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Abstract

The main goal of this paper is to establish two results in fuzzy menger
space by using property-(E.A), (E.A) like property and occasionally
weakly compatible mappings. Furthermore these results are justified
with proper examples.These are generalization of the theorem proved
by Diwan and others.
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1 Introduction

Menger space is one of the metric space generalizations. It is coined by
Menger and Sklar [1959]. After words the effort of Karl Menger and Sklar [1960]
the topology is generated with the neighborhood concept in menger space. It is
rapidly growing and attracted many researchers. After introducing the concept of
fuzziness by Zadeh [1978] we get various definitions on fuzzy metric space among
one definition is popular which is proposed by George and Veeraman [1994] et al.
By inserting the probabilistic notion into fuzzy metric space leads to generation
of fuzzy menger space coined by Shrivastav and Dhagat [2013] et al. which is
well suited for investigating physical quantities in different fields like partial dif-
ferential equations, random differential, integral equations and integro-differential
equations. Because of various applications, usefulness and simplicity it becomes
very popular tool to solve existence problems in pure applied sciences. Some re-
sults in fuzzy menger space generated by Anil Goyal [2015] et al. using the Prop-
erty (E.A). Recently Vijayabaskerreddy and Srinivasi [2021] using (E.A)- Like
property generated some outcomes of fixed point results in metric space.Pathak
and Rashmi [2014] et al. used the concepts of (P-1) compatible mappings to pro-
duce some of the fixed points in fuzzy menger space. Some of these outcomes
can be witnessed like Ruchi Singh and Dhagat [2015], Y. Singh and Devi [2015].
S.D. Diwan and Raja [2016] and others applying the concepts of expansion map-
pings as well as C'L Rg- property extracted fixed points in fuzzy menger space.

In this paper we established two results in fuzzy menger space by employing
the notions (E.A) -like property, occasionally weakly compatible mappings and
justified by suitable examples. These are generalization of the theorem proved by
S.D. Diwan and Raja [2016] and others.

2 Preliminaries

Definition 2.1. A non empty set X and a mapping F, from X x X into the col-
lection of all fuzzy distribution functions F, € R, Y« € [0,1] make up a fuzzy
probabilistic metric space (FPM-space) (X, F,) S.D. Diwan and Raja [2016]
and the fuzzy distribution function is expressed by F,(p,q)and Fqp) (i) is the
expansion of Fy, q) at j1 € N.

The function Fop, oV o € [0, 1] is to satisfy the following properties

(a) Fop.g) (1) = 1 —=P=4q

(b) Fa(pﬂz)( )=

(€) Fupay (1) = Fatqu(#)

(d) IfFa(p,q)(ul) = 1 and Fa(qm)(UQ) =1 = Fa(pﬂ«)(ul + u2) =1
Vp,q,r € X and uy,us > 0.
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Definition 2.2. A binary relation t,: [0,1] x [0,1] — [0, 1] is stated as t- norm
S.D. Diwan and Raja [2016] if

(l) t¢<pa 1) =D, t¢(07 0) =0

(i) to(p, q) = to(q, p)

(iti) to(p, ts(q,7)) = ts(ts(p, q), 7)

() Ifr 2 p,s 2 q = ty(r,s) 2 te(p,q)

forallp,q,r, s € [0,1].

Definition 2.3. A fuzzy menger space (X, F,,,t,) Ruchi Singh and Dhagat [2015]
is formed by (X, F,)FPM-space , t, where t, is t- norm and satisfy triangle
inequality
Fopry(ur + u2) > te(Fopg (), Fagr)(u2)) V¥p,q,7 € X and uy,uy > 0 and
a € [0,1].

2.1 Example

If (X, p) is metric space then F,,: X x X — L given by
(1) Fapg) = Ha@—p(p.g): P4 € X Va € [0,1].
and if ¢4: [0, 1] x [0,1] — [0, 1] is given by
(17) ty(r,s) = min{r, s}, then (X, F,,ts) forms fuzzy menger space. Further it
is complete whenever (X, p) is complete.

Definition 2.4. In fuzzy menger space (X, F,,t,) two mappings
v,0: X — X are compatible S.D. Diwan and Raja [2016]
l:fFa('yéaT“&yan)(tqﬁ) —1 Vt¢> >0

whenever (a,) € X in order for va,, da,, — p for some u € X.

Definition 2.5. Let (X, F,,,t4) is fuzzy menger space.

Then the mappings v,0: X — X satisfy

(a) CLRs -property S.D. Diwan and Raja [2016] if 3 (c,) € X in order for
YCp, 0C, — On for somen € X

(b) the (E.A) like property Vijayabaskerreddy and Srinivasi [2021] if there exist-
ing a sequence (c,,) € X in order for yc,, dc,, — n wheren € v(X) U J(X)

(c) the property (E.A) Vijayabaskerreddy and Srinivasi [2021 ] if there exists a se-
quence (c,) € X in order for

YCp, 0C, — 1 for somen € X

From the definitions we can deduce that C'L Rs -property implies (E.A) like
property and (E.A) like property implies the property (E.A). But the converse need
not be true.

We are discussing through counter examples.
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2.2 Example

In fuzzy menger space (X, F,,14)
deflne the mapping v,d: X — X as, where X = [0, 1]

v(a) = sin®(rx),Va € [0, 1] (1)
2 - 1
5(a) = {fs () ec L @)
vk =T

From (1) and (2)

’V(X) = [07 1]75(X) = [07 1] - {%}
choose (¢,,) =+ — 2 ¥m > 1. Then

N

lim,;, 00 Y(Cm) 4— lir?lm_mo 7(1 %) = lim,;, 00 sinz(ﬁ(}1 —
1im,, 500 0(Cm) = limyy, o0 5(}1 — %) = limy, o0 cos? (7 (5
lim,, 00 ¥(Cm) = hmmﬁoo d(em) =

3 €7(X)Ud(X) but not 5 in §(X )

Consequences the mappings v, ¢ satisfy (E.A) like property but do not satisfy

C' LRs— property.

2.3 Example

In fuzzy menger space (X, F,,, t,)
deflne the mapping v,d: X — X as, where X = [—1, 0]

o 1 3)

3 1fa:7.

(@) = {sm(gm) ifae[~1,0— {5}

4
= ifa:%l. @

5(a) = { —cos(§w) ifa € [-1,0] - {5}
From (3) and (4)
(&) =[-1,0] - {Z},6(X) = [-1,0] - {5}

choose (¢,) = 5t + 2 Vm > 1. Then

00 0 (Cn) = limy, o0 5(%1 - %> = limp, o COS(%(% - %)) = _\/Li'
liInm—>c>o V(Cm) = hmm—)oo 5(Cm) = _\/Li S
But — 5 not in §(X) U ().

Consequences the mappings 7, 0 satisfy (E.A) property but neither satisfy C' L Rs—
property nor satisfy (E.A) like property

Note

(a) If §(X) is closed then (E.A) property and C'LRs— property are coincide.

10
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(b) Further if §(X) is closed as well as v(X') is closed then all the three properties
coincide.

Definition 2.6. Two mappings v,6: X — X are weakly compatible Y. Singh and
Devi [2015] in fuzzy menger space if these are commuting at their coincidence
points.

Definition 2.7. Two mappings v,0: X — X are occasionally weakly compatible
Y. Singh and Devi [2015] in fuzzy menger space if there is a coincidence point at
which the mapping commutes.

The following example demonstrates that owc not necessarily weakly compat-
ible.

2.4 Example
Define the mappings are v(a) = sin*(rz), Va € [0, 3].
d(a) = \% sin(rx),Va € [0, 3].
1

Then the mappings coincide at a = }L, 1,0 however ata = 7
A(3) = sin®(rt) = 1.

N

6(3) = %sm(w}i) 5

(1) =0(3) = 3.

103y = 2h) Ze(ed) =1,
0v(3) =6(3) = \%sin(w% = \/Li
Ata =1,

7(1) = sin®(71) = 0

i(1) = \%sin(ﬂl) =0,

v(1) =4d(1) =0

) .
76(1) =~(0) =0,
d7v(1) = 6(0) = sin(70) = 0.
Resulting y0(1) = 67(1) but v6(5) # 0v(3). Hence the result.
The following theorem proved by S.D. Diwan and Raja [2016] et al.

Theorem 2.1. “Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, F,,t) suppose that

(i) (A, S) satisfies C L Rg-property or (B, T) satisfies C L Rp-property,

(ii) A(X) CT(X),B(X) C S(X)

(iii) (A, S) and (B, T) are weakly compatible

(iv) one of the range of the mappings A, B, S or T is a closed subset of X

(v) there exists a constant k > 1 such that

Fa(Ax,By)(ktqb) < Fa(szry) (t¢)

11
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Ve,y € X forall « € [0,1] and t, > 0.
Then A, B, S and T have a unique common fixed point in X.”

The above theorem generalized as following by using weaker conditions.

3 Main results

Theorem 3.1. Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, Fy,ty) suppose that

(i) (A, S) satisfied (E.A) property or (B, T) satisfies(E.A) property,

(i) A(X) CT(X),B(X) C S(X)

(iii) (A, S) and (B, T) are occasionally weakly compatible

(iv) one of the range of the mappings A, B, S or T is a closed subset of X

(v) There exists a constant k > 1 such that

Fo(az,By) (ktg) < Fogsery) (ts) (5)

Ve,y € X forall a € [0,1] and t, > 0.
Then A, B, S and T having unique common fixed point in X.

Proof. Assume that the pair (A, S) satisfy (E.A)- Property so that 3(c,,,) € X as

lim Ac,, = lim Sc¢,, = p,p e X. (6)
m—o0

m— 00

By using A(X) C T'(X) we can obtain sequence (d,,) in order for Ac,, = T'd,,.
Taking limit on both sides we get

lim Ac,, = lim Td,, (7)
By (5)
Foacn,Bdn) (ktg) < Fo(sem rdn)(te) (8)

as m — oo using (6) and (7) in (8) we get

Fa(u,Bdm)(ktcﬁ) < Fa(up) (ty) =1 9)
as m — oo implies
lim Bd,, = u. (10)
m—0o0

From (6),(7) and (10) we have

lim Ac, = lim S¢,, = lim T7d,, = lim Bd,, = pu. (11D
m—00

m—0o0 m—r0o0 m—ro0

12
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Assume A(X) is closed sub set of X.
Then p = lim,, 00 Acy, € A(X) and A(X) C T'(X) implies p € T'(X)
Then there existing a point vin X as = Tv. By (5)

Fa(Acm,Bv)<kt¢> S Fa(Scm,Tv) (t¢)

as m — oo using (6) u = T'v implies

Fa(u,Bv)(k%) < Fa(u,u) (t¢>) =1

This gives 1 = Bv implies y = T'v = Bv.

uw= Bve B(X)cCSX).

Then there existing win X as u = Tv = Bv = Sw
Claim Aw = Sw. By (5)

Fo(aw,Bvy(kty) < Faswry) (ts) =1

implies Aw = Bv implies Aw = Sw.
Therefore we have
p="Tv=Bv=Aw = Sw.

(12)

(13)

(14)

15)

From (15) the pair (A, S) & (B, T) having coincidence points w and v respectively.

Further occasionally weakly compatibility of (A, S) & (B, T) resulting
Ap = Sp, Bu = T..

By (5)
Fa(Au,Bu)<kt¢) < FOC(S%TH) <t¢>

Using (16) in (17) we get
Fa(Au,Bu)(kt¢) < Fa(Au,Bu) (t¢).

Then we have
Ap = Bp.

Claim Ay = p. By (5) we have
Fa(Au,Bv)(ktqﬁ) S Fa(Su,Tv) (th)

From (15) and (16)
Fa(Au,u)(kt¢) < FO&(AIMN) (t¢)'

Then we have

Ap = p.

13
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7)

(18)

19)

(20)
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From(16), (19) and (16) resulting
Ap=Su=Tu= Bu = p. (23)

Thus y is combined fixed point for four self mappings.
In similar way when S(X'), T'(X) and B(X) closed we can obtain fixed point.

Uniqueness
Let 1; be other similar point satisfy (23) implies

Apy = Spy =Ty = By = ;. (24)
By (5) we have

Fo(apnu) (kts) < Faspru)(ts) (25)
From (23) and (24)

Fo(uu) (kte) < Fagup)(ts) (26)

Hence p = 11y
Consequently the four self mappings are having unique common fixed point in X'.
O

Now we validate our theorem by discussing suitable example.

3.1 Example

In fuzzy menger space (X, F,,, t,)
deflne the mapping A, B, S and T: X — X as, where X = (—3, 0]

) el ifae (=3, -1]

A(a) = B(a) = {_1_%7 ifa € (—1,0] i
B [ —e 0 ifa e (=3, —1]

S(a) =T(a) = {%7 ifa € (—1,0]. 2

From (27) and (28)

A(X) = [-1,—5) = B(X)&T(X) = [-1,0] = (&)

This implies A(X) C T(X)&B(X) C S(X).

Moreover the mappings A, S have coincidence the points at a = —2, —1 .
Ata=—-1,A(-1)=S5(-1) = —1and AS(—1) = SA(—-1) = —1.

Butata = —2, A(—2) = 5(—2) = —1 and

AS(=2) = A(—%) =—-1+ %,SA(—Z) = S(—%) = —3—16.

Consequences both the pairs (A, S) & (B, T) satisfy OWC but are not weakly
compatible. Define the sequence (c,,) = —1 — 2 Vm > 1. Then

14



Results on Property-(E.A) & (E.A)- like properties

1My 00 A(Cr) = 1My 00 A(=1 — 2) = Timy, 00 —el-lF -l = 1,
1My 00 S (Cm) = 1Moo S(—1 — 2) = limy, 0 i ) .
lim,,, oo A(Cr) = limy, o0 S(c) = —1.

This implies the mappings A, S satisfy Property-(E.A) and S(X) is closed.
Further at point a = —1 the values are A(—1) = B(—1) = S(—1) = T(-1) =
-1

Resulting the mappings A, B, S and T having unique common fixed pointa = —1.
Hence all the norms of the theorem satisfied.

Now we have one more generalization of the Theorem(2.1).

Theorem 3.2. Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, F,,ts) suppose that

(i) (A, S) satisfies (E.A) like property or (B, T) satisfies (E.A) like property,

(ii) A(X) C T(X), B(X) C S(X)

(iii) (A, S) & (B, T) are occasionally weakly compatible

(iv) one of the range of the mappings A, B, S or T is a closed subset of X

(v) there exists a constant k > 1 such that

Fa(Ar,By)(kth) S Fa(Sz,Ty) (t(b) (29)

Vr,y € X forall « € [0,1] and t, > 0.
Then A,B,S and T having unique common fixed point in X.

Proof.

Case(i) Assuming that the pair (A,S) has (E.A) -Like property implies there ex-

isting a sequence (¢,,) € X as
lim Ac,, = lim Sc¢,, = pu, (30)
m—0o0 m—0o0

where p € A(X) U S(X).

peAX)USX) = pe A(X)orpe S(X).

Sub case (i) If © € A(X) and A(X) C T'(X) implies u € T'(X)

Then there existing vinin X as y = Tv. By (29)

Fa(Acm7Bv)(k:t¢) S Fa(Scm,TU) (t¢) (31)
as m — oo using (30) 4 = T'v implies
Fagu,po)(kts) < Faup(ts) =1 (32)

This gives 4 = Bv implies y = T'v = Bw.
u= Bv e B(X)CSX).

15



K. Satyanna and V. Srinivas

Then there exists w in X with y = Tv = Bv = Sw
Claim Aw = Sw. By (29)

Fa(Aw,Bv)(kt(j)) S Fa(Sw,Ty) (t¢) =1 (33)
implies Aw = Bv implies Aw = Sw. Therefore we have
w="Tv= Bv=Aw = Sw. (34)

From (34) the pairs (A,S) & (B,T) are having coincidence points w and v respec-
tively.
Further occasionally weakly compatibility of (A,S) & (B,T) resulting

Ap = Sp, By =Thu.. (35)
By (29)
Foappp (kty) < Faspru(ts)- (36)
Using (34) in (35) we get
Fa(Au,Bu)(ktcﬁ) < Fa(Au,Bu) (%)- (37)
By lemma we have
Ap = Bp. (38)

Claim Ap = p. By (29) we have

Fotappo)(ktg) < Fasu,r)(ts)- (39)

From (34) and (35)
Fa(Au,u)(k%) < Fo(app) (ts)- (40)

By lemma we have
Ap = p. 41)

From(35), (38) and (41) resulting
Ap=Sp=Tp= Bu = p. (42)

Thus p is common fixed point for four self mappings.
Sub case (ii) If 1 € S(X) then there existing v in in X as y = Sw. By (29)

Fa(Aw,ch)(kt¢) S Foz(Sw,Tcm)(t¢) (43)

as m — oo using (30) u = Sw implies

Foawg)(ktg) < Fogup(ty) = 1. (44)

16
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This gives 1 = Aw implies y = Aw = Sw.
p=Aw e AX) CT(X).
So that there existing v in X with = Tv = Aw = Sw
Claim Bv = T'v. By (29)

Fa(Aw,Bv)(kt¢> S Fa(Sw,T’v) (t¢) =1
implies Aw = Bv implies Bv = T'v. Therefore we have
uw="Tv= Bv=Aw = Sw.

From here on words leads to sub case(i).

Consequently the four self mappings have unique common fixed point in X'.

(45)

(46)

Case(ii) Assuming that the pair (B, T) satisfy (E.A)- Like property so that there

existing a sequence (e,,) € X as

lim Be,, = lim Te,, = pu,
m—00 m—00

peBX)UT(X) = peB(X)orpeT(X).
Sub case (i) If 4 € B(X) and B(X) C S(&X') implies u € S(X)
Implies there existing v in X such that = Sw. By (29)

Fa(Aw,Bem)(k:tqi)) S Fa(Sw,Tem)(t¢)

as m — oo using (30) © = Sw implies

Fatawm (kty) < Fagum(ts) =1
This gives © = Aw implies p = Aw = Sw.
uw=Aw e A(X) CT(X).

Then there existing win X as y = Tv = Aw = Sw
Claim Bv = T'v. By (29)

Fa(Aw,Bv)<kt¢>> < Fa(Sw,Tv) (t¢) =1
implies Aw = Bv implies Bv = T'v. Therefore we have

pw="Tv= Bv=Aw = Sw.

Here on words leads to sub case(i)

47)

(48)

(49)

(50)

61y

Sub case (ii) If 4 € T'(X) hence there existing w in X’ such that y = T'v. By (29)

Fo(afm.Bo)(kty) < Foisg,. o) (te)

17
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as m — oo using u = T'v implies

Fou,poy(kty) < Faguu(te) = 1. (53)

This gives ¢ = Bv implies p = Bv = T.

p= Bv e B(X)CSX).

Then there existing vin X as p = Sw = Bv =Tw
Claim Aw = Sw. By (29)

Fa(Aw,Bv)(ktzﬁ) < Fa(Sw,Tv) (tzb) =1 (54)
implies Aw = Bv implies Aw = Sw.
Therefore we have
w="Tv= Bv=Aw = Sw. (55)

From here on words leads to the sub case (i).
O

Now our theory substantiated by following example.

3.2 Example

In fuzzy menger space (X, F,,, t,)

deflne the mapping A, B, Sand T': X — X as, where X' = [—1, 1]

—e~(Fa) if -1,0
A(a) = B(a) = {_f ifz i EO B ) (56)
) )9
B | e ifa e [-1,0]
Sla) =T(a) = {—(% —a), ifae(0,L]. ©7

From (59) and (60)

B(X) = A(X) = [~1,~ 1], T(X) = S(X) = [-1,0)

Hence A(X) C T(X), B(X) C S(X).

Moreover a = 0, —1 are the only coincidence points of the mappings A, S.
Atthe pointa = —1,A(—1) = S(—1) = —1and AS(—1) = SA(—1) = —1.
Butat a = 0, S(0) = A(0) = —+ moreover

AS(0) = A(—1) = —e~(-0),

SA(0) = S(—1) = —e (=00,

Consequences these pairs (A, S) as well as (B, T) are OWC but are not weakly

18



compatible.
Define (¢,,) = —1 + ﬁ VY m > 1. Then

lim,,, o0 A(Crn) = limy, oo A(—1 4+ ﬁ) = lim,, o, —e!"Clam) = 1,
limy, 00 S(¢) = limy, oo S(—1 + ﬁ) = lim,, o —e—FEF2)? — 1
limy, 00 A(Cn) = limy, o0 S(cm) = —1.

This implies the mappings A, S satisfying (E.A) property and A(X) is closed.
Further at a = —1 values are A(—1) = S(—1) = B(—1) =T(-1) = —1

Thus the four mappings A, B, S and T having unique common fixed pointa = —1.
Hence all the conditions of the Theorem (3.2) satisfied.

4 Conclusion

We generated two results in fuzzy menger space by employing

(1) the pairs (A, S) or (B, T) are satisfying Property-(E.A) and both the pairs are
OWC instead of the pairs (A, S) or (B, T) are satisfying C'L Rg-property and both
the pairs are weakly compatible in Theorem (3.1) .

(i1) The pairs (A, S) or (B, T) are satisfying (E.A)-Like property and both the pairs
are OWC instead of the pairs (A, S) or (B, T) satisfies C'L Rg-property and both
the pairs are weakly compatible in Theorem (3.2).

These are generalizations of the theorem proved by Diwan et al. Moreover these
two Theorems are supported with appropriate examples.

5 Remark

Further there is possibility to define the intimate mappings in fuzzy menger
space and chance to obtain new results like as.

Definition 5.1. Let two mappings v,0: X — X in fuzzy menger space. Then
{A,S} is said to be A-intimate if and only if

BFa(ase, ac,)(ts) < BEy(s52,,500)(t0)

where 5 = limitsupremum or limitin fumum, (z,) is a sequence such that
lim,, oo Az, = lim,,_,o, Sz, = u, for some p € X.

Theorem 5.1. Let A, B, S and T be four self-mappings on a fuzzy PM space
(X, F,,ts) suppose that

(i) (A, S) satisfied (E.A) property or (B, T) satisfies(E.A) property,

(ii) A(X) C T(X), B(X) C S(X)

(iii) the pair (A, S) is S-intimate and (B, T) is T-intimate

19
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(iv) one of the range of the mappings A, B, S or T is a closed subset of X
(v) There exists a constant k > 1 such that

Foa(A:c,By)(kt¢) S Foz(SamTy) (tgb) (58)

Va,y € X forall o € [0,1] and ts > 0.
Then A, B, S and T having unique common fixed point in X.
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Abstract

This paper presents two approximations of the solution functions of
Abel’s integral equations belonging to classes H[0,1), H?[0,1) by
(AR — 1, M) partial sums of their second kind Chebyshev wavelet
expansion in the interval [0,1), for A > 1. These approximations

are ESCLLL v Eﬁlbl’ 1 (). Chebyshev wavelets of the second
kind were used to solve the Abel’s integral equations. The
Chebyshev wavelet of the second kind leads to a solution that is
almost identical to their exact solution. This research paper’s
accomplishment in wavelet analysis is noteworthy.

Keywords: H%[0, 1) class, H?[0, 1) class, Chebyshev wavelet of the
second kind and Abel’s integral equations.
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1 Introduction

In recent years, wavelets have become widely utilized across diverse fields
such as biology, mathematics, and engineering. These are primarily used for
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signal analysis tasks such as time-frequency analysis and waveform segmenta-
tion, provide quick results for straightforward performance. Additionally, they
utilize efficient organization of numerical data to compute solutions to integral and
differential equations effectively. This capability presents a significant advantage
in various scientific and engineering applications, where accurate and efficient
computation is paramount. This research study investigates the properties
associated with Holder’s classes H[0, 1) and H?|[0, 1), presenting an innovative
concept in the fields of mathematical sciences and physics. Numerous esteemed
researchers have contributed to the understanding of functions within Holder’s
class with order o (0 < a < 1). Notable among them are Chui [1], Debnath [2],
Kumar et al. ([4], [9]) Lal and Yadav ([7], [8]), Lepik [10], Meyer [11], Pandey
et al. ([3], [12], [13], [14], [15], [16]), Ray and Sahu [17] and Sripathy et al.
[18], whose extensive studies have paved the way for advancements in function
approximation theory and related fields. Their work provides a solid foundation
upon which this study builds, extending the understanding of Holder’s classes and
their applications. This paper explores solving integral equations by employing
the Chebyshev wavelet of the second kind within the interval [0,1), enhancing
efficiency and broadening the toolkit for mathematical and computational scien-
tists. For instance, the method for solving Abel’s integral equations of the form:

t

i = 0+ [ 2 m
0o Vt—=x

has been introduced using second kind Chebyshev wavelet.

This research paper aims to achieve several objectives. Firstly, it seeks to
define the Chebyshev wavelet of the second kind within the interval [0,1),
providing a clear understanding of its properties and characteristics. Secondly, it
aims to define Holder’s classes H®[0,1) and H?[0,1), portraying their
significance in mathematical analysis. Thirdly, the paper aims to assess the
approximation of function f within these classes, exploring the effectiveness of
wavelet-based techniques in function approximation. Additionally, the
procedure for solving Abel’s integral equations utilizing the Chebyshev wavelet of
the second kind have been discussed, offering insights into the
practical application of wavelet methods in solving integral equations. Lastly,
the paper intends to compare the exact solutions of Abel’s integral equations with
the approximate solutions obtained using various types of wavelets, including the
Legendre wavelet and both kinds of Chebyshev wavelets, shedding light on the
comparative efficacy of different wavelet approaches.

The subsequent sections of this paper are structured as follows: Section 2
outlines the definitions and properties of Holder’s class, the Chebyshev wavelet of
the second kind, and their orthonormality. Section 3 examines the approximation
of solution functions of Abel’s integral equations using Chebyshev wavelets of
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the second kind. Theorems are presented in Section 4, with their proofs in Section
5. Section 6 presents the algorithm for solving Abel’s integral equations using
the Chebyshev wavelet of the second kind within the interval [0,1). Section 7
demonstrates the solutions of Abel’s integral equations using this wavelet. Finally,
the conclusions of this research paper are summarized in Section 8.

2 Definitions and Preliminaries
2.1 Function of Hélder’s class
A function f € H*[0,1),0 < o < 1 if

flx+1t)— f(x) =0(t%), Yo +1t, x, t €[0,1) (Titchmarsh[19]).

2.2 Function of Holder’s class H?[0, 1)
A function f € H?[0,1),0 < a < 1if
[l +1) = f(x) = O((Jt]), Vo +1, 2, t €0,1),
where ¢(t) is a positive monotonic increasing function of ¢ such that ¢(|¢t|) — 0
ast — 0. If ¢(t) = |[t|* then H?[0, 1) class reduces to H%[0, 1) class.
2.3 Chebyshev wavelet of the second kind

Chebyshev wavelet of the second kind is denoted by w,(f%@ and defined by

P,

2N\ (0 —on — 1), if t € [Ry, LY.
(t) :{ ? ( n )7 1 [,\k+ ’ Nkt )7 (2)

0, otherwise,
wheren = 0,1,2, ..., A1 =1, m =0,1,2,..., M —1 and k, ) are positive integer.
Upn(t) are the second kind Chebyshev polynomial of degree m which are

orthogonal with respect to weight function w(t) = v/1 — ¢2 on [-1,1] and satisfy
Up(t) = 1,Us(t) = 2t and U1 (t) = 2tU,(t) — Upp—a(t), m € {1,2,3, ... }.

2.4 Orthonormality of the second kind Chebyshev wavelets

Proposition 2.1. {¥\{0(t), n = 0,1,2, .. A+ — 1, m = 0,1,2,...,. M — 1}
forms an orthonormal set. i.e.

! o/ .
e 0, otherwise.

O Y = {L if n=n' and m = m'
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Proof. Form =0andn = n/,
WO 6Ny = / SO0 (bt
_ / (WO s (t)dt
0
_ 4 / i ARy (#)dt

Ae+1

= —/ sin? 0df = 1, 2A\F 't — 2n + 1 = cosé.
0

For m # 0,

1. Form =m/'and n = n/,

W0 tas = [ MO R s

- / D0, (8) P (£

n
Ak+1

n+1
4 k+1
_ 4 / N2 (0F 2 4 o ()

2 ™
= —/ U2 (cos 0) sin® 0dO, 2\**'t —2n + 1 = cos

T Jo

2 ™
= —/ sin?(m + 1)0df = 1.

0
2. Forn # n/,
Wt = [ OV Dt

Since, zb?(fy)n is defined in [y, £55) C [0,1) and 1/1 is defined in | /\,Zil : ’;;ﬂ)

C [0,1), therefore if n # 7/, then the intervals [A,ﬁrl, /7\11:;11> and [y, %) are

disjoint i.e.
n n+1 n n+1
MNe+L7 Zk+1 n Ae+17 \k+L = 0.

Therefore (1o, @/)i;'\,)m%n,k =0if n#n Vm,m.
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3. For m # m/,

A
Wt ans = [ VMOV Dt
= 0, bythe orthogonality of Chebyshev polynomials.

3 Approximation of functions and Multiresolution analysis

This section contains the approximations of the solution functions of the Abel’s
integral equations and Multiresolution analysis by the second kind Chebyshev
wavelet.

3.1 Approximation of functions

Since {M(ﬁ\)n} forms an orthonormal basis for L?[0, 1), therefore the solution
function f € L?[0,1) of the Abel’s integral equations can be expressed into
Chebyshev wavelet of second kind as

- Z Z Cn,mlby(g\,)n(t)a Cn,m = <f7 ¢7(7i\,)n>wn,k' (3)

n=0 m=0

The (A*F! — 1, M)™ partial sum (Sye+1_q 5 f)(2) of wavelet series (3) is given by

AFHL_1 M—1
T, (A
(S ) = D0 > enmth (1) = CTpN (1), )
n=0 m=0
where C' = [ 0,601,.. Co,M—1,C1,05+++3 C1L,M—1y «+-y Ck+1_ 10,...,C>\k+1_17M_1]TaIld

-1
9(8) = WO B0, (), SR, 9 TR (5 oo
Yo O

The second kind Chebyshev wavelet approximation Eyi+1_y 5 (f) of f by
(AP — 1, M)™ partial sum (Syr+1_1 5, f) of the wavelet series (3) is defined by

By (f) = | f = (Sxe+1-1.00f)||2 (Lal and Priya [5]).  (5)

(SAkH 1 JVIf)

Eyi+1-1 3(f) is said to be best approximation of the function f if Eye+1_y 5/ (f) —
Oask — 0o, M — oo (Zygmund [20]).
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3.2 Multiresolution analysis

The sequence of subspaces {Vn@)};’fzo of L?[0,1) is defined by

v _@W VoMo ..o WY,

where W = 021[05)<1/1n’\m :m e NU{0}), n=0,1,2,.., \"™ — 1,
2o, "

then {V,fk)}ffzo is a multiresolution analysis of L?[0, 1) (Chui [1]).

4 Theorems

The following theorems have been proved in this section:

4.1 Theorem 4.1
If a function f € H[0, 1) and its second kind Chebyshev wavelet expansion

be
- Z Z Cn,mwg\r)n (t)

n=0 m=0
having (\**! — 1, M)™ partial sums
A1 M—1

(S)\k"'l 1 Mf Z Cn mw(/\)
=0 m=0

then the second kind Chebyshev wavelet approximation of f is given by

Netl_1 M—1 1
(1) _ A
E)\k+1—17M( f) = min|[f - Z Z Cnml/)( ) )l = (m) , M > 1.

n=0 m=0

4.2 Theorem 4.2

If a function f € H?[0, 1) class such that ¢(|t|) — 0 as ¢ — 0 then the second
kind Chebyshev wavelet approximation of f by (Syx+1_1 5 f) satisfies for M > 1

Netl_q p—1 1 1
2
E/(\k)+1_1,M() = min|[f — Z Z nm@b()\) B2 =0 ()\k+1m¢ ()\k-i-l))‘

n=0 m=0
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5  Proof of Theorems

5.1 Proof of Theorem 4.1

f(t> = Z Z Cn,mwr(:\r)n<t>

n=0 m=0
Com = (Lo
/\nk-:}l
= E) U (£ i (£)dt
)J@Z—l
-
- / (0 =1 () ) Oty
Ak+1
n+
n AR+T
s () [ e
Ake+1

1 « AF+T A a
ennl < N (m / U (Owes()d|, f € HO0,1)
T
I\ [T 2 &1 sin 6
= N(}\Hl) /0 ﬁ)\ > Uy (cosﬁ)w(cosﬁ)wdﬁ‘
B N T , _ sin(m +1)0
= W /0 Sln(m + 1)9 sin 6df 5 Um(COS 8) = W
N ™
= Py /o cosmf — cos(m + 2)0do
N 1d 1 d
< - = = (si - “
< 27}\(k+1)(a+é)( i mdQ(Slan)d0’+ s 2d9(sm(m—|—2)0)d9D
< s (o (max (sme) )+ (sin(m + 2)0)
S o) \m \oas S m 2 \gsae s
B N
T A (1 2)
Netl_1 M—1
n=0 m=0 n=0 m=0
A+l oo
= Z Z Cn,mzﬁg\}n(t)
n=0 m=M
Then, (B (5 = [IF(5) = (Swenia H) (B3
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Al

= 2 D lewnl’

n=0 m=M
Aetl 1 o 2
N
<
- 2)\2 (k+1)a Z m+2
m:M
< °° dm
= 7r2)\2 (k+1)a M M (m + 2)?
1 2N?
< 2)\2k+1 M2 M = 2 )\2(k+Da

Therefore, Eik)H ) £ —— ==

R M > 1.
7T)\(k+1) \/M ()\(k—i-l) \/M) ’

This completes the proof of the Theorem 4.1.

