility with particle-antiparticle annihilation into light and their lack of com-
patibility with special relativity as well as causality laws. We then recall the
20th century positive energy antiparticles, their compatibility with special
relativity and causality laws but their incompatibility with annihilation into
light, with ensuing problematic aspects for a true antimatter character of an-
tiprotons, anti-Hydrogen atoms and related gravity tests. We then review
the isodual branch of hadronic mechanics whose isodual theory of antimat-
ter: 1) Represents Dirac’s negative energy antiparticles without causality
problems. 2) Admits special and general relativities due to the invariance of
quantum axioms under the isoidual map. 3) Implies matter-antimatter anti-
gravity at all levels. 4) Predicts the existence of the negative energy antipho-
ton. 5) Is compatible with existing experimental evidence on antiparticles.
We suggest the conduction of resolutory tests on the gravity of well estasb-
lished antipartices, such as the positrons in horizontal flight in a supercooled
vacuum tube. We conclude with the indication of intriguing open problems
in antimatter, such as the possible expulsion of antiphotons by black holes
following internal particle-antiparticle creation and annihilation.
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1 Dirac’s negative energy antiparticles

As itis well known, the first quantitative formulation of antimatter was achieved
in 1928 by P. A. M. Dirac [1] via his celebrated equation on the Minkowski space-
time M = M/(x,n,I) with coordinates x = (z*) = (x!, 22 23, 2% = ct), p =
1,2,3,4, metric n = Diag.(1,1,1,—1) and unit I = Diag.(1,1,1,1) over the
field of real numbers R

(@70 — me)[y(z)) = 0, (1)

where the Dirac’s matrices v, ¢ = 1,2, 3, 4 are given by

o 0 Ok, . +]2><2 0
P)/k‘(_a_k 0 )7 742( O _12X2)7 (2’)

and Pauli’s matrices oy, k = 1,2, 3 represent the spin S = 1/2 of the particles.

According to Dirac’s conception, the electron e~ is represented by the top 2
components of Eq. (1) with unit 4755, thus having positive energy m, > 0,
while the “antielectron” e~ = e (now called the positron), is represented by the
bottom 2 x 2 component of Eq. (1) with unit — /55, thus having negative energy
Me = —M, < 0.

An important property of Dirac’s conception of antimatter is that, in view of
the opposite sign of the masses of the two particles, Eq. (1) allows a consistent

representation of the electron-positron annihilation into light [2]
e +et = v+ 3)

More specifically, Dirac established the foundations of the notion of particle-
antiparticle annihilation, which according to the very meaning of the word, deals
with the elimination of the particle masses and ensuing transition to light.

Unfortunately, Dirac’s conception of negative energy antiparticles is incom-
patible with special and general relativities on various counts and is afflicted by a
number of problems of physical consistency that were identified by Dirac himself.

For instance, negative energies implies the possibility that the (positive energy)
electron can emit a photon and pass to a negative energy state. The repetition of
the process would then imply the lack of conservation of the energy. Similarly,
the scattering between a positive and a negative energy particle may imply effects
preceding their causes, by therefore violating causality.

Dirac attempted to resolve the above problems via his hole theory [3] which
assumed the existence of an infinite sea of negative state positrons with occasional
“holes” occupied by positive energy electrons, which theory provided a concep-
tual rendering of electron-positron annihilation and other events.
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2 20th century positive energy antiparticles

In 1930, to achieve compatibility with special relativity (which was an under-
standable task for the time), J. R. Oppenheimer [4] assumed Dirac’s equation as
the fundamental equation of relativistic quantum mechanics, but under the the-
oretical assumption that antiparticles have the same positive mass of particles
Me+ = Me— > 0, which assumption remains in full effect to this day.

The above view was implemented in the particle-antiparticle conjugation via
the PTC' theorem [5]. As an illustration, consider the wave packet of a free
particle ¢ (t,r) = expli(p X r — E X t)] on a Hilbert space H over the field of
complex numbers C with state |p, J, 1)) where p = mu, J is the spin of the particle
along the third axis an E = v?/2m. Then, the charge conjugation of the particle
is given by the anti-Hermitean transformation

qub(ta T) = _¢T(t7 T)a (4)
and the particle-antiparticle conjugation is given by

PTC|p, J,(t, 7)) = PT|p, J, =t (t,r)) =
&)
= P| - D, _J7 _¢T(_t’7»)> = ‘p7 _J’ —¢T(t,7”)>,

according to which antiparticles have the same energy £ and momentum p = mv
of antiparticles and are defined on the same coordinates ¢, r, the same Hilbert
space H of particles over the same numeric field C.

Recall that a particle with spin 1/2 is technically defined as a unitary irre-
ducible representation of the spinorial covering of the Poincare’ symmetry P(3.1) =
SL(2.C') x T(3.1) [6]. In order to render conjugation (7) compatible with the
P(3.1) symmetry while considering Eq. (1) the fundamental equation of rela-
tivistic quantum mechanics, the physicists of the early 20th century assumed the
realization of the generators of P(3.1) in terms of the 4 x 4 gamma matrices (2)
[6] [7] [8] (rather than as the Kronecker product of the symmetries of the two
distinct 2 x 2-components of Dirac’s equation as done in the next section)

P(3.1) = SL(2.0) x T(3.1),
(6)

SE(ZC) : Sk = %’}/k X Y4, Rk = %EZ’% X ’Y],T(Sl) : P#,

where Si, Rj and T}, are the generators of spin, boosts and linear momentum,
respectively, with commutation rules for J,,, = {Si, Ry}

[Jus Jap] = 1 (Mvad gy — Nuad sy — MupJap + MusJaw),
(7)
[‘];UJ7P()¢] :i(nuapu_nyapu)a [P;MPV] 207
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and Casimir invariants

C) = I?
Cy = P2 = P,P" = (” P,P,), (8)
Cg = W2 = WMWN, WM = leéﬁpjaﬂpp.

Unfortunately, the conception of antiparticles as having positive masses with
conjugation (5) implies the departure from Dirac’s particle-antiparticle annihila-
tion into light, since positive mass particles and antiparticles can only experience
a scattering with the production of a shower of positive mass particles, as experi-
mentally established in the Bose-Einstein correlation [9].

The important distinction between Dirac’s annihilation and 20th century parti-
cle scattering has been technically expressed in the preceding paper [10] (see also
the recent comments [11]) via the following:

THEOREM 2.1: Under the spinorial Poincareé symmetry (6), particle-antiparticle
conjugation (5) is incompatible with the experimental evidence of electron-positron
annihilation into light (3).

PROOF: Within the class of unitary equivalence of relativistic quantum mechan-
ics, there exists no possibility of rendering null the sum of two positive masses in
the Casimir invariants of the P(3.1) symmetry, Eq. (8).

The above theorem casts shadows on the true antimatter character of the 20th
century notion of antiparticles characterized by conjugation (5), because said the-
orem prohibits their annihilation into light, as predicted by basic axioms, available
preliminary evidence (Sect. 3.5 and Fig. 1) and the following comments:

2.1. Under the condition of being represented via Dirac’s equation (1), we
shall call cosmic antiprotons the antiparticles expected to be the origin of the
bright flashes detected by astronauts and cosmonauts in the dark side of our upper
atmosphere [12], or detected in cosmic rays [13]. We shall then call laboratory
antiprotons the particles p~ produced in laboratory via collision of high energy
protons p* against a matter target ¢ (e. g., an iridium rod) according to the reaction
[15]

prHt = (p"p ) +p"+t, 9)

for which a proton-antiproton pair is expected to be produced by pure kinetic en-
ergy. Under these conditions, it is natural to expect that protons and true antipro-
tons should annihilate into pure electromagnetic radiations (here symbolically de-
noted v, £ = 1, 2, ...) without massive residues

pr D = S (10)
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The apparent lack of true antimatter character of laboratory antiprotons p~ is then
expected from the experimental evidence that proton-antiproton collisions in the
Bose-Einstein correlation produce instead a shower of bosons By = 1,2, 3, ... [9]

pT+p = XuBy. (11)

2.2. The synthesis of the neutron from an electron and a proton in the core of
stars [16]
e +pt = ntv, (12)

has received significant theoretical [17] as well as experimental [18] verifications.
The same studies have identified the subsequent apparent synthesis in the Sun and
in laboratory of an electron, and this time, a neutron, into the negatively charged
pseudoproton [19]

e +n — p +v, (13)

which is essentially a positive energy proton with a negative charge. It is there-
fore possible that high energy collisions of protons against a matter-target (thus,
initially against the electron clouds of the target, rather than their nuclei) may first
synthesize neutrons (11) and subsequently pseudoprotons (12), rather than true
antiprotons (see [11] for additional comments).

2.3. Conjugation (5) does not allow a study of the rather general view that
the antimatter world is a complete dual of the matter world [20] [21]. In fact, the
representation of particle-antiparticle conjugation with charge conjugation (4) is
insufficient to study as to whether the photon, the 7 meson and other particles do
have an antimatter counterpart as predictable by the extension of Dirac’s negative
energy antiparticles to the photon and all other particles.

Needless to say, doubts on the true antimatter character of laboratory antipro-
tons cast shadows on the entire antimatter character of the anti-Hydrogen atom
[22], and consequently, on its claimed conventional gravity [23] (see Sect. 4 for
specific comments on antigravity tests).

3 Isodual theory of antiparticles

3.1. Isodual branch of hadronic mechanics
From the analysis of the preceding sections, it appears that, whenever treated with
20th century applied mathematics, the notion of antiparticles is not entirely com-
patible with physical evidence irrespective of whether the antiparticle masses are
negative (Sect. 1) or positive (Sect. 2).

This author has indicated various times in his writings that the lack of reso-
lution of century old physical problems is generally due to the use of insufficient
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mathematics, as illustrated by the advent of Hilbert spaces for the Hydrogen struc-
ture, Riemannian geometry for gravitation, and other historical cases.

By noting that charge conjugation (4) is anti-Hermitean, it is plausible to ex-
pect that the same conjugation applies to all other characteristics of antiparticles.
This expectation lead to the construction of the isodual branch of hadronic me-
chanics [24]-[28] which can be constructed via the anti-Hermitean conjugation,
called isoduality (and denoted with an upper or lower letter d) applied to the to-
tality of quantities (), all possible local variables ¢, r, p, E/, ¢, ... and all operations
of 20th century particle physics

Q(t,?",p, E7¢7) — Qd<td77“,dpd,E,d77Z),d...) =

= QN (—t", —rT, —p', =BT, =T, ...) = —=Q(=t, —r, —p, —E, =97, ...).
(14)
A quantity Q is said to be isoselfdual when it coincides with its isodual, Q = Q“.
In this paper, we study point-like antiparticles in vacuum (see Refs. [24]-[26]
for extended antiparticles) treated via the isodual mathematics with fundamental,
negative-definite multiplicative unit (called isodual unit)

19= 1" = —1, (15)
compatible multiplication (called the isodual product)

= (1),
(16)
1% x4 nd = 195In? = nds?1d = nd,

and compatible isodual images of applied mathematics, including: new numbers
with negative (multiplicative) unit called isodual numbers [29]; isodual spaces
[30]; isodual Lie’s theory [24]-[26]; isodual space-time symmetries [31]-[34]; iso-
dual Minkowskian and Riemnannian geometries [35]; and other aspects of isodual
mathematics.

To prevent a prohibitive length, we limit ourselves to recall:

3.1) Isodual fields F¥(n?, x?,1%) of isodual real, complex and quaternionic
numbers n® = —n' [29] with isodual multiplication

nd x4m? = kv n?, md k¢ e F (17)

Recall that functions f(r) have values on their base field. Similarly, isodual func-
tions f%(r?) have value in their isodual isofield, e.g., the isodual of ¢" is given by
d

Yo __ -r
ed = —€ .
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3.2) Isodual space-time [24] [25] [26] M = M%(2:Q% I?) over R? with
isodual coordinates

24— (xfb _ (_xd,17 g2 gd3 pdd
(18)
= —c? xtl =ct) € R,
isodual metric
Qd = (1d)_177d = (1d)_1Diag.(1d, 14,14, —1d) =
(19)

- DZCLg<—]_, —1,-1, +1>»

where the isoduality n¢ = (14, 19,14, —1%) is needed for the metric ¢ to be an
isodual matrix, namely, a matrix whose elements are isodual numbers [24].
3.3) Isodual differential calculus of an isodual coordinate 7 € R% [30] (see
also [27])
dir? = sld(r?),
(20)

olyi(rd) _ adfi(r)
gdrd T ord

Note that isodual mathematics is somehow hidden” in the abstract axioms of
20th century mathematics because of the isoselfduality of the space-time invariant
and of the differential

2P =22 di? = dr,
(21
diFi(r?) = dF(r?),

as well as of other axioms, thus explaining its lack of detection until the 1993
paper [29].

3.2. Isodual theory of antiparticles

Following the achievement of maturity in the isodual mathematics, Santilli [36]
proposed in 1994 the isodual theory of antimatter which can be defined as the
isodual image of 20th century particle physics, by therefore being elaborated via
isodual mathematics.

In this section, we shall attempt to verify the primary aims of proposal [36]:

1) Represent Dirac’s negative energy antiparticles without its causality prob-
lems.

2) Achieve an axiomatic distinction between Dirac’s particle and negative-
energy antiparticle “annihilation” into light and the 20th century scattering” of
particles and positive-energy antiparticles.

3) Represent all known experimental data in antiparticles.

194



R. M. Santilli

Figure 1: We present a picture of the 1908 Tunguska explosion [52] that: A) Had the
equivalent of hundreds of Hiroshima atomic bombs; B) lonized the entire Earth atmo-
sphere for days; and C) Produced on the ground no crater or solid debris. These features
can only be quantitatively explained as due to an antimatter asteroid annihilating into sole
electromagnetic radiations at contact with Earths’s upper atmosphere, Eq. (10), thus con-
stituting evidence of Dirac’s particle-antiparticle annihilation into light (Sect. 1), while
casting shadow on: the particle-antiparticle scattering into a shower of particles of the
Bose-Einstein correlation [50] [51]; the true antimatter character of the nucleus of the
anti-Hydrogen atom [22]; and its recent gravity test [23](Sects. 2, 3). The number of
large explosions in the sky without a crater or solid debris in the ground is too large to
be listed here (see, e.g. reports [53] [54]). The astrophysical origin of cosmic ray an-
tiprotons [12] [13] and antimatter asteroids is under study for reporting in a subsequent

papetr.
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Isodual antiparticles are defined in the isodual Minkowski space M4 (x4, Q4 14)
over the isodual numeric field R? which space is independent but co-existing with
our space-time M (z,n, 1) thanks to identities (21) [37].

The application of isodual map (14) to charge conjugation (4) yields the isod-
ual map from particles to antiparticles [26]

W(t,r) = PP rt) = —pT(—t, —r), (22)
without any need for the isodual parity P (that would map negative into positive
coordinates) and isodual time inversions T (that would map motion backward
into forward in time).

The isodual theory of antiparticles resolves the problematic aspects of Dirac’s
negative energy antiparticles indicated in Sect 1. In fact, it is easy to see that the
isodual image P%(3.1) [35] of the spinorial covering of the Poincare’ symmetry
P(3.1, Eq. (6), has negative-valued isodual Casimir invariants (8), by therefore
bypassing Theorem II.1 and allowing an axiomatically consistent annihilation of
particle-antiparticle into light.

The causality problems of Dirac’s antiparticles are equally resolved by isodual
mathematics because numeric values of ordinary particles are measured in terms
of units (e.g., gr, sec,cm etc.) that are elements of the basic field R. Conse-
quently, under isoduality numeric values of isodual antiparticles must be measured
in terms of units that are elements of the isodual field R¢, thus having negative
values gr¢ = —gr, sec? = —sec,cm® = —cm, etc.

Consequently, negative energy antiparticles moving backward in time referred
to negative units of mass and time are as causal as ordinary particles with positive
mass moving forward in time referred to positive units of mass and time.

The problem of the conservation of the energy in particle-antiparticle scatter-
ing appears to be resolved by the accurate implementation of isodual mathematics.
In fact, an antiparticle is represented in isodual quantum mechanics [25] [26] via
the isodual Hamiltonian H%(r¢, p?) acting on the isodual Hilbert space H? with
isodual states |¢)%(r?)), resulting in isodual eigenvalues £ defined on the isodual
field R?

Hi(r? ph) x [pd(r?)) = B4 x? |pt(r?)), E? < Opa, (23)
with consequential quantitative representation of Dirac’s antimatter with negative
energy £%. When projected in our Hilbert space H with state |¢)(7)) over the
ordinary field R, the same antiparticle of Eq. (23) acquires positive eigenvalues

onR
H(r? p®) x? ip(r)) = E % [(r)), E > Op. (24)

Similarly, a quantum mechanical particle characterized by a Hamiltonian H (, p)
on H over R with positive energy E

H(r,p) x [(r)) = Ex[¢(r)), E > Og, (25)
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when projected in the isodual space H¢ over R? acquires negative energies when
inspected from the isodual world

H(r,p) x [ (r?)) = E* x* [*(r?)), E? < Opa. (26)

Consequently, the total energy of the Positronium for quantum mechanics
(@m) P = (e, e"),m is positive in our space-time and negative in the isodual
space-time (for brevity see Sect. 2.3.14, p. 131 of [26]).

Note that the isodual image of the wave function of free particles (¢, r) =
expli(p x r — E x t)] considered in Sect. 1 is given by

1/}d(td, rd) — [ei(pxrfExt)]d —
(27)

*dXd(ded,,,d_Edthd) .

i i _
—e i(pxr—Ext)

e :
and the same rules apply for the isoduality of generic wave functions.

It should be finally indicated that the isodual map is equivalent to charge con-
jugation when projected in our world because it is anti-Hermitean, Eq. (14.) like
charge conjugation, Eq. (4,) and admits positive energy eigenvalues, Eq. (24).
Consequently, to our best knowledge, the isodual theory of antimatter verifies all
existing experimental evidence on antiparticles merely subjected to the indicated
re-interpretation on isodual spaces over isodual fields [26].

3.3. Isoselfdual Dirac equation

In the transition from non-relativistic to relativistic isodual theory of antiparticles
with spin 1/2, let us recall that the isodual theory of antimatter allows the identical
reformulation of Dirac’s equation (1) in the following form called iso-self-dual
Dirac’s equation because invariant under isoduality (Sect. 2.3.6, p. 118 of [26])

(Z'd ><cl 77d,uzl xdvzﬁf _ md ><d Cd) ><d ’@Dd(l’d» —

(28)
= (Z‘nﬂyﬁ/uau - m0)|@/}(ﬂf)> =0,
where the 4 x 4 matrices 7, are given by
- 0 Ok, _ 0 Ok, _
Tk = o,f 0 =\ -0, 0 = Tk
(29)
o= i +lx2 0 —; +1ox2 0 —
* 0 1%, )~ 0 —Io »
and verify the isodual anti-commutation rules
(3} = A0 x4 3 + 3 x4 3, =24 x40t (30)
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with total isodual spin symmetry [25]

otal d
Sepin = SU(2) x SU*(2), €2))

and corresponding space-time symmetry [31]-[34]
Stetal —P(3.1) x PU(3.1), (32)

both symmetries (31) and (32) being isoselfdual [26] [31]-[34].

In the author’s view, a most important aspect of isodual mathematics is the
axiomatic formulation of Dirac’s particle-antiparticle annihilation into light via
the notion of isoselfduality (invariance under the isoduality) with a number of
important implications indicated later on.

Another important aspect is that, being a formulation for point-like antiparti-
cles in vacuum, the isodual theory of antiparticles preserves special and general
relativities in their entirety, since they are merely reformulated on isodual spaces
over isodual fields. Intriguingly, the resulting isodual special and general rel-
ativities [26] are hidden in their conventional axioms, Egs. (21), by therefore
preventing a dismissal of their existence.

Finally, we should note that the isodual theory of antimatter predicts matter-
antimatter antigravity at all levels, from Newtonian mechanics to general relativity
[26]. Particularly instructive is to see the emergence of antigravity in the projec-
tion of the isodual curvature tensor in the Riemannian space of general relativity,
by therefore illustrating that views on violation of general relativity by antigravity
aree essentially due to insufficient mathematics along the main line of Sect. 3.1.

3.4. Isodual rules for unstable antiparticles

The isoduality of permanently stable particles, i.e., the electron and the proton,
is done via a simple use of the above isoselfdual Dirac equation. The isoduality
of unstable particles is conceptually and technically difficult because instability
suggests a composite structure that, in turn, suggests the use of physical, i.e.,
experimentally detectable (rather than hypothetical and undetectable) constituents
as a condition for results to have a chance of passing the test of time.

According to the author’s experience in the field dating back to the 1990’s, the
numerically exact and time invariant representation of all characteristics of un-
stable particles, including the mechanism for the spontaneous decay, the value of
its mean life and the remaining characteristics could only be possible via the as-
sumption that the physical constituents of unstable particles are ordinary particles
are bonded together by nonlinear, nonlocal and nonpotential interactions due to
deep mutual penetration and entanglement [38] of the wave packets according to
the laws of hadronic mechanics (hm) [24] [25] [39] and produced free as a tunnel
effect from hadronic to quantum mechanics in the spontaneous decays, generally
those with the lowest modes.
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As an example, the numerically exact and time invariant representation of all
characteristics of the 7° meson with physical constituents (which is needed for a
consistent isodual conjugation) could only be reached by assuming that the 7° is
a compressed positronium, namely, the known quantum mechanical positronium
[40] compressed down to mutual distances of the order of 10~ ¢m under the laws
of hadronic mechanics (see Table 5.1., p. 827 on of the 1978 Harvard University
memoir [39] and Sect. 2.5.4 of the 2021 update [41])

70 = (eI, e;d)hm = 70, (33)
The presence of the positron in the pi° structure then allowed the understanding
of the mechanism of its spontaneous decay via electron-positron annihilation, the
numeric value of its mean life, the particle produced in the spontaneous decays
and the remaining characteristics.

Under the above conditions, the 7° meson is isoselfdual, namely, a particle
that exists identically in our world as well as in the antiparticle world. Note that
representation (33) is impossible for quantum mechanics due to the lack of ad-
mission of contact non-Hamiltonian interactions between the wave packets of the
electron and positron in deep EPR entanglement.

The exact and invariant representation of all characteristics of the ;= lepton,
including its anomalous magnetic moment [42], has been achieved via the struc-
ture [39] [41]

ut = (e, eTi, € ) hms (34)
in which case ;1 can be interpreted as the antiparticle image of ~. The antiparti-
cle interpretation of the remaining hadronic structure models of unstable leptons,
mesons and baryons is left to the interested reader [41].

3.5. Intriguing predictions

The isodual theory of antimatter identifies the violation of the isoselfdual symme-
try by annihilation (3) (because its Lh.s. is isoselfdual while the r.h.s. is not), but
restores said symmetry via the prediction of the antiphoton (technically identified
as the isodual photon and denoted v?) [43] consisting of photon with all charac-
teristics opposite those of ordinary photons, with consequential reformulation of
annihilation (3) into the isoselfdual firm on both sides

e”+(e)? = y+42 (35)

An intriguing prediction of the isodual theory of antimatter is that, contrary
to the rather popular belief for which nothing can escape from black holes, an-
tiphotons are predicted to be expelled by black holes due to antigravity following
internal particle-antiparticle creation and subsequent annihilation in the isoselfd-
ual form (35).
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The apparent lack of true antimatter character of laboratory antiprotons ap-
pears to be confirmed by the 1908 Tunguska explosion [52] in Siberia which (Fig.
1): had the power equivalent to hundreds of Hiroshima atomic bombs; ionized the
entire Earth’s atmosphere to the point that, the day after, people would read news-
papers at midnight without artificial light; left no crater or debris in the ground.
Since atomic bombs did not exist in 1908, the sole quantitative representation of
the Tunguska explosions is that it was due to the entire annihilation into electro-
magnetic radiations of an antimatter asteroid of unknown astrophysical origin (as
it is the case for cosmic antiprotons) when in contact with our matter atmosphere.

Therefore, the Tunguska explosion appear to confirm Dirac’s particle-antiparti-
cle annihilation into light and casts shadows on the antimatter character of labo-
ratory antiprotons as well as of the nucleus of the anti-Hydrogen atom. Opposing
interpretations of the Tunguska explosion are encouraged provided that they reach
a numerical representation of the origin of the produced extreme energy.

Evidently, for the proton-antiproton annihilation (10) to be compatible with
the lack of any debris in the Tunguska and other explosions (Fig. 1) it shoud have
the isoselfdual form

pT 4+ (N = Sk + Sei (36)

The number of similar large explosions, that also occurred without solid de-
bris in the ground and caused the local termination of radio communications, is
too long to be reported here (see, e.g., the 2017 explosion [53]). Among older
similar events, we mention the 1871 Chicago fire [54] also without a crater on
the ground but the electromagnetic radiations were such to instantly melt bricks.
It is unfortunate for our own safety that, despite their magnitude and anomalous
character, the study of these events is dismissed by mainstream academia because
not predicted by special and general relativities.

4 Antigravity tests

As indicated the preceding paper [10], Theorem 2.1 casts shadows in the true
antimatter character of labratory antipritons [14] and, consequently, on the full
antimatter character of anti-Hydrogen atoms [22] with ensuing shadows on their
conventional gravity [23].

In the author’s view, these results are a consequence of this axiomatic repre-
sentation of particle-antiparticle annihilation via isoselfduality and, therefore, are
a consequence of its violation in the proton-antiproton annihilation (11) of the
Boise-Einstein correlation [50] [51].

In view of the above problematic aspects we suggest that, prior to any final
claim, the gravity between matter and antimatter should be tested via antiparticles

200



R. M. Santilli

of clear and independently proved antimatter character, as it is the case for R. M.
Santilli [44] [45] 1994 comparative test of the gravity of very low (thermal) energy
electron and positron beams in horizontal flight in a supercooled vacuum tube in
which the length of the tube can be selected for given eV in such a way to allow a
visible deviation due to gravity when the beam hits a terminal scintillator, and the
radius of the tube can be selected to render stray field fluctuations smaller than the
expected terminal deviation due to gravity.

Test [44] [45] was presented at the 1996 international Workshop on Antimat-
ter, Sepino, Italy, the 2011 San Marino Workshop on Antimatter, the 2016 SIPS
Conference, Hainan Island, China, the 2023 SIPS Conference in Panama and other
meeting. The feasibility, low cost and resolutory character of test [44] [45] have
been confirmed by A. P. Mills [46] [47], V. de Haan [48] [49] and others.

5 Concluding remarks

In the first section, we recalled that Dirac’s [1] characterizations of negative en-
ergy antielectrons (positrons) and antiprotons (called in this paper cosmic antipro-
tons [12] [13]) verify particle-antiparticle annihilation into light (3) but violate
special relativity and have a number of causality problems.

In the second section, we recalled that, to achieve compatibility with special
relativity, the physicists of the early 20th century [4] made the theoretical as-
sumption (still valid nowadays) that antiparticles carry positive energy (called in
this paper laboratory antiprotons [14]); we introduce, apparently for the first time,
a theorem proving that positive energy antiparticles cannot verify Dirac’s annihi-
lation into light; and we present a number of arguments casting shadows on the
true antimatter character of laboratory antiprotons [14], anti-Hydrogen atoms [22]
and the recent claim of their conventional gravity [23].

Consequently, when treated with 20th century applied mathematics, the notion
of antiparticles as not achieved compatibility with experimental evidence for both
Dirac’s and 20th century conception, by therefore warranting the use of a basically
new mathematics.

Along the latter lines, we have reviewed in the third section decades of math-
ematical, theoretical and experimental studies on antiparticles based on isodual
mathematics which is as an anti-Hermitean image of applied mathematics (called
isodual and denoted with the letter d) characterized by the negative multiplicative
unit 14 = —1 at all levels, beginning with basic numeric fields.

With the understanding that a technical knowledge of the paper requires the
study of the original references due to decades of mathematical, theoretical and
experimental studies on antimatter, we have shown that the ensuing isodual theory
of antimatter provides:
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5.1) A causal representation of Dirac’s negative energy antiparticles and their
annihilation into light via the isoselfduality (invariance under isoduality).

5.2) A full admission of special and general relativities, only defined on isod-
ual spaces over isodual numeric fields.

5.3) The prediction of the negative energy antiphoton[43]

5.4) Positive eigenvalues when projected on conventional spaces over conven-
tional fields.

5.5) The representation of available experimental data on antiparticles.

The main scope of this paper is to indicate the existence of a number of intrigu-
ing open problems on antimatter whose study requires a collegial participatoin,
among which we mention

5.A) The astrophysical origin of cosmic antiprotons as well as of large explo-
sions in our atmosphere without debris on the ground.

5.B) The comparative test of the gravity of thermal electrons and positrons
[44]-[49].

5.C) The possible expulsion of antiphotons by black holes following internal
particle-antiparticle creation and annihilation into photon-antiphoton pairs.

All in all, a serious scientific process for our own safety (Fig. 1) requires the
admission that our current knowledge on antiparticles, as well as antimatter at
large, is quite limited, if not misleading, due to one century of restriction of the
studies to be compatible with theories, such as special and general relativities, that
were not conceived for antimatter.
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The author, an undergraduate physics student, reviews in this paper:
1) positive mass negative charge antiprotons according to 20th cen-
tury particle physics; 2) positive mass negative charge pseudopro-
tons according to hadronic mechanics; 3) the notion of antiprotons
according to the isodual theory of antimatter; 4) a theorem recently
proved by R. M. Santilli essentially implying that, under the spinorial
Poincaré symmetry, the 20th century conjugation from particles to an-
tiparticles prohibits partlcle-antiparticle annihilation into light; and 5)
consequential doubts on the recent gravity test for the anti-hydrogen
atom. Therefore, the author examines the possibility that antiparti-
cles are actually gravitationally rejected by matter and 20th century
antiprotons are in reality pseudoprotons with a consequential number
of intriguing open problems in antimatter, like the astrophysical ori-
gin of true antiprotons from cosmic rays, and others. We conclude
by examining: the 1994 proposal for a resolutory test on the gravity
of true antiparticles, such as the positrons; the possible existence of
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1 Pseudoprotons according to hadronic mechanics

The positive mass, negative charge pseudoproton [1] is a particle predicted by
hadronic mechanics [2] which proposes an alternative description of the structure
of unstable particles compared to the standard model. More precisely, hadronic
mechanics predicts that the multitude of known unstable particles are composed
by generalized bound states of physical, i.e., detectable particles produced free
in their spontaneous decays. Thanks to the first known exact representation of all
characteristics of the neutron as a hadronic bound state of an electron and a proton
in the core of stars [3], hadronic mechanics has confirmed the historical concep-
tion of stable matter in the universe as being solely composed by the permanently
stable protons and electrons [4]. Additionally, hadronic mechanics has achieved
industrial means for the resolution of the historical Coulomb barrier opposing
controlled nuclear fusions [5].

1.1 Pseudoproton’s structure

The characteristics of the pseudoproton resemble those of a proton in terms of
mass, but the charge is negative since it is composed by a hadronic bound state of
a proton and two singlet-coupled electrons (see Figure 1) or a proton and two un-
paired electrons inside the proton (see Figure 2) which are two variants that differ
in the overall spin. Pseudoprotons have been synthesized by using the Rutherford
compression mechanism for the synthesis of the neutron from an electron and a
proton [3] applied to the synthesis of an electron and, this time, a neutron [1].
Despite being unstable, the pseudoproton has a half-life on the order of seconds
or fractions thereof, which is long enough for technological applications.

1.2 Experimental evidence of the existence of pseudoproton
The existence of pseudoprotons has been experimentally indicated in [6] where

the pseudoprotons were detected by irradiation of a sample of silver by verifying
the expected reaction

Ag(47,109,1/2) + p(—1,1,1/2) —
(1)
— Pd(46,110,0) + 2+(0,0,1),

where p (—1, 1, 1/2) indicates pseudoprotons.
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Figure 1: Pseudoproton structure according to hadronic mechanics [1].
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Figure 2: Another possible structure of the pseudoproton that differs from that of Fig. 1
in spin [6].
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2 Basics elements of isodual mathematic

The most useful branch of mathematics for the rappresentation of antimatter’s
behavior appears to be the isodual mathematic developed by R. M. Santilli [7].
Some of its basic concepts can be outlined as follows:

2.1 Isodual numbers

In mathematics, a "numeric field” is an algebraic structure in which a set of
elements and two operations (an addition and a multiplication) are defined in such
a way that, when applied to elements of the set, result in an element belonging to
the same set.

The property that distinguishes the inverse of an element is that by applying
the multiplication operation between an element and its inverse the unit is always
obtained. The fundamental property of unity is that it is equivalent to its inverse.