5.2 Proof of Theorem 4.2

Following the proof of Theorem 4.1 and for f € H?[0,1) class

/ 1
ol < o W)
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= No¢ )\k+1 \/_ Up(cos 0)w(cos ) —— S\ ——d#
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N2 L1 o 1

T m2)\kHL ¢ Mo+l (m 4 2)2
N2 (1

T2 \k+1 ¢ AT
oON? [ 1

7T2/\k+1M¢ NEFL )

(2) B 1 1
Therefore, E/\Hl_LM(f) = 0 <)\k“\/ﬂ¢ (/\k+1)) , M > 1.

This completes the proof of the Theorem 4.2.

IN

IA

6 Method for solving Abel’s integral equations by second kind Chebyshev
wavelet

Consider the Abel’s integral equation (1). Let us consider the wavelet series
expansion,

yt) = D cnmth(#) ®)

n=0 m=0

and (A*T! — 1, M) partial sum of series (8) which is the approximate solution of
(1) i.e.
A1 M—1
() = D D cumtiin(t) = CTEN(0). ©)

n=0 m=0

In Eqn. (9), CT contains A**'M unknown coefficients Cn,m. For determining
the values of A**! M unknown coefficients c,, ,,,, taking suitable collocation points
near t; = sy, 0 = 1, ..., A""1 M, the ¥ M system of algebraic equations are
obtained. By solving these A**' M system of algebraic equations, the values of
cnm have been obtained. Substituting these values in Eqn. (9), the second kind

Chebyshev wavelet solution of the integral equation (1) is obtained.

7 Results and Discussion

In this section, the second kind Chebyshev wavelet method has been used to
find the approximate solution of Abel’s integral equations. The exact solutions of
Abel’s integral equations are compared with the Legendre wavelet, first kind, and
second kind Chebyshev wavelet solutions (Sharma and Lal [6]). This is illustrated
in the following examples:
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7.1 Example 1

Consider the Abel’s integral equation of the first kind

2V/t(8t* + 10t + 15

y@) o V(812 + 10t + 15) 10)
0 Vi—1x 15

It is obtained by taking v(t) = 0, f(t) = —w in Abel’s integral

equation (1). The exact solution of Eqn. (10)is y(¢) = ¢* + ¢ + 1.

The six basis function of the second kind Chebyshev wavelet for £ = 0,

M = 3, \ = 2 are as follows:

1
If 0<t<—

wé”<t>—2\/§ wio () \f
%%w=4¢%&—n Uit =4 J?u—@
%@w-zJ%&u—w?—n viB() = J%a&—3f—w

By using the algorithm of the second kind Chebyshev wavelet method described in
Section 6, the first kind Abel’s integral equation has been solved. The approximate
solution y(t) will be

W) = cntfO+ tlo + i, te |o.3)

2 2 2
—~ 2\/;0,0 + 4\/j(4t — Deoq + 2\/j(4(4t —1)> = Dega. (11)
m m m

y(t) = Cl,olbfg@) + 01,11/’%,21)( )+ 215(2)( b te B’ 1)

2 2 2
= 2\/;;170 + 4\/j(4t — 31y + 2[(4(475 —3)2 = 1)cre. (12)
m m m

For values of unknowns ¢ o, ¢ 1, €2, €10, €1,1, and ¢ 2, we collocate equation
Eqgn. (10) at ¢ = 0.15,0.3,0.45,0.6,0.75, and 0.9, six system of algebraic equa-
tions are obtained. Solving these systems of algebraic equations, the values of the
unknowns are obtained as follows:

co0 = 0.832278919311074, cp1 = 0.117498200373328,
cp2 = 0.009791516697778, c1 9 = 1.458935987968824,
c11 = 0.195830333955546, c; 2 = 0.009791516697777. (13)
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Putting the values of ¢y, co 1, Co2, €10, 1,1, and ¢; 2 from Eqn. (13) into Eqns.

(11) and (12).

y(t) = 0.832278919311074

+ 0.009791516697778

y(t) = 1.458935987968824

+ 0.009791516697777

2 2
2\/%) + 0.117498200373328 <4\/;(4t — 1))

2 z(4(415 —1)*— 1)) Jl€E {0, 5) :

™

2 2
2\/j) + 0.195830333955546 (4\/j(4t — 3))
s s

2 %(4(4t—3)2 - 1)>  te {%1) .

The approximate solution of the first kind Abel’s integral equation (10) obtained
by the second kind Chebyshev wavelet method (SKCWM) for different values
of ¢ in the interval [0,1) has been obtained. The comparison of exact solutions
(ES) of Abel’s integral equation with the Legendre wavelet method (LWM), first
kind Chebyshev wavelet method (FKCWM), and second kind Chebyshev wavelet
method are given in Table 1.

Table (1)

ES

LWM

FKCWM

SKCWM

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1.11
1.24
1.39
1.56
1.75
1.96
2.19
2.44
2.71

0.929532564
1.115745774
1.309633163
1.511194733
1.720430483
1.937340412
2.161924522
2.394182812
2.634115282

1.0719999995
1.1546666661
1.2479999994
1.3519999994
1.4666666667
1.5919999994
1.7279999994
1.8746666661
2.0319999994

1.10999999999999
1.23999999999999
1.38999999999999
1.56000000000000
1.75000000000000
1.96000000000000
2.18999999999999
2.44000000000000
2.70999999999999

Table(1): Comparison between exact and approximate solutions of Eqn. (10).

The graphs of the exact solution and approximate solution of the Abel’s integral

equation (10) are shown in Figure 1.
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1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t

Fig.(1): The graphs of exact and approximate solutions of Eqn. (10).

7.2 Example 2

Consider the Abel’s integral equation of the second kind
t
y(t) = Atz — / y(z) dx (14)
0

It is obtained by taking v(¢) = —1, f(¢) = —4¢2 in the Abel’s integral equation
(1). The exact solution of Eqn. (14) is y(t) = 3t + 2(1 — 2/t — er fe(V/7t)).
Following the procedure of example (1), the approximate solution y(t) will be

2 2
y(t) = 0.203127378663919 2\/;>+0.1245710999898258 (4\/;(475—1))
2 ) 1
+ 0.007508790407423 { 24/ ~(4(4t — 1)’ = 1) | . 1 € |0.5 ) .
2 2
y(t) = 0.788695399256314 2\/;>+0.159580510841338 <4\/;(4t—3)>
2 ) 1
+ 0.002685161812766 ( 24/ ~(4(4t —3)* = 1) | . t € | 5.1 ).
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The exact solution and approximate solutions of the second kind Abel’s integral
equation (14) are shown in Table 2.

Table (2)

t

ES

LWM

FKCWM

SKCWM

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0914468358
0.2313248892
0.3928020550
0.5682530617
0.7538699265
0.9473720681
1.1472485450
1.3524303100
1.5621248430

0.0296708741
0.1868894237
0.3529379159
0.5278163507
0.7115247282
0.9040630482
1.1054313110
1.3156295160
1.5346576640

0.0772954668400
0.1890183222312
0.3135382389570
0.4467872378730
0.5858830996710
0.7291945119710
0.8762823974830
1.0263605224509
1.1786727537049

0.09087255103875016
0.23456458416817604
0.39359395601475531
0.56796066657848785
0.76212315618636044
0.95487673780814230
1.15311498926330412
1.35683791055184616
1.56604550167376791

Table(2): Comparison between exact and approximate solutions of Eqn. (14).

The graphs of the exact solution and approximate solution of the second kind Abel’s
integral equation (14) are shown in Figure 2.

+
(
%*

ES
LWM
FKCWM
SKCWM

Fig.(2): The graphs of exact and approximate solutions of Eqn. (14).

7.3 Absolute Error

The absolute error in the approximate solution of the Abel’s integral equations (10)
and (14) are shown in Tables 3. This shows that absolute error is negligible by the second
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kind Chebyshev wavelet method as compared to Legendre wavelet method, and first kind
Chebyshev wavelet method.

Table (3)
Absolute error in solution of Example 1 | Absolute error in solution of Example 2

t LWM | FKCWM SKCWM LWM | FKCWM SKCWM
0.1 | 0.18046 | 0.03800 | 0.222x10~'" [ 0.06177 | 0.01415 0.00057
0.2 | 0.12425 | 0.08533 0.222x1071% | 0.04443 | 0.04230 0.00323
0.3 | 0.08036 | 0.14200 0 0.03986 | 0.07926 0.00079
0.4 | 0.04880 | 0.20800 0 0.04043 | 0.12146 0.00029
0.6 | 0.02956 | 0.28333 0 0.04234 | 0.16798 0.00825
0.6 | 0.02265 | 0.36800 0 0.04330 | 0.21817 0.00750
0.7 | 0.02807 | 0.46200 0 0.04181 | 0.27096 0.00586
0.8 | 0.04581 | 0.56533 0 0.03680 | 0.32606 0.00441
0.9 | 0.07588 | 0.67800 0 0.02746 | 0.38345 0.00392

Table(3): Absolute error in approximate solutions of Eqns. (10) and (14).

8 Conclusions

1. The second kind Chebyshev wavelet approximations of Theorem 4.1 and 4.2 are

given by E/(\}CLI_I’M(f) =0 (m) — 0ask — ooand M — oc;

and E/(\i)Jrl_LM(f) =0 <m¢ (ﬁ)) —0ask — ococand M — co.

Therefore, estimators ESC)JFLL 4 (f) and E/(\i)JrliL 17 (f) of the solution function of the
Abel’s integral equations are best possible in wavelet analysis.

2. From the tables 1, 2, 3 and figures 1, 2, it is observed that the solutions of the Abel’s
integral equations by the second kind Chebyshev wavelet method coincide with their exact
solution as compare to Legendre and first kind Chebyshev wavelet method. This shows

the validity and applicability of the proposed algorithm.
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Abstract

The significance of connectedness and compactness plays a vital role in studying the
properties of topological spaces. Numerous authors explored several characterizations of
topological spaces using these notions. Researchers had attempted to generalize the concepts
of connectedness and compactness in various generalized topological spaces like ideal
topological spaces, soft topological spaces, fuzzy topological spaces etc. In the year 2013,
Babitha and John studied the concept of connectedness in soft multi topological spaces. Since
then the study of these concepts has created a gap in the literature. The uniosity about the
generalizations of connectedness and compactness in soft multi topological spaces explored
this article.
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1 Introduction

In mathematics, a multiset is regarded as the generalization of a set. In the classical
set theory, set is a well-defined collection of distinct objects. If a repeated occurrence of any
object is allowed in a set, then it creates another mathematical structure known as multiset. A
multiset differs from a set in the sense that each element has a multiplicity that indicates how
many times it occurs in that collection.

Multiset theory was introduced by Cerf et al.[1971]. Yager [1986] and Blizard [1989]
added further contributions to it. An algebraic structure for multiset space was introduced by
Ibrahim et al. [2011]. Multiset relations and multiset functions were introduced by Girish and
John [2009].

In 2012, Girish and Sunil [2012] introduced multiset topologies induced by multiset
relations. Later they introduced the concepts of basis, sub-basis, closure, interior, continuity
and related properties in multiset topological spaces in [2012]. S. A. El. Sheikh et al.
introduced the concept of separation axioms on multiset topological space [2015] and they
studied the generalization of open multisets and its properties [2015]. In 2017, the notion of
compactness in multiset topological space [2017] was introduced by Sougata Mahanta et al.

J. Mahanta et al.[2014] have introduced the semi compactness of multiset topological
space. Many interesting findings concerning with the multisets were examined in [2015,
2018].

In 1999, Molodstov[1999] initiated the theory of soft sets as a new Mathematical tool
to deal with uncertainties while modelling problems in various fields like Engineering and
Medical Sciences. P. K. Maji et al.[2003] defined some basic properties of soft sets. In 2002,
P. K. Maji et al. [2002] applied the theory of soft sets to solve a decision making problem.
The notion of soft mapping was first initiated by P. Majumdar et al. [2010]. In 2011, N.
Caugman et al. [2011] defined the soft topology on soft sets and investigated related
properties. In 2012, 1. Zorlutuna et al. [2012] acquainted the concept of soft point, soft
continuity and soft compactness.

Soft set is a mapping from a parameter set to power set of universal. But among many
practical situations some situation may occur, where the respective counts of objects in the
universe of discourse are not single. To handle the situation mathematically, in 2013 Babitha
& John [2013] were introduced the concept of soft multiset as a combination of soft sets and
multisets, in which the universal set is a multiset. The topological and algebraic structures of
soft multi set have large number of applications in soft computing, decision making, data
analysis and information aggregation and information measure. Moreover the soft multi
topology and its basic properties were given in [2013]. The same authors initiated the concept
of connectedness on soft multi topological spaces [2013].

In 2015, Deniz Tokat et al. [2015] acquainted the idea of soft multi continuous
functions and also soft multi semi continuity by using soft multi function. After that El.
Sheikh et al. [2016] introduced the concepts of generalizations of open soft multi sets and
mappings in soft multi topological space. In 2015, they have introduced the concept of g-
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closed soft multisets in soft multi topological space. Ismail Osmanogluet al. [2014]
acquainted the concept of compact soft multi spaces. In 2015, Deniz Tokat et al. introduced
the concept of soft multi continuous functions by using soft multi function. Muhammed
Raafat et al. presented the concept of semi-compact soft multi spaces. Muhammed Riaz et al.
[2020] gave the properties of soft multi topological spaces and also gave some real life
applications. Seydakaya Pezukl et al. [2021] provided an application of soft multisets to a
decision making problem concerning side effects of COVID-19 vaccines. V. Inthumathi et
al. [2022] acquainted the concept of generalized semi closed soft multisets and established
several of their properties. Further they introduced the concepts of generalized semi operators
and generalized semi continuous functions in soft multi topological spaces [2023].

In this paper, we generalized the work of Muhammed Raafat et al. as generalized semi
soft multi compactness and generalized semi soft multi connectedness by introducing
generalized semi soft multi separated sets, soft multi adherent point, generalized semi soft
multi adherent point, soft multi open cover and generalized semi soft multi open cover and
also we explored new characterizations of soft multi topological spaces.

2 Preliminaries

Throughout this paper SMTS denotes the soft multi topological spaces.

Definition 2.1. [2013] Let U be an universal mset, E be a set of parameters and A C E.
Then, an ordered pair (F,A) is called a soft mset where F is a mapping given by F: A -
P*(U); P*(U)is the power set of a msetU.

For all e € A, F(e) mset represents by count function Cpe):U* - N where N
represents the set of non-negative integers and U™ represents the support set of U.

Let U = {2/x,3/y,2/z} be amset. Then, the support setof U is U* = {x,y, z}.

Definition 2.2. [2013] Let X be an universal mset and E be a set of parameters. Then, the
collection of all soft msets over X with parameters from E is called a soft multi class and is
denoted as Xj.

Definition 2.3. [2013] Let (X, 7, E) be a SMTS over X and (G, E) be a soft multi set over X
and x € X. Then, (G, E) is said to be a soft multi neighbourhood of x if there exists a soft
multi open set (F, E) such that x € (F,E) € (G, E). The set of all soft multi neighbourhood
of a, denoted by N(a), is called the family of soft multi neighbourhoods of «,

i.e. N(a) = {(G,E): (G,E) € t,a € (G,E)}.

Definition 2.4.[2022] Let f; be a soft mset over Xg. fg is called a soft multi point over X, if
there exists e € E andn/x € X, 1 < n < m such that

(n/x} ife=e 1<n<m

f(e):{ ¢ if e e E—{e}
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We denote the soft multi point fz by [(n/x).]g. In this case, x is called support point of
[(n/x).]E, {x} is called support set of [(n/x).]g and e is called the expressive parameter of
[(n/x).]g. The family of all soft multi points over X is denoted by P(X, E) or P.

ie. P(X,E) = {[(n/xi)e;]e:xi € X, 65 € E,1 <n < mj}.

Definition 2.5. [2022] A soft mset Sz in a SMTS (X, ,E) is said to be generalized semi
closed soft multiset (briefly gscs mset) if Csisye)(X) < Cy(e)(x) whenever Csoy(x) <
Cyce)(x) forall x € X*, e € E and Uy € OSM(X)g. The set of all gscs mset is denoted by
gscs(Xg).

Definition 2.6. [2023] A sub soft mset Sz in (X,7,E) is called generalized semi open soft

multiset (briefly gsos mset) if its complement is a gscs mset. The set of all gsos mset in
(X,t,E) isdenoted by gsos(X)g.

Definition 2.7. [2023] Let (X, t,E) be a SMTS over Xy and S; be a soft mset over Xz. Then
the generalized semi soft multi closure of Sg, denoted by gssm-cl(Sg) is the intersection of
all gscs mset containing Sg.

Definition 2.8. [2023] Let (X, t,E) be a SMTS over Xy and S; be a soft mset over Xz. Then
the generalized semi soft multi interior of Sg, denoted by gssm-int(Sg) is the union of all
gsos mset contained in Sg.

Definition 2.9. [2023] A sub soft mset N in SMTS (X, t, E) is said to be generalized semi
soft multi neighbourhood (briefly gssm-nbd) of a point [(n/x).]g In X if there exists an
gsos mset Ug such that [(n/x).]g < Cy(e)(x) < Cn(e) ().

If Ni is a gsos mset containing [(n/x).]g, the Ng is called generalized semi soft multi
open neighbourhood (briefly gssm-open nbd) of [(n/x).]g.

Definition 2.10. [2020] Let (Q4, %) be a SMTS and Qg € Quand a € Q4. If every soft multi
neighbourhood of a intersects Qg in some soft multi points other than «, then « is called a
soft multi limit point of Qp.

Definition 2.11. [2014] Let (Xg, 71) and (Xg, 7,) be SMTS. Then, the following hold:

(@) If t, 2 14, then 7, is soft multi finer than ;.
(b) If T, © 14, then T, is soft multi strictly finer than ;.
(c) If either 7, 2 7,0r T, € 14, then 7, is comparable with z,.

Definition 2.12. [2023] Let (X, 1,E) and (Y,0,K) be two SMTSsand letu: X - Y, p:E - K
and f:Xg — Yy be functions. Then the function f is called generalized semi soft multi
continuous (briefly gssm-cts) if f~1(Fy) is a gscs mset over (X, 1, E) for every closed soft
msetFy over (Y, o, K).

Definition 2.13. [2014] A family of i of soft msets has the finite intersection property if the
intersection of the members of each finite sub family of i is not the null soft mset.
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Definition 2.14. [2013] Let (X, 7) be a SMTS over X. A soft multi separation of X is a pair
((F,E), (G, E)) of no-null soft multi open sets in X such that

X=(F,E)U(G,E),(F,.E)RA(GE) = ¢.

Definition2.15. [2013] A SMTS (Xg, t) is said to be soft multi connected if there does not
exist a soft multi separation of X. Otherwise, (Xg, 7) is said to be soft multi disconnected.

Definition 2.16. [2014] A family i of soft multi sets is a cover of a soft multiset (F, A) if
(F,A) € U{(F;, A): (F;,A) e ,i € I}. It is a soft multi open cover if each member of ¥ is a
soft multi open set. A subcover of ¥ is a family of 1 which is also a cover.

Definition 2.17. [2014] Let (Xg, T) be a SMTS and (F,A) € (X, E). Soft multi set (F,A) is

called compact if each soft multi open cover of (F,A)has a finite subcover. Also SMTS
(Xg, 1) is called compact if each soft multi open cover of X has a finite subcover.

3 Generalized semi soft multi connectedness

In this section the notions of generalized semi soft multi separated sets, generalized semi
soft multi connectedness are defined and some of their properties in SMTSs are studied.

Definition 3.1.Let (X, t,E) be a SMTS. Two non-empty sub soft msets S; and T are
said to be generalized semi soft multi separated (briefly gssm-separated) if and only if

C(sngssmci(r))@)(X) = Cg(e)(X) @A Cgssm—cis)nt)(e) () = Cop(e) ().

I.e. C(Sngssm—cl(T))U(gssm—cl(S)nT)(e) (x) = C¢(e) (x).

Example 3.1. Let X ={2/x1,2/%3}, E ={eq, €3} and T =
(¢, X, (F1,E), (F, E), (F5,E)} where Fy(ey) = {2/x;}, Fi(ez) = {¢}, F(e1) = {2/x,},
F,(ey) = {@}, F3(e;) = (X}, F3(e;) = {¢}. Let Sg, Tz and Vg be soft msets such that
S(ey) = {1/x1}, S(ez) = {}}, T(er) = {1/x2}, T(ez) = {@} and V(ey) = {1/x1,1/x5},
V(ey) = {¢}. Then soft msetsSy and Ty are gssm-separated but the soft msetsT; and Vg
are not gssm-separated.

Definition 3.2. Let (X,7,E) be a SMTS and Cs()(x) < Cx(e)(x). A soft multi point
[(n/x).]r € Xg is said to be soft multi adherent point of Sp if every open soft mset
containing [(n/x).]g, contains atleast one soft multi point of S;.

Definition 3.3. Let (X,7,E) be a SMTS and Cs(.(x) < Cx(e)(x). A soft multi point
[(n/x).]r € Xg is said to be generalized semi soft multi adherent point (briefly gssm-
adherent point) of Sy if every gsos mset containing [(n/x).]g, contains atleast one soft
multi point of Sg.

Proposition 3.1. Two gssm-separated sets are always disjoint.
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Proof. Let Sg and Tgbe gssm-separated sets. Then Csngssm—ci(ry)y(e) (X) = Copey(x) and

Cigssm—ci(s)nT)(e) (X) = Cop(e)(X). Now  Cisnry(e)(X) < Cigssm—ci(s)nm)(e)(X) =
Ce(e)(x). Thisimplies that Cisnrye)(x) = Cye)(x). Hence Sg and T are disjoint.o

Proposition 3.2. Every soft multi separated sets are gssm-separated but the converse is
not true.

Proof. It is follows from the definition. o

Example 3.2. In Example 3.1, the soft msetsS; and Ty are gssm-separated but not soft
multi separated.

Theorem 3.1. Two soft msets are gssm-separated if and only they are disjoint soft msets
and neither of them contains soft multi limit point of the other.

Proof. Let Sg and Tgbhe gssm-separated sets if and only ifCisngssm—ciry)e)(x) =
Coe)(®) and Cigssm—cis)n)(e)(X) = Cp(e)(x). NOW Cisngssm—cumyy(e) (¥) = Cpe)(X) &
Cisnrumyx))e) () = Cpey(x), where [(n/x).]g is the soft multi limit point of Tp &
C(SnT)(e)(x) = C¢(e)(x) and C(Sn(n/x))(e)(x) = C¢(e)(x) & Sp and Tgare disjoint soft
msets and Sy contains no soft multi limit point of Tg. Similarly Cigsem-—cis)nr)(e)(X) =
Cyp(e)(x) if and only if Sg and Tgare disjoint soft msets and T contains no soft multi
limit point of Sg.o

Proposition 3.3. Sub soft msets of a gssm-separated sets are also gssm-separated.

Proof. Let Sz and Tgbe gssm-separated of a SMTS (X,7,E). Then
C(Sngssm—cl(T))(e)(x) = C¢(e) (x) and C(gssm—cl(S)nT)(e) (x) = Cqb(e)(x)- Let CU(e) (x) <
Cse)(x) and  Cyy(x) < Crey(x).  Then  Cyngssm—civ))e)(X) = Cper(x) and
Cigssm—cl)nn)(e)(X) = Cy(e)(x). Thus Ug and Vi are gssm-separated. o

Theorem 3.2. Two gscs-sets of a SMTS (X, 7, E) are gssm-separated if and only if they
are disjoint.

Proof. Since gssm-separated sets are disjoint, gscs-msets are disjoint. Conversely, let Sg
and Tg be two disjoint gscs-msets. Then  Cysem—ci(s)ee)(X) = Cseey (%),
Cyssm—ci(r)(e)(*) = Cr(ey (%) and Cisnmy(e) (1) = Cyey (). Consequently,
C(Sngssm—cl(T))(e)(x) = Cd)(e)(x) and C(gssm—cl(S)nT)(e)(x) = C¢(e)(x)- Hence Sp and
Trare gssm-separated.o

Theorem 3.3. Two sub gsos msets of a SMTS (X, t, E) are gssm-separated if and only
if they are disjoint.

Proof. Since gssm-separated sets are disjoint, gsos-msets are disjoint. Conversely, let Sg
and Tz be two disjoint gsos-msets. Suppose that C(sngssm—ci(r))e)(X) # Cope)(X). Let

[(/X)ele < Cisngssm—ciry)@(X)- Then [(n/x)c]g < Csey)(x)  and [(n/x)e]z is a
gssm-adherent point of Ty, since Sg IS a gsos-mset containing [(n/x).]g and [(n/x).]E
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is a gssm-adherent point of Ty, Sy contains at least one soft multi point of Ty. Thus
Cisnrye)(X) # Cy(ey(x). This contradicts the fact that S; and Ty are two disjoint gsos-

msets. Therefore Cisngssm—cir))e)(x) = Copey(x). Similarly  Cgssm—ci(s)nmye)(x) =
Cy(e)(x). Hence Sg and Tgare gssm-separated.o

Definition 3.4. If Cy(e)(x) = Cs(e)(x) U Cr(e)(x) such that Sp and T are non empty
gssm-separated sets, then Sg, T form gssm- separation of Xj.

Definition 3.5. A SMTS (X, t,E) is said to be generalized semi soft multi connected
(briefly gssm-connected) if X cannot be written as a union of two disjoint non empty
gSos-msets.

If X is not gssm-connected then it is gssm-disconnected.
Proposition 3.4. Every gssm-connected space is soft multi connected but not conversely.

Proof. Let (X,t,E) be a gssm-connected space. Suppose that Xy is not soft multi
connected. Then Cy(e)(x) = Cse)(x) U Cr(ey(x), where Sg and T are disjoint non empty
open soft msets in (X, t, E). Since every open soft msets is gsos-mset, Sy and Ty are
gsos-mset. Therefore Cy()(x) = Cse)(x) U Cree)(x), Where Sg and Tg are disjoint non
empty gsos-msets in (X, t, E). This contradicts the fact that X is gssm-connected and
so that Xy is soft multi connected.o

Proposition 3.5. A SMTS (X, 1,E) is a gssm-disconnected space if there exists a non-
empty proper sub soft mset of Xz which is both gsos-mset and gscs-mset.

Proof. Let S; be a non-empty proper sub soft mset of Xz which is both gsos-mset
and gscs-mset. Then clearly Sg is a non-empty proper sub soft mset of Xz which is both
gsos-mset and gscs-mset. Thus Csnseye)(X) = Cye)(x), and also  Cxe)(x) =
Cs(e)(x) U Cseey(x). Thus X is the union of two disjoint non empty gsos-msets. Hence
Xgis gssm-disconnected.o

Theorem 3.4. A SMTS (X, t,E) is a gssm-disconnected space if and only if Xy is the
union of two disjoint non empty gsos-msets.

Proof. Let X; be gssm-disconnected. Then there exists a non-empty proper sub soft mset
of Xz which is both gsos-mset and gscs-mset. And therefore, S¢ is a non-empty sub soft
mset of Xg that is both gsos-mset and gscs-mset.Thus Csnseye)(X) = Cy(e)(x), and

also Cx(e)(x) = Cs(e)(x) U Cse(ey(x). This shows that X is the union of two disjoint non
empty gsos-msets.

Conversely, let Xz is the union of two disjoint non-empty gsos-msets S; and Tg.
Then Creeey(x) = Cs(ey(x). Now Ty is a gsos-mset, Sg is a gscs-mset. Since Tg is non-
empty Sg is a non-empty proper sub soft mset of Xz which is both gsos-mset and gscs-
mset. Thus X is gssm-disconnected.o
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Corollary 3.1. SMTS (X,t,E) is a gssm-disconnected space if and only if Xz is the
union of two disjoint non empty gscs-msets.
Proof. Obvious.o

Theorem 3.5. For a SMTS (X, 7, E), the following are equivalent

(@ (X,t,E) is gssm-connected

(b) the only sub soft msets of (X, t, E) which are both gsos-mset and gscs-mset are ¢
and X.

Proof. (a) = (b) Let Uy be a gsos-mset and gscs-mset of X. Then Ug is both gsos-

mset and gscs-mset of Xj. Since X is disjoint union of gsos-msets Uy and Ug, by

assumption one of these must be empty. i.e. Cye)(x) = Cype)(x) OF Cy(ey(x) = Cx(e) (X).

(b)= (a) Suppose that X gssm-disconnected. Then by Proposition 3.5, there exists a non-

empty proper sub soft mset of X, which is both gsos-mset and gscs-mset, which is a

contradiction. Thus Xz is gssm-disconnected.o

Proposition 3.6. If (X,74,E) is a gssm-connected topological space and t; finer than
T,, then (X, 7,, E) is also a gssm-connected space.

Proof. Suppose that (X, t,, E) is a gssm-disconnected space. Then there exists a non-
empty proper sub soft msetS; of X which is both gsos-mset and gscs-mset in
(X, 15, E).

So S; and Sg are both gsos-mset in (X, 1,, E). Since 7, € 14, it follows that S; and S§
are both gsos-mset in (X, 74, E). This shows that Sg is a non-empty proper sub soft mset
of Xz which is both gsos-mset and gscs-mset in (X,74,E). This is contradiction.
Therefore (X, t,, E) is a gssm-connected space.o

Proposition 3.7.Let (X,t,E) and (Y,0,K) be two SMTSs and let w:X - Y, p:E - K
be functions. If f:X; — Yy is gssm-continuous surjection and (X,t,E) is gssm-
connected then (Y, g, K) is soft multi connected.

Proof. Suppose that (Y,o,K) is not soft multi connected. Let Cy)(y) = Csqoy(y) U
Crao(y), where Sy and Ty are disjoint non-empty open soft msets in Y. Since f is
gssm-continuous surjection, X = f~1(Sk) U f~1(Ty), where f~1(Sy) and f~1(Tyk)
are disjoint non-empty gsos-msets in Xg. This contradicts the fact that X5 is gssm-
connected. Hence Yy is soft multi connected.o

4 Generalized semi soft multi compactness

In this section, the notions of generalized semi soft multi compactness and locally
generalized semi soft multi compactness are introduced. Some properties of generalized
semi soft multi compact spaces are also discussed.
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Definition 4.1. A collection {(Sg);:i €A} of gsos-msets in SMTS (X, t,E) is called
generalized semi soft multi open cover (briefly gssm-open cover) of a sub soft mset B
of X if Cpey(x) < CU{(Si)(ei):ie,\}(x) holds.

Definition 4.2. A SMTS (X, 7, E) is generalized semi soft multi compact (briefly gssm-
compact) if every gssm-open cover of Xz has a finite sub cover.

Example 4.1. In Example 3.1, the SMTS (X, 7, E) is gssm-compact.

Definition 4.3. A sub soft mset B of SMTS is said to be gssm-compact relative to Xy if
for every collection {(Sg);:i EA} of gsos-msets of Xy such that Cp)(x) <

Cug(sp(erieny(x), there exists a finite subset A, of A such that Cg)(x) <
CU{(Si)(e):iE/\o}(x)-
Proposition 4.1. Every gssm-compact space is soft multi compact space.

Proof. Let (X,7,E) be a gssm-compact space. Let {(Sg);:i €A} be a soft multi open
cover of Xg. Since every open soft mset is a gsos-mset, {(Sg);:i EA} is a gssm-open
cover of Xp. Then there exists a finite sub set A, of A such that Cy.)(x) <
Cug(s)(e)ien,)(X). Thus Xg is a soft multi compact space.o

Proposition 4.2. Every gscs-mset of a gssm-compact space is gssm-compact relative
to (X,1,E).

Proof. Let S; be a gscs-mset of a gssm-compact space (X,t,E). Then Sg is a
gsos-msetin (X, 7, E). Let Cyey(X) = Cugg))(e):ieny(x) be a soft multi open cover of Sg
by gsos-msets. Therefore My U Sg is a gssm-open cover of Xg. Since Xy is gssm-
compact, there exists a finite subset A, of A such that Cyyseye)(x) <
Cug(Gy)(e):ien,}(X). Therefore Cgoy(x) < Cuyg))(e)ien,}(X). Hence Sg is gssm-compact
relative to (X, 7, E).o

Proposition 4.3.Let (X,7,E) and (Y,0,K) be two SMTSs and let w:X - Y, p:E - K
be functions. If f: Xy — Yy is gssm-continuous and Sg is gssm-compact relative to Xg,
then f(Sg) is soft multi compact relative to (Y, g, K).

Proof. Let {(Tg);:i €A} be a soft multi open cover of f(Sg). Then Cr(sye)(x) <
Carpieieny(x) and s0 Cse)(x) < Cip-1(r)(e):ieny(*). Since fis gssm-continuous,
f~Y(Tg); is s gsos-mset for each i €A. Thus {f ~1(T%);:i €A} is a soft multi open cover
of S; by gsos-msets of Xg. Since Sg is gssm-compact relative to X, there exists a
finite sub set A, of A such that Cse)(x) < Cir-1(7)(e)iien,}(*) and hence Crigye)(x) <
Crp(e):ien,) (X)- Thus f(Sg) is soft multi compact relative to (Y, 0, K).o

Corollary 4.1.Let (X,t,E) and (Y,0,K) be two SMTSs and let u: X - Y, p:E - K be
functions. If f: Xy — Y IS gssm-continuous surjection and X is gssm-compact, then
Y is soft multi compact.
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Definition 4.4.Let (X,t,E) and (Y,0,K) be two SMTSs and let w: X - Y, p:E - K
and f: Xy — Y Dbe functions. Then f is said to be generalized semi soft multi irresolute
(briefly gssm-irresolute) if the inverse image of every gscs-mset over (Y, 0,K) is gscs-
mset over (X, t,E).

Proposition 4.4.Let (X,t,E) and (Y,0,K) be two SMTSs and let u: X - Y, p:E - K
be functions. If a soft multi functionf: Xz — Yy is gssm-irresolute and a sub soft mset
Bg of X is gssm-compact relative to (X, t, E), then f(Bg) is gssm-compact relative to
(Y,0,K).

Proof. Let {(Sg);:i EA} be any collection of gsos-msets of (Y,o,K), such that
Crrye)(®) < Cisp(erieny(®).  Then  Criey(x) < Cp-1(s)(e)ieny(*)  holds. By
assumption, Ty is gssm-compact relative to X, there exists a finite sub collection A, of
A such that Creey(x) < Cip-1(s))(e)ien,)(X). Therefore Crirye) (%) < Ciis;ycer:ieny} ()
Hence f(Tg) is gssm-compact relative to Yy.o

Proposition 4.5. Let (X,t,E) be a SMTS. If Ug and V; are gssm-compact relative to
Xg, then Ug U Vg is gssm-compact relative to Xg.

Proof. Let Cp(e)(x) = Cyges)(erieny(x) be any soft multi open cover of Ug U Vg by
gsos-mset of X5.Then Fy is a gssm-open cover of both Uy and V. By hypothesis, there
exists a finite sub collection Ay, Ay, 0f A such that Cy.)(x) < Cu{(si)(e):ie,\UE}(x) and
Cv(e)(X) < Cugsp(erieny (). Therefore  Cyyy(e)(X) < Cugispeyienyuny 3 (X)) This
shows that Uz U Vi is gssm-compact relative to Xg.o

Proposition 4.6. Let (X,7,E) be a SMTS. Let Cg)(x) < Cx(e)(x) be gssm-compact
relative to Xz and Ty be a gscs-mset of Xg. Then S N Ty is gssm-compact relative to
Xz

Proof. Let {(Ug),: @ €A} be any soft multi open cover of S N Ty be gsos-msets of
(X,7,E). Then {(Ug)q: @ EA}YU (Xg — Tg) is soft multi open cover of gsos-msets of
(X,7,E). Since S is gssm-compact relative to X, there exists a finite sub collection A,
of A such that Cse)(x) < C(U{(Ua):aE/\O}U(X—T))(e)(x)- Then {(Ug)q: @ €N} is a finite
gssm-open sub cover of S; N T, which implies that S; N Ty is gssm-compact relative
to Xg.o

Theorem 4.1. A SMTS (X,t,E) is gssm-compact if and only if every collection of
gscs-msets of X with finite intersection property has a non-empty intersection.

Proof. Let (X,1,E) be a gssm-compact and let {(Fg),} be a family of gscs-msets with
the finite intersection property. Suppose that Cp_ (r)(e)(x) = Cpey(x). Then

Crg(E)ee)(X) = Cx(e)(x). But X is gssm-compact, Cxe)(x) = CU?zl(Fai)C(e)(x) and
therefore Car ry.(e)(X) = Copey (). This contradicts the finite intersection property of

{(Fg)a}. Hence Cp (5 o) (X) # Cope (X).
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Conversely, suppose that every collection of gscs-msets with finite intersection
property has a non-empty intersection. Let {(Gg),} be a gssm-open cover of Xz such
that Cx(e)(x) = Cu e e)(X). Then Cn (g yee)(X) = Cpe)(x), by assumption, this
family does not have finite intersection property. That is Cn’l-Ll(Gai)C(e)(x) = Cy(e)(X)

and so Cum Gq.(e)(¥) = Cx(e)(x). Hence (X, 7, E) IS gssm-compact.00

Corollary 4.2. A SMTS (X,t,E) is gssm-compact if and only if every collection of
gscs-msets of Xy with empty intersection has a finite sub family with empty
intersection.

Definition 4.5. A SMTS (X, 7, E) is said to be locally gssm-compact if every soft multi
point in X has at least one gssm-nbd whose closure is gssm-compact relative to Xg.

Proposition 4.7. Every gssm-compact space is locally gssm-compact but not
conversely.

Proof. Let (X,7,E) be a gssm-compact. Let [(n/x).]g € Xg. Then Xy is an gssm-nbd
of [(n/x)]g such that C.yx)e)(x) = Cx(e)(x) is gssm-compact. Thus every soft multi
point in X has at least onegssm-nbd, namely X whose closure is gssm-compact.
Hence (X, 7, E) locally gssm-compact.o

4 Discussion and Conclusions

The main focus of this work is the introduction of generalized semi soft multi
connectedness and compactness by using generalized semi soft multi separated sets, soft
multi adherent point, generalized semi soft multi adherent point and generalized semi
soft multi open cover. Also, many related theorems and propositions are provided. As a
continuation of this work, in future, more generalizations of soft multi connectedness and
compactness will be investigated. Further we have an idea to extend the work in
separation axioms and filters.
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The concept of domination arises due to the necessity of various types
of facility location problem in a network which includes the one to
one correspondence between them. In a network, nodes with nearly
equal capacity may interact with each other in better way. Motivating
by this, the equivalent property of dominating set of a graph GG and
its line graph G, are studied. This make us to introduce the legendary
domination. In this paper, by posting the disconnected property on
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1 Introduction

A graph G = (V,E) we mean a finite, undirected, simple and connected
graph with p vertices and g edges. Terms not defined here are used in the sense
of Harary [1]. In mathematical discipline of graph theory, the line graph of an
undirected graph G is another (&) that represents the adjacencies between edges
of G. A line graph can be viewed in several ways for example, the edges of G
can be considered as elements of the graph and the adjacency in (; determined by
relations between the elements. The line graph of G, denoted (5, is the graph with
vertex set F/(G), where vertices x and y are adjacent in 5 if and only if edges x
and y share a common vertex in G. This was introduced by Harary and Norman
[2]. The basic motivation for the concept of domination arises due to the necessity
of various types of facility location problem in a network which includes the one
to one correspondence between them.A set D C V(G) ofagraph G = (V, E)isa
dominating set of G, if every vertex in V'\ D is adjacent to some vertex in D. The
domination number (G) of G is the minimum cardinality of a dominating set of
G. This concept was introduced by Ore in [14]. The study of domination in line
graph is named as line domination, the study of domination in edges of a graph is
called as edge domination. A set D C V() is said to be line dominating set of G,
if every vertex not in D is adjacent to a vertex in D). The line domination number
of G is denoted by v;(G) is the minimum cardinality of a line dominating set of
(. It was introduced by S. R. Jayaram in the year 1987 [3]. In the society, persons
with nearly equal status, tend to be friendly. In an industry, employees with nearly
equal powers form association and move closely. Motivating this, the equivalent
property of the dominating set G and its line graph G, is studied.This make us
to defined the legendary domination parameters [7]. The legendary domination
is relating vertex domination and edge domination of a graph G. A dominating
set D C V(G) of graph G = (V, E) is said to be legendary dominating set of
G, if D is a dominating set of G and ;. The legendary domination number is
the minimum cardinality taken over all legendary dominating sets of G and is
denoted by 7,.(G). A dominating set D C V(G) is a split dominating set, if the
induced subgraph (V'\ D) is disconnected. This concept was introduced by V. R.
Kulli and B. Janakiram in [6]. A line dominating set D C V(L(G)) is a split
line dominating set, if the induced subgraph (V' (L(G))) is disconnected. The
minimum cardinality of such a set is called split line dominating number of GG and
is denoted by v (G). This was introduced by M.H.Muddebihal, V.A.Panfarosh,
Anil R.Sedamkar [13]. In this paper, the split legendary domination are introduced
by posting the disconnected property on the legendary dominating set. The bounds
of this parameter was studied and its exact value was found for some standard
graphs. The connectivity & = K(G)) of a graph G is the minimum number of
vertices whose removal results in a disconnected graph.
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2 Preliminaries

Definition 2.1. A split dominating set X C V(G,) is said to be split legendary
dominating set (sled—set), if G has a split dominating set of cardinality X. The
split legendary domination number is the minimum cardinality taken over all split
legendary dominating set of G and is denoted by 74.(G).

Remark 2.1. 1. Let G, L(G) = G be respectively denote a (p,q) graph, and its
line graph. Also, take  V(G) = {uy, ug, .....,up = un }, E(G) = {ey, €9, .....,e, =
€n} V(Gl) = VZ = {Ul, Vo, ..., 'Upl}, E(Gl) = {fl, fz7 vy fql}

2. All graphs consider in this paper are having at least one slesd-set.

Example 2.1. For the graph G| in Figure 2.2, the vertex set D = {vy,v3, vy, 05}
in Gy is the minimum split dominating set of G; and hence 5 = 4. Also note that
the graph G in Figure 2.1, the vertex set D = {uy,ug,u;} is the minimum split
dominating set of G and hence vs(G) = 3. By the definition 2.1, the vertex set
X = {v1,v3,v4,05} C G is the minimum split legendary dominating set of G and
hence v4.(G) = 4. Here note that v5(G) < 74(G) < Ys1e(G).

G (Figure 2.1)

L(G) (Figure ll}f

Example 2.2. For the graph G, in Figure 2.4, the vertex set D = {vs,v5} in
G is the minimum split dominating set of G, and hence v = 2. Also note that
the graph G in Figure 2.3, the vertex set D = {us,us} is the minimum split
dominating set of G and hence v;(G) = 2. By the definition 2.1, the vertex set
X = {vs,v5} C G is the minimum split legendary dominating set of G and hence
Vsie(G) = 2. Here note that 7s(G) = v51(G) = Vs1e(G).
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Example 2.3. For the graph G, in Figure 2.6, the vertex set D = {vq,v5} in
G is the minimum split dominating set of GG; and hence vq = 2. Also note that
the graph G in Figure 2.5, the vertex set D = {usy, us,ur} is the minimum split
dominating set of G and hence vs(G) = 3. By the definition 2.1, the vertex set
X = {v1,v2,v5} C Gy is the minimum split legendary dominating set of G and
hence vg.(G) = 3. Here note that v (G) < v5(G) < Ys1e(G).

e &2 e Ca s Bs
[ & —® & @ @
oy = s s us u; w

G (Figure 2.5)
—— & ° s ——8 — 9
: Vs Vi
¥i ¥ Vi Va
L{«i) (Figure 2.6)

Remark 2.2. (i) For the trivial graph, there is no split legendary dominating set.
(ii) For a connected graph, one can always find a split legendary dominating set.
Therefore, for the existence of split legendary domination number, hereafter we
assume that G is a connected graph with atleast two edge.

In view of the graphs given in Example 2.1, 2.2, 2.3, we have the follow-
ing result.
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Theorem 2.1. For any graph G,
i VS(G) S Vsle(G>'
i /ysl(G) S ’ysle(G>'

Proof.  Since every split legendary dominating set of G is a split dominating set
of G gives the result 75(G) < 7Yge(G).

Since every split legendary dominating set of G is a split dominating set of
G gives the result v (G) < 75 (G). O

Corolary 2.1. For any graph G,v5.(G) = mazx(vs(G), vs(Q)).

Proof. By Theorem 2.1, we have the minimum cardinality of the split legendary
domination number is atleast the minimum domination number of G or (.
Hence 74.(G) is the maximum value of 74(G) and v4(G). O

3 Characterizations, Bounds and Exact values

The following result gives split legendary dominating sets of G which are
minimal.

Theorem 3.1. A split legendary dominating set X C G is minimal for each vertex
xeX, one of the following three conditions holds:

i There exists vertex yeV, — X, such thatN (y) N X = {z}.
ii x is an isolated vertex in < X >.
iii < (V;—x)U{x} > is connected.

Proof. Let G be a graph and G| be its line graph with vertex set ;. Let X C V;
be a split legendary split dominating set of G, since X is minimal and there exists
a vertex xeX such that z does not hold any of the above conditions, then by
condition (i) and (i), X; = X — {z} is a dominating set of GG;. Also by (iii)
< Vi — X > is disconnected. This implies that X is a split legendary dominating
set of G, which is contradiction to the fact X is minimal. OJ

The following theorem gives the necessary and sufficient conditions for
a dominating set to be a split legendary dominating set of G.

Theorem 3.2. A dominating set X C (3, is a split legendary dominating set of G
if and only if there exists two vertices vy, Vo in the induced subgraph < V\ X >
such that vy — vy path of GGy contains atleast one vertex of X.
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Proof. Let G; be a line graph of graph G and X C V] be a split legendary domi-
nating set of G, since cardinality of X is a split dominating set of G.

It implies that the induced subgraph < V;\ X > such that there is no path
between v; and vs. In other words, GG; being connected, the original path between
v; and v, in G does not exists due to the removal of X from V;.

Thus, it follows that there exists two vertices vy, vy in induced subgraph
< VJ\X > such that every v; — vy path of (; contains atleast one vertex in X.

Conversely, suppose the induced subgraph < V;\ X > is connected. Then
there exists a path between v; and v, in < V;\ X >, which is a contradiction to the
fact that v; — v9 path of G, contains atleast one vertex of X. Hence, < V;\ X > is
disconnected. therefore X is a split legendary dominating set of G. ]

Now we give a lower bound for split legendary dominating sets of G in
terms of vertex connectivity k(G)

Theorem 3.3. For any graph G, k(G}) < v5.(G)

Proof. Let GG; be a line graph of G. Let S be a set of minimum number of vertices
of G such that whose removal makes the graph disconnected. By the definition of
vertex connectivity of a graph (G;, we have

S| = E(GY)eveen. (1)

Let X C V, be a split legendary dominating set with minimum cardinality, since
cardinality of X is a split dominating set of G. Therefore,

| X | = Ys1e(G) v (2)
As X also has the property of disconnecting the graph, we have |S| < |X|. By
equation (1) and (2) we have k(G)) < Y5.(G). O

The following result provides an upper bound for split legendary domi-
nating sets of G in terms of maximum degree A(G)).
A(GY)

Theorem 3.4. For any graph G, v4.(G) < PUAGH T

Proof. Let GG; be a line graph of G and X C V be the split legendary dominating
set of G, since X is minimal by Theorem 3.1, it follows that for each vertex xe X,
there exists a vertex yeV; — X such that = is adjacent to y. This implies that V; — X
is a split legendary dominating set of G. Thus, 7,(G) < |V, — X|p — 7s1e(G).

By the Theorem, “For any graph G, v,(G) > m'

Proof: Let X be a y;—set of G. Each vertex dominates atmost itself and
A(G)) other vertices. Hence the result”.

Hence, the upper bound follows from the fact v,(G) > (

A(GZY);)Jrl) : 0
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The exact values of split legendary domination number ~y4.(G) for some
standard graphs are given below.

Theorem 3.5. For complete graph K, v4.(G) = 2n — 4,n > 4.

Proof. Let G be a complete graph K, with atleast four vertices. Let GG, be a
line graph of G with vertex set V; = {v1,v2, ..., Unm-1) }. The vertex set X =
2

{v1, V2, .oty Un_2, Un, Upy1, Uns2, ..., 23} is a sled — set of G, since the induced
subgraph < V;\ X > is disconnected. Therefore

Ys1e(G) < | X|=2n—4.......... (1)

Let X be a y4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of G;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a complete graph, X has atleast 2n — 4 vertices.

Hence,

s1e(G) = [X| > 20 — 4. (2)

Then from equation (1) and (2) we have v4.(G) = 2n — 4,n > 4. O

Example 3.1. For the graph G in Figure 2.8, the vertex set X = {vy, vg, vy, v5} C
V(G)) is the minimum legendary split dominating set of G and hence v4.(G) = 4.

Vi

(=)

Ca 2 Vi

G (Figure 2.7) va
L(G) (Figure 2.8)

Theorem 3.6. For fan graph F ,,, vs(G) =n,n > 3.

Proof. Let G be a fan graph F ,, with atleast four vertices. Let (G; be a line graph
of G with vertex set V; = {v1, vs, ..., U2,_1}. The vertex set X = {vy, v3, vy, Vs, ...0n 11}
is a sled — set of G, since the induced subgraph < V;\ X > is disconnected. There-

fore
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Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — v path of G;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a fan graph, X has atleast n vertices.

Hence,

Yeea(G) = |X| < M. 2)

Then from equation (1) and (2) we have v4.(G) = n,n > 2. Il

Example 3.2. For the graph G in Figure 2.10, the vertex set X = {vg,v3,v4} C
V(G)) is the minimum split legendary dominating set of G and hence v4.(G) = 3.

G (Figure 2.9)
L(G) (Figure 2.10)

Theorem 3.7. For friendship graph F,, v4.(G) =n+ 1,n > 2.

Proof. Let G be a friendship graph F), with atleast five vertices. Let GG; be a line
graph of G with vertex set V; = {vy, vg, ..., v3, }. The vertex set X = {vy,v3;/i =
1,2,..n} is a sled — set of G, since the induced subgraph < V;\ X > is discon-
nected. Therefore

Ys1e(G) < | X|=n+1........ (1)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vq path of GG;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a friendship graph, X has atleast n + 1 vertices.

Hence,

Yo1e(G) = | X[ <+ Lo 2)

Then from equation (1) and (2) we have v4.(G) =n+ 1,n > 2. O

Example 3.3. For the graph G| in Figure 2.12, the vertex set X = {vy, v3,v6} C
V(G),) is the minimum split legendary dominating set of G and hence v4.(G) = 3.
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Vi 2

Vs

G (Figure 2.11)

Vi

L(G) (Figure 2.12)

Theorem 3.8. For ladder graph L,

2, n=2
’Ysle(G) - {
n7

Proof. Let G be a ladder graph L,, with atleast four vertices. Let (; be a line
graph of G with vertex set Vi = {v1, 02, ..., U3(n—2) }.
Case (i)n=2

In this case, the vertex set X = {vy,v,} is a minimum split Legendary
dominating set of G, since induced subgraph < V;\X > is disconnected and
hence 5 (G) = 2
Case (ii) n > 3

In this case, the vertex set X = {vy,v,11} U {vy,v7,010, ..., V3,_5} is 2
minimum split Legendary dominating set of G, since the induced subgraph <
V,\X > is disconnected. Therefore

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of GG;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a ladder graph, X has atleast n vertices.

Hence,

Then from equation (1) and (2) we have v4.(G) = n,n > 3. o

Example 3.4. For the graph G| in Figure 2.14, the vertex set X = {vy, vy, v7} C
V(G),) is the minimum split legendary dominating set of G and hence v4.(G) = 3.

59



P. Kavitha, V. Mohana Selvi

€7

G (Figure 2.13)

L(G) (Figure 2.14)

Theorem 3.9. For wheel graph W,

4, n=3
%51, n>4

’YSZE(G) = {

Proof. Let G be a wheel graph W,, with atleast four vertices. Let G; be a line
graph of G with vertex set V; = {vy, vg, ..., Ugy, }.
Case i)n=3

In this case, the vertex set X = {vq, v3, vy, v5} is @ minimum split legendary
dominating set of G, since induced subgraph < V;\ X > is disconnected and hence
’Vsle(G) =4
Case (ii) n = 0(mod2)

In this case, the vertex set X = {vo, Up, Upy1, Uns2fU{ve; /i = 2,3, ...,n—4}
is a minimum split Legendary dominating set of G, since the induced subgraph
< V\X > is disconnected. Therefore

e(G) < |X| = M8 = [m83] (1)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every vy — v, path of G, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a wheel graph, X has atleast ”T*S vertices.

Hence,

Yae(G) = | X| < 253 = [258]. (2)

Then from equation (1) and (2) we have v4.(G) = [2F2].
Case (iii) n = 1(mod2)

In this case, the vertex set X = {va, Uy, Upy1, UnaofU{ve; /i = 2,3, ...,n—5}
is a minimum split legendary dominating set of G, since the induced subgraph
< VJ\X > is disconnected. Therefore
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Yore(G) < | X| =24 =[] (3)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of G;, where vy, v, are the vertices in the disconnected
. n+4 .
subgraph < V;\ X >. As G being a wheel graph, X has atleast "3 vertices.
Hence,

Then from equation (3) and (4) we have 7. (G) = [%£2]. O

Example 3.5. For the graph G| in Figure 2.16, the vertex set X = {vy, vy, v5,v6} C
V(G)) is the minimum split legendary dominating set of G and hence v4.(G) = 4.

vl

G (Figure 2.15)

L(G) (Figurc 2.16)

Theorem 3.10. For path P,

PYsle(G) = {

Proof. Let G be a path P, with atleast four vertices. Let (; be a line graph of G
with vertex set V; = {vy,vo, ..., 01}
Case (i) n =4,5,6

In this case, the vertex set X = {vy,v4} is a minimum split Legendary
dominating set of G, since induced subgraph < V;\ X > is disconnected and
hence 4. (G) = 2
Case (ii) n = 0(mod3)

In this case, the vertex set X = {v3;_1/i = 1,2,3,....,n — 7} U {v,_1}
is a minimum split legendary dominating set of G, since the induced subgraph
< V\X > is disconnected. Therefore

Yate(G) < |X| =2 = [2]ooon. (1)

2, n=456
(5], n=>7
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Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — v path of G;, where vy, v, are the vertices in the disconnected
) n )
subgia{lph < VI\X >. As G being a path, X has atleast § vertices.
ence,

Yies(G) = | X < 5 =[5]oiins (2)

Then from equation (1) and (2) we have 7. (G) = [5].
Case (iii) n = 1(mod3)

In this case, the vertex set X = {vs;_1/1 = 2,3,....n — 5} U{v,_1} is
a minimum split legendary dominating set of G, since the induced subgraph <
V/\X > is disconnected. Therefore

Yate(G) < [X] =2 =2 (3)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of G;, where vy, v5 are the vertices in the disconnected
subgraph < V;\ X >. As G being a path, X has atleast ”T“ vertices.

Hence,

Yae(G) = | X| < B2 = [2]...... (4)
Then from equation (3) and (4) we have 7. (G) = [5].
Case (iv) n = 2(mod3)
In this case, the vertex set X = {vs;_1/1 = 2,3,....,n — 6} U{v,_1} is

a minimum split legendary dominating set of G, since the induced subgraph <
V/\X > is disconnected. Therefore

Yate(G) < | X] = =2 (5)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of GG;, where vy, v5 are the vertices in the disconnected
subgraph < V;\ X >. As G being a path, X has atleast "T“ vertices.

Hence,

Yae(G) = | X| < B = [2]... (6)
Then from equation (5) and (6) we have v4.(G) = [5]. O

Example 3.6. For the graph G, in Figure 2.18, the vertex set X = {vg,v5} C
V(G),) is the minimum split legendary dominating set of G and hence v4.(G) = 2.
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4] 2 c1 C4 o

L] w s 17 s (1]

G (Figure 2.17)

«—eo —— o —=

Vi V2 Vi va Vs
L(G) (Figure 2.18)

Theorem 3.11. For triangular snake graph T, vq.(G) =n+ 1,n > 2.
Proof. Let G be a triangular snake graph 7, with atleast five vertices. Let G}
be a line graph of G with vertex set V; = {wvy,v9,...,Unm-1) }. The vertex set
2
X = {vg,v3/i = 1,2,..n} is a lesd — set of G, since the induced subgraph
< V/\X > is disconnected. Therefore
Ysie(G) < | X|=n+ 1. (1)

Let X be a ~y4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vq path of G;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a triangular snake graph, X has atleast n + 1
vertices.

Hence,

Ys1e(G) = | X| <n+ 1o, (2)
Then from equation (1) and (2) we have v4.(G) =n+ 1,n > 2. o

Example 3.7. For the graph G| in Figure 2.20, the vertex set X = {vs, v3, 06} C
V(G),) is the minimum split legendary dominating set of G and hence v4.(G) = 3.

Vi

Vé

G (Figure 2.19)

va
L(G) (Figure 2.20)

63



P. Kavitha, V. Mohana Selvi

Theorem 3.12. For book graph B,,,

2, n=1
n+1, n>2

/Ysle(G) = {

Proof. Let G be a book graph B,, with atleast four vertices. Let GG; be a line graph
of G with vertex set V; = {vy, vo, ..., U3, }-
Case (i)n=1

In this case, the vertex set X = {vy,v3} is a minimum split legendary dom-
inating set of G, since induced subgraph < V;\ X > is disconnected and hence
7516(G) =2
Case (ii) n > 2

In this case, the vertex set X = {vq, v4} U{vs;/i = 2,3, ...,n} is a minimum
split legendary dominating set of G, since the induced subgraph < V)\ X > is
disconnected. Therefore

Ys1e(G) < | X|=n+ 1. (1)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of G;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a book graph, X has atleast n + 1 vertices.

Hence,

Ys1e(G) = | X[ <n+1.......... (2)
Then from equation (1) and (2) we have v4.(G) =n+ 1,n > 3. O

Example 3.8. For the graph G| in Figure 2.22, the vertex set X = {vg, vy, v} C
V(G),) is the minimum split legendary dominating set of G and hence v4.(G) = 3.

Vi

G (Figure 2.21)
V4
L(G) (Figure 2.22)

Theorem 3.13. For cycle graph C,,

Vsle(G) = LgL n Z 4
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Proof. Let G be a cycle C),, with atleast four vertices. Let G; be a line graph of G
with vertex set V; = {vy, vo, ..., v, }.
Case (i) n = 0(mod2)

In this case, the vertex set X = {vq,v,} U {vy, v, Vs, ..., Vy_2} is @ mini-
mum split legendary dominating set of G, since induced subgraph < V;\ X > is
disconnected. Therefore

Vsie(G) < | X[ =2 = [2]..cc. (1)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of G;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a cycle graph, X has atleast 3 vertices.

Hence,

Yoie(G) = | X| < 5 = 5] (2)
Then from equation (1) and (2) we have v4.(G) = | 5].
Case (ii) n = 1(mod2)
In this case, the vertex set X = {wvy,v,} U {vy4, vg, Ug, ..., V3 } is a mini-
mum split legendary dominating set of G, since induced subgraph < V;\ X > is
disconnected. Therefore

Yae(G) < |X| =251 = |2 (3)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every v; — vo path of GG;, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a cycle graph, X has atleast ”T_l vertices.

Hence,
Ys1e(G) = | X| < ”T_l = | 5] (4)
Then from equation (3) and (4) we have v4.(G) = | 5. H
Example 3.9. For the graph G, in Figure 2.24, the vertex set X = {vg,v5} C
V(G),) is the minimum split legendary dominating set of G and hence v4.(G) = 2.

u V1

Vs )

Vi

G (Figure 2.23) L(G) (Figure 2.24)
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Theorem 3.14. For crown graph C;}, v4.(G) = n,n > 3.

Proof. Let G be a crown graph C;" with atleast six vertices. Let GG; be a line graph
of G with vertex set V; = {vy, v, ..., vg, }. The vertex set X = {vq, v3, V4, U5, ..., Upt1}
is a sled — set of G, since the induced subgraph < V;\ X > is disconnected. There-
fore

Ysie(G) < | X| =1 (1)

Let X be a v4.— set of G. Then by Theorem 3.2, X must contains atleast one
vertex in every vy — v, path of G, where vy, v, are the vertices in the disconnected
subgraph < V;\ X >. As G being a crown graph, X has atleast n vertices.

Hence,

Vsie(G) = | X| < e (2)
Then from equation (1) and (2) we have v4.(G) = n,n > 3. O

Example 3.10. For the graph G| in Figure 2.26, the vertex set X = {vg,v3,v4} C
V(G)) is the minimum split legendary dominating set of G and hence v4.(G) = 3.

g

G (Figure 2.25) L g5

L(G) (Figure 2.26)

4 Discussion

The applications of domination in graphs lies in various fields in solving real
life problems. It includes social network theory, land surveying, radio stations,
computer communication networks and school bus routing. The online social
network has been developed significantly in the recent years as medium of com-
munication, sharing the information and spreading the influence. Recent advances
in technology have provided portable computers with wireless interfaces that al-
lowed network communication among mobile users. The resulting computing
environment, often referred to as wireless mobile computing, no longer requires
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users to maintain a fixed and universally known position in the network and en-
ables almost unrestricted mobility. A network with clustering is divided into sev-
eral clusters. Within each cluster, one of the nodes is elected as a dominating
nodes and with the rest being adjacent dominating nodes. The dominating node
will collect data from its adjacent dominating nodes directly.

The present work, the split legendary dominating set is introduced and the
corresponding split legendary domination number is defined. Further, the rela-
tionship with other domination parameter are obtained.The characterization of the
split legendary dominating set is also given and the exact values of the parameter
is found for complete graph, cycle graph, path, wheel graph, crown graph, ladder
graph, book graph, triangular snake graph, fan graph and friendship graph.By us-
ing the split legendary domination one can optimize, the parameters involved in
network theory.
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In this paper, we prove the existence, uniqueness and boundedness of
solutions of a nonlinear functional second order Volterra integrodif-
ferential equation in a general Banach space. The theory of strongly
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1 Introduction

In what follows, the symbol X stands for a Banach space with norm || - ||. Let
C' =C([-r0],X), 0 <r < oo, be the Banach space of all continuous functions
1 from [—r, 0] to X with supremum norm

[¥llc = sup{[|¥(0)

|- —r <60 <0}.

Let B = C([-r,T], X),T > 0 denotes the Banach space of all continuous
functions x : [—r, T| — X with supremum norm ||z ||p = sup {||z(t)]] :
—r <t < T}. Forany z € B andt € [0,T],z; is the element of C' given by
z(0) = z(t + 0) for 6 € [—r,0]. Now, we study the abstract nonlinear functional
second order Volterra integrodifferential equation of the form

2"(t) = Az(t) + f(t, Ty, /Ot k(t, s)g(s,xs)ds), te[0,7] (1)
zo(t) = o(t), —r <t<0, Z'(0) =46 (2)

where A is an infinitesimal generator of a strongly continuous cosine family {C'(¢) :
t € R} in Banach space X, f : [0,7] x C x X — X, k : [0,T] x [0,T] —
R, ¢ : [0,7] x C' — X are continuous functions, ¢ and 0 are given elements of
C = C([-r,0], X) and X respectively.

The equations of these types (1)-(2) and their special forms serve as an ab-
stract formulation of many partial differential equations or partial integrodiffer-
ential equations arising in variety of physical phenomena, see, for example [2, 3,
6, 7, 11] and some of the references given therein. The problems of existence,
uniqueness and other properties of solutions of various special forms of (1)-(2)
have been studied by using different techniques by many authors, see, for exam-
ple [1,4,5, 8,9, 10, 14, 15, 17, 19, 20, 21, 22] and some of the references cited
therein. Our endeavour is to generalize some results obtained by A Pazy [15] and
C.C. Travis and G. F. Webb [20]. To treat second order abstract differential equa-
tions directly is worthwhile rather than to convert into first order systems, see, for
example Fitzgibbon [11]. In [11], Fitzgibbon employed the second order abstract
equation for establishing the boundedness of solutions of the equation governing
the transverse motion of an extensible beam. Our work in this paper is motivated
by the interesting results obtained by Fattorini H. O. in [10] and is influenced by
the work of Travis C. C. and Webb G. F. [21]. The aim of the present paper is
to investigate the existence, uniqueness and boundedness of solution to second
order Volterra functional integrodifferential equations (1)-(2) by using the theory
of cosine and sine families of operators, modified version of contraction mapping
principle and Pachpatte’s integral inequality.
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The paper is organized as follows: Section 2 presents the preliminaries and
statements of our results. In section 3, we investigate Theorems 2.1 and 2.2.
Finally, section 4 exhibits an example to illustrate the applications of our results.