Santilli conceived the isodual mathematics to study the numeric field in which
the fundamental unit is negative,

1= -1, @)

in which case the multiplication, symbolized by x? , provides numeric values
opposite those of a field of real numbers.

ax®b=a(1)) 7. (3)

It is then evident that in a theory where this type of multiplication is defined all
numeric values are opposite those of an ordinary matter theory. More precisely,
you can define for each given number its isodual which is anti-Hermitean

n®=nl? = —nf @)

2.2 Antimatter is represented as isodual matter on a isodual
space over an isodual field

The isodual field turns out to be able to represent the properties of the anti-
matter that can in fact be considered matter with the values of all the physical
properties (for example mass) corresponding to the isodual values and placed in
an isodual space over an isidual field.

For example consider the charge conjugation applied to a quantum wave func-
tion

Ci (r) = = (r)", (5)
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it is evident that a wave function under the isodual transformation correctly repre-
sents the charge of the antiparticle

! () = = (=) ©6)

with the sognificative difference that the isodual transformation, unlike charge
conjugation, also applies to all other quantities (as in this case the variable r)

It is noteworthy that also the space and time that host antimatter are isodual
with respect to space and time of matter (see also the excellent recent review by
A. Muktibodh [8]).

3 The gravity of matter and antimatter

There is still no unanimous consensus on the behavior of antimatter in relation
to matter gravity. The question is whether there is no gravitational difference
between matter and antimatter, as expected from the positive mass of 20th century
antiparticles, or antimatter produces an antigravity field in the fiekd of matter, as
expected from their negative mass, that rejects matter by therefore that matter and
antimatter experience a gravtational repulsion, also called antigravity..

3.1 Behavior predicted by the isodual theory of antimatter

The isodual theory of antimatter [7] makes use of the isodual unit 1¢ = —1 to
’conjugate” matter formulas and make them valid for the description of antimatter.
By recalling Newton’s gravitational attraction between two positive mass particles
in the Euclidean space £ with local coordinates r over the field of real numbers R

with unit 1 > 0

F:GXm1Xm2>O 7

2
.
the corresponding attraction between two negative mass particles in the isodual
Euclidean space £¢ with local coordinates 7% = r1¢ over the isodual field of real
numbers R¢ is given by

G x4 md xdmd
d_ 1 2
F¢ = i <0 ®)

and denotes attraction because the negative value of F'? is measured in terms of
the negative unit 1¢ < 0 of R

It then follows that the gravitational force between a positive mass particle and
a negative mass antiparticle is repulsive in our Euclidean space £ over R

G x my x mg

F = <0. ©)

r2
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as well as in the antimatter space £¢ over R¢

Gé x4 md xdm
d __ 1 2
F¢ = i >0 (10)

were, again, the negative value of F?, this tine, denotes repulsion because of the
negative value of 1%,

Consequently, the isodual theory of antimatter predicts that a matter particle
and an antimatter particle should experienhce antugravity. Santilli [7] has proved
the validity of this property at all levels of treatment, from Newtonian mechanics
to the Riemannian geometry.

3.2 CERN’s gravity experiment on antimatter

The mainstream interpretation of the 2023 experiment at CERN [9] is instead
that antimatter would be gravitationally attracted by matter and there would be
no gravitational difference in their behavior. In fact, the statistical data of of the
CERN’s experiment indicates that anti-hydrogen atoms fall towards the center of
the Earth.

3.3 Comparison between two lines of thought

A theorem recently proved by R. M. Santilli in Refs. [10] [11] states that,
under the invariance by the spinorial Poincaré symmetry, the particle-antiparticle
conjugation

PTC|p,j, % (t,r) >= |p,=J, = (t, 7)1 > (11)

is incompatible with the experimental evidence of electron-positron annihilation
into light.

This suggests that antimatter particles actually have a negative mass as his-
torically predicted by P. A. M. Dirac [12] who discovered himself that negative
energy antiparticles represented in our spacetime over the field of real numbers
violate causality.

Santilli [7] resolved Dirac’s causality problem via the construction of the
new isodual mathematics, which is inclusive of isodual spaces and isodual num-
bers, according to which a negative energy antiparticle represented in the isodual
spacetine over the field of isodual numbers all having the basic unit 19 = —1
are as causal as positive energy particles represented in our spacetime over ordi-
nary numeric fields all having the basic unit 1 [7]. In particular, the isodual map
coincides with charge conjugation at short distances and, therefore, the isodual
theory of antimatter correctly describes all the experimental data known to date
on antimatter [11].
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4 Antiprotons or Pseudoprotons?

A different but valid interpretation of the CERN experiment that would resolve
the apparent contradictions proposed iun Ref. [11] is that, in reality, the nuclei of
the anti hydrogen atoms are pseudoprotons since the latter have a positive mass
and a negative charge and, therefore, can be easily mistaken for antiprotons.

4.1 Laboratory antiprotons could be pseudoprotons?

Antiprotons are produced in laboratory by sending high-energy protons against
a matter target. It is possible that this process produces in reality pseudoprotons
because the collision of high energy protons against the target does produce neu-
trons from the collision of protons with the target electron clouds with ensuing
finite probability for the subsequent synthesis of pseudoprotons.

A strong argument in favor of the latter view is that laboratory antiprotons
colliding with protons give rise to a rain of massive particles [13] instead of anni-
hilating themselves into light,as expected in the event they were true antiprotons.

4.2 Cosmic antiprotons or cosmic pseudoprotons?

The presence of antiprotons among cosmic rays is the most reasonable expla-
nation for the visions of light flashes witnessed by several astronauts during their
travels in the upper Earth’s atmosphere. These flashes could be caused by the
interaction of antiparticles with the photoreceptor cells in the retina of the eye.
Photoreceptor cells may be stimulated by photons emitted by particle antiparti-
cle annihilation reactions. So it is extremely likely that there are true antiprotons
among the cosmic rays.

However, the first detection of a negative-charged heavy cosmic ray was car-
ried out by Chamberlain and Segre with the Bevatron in 1955 [14]. The crucial
point on which we want to bring attention is the possibility that the particle de-
tected, may not have been an antiproton, although it was logically considered such
by the experimenters, but it’s probably a pseudoproton as it shows the typical scat-
tering of a particle of matter (see Figure 3) rather than annihilation at Dirac.

In fact, true antiprotons are expected to annihilate at contact with atmospheric
nuclei, by therefore rendering virtually impossible they reaching us at sea level
(the average free path appear to drop below 1 m already at 100 km elevation).
The case for high energy pseudoprotons is different because they would have con-
ventional scattering with atmospheric nuclei, rather than annihilation by therefore
reaching us at sea level.
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Figure 3: Historical image of the first detection of an alleged antiproton. The visible
scattering suggests that it was actually a matter particle, presumably a pseudoproton

PHOTONS 1

ANTINEUTRONS

Figure 4: Santilli’s 1994 resolutory test on the gravity of antiparticles [15].

S A resolutory antimatter gravity test

A resolutory test on the gravity of antimatter was proposed by Santilli in 1964
[15] (see also the more recent study [16]) and submitted to CERN Directorate by
the R. M. Santilli Foundation as well as by experts in antimatter. The proposed
test essentially uses a beam of very low-energy positrons in a horizontal high-
vacuum supercooled tube. The test was stated to be resolutory by A. P. Mills [17]
[18], by V. O. de Haad [19] [20] and by others experts in antimatter because the
positrons are unquestionable antiparticles and the point of incidence of positrons
on a terminal scintillator can be visually detected and compared with the down-
ward incidence due to gravity of a very low-energy electron beam and a thin beam
of photons denoting lack of gravity deflection (see Figure 4).
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6 Cosmic antimatter?

The current, widespread cosmological view is that the universe in which we
live contains matter in an immensely greater quantity than antimatter and, con-
sequently, the latter would have a marginal role in the processes taking place in
the natural world. In fact, it is believed that the Big Bang produced matter and
antimatter in equal quantities and that, in view of matter-antimatter annihilation,
only a small part of antimatter “survived”. Nevertheless, the author believes that
the lack of antimatter at cosmological scale is far from having been resolved in a
scientific way due to the new light emitted by antimatter, called isodual light [21]
which is not expected to be visible by available telescopes [7].

6.1 Comments on particles decays

It is widely assumed that, during the Big Bang, positrons are converted into
protons, in an attempt to explain the imbalance in favor of matter. However, such
an assumption implies the prediction that low energy protons should decay into
positrons in a finite period of time (the estimated half-life is of the order of 1033
years [22]). However, all attempts to detect proton decay have failed to date. This
suggests that hadronic mechanics is a more accurate description of reality since it
does not predict proton decay.

It may be useful to check whether the anti-hydrogen atoms produced at CERN
do decay because in the event they really are antiparticles they should remain
stable until they come into contact with the matter. On the other hand, in the event
their nuclei are composed of pseudoprotons, hadronic mechanics foresees their
rapid decay.

6.2 Antimatter asteroids

It is possible that there is no conversion between matter and antimatter and in
this case it would be possible that matter and antimatter are still present in equal
quantities in the universe since antimatter is predicted to emit the new isodual
light [21]. Hence, there may be galaxies and celestial bodies in the universe com-
posed entirely of antimatter since that would be the most logical origin of the true
antiprotons detected in cosmic rays jointly with antimatter asteroids.

In the event the latter enter the gravitational field of the Sun, they are pushed
back outwards according to the isodual theory of antimatter according to a a trajec-
tory that could intersect the orbit of our planet and impact our upper atmosphere
under special conditions [23] [24].

Some past events are consistent with the entry of antimatter asteroids into
the atmosphere. The famous and enigmatic event of Tunguska that devastated
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2150 km? of taiga remained is not explained by the simple impact of a celestial
body. For example there is no crater. Among the hypotheses about what may have
caused the disaster is the encounter with an antimatter asteroid. But even if an
isolated case can receive alternative explanations, there are other cases that can
be explained by this origin, such as the Chicago fire of 1871, a highly destructive
event that triggered a fire that spread very quickly, or the meteorite visible in the
skies of Russia in 2013 that did not cause craters.

7 Concluding remarks

In this paper, we have reviewed:

1) positive mass negative charge antiprotons according to 20th century particle
physics;

2) positive mass negative charge ordinary partcles called pseudoprotons ac-
crding to hadronic mechanics;

3) the notion of antiprotons acording to the isodual theory of antimatter;

4) a theorem recently proved by R. M. Santilli essentially implying that, under
the spinorial Poincaré symmetry, the 20th century conjugation from particles to
antiparticles prohibits partlcle-antiparticle annihilation into light; and

5) consequential doubts on the recent gravity test for the anti-hydrogen atom.

The tentative conclusion of our comparative analysis is that 20th century an-
tiprotons are, most likely, pseudoprotons, by therefore questioning the results of
CERN gravity experiment [9] and leaving basically open the gravity of true an-
tiparticles in favor of R. M. Santilli [15] 1964 antigravity test with clearly estab-
lished antiparticles, such as the positrons (see also [16]- [20]).
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1 Introduction

The non-Godelian incompleteness of quantum mechanics was introduced by
Einstein, Podolsky and Rosen (EPR) in his well known article [6], where they
argued that the description of physical reality provided by quantum mechanics
was incomplete.

The EPR thought experiment involves a pair of particles prepared in an so
called entangled state. Einstein, Podolsky, and Rosen pointed out that, in this
state, if the position of the first particle were measured, the result of measuring
the position of the second particle could be predicted. If, instead, the momentum
of the first particle were measured, then the result of measuring the momentum
of the second particle could be predicted. They argued that no action taken on
the first particle could instantaneously affect the other, since this would involve
information being transmitted faster than light, which is forbidden by the theory
of relativity. This contradicted the view associated with Niels Bohr and Werner
Heisenberg, according to which a quantum particle does not have a definite value
of a property like momentum until the measurement takes place.

While the EPR paradox is solved continuosly many years without rigorous re-
sult [7], there is the crucial incompleteness of the Schrodinger equation. Namely
the nonexistence of the classical limit of this equation for the infinite mass of a
particle. We here investigate this problem using the nonlinear Schrodinger equa-
tion with the logarithmic correction and the adequate new constant.

2 The nonlinear wave mechanics

Many authors have suggested that the quantum mechanics based on linear
Schrodinger equation is only an approximation of some more nonlinear theory
with the nonlinear Schrodinger equation. The motivation for considering the non-
linear equations is to get some more nonstandard solution in order to get the better
understanding of the synergism of wave and particle.

The program to create nonlinear wave mechanics was elaborated by de Broglie
[8] and his group. Bialynicki-Birula and Mycielski [9] considered the generalized
Schridinger equation with the additional term F'(|¥|*)¥ where F is some arbi-
trary function which they later specified to —b(In |¥|?), b > 0. The nonlinear term
was selected by assuming the factorization of the wave function for the composed
system.

The most attractive feature of the logarithmic nonlinearity is the existence of
the lower energy bound and validity of Planck’s relation £/ = hw. At the same
time the Born interpretation of the wave function cannot be changed. In this theory
the estimation of b was given by the relation b < 4 x 10~%eV following from the
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agreement between theory and the observed 25 — 2P Lamb shift in hydrogen.
This implies an upper bound to the electron soliton spatial width of 10 pm.

Shimony [10] proposed an experiment which is based on idea that a phase
shift occurs when an absorber is moved from one point to another along the path
of one of the coherent split beams in a neutron interferometer. In case of the
logarithmic nonlinearity Shull at al. [11] performed the experiment with a two-
crystal interferometer. They searched for a phase shift when an attenuator was
moved along the neutron propagation direction in one arm of the interferometer.
A sheet of Cd, 0.086 mm thick, was used for the absorber.They obtained the upper
bound on b of 3.4 x 10713V which is more than three orders of magnitude smaller
than the bound estimated by Bialynicky-Birula and Mycielski [9].

The best upper limit on b has been reported by Gihler, Klein and Zeilinger [12]
who has been searched for variations in the free space propagation of neutrons.
20 A neutrons were diffracted from an abrupt highly absorbing knife edge at the
object position. By comparing the experimental results with the solution to the
ordinary Schrodinger equation they were able to get the limit b < 3 x 107 '°¢V,
which corresponds to an alectron soliton width of 3 mm. The similar results was
obtained by the same group from diffraction a 100 ;sm boron wire.

To our knowledge the Mossbauer effect was not used to determine the con-
stant b although this effect allows to measure energy losses smaller than 10~ 1%eV/.
Similarly the Josephson effect has been not applied for the determination of the
constant b.

We see that the constant b is very small, nevertheless we cannot it neglect
a priori, because we do not know its role in the future physics. The correspond-
ing analog is the Planck constant which is also very small, however, it plays the
fundamental role in physics.

The goal of this article is to give the new derivation of the logarithmic non-
linearity, to find the solution of the nonlinear Schrédinger equation of the one-
dimensional case and to show that in the mass limit m — oo we get exactly the
delta-function behavior of the probability of finding the particle at point x. It
means that there exists the classical motion of a particle with sufficient big mass.
The nonlinearity of the Schrodinger equation also solves the colaps of the wave
function and the Schrodinger cat paradox. We will start from the hydrodynamical
formulation of quantum mechanics. The mathematical generalization of the Euler
hydrodynamical equations leads automatically to the logarithmic term with b > 0.
The article is the modified articles by author [3], [4], [5].
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3 The derivation of the nonlinear Schrodinger equa-
tion

We respect here the so called Dirac heuristic principle [13] according to
which it is useful to postulate some mathematical requirement in order to get the
true information about nature. While the mathematical assumption is intuitive, the
consequences have the physical interpretation, or, in other words they are phys-
ically meaningful. In derivation of the logarithmic nonlinearity we use just the
Dirac method.

According to Madelung [14], Bohm and Vigier [15], Wilhelm [16], Rosen
[17] and others, the original Schrédinger equation can be transformed into the
hydrodynamical system of equations by using the so called Madelung ansatz:

U= \/56%57 (1)

where n is interpreted as the density of particles and S is the classical action
for A — 0. The mass density is defined by relation ¢ = nm where m is mass
of a particle.
It is well known that after insertion of the relation (1) into the original Schrodinger
equation

ov h?
h— = — AU+ VU 2
! ot om + ’ 2)

where V' is the potential energy, we get, after separating the real and imaginary
parts, the following system of equations:

oS 1 9 B n* Ay/n
E—F%(VS) +V_%\/ﬁ (3)
on )
5 + div(nv) =0 (4)
with
vSs

Equation (3) is the Hamilton-Jacobi equation with the additional term
h* A/n (6)
2m /n’

which is called the quantum Bohm potential and equation (4) is the continuity
equation.

‘/q:
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After application of operator 5/ on eq. (3), it can be cast into the Euler hydro-
dynamical equation of the form:

ov 1
aﬂL(v-V)v:—EV(VjLVq). (7)

It is evident that this equation is from the hydrodynamical point of view in-
complete as a consequence of the missing term —o~*Vp where p is hydrodynam-
ical pressure. We use here this fact just as the crucial point for derivation of the
nonlinear Schrédinger equation. We complete the eq. (7) by adding the pressure
term and in such a way we get the total Euler equation in the form:

m (88_:5’ +(v- V)V> =-V(V+V,)—-VF, (8)

where

1
VEF = —Vp. 9)
n

The equation (8) can be obtained by the Madelung procedure from the follow-
ing extended Schrodinger equation

ov 12
e = —— AU+ VU + FU 1
ih > o + VU + (10)

on the assumption that it is possible to determine /' in term of the wave function.
From the vector analysis follows that the necessary condition of the existence of
F as the solution of the eq. (9) is rot grad F' = 0, or,

rot(n~'Vp) = 0, (11)
which enables to take the linear solution in the form

p=—bn=-bT, (12)

where b is some arbitrary constant. We do not consider the more general solution
of eq. (11). Then, from eq. (9) i.e. grad F' = a we have:

1
F:/aidxi = —b/—dn: —bln |U|?, (13)
n

where we have omitted the additive constant which plays no substantial role in
the Schrodinger equation.

Now, we can write the generalized Schrodinger equation which corresponds
to the complete Euler equation (8) in the following form:

226



M. Pardy

o R ,
i = =5 AW+ VT — b(n [W]*) ¥, (14)

Let us remark that the stochastic derivation of the nonlinear equation (14) was
given by Lemos [18]. However, the author (Pardy) derivation is more attractive
from the pedagogical view of point.

Let us approach the solving eq. (14).

4 'The soliton-wave solution of the nonlinear Schrodinger
equation

Let be ¢, (Im ¢ = 0), v, k, w some parameters and let us insert function

U(x,t) = cG(x — vt)ehr—iwt (15)

into the one-dimensional equation (14) with V' = (. Putting the imaginary part
of the new equation to zero, we get

Bk

m

(16)

(%

and for function G we get the following nonlinear equation (the symbol ' denotes
derivation with respect to £ = = — vt):

G" + AG + B(InG)G =0, (17)
where
2m 2m
A:?w—k2+ﬁblnC2 (18)
4mb

After multiplication of eq. (17) by G’ we get:

A

1 o G2 el
or, after integration
2 2 2 B _,
G*=—-AG"— BG"InG + EG + const. (21)
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If we choose the solution in such a way that G(co) = 0 and G'(c0) = 0, we
get const. = 0 and after elementary operations we get the following differential
equation to be solved:

dG
= d¢, 22
Gva—BInG ¢ (22)
where
B

Eq. (22) can be solved by the elementary integration and the result is

G =ebe T (24)

)

where d is some constant.
The corresponding soliton-wave function is evidently in the one-dimensional
free particle case of the form:

\I/(.I', t) _ Ce%e—g(a:—vt-l-d)Qeikx—iwt. (25)

5 Normalization and the classical limit

It is not necessary to change the standard probability interpretation of the
wave function. It means that the normalization condition in our one-dimensional
case is

/ T d = 1. (26)

o0

Using the Gauss integral

/o eV dy = g, (27)

N|=

we get with A = (£)

2 22 B :
- (= 28
c‘eB (27r) (28)
and the density probability U*W¥ = §,,,(£) is of the form (with d = 0):
mao 2 2b
on(&) =/ —e ™™ ; a=_. 29
€=/ =l (29)
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It may be easy to see that d,,(€) is the delta-generating function and for m —
o0 is just the Dirac d-function.

It means that the motion of a particle with sufficiently big mass m is strongly
localized and in other words it means that the motion of this particle is the classical
one. Such behavior of a particle cannot be obtained in the standard quantum
mechanics because the plane wave

eikm—iwt (30)

corresponds to the free particle with no possibility of localization for m — oo.
Let us still remark that coefficient c? is real and positive number because it is a
result of the solution of eq. (28) which can be transformed into equation (z = ¢?)

o' = const. (31)

6 The principle of superposition

The principle of superposition is in nonlinear theory broken. If ¢; and ¢,
are two different solution of the nonlinear Schrodinger equation then the linear
combination ¢ = ay; + by, where a and b are the arbitrary constants is not
the solution of the same equation because of its nonlinearity. In other words the
original principle of superposition of the standard quantum mechanics is broken.
The consequence of the breaking of the principle of superposition is the resolution
of the Schrodinger cat paradox [19].

7 The determination of the constant b by experi-
ment

After insertion of the function

U(a,t) = exp — [i( E/)1]d(x) (32)

into Eq. (14), we get, in the one-dimensional case,

¢+ k¢ =Doln|g|, (33)
with
2mE 4mb
2

We suppose that the approximate solution of Eq. (33) is of the form
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o(x) = Asin Kz, (35)

where A and k are to be determined. For |sin xx - In |A|| > |sin k2 - In | sin kx
we get

)

(k* — k%) = DIn |A| (36)

and, from the boundary conditions ¢(0) = ¢(L) = 0 and from the normalization
condition of the wave function on the space interval (0, L), we get

() = \/%Sin n%x (37)

The corresponding energies of the stationary states then are

h2m?
-~ 2mlL>2
The last formula indicates that it is not possible to determine the constant b

spectroscopically, because relation iw = E,, — E,,, does not contain the constant
b.

2
E, nz—blgz; n=123,.. . (38)

On the other hand, the force between boundaries, due to the the existence of
the particle in the box, is ' = —0FE/JL, i.e.,
’r? ., b
e L (39)
for one particle in the box, and /N F}, for the /V noninteracting particles in the box.
It can in principal be measured by the same methods that were used in the case of
the Casimir effect [1], [2]. Of course, the difficulties will be greater than in the
case of the Casimir effect.

The other possibility for the measurement of £, one which is here considered
for the first time, is to consider the following experiment: Two rods with square
cross section, are given, the near ends being at the distance L apart and forming a
potential box of width L. Suppose particles are impinging on the rods in the lo-
cality of the boundary of the gap and are reflected. It is evident that the resonance
absorption of particles by the gap occurs for a velocity that is determined by the
equation

%mvi = FE,, (40)

where v, is the velocity perpendicular to the plane of the gap. If the source of
particles is fixed to the rotating disk, then the velocity of the emitted particles can
be continuously changed in order to get the resonance velocity, just as in case of
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the Mossbauer experiment [20] , and in such a way that it gives the possibility for
determination of the constant b.

For A= 1.05 x 10724 J, L=10"m, m = 1,67 x 10~%kg, b=3.3 x 10~ %eV
=33 x 1.6 x 10734], n =10, , we get Eo = 3,25 x 1072°] - 8.87 x 10733].

In this calculation we have used the results of the interferometric search for
the nonlinear term in the Schrodinger equation of Shull et al. [11] and Gihler et
al. [12], who got the upper limit of b of < 3.3 x 10~ eV.

8 Discussion

We have seen that the introduction of the logarithmic nonlinearity in the
Schrodinger equation was logically supported by the fact that the nonlinear Schrodinger
equation gives results which are physically meaningful. We have obtained the cor-
rect mass limit of the wave function.

The further strong point of the nonlinear Schrédinger equation (14) is the re-
sult (16) which is equivalent to the famous de Broglie relation

h
A= — 41
5 (41)
because of A = 27/k = 2n(h/mv) = 27(h/27)(1/p) and it means that de
Broglie relation is involved in this form of the nonlinear quantum mechanics.

The nonlinear equation (14) has also the normalized plane-wave solution

1 ) )
\Ij(x7t) = Eedm_wt' (42)

After insertion of eq. (33) into eq. (14), we get the following dispersion
relation:

h?k?

hw = o + bln(27), (43)
from which the relations follows:
hw =bln(2r); k=0 (44)
and
2m
k= +i ﬁbln(%r); w = 0. (45)

It is no easy to give the physical interpretation of eqgs. (44) and (45) and so we
cannot say that the plane-solution of the nonlinear Schrodinger equation is phys-
ically meaningful. Only the soliton-wave solution of the nonlinear Schrodinger
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equation can be taken as relevant. Only this solution is suitable for the physi-
cal verification. The possible new tests of the nonlinear quantum mechanics are
discussed in the author article [4].

The generalization to the motion of particle in the electromagnetic field with
potentials ¢(x, ¢) and A(x, t) can be performed by the standard transformation

h h
v lvo (f) A(x,1) (46)
i i c
and adding the scalar potential energy ¢(x,t) in the Schrodinger equation for
the free particles. According to Bialynicky-Birula et al. [9], the solution of the
equation in this case can be taken in the form

U(x,t) = e G(x — u(t)), (47)

where function G is necessary to determine. In the similar form the problem was
yet solved [21].

Kamesberger and Zeilinger [22] have given the numerical solution of the orig-
inal Schrodinger equation and this equation with the nonlinear term —b(In [¥|?) ¥
in order to visualize the spreading of the diffractive waves. When comparing the
evolution patterns of the nonlinear case with the linear one, one notices that the
maxims are more pronounced in the nonlinear solution. It can be understood as a
mechanism compressing the wave maxims spatially. In the quantitative compar-
ison of the both cases this enhancement of the maxims and minims can be seen
very clearly.

Although we have given reasons for the introducing of the nonlinear Schrodinger
equation it is obvious that only the crucial experiments can establish the phys-
ical and not only logical necessity of such equation. In case that the nonlinear
Schrédinger equation will be confirmed by experiment, then it can be expected
that it will influence other parts of theoretical physics.
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It was in mid 90es when Professor R. M. Santilli realized, for the first time, that his
innovating theories can be appropriate expressed by multi-valued systems. At that time
the largest class of hyper-structures, the Hy-structures, based on the weak properties, were
introduced and studied deeply. The extremely large number of weak hyper-structures
defined on the same set can be reduced by demanding a lot of properties. Therefore,
whenever the Santilli’s Hadronic Mechanics need special elements satisfying a number
of properties then the class of the Hy-structures is the appropriate one. The first Hy-
structures in Hadronic Mechanics, introduced in 1996, are called e-hyper-structures. The
main question in this theory proposed by Santilli is: What are the hyper-numbers? Hyper-
numbers or Hy-numbers are called the elements of any Hy-field and they are important in
representation theory, as well. In this presentation we give some constructions and
properties on minimal Hy-fields.
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1. Introduction to Hy-structures

The hyper-structures were introduced by F.Marty in 1934 [13] when he first defined
the hypergoup as a set equipped with an associative and reproductive hyper-operation.
We deal with the largest class of hyper-structures called Hy-structures, introduced in 1990
[17], [29], [30]. These satisfy the weak axioms where the non-empty intersection replaces
equality. Basic definitions [2], [4], [5], [6], [10], [11], [12], [21], [23], [24], [25], [26],
[30], [31], [32], [34], [43], [51]:

A set H equipped with, at least, one hyper-operation: -: HxH—>P(H)-{J}, is called
hyper-structure, we write (H,-). The () is weak associative, if (xy)znx(yz)=J, Vx,y,zeH
and weak commutative if xynyx=d, Vx,yeH. The (H,-) is an Hy-semigroup if it is weak
associative, and it is an Hy-group if it is reproductive Hy-semigroup: xH=Hx=H, ¥xeH.

Similarly, more complicated hyper-structures can be defined: (R,+,) is Hy-ring if (+)
and (-) are weak associative, the reproduction axiom is valid for (+) and (-) is weak
distributive with respect to (+):

X(y+2)N(Xy+xz)=d, (X+y)zn(xztyz)=d, VX\y,zeR.

Let (R,+,) be Hy-ring, (M,+) is a weak commutative Hy-group and there exists an external
hyper-operation - : RxM—P(M): (a,x)—ax such that, Va,beR and ¥x,yeM, we have

a(xty)n(ax+ay) = J, (atb)xn(ax+bx) =, (ab)xna(bx) = I,

then M is an Hy-module over F. In the case that we have an Hy-field F, defined later,
instead of the Hy-ring R, then the Hy-vector space, is obtained.
In an Hy-semigroup (H,-), the powers are defined by

hi={h}, h’=h-h... h"=h°h°...°h,

where (°) is the n-ary circle hope: take the union of hyper-products n times, with all
possible patterns of parentheses on them. An (H,-) is a cyclic of period s, if there is a
generator h and the minimum natural s, such that

H =h'oh?U...uhs,

Analogously, cyclicity for the infinite period is defined. If there are h and s, the minimum
one, such that H=h®, then we say that the (H,-), is a single-power cyclic of period s.

For more definitions and applications on Hy-structures one can see books and papers
as [1], [2], [4], [3], [6], [11], [12], [22], [30], [32], [34], [38], [43], [49].

Let (H,-), (H,*) be Hy-semigroups on H. (-) is called smaller than (*), if there is an

fe Aut(H,*) such that xycf(x*y), Vx,yeH,

then we say that (H,*) contains (H,-). If (H,) is a classical structure then it the basic
structure, and (H,*) is called Hp-structure. Minimal is called an Hy-group if it contains no
other Hy-group on the same set.
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Theorem 1.1 (The Little Theorem). Greater hyper-operations than the ones which are
weak associative or weak commutative, are also weak associative or weak commutative,
respectively.

This Theorem leads to a partial order on Hy-structures and reveal the enormous number
of defined on the same set. The problem of enumeration of hyper-structures, is complicate
in Hy-structures because we have great numbers. The Little Theorem, transfer the problem
into finding the minimal, up to isomorphisms, Hy-structures. For example, the number of
Hv-groups with three elements, up to isomorphism, is 1.026.462, there are 7.926 abelian.

Interesting large classes of Hy-structures, are the following [25], [26], [30], [31], [41]:
Definition 1.2 An Hy-structure is called very-thin if all hyper-operations are operations
except one, were all results are singletons except one, which is a set with more elements.
Definition 1.3 Let (G,-) groupoid, then VPG, P=J, we define the P-hyper-operations:

P: xPy= (xP)yux(Py), Vx,y€G,
(G,P) is a P-hyper-structure. If (G,-) semigroup, then xPy=xPy, (G,P) is semi-hypergroup.

A generalization of P-hyper-operation, used in Lie Santilli’s theory, is the following:
Let (G,-) be abelian group and PG, we define the Pe-hyper-operation (xp) by

{ xxpy = X-P-y = {x-h-y|heP} if x=e and c=e
X-y if x=e or y=e
The hyper-structure (G,xp) is an abelian Hy-group.

Hyper-products on any type of ordinary matrices can be defined [10], [21], [54], [55].
Definition 1.4 Let A=(ai;) e Mmxn, mxn matrix and s,te N, 1<s<m, 1<t<n. Denote st a map

S_t: men—)Msxt: A—)AS_t:(Qu),

where gij:{ai+l<s,j+m| 1<i<s, 1<<t, kA eN, itxks<m, j+At<n}.
(@) Let A=(ai;) e Mmxn, B=(bij) € Muxv, S=min(m,u), t=min(n,v). The helix-sum, is

(‘B: menXMuxv%P(Msxt): (A,B)—)AC‘BB:As_t‘l'BS_t:(gu)'l'(Du)C Msxt,

where (ai))+( bij)= {(ci)= (ai+bi) | aijea; and bijebi}.
(b) Let A=(aij) € Mmxn, B=(bij) € Muxv, S=min(n,u). The helix-product, is

®: MmxnxMuxv =>P(Mmxv): (A,B)—>A®B=Ams-Bsv=(ai;)-(bij)c Mmxv,
where (ai)-(bi)= {(ci)=(Zaiby) | aijeaij and bijebi}.

The helix-sum is commutative, the helix-product is weak associative.