2 Preliminaries and statement of results

Before proceeding to the statements of our main results, we setforth some
preliminaries from [12, 18, 20] and hypotheses used in our further discussion.

Definition 2.1. A one parameter family {C(t) : t € R} of bounded linear oper-
ators in the Banach space X is called a strongly continuous cosine family if and

only if
(a) C(0) = I (I is the identity operator);
(b) C(t)x is strongly continuous in t on R for each fixed v € X;
(c) Ct+s)+C(t—s)=2C(t)C(s) forallt, s € R.

The associated strongly continuous sine family {S(¢) : ¢t € R} is defined by
t
S(t)r = / C(s)xds, ze€ X, teR. 3)
0

The infinitesimal generator of a strongly continuous cosine family {C'(¢) : t € R}
is the operator A : X — X defined by

d2
Az = dtQC( )Z|i=0, x € D(A),

where D(A) = {zr € X : C(.)x € C*(R, X)}.
Definition 2.2. Let f € L'(0,T; X). The function v € B defined by
— C(1)6(0) + S(1)5
+/ S(t—s) (s xs,/s k(s,T)g(T, (L’T)dT>d8, tel0, 7] (4
wolt ), —r<t<0 O (5)
is called mild solution of the initial value problem (1)-(2).

we, now list the following hypotheses for our furhter discussion.
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(H,) There are constants K > 1 and K; > 0 such that
IC@HI <K and [[S(H)]| < K,
forallt € [0,T.

(Hy) Foreveryt € [0,7], v € C and € X, there exist a continuous function
p:[0,7] — R, such that

1t 0, 2)[| < p@)[[l¢lle + ]
(Hs3) There exist a continuous function ¢ : [0, 7] — R, such that
lg(t, )| < a(®)[¥]lc
forevery t € [0,7] and ¢ € C.

(H,) Foreveryt € [0,T],41,1s € C and x1, 25 € X, there exists a constant M
such that

1@t o, 1) = f(E 2, w2) || < M||vn — afle + [lor — z2|]
(Hs) There exists a constant N such that
lg(t, ¢1) = g(t, )|l < Nl[¢y = Yalle,
forall t € [0,7] and ¢y, 1, € C.

We use modified version of Banach contraction mapping principle to prove our
results.

Lemma 2.1 ([16], p. 196). Let X be a Banach space. Let D be an operator
which maps the elements of X into itself for which D" is a contraction, where r is
positive integer. Then D has a unique fixed point in X.

The following Pachpatte’s inequality is the key instrument in our subsequent
discussion.

Lemma 2.2 ([13], p. 758). Let u(t),p(t) and q(t) be real valued nonnegative
continuous functions defined on R, for which the inequality

u(t) < ug+ /Otp(s) [u(s) + /OS q(r)u(T)dT] ds,

holds for all t € R, where v is a nonnegative constant, then

u(t) < ug [1 + /Otp(S) exp (/0 (p(7) + Q(T))d7> dS],

holds forallt € R.,.
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With these preparations, now, we are in position to state our main results.

Theorem 2.1. Suppose that the hypotheses (H),(H,) and (Hs) are satisfied.
Then for each ¢,0 € C x X, the initial value problem (1)-(2) has a unique mild
solution x € B on [—r,T|. Moreover, the mapping (¢,0) — x is Lipschitz
continuous from C' x X into B.

Theorem 2.2. Suppose that the hypotheses (Hy)—(H3) hold. Then, every solution
of the initial value problem (1)-(2) is bounded on [—r, T).

3 Proofs of the Theorem 2.1 and 2.2
Proof of Theorem 2.1. Define a mapping F': B — B = C([-r,T], X) by

(o(t), —r<t<0,

(Fz)(t) = § C(t)$(0) + S(t)d

/ S(t—s)f(s xs,/ k(s,7)g(r,z.)dr)ds, 0<t<T.
(6)

In order to find mild solution of the initial value problem (1)-(2), it is sufficient to
find the fixed point of an operator equation z(t) = (F'z)(t). Since k is continuous
real valued function on a compact set [0, 7] x [0,77], there is a constant L > 0
such that

|k(t,s)| <L for 0<s<t<T @)

Let z,y € B = C(|—r,T],X). Then by using equation (6), condition (7) and
hypotheses (H;), (H4) and (Hs) we have

[(Fz)(t) = (Fy)®)| < /Ot 1S(t - 5)||Hf(8,l’s,/Os/f(sﬁ)g(ﬂ l’r)d7>
- f(s,ys, /0 k(s,7)g(r, yT)dT) ds
e g e
< KlM/t [Hx ~olla+ N [ o y||BdT] s

_Klt[M+LMN ]HZE—?/HB (8)
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Case 1: Suppose ¢ > r. Then, for every 6 € [—r, 0], we have t + 6 > 0. For such
0's, from (8) we have

I(F2)i(0) = (Fy):(0)]] = | (Fz)(t + 0) — (Fy)(t + 6|

t+0 s
<K [l = ulls+ LN [l = yllpdrhs
0 0
t S
< KM [ {llo = ylls+ 2N [ o = yludryas.
0 0
which yields
t S
[(Fx); — (Fy)ile < KIM/ {llz —yllz + LN/ |z — y||pdT}ds
0 0
t
< KM+ LN D)l — ol ©)

Case 2: Suppose 0 < ¢t < r. Then for all § € [—r, —t), we have ¢t + 6 < 0. For
such 6's, we observe, from (6), that

[(Fz)e(0) — (Fy)(0)]| = [|(Fa)(t +0) — (Fy)(t +0)||
=0,

which implies
[(Fz)e — (Fy)ille = 0. (10)

For § € [—t,0], t + 6 > 0. Then, for such §'s we obtain as in the case 1,
[(Fz)e — (Fy)ille < t[KlM(1+LN%)]|\$—y!\B (11)
Thus, for every § € [—r,0], (0 < t < r), from (10) and (11), we obtain
|(Fa)e = (Fohlle < HEM(1 -+ LNZ)lw = gl (12)
For every ¢ € [0, 7], from inequalities (9) and (12), we set

[(Fa)e — (Fy)lle < M1+ LN D) 2~ ylls (13)
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By using the equation (6), the result (13), condition (7), and hypotheses (H),
(H,) and (Hs) we get

(F(Fx))(t) = (F(Fy) @)
(Fz)(t) = (Fyy) ()]

< [se- M (v, [ K Tgtron i

_ f(s,yls, | et yh)dr) lds

t
S&M/h%—m
0

t
0

c+LN/ ||x17—y17|\gd7'}ds
0

+ LN/ KiMr[1 + LN%} |z — y”BdT}ds
0

t%@mﬂn | U+2LNt+L%WJ1

= — xr — — —_

g 1 Yiis 3 12

t2 t t2
SEKﬁWWx—mwu+2LN§+L%WZ]

t2 to

= E[KlM(l + LNi)] |z —ylls (14)

By considering Case 1 and Case 2 as before and applying same arguments we
prove that:

2
[(F%0) — (Fy)le < SIRMO 4 INDPle—yls (9)

for every t € [0, T].
Using equation (6), result (15), the condition (7), and hypotheses (H), (H,) and
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(Hj) we obtain

I(F*2)(t) — (F*y) ()] = [|F(Fz)(t) — F(Fy)(1)]
= [[(Fa2)(t) = (Fy2) ()

t S
SKM/{M%—MC%LN/Wm—mmMﬂ%
2
<o [ S [ )] e -l

2
+LN/ { 1+LN2)} ||ZE—y||BdT}ds

t3
< K3MP|x — y||B {1 + LNt + L2N2 3+ L3N340}

t3 t? t
< K3M3\|x—y\|3 {1+3LN2 +3L2N24 +L3N38}
£ t1°
o CETAI NEETE (16)

By continuing the iteration process, it follows that

[(F™x)(t) — (F"y) ()] < g[KlM(l + LN%)]”II?E —ylls

T T
< ML+ LN D)o~ ylla

which yields
|Fw = Fryllp < S [ MT(L+ LN )|z =yl (17)

For n large enough, L[K;MT(1 + LNT)™ < 1. This implies that F™ is a con-
traction in B for n sufficiently large and hence, by modified Banach contraction
principle given in Lemma 2.1, it follows that F' has a unique fixed point, say
x € B which is the mild solution of initial value problem (1)—(2).

Next, we show that the mapping (¢,d) — x is Lipschitz continuous from
C x X into B. Assume that y is another mild solution of the initial value problem
(1) on [—r, T with y(t) = x(t), —r < t < 0 and 3(0) = 0. By making use of
definition of mild solution given by (4)-(5) and hypotheses (H;), (H,) and (H3),
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we obtain

lz(t) =y < IC@ 1¢(0) = xO) + [[S@)] |6 = o]

+/Ot IS¢t =9 Hf(s’xs’/osk(sﬂ')g(ﬂ xT)dr>

—f(s,ys, / k(sm)gv,yadf)nds
0
< K[l60) ()| + Kol — o] + [ KlM[nxs ~ e

—|—LN/ H:UT—yTHch]ds (18)
0

Casel: Suppose t > r. Then, for every 6 € [—r, 0], we have ¢t + 6 > 0. For such
0 s, from (18), we have

[t +0) —y(t +0)]|

t+6
< K6(0) — xO)] + K13 o] + KIM{nxs ulle
0
—|—LN/ ||xT—yT||CdT]ds
0
t
< K||6(0) - x(O)]| + K15 — o] + / KIM[H% e
0

+ LN/ |z, — yT||CdT} ds
0
which yields
[z = welle

t
SKHd)(O)—X(O)H+K1H5—0H+/ KlM{H:vs—ych
0

+LN/ HxT—yTuch]ds (19)
0

Case2: Suppose 0 < t < r. Then, for all § € [—r, —t), we have ¢ + 0 < 0. For
such 6's, we observe from (4)-(5) that

2t +0) = y(t + O = [[2:(6) — 5:(0)]]
= [lo(t +6) — x(t + 0|

which yields
lze — welle < lé — xlle (20)
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For § € [—t,0], t + 6 > 0. Then, for such #'s, we get as in Case 1,

e = yille < K[|o(0) = x(0)[| + K16 — o]

t s
+ / KM {Hxs — Yslle + LN/ |z, — yTHCdT} ds 21)
0 0

Thus, for every 6 € [—r,0], (0 < ¢ < r), from (20) and (21) we obtain
|ze — ville < K| — xllo + Kil|d — o]

t s
- KlM[uxs—ysquN / ||$r—y7||cd7]d8 )
0 0

For every ¢ € [0, T, from inequalities (19) and (22), we get
|z: — velle < Kl|¢ — xllo + Kil|d — o]

t s
+/ KlM{HxS—ySHC—i—LN/ HxT—yTHCdT]ds (23)
0 0

Thanks to Pachpatte’s inequality given in Lemma 2.2 and applying it to the in-
equality (23) with u(t) = ||z — ||, we obtain

lz: = yelle < [Kll¢ — xlle + Kil|d — o]

[1 + /Ot KM exp (/OS(KlM + LN)dT> ds}

< [Kll¢ = xlle + Kiflo — o]
[1+ KiMTexp {(KiM + LN)T}]

Thus, for t € [—r, T], we have

lz(8) =yl < [Klé = xllo + Kil|d = o]
[1+ KiMTexp {(KiM + LN)T}]

and hence

|z —yllp < [Kl¢ — xllc + Ki]|6 — o]
[1+ KiMTexp {(KiM + LN)T}]

This proves Lipschitz continuity of the mapping (¢, ) — x and hence the proof
of the Theorem is complete. [
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Proof of Theorem 2.2. The solution of the initial value problem (1)-(2) is given
by

(t) = C(£)6(0) + S()5 + /0 "S- s) f(s,:cs, /0 (s, Mg, :cT)dT)ds

te[0,7] (24)
zo(t) = o(t), —r<t<0 (25)

If t € [0, 7] then from (24) and using the hypotheses (H;) — (H3), and condition
(7) we have

l=@)[F < NC@l o) + IS@I o]l
+/0 1S = s)]| IIf(S,xs,/O k(s,f)g(ﬁxf)df)llds

SKllcb(O)ll+K1II5II+/0 Klp(S){llxsllc+L/0 q(T)lefllch}ds

Since K > 1, for —r <t < T, we get

t S
le()]] < Klélle + Kills]) + / Kip(s) {nxsnou / qmnmncdr]ds
(26)

From (26) and considering case 1 and 2 as in the proof of the Theorem 2.1, we
obtain

t
lzelle < Kllollo + Killoll +/ Kip(s)|zsllods
0

t S
s [ Kits) [ La@leledrds @)
0 0

Thanks to Pachpatte’s integral inequality given in Lemma 2.2 and applying it to
(27) with u(t) = ||z¢]|c, we get

ladlo < {K||¢||C+K1||5u}

{1 + /O Kp(s) exp ( /0 (Kup(r) + Lq(T))dT)]ds

< [Klalle + Kalll] [1+ (P etip + LQr)r] 29
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where
P = t = t
E%M%Q g%ﬂ)
It follows that solutions x(¢) of initial value problem (1)-(2) are bounded on closed
interval [—r, T'] and proof of the Theorem is complete. O

Remark 3.1. It is to be noted that our result in above Theorem 2.2 also proves
the stability of a solution x(t) if ||¢||c, ||d]| are small enough.

Remark 3.2. It is important to note that cosine family C(t) and sine family S(t)
are not bounded in R. C(t) and S(t) are bounded only in finite interval and may
have exponential growth on R. Consequently, all solutions of initial value problem
(1)-(2) are not bounded on R ..

4 Application

In order to illustrate the applications of our results proved in previous section,
we consider the following nonlinear partial integrodifferential equation of the type

1 t
za(w, 1) = zyw(w, ) + At T)lsil(tz(w,t —") + /0 S,Z(lf’—jt_mds,
€07, 0<w<m (29)
2(0,t) = 2(m,t) = 0, t € [0, 7], (30)
z(w,t) = p(w,t), 0 <w <7, —r <t <0, 31)
zi(w,0) = zp(w), 0 < w <, 32)

Let X = L?([0, 71]) be Banach space with norm || - || ;2. Define z(w, t) = z(t)(w)
and z(w,t — r) = x;(.)w. Now put

t . t
t,xy, | k(t,s)g(s,xs)ds) = TSR L s ds,
I g
0 0
1

14t 14+t

k(t,s) = 111 and  g(s,zs) = sws,

Then, we have
g(s,zs) — g(s,ys)ll = [s] [lzs — yslle
=Tl|zs — yslle (33)
1 1
|k(t,8)|=‘—‘=—§1 (34)
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and

st 0 S)a(ssds) s [ (9t

" sllas — yslle
S S d
+/0 1+¢

Ty sinxy — Yy Sin Yy

- 14 t2
! [z + el + & I I
112 t T Yt|lo 2(1—|—t) YllB
Nl(t) t2
< |y — — No(t)|jz —
< Htgl\xt yt’|C+2(1+t) 2 ()] =y
< Nafllze — welle + (|2 — yll] (35)

where N;(t) and N,(t) are positive functions such that ||x; + yi||c < N1 (t) ||z —
2
ytHC and H.T — yHB S NQ(t)H«T - yH and N3 = maxte[oﬂ (];3_—5:2), 2(1t+t)N2(t))
Also we have

lg(t, zo)|| < tllzel|c (36)
and

Hf(t,xt, /Ot k(t,s)g(s,zs)ds)

< thHc+/t8stHcdS
0

1+ 2 1+t

[z¢]|c /tstHB
< d
Sire ), 15

|zelle | llzls
=142 21+

t2
<Pl MOl
< Ny(t)llacllc + ] @

where N,(t) is positive function such that |z|| g < Ny(t)||z| and N5(t) = max (#,
t;(]fi(tt))). Define the operator A : X — X by Ay = y" with domain D(A) = {y €

X : y, y are absolutely continuous, y* € X and y(0) = y(w) = 0}. Then

[e.9]

Ay =" =0y, y)yn. y € D(A),

n=1

where y,,(s) = (1/2/m)sinns, n = 1,2, 3, ... is the orthogonal set of eigenvectors
of A and it can be easily shown that A is the infinitesimal generator of a strongly
continuous cosine family C'(¢), ¢ € R, in X and is given by

Clt)y = _ cosnt(y, yn)yn, y € X.

n=1
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The associated sine family is given by

oo

1.
Sty = sty yu)yn, y € X.

n=1

Also S(t) is compact for every ¢ > 0 and ||[C(¢)|| < 1 and ||S(¢)]] < 1 for every
t € [0, T)]. For more details, we refer the readers to [10, 18].

With these choices of A, f, g and £ it is to be observed that equations (1)-(2)is
an abstract formulation of (29) - (32) and hence our Theorems 2.1 and 2.2 can
be applied to guarantee the existence, uniqueness and boundedness of soutions of
nonlinear partial integrodifferential equations (29) - (32).

5 Conclusions

We have developed modified version of Banach contraction mapping principle
and proved the existence, uniqueness and boundedness of solutions of an abstract
nonlinear functional second order Volterra integrodifferential equation (1)-(2). We
have also presented an example to illustrate the applications of results proved in
section 3.
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Abstract

Mean labeling is one of the best-known labeling methods for graphs. Despite the large
number of papers published on the subject of graph labeling, there are some particular
formulas to be used by researchers to mean-label graphs. In this paper, we introduced the
concepts of Heinz Quarter Mean labeling graphs. Heinz Quarter Mean labeling for some
graphs like Path, Cycle, Comb, Star graph and Complete Graph is proven as Heinz
Quarter Mean Graphs.
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1. Introduction

Graph labeling started in 1960 by Ringel (1964) [1] and Rosa (1967)[2]. Ringel-
Kotzig (1964, 1965) [3]conjecture that all trees are graceful. Rosa (1967) introduced f
and a valuation and other labeling as a tool for the decomposition of complete graphs.
Golomb (1972) [11] renamed the - valuation as graceful labeling which is widely
used. Graham and Sloane (1980)[4] have introduced the concept of harmonious labeling
on additive bases problem starting from error-correcting codes. The two basic labeling
methods which are widely studied are graceful and harmonious labeling. In the wide field
of graph labeling, o -valuation, Elegant labeling and cordial labeling are used
entensively.

A. Rosa published a original paper on labeling problems of graphs in 1967. Graph
labeling is the way of providing labels, which are mentioned by integers to edges or
vertices of a graph. Labeled graphs help as for collection of applications like Radar, X-
ray, Crystallography, Communication networks, Circuit design, and models for
Constraint programming over finite domain.In the duration of years different labeling of
graphs such as graceful, prime, cordial, total cordial, k-graceful and odd graceful labeling
etc.

Researchers have introduced and explored many labeling schemes. Graph labelling
is widely applied for various problem in mathematics, computer science and
communication networks. Yegnanaryanan and Vaidhyanathan [12] have discussed
various applications of graph labeling . Though it seems that graph labelling deals with
theoretical study, a lot of research works have been carried out in applied fields also.

A detailed literature review of graph labeling, is presented in J.A. Gallian [5]. The
standard terminogy and notations are available in Harary [6]. S. Somasundaram and R.
Ponraj [7,10] have introduced Mean labeling in 2004. In 2012, the concept of Harmonic
mean labeling was developed by S.Somasundaram and S.S. Sandhya introduced [8]. In

1- 1-
[9], Bhatia introduced the Heinz mean f(u, v; y) = L2 /W) y; T 7@ for 0 <

1

In graph theory, Path (B,) is a single edge which is in between any of the two
vertices. A closed path in which only the first and last vetices are equal is called as a
Cycle (C,). When the single pendant of each edge is connected to a path, then it is
called as a Comb(P,0OK;). A Star (K ,,) graph is defined as a complete bipartite graph.
When each pair of distinct vertices of a graph is adjacent, then it is called as a Complete
graph (G), denoted by K,,.

In this paper, we investigate the Heinz Quarter Mean Labeling of Path, Cycle,
Comb, Star K1, and Complete Graph K,,.
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2. Main results
2.1 Heinz Mean Graphs

In this section, we first introduced Heinz Mean Graph using Heinz Mean [9]
Definition 2.1.1. A graph G = (V, E) having number of vertices as p and number of edges
as g can be called as Heinz Mean graph, if each vertex x € V can be labeled with
distinct labels f(x) from 1, 2,3, ... ... ,q +1andeach edge e = uv is labeled with
fY )Y+ fF) Y)Y J or [f(u)y f@) Y+ f(u)l‘yf(v)y]’ with0 <y < %

(e=uv) = > >

which results in distinct edge labels. Here, f is a called Heinz Quarter mean labeling of
G.
Remark 2.1.2. When we assume y = 0, Heinz Mean is called Heinz-0-Mean and it can

be viewed as Arithmetic mean. Heinz-0-Mean : H (f (), f(v)) = M =AM

1 . - . 1 .
When we assume y = > Heinz Mean is called Heinz - Mean and it can be

viewed as Geometric mean. Heinz % Mean : H (f(w), f(v)) = M =G.M

2.2 Heinz Quarter Mean Graphs
In this section, using Heinz Mean Graph we assume y = % newly formed Heinz
Quarter Mean Graph.

Definition 2.2.1. A graph G = (V, E) having number of vertices as p and number of edges
as q can be called as Heinz Quarter Mean graph, if the vertices x € V can be labeled
with distinct labels f(x) from 1, 2,3, ... ... ,q + 1 and eachedge e = wuwv is labeled
VF@F®) (VFw+/F @) J or [‘Vf(mf(v) (F@+/F®))

, then the resulting

with (e=uv)= 5 >

edge labels are distinct. Here, f is called Heinz Quarter mean labeling of G. This graph
is said to Heinz Quarter Mean Graph.

Observation 2.2.2. If G is a Heinz Quarter mean graph, since one of the edge is getting
label “1”, then, one of the vertices should get the label “1”.

Observation 2.2.3. If vertex u gets label 1, then any edges which are incident with u
should get label 1 or 2 or 3.

The above statement we have provided seems to describe a labeling rule for the
edges incident with a vertex u in a graph . Specifically it states that if vertex u is assigned
the label 1 then any edges connected to u should be labeled with either 1, 2, or 3.
Obviously the degree of this vertex d(u) should be less than or equal to 3.

87



S.Latha and S .S Sandhya

Theorem: 2.2.4. For a Heinz — Quarter mean graph G, the vertex are labeled from
1,2, ...,q + 1, and the edges are labeled from 1,2, ..., q.

Proof . Assign the labels from the set 1,2, ....,q + 1 to the vertices of Heinz Quarter
mean graph. Each vertex should be labeled with one of these numbers.

In a Heinz Quarter mean graph edges are labeled based on the difference
between the labels of the vertices they connect. Specifically we assign the label from the
set (1,2, ..., q) to each edge based on the absolute difference between the labels of its two
end points.

For each edge connecting vertices labeled i and j, where i < j, assign the label
[i — j] to that edge. We do this for all edges in the graph.

Theorem 2.2.5. Every Path P, is Heinz — Quarter mean graph.
Proof. Consider a path graph G, with number of vertices as n and number of edges as
n-1, with vertices uy, u,, us, ... ... Uy, -
A function defined by f: V (B, ) — {1,2,3, ... ... , g+ 1}byf(u;)=i,1 <i <n.
2 4 n-1

Figure 2.2.1 Path P,
fn)=1fw)=2f(us)=3, ......f (Un-1) = n—=1,f (up) =n)

In view of the above defined labeling pattern f is the Heinz Quarter Mean labeling
for the Path graph

Therefore, path B, is Heinz — Quarter mean graph.

Theorem 2.2.6. For n > 3, all cycles C,, are Heinz-Quarter mean graphs.

Proof. Let G be a cycle graph of length n, with vertices u; u, us, ... ... , Uy,
. _( 2m if n=even
Consider n = {Zm +1 if n= odd
A function defined by f: V (C,,)) — {1,2,3, ... ... ,q+1}

2i—1 1<j<m+1 ifniseven

( _{n—2j+2 2<j<m if niseven
flme)) = n—2j+3 1<j<m+1 ifnisodd
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Figure 2.2.2 Cycle C,

In view of the above defined labeling pattern, the edge labels are distinct.Hence
f is the Heinz Quarter Mean labeling for the Cycle graph.
Hence Cycle C,, is a Heinz-Quarter mean graph.

Theorem 2.2.7. For all values of n, Comb P, ©OKj is a Heinz - Quarter mean graph.
Proof. Let B, = uuyu; ... ... u, be a path and v; be the vertices corresponds to every
vertex u; , where (1 < i < n). Let B,OK; be a graph obtained by the number of
vertices be 2n and the number of edges be 2n — 1 in the graph G.

A function defined as f: V (P,OK;) — {1,2,3, ...,q + 1}

Where,

fu)=2i—1,1<
and f(v;)=2i,1<i

1 3.8 !
2 4 6 8
Figure 2.2.3 Comb ( PsOK;)

Here, f(uwu;+1) = 2i, 1<i<n-1
fuv)) = 2i — 1, 1 < i < n,are the labels of edges.

i <n
< n.

©

—Re————9
o EEEEEEE— R ]

In the above labeling pattern, we get the distinct edge labels .Hence B,OK; is a
Heinz-Quarter mean labeling. Therefore B,OK; is a Heinz-Quarter mean graph.

Theorem: 2.2.8. Star K, ,, is Heinz - Quarter mean graph if and only if n <5.
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Proof. Star K, ; and Star K, , are same as P, and P; respectively. Clearly K; ; and K ,
are Heinz - Quarter Mean graphs. The central vertex of K ,, is considered as u and the
remaining vertices are v;,v,, Vs, ... ... , Uy, respectively.
Case (i).The vertex u is assigned with label 3 and the vertex v; is assigned with i (1 <
i <2).

For3 < i < n, thevertex labelsare i + 1. For the above, itisa Heinz - Quarter
Mean Labeling, as shown below.

Figure 2.2.4 Star Graph K, , and K; s
Case (ii) . Assume n > 5, if K, , is Heinz - Quarter Mean labeling.

Here the following subcases are considered.
Subcase (ii) (a). Assuming that the central vertex u is labeled as 2.
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1 3 4 5 6 7 n+1

Figure 2.2.5 Star Graph K, ,

The labeling of other vertices v, v3, vy, Vs, Vg ..... are takenas 1, 3,4, 5,6, ...
respectively.
The edge labels of uv, is 3and for uvs , uvy and uv, are 3or 4 (repeated
for all 3 edges ), which is not possible. Because f is a injective function.
Subcase (ii) (b). Assuming that the central vertex is labeled as 4.

1 2 3 5 6 n+1

Figure 2.2.6 Star Graph K ,,

The labeling of other vertices vy, Vy, U3, Vs, Vg, Uy ....al€  taken as
1,2,3,5,6,7...respectively. Here , no edges are given label 1.

The edge labels of uv; , uvs and uvg are 4, 4 and 5, respectively, which is not
possible. Because the function f is injective.

From the above, it is concluded that K;,,, n > 5isnotaHeinz - Quarter Mean
Graph.
Theorem 2.2.9. The complete graph K,, is Heinz-Quarter mean graph ifand only if n <
4.
Proof . The following cases are studied
Case(i). n = 2or3or4

By theorem 2.2.5 and 2.2.6 K, and K5 are Heinz — Quarter mean graph.

Also K, is Heinz-Quarter mean graph.

The pattern of labeling K,, K5 and K, are shown in Figure 7.
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1 1 3 7
<
2
1 6
S 2
1, o2 2 & o 3 d
1 3 3 4 5
K2 K3 K4

Figure 2.2.7 Complete Graph K,, K5 and K,

Case (ii)). n > 4
In order to obtain an edge label 1, a vertex u having label 1 is essential .
There are 4 more vertices namely u, to u, are incident with u. By considering
observation 2.2.2, this is not allowed.
Therefore, the complete graph K,, is not Heinz — Quarter mean graph if n > 4.
The following example gives the labeling pattern of K

Figure 2.2.8 Complete Graph Ks
Hence K,, is Heinz mean graph if and only if n < 4
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3. Conclusions

The Heinz Quarter mean labeling of various graphs, including Path, Cycle, Comb,
Complete, and Star graphs, provides a unique and intriguing perspective on graph labeling
schemes. The application of Heinz Quarter mean labeling involves assigning weights to
the vertices of a graph based on the arithmetic mean of their distances from a designated
set of vertices. This labeling scheme has been studied extensively for different graph
classes.

In the case of Path graphs, Heinz Quarter mean labeling has been shown to yield
interesting results, providing a systematic way to assign distinct labels to vertices.
Similarly, for Cycle graphs, Comb graphs, Complete graphs, and Star graphs, the Heinz
Quarter mean labeling presents a methodical approach to graph labeling, showcasing the
versatility of this technique across various graph structures.

The exploration of Heinz Quarter mean labeling in different graph types
contributes to the broader understanding of graph theory and labeling strategies. As
researchers delve deeper into the properties and applications of this labeling scheme, it
opens up avenues for further investigations into the mathematical characteristics and
practical implications of Heinz Quarter mean labeled graphs.

Finally the study of Heinz Quarter mean labeling on Path, Cycle, Comb,
Complete, and Star graphs enriches our understanding of graph labeling techniques,
offering a systematic and structured approach for assigning labels to vertices in diverse
graph structures. The insights gained from such investigations contribute to the ongoing
development of graph theory and its applications in various fields.
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One of the generalizations of Fibonacci sequence is a k-Fibonacci sequence, which is
further generalized in several other ways, some by conserving the initial conditions and
others by conserving the related recurrence relation. In this paper, we generalize the
sequence of k-Fibonacci numbers into the sequence of bifurcating Fibonacci numbers.
The Binet-like formula for the terms of these numbers is obtained and further, we obtain
several interesting properties related to the sequence.
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1. Introduction

The well-known sequence {F, },,-o of Fibonacci numbers is a sequence 0, 1, 1, 2, 3,
5,8, 13, 21, 34, 55, 89, ..., where each term is the sum of two preceding terms. The
corresponding recurrence relation for the terms of the sequence is F, = F,_; +
F,_,; n =2 with the initial terms F, = 0,F, = 1. Many papers regarding various
generalizations of this sequence have appeared in recent years [2, 3, 12]. There are
fundamentally two ways in which the Fibonacci sequence may be generalized; namely,
either by maintaining the recurrence relation but altering the first two terms of the
sequence from 0, 1 to any arbitrary integers a, b or by preserving the first two terms of
the sequence but altering the recurrence relation. The two techniques can even be
combined. It is observed that the change in the recurrence relation leads to greater
complexity in the properties of the resulting sequence. Edson, Yayenie [8] generalized
this sequence into a new class of generalized sequence, which depends on two real
parameters used in a recurrence relation. We define further generalizations of this
sequence and call it the generalized Fibonacci sequence.

Definition: For any two positive numbers a and b, the class of bifurcating sequences
{ rL(, b)}(= {£LY) is defined by the recurrence relation fl = qX®Wpl-xM L ¢l
e 1;if nis odd

L _ L _ 1. _ )

where fy' = 0, fi* = 1; a, b are any two positive integers and y(n) = { 0;if 1 is even’

This can be equivalently expressed as
L(a,b) _ cL(a,b)

4P = Zf}_@lf »_ 2@ » x;lee:::: :jjn(n >2) with fF =0,/ =1 (L)
The first few terms of this sequence are shown below:

n fl(a, b)

0 0

1 1

2 b

3 ab—1

4 ab? — 2b

5 a’b? —3ab +1

6 a’b® — 4ab? + 3b

7 a3b® — 5a%b? + 6ab — 1
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2. Generating function for { L(a b)}

n
Generating function is a powerful tool for solving linear homogeneous recurrence
relations. In this section, we obtain the generating function for the bifurcating Fibonacci
sequence and use it to obtain Binet-like formula for these numbers. We first prove a result
which will be required to obtain the generating function.
We first prove an interesting recursive relation which connects three f,;"’s into a
linear relation.

Lemma 2.1: f3;,5 — (@b — 2)fini3 + fone1 = 0.
Proof: Using definition, we get
fones = Afgnia = fonez = a(bfdniz = fansz) = fanes = (@b — Dfgniz —
af¥h+2'
Then, fn15 — (ab — 2)fini3 + fonsa
= (ab - 1)fZLn+3 - af2Ln+2 - (ab - 2)]CZLn+3 + f2Ln+1
= fonss — (@fdnsz = fans1) = 0.

We next prove a relation which will be used to derive the generating of f,-.

x+x3

Lemma2.2: Y2, fk x?1 = R
Proof: Letp(x) = X2, fi_1x?7 = flx + fEx® + fEx5 + .