The helix-Lie Algebra is defined as well. We study the matrices Mmxn Where m<n,
since we have analogous cases if m>n. Several classes appropriate in helix-operations are
defined. For example: Let A=(aij)eMmxn and s,teN, 1<s<m, 1<t<n. We call A S-helix
matrix of type sxt, if Ast has diagonal entries elements. An S-helix A, is an So-helix matrix
if, moreover, aii... amm #0. The set of S-helix matrices A=(aij) € Mmxn, is closed under the
helix-product. It has st left scalar unit lc. The So-helix matrices X have inverses X
lce XXX 1eX.
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2. Fundamental relations

The main tool to study the hyper-structures is the, so called, fundamental relation. In
1970 M. Koskas [30] introduced in classical hypergroups the relation B and its transitive
closure B*. This relation connects the hyperstructures with the corresponding classical
structures and is defined in Hy-groups as well. T. Vougiouklis [11], [27], [29], [30], [31],
[52] introduced, and gave new proofs, the analogous relations y* and €*, which are
defined, in Hy-rings and Hy-vector spaces, respectively. He also named the relations p*,
v* and &*, fundamental since they play crutial role mainly in representation theory.
Definition 2.1 The fundamental relations p*, y*, and €* are defined in Hy-groups, Hy-
rings, and Hy-vector spaces, respectively, as the smallest equivalences so that the quotient
would be group, ring, and vector spaces, respectively.

Let (G,-) be group and R a partition in G, then (G/R,-) is Hy-group, so (G/R,-)/p* is a
group, the fundamental. The classes of (G/R,-)/B* are a union of the R-classes.

The main theorems, and a way to find the fundamental classes, are the following:

(1) Let (H,-) be Hy-group and denote U the set of finite products in H. Define the relation
B in H setting xPy if {X,y}cu, where ueU. Then, B* is transitive closure of p.

(2) Let (R,+,-) be Hy-ring, denote U the set of finite polynomials in R. Define the relation
v in R setting xyy if {x,y}cu, where ueU. Then, y* is transitive closure of y.

(3) Let (M,+) be Hy-vector space over the Hy-field (F,+,-), denote U the set of expressions
in M. Define ¢ in M setting xey if {x,y}cu, ueU. Then, €* is transitive closure of e.

We present a proof for the second of the above theorems, for the Hy-rings, and the rest
are analogous [11], [29], [30], [33], [39], [50], [52]:

Theorem 2.2 Let (R,+,-) be an Hy-ring. Denote by U the set of all finite polynomials of
elements of R. We define the relation y in R as follows:

xyy if {x,y}cu, where ueU.

Then, the relation y* is the transitive closure of .

Proof. Let y the transitive closure of y, denote y(a) the class of a. First, we prove that the
quotient R/y is a ring.

In R/y the sum (@) and the product (®) are defined in the usual manner:

v(@)@y(b)={y(c):cex(a)+y(b)}, y(@)®y(b)={y(d):dey(a)x(b)}, vabeR.
Take a'ey(a), b'ey(b). Then, we have
a'va if 3Xy,....xm+1 With X1=a’, Xm+1=a and ug,...,umeU: {XiXi+1}cui, i=1,...,m,
b'yb if 3yi,...,yne1 With y1=b', yne1=b and va,...,vneU: {y;yj+1}cvj, j=1,...,n.
From the above, we obtain
{Xi,Xi+1}ryicuitvi, i=1,....m-1, Xme1+{yj,Yj+1}cUm+vj, j=1,...,n.

The sums ui+vi=ti, i=1,...,m-1 and Um+Vj=tm+j-1, j=1,...,n, are polynomials, so, tkeU,
Vke{l,...,m+n-1}.
Now, pick up elements zi,...,zm+n Such that
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ZieXityi, i=1,...,n and Zm+jE€Xm+1tYj+1, j=1,...,1,

therefore, we obtain {zx,zk+1}ctk, k=1,...,m+n-1.

Thus, every element z;exi+y1=a'+b’ isy equivalent to every Zm+ne€Xm+1tyns1=a+b. Thus,
y(a)@y(b) is a singleton so we can write y(a)®y(b)=y(c), Vcey(a)+y(b).

In a similar way, we prove that y(a)ey(b)=y(d), Vdey(a)-y(b).

The weak associativity and the weak distributivity on R give that the associativity and the
distributivity are valid for the quotient R/y*. Therefore, R/y* is a ring.

Let o equivalence with R/c ring. Then, o(a)®c(b) and o(a)®c(b) are singletons, so
Va,beR, we have o(a)®c(b)=c(c), Vceo(a)+o(b), and o(a)®c(b)=c(d), Vdeo(a)-c(b).
Thus, o(a)®c(b)=c(a+b)=c(A+B), o(a)®c(b)=c(ab)=c(A-B), Va,beR, Acc(a), Bco(b).
By induction, extend it on sums and products. So YueU, we have o(x)=c(u), VXeu. So,
xey(a) implies xeo(a), VxeR. But o is transitively closed, thus: xey(x) implies xeo(a).
That means that vy is the smallest equivalence in R such that R/yisaring, so, y =v*. =

An element is called single if its fundamental class is singleton, so if p*(s)={s}.

Denote Sk the set of singles. If Sh#J, then we can answer to the hard problem, which
is to find the fundamental classes. There is the following [11], [30], [42], [56]:
Theorem 2.3 Let (H,-) be Hy-group and seSp#J. Let acH, take a veH such that seav,
then p*(a)={heH: hv=s}, the core of H is wn={ueH:us=s}={ueH:su=s}. Moreover,
sx=p*(sx) and xs=p*(xs), VxeH.

The fundamental relations are used for general definitions.

Definition 2.4 An Hy-ring (R,+,-) is called Hy-field if R/y* is a field. In sequence the Hy-
vector space is defined. The elements of an Hy-field are called hyper-numbers or Hy-
numbers.

Definition 2.5 Let (L,+) Hyv-vector space on (F,+,), :F—>F/y*, or={xeF:p(x)=0}, 0 zero
of F/y*. Let oL core of ¢":L—L/e*, 0 zero of L/e*. Take the bracket hyper-operation:

[, ]: LxL—>P(L): (xX,y)—>[x.y],
then L is an Hy-Lie algebra over F if the following axioms are satisfied:
(L1) [AaxatAaXz,YIN(a[Xs,y]+A2[X2,y]) # &
[x,Ay1tAay2l X Y] HA2[X,y2]) # D, VX,X1,X2,Y,Y1,Y2€Ll, VA, AoeF
(L2) [xX]noL#d, VxelL
(L3) (x.Iy.zll+ly.[zX]]*[z.[x.ylDnow = &, ¥xyeL.

Theorem 2.6 Let (H,-) be Hy-group, H/B* fundamental group. If H/B* is not commutative
or not cyclic, then (H,-) is not weak commutative or cyclic, respectively.

Proof. Straightforward since if (H,-) is weak commutative or cyclic, then its fundamental
group H/B* is commutative or cyclic, respectively. =

The uniting elements method, introduced by Corsini & VVougiouklis in 1989, [3], [30],
is the following: Let G be structure and a no-valid property d, described by equations.
Take the partition in G setting in the same class, all pairs of elements that cause the non-
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validity of d. The quotient by this partition G/d is an Hy-structure. Then, quotient out G/d
by B*, is a stricter structure (G/d)/p* for which the property d is valid.
Theorem 2.7 Let (R,+,") be ring, F={f1,..., fm, fm+1,..., fmen} System of equations on R
consisting of subsystems Fm={f1,...,fm} and Fn={fm+1,...,fm+n}. Let o, om the equivalence
relations defined by uniting elements using F and Fn, respectively, and o, the equivalence
on Fnon thering Rm= (R/om)/y*. Then (R/c)/y* = (Rm/on)/y*.

Motivation for F. Marty to introduce the hypergroup was the quotient of a group by
any not normal subgroup. Motivation to introduce the weak hyper-group, or Hy-group, is
the quotient of a group by any partition of the group. Thus, we summarize:

Motivation for hyper-structures.
The quotient of a group by any invariant subgroup is a group.
The quotient of a group by any subgroup is a hypergroup.
The quotient of a group by any partition is an Hy-group.

3. Representation Theory. Small Hy-fields

The representations of Hy-groups, can be considered either by Hy-matrices [24], [29],
[30], [36], [38], [46], [47], [49] or by generalized permutations [28].
Definition 3.1 Hy-matrix is called a matrix with entries elements of Hy-ring or Hy-field.
The hyper-product of Hy-matrices A=(aij) and B=(bjj), of type mxn and nxr, respectively,
is a set of mxr Hy-matrices, defined in a usual manner:

AB = (ai)-(bij) = {C=(ci) | cije@Zaicbii },
where (@) is the n-ary circle hyper-sum.

The representation problem by Hy-matrices is the following:
Definition 3.2 Let (H,-) be Hy-group, (R,+,-) Hy-ring and Mr={(aij) | aijeR}, then any

T:H->Mg: h—>T(h) with T(hih))T(h)T(h2)£D, YhyhoeH,

is called Hy-matrix representation. If the T(h:h2)cT(h1)T(h.), is valid, then T is called
inclusion representation, if the T(hih2)=T(h1)T(h2), is valid then T is called good
representation. If T is one to one and good, then it is a faithful representation.

Theorem 3.3 A necessary condition in order to have an inclusion representation T of an
Hv-group (H,-) by nxn Hy-matrices over the Hy-ring (R,+, -) is the following:

For all p*(x), xeH there are elements ajjeH, i,je{1,...,n} such that

T(B*(@)) = {A=(ay) | a'jey*(ay), ije{L,...n}}.
Thus, every inclusion representation T:H—>Mgr: ar—> T(a)=(aij) induces a homomorphic
representation T* of H/B* over R/y* by setting T*(B*(a))=[y*(ai;)], Vp*(a) e H/B*, where
the element y*(aij)eR/y* is the ij entry of the matrix T*(B*(a)).
The representation problem is simplified in cases such as if the H,-rings have scalars 0
and 1, and they are used as singleton entries.
The representation problem by generalized permutations, is described as follows [28]:
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Definitions 3.4 Let X be a set, then a map f:X—>P(X)—{J}, is a generalized permutation
of X if it is reproductive: Uxexf(X)=f(X)=X. Denote by Mx the set of all generalized
permutations on X. For an Hy-group (X,-) and aeX, the generalized permutation fa
defined by fa(x)=ax is called inner. Arrow of f is any (x,y) e X? with yef(x). The f.eMx
contains fieMx, if fi(X)cf2(x), VYxeX, we write ficfo. If, moreover, fi1=f,, then f1 is a
proper sub-generalized permutation of f>. An feMx is called minimal if it has no proper
sub-generalized permutation. Denote Mx the set of all minimal generalized permutations
of Mx. The converse f of a generalized permutation f is obtained by reversing arrows:
f(x)={zeX: f(z)>x}. We call associated to fe Mx the generalized permutation f-f.
Theorem 3.5 Let fe Mx, then fe Mx if, and only if, the following condition is valid: if
a=b and f(a)~f(b)=J, then f(a)=f(b) and f(a) is singleton. If fe Mx then, fe Mx. If fe Mx
then, (fof)(x)={y e X:f(y)=f(x)}.

We summarize the representation theory of Hy-groups by Hy-matrices saying that the
problem has two steps: First, find small Hy-fields and second, find appropriate Hy-
matrices. We focus on small Hy-fields which can be applied in Hadronic Mechanics.
These are the small non-degenerate Hy-fields, which in isotheory, are:

(@) very-thin minimal, (b) weak commutative, (c) 0 and 1, scalars.
Definition 3.6 We call raised very-thin the Hy-fields which are obtained enlarging one
result of a ring adding one element, such that the fundamental structure is a field.

Combining the uniting elements procedure with the raise theory we can obtain stricter
structures or hyperstructures [3], [35], [36], [44], [46], [50], [51]. So, raising operations
or hyper-operations we can obtain more strict structures as we can see in the following.
Theorem 3.7 In the ring of integers (Z,+,-), fix an m>1. We raise in the product the result
0-m by 0@m={0,m}, the rest results are the same. Then (Z,+,®) becomes Hy-ring, with
finite fundamental ring:  (Z,+,®)/v* = (Zm,+,").

If m=p, prime, then (Z,+,®) is raised very-thin Hy-field, with finite fundamental field.
Raising a-b of fixed a,beZ-{0,1}, setting a®b={a-b,a-b+m}, we have the same result,
moreover, (Z,+,®) is raised very-thin Hy-field, where 0 and 1 are scalars.

Proof. Sums and products which contain more than one element are the ones which have
O®m. Adding to O®m the 1, several times, we have modm equivalence classes. On the
other side, if add or multiply elements of the same class the results remain in one class,
the class of the representatives. Thus, the y*-classes form a ring isomorphic to (Zm,*,-).
The rest of the proof is straightforward. Notice, that we can transfer the generalized raised
case if we consider the expression a®b-a-b = {0,m}. =

Theorem 3.8 In the ring (Zn,+,-), with n=ms we raise in the product the result 0-m by
0®@m={0,m} and the rest results are the same. Then, (Zn,+,®)y* = (Zm,*,").

If m=p, prime, then (Zn,+,®) is raised very-thin Hy-field.

Raising a-b of fixed a,beZy-{0,1}, setting a®b={a-b,a-b+m}, we have the same result,
(Zn,*+,®) is raised very-thin Hy-field, where 0 and 1, are scalars.

All Hy-fields obtained from a field raising any sum or product, are degenerate:
Theorem 3.9 In a field (F,+,-), we raise only the product of a-b, by a®b={a-b,c}, c#a-b.
Then we obtain the degenerate minimal very-thin Hy-field (F,+®)/y*={0}.
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Proof. Take any xe F—{0}, then from a®b={ab,c}, we obtain (a®b)-ab={0,c-ab} and then
(x(c-ab) 1)®((a®b)-ab)={0,x} so, Oyx, xe F-{0} or, every X is in the fundamental class of
0. Thus, (F,+,)y*={0}. m
Theorem 3.10 In a field (F,+,), we raise only the sum of a+b, by a®b={a+b,c}, c#atb.
Then we obtain the degenerate, minimal very-thin, Hy-field (F,®,-)/y*={0}.
Proof. Take any xeF—{0}, then from a®b={a+b,c}, we obtain (a®b)-(a+b)={0,c-(atb)}
and then [x(c-(a+b))*]-[(a®b)-(a+b)]={0,x}, so, Oyx, xeF—{0} or, every x is in the
fundamental class of 0. Thus, (F,®,")/y*={0}. m
We present some ‘small” Hy-fields.
Constructions 3.11 On rings (Zs,+,") and (Zs,+,") we define all multiplicative Hy-fields
with non-degenerate fundamental field and, moreover they are,
(@) very-thin minimal, (b) weak commutative, (c) 0 and 1, scalars.
. On (Z4,+,") the isomorphic cases are: 203={0,2}, 3®2={0,2}.
Fundamental classes: [0]={0,2}, [1]={1,3}, and (Z4,+®)/y*=(Z2,+,").
1. On (Zs,*,), the isomorphic cases are:
(i) 2®3={0,3}, 2®4={2,5}, 3®4={0,3}, 3©5={0,3}, 485={2,5}
Fundamental classes: [0]={0,3}, [1]={1,4}, [2]={2,5}, and (Zs,+,®)/y*=(Z3,+,").
(ii) 203={0,2} or 2®3={0,4}, 294={0,2} or {2,4}, 205={0,4} or 2©5={2,4},
3®4={0,2} or 3©4={0,4}, 3®5={3,5}, 495={0,2} or {2,4}.
Fundamental classes: [0]={0,2,4}, [1]={1,3,5} and (Zs,+,®)/y*= (Z2,+,").
We can also define the analogous cases for the rings (Zo,*,), and (Z1o,+,").
We present examples on the topic [44], [47], [49], [50], [51]:
Example 3.12 Take the 2x2 upper triangular Hy-matrices on the above Hy-field (Z4,+,®)
of the case that only 293={0,2} is a hyperproduct:

I=E11+E22, a=Eu+E1+E2, b=Eu+2E12+E2», C=E11+3E1n+E2,
d=E11+3E2, e=E11+E12+3E2, f=E11+2E1>+3E2,, g=E11+3E12+3E2,
then, for X={l,a,b,c,d,e,f,g}, we obtain the following multiplicative table:

® |l |a|b|c|d|je| f]|g
Il ]Ja|blc|d]e]| f]lg
ala|b | c |l |g|d|e]|f
b|b| c I a |df|eg|df]|eg
clc| | a|b|e | f|g]|d
d|d|]e | f|lg I a|b|c
ele| f|lg|d]|c I a | b
f|f|lg|d]e]|lbjac]|lb]ac
glg|d|]e| fla|b]c]|b

The (X,®) is weak commutative Hy-group with fundamental classes 1={l,b}, a={a,c},
d={d,f}, e={e,g}, and fundamental group isomorphic to (Z>xZ,+).

Example 3.13 Consider the 2x2 upper triangular Hy-matrices on the Hy-field (Z4,+,®)
where only 3®2={0,2} is hyper-product:
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a=E11+E2, a1=E11+E12+E2, a:=E11+2E12+E2, a3=E11+3E12+E2,
b=E11+3E22, b1=E11+E12+3E22, 02=E11+2E12+3E2, b3=E11+3E12+3E2,
Cc=3E11+E22, ¢1=3E11+E12+E2, C2=3E11+2E12+E2, C3=3E11+3E12+E2,
d=3E11+3E2, d1=3E11+E12+3E2, d2=3E11+2E12+3E2, d3=3E11+3E12+3E2,
then, for X={a,a1,a2,as,b,b1,bz,bs,c,c1,c2,c3,d,d1,d2,d3}, we obtain the multiplicative table.

® |a|a| a |as|b|bi| b2 |bs|c|ci| c2 |c3|d|di| d2 |ds
a a ai ay az b b1 bz b3 C C1 C2 C3 d d1 dz d3
air | a1 | a as a b3 b by b, | ¢c1 | C2 C3 c ds d d1 d;
a | & az a ai bz b3 b b1 C2 C3 C C1 dz d3 d d1
as | as a aj az b1 bz b3 b C3 Cc C1 C2 d1 dz ds d
b b b1 b, b3 a a1 a as d dx dz ds c C1 C2 C3
bl b1 bz b3 b as a a1 az d1 dz d3 d C3 C C1 C2
bz bz b3 b b1 do as a ai dz d3 d d1 Co C3 C C1
b3 b3 b b1 bz a1 az as a d3 d d1 dz C1 Co C3 C
clclec|ce|ci|d|ds|ddy|di|a|as|aa |al|b|bs]| bb| b
C1 C1 (o C1,C3 | C2 d3 dz d1,d3 d ai a di,az | a2 b3 bz bl,b3 b
C2 Co C1 C,C2 C3 dz d1 d,dz d3 az di a,a2 as bz b1 b,bz b3
C3 C3 Co C1,C3 C d1 d d1,d3 dz as do di,as a b1 b b1,b3 bz
d d d3 d,dz d1 C C3 c,C2 C1 b b3 b,bz b1 a as a,az ai
dl d1 d d1,d3 dz C3 C2 C1,C3 C b1 b bl,b3 bz as do ai,as a
dz dz d1 d,dz d3 Co C1 c,C2 C3 bz b1 b,bz b3 ar ai a,az as
d3 d3 dz d1,d3 d C1 C C1,C3 C2 b3 bz bl,b3 b ai a ai,as ay

(X,®) is weak commutative Hy-group, fundamental classes: a={a,a>}, ai={ai,as},
b={b,b.}, b1={b1,bs}, c={c,c.}, ci={c1,c3}, d={d,d-}, di={d1,ds}, with table as the above
example. In (X,®) there is unit a, and every element has unique double inverse. The cz is
right inverse to ¢ and ¢z, because aeccz, acczC2. The dz is right inverse to d and dz, because
aeddy, aed2dz. (X,®) is not cyclic, since, from Theorem 2.6, (X,®) is not cyclic.

4. Santilli’s iso-theory and e-hyper-structures

The Hy-structures have applications in mathematics and other sciences, as well. These
range from biomathematics -conchology, inheritance- and hadronic physics or on leptons,
to mention but a few. The hyper-structure theory is related to fuzzy theory; consequently,
hyper-structures can be widely applicable in linguistic, sociology, production and
industry, too [1], [6], [7], [11], [37], [39], [52], [53], [56].

In ‘The Santilli’s theory ‘invasion’ in hyperstructures’ [40], there is a description on
how Santilli’s theories effect in hyper-structures and how new theories in Mathematics
appeared by Santilli’s pioneer research. In 1996 Santilli & Vougiouklis [19], point out
that in physics the most interesting hyper-structures are the e-hyperstructures.
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The Lie-Santilli theory on isotopies was born in 1970’s to solve Hadronic Mechanics

problems. Santilli proposed a ‘lifting’of the n-dimensional trivial unit matrix of a normal
theory into a nowhere singular, symmetric, real-valued, positive-defined, n-dimensional
new matrix. The original theory is reconstructed such as to admit the new matrix as left
and right unit [11], [14], [15], [16], [17], [18], [19], [37], [45], [48].
Definition 4.1 According to Santilli’s iso-theory on a field F=(F,+,-), a general isofield
F=F(3,F,%X) is defined to be a field with elements a=ax1, called isonumbers, where acF,
and 1 is positive-defined outside F, with two operations + and X where F is the sum with
unit 0, and X is a new multiplication

4 X b:= axTxb, with 1=T", v3, beF (i)
called iso-multiplication, for which 1 is the left and right unit of F,
1xa=ax1=3a,vaceF (i)
called iso-unit. The rest properties of a field are reformulated analogously.

In order to transfer this theory into the hyper-structure case we generalize only the new
product X from (i), replacing with a hyper-product including the old one. There is a
general construction on this direction [9], [14], [15], [20], [33], [45], [46]:

Definition 4.2 General enlargement. On a field F and its isofield F=F(3,F,X) replace in
the results of the iso-product

4 X b= axTxb, with 1 =T
the T by a set Hap={T,&1,%2,...}, &1,%2,... €F, containing T, va X b for which 4,b«{0,1},

R1,%2,...€F-{0,1}. If one of 3, b, or both, is equal to 0 or 1, then Ha={T}. Therefore, the
new iso-hyper-operation is

4 R b = axHapxb= ax{T R1,%2,...} xb, Va,beF  (iii)
F=F(a,F,%X) becomes very-thin isoH,-field. The elements of £ are called isoH,-numbers
or isonumbers.

Important hyper-products are if only for few (a,b) the result enlarged, even more, the

extra elements &;, are only few. Thus, if there exists only one pair (a,b) for which
AR b=ax{T&}Ixb, vabeF

and the rest are ordinary, then we have a very-thin isoHy-field.

The assumption Ha={T X1,%2,...}, d or b, is equal to 0 or 1, and i, are not 0 or 1, give
that the isoHy-field has a scalar absorbing 0, a scalar 1, and VaeF, has one inverse.

The isofields corresponding to hyperstructures, introduced by Santilli & Vougiouklis
in 1999, are called e-hyperfields. [9], [11], [14], [19], [33], [35], [40], [41], [42].
Definitions 4.3 A hyper-structure (H,-) is called e-hyper-structure if contains a unique
scalar unit e, and every element x, has a, not unique, inverse x*: eex-xnx1x.
A triad (F,+,-), with (+) operation, (-) hyper-operation, is called e-hyper-field if: (F,+) is
abelian group; (-) weak associative; (-) weak distributive to (+); 0 absorbing: 0-x=x-0=0,
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vxeF; 1 scalar: 1-x=x-1=x, VxeF; and VYxeF there is unique inverse x*: 1ex-x1x?1x.
The elements of F are called e-hyper-numbers. If 1=x-x1=x7.x, then (F,+,") is strong.
Definition 4.4 The Main e-Construction. Given a group (G,-), e unit, define in G, a large
number of hyper-operations (®) as follows:

X®y={Xy, 91, 92,...}, VX,yeG-{e}, 091, g2,...€G-{e}

01, 02,... are not the same for all pairs (x,y). (G,®) is an Hy-group, it is an Hy-group which
contains the (G,-). (G,®) is an e-hypergroup. Moreover, if for all x,y such that xy=e, we
have x®y=xy, then (G,®) becomes a strong e-hypergroup.

The proof is immediate since we enlarge the results of the group by putting elements
from G applying the Little Theorem. Moreover, the unit e is a unique scalar and VxeG,
there is a unique inverse x?, such that 1ex-x*~xt.x. Finally, if we have 1=x-x'=x71.x
then the hyper-structure (G,®) is a strong e-hypergroup.

Remark that the main e-construction gives an extremely large number of e-hyper-

operations.
Example 4.5 Consider the quaternion group Q={1,-1, i-i, j,-j, k,-k} with i*=j?=k?=-1,
ij=k, jk=i, ki=j. Denote i={i,-i}, ={j,-j}, k={k,-k}, we may define a large number (*)
hyper-operations by enlarging few products. For example, we set (-1)+k=k, k=*i=] and
i#j=Kk, then (Q,*) is a strong e-hyper-group.

5. Applications in Lie-Santilli’s admissibility

A new field in hyper-mathematics comes from Santilli’s theory of admissibility. One
can transfer Santilli’s admissibility, either using ordinary matrices and a hyper-operation
on them, or using hyper-matrices and ordinary operations. The Lie-Santilli admissibility
in Hy-structures is defined as follows [1], [7], [8], [9], [11], [19], [20], [42], [43], [48]:

Definition 5.1 Let L be Hy-vector space on F, ¢:F—F/y*, canonical, or={xeF:¢(x)=0},
0 zero of F/y*, oL core of ¢":L—L/e*, 0 zero of L/e*. Take any R,ScL, then, a Lie-Santilli
admissible hyperalgebra is obtained by taking the Lie-bracket which is hyper-operation:

[, Irs: LxL—P(L): [X,Y]rs= (XR)y—(yS)x= {xry-ysx re R,seS}
Special cases: (a) Take only S, so, [X,y]s=xy-ySx. (b) Take only R, so, [X,y]r=XRy-yX.

On non square matrices we can define hyper-admissibility, as well:
Definition 5.2 Let (L=Mmxn,*+) be Hy-vector space of mxn Hy-matrices on the Hy-field
(F,+,)); o:F—F/y*, canonical map; or={xeF:@(x)=0}, 0 the zero of F/y*. Similarly, let
oL core of ¢":L—L/e* and 0 zero of L/e*. Take two subsets R,ScL, then, a Santilli’s Lie-
admissible hyperalgebra is obtained by taking the hyper-operation Lie bracket:

[, ]rs: LxL—P(L): [X,y]rs=XR'y—yS.

Notice that  [X,y]rs=XR'y-ySx={xr'y-ysx | reR and seS}.
Special cases, but not degenerate, are the ‘small’ and ‘strict’ ones:
(a) R={e} then [X,y]rs = xy—yS'x = {xy-ysx | seS}
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(b) S={e} then [Xy]rs = XRYy-yx = {xr'y-yx|reR}
(¢c) R={ry,r2} and S={s1,s2} then

[X,Y]rs=XR'y—ySXx={xr1ty—ysi'x, Xri'y—ysa'x, Xr2'y—ys1'x, Xr2'y—ys;'x}

Definition 5.3 The P-hope. Consider isofield F=F(3,+,X) with isonumbers a=ax1, acF,
and 1 is positive-defined element outside F, with operations F , X, where F the sum with
conventional unit 0, and X the iso-product

AaXb:= axTxb, with 1=T*, vabeF.
Take P={Tp1,....ps}, P1..., PscF-{0,1}, and define the isoP-H.-field, F=F(3,%,%p),
where the hyper-operation Xp is defined by:
axP7xb = {axh*xb|h*ePr} if 4#1 and b=1
a SZP BZ:
axT xb if a=1orb=1
Special ‘small’ case: P ={T,p}, so P contains only one p except T. Remark that we can

take this small case on rings to obtain isoP-Hy-fields. We can see this in the following:
Example 5.4 For, Zi0= Z10(3,F,X), and if we take P={2,7}, then we have the table

X |0]|1]2 |3 |4 |5 |6 |7 |83
0 |00 |0 | DO |O|D [O]D D O
i /0|12 |3 |4|5 |67 8|29
2 (0|2 (8|2 |6|0|4]|8 |2]|36%6
3 |03 |2 |38/ 4 |05|6 |27 |8 45
4 |0 |4 |6 | 4 |2|0 [8]|]6 |42
5 |0 |5]|0|05]0 |05]0]05]0 |05
6 |0 |6 |4 | 6 |80 2|4 |68
Z |07 8|27 |6 |05|4 |38 2|16
8 |0 |82 |8 |4]|0 |6]2 |8) 4
9 |05 |6 |49 |2 |05]8 |16 |4 |27

The fundamental classes are (0)={0,5}, (1)={1.6}, (2)={2,7}, (3)={3.8}, (4)={4.9}
and the multiplicative table of them is the following:
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x 10 @) (2) ©) (4)
© | © | (0 (©) (©) ()
Q) [ 0 | 1).2) | (2).(4) | .1 | 4.3
2 1) | (2.4 (3 2) )
ORNOREOIORINE) (©) (4)
4 10 (4.0 1) (4) )

Consequently, Zi0=Z10(3,F,X), is an Hy-field.

All biological structures, including cells, viruses and living organisms, are irreversible
over time because they are born, grow and die. Santilli introduced in 1994 [16], [17], [18],
the representation of biological structures via multivalued, Lie-admissible formulations
on a 3-dimensional Euclidean space. They have genounits, hyperunits, who correspond
the product of generic non-singular quantities, classical hyper-products, are equally
multivalued, yet defined in our 3-dimensional Euclidean space. The introduced classical
hyper-fields, are sets of multi-valued elements, products and units which verify the
axioms of numeric fields. The hyperstructure representation in biological structures was
initiated by T. Vougiouklis in 1999 [35], [37], with the lifting of the classical hyper-
structures to Vougiouklis Hy-structures which are formulated via hyper-operations which
are weak associative, weak commutative and so on. The advantages of lifting the classical
hyper-structures to VVougiouklis Hy-structures are several [7], [8], [9], [16], [20], [40],
[41], [45], [48]. The main advantage is a large increase of the representational capabilities
which is necessary for a representation of biological structures such as the DNA.

In the transition from Lie theory to Lie-admissible theory, we must specify an element
S on the right and an element R to the left. In hyper-structure realization we can use as S
and R, sets instead of elements. But in this case, we have hyper-operations of constant
length and the living organisms are not the case. Therefore, Santilli & Vougiouklis
suggest the use of the special case of the main e-construction to face the problem.
Therefore, as the Living Organism Construction the Main e-Construction is applied.

6. Conclusions

When applied sciences ask from mathematics models to express a new theory, one has
to search on the existing mathematics if there is an appropriate theory. If there is not any,
then the mathematicians try to create a new one to obey the axioms which are required.
The hyper-structures offer models in multivalued problems as the ones appeared in real
life. The largest class of hyperstructures, called Hy-structures, can offer to Lie-Santilli
theory some of the models needed, because they define a huge number of Hy-structures
defined on the same set. The appropriate Hy-fields, obtained by the Main e-Construction,
can answer to the basic question of Santilli’s isotheory, which is: What are the hyper-
numbers? The reason is that the Main e-Construction can enlarge every single result with
the needed elements.
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Abstract

The stochastic generalization of the Madelung quantum hydrodynamics incorporates the
fluctuations of the mass density into quantum equations induced by the gravitational
background noise, a form of dark energy,. This model successfully addresses key aspects
of quantum to classical transition through the definition of quantum potential length of
interaction in addition to the De Broglie length, beyond which coherent quantum behavior
and wavefunction evolution is perturbed or even deeply modified. The stochastic
quantum hydrodynamic model emphasizes that an external environment is unnecessary,
asserting that the stochastic behavior leading to wave-function collapse and macroscopic
classical behavior with the Einstein realism can be an inherent property of physics in a
spacetime with fluctuating metrics. The theory establishes a coherent link between the
uncertainty principle and the constancy of light speed, aligning seamlessly with finite
information transmission speed. Within quantum mechanics submitted to fluctuations,
the stochastic quantum hydrodynamic model derives the indeterminacy relation between
energy and time, offering insights into measurement processes impossible within a finite
time interval in a truly quantum global system. The model offers also how the uncertainty
relations modify themselves in an open quantum system submitted to fluctuations
offering the possibility of describing how quantum mechanics can modify itself in nuclear
and elementary particle physics up to the behavior of high energy black hole states. The
self-consistency of the model lies in its ability to describe the dynamics of wavefunction
collapse and the measure process within its mathematical structure. Additionally, the
theory resolves the Einstein determinism and the pre-existing reality problem by showing
that large-scale systems naturally self-decay into decoherent classical states stable in time
without observer or measuring apparatus.
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1. Introduction

Any quantum theory that seeks to explain the development of a physical system across
different scales, regardless of magnitude, must inherently deal with the shift from
quantum mechanical characteristics to the classical behavior that emerges at larger scales.
The essential differences between these two frameworks are highlighted by the
uncertainty principle in quantum mechanics, which indicates the intrinsic impossibility
of simultaneously measuring conjugate variables, and by the finite speed at which
interactions and information propagate in local classical relativistic mechanics.