Then x*p(x) = fLx5 + fix” + fFx° + - and

(ab — 2)x%*p(x) = (ab — 2)f{x® + (ab—2)fix® + (ab — 2)fEx7 + -
Using lemma 2.1, we get (x* — (ab — 2)x? + 1)p(x) = x + x5.

x+x3

This gives p(x) = X2, fri1x% ' = Xt —(ab-2)x241 "

The next theorem provides the generating function for {£,-}.

x+bx?+x3
x4—(ab-2)x2+1"
Proof: Define f(x) = X2, fifxt = fE + flx + fEx? + flx3 + .
Then —axf(x) = X2, fixt = —axfl — aftx? — affx® —affx* + - and
x2f(x) = BiZo fi'x' = fox? + flx® + fxt + fix® + e
After the rearrangement of terms, we get
(1—ax+x3)f(x)

Theorem 2.3: The generating function for {f,“} is given by f(x) =
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=fo + (ff —afdx+ (fy —aff + fo)x* + (fy —afy + f)x* + -
=x+ b -a)x*+ (aff —fi — aff + % + (bfs — fi —afs + fx* +
Then (1 —ax + x3)f(x) =x + (b — a)x(T2, fi_1x*~1) . This gives
_ x (b—a)x x+x3
f(x) T (1—ax+x2) (1—ax+x2){x4—(ab—2)x2+1}
_ x5—(ab-2)x3+x+bx?+bx*—ax?—ax* _ (x°-ax*+x3)+(bx?—abx3+bx*)+(x—ax?+x3)
- (1—-ax+x2)(x*—(ab—2)x%2+1) - (1-ax+x2)(x*—(ab-2)x%2+1)
(x+bx?+x3)(1—ax+x2)  x(1+bx+x?)
T (1—ax+x?)(xt—(ab-2)x2+1)  (x*—(ab-2)x2+1)

x+bx?%+x3

This finally gives the required generating function as f(x) = (b7l

3.Binet and additional formulae for {fﬁ}

For roots o and g of the equationx? —abx + ab =0, we observe that

a= (amazﬂ), B = (ab_azzﬂ). We note the following properties related with

a,pB:
Da+pf =ab. (3.1)
2) aff = ab. (3.2)
3) a — B = Va?b? — 4ab. (3.3)
HE=a-1. (34)

This is since a? — aba + ab = 0, we get a? = ab(a — 1),

which gives the required result.

55 = p-1. (3.5)

6)(@—1)(B -1 =1. (3.6)
This is since (a — (- 1) = (£) (&) = L5 =1.

7)pla—1) =a. (3.7)
Here we note that f(a — 1) = (Z—Z) = % = % =

8)a(B—1) =p. (3.8)
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sequence

We now derive an extended Binet’s formula for the {f;"}.

. oL _ btXM rqn_pn { 1;if nis odd
Theorem 3.1: F; = a7 ( pomy ) where y(n) = 0;if 1 is even’
. _ x+bx%+x3
Proof: By theorem 2.3, we have f(x) = (@b
x+bx?+x3 _ (Ax+B) (Cx+D)

This can be written as f (x) = @1~ v TGy

Then, x + bx? + x3 = (Ax + B)(x2 = (B— 1)) + (Cx + D)(x? — (a — 1)).
Now comparing various powers of x on both sides, we get
1=A+C;b=B+D;-1=(AB-1)+C(a—1))and
0=-B(B—-1)—D(a—1).

. __@ p_bl-1n . _ -B _ —b(B-1)
Solving them we get A = a_ﬁ,B ) ,C port oy
Substituting these values in f(x) = 2B (D) e get

x2-(a-1)  x2-(B-1)
F00 = [ 13§+f>x -

, it is observed that

Now by the Maclaurin’s expansion of

P—Qx
=Zn OQR n-—1 2n+1_zn OPR n-— 1x2n_

x2—R
(a—1)b—(—ax) _ - 2n+1 (a—1)b _on
Then == == [Zn 0@ X T Zn=0 e ¥ ]and
—(B-1)b—Bx _ B x2n+1 -b(B-1) op
x2—(f-1) _[Z"=°(ﬁ—1>n+1 ~ L= 0g—pn1 ¥ ]

T - ﬁ) {2 0((ﬁ(—ﬁl_)?“ - (a(fl_)?’rl) xzn}
T (e ) v}

o [((B-D(a-1)"1-(a-1)(B-1D)"! n
{2” 0( (B-1)n+1(g—1)n+1 )x }

T8

_ 1 o —a B
Then f(x) = (a 5 {Zn=0 ((a—1)n+1 + (3—1)n+1) x2"+1}

(a B)

(Ol B

Now using (3.4) and (3.5) we get

G\ g2
#(5) (&)
ab ab an+1
Y=o AL o\ H ve
(%) ()
n+1 n+1

s (BIE"-GIE .

<§_z)n+1 (Z_z)nﬂ X

f(x)_(a—ﬂ)

(Of ﬂ)
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{Z;;O_O ((ab)n+1(ﬁa2n+2—aﬁ2n+2)) x2n+1}

a2n+2gen+2

b {oo ((ab)"(wzn“ﬁz—azﬁzn“))xzn}

n=0 a2n+2p2n+2

ab n+1(1 a2n+1_ 2n+1

{Z 0(( )(a/;)fz(n+1132n-fl )x2n+1}

{ (ab)n(aﬁ)z(azn—ﬁzn)) }

aB)2q2ng2n

1 {Zoo ((a )n(+1i)“ﬁ)(aﬁzn+1 B2n+1) 2n+1}
n=0 (aﬁ)a2n+1ﬁ2n+1 x

(ab)™(ap)?(a?™- ﬁzn)) }

(aﬁ)zaZnBZn

[\l

S8

i

(=]
VN

N
5]
|
)
N
~
™M
S8
1]
o
VN

Using (3.2), we get
(ab)n+1(a2n+1_ﬁzn+1
{Z" 0 ( (aby2n+i ) x2n+1}

ﬂ@—mﬁ
a2 () =)

{ ( ) (@21 — ﬁZn+1)x2n+1}

(a B)
(aZn_ﬁer)
piT= b’) ( (ab)” )x }
. _ 1,1fnls odd oo bITXM rqn_pny
Considering x(n) = { 0;ifniseven "¢ get f(x) = 2o (ab)["/2] ( a8 )x '

. . : _ L _ bYXM rgn_pgn
This finally gives the required extended Binet Formula as f,; = a7 ( pomy: )

We finally prove two the identities for £, and £, which expresses them in the

series form.

Lemma 3.2:
a) fai = b(:zl:c)kl X ( 2k 1) (1 - %)r_l
b) frier1 = (6212;1 re1 (;ﬁ i_ i) (1 — %)r_l )

] L _ bl—)((n) an_ﬁn ; _
Proof: By theorem 3.1, we have f, = a7l (—) If we consider u =

1-x(n) R .
b~ , then this can be written as L = u(a™ — g™).

(a2l (a-p)
Then £L = ((ab+ a2b2—4ab)n _ (ab— a2b2—4ab>n>
A (e R

=~ {(ab +Va?b? — 4ab)" — (ab — Va?b? — 4ab)"}

-5 3) (- J-3)
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sequence
n M °
_ H@b)"x2)m _4 _ 2 _
-l =3 ) (f-2) +@(-3) +]
[BEGIEN
_ bl—x(n)(ab)n 4 1 3 ab
~ (ap)["2lVazpz—4qD 2n-1 ab n o\t
)+
1-x(n) 1 n ’ n *
Il Gl Ve _ 2 _2
- O+O(2) G -2) ] e

(ab)[/2lpm-1

Now if nis even, say n = 2k, then y(n) = 0. In this case

=)+ ((3) + (-3 ]

(ab)k22k—1

b(ab)k—1 2k / 2
ab)k- o 4
T p2k-1 {Zr:l (27‘ _ 1) ( 1- E) }

_ b(ab)k-1 o 2k 2\
T 2k-1 {ZT=1 (Zr — 1) (1 B E) } '
Again, if nis odd, say n = 2r + 1, we have y(n) = 1.
Then by (3.9), we have
2

( [ \
_ (ab)@k+1)-1 (2k1+ 1) + (2k3+ 1)< 1= %)

fZLk+1 - (ab)k22k 4
+(2k+1)< 1_i> o

5 ab
2(r-1)
= (@ )50 (Zk + 1) 4
22k )&=l 9 ab
_ @ (ww (2k+1 4\
22k {Zrﬂ (Zr — 1) (1 B E) }

4. Conclusions

In this paper, we considered the sequence of ‘bifurcating Fibonacci numbers’ and

obtained its Binet formula for fnL(a‘ ®) and also obtain some of its interesting properties.
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1. Introduction

In Mathematics, the significance of topological spaces can not be oversated as they
represent a crucial and fundamental concept. Levine [14] introduced the concept of
generalized closed sets in topological spaces. The theory of Nano topology was
introduced and developed by L. Thivagar [12]. K. Bhuvanshwari et al. [9] introduced
and investigated the concept of Nano generalized closed set in Nano topological space.
The classical Nano topological space is based on an equivalence relation on a set. Kelly
[6] introduced the concepts of bitopological spaces [4,5]. In addition to this theory, T.
Fukutake [17,18] has defined and explored the theory of semi closed sets and
generalized closed sets in bitopological spaces. K. Bhuvneshwari et al. [10] have
introduced Nano bitopological spaces. In 2016, K. Bhuvaneshwari et al. [7,8] defined
Nano generalized closed sets in Nano bitopological space. Fuzzy set is an important
concept, which was introduced for the first time in 1965 by Zadeh [11], it was then used
in many studies in various fields. Here, we are interested in fuzzy with topology. The
fuzzy logic and fuzzifying topologies are two branches of fuzzy mathematics. The basic
concepts and properties of fuzzy topologies were investigated by Chang in 1968 [3].

R. Navalakhe and P. Rajwade have introduced Nano fuzzy topological spaces [16]
and Nano fuzzy generalized closed sets [15,16]. This was the source of motivation for
fuzzifying Nano bitopological spaces and thus we tried to define Nano fuzzy
bitopological spaces. In this paper, Nano fuzzy bitopological spaces are introduced and
new class of Nano fuzzy closed sets in Nano fuzzy bitopological spaces which can be
denoted by Nano fuzzy (1,2)* closed sets and Nano fuzzy (1,2)* generalized closed
sets are introduced and their properties are studied.

2. Preliminaries

In this section, we briefly recall the definition and basic results on Nano topological
space.

2.1. [10] Let U be a non-empty finite set of objects called the universe and R be an
equivalence relation on U named as the indiscernibility relation. Elements belonging to
the same equivalence class are said to be indiscernible with one another. The pair (U, R)
is said to be the approximation space. Let X € U.
(1) The lower approximation of X with respect to R is the set of all objects, which can
be for certain classified as X with respect to R and it is denoted by Ly (X).

That is Lz (X).= U,cy{R(x): R(x) € X}, where R(x) denotes the equivalence class
determined by x.
(2) The upper approximation of X with respect to R is the set of all objects, which can
be possibly classified as X with respect to R and it is denoted by Ug(X). That is,
Ur(X) = Uxeu{R(®):R(x) N X = @}.
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(3) The boundary region of X with respect to R is the set of all objects, which can be
classified neither as X nor as not - X with respect to R and it is denoted by Bz (X) =
Ur(X) — Lr(X).

2.2. [9] A subset A of a Nano topological space (U, tg(X)) is called a Nano generalized
closed set (briefly Ng-closed set) if Ncl(A) € V Whenever A € V and V is open in

(U, 7r(X)) .

2.3. [10] Let U be the universe, R be an equivalence relation on U and 7, ,(X) =
U{tg, (X),7g,(X)}, where X € U. Then it satisfies the following axioms:

(1) U and ¢ € 7, (X).
(2) The union of the elements of any sub-collection of 7, ,(X) is in 7g, , (X).
(3). The intersection of the elements of any finite sub collection of 7z, ,(X) is in
TRy, (X).

Then 7z, (X) is a topology on U called the Nano bitopology on U with respect to
X. (U, TR, 09)) is called the Nano bitopological space. Elements of the Nano bitopology
are known as Nano (1,2)* open sets in U. Elements of 7 , (X)¢ are called Nano (1,2)"
closed sets in g, (X). '

2.4. [10] If (U, 7, ,(X)) is a Nano bitopological space with respect to X where X < U

and if A c U, then
(1) The Nano (1,2)* closure of A is defined as the intersection of all Nano (1,2)* closed
sets containing A and it is denoted by Nzg, ,cl(A). Itis the smallest Nano (1,2)* closed

set containing A.
(2) The Nano (1,2)" interior of A is defined as the union of all Nano (1,2)* open subsets
of A contained in A and it is denoted by Ntg, ,Int(A). It is the largest Nano (1,2)"open

subset of A.

2.5. [10] A subset A of a bitopological space (U,7g,,(X)) is called Nano (1,2)"
generalized closed set if Nz, ,cl(A) <V where A <V and V is Nano (1,2)" open.

2.6. [1] Let (X,R) be an approximation space and X/R = {/11,/12,....,/%}- Then for
any 1 < F(X), R(1) and R(1), the lower and upper approximations of A with respect
to R are fuzzy sets in X/R. That is, R(1), R(1):X/R — [0,1], such that

(1) RW(Y) = infyz,A(y) and

(2) R(4) = supy<a;A(y), forallj = 1,2,3,.....,n.

2.7. [2] Let A be a fuzzy set in a fuzzy topological space(X, 7). then the fuzzy boundary
of Ais defined as
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(1) Bd(A) = CL(A) A CL(A®)
(2) Bd(d) = CI() — Int(A).

2.8.[2, 13] Let A be a fuzzy subset of X. Then following are equivalent:
(1) Upper approximation of A denoted by R(2) is the fuzzy closure operator.
(2) Lower approximation of A denoted by R (1) is the fuzzy interior operator.
So, we can say that in a fuzzy topological space

Bd(A) = Cl(A) — Int(A) = R(A) — R(D)

2.9. [2] Properties of Fuzzy Approximation Space
Let R be an arbitrary relation from XtoY. The lower and upper approximation
operators of a fuzzy set R and R satisfies the following properties: for all «, 8 € F(X),

(FL1) R(a) = (R(a®))¢

(FU1) R(a) = (R(a“))¢

(FL2) R(aAB) = R(@)AR(B)
(FU2) R(aVPB) = R(e)VR(B)
(FL3) a<p=R(a)<R(B)
(FU3) a <pB = R(a) <R(B)
(FL4) R(aVP) = R(a)VR(B)
(FU4) R(aAB) = R(a)AR(B)

2.10. [16] Let X be a non-empty finite set, R be an equivalence relation on X, 1 < X be
a fuzzy subset andtz(1) ={X,®R(1),R(1),Bd(1)}. Then by property (2.9)
Tz (4) satisfies the following axioms

(1) 04, 1, € T(z)(4) where 0;: 1 — I denotes the null fuzzy sets and 1,: 1 — I denotes
the whole fuzzy set.

(2) Arbitrary union of members of 7z (1) is a member of 7()(4).

(3) Finite intersection of members of 7(zy(4) is a member of 7(z)(1).

That is, t(z)(4) is a topology on X called the Nano fuzzy topology on X with
respect to 4. We call (X,7)(4)) as the Nano fuzzy topological space (NFTS). The
elements of the Nano fuzzy topological space that is t(z)(4), are called Nano fuzzy
open sets and elements of [7z)(4)]€ are called Nano fuzzy closed sets.

2.11. [16] Let (X, t()(4)) be a Nano fuzzy topological space with respect to 4 where

A< X and if u < X then the Nano fuzzy interior of u is defined as union of all Nano
fuzzy open subsets of u and it is denoted by NfInt(u). That is, it is the largest Nano
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fuzzy open subset contained in u. Similarly, the Nano fuzzy closure of p is defined as
the intersection of all Nano fuzzy closed sets containing u. It is denoted by NfCl(u) and
it is the smallest Nano fuzzy closed set containing p.

3. Nano Fuzzy Bitopological Space and Nano Fuzzy
(1,2)" Generalized Closed Sets

In this section we have introduced Nano fuzzy bitopological spaces and investigated
some of its properties. We have also defined Nano fuzzy (1,2)* generalized closed sets
in terms of Nano fuzzy (1,2)* closure and studied some of its properties. Throughout
this paper (X, 712, (4)) is a Nano fuzzy bitopological space with respect to fuzzy subset
A and R is an equivalence relation on X, X/R denotes the family of equivalence classes
of X by R.

Definition 3.1. Let X be a non-empty finite set, R be an equivalence relation on X,
A1, A, < X be fuzzy subsets and 7, (1) = V{1,,(11),72,(42)}. Then 7, , (1) satisfies
the following axioms

(1) 04,14, € 71,(4,) Where 0, :4; — I denotes the null fuzzy sets and 1, :4; >
denotes the whole fuzzy set and 0;,, 1;, € 7,,(4,) wWhere 0,,: 1, — I denotes the null
fuzzy setsand 1,,:4, — I denotes the whole fuzzy set.

(2) Arbitrary union of members of 7, ,,(4) is a member of 7, ;. (1).

(3) Finite intersection of members of 7, (1) is a member of 7, (1).

That is, 7,,,(4) is a topology on X called the Nano fuzzy topology on X with respect to

A1 and A,. We call (X, TLZR(A)) as the Nano fuzzy bitopological space (NFBTS). The

elements of the Nano fuzzy bitopological space are called Nano fuzzy (1,2)* open sets
and elements of [t ,,(4)] are called Nano fuzzy (1,2)* closed sets.

Example 3.2. Let X = {xy, x5, x3, x4} with

X/R = {{x1}, {x2}, {x3,x4}}. Let 1, and A, be a fuzzy subset of X

such that 4; = {(x4,0.2), (x5, 0.8), (x3,0.7), (x4, 0.4)}

and 1, = {(x4,0.1), (x,,0.5), (x3,0.6), (x4,0.4)}. Then NFBTS is given by

71,20 () = {12, 02, R (D), Ry ; (), By , ()}, where

k()l) = {(x1,0.1), (x,0.5), (x3,0.4), (x4,0.4)} and

Ri,(1) = {(x1,0.2), (x2,0.8), (x3,0.7), (x4,0.7)} with
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Bd; ,(A) = {(x1,0.1), (x5,0.3), (x3,0.3), (x4, 0.3)}.

Definition 3.3. Let (X,71,,(4)) be a Nano fuzzy bitopological space with respect
to A;and A, where 1,4, < X and if u < X then the Nano fuzzy (1,2)* interior of u is
defined as union of all Nano fuzzy (1,2)* open subsets of uand it is denoted
by Nf(1,2)* Int(u). That is, it is the largest Nano fuzzy (1,2)* open subset contained
in u. Similarly, the Nano fuzzy (1,2)* closure of p is defined as the intersection of all
Nano fuzzy (1,2)* closed sets containing u. It is denoted by Nf(1,2)" Cl(x) and it is the
smallest Nano fuzzy (1,2)* closed set containing u.

Definition 3.4. Let (X,7,,,(1)) be a Nano fuzzy bitopological space. A subset yu of
(X, 71,2,(A)) is called Nano fuzzy (1,2)* generalized closed set if Nf(1,2)" Cl(u) < ¥
where u < 9 and 9 is Nano fuzzy (1,2)* open.

Example 3.5. Let X = {x,, x5, x5, x,} with

X/R = {{x1}, {x5}, {x3,x4}}. LetA; and A, be a fuzzy subset of X such that 1, =
{(x1,0.2), (x5, 0.8), (x3,0.7),(x4,0.4)}

and A, = {(x1,0.1), (x,0.5), (x3,0.6), (x4, 0.4)}. Then NFBTS is given by

71,25 = {12, 03, R (D), Ry ; (), By , ()}, where

E()l) = {(x1,0.1), (x5, 0.5), (x3,0.4), (x4,0.4)} and

Ry ,(A) = {(x1,0.2), (x2,0.8), (x3,0.7), (x4,0.7)} with
Bdl,z (/1) = {(x1! Ol)l (XZP OS)I (x3P OS)I (x4-P 03)}
Then Nano fuzzy (1,2)* closed sets are

[71,5, D1 = {1202, Rio(D, Ry (D), Bdyo(2)°} where

[@(A)]C = {(xlr 09)) (xZi 05)) (X3, 06)) (X4,, 06)} K,Z(A)]C =
{(x4,0.8), (x3,0.2), (x3,0.3), (x4,0.3)} and

[Bdl,Z (A)]C = {(xli 09), (xZﬂ 07), (X3, 07), (X4_, 07)}

Let u <X =1{(x,0.2),(x30.1),(x3,0.2),(x4,0)}. Clearly, Nf(1,2)"Cl(np) <9
where u <9 and 9 is Nano fuzzy (1,2)* open. Hence, u is Nano fuzzy (1,2)*
generalized closed set.

Theorem 3.6. If u and u' are Nano fuzzy (1,2)* generalized closed, then u 'V u' is
Nano fuzzy (1,2)* generalized closed.
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Proof: Letuand pu' are Nano fuzzy (1,2)* generalized closed sets. Then
Nf(1,2)"Cl(p) <v where u<v and v is Nano fuzzy (1,2)* open
and Nf(1,2)" Cl(u') < vwhere u’ < vandv is Nano fuzzy (1,2)* open. Since u and u’
are subsets of v, uVu' is a subset of v and v is Nano fuzzy (1,2)* open. Then
Nf(1,2)" Cl(uV u") =Nf(1,2)" Cl(u) VNf(1,2)" Cl(u") <vwhich implies that
u 'V u' is Nano fuzzy (1,2)* generalized closed.

Theorem 3.7. If wis Nano fuzzy (1,2)* generalized closed set and u < u' <
Nf(1,2)" Cl(n), then u' is Nano fuzzy (1,2)* generalized closed.

Proof: Let 1’ < v where v is Nano fuzzy (1,2)* generalized open in ;. (4). Then u <
u' implies u < v. Since u is Nano fuzzy (1,2)* generalized closed, Nf(1,2)" Cl(u) < v.
Also u' < Nf(1,2)* Cl(w) implies Nf(1,2)" Cl(u") < Nf(1,2)"Cl(u) <v and so
u' is Nano fuzzy (1,2)* generalized closed.

Theorem 3.8. Every Nano fuzzy (1,2)* closed set is Nano fuzzy (1,2)* generalized
closed set.

Proof: Let u < v be a Nano fuzzy (1,2)* closed set and v is Nano fuzzy (1,2)* open in
Nano fuzzy bitopological space t;,.(4). Since p is Nano fuzzy (1,2)* closed,
Nf(1,2)" Cl(n) < wu. That isNf(1,2)" Cl(n) < u < v. Hence uis Nano fuzzy (1,2)*
generalized closed set.

Theorem 3.9. (for operation consider [1]) A Nano fuzzy (1,2)* generalized closed set u
is Nano fuzzy (1,2)* closed set if and only if Nﬁ’:l,ZR Cl(u) — u is Nano fuzzy (1,2)*

closed.
Proof: Let u be a Nano fuzzy (1,2)* closed set. Then Nfrl,zRCl(ll) =pu and so,

Nle.zR Cl(u) — u = ¢ which is Nano fuzzy (1,2)* closed set.

Conversely, suppose N le_ZR Cl(u) —u is Nano fuzzy (1,2)* closed. Then
NfTLzRCl(u) —u = ¢. Since u be a Nano fuzzy (1,2)* closed set. This implies that
NfTLZR Cl(u) = pand so u is Nano fuzzy (1,2)* closed.

Theorem 3.10. Suppose that f < a < X, B is a Nano fuzzy (1,2)* generalized closed set
relative to a and that a is a Nano fuzzy (1,2)* generalized closed set relative to X. Then
B is Nano fuzzy (1,2)* generalized closed set relative to X.

Proof: Let f < v and suppose that v is Nano fuzzy (1,2)* open in X. Then 8 < aAv.
Therefore, NfTLZRCla(ﬁ) < aAv. It follows that a/\NfTLZRCl(ﬁ) <aAv and a <

VVNerZR CL(B). Since a is a Nano fuzzy (1,2)* generalized closed set relative to X, we
have N le,ZRCl(a) < vWN ﬁfl,ZRCl(ﬁ)' Therefore, N ﬁfl,ZRCl(B) <N frl_zRCl(a) <
vWN fTLZR CL(B). Then B is Nano fuzzy (1,2)* generalized closed set relative to X.
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4 Conclusion

In this research work, we characterize Nano fuzzy bitopological spaces through the
framework of topological spaces, specifically as an extension of Nano fuzzy topological
spaces. To elaborate on the evolution of this theory , we have defined Nano fuzzy (1,2)"
closed sets, Nano fuzzy (1,2)* open sets, Nano fuzzy (1,2)* generalized closed sets and
Nano fuzzy (1,2)* interior and closure. We established the relationships among these
defined Nano fuzzy sets. In the forthcoming work, Nano fuzzy (1,2)* continuous
functions and Nano fuzzy (1,2)* open maps, Nano fuzzy (1,2)"* closed maps and Nano
fuzzy (1,2)* homeomorphisms. Expressing this deifferently, exploring these concepts
may prove valuable in uncovering practical applications.
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Abstract

In this paper, authors present the concept of supra S-compact spaces
and studied some basic properties of them. Further, supra S-locally
finite collection and supra [3-compact spaces are studied. Also, Some
results regarding supra [-paracompact spaces are studied.
Keywords: Paracompact spaces, supra paracompat spaces, supra [3-
open sets, supra (3-continuous functions.
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1 Introduction

A space M is said to be paracompact if every open cover of M has a locally
finite open refinement. Many researchers introduced and investigated the proper-
ties of a-paracompact [1], P;-paracompact [11] and S;-paracompact [13] spaces
replacing the open cover by a-open, pre-open and semi-open cover in original
definition.

Mashhour et al. [12] introduced the supra topological space and studied
the properties of S-continuous maps, S*-continuous maps in supra topology. Mo-
tivation for supra topology come from the need to obtain various examples that
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satisfy some properties on the finite sets, for instance, the only topology on a fi-
nite set that satisfies a 7-space is the discrete topology, where as there are many
different types of supra topologies that satisfy a condition of 7;-space.

Several authors, investigated the some topological notions on supra topo-
logical spaces such as compact spaces, [[2], [3]] and separation axioms [[4], [8]].
Some of the published paper showed that, any topological results became true on
supra topology, but some fails to prove the results. Thus, supra topology provides
a framework which is general enough to solve practical problems and to model
phenomena.

Jassim T. H. [10] introduced the concept of supra compactness in supra
topology and came out with many intersecting results. Paracompactness on the
supra topology was introduced and studied by T.M.Al-shami [5] in 2020.

In this paper, authors are introduced and studied the concept of 5-compact
spaces, [-locally finite collection and [-paracompact spaces in supra topology.
We discuss the main properties of these spaces.

2 Preliminaries

Throughout this paper (P, 1) and (Q, o) (or simply P and Q) always mean supra
topological spaces on which no separation axioms are assumed unless explicitly
stated.

Definition 2.1. [12] A sub collection p of 2P is called a supra topology on P # ¢
provided that it contains P and is closed under arbitrary union.

A pair (P, ) is called a supra topological spaces.

Every member of 1 is called a supra open set and its complement is called a supra
closed sets.

Definition 2.2. [I12] Amap s : (P, 1) — (Q, 0) is said to be an S*-continuous if
the inverse image of every supra open set in Q is supra open set in P.

Definition 2.3. [2] Let A, be a subset of a supra topological space (P, ). The
family pa, = {A1 NGy : Gy € p}is called a supra relative topology on A;.
A pair (Ay, j1a,) is called a supra subspace of (P, 11).

Definition 2.4. [2] A space (P, 11) is called a supra compact if every supra open
cover of P has a finite subcover.
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Definition 2.5. [7] Let Uy = {U; : i € I} and Vy = {V} : j € J} be two covers
of P. The collection U, is said to be a refinement of Vy provided that for each
U; € Uy, there are some V; € Vi such that U; C V.

Definition 2.6. [7] The collection Uy = {U; : i € I} of subsets of a space P is
said to be a locally finite provided that each point p € P has a neighborhood W
such that W N U; # ¢ holds for finitely many values of i.

Definition 2.7. [7] If the collection {U; : i € I} is locally finite, then the collec-
tion { cl(U;) : i € I} is locally finite.

Definition 2.8. [9] A function s : (P, 1) — (Q, 0) is said to be

(i) supra [-continuous if the inverse image of each open set in Q is supra 3-open
set in P.

(ii) supra (-irresolute if the inverse image of every supra [3-open set in Q is supra
(B-open in P.

(iii) pre supra (-closed if the image of supra [3-open set in P is supra 3-open in

0.

3 supra S-compact spaces

Definition 3.1. A collection {A; : i € A} of a supra (3-open subsets of the space
(P, ) is called a supra B-open cover of the subsets B of P provided B C U;ep A;.

Definition 3.2. A supra topological space (P, ) is called supra B-compact pro-
vided that every supra [3-open cover of P has a finite subcover.

Remark 3.1. Every finite supra topological space is supra [3-compact.

Remark 3.2. A finite union of supra [(-compact subsets of the space (P, p) is
supra [3-compact.

Definition 3.3. A subset B of a supra topological space (P, 1) is said to be supra
[-compact relative to (P, 1) if for every collection {A; : i € I} of supra (-open
subsets of P with B C U{ A, : i € I}, there exists a finite subset 1 of I such that

Theorem 3.1. Every supra 3-compact space is supra compact.

Proof: Let {A; : i € \} be supra open cover of P. As every supra open set is supra
B-open, so {A; : i € \} is a supra (-open cover of P. As P is supra [3-compact,
{A; : i € \} has a finite subcover. Thus, P is supra compact.

Definition 3.4. A subset A, of a supra space (P, ) is said to be supra [3-compact
relative to P if every supra 3-open cover of A is reducible to a finite subcover.
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Theorem 3.2. Every supra (3-closed subset of a supra [3-compact space is supra
B-compact with respect to the space .

Proof: Let S = {G; : i € \} be a supra [3-open cover of the supra (3-closed subset
F of the space P. Then F'© = P \ F is supra B-open with F C U{G; : i € \}.
Let S* = {G; : i € A} U{F*} be a supra (-open cover of P, that is P = US* =
U{G; : i € A} U{F°}. Then S* is reducible to a finite subcover G; U Gy U .... U
G,UF° Hence G C Gy UGy U ..... U G.,. Thus, every supra (-open cover of S
contains a finite subcover. Thus, G is supra [3-compact relative to L.

Theorem 3.3. A space P is supra -compact iff every collection of supra 3-closed
subsets has a finite intersection property has a non empty intersection.

Theorem 3.4. Supra [(-irresolute image of a supra -compact set is supra [3-
compact.

Proof: Let S : (P, 1) — (Q,0) be a supra [-irresolute map and A, be a supra
p-compact subset of P. Let {G; : i € A} be supra (-open cover of Q. Then
Ay C U;STHG,). As S is supra B-irresolute, ST'(G;) is supra B-open cover:
Since A; is supra 3-compact, Ay C U S™HG;). Thus, S(A;) C UG, and so
S(Ay) is supra 3-compact.

4 Supra S-locally finite collection

Definition 4.1. A space (P, p1) is said to be Supra paracompact[2] if every supra
open cover has a supra open locally finite refinement.

Definition 4.2. A collection =, = {F,, : « € \} of subsets of a space P is said to
be supra (-locally finite provided that for each p € P, there exists a supra [3-open
sets Uy € P with U, intersects F,, at most finitely many values of .

Example 4.1. Let us consider P = {py,pa, 71,72} and pp = { P, ¢, {p1, p2, 71}, {P1, P2, T2},
{pla 1, TQ}? {an 1, TQ}? {plap?}a {Tla Tg}, {pl» Tl}a {p?, r2}7 {TlapQ}} be a supra
topology on P. We can verify that, the subset A = {p1,p2} is a supra (-locally

finite in P,

Lemma 4.1. Let = = {F,, : « € A} be a collection of subsets of a space (P, ).
Then the following properties holds:

(i) if = = {F, : « € A} is supra (-locally finite collection of subsets of P with
Go C F, holds for each o € ), then Gy = {G,, : a € A} is also supra -locally
finite.

(ii) Z is supra (-locally finite if and only if {5-cl(F,) : a € A} is also supra
B-locally finite.

(iii) if = is supra (B-locally finite then US-cl(F,) = [-cl(UF),).
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Proof: (i) Follows from the definition of supra (5-locally finite collection.

(ii) Assume that = is supra (3-locally finite. Then, for each p € P, 3 a 3-open set
U, containing the point p which meets finitely many of the supra sets of I, that
is Fi,, Fy,, Fs,...F,,,. But F,, C (-cl(F,,) holds for each k = 1,2, ...n. Then
Uy meets many supra (3-open sets, say B-cl(F,,), f-cl(Fy,), ....0-cl(Fy, ). Thus
Uy meets finitely many of the supra sets B-clF,. Thus, 5-cl(F,) is supra 3-locally
finite.

On the other hand, let p € P. Then, there exists supra [3-open set U, con-
taining the point p which meets finitely many of the supra sets (-cl(F,), that
is B-cl(Fy,,), B-cl(Fa,)....0-cl(Fy,). Thus, Uy N B-cl(F,,) # ¢ holds for each
k=1,2,...n. Let ¢ € Uy and q € B-cl(F,,). Then for every supra [3-open set V;
containing the point q such that V, N F,, # ¢. Since U, is supra (3-open set in P
containing the point p, then Uy N F,,, # ¢. Thus, = is supra [3-locally finite.

(iii) It is obvious.

5 Supra S-paracompact spaces

Definition 5.1. A space (P, ) is said to be supra [3-paracompact if every supra
open cover has a supra (3-locally finite supra 3-open refinement.

Remark 5.1. Every supra compact space is supra [3-paracompact.

Remark 5.2. The existence of supra topology does not forms a supra [3-paracompact
spaces follows from the following example.

Example 5.1. Let us consider a supra topology (P, 1), where p = {¢,G C Z :
2 € G and 3 € G} be a supra topology on set of all integers. Let U, be an infinite
supra open cover of the space Z. Then any supra open refinement of Uy contains
an infinite supra pen sets containing the points 2 and 3. Thus, we can not find a
locally finite open refinement for a supra open cover Uy. Thus, (Z, j1) is not supra
B-paracompact.

Theorem 5.1. Union of any two supra 3-paracompact space is supra 3-paracompact.
Proof: Let W, = {w; : i € \} be a supra open cover of the set Ay U By where Ay
and By are supra paracompact spaces. Then W is a supra open cover of the sets

Ay and B;. Since Wy has a supra (3-locally finite open refinement say Uy and V' of
the sets Ay and By respectively. Again, from lemma 4.1, we have U, U V] is supra
B-loaclly finite refinement of Ay U By. Thus, Ay U By is supra 3-paracompact.

Remark 5.3. [9] Union of supra open and supra [3-open set is again supra [3-open
set.
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Theorem 5.2. Every supra closed subset of a supra B-paracompact space is supra
B-paracompact.

Proof: Let Uy = {U; : i € \} be a supra open cover of the supra closed set F.
Then U, U FY is supra open cover of the space P. Since P is supra -paracompact,
then Uy U FY has a supra open supra [-locally finite open refinement. Thus Uy
has a supra open, supra (-locally finite refinement of Fy. Thus, Fi is supra 3-
paracompact.

Theorem 5.3. Let s : (P, p) — (Q, o) be surjective function. The S is supra pre
B-closed if and only if for every q € Q) and every supra [3-open set U, € (P, 1)
contains s~(q), there exists a supra [3-open set V; € Q with s71(V}) C U,.
Proof: Let us prove the necessity part first. Let ¢ € () and U, be supra (3-open
set in P with s7(q) C Uy. Put Vi = Q\ s(P \ Uy). Then from hypothesis, V; is
supra [3-open set in Q containing q with q € Vy and s~ (V) C U,.

Let us consider the sufficiency part. Let M be supra [3-closed set in P with q €
Q \ s(M). Then, s7*(q) C P\ M. From hypothesis, there exists a supra 3-open
set Vi, such that s (V1) € Q\s(M). Thus, Q\s(M) = U{Vy, : g € Q\s(M)}
and so Q \ s(M) is supra (B-open set in Y. Hence s(M) is supra (-closed in Q.

Theorem 5.4. Let s : (P, 1) — (Q, o) be supra continuous, supra open and supra
pre B-closed surjective function with s~*(q) is supra 3-compact for each q € Q.
Then Q is supra [3-paracompact if P is supra 3-paracompact.

Proof: Let U = {U, : o« € \} be an supra open cover of Q. Then s~*(¥) =
{s71(U,) : a € X} be an supra open cover of the supra 3-paracompact space P
and so it has a locally finite supra [3-open refinement, that is v = {V., : v € B}.
As s is supra pre (3-open, the collection s(v) = {s(V,) : v € B} is a supra [3-open
refinement of V.

Further, we have to prove that the collection is supra [(-locally finite in Q.

Let ¢ € Q. Then for each p € s~'(q), there exists a supra [3-open set U, such that
U, intersects at most finitely many members of v. Then the collection {U, : p €
s7Y(q)} is a supra B-open cover of s71(q). Thus, there exists a finite supra subset
M of s7*(q) with s7*(q) C UU,. By the definition of supra pre (3-closed function,
there exists a supra [3-open set G, containing q such that s~'(G,) C UU,. Thus,
f~YG,) intersects at most finitely many members of V. Thus, G, intersects at
most finitely many members of s(V). Hence s(V) is supra 3-locally finite in Q.

Theorem 5.5. Let s : (P, ) — (Q, o) be supra [-irresolute, supra closed sur-
jective function with s='(q) is compact for each q € Q. Then P is supra [3-
paracompact if Q is supra 3-paracompact.

Proof: Let V = {U, : o € A} be an supra open cover of P. As s~'(q) is supra
compact, there exists a supra finite subset M (q) such that s7(q) C Unenr(q)Ua-
Since s is supra closed, there exists a supra open set V, containing q such that
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s7Mq) € Unem(qUa- Thus, {V, : ¢ € Q} is a supra open cover of the supra
B-paracompact space Q and so it has a supra locally finite supra (3-open refine-
ment say W = {w,, : v € B}. Since s is supra [-irresolute, {s~'(w,) : v € B}
is a supra (-locally finite supra (3-open cover of P. Then for each v € B, there
exists a member q(y) € Q such that W., C V, . Thus, s~*(W,) C s71(V,)) C
Uaeri(g)Ua = Fy. Put Q@ = {s7' (W) AN F, v € B,q(y) € Q}, where
sTHWy)ANF,, ={s"{(W,)NUy, : v € B, € M(q,))}. By remark 5.1, each set
of Q) is supra [3-open subset of P.Thus, the family () is supra [-locally finite supra
B-open refinement of V. Thus, P is supra B-paracompact.

6 Discussion and Conclusion

Topology developed as a field of study of geometry and set theory, through
analysis of such concepts as space, dimensions and transformation. The topolog-
ical structures are modelled suitably in the field of Computer graphics, Pattern
recognition, Artificial intelligence, Data mining, Rough set theory, Information
systems, Quantum physics etc.

It is noted that the supra topological frame can be more convenient to solve
some practical problems and to model some phenomena. Also, the possibility of
applying semi-open sets to deal with some problems on digital topology.

In this way, this paper introduce some main concepts in supra topological
spaces. We firstly introduce a supra (5-compact spaces and some related properties
and point out the relationship among them. Further, we introduce supra (3-locally
finite collection and and several results of these spaces in supra topological spaces.
In the end, we presented the concept of supra S-paracompact spaces and several
properties concerning to these spaces in supra topological spaces.
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Abstract

The main objectives of this research work is to explore and detect
some new types of graphs that exhibit octagonal prime graceful la-
beling. The methodology entails developing a mathematical formula-
tion for labeling a given graph’s vertices and demonstrating that these
formulations result in octagonal prime graceful labeling. Here we de-
scribe octagonal prime graceful labeling which is a new version of oc-
tagonal graceful labeling. In the present paper, we establish octagonal
prime graceful labeling for fan graph and friendship graph. Octago-
nal graceful labeling was introduced by S. Mahendran, K. Kovusalyal
and P. Namasivayam, here we find the octagonal prime graceful label-
ing for the join of two graphs, shell graph, generalised butterfly graph,
prism and polar grid graph. This is the first attempt of its sort, involv-
ing the investigation of octagonal prime graceful labeling for special
graphs.

Keywords: Octagonal numbers, Octagonal graceful labeling, Octag-
onal graceful graph, Octagonal prime graceful labeling

2020 AMS subject classifications: 05C78 !

*Research Department of Mathematics; Research Scholar(Reg:No:21113112092014); Nesa-
mony Memorial Christian College, Marthandam, Tamil Nadu, India; Aflliated to Manonmaniam
Sundaranar University, Abishekapatti, Tirunelveli,India; e-mail:akshayav1411998 @ gmail.com.

TResearch Department of Mathematics; Assistant Professor; Nesamony Memorial Christian
College, Marthandam,Tamil Nadu, India; Afiliated to Manonmaniam Sundaranar University,
Abishekapatti, Tirunelveli, India; e-mail: ashanmcc @ gmail.com.

'Received on July 25, 2023. Accepted on January 01, 2024. Published on January 30, 2024. DOI:
10.23755/rm.v51i0.1312. ISSN: 1592-7415. eISSN: 2282-8214. ©The Authors. This paper is
published under the CC-BY licence agreement.

120



V.Akshaya, Dr.S.Asha

1 Introduction

The finite, straightforward, as well as undirected graphs are examined in this
paper. The graph definition with ¢ edges and p vertices is G = (V, E). Label-
ing is the process of giving numbers to a graph’s vertices, edges, or both. If the
mapping’s domain is a set of edge (vertices/both), this labeling is referred to as
a vertex labeling (edge/both). Graph labeling strategies include graceful label-
ing, incidence labeling, gracious labeling, radio labeling, antimagic labeling and
prime labeling. One of these most often-used graph labeling approaches is grace-
ful labeling [15]. The concept of [-valuation of a graph is proposed by Rosa[1].
According to Golomb[12], it was a graceful labeling.

Let’s assume that G is a (p, q) graph. The graceful G labeling is considered to
be a one-to-one function if the induced edge labeling f : V(G) — {0,1,2,...,q}
represented by f*(e) = |f(u) — f(v)| for all edges e = wv of G is likewise
one-to-one. A ‘G’ graph with graceful labeling is referred to as a graceful graph.
Several families of graceful graphs were built in [12]. A thorough examination of
the many forms of graceful labeling can be found in [8].

Applications include creating an addressing system for communication networks,
producing X-Ray crystallography, selecting the best circuit topologies and solv-
ing additive number theory problems and others, labelled graphs are becoming a
more important family of mathematical models [7].

Numbers of the form O,, = n(3n — 2) for all n > 1 are called octagonal numbers.
Let G be a graph with p vertices and ¢ edges. Let f : V(G) — {0,1,2,...,0,,}
where O,,, is the m'" octagonal number be an injective function. Define the func-
tion f* : E(G) — {1,8,21,...,0,,} such that f*(uv) = |f(u) — f(v)| for all
edges uv € E(G). If f*(E(G)) is a sequence of distinct consecutive octagonal
numbers 1, 2, ..., Oy, then the function f is said to be octagonal graceful labeling
and the graph which admits such a labeling is called a octagonal graceful graph[7].
In this paper we have introduced octagonal prime graceful labeling and it is de-
fined as follows. Let GG be a graph with p vertices and g edges. Define a bijection
f:V(G) = {1,8,....,p(8p — 2)} by f(v;) = i(3i — 2) for every ¢ from 1 to p
and define a 1 — 1 mapping f7,, : E (G) — set of natural number N such that
f*(uv) = |f(u) — f(v)| for all edges (uv) € E(G). The induced function f is
said to be octagonal prime graceful labeling if the gcin of each vertex of degree
atleast 2 is one.

This research examines the octagonal prime graceful labeling fan graph and friend-
ship graph and some special graphs namely join of two graphs, shell graph, gen-
eralised butterfly graph, prism and polar grid graph.
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2 Preliminaries

Definition 2.1. [9] A fan graph obtained by joining all vertices of F,, n > 2 is a
path P, to a further vertex, called the centre. Thus F,, contains n + 1 vertices say
C and (2n — 1) edges, say cv;, 1 <i <nand v;viy1,1 <i<n-—1.

Definition 2.2. [5] If G| and G5 are disjoint graphs then the join of G and G,
written as G1 + G is the graph consisting of the union G, U G2 , together with
all edges of the type vivy where vi € V(G1) and vy € V(Gs).

Definition 2.3. [10] A shell graph is defined as a cycle C,, with (n — 3) chords
sharing a common end point called the apex. Shell graph are denoted as Cn,n —
3). A shell S,, is also called fan f,_;.

Definition 2.4. [14] A generalized butterfly graph, BF,, , obtained by inserting
vertices to every wing with assumption that sum of inserting vertices to every wing
are same then it has 2n + 1 vertices and 4n — 2 edges. Let the vertex set of BF,,
be V(BF,) = {vli = 0,1,2,...,2n} and the edge set of BF, be E(BF,) =
{(vi,viz))i=1,2,.;n—1L,n+1,....2n — 1} U {(vo,v;)[i = 1,2, ..., 2n}.

Definition 2.5. [3] The friendship graph F r,(f’), is a planar undirected graph with
2n + 1 vertices and 3n edges constructed by joining n copies of the cycle graph
C3 with a common vertex

Definition 2.6. [16] For n > 3, let {vy, v, v, ...,v,} be the vertices of W,
with hub vertex vy and w, = {ug, u1,us, ..., u,} be a copy of W,,. Define the
Prism(W,,), called the prism of W,, by, P(W,,) = Ky xW, i.e., joining vy of W,
to the corresponding vertex ug of w;L and each v; of W, to the corresponding vertex
u; of W, foralli € {1,2,...,n}. Thus, E(P(W,))) = E(W,)UE(W, )U{v;u;,i €
{1, 2, ,n}} U {Uoug}.

Definition 2.7. [2] The polargrid graph P, ,, is the graph consists of n copies of
circles C,,, which will be numbered from the inner most circle to the outer circle

as CT(,P, C’,g), . C’,(#_l), C and m copies of paths P, ., intersected at the center
vertex vy which will be numbered as P,Ei)l, Pﬁ)l, o P,ET; b, érf:i
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3 Main Results

Theorem 3.1. The Fan graph F),, admits octagonal prime graceful labeling.

Proof. Let G = F,, and let vy, vs, ..., v,11 are the vertices of G.
Let p and ¢ be the total number of vertices and edges of GG respectively.
The fan graph F), has n + 1 vertices and (2n — 1) edges.
ie)p=|V(F,)|=n+1landq = |E(F,)| =2n— 1.
Define a function f : V(G) — {1,8,...,p(3p — 2)} by f(v;) = i(3i — 2),
where 1 = 1,2, ....,n + 1 and the edge labelings are given as
fopgt(Vivig1) = 6i + 1, where i =2,3,...,n

forg(V1Vi1) = 31> + 40, where i =1,2,...,n

Clearly f,,, is an injection and f induces the function f;,, on £ (G) such that
P (u0) = [ £(u) = f)].

Also the gcin of (vy) = ged of edges incident on v; = 1

gcin of (v;41) = ged of edges incident on v, = 1, wherei = 1,2,....,n

In general, gcin of v, 1 = gcd of edges incident on v,, ¢

Hence the gcin of each vertex of degree atleast 2 is one.

Therefore f is said to be an octagonal prime graceful labeling.

Hence the graph £, is an octagonal prime graceful graph.

Example 3.1. Fan graph Fs admits octagonal prime graceful labeling.

1
(%1

>
39
o

s 19 25 vy
8 U3 Vs 4 Us 65 U6 o6 133

Figure 1: Octagonal prime graceful labeling of Fx

Theorem 3.2. The graph P, + mK; is an octagonal prime graceful graph for
m < 6.

Proof. Consider a path P, with two vertices vy, vs.
Let vs, vy, ..., Umto be the m isolated vertices.
Joining vy, vy with v; , 3 <7 < m + 2 we get P» + mK;
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Let G = P2 + mKl

Let V(G) = {Ul, V2, U3, ..., Um+2} and E(G) = {Ul’UQ}

U{vv/3 <i<m+ 2} U{v;/3 <i<m+ 2}

Then |V (G)| =2+ mand |E(G)| =2m +1

Let p and ¢ denote the total number of vertices and edges of graph G respectively.
Define a function f : V(G) — {1,8,...,p(3p — 2)} by f(v;) = i(3i — 2) , where
1 <1 < m+ 2 and the edge labels are as follows:

fapr(V10Vig1) = 3i% +4i , where i = 1,2, ..., m + 1 and

fo*pgl(vgng) = f(vlvi+2) — f('UlUQ) , where ¢ = 1, 2, -

Clearly , f;,,, is an injection and f induces the function f; , on E(G) such that
P () = 1£(u) = F(0)]

Also gcin of vy = gcd of edges incident on vy

= ged of edges ({v1vio} U {vive}) =1, where i = 1,2,...,m

gcin of vy = ged of edges incident on vy

= ged of edges ({vovi2} U {vjve}) =1, where ¢ = 1,2,...,m and

gcin of v, 9 = ged of edges incident on v; o = 1, where 1 =1,2,....m

In general, gcin of v, = gcd of edges incident on v,, 1o = 1

Hence the gcin of each vertex of degree greater than one is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the graph P, + m K is an octagonal prime graceful graph.

Example 3.2. The octagonal prime graceful labeling of graph P, 46K is shown
below.

Figure 2: Octagonal prime grace ful labeling of Py + 6K,
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3.1 Remark

The Graph P, + mK; 1is octagonal graceful but does not admits an octagonal
prime graceful labeling for m > 7.

Proof. The Graph P, + mI; is octagonal graceful but not an octagonal prime
graceful graph for m > 7 which is shown below by a figure P, 4+ 7K, U

Figure 3: P, + 7K, which is not an Octagonal prime grace ful labeling.
Here gcin of vertex vg =ged{224,217} # 1

Theorem 3.3. The Shell graph S,, is an octagonal prime graceful graph.

Proof. Let S, be a shell graph and let vy, vy, ..., v, be the successive vertices
of S,,.
Let |V (S,)| =nand |E(S,)| =2n—3
Let p and g denote the total number of vertices and edges of graph S, respectively.
Define a function f : V(S,) — {1,8,...,p(3p — 2) } by f(v;) = i(3i — 2) , where
1 =1,2,...,n and the edge labels are as follows:
fopg(Vivig1) = 6i + 1, for 1 <i<n—1
fo(010,) = 0, — 1
Clearly f,,, is an injection and f induces the function f;,

= a(u0) = | f(u) = F(v)]

Also gcin of v, = ged of edges incident on vy

s on E(G) such that
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= ged of edges (viv;41) = 1, where 1 <i<n-—1

gcin of vy = ged of edges incident on vy

= ng of edges {f:pgl(vlv2)7 fo*pgl (U2U3)} =1

gcin of v; = ged of edges incident on v; , where 3 <7 <n—1

gcin of v; = ged of edges {v;v;_1, v;v1,vv;41} , where 3 <i <n—1and
In general , gcin of v,,= gcd of edges incident on v,

= ged of edges {v, vy, vv, 1} =1

Hence the gcin of each vertex of degree atleast two is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the graph S, is an octagonal prime graceful graph

Example 3.3. The octagonal prime graceful labeling of shell graph Ss is shown
in the figure.

Vg 25 Vs

(%3
96

13
LE

(%) U7

133

U1 Ug

1 176

Figure 4: Octagonal prime grace ful labeling of Sg

Theorem 3.4. For n > 2, a generalized butterfly graph BF,, admits octagonal
prime graceful labeling.

Proof. A generalized butterfly graph , BF,, is obtained by inserting vertices
to every wing with the assumption that sum of inserting vertices to every wing are
same then it has 2n + 1 vertices and 4n — 2 edges.

Let the vertex set of BF,, be V(BF,)) = {v;/i = 0,1,2,...,2n} and the edge set
of BF,,be E(BF,) = {(vivit1)/i = 1,2,....,n—1,n+1, ..., 2n—1}U{(vov;) /i =
1,2,...,2n}
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Let BF,, has {vy} as an apex , {vy, vo, ..., 0,1, 0, } as vertices on right wing and
{Vn+1, Uns2y -y Vop_1, U2, } as vertices on left wing.

Let f(v,) =1

Define a function f : V(BF,) — {1,8,...,p(3p — 2)} by f(v;—1) = i(3i — 2),
where ¢ = 2,3, ..., 2n + 1 and the edge labels are as follows:

forg(Vovi) = 31> +4i , for 1 <i<2n+1

fopgt(Vic1vi) = 6i + 1, for 2,3,...,n and

fopgt(Vic1vi) = 6i + 1, for i =n+2,n+3,..,2n
Clearly, f;,, is an injection and f induces the function f,

op.
f:pgl(uv) = ’f(u) - f(?])‘
Also the gcin of each vertex of degree greater than one is 1
Therefore f is said to be an octagonal prime graceful labeling.
Hence the generalized butterfly graph B F;, is an octagonal prime graceful graph
forn > 2

s on E(G) such that

Example 3.4. The Generalized butterfly graph BF5 admits Octagonal prime
graceful labeling.

Vg

133

U7
176

Ug
225

Vg
280

V10
341

Figure 5: Octagonal prime grace ful labeling of BFj

Theorem 3.5. The Friendship graph F'r,, is an octagonal prime graceful graph.

Proof. The friendship graph F'r,, is a planar undirected graph constructed by
joining n copies of cycle graph C5 with common vertex.
Letp = |V(Fr,)| =2n+1land ¢ = |E(F'r,)| = 3n
Let the vertex set of Fr, be V(Fr,) = {v;/i = 0,1,2,...,2n} with v, as the
central vertex and edge set of F'r,, be E(Fr,) = {vov;, v;v;41,1 = 1,2,...,2n}
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Define a function f : V/(Fr,,) — {1,8,...,p(3p—2) } by f(v;_1) = i(3i—2),where
1 =2,3,...,2n + 1 and the edge labels are as follows:

fapgr(Vovi) = 3i% +4i, for 1 <i < 2n

and f; ,(viov;) = 6i+ 1, for 2 <i<2n

Clearly, f;,, is an injection and f induces the function f;,, on E(F'r,) such that
Pt (w0) = | £ () = J(0)]

Also the gcin of each vertex of degree atleast two is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the friendship graph F'r,, is an octagonal prime graceful graph.

Example 3.5. The Friendship graph F'r; is an Octagonal prime graceful graph.

Figure 6: Octagonal prime graceful labeling of Fr;

Theorem 3.6. The Prism of the wheel P(W,,) is an Octagonal prime graceful
graph forn > 3.

Proof. Let P(1V,) be the prism of the wheel graph and let the vertices of
P(W,,) be {vg,vy,v;/1 < i < 2n} and the corresponding edges of P(IV,,) be
E(PW,) = EW,)UEW,)U{vv;/i=1,2,...,n,j =n+1,n+2,.. 2n}U
{vov, } where W, is the copy of IV,

Let p = 2n + 2 and ¢ = 5n + 1 be the total number of vertices and edges of the
prism of wheel P(WW,,) respectively.
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Define a function f : V(P(W,)) — {1,8,...,p(3p — 2)} by f(v;i—1) = i(3i —
2),where i = 2,3, ...,2n + 1 and let
f(vo) = 1and
f(vg) = Oapnyo /
Let the edge labels are f;, ;(vov;) = 3i* +4i,for 1 <i<n
Also fpgl(v{)vz) = f(vy) — Ogp1,for n+1<i<2n
opgl viqv;) =60+ 1,for i =23,...,n,n+2n+3, ..,2n
Uovo) O2n+2 O
Vi Un+z) = Opg14i — Ojq1,for 1 <i<n
opg 1\Unl1 ) = n+1 - f(’U1>
fopgl<v2nvn+1> Oan+1 — f(Uns1)
Clearly, f;,, is an injection and f induces the function f; , on E(P(W,)) such
that f3,,,(u0) = |f(u) — f(0)
Also the gcin of each vertex of degree atleast two is 1
Therefore f is said to be an octagonal prime graceful labeling.
Hence the prism of the wheel P(WV,,) is an octagonal prime graceful graph for
n > 3.

Example 3.6. The prism graph P(W5) is an octagonal prime graceful graph .

v
221

Figure 7: Octagonal prime grace ful labeling of P(Ws)

Theorem 3.7. If m and n are positive integers such that m > 3 and n > 2, then
the polar grid graph P,, ,, is an octagonal prime graceful graph.

Proof. Let P, ,, be the polar grid graph and let the vertices and edges of P,, ,,
be respectively
p=|V(Pnn)| =mn+1land q=|E(P,,)| =2mn
Let vy be the central vertex and v; where 1 < 7 < mn be the remaining vertices.
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Define a function f : V(P,.,) — {1.8,...,p(3p — 2)} by f(vi—1) = i(3i — 2) ,
where: = 2,3,...,mn + 1.

The edges of P, ,, are labeled in such a way that

fopgt(Vov:) = 3i2+4i,forl1 <i<m

fopg(Vic1vi) = 6i+1, wherei =2,3,...,m,m+2,...,2m,2m+2, ..., 3m, 3m +
2,...,mn

fopg(ivj) = f(v;) — f(v;) , for 1 <7 <m(n—1)andm +1 < j < mn and
fopg(vivs) = f(vi) = f(v;) , where i = mk and j = mk— (m—1)for1 <k <n
Here all the edge labels are distinct.

Clearly , f;,,; is an injection and f induces the function f; , on E(F,, ) such
that f3,,,(uv) = | f(u) — J(v)

Also the gcin of each vertex of degree atleast two is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the polar grid graph £, ,, is an octagonal prime graceful graph for m > 3

and n > 2.

Example 3.7. An octagonal prime graceful labeling of polar grid P,,, where
both m and n are even is given below

833 Uilg

V15 V13
736 232176 280280 [ 560

645 U14

Figure 8: Octagonal prime graceful labeling of Py 4

130



V.Akshaya, Dr.S.Asha

3.2 Remark.

If m and n are positive integers such that m < 3 and n < 2, then the polar
grid graph P,, ,, is not an octagonal prime graceful graph.

Proof. We prove this by an example , that is the graph P ; is not an octagonal
prime graceful graph.

(% (%1
21 8

13

Figure 9: Pg,l
In the above figure the edge labels are not distinct
Hence P, ; is not an octagonal prime graceful graph

4 Conclusion

The authors of this study investigated the octagonal prime graceful labeling
of fan F;, and friendship graph F'r,,. Further octagonal prime graceful labeling
of some special graphs namely join of two graphs P» + mK;, shell graph 5,
generalised butterfly graph BF,,, prism P(W,,) and polar grid graph P, ,, have
been studied. We have also proved P, + mK; for m > 7 and polar grid graph
P, form < 3 & n < 2 are not octagonal prime graceful. Future development
requires combination of the prime graceful labeling with some other polygonal
numbers such as triangular, pentagonal, tetrahedral etc with reference from this
study.
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Abstract

This study introduces generalized contraction for two pairs of self-
maps in complete b-metric spaces, and it then establishes the exis-
tence of common fixed points under the presumptions that these two
pairs of maps are weakly compatible and satisfy the condition for gen-
eralized contraction. A sequence of selfmaps is added as an extension
of the same. Additionally, we demonstrate the same using various
hypotheses on two pairs of selfmaps that satisfy the b-(E.A)-property.
Some of the conclusions in the literature are extended /generalized to
two pairs of self maps by our theorems.
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1 Introduction

Czerwik (10) introduced the notion of b-metric space which is a generalization
of metric space. Following that, numerous authors looked into fixed point theo-
rems for single-valued and multi-valued mappings in b-metric spaces, we refer
(3;8;9; 11; 15; 16; 17, 22; 23; 24).

The concept of property (E.A) was introduced by Aamari and Moutawakil (1).
Several authors then used this idea to demonstrate the presence of common fixed
points, we refer (2; 4; 5; 6; 19; 20; 21).

Definition 1.1. (10) Let X, be a non-empty set and s > 1 be a given real number.
A function d, : X, x X, — [0,00) is said to be a b-metric if the following
conditions are satisfied: for any xp, ys, 25 € X

(1) 0 < dy(p, yp) and dp(p, yp) = 0 iff 2 = s,
(1) dy(p, ) = dy(ys, T),
(@i9) dp(xp, 2) < s[dp(Tp, Yo) + do(Yp, 20)]-
The pair (Xy, dy) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1, but converse is need not be
true.

Definition 1.2. (9) Let (X}, d,) be a b-metric space. Then a sequence {z, } inX,
is said to be

(1) b-convergent if there exists x;, € X}, such that dy(zp, , z,) — 0 as n — oc.
In this case, we write lim z,, = .
n—oo
(77) b-Cauchy if dy(z,, , 2,,) — 0 asn,m — oo.

In general, a b-metric is not necessarily continuous (12).

Definition 1.3. (13) Let A and B be selfmaps of a metric space (X,d). The
pair (A, B) is said to be a compatible pair on X, if lim d(ABz,, BAz,) = 0

n—oo

whenever {z,} is a sequence in X such that lim Az, = lim Bz, = t, for some
n—oo n—oo
te X.

Definition 1.4. (14) Let X be anonempty set. Let A: X — X and B: X — X
be two selfmaps. If Az = Bx implies that ABx = BAx for z in X, then we say
that the pair (A, B) is weakly compatible.
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Definition 1.5. (19) Two selfmappings A, and B, of a b-metric space (Xj, dp)
are said to satisfy b-(E.A)-property if there exists a sequence {z;, } in X, >
lim Ayxp, = lim Byxy,, = 2, for some z, € X,.

n—oo n—oo

Lemma 1.1. (2) Let (X3, d;) be a b-metric space with coefficient s > 1. Suppose
that {x;, } and {y, } are b-convergent to x;, and y, respectively, then we have

1 . .
?db(fpb,yb) < lim inf dy (23,,, yp,,) < limsup dy(zs,,, 4, ) < s2dy(xy, y)
n—00 n—00
In particular, if 2, = v, then we have lim dy(zp,,vs,) = 0. Moreover for each
n—0o0
2z, € X, we have

1

—dy(wp, 25) < liminf dy (s, 25) < lmsup dy(xs,, 25) < sdp(2p, 28).
S n—00 n—00

Lemma 1.2. (7) Let (X,,d;) be a b-metric space with coefficient s > 1 and

Ty, : X, — X, be a self map. Suppose that {z;} is a sequence in X, induced

by xy,,., = Tyxp, such that dy(xy,, zp,,,) < Ady(xp, ., p,) foralln € N,where

A € (0,1) is a constant.Then z;, is a b-cauchy sequence in X,

Recently, Nagaraju, Raju and Thirupathi (18) proved a theorem in metric
spaces as follows:

Theorem 1.1. (18) Let £, F', G and H be self-mappings of a metric space (X, d)
satisfying the following conditions:

() E(X) C H(X)and F(X) C G(X),
(i) (E,G) and (F, H) are weakly compatible and

(i) [d(Ey, F2)]* < amax{[d(Gy, Ey)]* [d(Hz, Fz) [Gy, Hz]*}
+ Bmax{d Gy, Ey)dGy, Fz),dEy, Hz)d(Fz, Hz)}
+0d(Gy, Fz)d(Hz, Ey)
forally,z € X, where a, 5,0 > 0, a+28 <landa+§ < 1.

(iv) Further, if the pair (E,G) satisfies (CLR_G)-property or the pair (F, H)
satisfies (CLR_H)-property, then the self-maps E, I, G and H have a unique
common fixed point.

We introduce generalized contraction for two pairs of selfmaps in b-metric
spaces and prove the existence of common fixed points under the assumptions
that these two pairs of maps are weakly compatible and satisfying a generalized
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contraction condition in complete b-metric spaces. Our work is inspired by works
of Nagaraju, Raju and Thirupathi (18). A series of selfmaps is added as an exten-
sion of the same. Additionally, we demonstrate the same using various hypotheses
on two pairs of selfmaps that satisfy the b-(E.A)-property. Some of the conclu-
sions in the literature are extended or generalized to two pairs of self maps by
our theorems. We present examples to corroborate our findings and draw some
conclusions from them.

2 Main Results

We introduce generalized contraction maps in b-metric spaces as follows.

Definition 2.1. Let (X,, dy,) be a b-metric space with coefficient s > 1 and Ay, By, Sy, Tj :
Xy, — X, be selfmaps. If there exist A1, Ao, A3 > 0 with \; + s\s + 52\ < 1 such
that

34[db<Abxba Bbyb)]2 <\ maX{[db(Sbeb,Tbyb)] [db(sbxba Ab$b)]27 [db(Tbyba Bbyb)]2}

dy (Spxp, Apzy)dy (Spxy, B dp (Tyyp,B dp (Tyyp,Apx
+)\2max{ b (Svxp bb) b(bb byb)’ b (T byb)Qb( bYb bb)}

dy Sbﬁbvayb)db(Tbyvabxb)
+ A3 5

(1

Then we call Ay, By, Sy, and Ty, are generalized contraction maps.

Example 2.1. Let X;, = [0, 1] and let d;, : X}, x X}, — [0, 00) defined by

_ 0 if Ty, = yp,
db(wb’yb) B { ($b + yb)2 if Ty # Y.

Then clearly (X, dp) is a complete b-metric space with s = 2.
We d€ﬁi’l€ Ab7 Bb> Sb> Tb : Xb N Xb by Ab(xb) _ 1_5xb7Bb(:Eb) _ log10(51+mb)’
Sy(z) = 22, Ty(xp) = xp for all T, € X
Take Ay = 2,2 = £, X3 = 15.
Clearly, \; + s\g + s2Xg < 1.
Then we have
s*[dy(Apy, Byys)]? = 16(1=E2  L8nlltm)ye
< Lmax{ (23 + )", (27 + 5E0)4, (y, + Bullimlys }
)*(y»

224 1= e ) 2, logi1g(1+yp) \2 10g10(1+yb) 1—e®b
byt +7 Yo+
+ 2 max{ G ) ,( 5

lo. 1 e
n L( w2+ g1o<o+yb)) (v +1 b)
10

<)\1max{[db(5b$b72Tbyb)] [dy(Syy, Apwy) ), [do(Toys, Boy)]*}

dp(S A dy (Spxy,B, dy(Tpyp,B, dy (Tyyp, A
EESW max{ b (S, bfﬁb) b( v %5, Byyp)  do(Toys byb) v (Toys bﬂlb)}

)

dy Sblb,Bbyb)db(Tbyb,Abﬂ?b)
+ A3 5

Therefore Ay, By, Sy, and Ty, are generalized contraction maps.
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Let Ay, By, S, and T, be mappings from a b-metric space (X, dp) into itself
and satisfying
Ab(Xb) g Tb(Xb) and Bb(Xb) g Sb(Xb) (2)

Now, by (2), for any x;, € X, there exists z;, € X such that

Yby = Ab$b0 = wabl-

In the same way for this z;,, we can choose a point x;, € X, such that
Yy, = Byxp, = Spaxp, and so on.