Several unresolved aspects persist within quantum theories. The Einstein—Podolsky—
Rosen (EPR) paradox [1] and the question of the completeness of quantum mechanics are
fundamental issues that have yet to be clearly integrated into a comprehensive theoretical
framework.

A significant challenge to this view was posed by the Einstein—Podolsky—Rosen
objection, which was subsequently criticized by Bohr [2]. Unable to find a compatible
solution, Bohr advocated for the acceptance of the probabilistic foundations of quantum
mechanics, regardless of the validity of the principle of causality.

In fact, Bohr's perspective significantly influenced subsequent scientific thought. The
idea that quantum mechanics functions as a probabilistic process was revitalized by
Nelson's research and has persisted over time. However, Nelson's hypotheses were
ultimately limited [3] by the requirement of a specific stochastic derivative with time
inversion symmetry, which restricted their general applicability. Additionally, Nelson's
theory does not completely match the results of quantum mechanics, as shown by Von
Neumann's proof [4-5] of the impossibility of replicating quantum mechanics using
theories based on underlying classical probabilistic variables.

This approach was widely explored in local hidden variable theories attempting to
replicate quantum mechanics, whose failure was demonstrated by Bell’s theorem [6]. To
address Bell’s arguments, Bohm developed a non-local hidden variable theory that seeks
to restore determinism in quantum mechanics by introducing the concept of a pilot wave
[7]. The core idea is that, in addition to the particles, there is a “guidance” or influence
from the pilot wave function that determines the particles' behavior. Although this pilot
wave function is not directly observable, it affects the measurement probabilities of the
particles.

The ambiguous definition and unclear logical foundations of the pilot wave have been
significant obstacles to the broader acceptance of Bohm's theory among physicists.
Nonetheless, Santilli has recently renewed interest in and the potential validity of the
Bohm hidden variable hypothesis with his IsoRedShift Mechanics theory. This theory
introduces a hidden variable to explain deviations in nuclear quantum mechanics [8] in
the deuterium state. It is important to note that Santilli's hidden variable is integrated into
guantum non-local theory rather than classical theory. Through this approach, Santilli has
demonstrated that it is possible to recover Einstein's determinism [9-11].

More recently, the author [12], utilizing the Madelung hydrodynamic formulation of
quantum mechanics—a specific case of Bohm's theory [13]—has demonstrated that by

252



Minimum Measurement Uncertainty in Quantum Systems Subject to High Energy
Fluctuations

considering the fluctuating gravitational background due to relic metric tensor oscillations
from the Big Bang and the dynamics of general relativity bodies, one can achieve a
quantum-fluctuating dynamics without needing to introduce an external environment.
From this standpoint, the derived stochastic quantum hydrodynamic model [12] (SQHM)
highlights that conventional quantum theory, despite its mathematical precision, remains
incomplete regarding its foundational postulates. Specifically, SQHM emphasizes that
the measurement process cannot be fully explained within the deterministic
"Hamiltonian" framework of quantum mechanics. Instead, it is fully described as a
phenomenon within the framework of a quantum stochastic generalized approach.

The SQHM reveals that quantum mechanics represents the zero thermal noise limit of
a broader stochastic theory capable of describing both wavefunction decay and the
measurement process, thus achieving a comprehensive, self-consistent quantum theory.
From this perspective, SQHM suggests that the term "probabilistic wave" in quantum
mechanics is inaccurately introduced, stemming more from the inherent probabilistic
nature of the measurement process than from its mathematical formulation. This approach
acknowledges a curved spacetime characterized by stochastic fluctuations in both
curvature and geodesic distance. Both SQHM and Bohm's theory restore the principle of
determinism in quantum theory, leading to the wavefunction being understood as a "state
wave" and explaining the probabilistic outcomes as resulting from an associated
stochastic phenomenon (namely the GBN or the pilot wave, respectively).

The SQHM suggests that quantum mechanics serves as the deterministic boundary of
a broader theory encompassing quantum stochasticity. The SQHM illustrates that in an
ideal quantum deterministic universe, complete decoupling of its components—namely
the system and the measuring apparatus—is unattainable. Rather, this scenario is only
achievable within a self-fluctuating quantum system, where the interaction of the
quantum potential, responsible for quantum entanglement, extends over a finite distance,
thereby allowing for a macroscopic classical behavior on a large scale.

Therefore, in a hypothetical quantum universe devoid of fluctuating spacetime,
measuring procedures are impracticable. Conversely, in a macroscopic classical realm
formed through quantum decoherence triggered by fluctuating gravitational forces,
measurement becomes viable.

While Bohm's theory attributes measurement uncertainty to an indeterminable pilot
wave, the SQHM attributes it to fluctuating gravitational dark energy, which, due to its
elusive nature, practically assumes the form of a genuine hidden variable. In this context,
the author demonstrates that the hidden variable parameter of Santilli's IsoRedShift
Mechanics arises from minor disturbances to quantum mechanics induced by fluctuating
gravitational dark energy [14].

Moreover, it's important to note that the SQHM solves the enduring query concerning
the existence of pre-measurement reality, thus bolstering Einsteinian realism. At this
point, the SQHM introduces a nuanced advancement: the concept that the universe can
undergo self-decay via macroscopic-scale decoherence, leading to the formation of stable
macroscopic states. These states, remaining stable despite fluctuations, establish a
continuous reality that predates measurement. Conversely, the Copenhagen interpretation
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contends that the system only transitions into a stable state through the act of
measurement, thereby establishing a continuous reality over time. Consequently, within
this paradigm, it remains uncertain whether a continuous reality prevails prior to
measurement.

2. The Stochastic Madelung Approach

The Madelung quantum hydrodynamic representation transforms the Schrodinger
equation [15-17]

, h?
_Ihath(%aiai —V(q)]‘// 1)

iS
for the complex wave function v g |e ", into two equations of the real variables,
|y Pand p, = 0;S(qr)- the conservation equation for the mass density |y &

ocly P +oi(ly [P ¢;)=0 )
and the motion equation for the momentum,

p . 1

— =ity —‘Eaj(v(qﬁvqu(n)) )

where S,y = —Elnl* and where
2 y

n” 1
2m |y |

qu — 9;0; lw . 4

These equations were derived by Madelung in a flat space. However, in the general
relativity framework, the fluctuating energy content of gravitational background noise
(GBN) causes fluctuations in the metric tensor, leading to local stochastic variations in
mass density. These mass density fluctuations can be explained by recognizing that
gravitons are metric fluctuations that cause space itself to oscillate. This oscillation
contracts and elongates distances, similar to the effects observed with gravitational
waves. As a result, when a mass element experiences a change in distance, its density
decreases or increases accordingly. As demonstrated below, this causes the quantum
potential to generate a stochastic force, thereby expanding the Madelung hydrodynamic
analogy into a quantum-stochastic framework.. As shown in [12] the stochastic quantum
hydrodynamic model (SQHM) is defined on the following assumptions:

1. The additional mass density generated by the GBN are described by the wave
function v, with density |y g,
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2. The associated energy density E of GBN is proportional to |y, 1

3. The additional mass my,, is defined by the identity E = mgbnc2 1% gon ?
4. The additional mass is assumed to not interact with the mass of the physical
system (since the gravitational interaction is sufficiently weak to be disregarded).
Under this assumption, the wave function of the overall system v, reads

Yot = V/l//gbn (5)

Moreover, given that the energy density of the GBN E is quite small, the mass
density Mgy, |V gon |* is presumed to be significantly smaller than the body mass density
m |y | typically encountered in physical problems . Hence, considering the mass Mgy

much smaller than the mass of the system and assuming in Equation (3-4)
Myt = Mgy, +M=m, the overall quantum potential can be expressed as follows

2

__h 9 .
un(“tot)__ 2mt0t |l//| |ngn | aiai |l//”V/gbn |:

) : : (6)
hz |W|laiai|W|+|ngnllai8i|l//gbn|
2m +2|W |71|‘//gbn |71 ai |ngn |ai |l//|

By analyzing the variation in quantum potential energy generated by each Fourier
component of mass fluctuation and applying the Maxwell-Boltzmann law, we can derive
the spectrum of this noise and subsequently determine its correlation function.G(4).

To accomplish this, let's examine the fluctuating mass density with a wavelength A

2 2272'
|l//gbn | (/1)0(: CcOoS Tq

()
related to the wave function of the mass fluctuation
2r
¥ gbn(2) ocJ_rcoqu. (®)
By inserting (7-8) in (6), the energy fluctuations of the quantum potential
5Equ =\_/[ Mot q)Nau(q)dV 9)

following the procedure in reference [12], reads:
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— n2 (27
5Equ(ﬂ) = E(TJ (10)

that, in 3D space, read

5Equ(z)=i2(k-)z=h—2|k|2 (11)
“2m4< Y 2m

The result shown in Equation (11) indicates that the energy arising from fluctuations
in mass density increases inversely with the square of the wavelength A . Moreover, since
fluctuations in the quantum potential with extremely short wavelengths for 41 —0
diverge they can lead to a finite contribution even when the noise amplitudes approach
zero (i.e., T —0). This situation raises concerns regarding the achievement of the
deterministic zero noise limit (2-4) that represents quantum mechanics.

Moreover, since fluctuations in the quantum potential with extremely short
wavelengths diverge, they can result in a finite contribution even when the noise
amplitudes approach zero (i.e., T — 0). This situation raises concerns about reaching the
deterministic zero noise limit that characterizes quantum mechanics.

This happens because the quantum potential's output, due to its second derivative,
depends on the correlation distance of the noise. Therefore, to nullify the fluctuations in
the quantum potential and achieve convergence to the deterministic limit of quantum
mechanics for T — 0, a condition on the correlation function G(A) of the quantum

potential noise must be established for A —>0 [18].

Deriving the shape of the correlation function G(A) involves complex stochastic
calculations [18], which can be obtained by considering the probability of uncorrelated
fluctuations occurring at increasingly shorter distances.

A simpler and more direct method for calculating G( 1) is through the noise spectrum,
represented as S(k ), as outlined in [12].

. 5Equ(/1) kA ]2 ,
S robabilit =exp| ————22 | =exp| —| —&

A

In Equation (12), k represents the Boltzmann constant, and T stands for the
temperature (mean amplitude) of mass density fluctuations. It's important to highlight
that Equation (12) displays a non-white characteristic, where the probability of

wavelengths A smaller than A; quickly diminishes toward zero. From (12), G(4)
reads [12]:
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+00 i < 2
. ) A
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h
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At least for /2, A represents the De Broglie length. The expression (12) reveals that

uncorrelated mass density fluctuations are suppressed on increasingly shorter distances
than A, .As a result, we reveal a novel function of the quantum potential within an open

system: progressively damping fluctuations (due to their rapidly escalating energy) on a
microscopic level. This clarifies the empirical observation that quantum mechanics
governs the micro-scale.

This probability-mediated suppression enables the proposition of conventional
guantum mechanics as the zero-noise 'deterministic’ limit of the SQHM). Moreover, since
this phenomenon pertains to systems with a physical length substantially smaller than the
De Broglie length A, directly extending quantum mechanical behavior to macroscopic

large-scale scenarios is not feasible at T >0. This is because, within the framework of
SQHM, the De Broglie length A, disrupts scale invariance.

In the presence mass density fluctuations, |y [* becomes a stochastic function we name

as i, where lim;_,fi =y [*. On this, we can conceptually separate i into two parts:
A=N+on, where on is the fluctuating part and i is the regular part obeying to the

condition lim;_, A=lim_ "=y [.

Moreover, the features of the Madelung quantum potential in the presence of stochastic
noise, can be determined by positing it as comprising a regular component Vg, 5y (to be

defined) along with a fluctuating component V; , such as

2 —

h ~-1/ ~1/
un(ﬁ) :_%n ! zalalnl 2 :un(ﬁ) +VSI (15)

where the stochastic part of the quantum potential V results in force noise
_aivst = mw'(q”-) (16)

leading to the stochastic motion equation
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) 1
Aty :_aaj(V(q)+un(ﬁ))+‘U(q,t,T)- (17)

Moreover, the regular part V,, ~y for microscopic systems (— 1), without loss of
g p qu() 2
C

generality, can be reorganized as

epeasewe R SR | y —— —
Vau(r) :—%(n M@iainllz):—ﬂ—pm 0,007 + AV = qu ) TAY (18)
leading to the motion equation
o =—28 (Vi) +V AV 19
% =" ,-( (@) TVau(p) T )+w(qm (19)

where p,¢represents the probability mass density function (PMD) associated with
the stochastic process (17) [19], obeying to the condition
lime_5 g0y = lime_o i=lime_o i gy .

For the sufficiently general case to be practically relevant, it can be assumed that the
correlation function of @, ,possesses zero correlation time, is isotropic in space, and
is independent among different coordinates, taking the form

lim <@g, 1) B(qpertee) E<D(q,) P (ag) >(1) C(A)(7)0,4 (20)
with
lim <@g, ) Bqy) >1)=0 - (21)

Furthermore, given that for microscopic systems (/1£ 0 1) it follows that
C

. 1 1 /ka
IImT_)OG(i)OC/l_C:% T (22)

and that

1 [mkT
I <y 1) Pagreitee) X <Py Fap) 1) 5y O s - (23)

Therefore, equation (17) takes the stochastic form of the Markov process [19]

a(v +V
N 1 (a) qu(p)) 12
Yiry =% oq, +xD7 ¢y (24)

where
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1/2
L L[kt
pv2 _| £ ( j _ [ L 25
[ﬂ ’® 2m o2\ 2 @)

C

where y, is a non-zero pure number.

In this case, p is the probability mass density determined by the probability
transition function (PTF) P(q,z|t,0)of the Markov process (24) [19] through the

relation p(q,t):J'P(q,z|t,0)p(zlo)d6’\'z where P(q,z|t,0)obeys to the Smoluchowski

conservation equation [19]

— 6N
Praaoteto) = | Fadet) Frzaottore) 47 2 (26)
Finally, in summary, for the complex field
_is
y=p'er" (27)
the SQHM system of equation reads:

pA.t)=[P(q,2]t,0)p 0"z (28)
MG = Pi =0iS(qy) » (29)
dv +V

" . 1 (q) qu(p)) 1/2

. +xD 30
ity =iy ™y a0, KD (30)

o1

V - _ aa lIZ. 31

qu Zm p1/2 Ilp ( )
where

v
Sy =——In2—. (32)
(ait) l//*
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3. Emerging classical behavior on large size systems

When attempting to nullify the quantum potential manually in the equations of motion
for quantum hydrodynamics (2-4), the classical equation of motion emerges. However,
despite the apparent validity of this assertion, such a manipulation lacks mathematical
rigor as it alters the fundamental characteristics of the quantum hydrodynamic equations.
Specifically, this process results in the removal of stationary configurations, such as
eigenstates, as the counteracting force of the quantum potential against the Hamiltonian
force —which establishes their stationary mass density distribution condition—is
eliminated. Consequently, even a minor quantum potential is not disregarded in
conventional quantum mechanics, as depicted by the zero-noise "deterministic” limit of
SQHM (2-4).

Conversely, in the stochastic generalization, it is feasible to appropriately disregard
the quantum potential in (3,24) when its force is significantly smaller than the force noise,

1 .
such as |Eaivqu(p) IV | @47 |that by (25) leads to condition

1/2 12
1 L h L/ mKT h
|E8ivqu(p)|D K[l—](ﬂ’o ﬂj :K{ oh j[?”o %J ) (38)

C

and hence, in a coarse-grained description with elemental cell side Aq, to

. — L /kT

where £ is the physical length of the system.

It's important to note that, although the noise @ ;1) has a zero mean, the mean of the
fluctuations in the quantum potential, denoted as _st(n,S) = kS, is not null. This non-null mean
gives rise to the dissipative force —x(q (0 in equation (24). As a result, the stochastic sequence
of noise inputs disrupts the coherent evolution of the quantum superposition of states, leading
them to decay to a stationary mass density distribution with q(t) =0.

Furthermore, considering that the stochastic noise

’@E’gj @® (40)

grows with the size of the system, for macroscopic systems (i.e., ﬁﬁ — o), condition
C

(38) is satisfied if

260



Minimum Measurement Uncertainty in Quantum Systems Subject to High Energy
Fluctuations

18V

i QU(n(q)) (41)

lim
iw[izw]
¢ %

Furthermore, for achieving a comprehensive depiction without quantum correlations

in any large-scale system of physical length £, a more stringent criterion can be imposed,
such as

1

I|mq

——®

8, qu( (g ))‘ Iim a_, \/8IVQU(p(q))8| au(oq)) ~ =0. (42)
A

Therefore, since for linear systems

FR Mo~qg (43)

from the standpoint of SQHM promptly follows that they do not lead to the
macroscopic classical phase.