In general, we can define a sequence {1, } € X, such that

Yby, = Abl'b% = Tb$b2n+1 and Ybops1 — Bb$b2n+1 = beb2n+2 forn = 0, 1, 2, e

3)

Proposition 2.1. Let (X, dy) be a b-metric space with coefficient s > 1. Suppose
that Ay, By, Sy and Ty, are generalized contraction maps. Then we have the fol-
lowing:

(i) If Ay(Xy) C Ty(Xy) and the pair (By, Ty) is weakly compatible, and if xy is a
common fixed point of A, and Sy, then xy, is a common fixed point of Ay, By, Sy and T,
and it is unique.

(ii) If By(Xy) C Sy(Xy) and the pair (A, Sy) is weakly compatible, and if xy, is a
common fixed point of By and Ty, then x;, is a common fixed point of Ay, By, Sy and T},
and it is unique.

Proof. First, we assume that (i) holds. Let z;, be a common fixed point of A, and Sj,.
Then Ayxy, = Spxy, = xp.

Since Ay(X,) C Tp(X,), there exists y € X, such that Tyy, = .

Therefore AbZL‘b = Sbl'b = Tbyb = Typ. If Ab(Eb 7é Bbyb, then

s dyp(Apy, Boyp)]? < A max{[dy(Spxs, Tyys)]?, [do(Spx, Avs)]?, [do(Toys, Byys)]*}

dp (S A dp (S, B dy (Tpyp, B, dp(Tpyp, A
W maX{ ACIE bl‘b) b( bTh, byb)’ b (ToYb, byb)2b( bYb, bxb)}

TESW dy(Spxp, Bbyb)db(Tbyb App)

2
= M [do(Apzs, Byy)|?
which implies that (s* — \;)[dy(Apzy, Byys)]* < 0.
Since (s*—\;) > 0, we have d,( Ay, Byyy) < 0 which implies that A,z = Byys.
Therefore Ayx, = By, = Spxy, = Ty, = Tp.
As (By, T}) is weakly compatible and Ty, = Byyp, we have
BbTbyb = TbBbyb- i.e., Bbxb = TbQJb.
Now, we prove that Byx, = xy. If Byx, # w3, then
84[db($b, Bbxb)]2 = 84 [db(AbZL'b, Bbxb)]z
< A max{[dy(Spxs, Tyay)]?, [dy(Sps, Avxs)|?, [do(Tyxs, Byxs)|*}
W max{ dy(Spxp, Abﬂﬁb)de(SbJ?b Bbwb) dp (Thp, Bbxb de Tyzy,ApTy) }
s dy(Spxp, Bbﬂcb)db(Tbxb App)

= Ai[dy(wy, Bpas)|? + A3 meBme
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(A1 + Af)[db(iﬁby Bbxb)]
— (M + 2)][db (25, Byxy)]* < 0.
0, we have db(a;b, Bbl’b) <0

which implies that [ 4
Since [s* — (A + %)) >
Hence, Byx, = xp.
Therefore Abxb Bbl‘b SbCL’b Tbl‘b = Typ.

Therefore, z; is a common fixed point of Ay, By, S, and Ty,

If 2} is also a common fixed point of Ay, By, S, and T}, with z;, # x;, then

stldy(xy, 73)]7 = s*[dy(Apy, Byzy)]?
< )\1 max{ [db<SbIb, Tbl‘b)] [db(SbLL’b, Abl’b)]Q, [db<Tbl’g, Bbxg)]Q}

dSCU,AIl‘dSl‘,B:D dTiB/,Bm/d Ta?’,Am
+>\2ma{b bTh bb)b(bb bb), b (Thay, bb)gb(bb bb)}

dp( Sm,B:c)d(Tz,Aa:)
W b(SpTp bbzb bdb bTh
= (]2 + g
= (A + 3)[dy (@, 7))

which implies that [s* — (A; + 23)][dy (23, 2})]*> < 0

Since [s* — (A + 22)] > 0, we have dy(z, 2}) < 0.

Hence, 7, = xy.

Therefore x;, is the unique common fixed point of A;, By, S, and T},.

The proof of (ii) is similar to (i) and hence is omitted. [l

Lemma 2.1. Let Ay, By, S, and T, be selfmaps of a b-metric space (X, d,) and
satisfy (2) and are generalized contraction maps. Then for any z;, € X, the
sequence {y, } defined by (3) is b-Cauchy in X.

Proof. Let xy,, € X, and let {y;, } be a sequence defined by (3).
Assume that y,, = ., for some n.

Case (i): n even.

We write n = 2m, m € N.

Now, we consider

5* [db<ybn+l » Ybrga )]2 =s? [db (yb2m+l ) Ybormyo )}
=5 [db(yb2m+27 Ybomi1 )]2
=5 [db(Abxb2m+2’ Bbxb2m+1)]2
< )‘1 max{ [db<sbxb2m+2 ) Tbxbzm+1)]2> [db(bebzmH? Ab$b2m+2)]27
[do(Tsts 115 BoTosyin)]*}

dy beb2m+27Abzb2m+2)db(sbwb2m+2:Bb$b2m+1)

+ Ao max{ ,

do(To @by, 1 +BoToy,, 1 )db(Tbl’bgmH AbToy,, o) }

2

2
b(SoTby,, 1o BoTog,, 11 )36 (ToToy,, 4 1 AbTby,, 4 o)

F s 5
- )‘1 max{[db(yb2m+1 ) yb2m)] db (yb2m+1 ; yb2m+2)] ) [db (yb2m7 Yboma1 )]2}

)|
yb2m+1 7yb2m+2) b(y bom41 ’ybgm+1 ) db(bem 7yb2m+1 )db(bem 7yb2m+2) }

‘l‘)\z max { 5 2
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yb2m+1 7y62m+1 )db(yb2m 7y62m+2 )

—|—)\3

=\ maX{[db(ybn+1,yb 2 1Yoy ors Ybnio)1%s [do(Yby s Ybpa)])*

Ay (Yb,, 4 19Ybys 06 Yo,y 19Ybp 1) Go(Ybp Yoy, 11 )86 Yy Yo, o)
_|_)\2 max{ n+1 n+42 n+1 n+41 , n n+12 n1S0n 42 }

2
db ybn+1 7ybn+1 )db (ybn ’ybn+2)

+ A3 5
— )\1 [db<ybn+1 ) ybn+2)]2

which implies that (s* — X\)[dy(Yb,, 1+ Yb10)]* < 0.
Since (s* — A1) > 0, we have dy(yp, ., s Ypnin) < 0
which implies that v, ., = Yp,,., = Vb,
In general, we have y, ., =y, for k=0,1,2,... .
Case (ii): n odd.
We write n = 2m + 1 for some m € N.
Now we consider

84 [db (ybn+1? ybn+2)]2 = 54 [db(yb2m+2a yb2m+3)]2

= 54[db<Abxb2m+27 Bbxb2m+3)]2
<X\ maX{[db(bebzm+2? Tbxb2m+3)]27 [db(Sb‘rb2m+27 Abxb2m+2)]27
[db(Tbbeerm Bbxb2m+3 )]2}

b (SoThyyr, 4 2 A0Tb3 12 )b (S6Tbo 0 BoThoyr, 4 3)

+ A max{ :

2
dy (Toyy,, 1 5 BoThg,, 1 5)db (ToToy,, | 5> AbTby,, o) }

dy (SpTvg,, 2 BoTbg,, 3 )0 (ToTbg,, | 3+ A0Thg,, o)

+ A3

2
- /\1 max{ [db (yb2m+1 y Ybormyo )] [db (yb2m+l y Ybormyo )]27 [db (yb2m+2 y Ybomta )]2}

v(Yb Wb )db(yb Yo )
+ )\2 max { 2m-41 2m-+42 5 2m—4+12792m 43 7
dp (yb2m+2 Yoo 43 )db (yb2m+2 7yb2m+2 } + )\ yb2m+1 Yoo 43 )db(yb2m+2 7yb2m+2)

2
=N\ max{ [db (ybn7 ybn+1 )] [db (ybn7 ybn+1)] ) [db (ybn+1’ ybn+2)]2}
+ )\2 max { db Yon, vybn+1 )2db(ybn ’ybn+2) ’ db(ybn+1 7ybn+2 )2db(ybn+1 7ybn+1) }

db(Ybr, Yoy 4 5) 86 (Y, 413Uyt 1)
S +2 1Y 41

2
= /\1 [db (yan y Yoy )]2

which implies that (s* — X\)[dy (b, Ybn.s)]?
Since (s* — A1) > 0, we have dy(yp, 1 Yb,.0)
which implies that v, ., = ¥,.,, = Ys,

In general, we have y, ., =y, fork =1,2,3,... .

From Case (i) and Case (ii), we have y,, ., = up, for k =0,1,2,... .
Therefore, {1, ., } is a constant sequence and hence {y;, } is b- Cauchy.
Now we assume that y;,, # ., foralln € N.

If n is odd then n = 2m + 1 for some m € N.

<0.
<0
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We now consider

s* [db (yanv ybn+2)]2 = 84[db(yb2m+27 yb2m+3)]2

= s [db (Abwbzmwv Bbxb2m+3):|2

S )\1 max{ [db(5b$52m+2, Tb$b2m+3)]27 [db(8b$b2m+27 Abxb2m+2)]2;
[db(Tbxb2m+37 Bbxb2m+3)]2}

b (SbToy,r, 4 5 A6Tby 4 2) Db (S6Tbg, 4 o - BbToopy )

+)\2 max{ s

2
do(To @by, | 3:BoTog,, 1 3)d(ToTby,, | 5> AbTby,, o) }

2
b(SoTby,, 10 BoTbg,, 4 3) 06 (ToTy,, 4 5 ATy, o)

+A3 a 5
= >‘1 maX{ [db(yb2m+l ) yb2m+2)]27 [db(ybzm+1 ) yb2m+2)]27 [db(ybzm+27 yb2m+3)]2}

+)\2 max{ dp (yb2m+1 7yb2m+2 )db(yb2m+1 7yl72m+3) ’ db(yb2m+2 7yb2m+3 )de (yb2m+2 7yb2m+2) }

2
A\ Ao (U, 11 Y02 43)80 Yoo 40 Yo 1)
+TA3

2
- >\1 max{ [db<ybn7 Yt )]27 [db(ybn7 Yoyt )]27 [db (ybn+17 ybn+2)]2}

db Yy Yoy 1 )80 (Yo s Uby o) @b (Yby, 41 Yby 4 0)d6 (U, g 5 Ybyysq)
+>\2 max{ n nt1 5 n n4+2 , n+1 n+2 5 n+1 n+1 }
+)\3 dp (ybn ’ybn+2 )d2b (ybn+1 ’ybn+1 )

“)
If [db (Y s Yo ia))* < [db(Ybpsrs Ybnyn)]? then from (4), we have
S Ay (U Yoy ) < ML (Wi1s Yb2) ]+ SN2l (U 15 Yoy
which implies that (s* — Ay — sX2)[dp(Yb,, 1+ Ybn 0 )]* < 0.
Since (s* — A; — sA2) > 0, we have [dy(ys, s Yp, »)]* <0
which implies that y,, ., = p,,.,»
which is a contradiction.
Therefore [dy (Yo, 11, Ybus2))> < [db(Ys,s Yb,00)]*.
From the inequality (4), we have s*[[d}, (Y6, 1+ Ybn o )]*] < (M+5A2)[db (b, Yo, )]

which implies that dy, (v, ., Ub,.») < kdy(Us,,Ys,., ), Where k = @ < 1.
Similarly, we can prove that dy (s, Yb,,») < kdv(Ys,,, Yb,,,, ) Whenever n is even.
By Lemma 1.2, we have {y, } is a b-Cauchy sequence in Xj,. O

n+2

The following is the main result of this paper.

Theorem 2.1. Let Ay, By, Sy and Ty, be selfmaps on a complete b-metric space
(Xs, dy) and satisfy (2) and the maps are generalized contraction maps . If the
pairs (Ay, Sp) and (By,Ty) are weakly compatible and one of the range sets
Sp(Xp), To(Xy), Ap(Xy) and By(Xy) is closed, then for any x,, € X, the se-
quence {y,, } defined by (3) is Cauchy in X, and ILm Y, = z(say), z» €
Xy, and zy, is the unique common fixed point of Ay, Bb,nSb Ocjnd Ty.

Proof. By Lemma 2.1, the sequence {y, } is b-Cauchy in Xj.
Since X, is b-complete, 3 z;, € X, 3 lim vy, = 2.
n—oo
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Then
)

{ i Yo = 150, Ao, = 100, Tilbany, = 2 200

i Ytnros = 101 By = 1 Stz = 2

We consider the below cases.

Case (i). Sp(Xp) is closed.

In this case z;, € S,(X}) and there exists ¢, € X, such that z, = Syt
If Abtb 7é Zbs then

s*[dy(Apty, By, ,)])* < A max{[dy(Sets, Toany, ,)]* [do(Sets, Apts)]?,

lTitr sy Bt )] )
W maX{ b(Sbte,Avtp)dp (Spts, bxb2n+1)’ ©6)

2
do(Tv @by, | 1:BoZoy, 1 )do(ToTby, 1 -Avts)

+A3

2
dy (Spto, ByToy,, |1 )do(ToToy, 1 »Abts)
2

On letting limit superior as n — oo in the inequality (6) , using Lemma 1.1 and
(5), we get

2 (s [do(Apty, 2)]7) < Mildy(Apts, 2)]°

which implies that (s* — A;)[dy( Apty, 23)]? < 0.

Since (s> — A1) > 0, we have Ayt = z,.

Therefore, Apty, = 2, = Spts.

Since (A, Sp) is weakly compatible and Ayt, = Sptp, we have

AbSbtb = SbAbtb. i.e., Abzb = szb-

Suppose Apz, # z,. We now consider

84 [db(Abe7 Bbxb2n+1 )]2

< Mvmax{[dy(Sp 2, Tobg, )] [do(Sbze, Avzs) ], [do(Tobn,, 1 s Boha, i )]?}
S A S A
W maX{db( b2bsA626)db (Sp 260, Bvy,, 1) db(To@bg, 1 BoTog, 1 )do(ToToy, ;s bzb)}

(
2 ? 2
W -

dy (Sp26,ByTbsy,, 1 )6 (ToTby,, , 1 »Ab2b)

(7)
On letting limit superior as n — oo in the inequality (7) , using Lemma 1.1 and
(5), we get
1 (.4 2 52)3 2
= (M [dp (A2, 26)]%) < (M1 + 52) [dp(Ap2p, 26)]
which implies that (s> — \; — £29)[dy(Ap2p, 2)]? < 0.
Since (s* — \; — %) > (), we have 4,2, = 2.
Therefore Ayzy, = Spzp = 2.
Hence, z;, is a common fixed point of A, and S.
By Proposition 2.1, we get that 2, is a unique common fixed point of A;, By, S, and Ty,
Case (ii). T,(X}) is closed.
In this case z, € T,(X}) and there exists u, € X, 2 2z, = Tyuy.
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If Bbub 7§ Zb, then

st [db(Abxb2n+2 ) Bbub)]2
< )\1 max{[db(beb2n+2, Tbub)]Q, [db(Sb$b2n+27 Abxb2n+2>]27 [db<Tbub7 Bbub)]Q}

db(Sb.be 74x1,1'b )db(Sb.Z’b 7Bbub) db(,lbubvaub)db(zbubv‘lb$b )
)\ IHSX{ 2n+2 2n+42 2n+2 , 2n+2 }
db(beb ,Bbub)db(Tbub,A
)\3 2n+2

bThop o)

8)
On letting limit superior as n — oo in (8) , using Lemma 1.1 and (5), we get
% (s*[dy(Byup, 25)]*) < A1 [do(Byus, 2)]* which implies that
(82 — Al)[db(Bbub, Zb>]2 S 0.
Since (s> — \;) > 0, we have Byu;, = z,.
Therefore, Byuy, = 2z, = Tyuy.
Since the pair (B, T}) is weakly compatible and Byuy, = Tyu,, we have
BbTbub = TbBb’U,b. i.e., Bbzb = Tbe.
We now prove that Byz, = 2,. Suppose that Byz, # z,. We now consider

54 [db(AbxbgnJrz 9 Bbe)]2

< M max{[dy(SpTby, 00 To2))?, [db(SoTbapns Abin, o)1, [db(Toze, Byzy)]*}
dy (S A dy (S B dy (T2, By 2 )y (Th 25, A
A max{ b(SoTby,, 1 0> ATy, 4 5)d6(SeToy, 5, Bozb)  do(Thzp,Boze)dy (Th 2 bxb2n+2)}

2 ) 2
A\ dy (SpTby,, 5 Bo2b)do(Th26,AbZ0,y,, , o)
+A3 5

)
On letting limit superior as n — oo in (9) , using Lemma 1.1 and (5), we get
sig(84[db(Bbe, Zb)]Z) S (/\1 + 822/\3)[db(Bbe, Zb)]2 which 1mphes that
<S2 — /\1 — 822)\3)[db(Bbe, Zb)]2 S 0.
Since (s* — \; — %) > 0, we have Byz, = 2.
Therefore Byz, = Tyzy = 2.
Therefore, 2, is a common fixed point of B and 7T'.
By Proposition 2.1, we get that z;, is the unique common fixed point of Ay, By, S, and Tj,.
Case (iii). Ap(X,) is closed.
From the inequality (2) and Case (ii), the conclusion follows.
Case (iv). By(X}) is closed.
From the inequality (2) and Case (i), the Proof follows. [l

Theorem 2.2. Let (X, dy) be a b-metric space with coefficient s > 1. Assume that
Ay, By, Sy, Ty, © Xy — X, are generalized contraction maps and satisfy (2). Sup-
pose that one of the pairs (Ay, Sp) and ( By, T)) satisfies the b-(E.A)-property and
that one of the subspace Ay(Xy), By(Xy), Sp(Xp) and Ty(X,) is b-closed in X,
Then the pairs (A, Sp) and (By, Ty) have a point of coincidence in X, Moreover,
if the pairs (A, Sy) and (By, Ty,) are weakly compatible, then Ay, By, S, and T},
have a unique common fixed point in X,.
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Proof. We first assume that the pair (A, Sp) satisfies the b-(E.A)-property.
So there exists a sequence {x;, } in X, such that

lim Apzp, = lim Spxp, = g, for some g, € X, (10)
n—0o0

n—oo

Since Ay(X;) C Ty(X,), there exists a sequence {y, } in X, such that
Apzy, = Tpys, , and hence
im Ty, = g (11)

We now show that lim By, = q,. Suppose that lim Byys, # qp-
n—00 n—00

From (1), we have

s*[dy(Apy,, Byys, )]* < A max{[dy(Sps, . Toys, )], [dy(Spy, , Aps, )],

[dy(Tyye,,» Bo, )]°}

dp(S A dy (S B,
W maX{ b (SvThy, bwbn) b (SpThy, » bybn)’

dy (Ty by, » Bbybn)db(Tbybn Apzp,,) }

W dy (Spz,, , BoYby, )de(Tbybn ApZpy, )

(12)
By taking limit superior as n — oo in (12), and using (10) and (11), we obtain
28t lim inf[dy(qs, Byys,)]* < s lim sup|dy( Ay, , Boys, )]
n—oo

n—oo

< lim sup(Ay max{[dy(Spzp, , Toys, )%, [do(Spxs, , Apts,)]?,

n—o00

[dy(Tyys,., Boys,,))*}

dp(Spxy,, ,App,, )dy(Spxs,, , B dp (T, ,BvYb,, ) Ao (To Yy, » AvTh,,
+>\2max{ b (Sp Ty, AbThy, )b (SbThy, 5 bybn)7 b (ToYb,, »BoYb )2b( bYby s AbTh )}

2
+ )\ dy (Spxy,, , Bbybn)db(Tbybn Abzbn))

< s2\ lim sup|dy (g, Bbybn ).
n—oo

Since (1 — A1) > 0, we have

lim Byyy,, = g (13)
n—oo

Case (i). Assume T;(X,) is a b-closed subset of Xj,.
In this case g, € Tp,(X}), we can choose 1, € X, 3 Tyry, = qp.
Now, our claim is B,r, = g;. Suppose dy(Byrs, @) > 0. From (1), we have

st [db<Abxb2n+27 Bbrb)]Z
<\ maX{[db(beb2n+2 ) Tbrb)] [dl;<‘s(vab2n+27 Abaj)bm-&-(?)] [db ()Tb(rb’ Bbrb)] } )
x JApx dp(Spx Byry)  dp(Tpre,Byry)dy (Tpry, Apx
+)\2maX{ dp (SpTvy,, | 51 AbTby,, 45 )db(SbTby, 5 BoTe b(Lo70,5T0 b2bb bb2n+2}

2
dp(SpTby,, 4 o 7Bb7'b)db(Tb7’b7Ab33b2n+2)

+A3 3

(14)
On letting limit superior as n — oo in (14), using (10), (11), (12) and Lemma 1.1,
we have % s*dy(qy, Byry) < Ai[dy(qv, Byry)]? which implies that
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(5% = A1)[dy(gs, Byry)]* < 0.

Since (52 — A1) > 0, we have Byry, = qp.

Hence Byr, = Tyry = g, so that g, is a coincidence point of B, and 7.

Since By(X,) C Sp(Xy), we have g, € Sp(X,), there exists z, € X, such that
Spzp = qy = Byry.

Now we show that Az, = q,. Suppose Ayz, # . From the inequality (1), we
have

st [db(Abe, %)]2 =5 [db(Abe> Blﬂ"b)]2
< A max{ [dy(Spzp, Tyrs) |2, [do(Sozp, Avze)|?, [dy(Tyre, Bery)]?}
Ay max{ dy (Sp2w, Abzb)db(sbzb Byry) db(Tb""bvaTb)db(Tb""vabzb)}
2
dp(Spzp,Byry)dp (Tyr Az)
s b (Sb2b, bb2b b7, Ab2p

which implies that (s* — \y)[dy(qp, Ap25)]* < 0.

Since (s* — A1) > 0, we have 4,2, = q.

Therefore Az, = Sp2z, = g SO that z;, is a coincidence point of A, and Sj.

Since the pairs (Ay, Sy) and (By, Tp) are weakly compatible, we have A,q, = Syqp
and Bygy = Tpqp.

Therefore g, is also a coincidence point of the pairs (A,, Sy) and (By, Ty).

We now show that ¢, is a common fixed point of Ay, By, S, and Ty,.

Suppose Aygy # G-
From the inequality (1), we have

s [dy(Avqs, 3)]> = 5'[dp(Apgs, Bers))?
< Ay max{[dy(Spqn, Tor))%, [do(Seqn, Avqn)]?, [dy(Tyrs, Byrs)]?}

dy (S A dy (S, B dy(Tyry, B, dy(Tyry, A
W max{ b (Spab, b%) b (Sb b, bﬁ;)) b (Tpry, brb)2 b (Tpry, be)}

dy (Spqy,Byrs)dy (Tyrs, Abe)
+A3 2

which implies that [s* — (A1 + 23)][d} (g, Abqs)]* < 0.

Since (s* — (A + 22)) > 0, we have Ayq, = s

Therefore Ayq, = Spqr, = qp so that g, is a common fixed point of A, and Sj.

By Proposition 2.1, ¢, is a unique common fixed point of Ay, By, Sy, and Tj,.

Case (ii). Suppose A,(X}) is b-closed.

In this case, we have ¢, € Ay(X}) and Ay(X,) C Tp(Xs),

we choose 1, € Xy, 2 q, = Tpry.

Rest of the proof follows as in Case (i).

Case (iii). Suppose S,(X}) is b-closed.

We follow the argument similar as Case (i) and we get conclusion.

Case (iv). Suppose By,(X}) is b-closed. As in Case (ii), we get the conclusion.
For the case of (By, T}) satisfies the b-(E.A)-property, we follow the argument

similar to the case (A, S;) satisfies the b-(E.A)-property. O
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3 Corollaries and Examples
The following is an example in support of Theorem 2.1.
Example 3.1. Let X}, = [0, 00) and let d;, : X}, x X, — R* defined by

0 if Ty, =y,
4 lfxb:ybe( 71)7

d Ty, = .
b( b yb) % + CEbiyb if Ty, Yy € [ 700)7
132 otherwise.
Then clearly (X, dy) is a complete b-metric space with coefficient s = ﬁ.
We define Ay, By, Sy, Ty, : Xy — X by
) Tp lf Ty € [07 1
Ay(zy) = 1if p € [0,00), By(x) = { Lif m € [1,00),
) my ifxy,el0,1) _ 2 if € 0,1
S0 = { 1 e o, @ e ={ ) el

Clearly Ab(Xb) Q Tb(Xb), Bb(Xb) Q Sb(Xb) and Ab(Xb) is closed.
Clearly the pairs (Ay, Sb) and (By, Ty) are weakly compatible.
We take )\1 51 s )\2 7)\3 = %
Then clearly A\ + s)\o —l— s2)\g < 1.
With out loss generality, we assume that x > y.
Case (i). zy, 1y, € [0, 1).
db(Abl“b,Bbyb) = 15_2>db(sbxbaTbyb) = 32761 (Sbl“b,Ab-Tb) = 32,
dy(Toys, Boys) = 2, dp(Sps, Boys) = 4, dp(Tyys, Apwy) = 5 + —
We now consider
s*[dy(Apy, Byyy))> = (3—5)4(15 )?
< oz} g(« 2)(3 + o)+ + 15)

< A\ max{[dy(Spxn, Toys)|?, [dp(Spn, App))?, [do(Toys, Boys)|*
EESW maX{ b (S, Abxb)db(sbxb Byys) db(Tbyb»Bbyb)db(Tbyb»Abxb)}
; 2

dy (Spxp, Bbyb)db(Tbyb Abxb)

+ A3
Case (ii). xp,y € (1,00).
dy(Avwy, Byys) = 2, dy(Sprv, Tyy) = + @ +y ’
db(Tbyb7 Bbyb) — %7 db(belH Bbyb) d (Tbyb; Alﬂﬁb) 9 +
We now consider
sty (Apy, Bbyb)]lzo = GD'(2) o 9 12y(9 . 1
1 7\2 1 1 L
<51t o) TG+ (E) (36 + 555)
<)\ max{ [db<5bxb7 Tbyb)} [db(beb, AbSL’b)]Q, [db(Tbyln Bbyb)]Q}
+ o max{ dp (Sps, Abmb)db(Sbmb Boys) db(Tbyb»Bbyb)de(Tbyb»Abxb)}

J

dp(Spxp, Apzs) = % + —

Tpt+yp’

Ib+yb

TV dy (Spx, Bbyb)db(Tbyb Abmb)

Case (iii). =}, € (1,00),y5 € (0, 1)
dy(Apze, Byy) = 22, dy( Sy, Toy) = § +

dy( Sy, Apzy) = 3+ —

1
Zp+yp’ Tptyp’
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dy(Toys, Byys) = 2, dyp(Sps, Boys) = 2, do(Tyye, Apty) = 5 + @
We now consider
s*dy(Apzy, Byyp))? = (—2)4(32)2
<BE+ AP+ HERG+5) HHBG+25)
< A max{[dy(Spws, Tyys)]?, [do( Sy, Aps)]?, [do(Toys, Boyn)]*}

d Apzy)d B dy (T B dy, (Tyyp,A
+ Ao max{ b (Spay, bzb) b (Sps, byb), o (Toyb,Boy )2 (Toyp, bxb)}

NI dy(Spx, Bbyb)db(Tbyb Abzb)

Therefore Ay, By, Sy and T, sansfy all the hypotheses of Theorem 2.1 and 1 is
the unique common fixed point in Xy.

The following is an example in support of Theorem 2.2.

Example 3.2. Ler X, = [0, 1] and let d;, : X}, x X, — RY defined by
0 if Tp = U,
0 %:Eb+yb lf To, Yo € [(2)7 %)7
m—}_ 200 lfffb,ybe [571]7
% otherwise.

Then clearly (X, dp) is a complete b-metric space with coefficient s =
We define Ay, By, Sy, Ty, : Xy, — X3 by

dy(z, Yp) =

25
24"

1 2

— 2 — 2 lfxbe[oag)

Ae) =30 v €01 Bua) =3 4 o e 2 )

- 5 l'f(L‘bE[O,%) - 1 l'fZL’bG[O,g)
o) ={ ada g0 CY) ana Tleo={ uda 10 ERY
Clearly Ap(Xp) C Ty(X,) and By (X,) C Sb(Xb). Ay(Xy) = {2} is b-closed.
We choose a sequence {xy, } with {xy,} = 2 + =, n > 4 with

lim Apxp, = hm Spxp, = % hence the pazr (Ab, Sy) satisfies the

n—oo

b-(E.A)- property

Clearly the pairs (Ap, Sb) and (By, Ty,) are weakly compatible.

We take \1 = 51 s A2 =7, Lo\ = % Then clearly i + shg + s°X3 < 1.

With out loss generallty, we assume that v > .

Case (i). x,y, € (0,3).

dy(Apxs, Byyp) = 257db(5b$b,Tbyb) = 25, dy(Syxy, Apzy) = 22,

dy(Toys, Boy) = 52, do(Sowe, Boys) = 15, do(Toy, Avy) = 155 + o2,

We now consider

Sl Ay, B = (B)1(22)

< 51(35)” + 5(035) (300 + “590")) + 1((33) (300 + *50")
<X\ maX{[ b(Sbl’b;Tbyb)] [dy(Spwp, Ay, [do(Toys, Byys)]*}

dp(Spxp, Apzy)dy (Spxy, B dy (Tyyp,B dy (Tyyp, Apx
+/\2max{ b (S, bb) b(bb vus)  do(Toys byb)2b( bUb bb)}

)

TV dy (Spxs, Bbyb)db(Tbyb Abzb)

Case (ii). xy, 1y, € (3, 1].
dy(Apxy, Byyp) = 0. In this case the inequality (1) trivially holds.
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Case (iii). =, € (3, 1],y € (0, 2).
dy(Apy, Byys) = 257db(beb;Tbyb> = 1990 + Bt (Syay, Ayzy) = HE2
db(Tbyb7 Bbyb) - 257 db(bebu Bbyb) = 257 db(Tbybv Abxb) = % + xgggb’
We now consider
s*[dy( Ay, Byys)]? 299( 32)4(2—2) N
10 £ 99+ 1//99+4ay\ (12 1/12 99 | zpt
< 51< 100b) +§(( 100b)(%))+1(%>)((@+ bzoé/b) )
<\ maX{[db( Sv, Toyn)|%, [do(Spxs, Aps)|?, [du(Toys, Boys)|*

b (Spxp, Apzy)dp (Spas, B dp (Tyyp, Boys ) do (Thyp, Apx
+)\2max{ bZb, bb) b(bb byb)’ b (Thyn byb)zb( bYb bb)}

db Sp, Boys) do (Tpyb, Abrb)

Therefore Ay, By, Sb and Ty, satisfy all the hypotheses of Theorem 2.2 and % is
the unique common fixed point in X

Corolary 3.1. Let {A,}2,, S, and Ty, be selfmaps on a complete b-metric space
(Xp, dp) satisfying Ay C Syp(Xp) and Ay C Ty(Xy). Assume that there exist
positive reals \i, o, A3 with \; + s\y + s%\3 < 1 such that

s*dy(Arzp, Ajyp)* < A max{[dy(Spxp, Toys)|*, [do(Spxn, A120) ]2, [do(Toys, Ajyp)]?}

dp (S Aqz)d, S A dp (Tyyp,Asy)dy (Tpyp, A
+)\2max{ b (Spxp, 156) b (Spp, ]yb)7 b (ToYb, Jy) b (ToYb, 1Ib)}

dy (S, Agyb)db(Tbyb All’b)
+A3 5

(15)
forall xy,y, € Xpand j = 1,2,3,... .. If the pairs (A1, Sy) and (A1, T,) are
weakly compatible and one of the range sets A1(Xy), Sy(Xy) and Ty (Xy) is closed,
then {A,,}5° 1, Sy and Ty, have a unique common fixed point in X,

Proof. Under the assumptions on Ay, .S, and T}, the existence of common fixed
point z, of Ay, S, and T, follows by choosing A, = B, = A; in Theorem 2.1.
Therefore Alzb szb Tbe = Zp-

Now, let j € N with j # 1.