Generally speaking, as the Hamiltonian potential strengthens, the wave function
localization increases, and the quantum potential behavior becomes stronger.

This comes out clearly by considering the MDD

| fep—F | (44)

where Pk(q) is a polynomial of order k, since a finite range of quantum potential

. .. : 3
interaction is achieved for k < 5

Linear systems, as well as the ballistic Gaussian coherent states, characterized by
k =2, have the quantum potential that is relevant even at infinite distance.

Conversely, for gas phases where particles interact via the Lennard-Jones potential,
whose long-distance wave function reads [20]

A
g al 'A?’GTYZ} (45)
the quantum potential reads
. . o1 1 #” )
lim, ., Vou( ) E“mq—m%marar |l//|:r—2:Ha|‘//| (46)

leading to the quantum force

: o1 h? 1 n? 1
|Imr_m 8run(p) |mq_m%6rm8rar |l//|=%8rl’8rar = Zﬁr_ZO,

(47)
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that satisfying conditions (38, 42), can lead to large-scale classical behavior [12] in a
sufficiently rarefied phase.

It's worth mentioning that in equation (46), the output of the quantum potential
corresponds to the hard sphere potential within the "pseudo-potential Hamiltonian model”

a
of the Gross-Pitaevskij equation [21-22], where . represents the boson-boson s-wave

scattering length.
By observing that, to satisfy (42), it is sufficient to have that
4,1
! |~ OVau(qy) brog OF <0 Vo,p (48)

r

O — 8

the finite value of the range of interaction of the quantum potential 4, such as [12]

1
M 10NV qu( gy krow Ar

O

= . I, >1

Aqu =4 clqu qu

qu C

1 9Vau( o)) kr=rc 0.0)
(49)
warrants the existence of classical macroscopic phase.

Relation (49) provides a measure of the physical length associated with quantum non-
local interactions.

It's worth noting that the quantum non-local interactions extend themselves up to
distances on the order of the largest length between A, and 4. Below A, an even

weaker quantum potential arises due to noise damping, while above it but below 4, the

guantum potential becomes strong enough to surpass the fluctuations, establishing a
quantum-stochastic behavior

The reach of quantum non-local effects can be expanded by increasing A, , achievable

by reducing the temperature or mass of the bodies (refer to equation (14)), or by
enhancing 4, through a more potent Hamiltonian potential. In the latter scenario, for

example, augmenting the linear range of Hamiltonian interaction between particles.

262



Minimum Measurement Uncertainty in Quantum Systems Subject to High Energy
Fluctuations

4. Maximum Precision in Measure of Conjugated
Mechanical Variable in a Quantum System Subject to
fluctuations

During the measurement process, the interaction concludes when the measuring
apparatus is relocated to a significant distance from the system. Within the SQHM
framework, this relocation is crucial and must exceed specified distances 4; and 4,.

After this relocation, the measuring apparatus is responsible for interpreting and
managing the "interaction output.” This typically involves a classical, irreversible process
characterized by a distinct temporal progression, culminating in the determination of the
macroscopic measurement result. As a result, the phenomena of decoherence and
quantum decoupling play a crucial role in the measurement process. They enable the
establishment of a large-scale classical framework, ensuring genuine quantum isolation
between the measuring apparatus and the system, both before and after the measurement
event. This quantum-isolated state, at both the initial and final stages, is of paramount
importance in determining the temporal duration of the measurement and in collecting
statistical data through a series of independent repeated measurements.

It's important to emphasize that, within the framework of SQHM, simply moving the
measured system to an infinite distance before and after the measurement, as commonly
practiced, does not fully ensure the independence of the system and the measuring
apparatus if either condition A, =c orA, = is met. Therefore, the existence of a

macroscopic classical reality remains essential for carrying out the measurement process.

Since the quantum potential suppresses fluctuations with wavelengths smaller than the
De Broglie length A, any system fully adheres to conventional quantum mechanics
within a physical length L, <L, where subparts lack individual identities. Based on this,

the independent observer (experimental apparatus), seeking information about the
system, must maintain a separation distance larger than L, both before and after the

process.

Therefore, due to the finite speed of propagation of interactions and information, the
process cannot be executed in a time shorter than
Ly A 2h

min > L (57)

AT .
C ¢ (2mc3kT)V?

Furthermore, considering the Gaussian noise (20) with the diffusion coefficient

: . . KT
proportional tokT , we find that the mean value of energy fluctuation is 6E )= 7for
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. . KT
the degree of freedom. As a result, a scalar structureless particle, with mass m>>—-,
C

exhibits an energy variance AE of
AE ~ (< (mc? + 5E 1) )? —=(mc? )? )% = (< (mc? )? + 2mc?SE — (me? ) > )2

= (2mc? < 6E > )2 = (mc?kT )2

(58)
from which it follows that
2 1/2
AEAt > AEAz, o MK ey o (59)
c

It's worth mentioning that the product AEA7 remains constant, as the increase in
energy variance with the square root of T precisely counterbalances the corresponding
decrease in the minimum acquisition time z . This result holds true when establishing the
uncertainty relations between the position and momentum of a particle with mass m .

When we obtain information about the spatial position of a particle with precision AL
, we essentially exclude the space beyond this distance from the quantum non-local
interaction of the particle, thereby

L, <AL. (60)

the variance Ap of its relativistic momentum ( p# P Y'/2 = mc reads

OE
Ap = (< (me+—2)2 —(me)? > )2 = (<(mc)? +2mSE —(me)? > )2 (61)
c
~(2m < SE > )2 = (mkT )2

leading to the indeterminacy relation
ALAP > L, (mkT )2 oc 2,(mKT )2 ) oc /2 (62)

Equating (62) to the uncertainty value, such as
7

ALAp > L (2mKT )2 :E (63)
or
(2me’kT )L, n
AEAt > AEAT . = =—, (64)
min C 2
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A : .
It follows thatL, = 2\75 represents the physical length below which quantum
entanglement is fully effective establishing the zero-thermal noise limit of the SQHM,
specifically the realization of quantum mechanics.

As far as it concerns the theoretical minimum uncertainty of quantum mechanics,
obtainable from the minimum indeterminacy (59, 62) in the limit of quantum mechanics
(T =0and 4, — o0) in the non-relativistic limit (), we have that

A
min 2C\/§ ( )
AEg(chkT)1’2=J§%—>o, (66)
(o
y)
L =—- 5w 67
o (67)
Ap;(ka)m;?—)O (68)
C

and therefore that

min

AEAt > AEAT,;, = g
(69)

ALAp > Lo (mkT )2 =g

(70)

That constitutes the minimum uncertainty in quantum mechanics, obtained as the zero
noise-limit of the SQHM.

An important point to consider is that the SQHM broadens the uncertainty principles
to encompass all paired characteristics of four-dimensional space-time. Unlike traditional
quantum mechanics, where determining the uncertainty between energy and time is
unattainable due to the lack of a defined time operator..

Furthermore, it is interesting to note that in the relativistic limit of quantum mechanics
(T=0and 4, — ), by the finite speed of light, the minimum acquisition time of
information in the quantum limit reads

L

c

min
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The outcome of equation (71) demonstrates that conducting a measurement within a
completely deterministic quantum mechanical global system is impractical since it would
require an infinite duration.

Considering that non-locality is confined to domains with physical lengths on the order

A : : .
of ﬁ , and given that information about a quantum system cannot travel faster than the

speed of light (otherwise violating the uncertainty principle), local realism holds true
within the coarse-grained macroscopic physics, where domains of order of /1C3 reduce to
a point.

The paradox of "spooky action at a distance™ is limited to microscopic distances

(smaller than 2:105)’ where quantum mechanics is described in the low-velocity limit,

assuming ¢ — oo and A, — oo. This results in the seemingly instantaneous transmission
of interaction over a distance.

It is also noteworthy that in the presence of noise, the measured indeterminacy

undergoes a relativistic correction, as AE = (mc®kT (1+ 4k—T2j Y2 leadingat T >0:
mc

1/2

AEAt > E(1+ KT 5 j (72)
2 4mc
and

n(, kT Y?
ALAp > —|1+ 73
P 2( 4mcz) (73)

This can become significant for light nuclear and elementary particles (with m — 0)
and at high temperatureT .

5. Cosmological and high energy physics consequences

Within the framework of the SQHM, utilizing the measure indeterminacy relations and
the maximum attainable velocity of the speed of light

0

x<c, (74)
it follows that
- _
X>AX= & = f ) (75)
m 2mAx
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leading to <candto
2MAX
Axs R (76)
2mc 2

where R, is the Compton’s length.

Equation (76) unveils that the highest density of mass within a body is found within
an elemental volume with a side length equivalent to half of its Compton wavelength.

This discovery carries profound implications for the formation of black holes (BHS).
In order for a BH to form, all of the mass must be compressed within its gravitational
radius Ry, leading to the following relationship:

26m  AX R
Rg=CT>7=rmin=701 (77)
which further leads to the condition:
2
m
R _ e Ty 4 (78)
4Rg 8mcRg 8m“G m
showing that the BH mass
fic
m > G- Zm,. (79)

is the reduced Planck’s mass.

872G

This holds true in a vacuum at zero background temperature, If we consider positive
temperature as in (72-73) it follows that

. 1/2
x>Ax=2P__" (1+ szj , (80)
m 2mAXx 4mc

7 kT 2
leads to 1+ > | <cand, consequently, to
2MAX 4mc

1/2 12
Ax>i(1+ szj :&(H szj . (81)
2mc amc 2 4mc
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which leads to the condition:

1/2 1/2
R, (1+ szj __h (1+ szj
4R, 4mc 8mcR, 4mc 82
he kT Y2 m? KT 2 )
=— [1+ 2) == (1+ 2) <1
8m“G 4dmc m 4dmc
with
hc kT kT
m>,[— |1+ = m_ |1+ 83
\/G( 16mc2j Va p( 16mc2j ®3)

Form (83) we can see that in presence of thermal fluctuations, the black hole of Planck
mass becomes unstable and more mass is necessary to stabilize the BH.

If we consider black holes of mass hugely larger than m, considered that they are
constituted by N sub-units (particles of mass m, ), we have that the energy fluctuations

results 6E;)=3N KT and relation (83) reads
2

m>\/;mp(1+ NkT j (84)

16mc?

Applying this result to the pre-big-bang BH (PBBH), we can derive an order of
magnitude of the temperature necessary at the big bang to make thermally unstable the
PBBH letting to expelling matter outside.

Assuming the universe energy Mygg,C° ~10° | the PBBH made of N particles
becomes unstable if

m
(1+ NkT2j>«/;—p (85)
16mc m
and therefore, for a temperature such as
NKT___ _NKT_ Meeen “Mp _ Mesen 4 610 (86)
16MpggyC°  16x10° m, m, ’

leading to the value

10120

T >0 °K. (87)
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If we assume that the elementary particles in the Primordial Black Hole were black
holes of Planck mass, it follows that

N zmpﬂzlo‘15

- (88)
p
we obtain,
KT kT ol (89)
16MpggyC° 16x10°
Thig—bang > 107" °K (90)

while, if we assume that the particles weigh into the PBBH on the order of the
elemental baryonic values, we have that:

Thig—bang >10% °K (91)

this is larger than the Planck temperature necessary to vaporize a black hole of small
Planck mass.

Moreover, in the case of high energy fluctuations, the Marcovian term 6E ;= 3N %T

has to be substituted by the more general expression SE ) = 3Nk Z ESNij

=1
that for particles with internal structure reads

3NkT = 3NKT )™

(92)
> 3NKT 3NKT
-5 ( f' o)
where f, are structural factors. Therefore (72) becomes:
Al aNKT & (aNkTY )
AEAt > —| 1+=—— : (—j (93)
2 4mc” i 2
and
h 3NKT 3NKT e
ALAp > — 94
P 2( 4mc? Zﬂ'( 2 j] ®4)

269



P. Chiarelli

In this case it follows that

/2
U Ap ok [ 3Nszﬁl(3Nijj | (95)

m 2mAXx 4amc? 2

1/2

h 3NKT 3NKT

leads to < cand, consequently, to
2mAx[ 4mc? Zﬂ'( 2 )J auently

2mc 4mc? 4amc?

o P ( 3NKT Zﬁ’u(sNszj] :%£ 3NKT Zﬂl(m\mn s
which leads to the condition:

R, 3NKT 3NKT h 3NKT 3NKT
4R[ 4mc? Zﬂ'( 2 U 8mcR£ 4mc? Zﬂ'( 2 j]

1/2
fi 3NKT 3NKT m,? 3NKT 3NKT
C( SyiE j} =m—"2( SyiE s j} <1

~8mG 4mc? 4mc?

(97)

with

s [ [ 3NkT22ﬁl(3Nij]

Mg °G | 16mgyc

szLH 3NKT 2 iﬂ. (SNZkT] ]

16mgyCc” %

(98)

leading to

h-1
3NKT : Zﬂu [BNKTJ (99)

16Mpggy C

that, for BH of elemental baryonic particles, leads to

63
Thig_bang >110" °K (100)

where h is the polynomial degree of temperature series expansion (92). For quadratic

dependence by temperature it follows that
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Tbig—bang >l 313X1O31 °K, (101)
while for cubic dependence we have
Tbigfbang >l 1021 °K (102)

The validity of the results (76) and subsequent ones are substantiated by the quantum-
gravitational effects produced by the quantum mass distribution within spacetime [23-
24]. This demonstration elucidates that when mass density is condensed into a sphere
with a diameter equal to half the Compton length, it engenders a quantum potential force
that is able to counters the compressive gravitational force within a black hole. Moreover,
in presence of thermal fluctuations, for T >0, the repulsive thermal force adds itself to
the quantum potential one rendering the Planck’s BH unstable and leading to its
evaporation.

Regarding high-energy physics, the pure quantum realm is limited to roughly one-third
of the De Broglie length. When the system experiences significant thermal energy
fluctuations and the De Broglie length approaches its physical length, qguantum mechanics
begins to be influenced by environmental fluctuations.

From the standpoint of the SQHM, classical behavior begins to emerge at increasingly
smaller dimensions, leading to deviations from quantum mechanical behavior. At higher
energies and fluctuation amplitudes, it becomes necessary to account for perturbations to
the quantum theory. By employing a semiempirical approach at the first order of
approximation, this effect can be addressed by introducing a measurable parameter. In
this regard, Santilli's IsoRedShift theory, which incorporates hidden variables, seems to
provide a solid and dependable model for describing high-energy dynamics in the
presence of significant fluctuations.

6. Discussion and Conclusions

The stochastic extension of Madelung quantum hydrodynamics effectively integrates
mass density fluctuations into quantum equations, driven by gravitational background
noise, which is a form of dark energy. This model adeptly tackles significant elements of
the quantum-to-classical transition by introducing the concept of quantum potential
interaction length alongside the De Broglie wavelength. Beyond this length, coherent
qguantum behavior and the evolution of the wavefunction are disrupted or profoundly
changed.

The stochastic quantum hydrodynamic framework asserts that an external environment
is not required, indicating that the stochastic behavior causing wavefunction collapse and
macroscopic classical phenomena, consistent with Einsteinian realism, is an intrinsic
aspect of physics in a fluctuating spacetime. The theory provides a coherent connection
between the uncertainty principle and the constancy of light speed, corresponding with
the finite speed of information transmission. In quantum mechanics subjected to
fluctuations, the model derives the uncertainty relationship between energy and time,
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shedding light on measurement processes that cannot be concluded within a finite time
interval in a truly quantum global system.

Moreover, the model elucidates how uncertainty relations evolve in an open quantum
system under fluctuations, presenting a framework to describe how quantum mechanics
adapts in the contexts of nuclear and elementary particle physics and the behavior of high-
energy black hole states. The model's self-consistency is demonstrated through its ability
to depict the dynamics of wavefunction collapse and the measurement process within its
mathematical structure. Additionally, the theory addresses the issue of Einsteinian
determinism and pre-existing reality by showing that large-scale systems naturally
transition into stable, decoherent classical states over time, without the necessity for an
observer or measurement apparatus. The SQHM presented here is limited to the non-
relativistic Madelung theory. The generalization to the relativistic representation of
Klein-Gordon equation as well Dirac’s one represent the possible future developments.
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