We now consider

84[db<Zb, A]’Zb)]2 = 84[db(A12b, Aij)]2
S )\1 H’laX{[db(Sbe, szb)] [db(Sbe, Alzb)] [db(szln A Zb)]Q}

W maX{ dy (S 2, A1zb)db(5b2b Ajzp) : dy(Ty2s, Aga)2db(Tbe Ale)}

dy (Svzp,Aj2p)dy (Ty 2, A1Zb)
+ A3 5

(16)
From the inequality (16), we have
stldv(z, Aj2)]* < M[dy (20, A;2)]°
which implies that (s* — ;) [dy(2p, A;25)]* < 0.
Since (s* — A1) > 0, we have A;z, = z, for j = 1,2,3,... and uniqueness of
common fixed point follows from the inequality (15).
Therefore { A, }°°,, .S, and 7}, have a unique common fixed point in X;,. [
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Corolary 3.2. Let {A,}2°, S, and T, be selfmaps on a b-metric space (Xy, dy)
satisfy the conditions Ay C Sy(Xy), A1 C Ty(Xy) and (15). If one of the pairs
(Ay, Sy) and (A1, Ty) satisfies the b-(E.A)-property and that one of the subspace
A1(X), Sp(Xy) or Ty(Xy) is b-closed in X,. Then the pairs (A1, Sy) and (Ay, Ty)
have a point of coincidence in X;,. Moreover, if the pairs (A1, Sy) and (Ay,Ty) are
weakly compatible, then { A, }°° ,, Sy, and Ty, have a unique common fixed point in X,

Proof. Under the assumptions on Ay, S, and T, the existence of common fixed
point z, of Ay, .S, and Ty, follows by choosing A, = B, = A; in Theorem 2.2.
Therefore Alzb = Sbe = szb = Zp.

Now, let j € N with 5 # 1.

We now consider

s dp(zp, Aj20)]* = s dp(Ar2p, Aj2))?
S )\1 max{ [db(Sbe,Tbe)] [db(Sbe, Alzb)] [db(Tbe, A Zb)] }

dy (S A dp (S, A dy (T A dp(Tyzp,A
W max{ b (Sp2p, 1Zb) b( b2b) jzb)7 b (T 20, Zb)2b( bZb, 1Zb)}

dy (Spzp,Aj2p)dy (Th 20, Ale)
+A3 5

(17)
From the inequality (17), we have
s*dy (26, Aj25)]* < Ai]dp(21, A;25)]* which implies that
(S - A )[db(zb,A Zb)] S 0.
Since (s* — A1) > 0, we have A;z, = 2, for j = 1,2,3,... and uniqueness of
common fixed point follows from the inequality (15).
Therefore { A,,}5° ,, S, and T}, have a unique common fixed point in X,. [

4 Conclusion

In this paper, we introduced generalized contraction for two pairs of self-
maps in complete b-metric spaces and proved the existence and of common fixed
points. Our results extend/generalize the known results that are available in the
literature. A sequence of selfmaps is added as an extension of the same. We pro-
vided examples in support of our results and some corollaries to our results are
presented.

Acknowledgment. The authors are sincerely thankful to the anonymous referee
for his/her valuable suggestions which helped us to improve the quality of paper.
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Abstract

The focus of this paper is the study of mathematical model for the
analysis of diffusion and transport processes of chemicals in river
systems. In the present study, we have introduced a one-dimensional
model that is described by time-dependent convection-diffusion dif-
ferential equations. The focus of our study is the potential pollution
of the river, both with and without a specific pollution source. The
current investigation aims to analyze the impact of two different input
source functions, namely constant and linear forms. In order to vali-
date the model, we conducted a study on the diffusion and transport
of chemicals, specifically focusing on NO3 and PO, of the Tapi river.
Reduced differential transform method (RDTM) is used to obtain so-
lutions. For the accuracy of the solution, the convergence of solution
function is examined in each case obtained from RDTM. The pollu-
tant concentration at various distances and time levels has been shown
numerically and graphically in each case. The pollution levels with
and without sources are compared in 2D and 3D graphs. The method-
ology proposed in this study for river pollution prediction using a 1D
pollution model can be applied to other rivers.
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1 Introduction

Water, an essential element of the environment, plays a vital part in various
ecological processes. However, the quality of both surface water and ground-
water has been steadily declining over time. This degradation can be attributed
to natural factors and human activities. Various natural factors influence water
quality, including hydrological, atmospheric, climatic, topographical, and litho-
logical factors. These factors play a significant role in shaping the overall quality
of water in various aquatic systems. Hydrological factors, such as the flow rate
and volume of water, can impact water quality by affecting the transport and di-
lution of pollutants. Atmospheric factors, such as temperature and precipitation,
can influence water quality through the deposition of airborne pollutants and the
alteration of water chemistry. Climatic factors, including seasonal variations and
long-term climate patterns, can also impact water quality by influencing factors
such as [Magesh et al., 2013, Kut et al., 2019].

In the modern era, there has been a conspicuous increase in the difficulties
encountered by developing countries in maintaining water quality while attempt-
ing to improve water supply and sanitation. Many wealthy countries have faced
substantial obstacles recently in their attempts to maintain or improve the qual-
ity of their water supplies. These difficulties are generally caused by problems
like eutrophication and nutrient enrichment, which have negative impacts on the
quality of the water. Additionally, these countries have had significant difficul-
ties in meeting the needs of their expanding populations for water and wastewater
services [Ortega et al., 2016, Abbasi and Abbasi, 2012].

The application of partial differential equations (PDEs) has been prevalent in
formulating a diverse array of applied problems due to the inherent relationship
between real-world phenomena and these equations. In numerous practical sce-
narios, such as the advection-diffusion equation, a significant partial differential
equation (PDE) commonly observed in groundwater flows, the availability of ideal
information is seldom encountered. The accuracy of our information regarding the
soil’s permeability, the source term’s magnitude, and inflow or outflow conditions
is questionable [Mirzaee et al., 2021].

Multiple methods approach the heat equation and advection—diffusion equa-
tion. The octic B-spline collocation, Exponential B-spline, Finite element and op-
erator splitting methods improve the approximate solution of the heat and advec-
tion—diffusion equation by taking into consideration the inadequacies of previous
numerical studies with high error accuracy. MATLAB simplifies tiresome com-
putations [Jena and Gebremedhin, 2021, Mohammadi, 2013, Mojtabi and Deville,
2015, Bahar and Giirarslan, 2017].

The primary aim of the present study is to comprehensively integrate various
components, including mathematical modelling, transformation methods, approx-
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imations, and computer implementation, to investigate the time-dependent trans-
port of substances in a water medium during the eutrophication process. The
implementation of the proposed mathematical models and methods can be easily
accomplished using the collected initial data. The model that has been devel-
oped offers an effective model for expeditious assessment of water quality in river
systems. Furthermore, this concept can be extended to other disciplines within
science and engineering. A model has been developed to analyze the distribu-
tion of polluting substances in rivers, considering multiple sources and types of
pollutants. One-dimensional advection-diffusion models have been created. The
presence of pollution sources in the studied river section is hypothesized. These
sources may include point or volume sources such as pipe outlets used by indus-
tries to release industrial wastes into the river, underground sources, or other rivers
that flow into the section.

For the present study, the water samples are collected from the Tapi river,
Surat, India to develop the mathematical model for predicting pollutant level at
different distance and time only.

In section 3, we describe the mathematical formulation of the problem. Sec-
tion 4 presents a comprehensive overview of the fundamental concepts that under-
pin the RDTM. Section 5 contains the detailed process of converging the analytic
series solution proposed by RDTM. Section 6 discusses the numerical outcomes
and the method’s convergence to evaluate its effectiveness. The utilization of 2D
and 3D plots provides a visual depiction of the solutions that have been acquired.
In section 7, a concise overview of the conclusion is presented.

2 Water Sample Collection

This investigation examines the Tapi river from the Pal-Umra bridge to the
ONGC bridge in Surat. On November 12, 2022, seven 1 Litre capacity sam-
ples were taken from the beginning point of the study area in identically sized
bottles. Using these water samples, NO3 and PO, water pollutants concentra-
tion were analysed. This gathered information was transmitted to Pollucon Lab-
oratories Pvt. Ltd., Nr. Navjivan Circle, Surat, Gujarat, for NOg(Nitrate) and
PO, (Phosphate) pollutants concentration. Figure 1 show some pictures of re-
search area.
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5QHJ+C8H Pal Piplod Bridge, Umra Gam,
Athwa, Rundh, Gujarat 395009, India

Latitude Longitude

21.17893133° 72.78060689°
Local 10:11:32 AM Altitude -56.18 meters
GMT 04:41:32 AM Saturday, 11.12.2022

Figure 1: Research Area

x*(km) | NOg concentration (mg/L) | PO4 concentration (mg/L)
0 0.59 2.81
0.5 1.01 2.73
1 0.97 3.88
1.5 1.25 3.92
2.5 0.21 2.78
3.5 0.57 29
5 2.48 291

Table 1: Initial data of pollutant’s concentration

Table 1 give numerical values of initial concentration of NO3 and PO, pollu-
tants in research area.

3 Mathematical Formulation of the problem

The entry of pollutants into the subsurface is primarily facilitated by two
mechanisms. The first mechanism is known as advection, which occurs due to
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the movement of groundwater. The second mechanism is dispersion, which is
caused by a combination of mechanical mixing and molecular diffusion. The im-
pact of molecular diffusions is often disregarded in the context of small seepage
velocities [ Yadav and Kumar, 2019]. The advection-diffusion equation in one di-
mension can be represented mathematically as a second order partial differential
equation of parabolic nature. It can be expressed as:

A gtc* = ai* (A*D;; aa;) - A*v*% — Ake+ AT f7 (1)

where ¢ [M L~3]is the pollutant’s solute concentration at any point z* [L] and
time ¢* [T|while it is being transported through the medium along the flow field.
D* [L*T~1] is Longitudinal Diffusion coefficient. v* [LT ] is the unsteady uni-
form seepage flow velocity along longitudinal direction. &k [T~1] is coefficient of
non-conservation. A* [L?] is Flow area of cross section of river. f* [M L 3T ']
is Source term. x* is longitudinal distance from starting point of research area.
t* is Time dimension.The area of the river’s cross-section is treated as a constant
throughout the study and £ = 0 [Kachiashvili et al., 2007]. Then equation (1)
convert in the given form:

oc d%c oc
o = D @

The presentation of the non-dimensional variables [Rubbab et al., 2016]:

x* D:t* v*L L2 f
Tr = e t = 7/U —= s S =
L L? D Dz
Here L is the length of research portion of river. We derive dimensional less
advection-diffusion equation as

3)

c 2c c
o e b S @

To analyze this problem, we have used the concentration of pollutant sub-
stances NO3 and POy of river Tapi. In this paper, We have taken 5 km Research
area of tapi river from ONGC bridge to Pal Umra bridge. So here, river’s length(L)
is b km. Using collected data of pollutants NO3 and PO, concentration, at time
t = 0 (any fixed time), the concentration is assumed as a polynomial form with
good statistical indices.

In this article, the concentration level of contamination is discussed for both
without and with various kind of input sources. Various cases have been exam-
ined to determine the concentration function’s value and visual depiction. We’re
looking at two distinct sorts of known sources to see the pollution level in river.
Here, S denotes the rate of the pollutant that enters the beginning border of the
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portion of the river that is being examined per unit of time and per unit of vol-
ume. According to the value of S(z,t), these two types of input sources include
constant and linear source.

Initial function (5) for NOg3 pollutant concentration function

c(x,0) = —1.4880e—05 2°+8.1728e—04 2*—0.0139 2°+0.0728 2°+0.0045 240.6140
S)

Initial function (6) for PO, pollutant concentration function

c(x,0) = —3.9488¢—05 2°+0.0023 2* —0.0428 2> +0.3006 2° —0.5051 2 +2.791
(6)

4 Reduced Differential Transform Method

Let p(¥, t) be a two-variable function. Suppose p(\U, t) is written as p(V, 7) =
u(W)wv(t).p(V, ) can be represented as the following using the features of the
differential transform:

p(U 1) =) UpU Y Vit = Pe(0)tF (7)
i=0 =0 k=0
where Py () is referred to as the t-dimensional spectrum function of p(¥, ¢).

Pn(\p) =

n!

1o
—p(WP,1 8
The original function is denoted by the lowercase [p(¥,t)], whereas the altered

function is denoted by the capital [P(\W,¢)]. The way to define the differential
inverse transform of P, (W) is as follows:

p(W, 1) = Py(V)t" 9)
n=0
From Equations (8) and (9), we get
@n=3 11" ] (10)
p I - o n‘ Gt"p ) —o

Let us consider the following nonlinear PDE, to understand the basic concept of
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RDTM.

Tp(V,t)+ Kp(VU,t)+ Op(¥,t) = f(,1) (11)

with initial condition p(¥,0) = Q(¥)
, where T = %, Kp(¥,t) is a linear term that has partial derivatives, while
Op(V,t) is a non-linear term, and f(\,¢) is a source term [Keskin and Oturanc,
2009].

By applying the transform on equation (11), we get

(k+1)P1 (V) = Fp(V) — KP(V) — OP(9) (12)

where Py (V),Fy(V),K P, (V) and O P (V) are transform of p(U, ¢), f (U, t),Kp(V, )
and Op(¥, t) respectively. We are able to write this down based on the initial con-
dition.

Py(w) = Q(V) (13)

From equations (12) and (13), we get the values of P, (V). After that, an approx-
imation solution is produced by carrying out an inverse transformation on the set
of values { P;(V)},_,. This transformation yields an approximation solution as

Pu(W,t) =Y Pu(W)t* (14)
k=0

where n is the order of approximation answer. Consequently, the exact solution is
given by [Al-Amr, 2014],

p(,t) = lim §,(¥,1) (15)

n—oo
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Original function Transformation of function
p(¥ 1) Pu(¥) = 37 | ep(0.1)|
ym(W,t) £+ on(V,t) YM(V) 4+ 0N, (V)
pmgn Une(k —n)
Wmnp(W, ¢) U P (V)
a(W,t) = b(U,t)c(V,t) | Ap(T) = szfo B, (¥)Cpp (V)
7 k+r)!

%p(\l/’t) ( —1:[6) Pk‘—i-r(\lj)

Table 2: Transform Table[Maisuria and Tandel, 2023, Maisuria et al., 2023, Al-
jahdaly and Alharbi, 2022, Ganji et al., 2016]

Table 2 represents the fundamental operations of the reduced differential trans-
form method.

5 Convergence of RDTM

Theorem 5.1. Iy °_ P,,t" is given series [Maisuria and Tandel, 2023, Moosavi Noori
and Taghizadeh, 2021, Maisuria et al., 2023, Saeed and Mustafa, 2017],

[1]30<éd<1> Hfﬁ:ﬁ“ < 0 = given series is convergent.

2]30>1> % > 0 = given series is divergent.

Proof. Let (C[E],||.||) represent the Banach space that contains all continu-
ous functions on E that satisfy the norm ||.||. Also, let’s suppose that || Py(V)|| <
K, where K is an integer in the positive range. Let {x,,}°_, be a partial sum

Iim:P0+P1+P2+...+Pm

If we can prove that {k,,}>°_, is a Cauchy sequence in Banach Space, then we
can conclude that the sequence of partial sum is convergent in Banach Space. As
a result, at this point, we shall demonstrate that the series of partial sums follows
the Cauchy sequence. We take

[Kms1 = Emll = [P | < 8| Pl < ..o < 6™ B]] < 6K
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Therefore,vm,n € N, m > n ,We have

[(Fm = Km—1) + (Fm-1 = Fm—2) + . + (Knp1 — Kn) ||
[6m = Km—tll + [Em-1 = Kmall + o + [[Fn1 — |

S0 R

Now here 0 < § < 1, We obtain

| — K|

IA A I

lim ||k — Kl =0
m,n—o0

Hence {k,, }°°_, is Cauchy sequence in Banach Space. Therefore, given series is
convergent.

6 Result and discussion

6.1 NO; pollutant
(a) Without pollutant source

In this case, S(z,t) = 0 in equation (4). Solving equation (4) by RDTM with
initial function (5), we get

C(I, t) = MO + Mlt + M2t2 + Mgtg +
where

My = —1.4880e — 05x° + 8.1728¢ — 04 z* — 0.0139 z° + 0.0728 22
+0.0045 z 4 0.6140

M, = 3.7200e — 05z* — 0.0019 2 4 0.0307 22 — 0.1564 = + 0.1434
M, = -3.7200e — 052% + 0.0017 2? — 0.0211 = + 0.0698

Mz = 1.8600e — 0522 — 6.3184¢ — 04z + 0.0046

Here,

[ M |
|| Mo

[ M|
[ M |

|| Ms]]

= 0.0665 < 1
[

=0.2335 < 1, =0.4869 < 1,

Therefore, given solution function ¢(z, t) is converge to exact solution.
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x\t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1 | 0.628653 | 0.64352 | 0.659796 | 0.677508 | 0.696684 | 0.717352 | 0.739538 | 0.763271 | 0.788577 | 0.815485
0.2 | 0.629702 | 0.643033 | 0.657731 | 0.673823 | 0.691336 | 0.710298 | 0.730734 | 0.752674 | 0.776142 | 0.801167
0.3 | 0.632103 | 0.643958 | 0.657139 | 0.671673 | 0.687585 | 0.704903 | 0.723654 | 0.743864 | 0.765559 | 0.788767
0.4 | 0.635777 | 0.646216 | 0.657939 | 0.670974 | 0.685347 | 0.701083 | 0.71821 | 0.736753 | 0.756739 | 0.778195
0.5 | 0.640646 | 0.649726 | 0.660051 | 0.671646 | 0.684539 | 0.698754 | 0.714318 | 0.731256 | 0.749595 | 0.769361
0.6 | 0.646633 | 0.654411 | 0.663395 | 0.673609 | 0.68508 | 0.697833 | 0.711894 | 0.727289 | 0.744042 | 0.76218
0.7 | 0.653666 | 0.660197 | 0.667895 | 0.676785 | 0.686892 | 0.698242 | 0.710859 | 0.724769 | 0.739996 | 0.756567
0.8 | 0.66167 | 0.66701 | 0.673478 | 0.681099 | 0.689899 | 0.699901 | 0.711132 | 0.723616 | 0.737377 | 0.752441
0.9 | 0.670577 | 0.674778 | 0.680069 | 0.686477 | 0.694024 | 0.702736 | 0.712637 | 0.723751 | 0.736104 | 0.749719
1 | 0.680316 | 0.683431 | 0.6876 | 0.692846 | 0.699196 | 0.706672 | 0.715298 | 0.7251 | 0.736101 | 0.748325

Table 3: NOj pollutant concentration at different x and ¢ for v = 0.5

The values of the nitrate pollutant concentration at different values of = and ¢
for this case are shown in table 3.

(b) Constant Input pollutant source

In this case, S(z,t) = ﬁ (o > 0) in equation (4) then solving equation

(4) by RDTM with initial function (5), we get

c(z,t) = Ag + At + Agt? + Ast® + ..

where
Ay = —1.4880e — 052° + 8.1728¢ — 04 z* — 0.0139 2 + 0.0728 22
+0.0045 z + 0.6140
A = ﬁ —0.1564 = + 0.0307 22 — 0.0019 23 + 3.7200e — 05 z* + 0.1434
Ay = % —0.0211 2 4+ 0.0017 22 — 3.7200e — 05 23 + 0.0698

Ay = =290 6.3184e — 04 + 1.8600¢ — 05 2% + 0.0046

1Ay | | As|| | As||
= 0.2596 < 1, = 04772 < 1, =0.1023 < 1
| Aol | A | | Azl

Hence, it can be observed that the solution function c(x, t) converges towards the
exact solution.
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x\t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1 | 0.630221 | 0.646786 | 0.664906 | 0.684627 | 0.705992 | 0.729045 | 0.753831 | 0.780393 | 0.808775 | 0.839021
0.2 | 0.631179 | 0.646105 | 0.662533 | 0.680502 | 0.700055 | 0.721234 | 0.74408 | 0.768636 | 0.794942 | 0.823041
0.3 | 0.633496 | 0.646853 | 0.661657 | 0.677948 | 0.695765 | 0.715148 | 0.736137 | 0.758771 | 0.783091 | 0.809135
0.4 | 0.637093 | 0.648946 | 0.662196 | 0.676878 | 0.693032 | 0.710695 | 0.729905 | 0.750699 | 0.773116 | 0.797194
0.5 | 0.64189 | 0.652305 | 0.664065 | 0.677208 | 0.691769 | 0.707784 | 0.72529 | 0.744323 | 0.764919 | 0.787115
0.6 | 0.647811 | 0.656849 | 0.667186 | 0.678855 | 0.691891 | 0.706329 | 0.722204 | 0.739551 | 0.758404 | 0.778798
0.7 | 0.654781 | 0.662505 | 0.671479 | 0.681739 | 0.693316 | 0.706245 | 0.72056 | 0.736292 | 0.753476 | 0.772146
0.8 | 0.662728 | 0.669196 | 0.67687 | 0.685782 | 0.695965 | 0.707451 | 0.720272 | 0.73446 | 0.750047 | 0.767066
0.9 | 0.671581 | 0.676851 | 0.683283 | 0.690909 | 0.699759 | 0.709866 | 0.721259 | 0.73397 | 0.74803 | 0.76347
1 | 0.68127 | 0.685399 | 0.690647 | 0.697045 | 0.704624 | 0.713412 | 0.723441 | 0.734741 | 0.74734 | 0.76127

Table 4: NOj3 pollutant concentration at different x and ¢ for« =2 and v = 0.5

The values of nitrate pollutant concentration at various values of x and ¢ with
constant input pollutant source are presented in table 4.

(c) Linear Input pollutant source

In this case, S(z,t) = ﬁ (o > 0) in equation (4) then solving equation

(4) by RDTM with initial function (5), we get

c(z,t) = Py + Pyt + Pyt* + Pyt® + ...
where

Py = —1.4880e — 0525 + 8.1728¢ — 04 x* — 0.0139 23 + 0.0728 2*
+0.0045 z + 0.6140

P, = 3.7200e — 05x* — 0.0019 2% + 0.0307 22 — 0.1564 = + 0.1434

P = ﬁ —0.0211 2z 4+ 0.0017 22 — 3.7200e — 05 3 + 0.0698
Py = % — 6.3184¢ — 04z + 1.8600e — 05 2 + 0.0046
Here,
| ]| | || || ||
— =0.2335 < 1, = 0.5427 < 1, =0.0864 < 1
| ol | 1| [| ||

Therefore, the solution function ¢(z,t) apparently exhibits convergence towards
the exact solution.
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x\t

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1

0.628731

0.643837

0.660526

0.678836

0.698806

0.720476

0.743883

0.769068

0.796068

0.824922

0.2

0.629775

0.643331

0.658418

0.675072

0.693331

0.713233

0.734815

0.758114

0.783168

0.810015

0.3

0.632172

0.64424

0.657787

0.672849

0.689463

0.707665

0.727491

0.748977

0.772159

0.797074

0.4

0.635842

0.646481

0.65855

0.672084

0.687117

0.703685

0.721822

0.741565

0.762947

0.786004

0.5

0.640707

0.649977

0.660628

0.672694

0.686209

0.701207

0.717723

0.73579

0.755442

0.776713

0.6

0.646691

0.654649

0.663941

0.674599

0.686658

0.70015

0.715108

0.731565

0.749554

0.769109

0.7

0.653721

0.660422

0.668412

0.677722

0.688385

0.700432

0.713895

0.728807

0.7452

0.763106

0.8

0.661723

0.667223

0.673967

0.681986

0.691311

0.701973

0.714004

0.727434

0.742295

0.758617

0.9

0.670626

0.67498

0.680534

0.687318

0.695363

0.704699

0.715356

0.727365

0.740757

0.75556

1

0.680364

0.683623

0.688041

0.693645

0.700466

0.708533

0.717876

0.728524

0.740507

0.753854

Table 5: NOj pollutant concentration at different x and ¢ for « = 2 and v = 0.5

The values of nitrate pollutant concentration at different values of x and ¢ with
linear input pollutant source are shown in table 5.
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Comparison of NO; concentration at ¢t = 0.77
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Figure 3: NO;3 pollutant concentration comparison for ¢t = 0.77,ac = 2,v = 0.5
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Comparison of NOj concentration at z = 0.6
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Figure 4: NOj pollutant concentration comparison for x = 0.6, = 2,0 = 0.5
Figure 2 give the 3D graphical comparison of solution function obtained for all

cases. Also figures 3 and 4 give the 2D graphical comparison of nitrate pollutant
level obtained for all cases for fixed ¢ = 0.77 and z = 0.6 respectively.

6.2 PO, pollutant
(a) Without pollutant source

In this case, S(z,t) = 0 in equation (4). Solving equation (4) by RDTM with
initial function (6), we get

C(.T,t) = No + Nlt + N2t2 + Ngt?’ + ...
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where

Ny = —3.9488¢ — 0525 + 0.0023 z* — 0.0428 23 + 0.3006 2> — 0.5051 = + 2.791
Ny = 9.8720e — 052 — 0.0053 2% + 0.0912 2% — 0.5575 x + 0.8538
Ny, = —9.8720e — 053 4 0.0046 % — 0.0615 x + 0.2306

N3 = 4.9360e — 05 2% — 0.0017 z + 0.0133

Here,

UMV 0063 < 1,
[[Noll

[ V|
V1

|| V]|

=0.0013 < 1
[V |

= 0.0025 < 1,

Hence, the solution function ¢(x, t) shows convergence toward the exact solution.

x\t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1 | 2.82561 | 2.912336 | 3.00371 | 3.099809 | 3.200714 | 3.306501 | 3.417251 | 3.533042 | 3.653952 | 3.78006
0.2 | 2.778455 | 2.859695 | 2.94546 | 3.035828 | 3.130876 | 3.230681 | 3.335323 | 3.444878 | 3.559424 | 3.679039
0.3 | 2.736988 | 2.812921 | 2.893257 | 2.978075 | 3.067451 | 3.161461 | 3.260183 | 3.363692 | 3.472066 | 3.58538
0.4 | 2.700962 | 2.771762 | 2.846848 | 2.926296 | 3.010181 | 3.098578 | 3.191564 | 3.289214 | 3.391604 | 3.498809
0.5 | 2.670135 | 2.735976 | 2.805986 | 2.880239 | 2.958811 | 3.041776 | 3.129208 | 3.221182 | 3.317773 | 3.419056
0.6 | 2.644271 | 2.705323 | 2.770428 | 2.83966 | 2.913094 | 2.990802 | 3.072859 | 3.159338 | 3.250312 | 3.345856
0.7 | 2.62314 | 2.679568 | 2.739936 | 2.804318 | 2.872785 | 2.94541 | 3.022267 | 3.103428 | 3.188965 | 3.278951
0.8 | 2.606515 | 2.658483 | 2.71428 | 2.773977 | 2.837647 | 2.90536 | 2.977189 | 3.053206 | 3.133481 | 3.218087
0.9 | 2.594176 | 2.641845 | 2.693232 | 2.748409 | 2.807447 | 2.870416 | 2.937386 | 3.008429 | 3.083615 | 3.163015
1 ]2.585908 | 2.629434 | 2.676571 | 2.727389 | 2.781957 | 2.840346 | 2.902624 | 2.968861 | 3.039128 | 3.113493

Table 6: PO, pollutant concentration at different x and ¢ for v = 0.5

The values of phosphate pollutant concentration level at different values of x
and ¢ for this case are shown in table 6.

(b) Constant Input pollutant source

In this case, S(z,t) = ﬁ, (o > 0) in equation (4) then solving equation

(4) by RDTM with initial function (6), we get

C(ZE,t) = Uo + Ult + U2t2 + U3t3 + ...
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where
Uy = —3.9488¢ — 0525 4 0.0023 z* — 0.0428 2% 4 0.3006 22 — 0.5051 x + 2.791
Ur = i — 055752 +0.09122° — 0.0053 2° + 9.8720 — 052" + 0.8538
Uy = 52 —0.06152 +0.0046 2° — 9.8720¢ — 0527 + 0.2306

Us = 43024285 _ (017 2 + 4.9360e — 0522 + 0.0133

(z+5)"
Here,
UL | |Us| |Us||
—0 = 0.0063 < 1, =0.0025 < 1, =0.0013 <1
[Uoll U] | Ua|

Hence, the solution function ¢(z, t) converges to exact solution.

x\t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1 | 2.827177 | 2.915601 | 3.00882 | 3.106928 | 3.210022 | 3.318195 | 3.431544 | 3.550164 | 3.674149 | 3.803596
0.2 | 2.779932 | 2.862768 | 2.950262 | 3.042507 | 3.139595 | 3.241618 | 3.348669 | 3.46084 | 3.578224 | 3.700913
0.3 | 2.738382 | 2.815815 | 2.897775 | 2.98435 | 3.075631 | 3.171706 | 3.272666 | 3.3786 | 3.489597 | 3.605748
0.4 | 2.702278 | 2.774493 | 2.851105 | 2.9322 | 3.017866 | 3.10819 | 3.203259 | 3.30316 | 3.407981 | 3.517809
0.5 | 2.671379 | 2.738555 2.81 2.885801 | 2.966041 | 3.050806 | 3.140181 | 3.234249 | 3.333098 | 3.43681
0.6 | 2.645449 | 2.707761 | 2.774219 | 2.844906 | 2.919904 | 2.999298 | 3.083169 | 3.1716 | 3.264674 | 3.362474
0.7 | 2.624255 | 2.681875 | 2.74352 | 2.809271 | 2.879209 | 2.953414 | 3.031968 | 3.114951 | 3.202445 | 3.294529
0.8 | 2.607573 | 2.660669 | 2.717672 | 2.77866 | 2.843713 | 2.91291 | 2.986329 | 3.06405 | 3.146151 | 3.232712
0.9 | 2.59518 | 2.643918 | 2.696446 | 2.752841 | 2.813182 | 2.877545 | 2.946008 | 3.018647 | 3.095541 | 3.176766
1 | 2.586862 | 2.631402 | 2.679619 | 2.731588 | 2.787385 | 2.847086 | 2.910767 | 2.978502 | 3.050367 | 3.126439

Table 7: POy pollutant concentration at different z and ¢ for « = 2 and v = 0.5

Table 7 gives the values of phosphate pollutant concentration level at different
values of z and ¢ with constant input source.

(c) Linear Input pollutant source

In this case, S(z,t) = ﬁ, (av > 0) in equation (4) then solving equation

(4) by RDTM with initial function (6), we get

c(z,t) = Qo+ Qit + Qat” + Qst” + ..
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where

Qo = —3.9488¢ — 0525 4 0.0023 z* — 0.0428 3 + 0.3006 z* — 0.5051 x + 2.791
Q1 = 9.8720e — 052" — 0.0053 2% + 0.0912 22 — 0.5575 x + 0.8538

Q2 = ﬁ —0.0615 z + 0.0046 22 — 9.8720e — 05 2* + 0.2306

Qs = ﬁ —0.0017 x + 4.9360e — 0522 + 0.0133
Here,
10 _ 4 0063 < 1, 1921 _ 0025 < 1, 19 _ g3 < 4
1Qol| Q1] Q2]
Hence, the solution function ¢(z, t) is convergent.
X\t 01 02 03 04 05 06 07 038 09 ]

0.1 | 2.825687 | 2.912653 | 3.004439 | 3.101137 | 3.202836 | 3.309625 | 3.421596 | 3.538839 | 3.661442 | 3.789497
0.2 | 2.778528 | 2.859994 | 2.946147 | 3.037077 | 3.13287 | 3.233617 | 3.339403 | 3.450319 | 3.56645 | 3.687887
0.3 | 2.737057 | 2.813202 | 2.893905 | 2.979252 | 3.069329 | 3.164223 | 3.264019 | 3.368805 | 3.478666 | 3.593688
0.4 | 2.701027 | 2.772028 | 2.847459 | 2.927405 | 3.011951 | 3.10118 | 3.195177 | 3.294026 | 3.397812 | 3.506619
0.5 | 2.670196 | 2.736227 | 2.806563 | 2.881287 | 2.960481 | 3.044229 | 3.132613 | 3.225716 | 3.32362 | 3.426408
0.6 | 2.64433 | 2.70556 | 2.770973 | 2.84065 | 2.914671 | 2.993119 | 3.076072 | 3.163614 | 3.255825 | 3.352785
0.7 | 2.623195 | 2.679793 | 2.740453 | 2.805254 | 2.874277 | 2.9476 | 3.025304 | 3.107467 | 3.194169 | 3.285489
0.8 | 2.606568 | 2.658697 | 2.71477 | 2.774865 | 2.83906 | 2.907433 | 2.980061 | 3.057024 | 3.138399 | 3.224263
0.9 | 2.594226 | 2.642047 | 2.693697 | 2.749251 | 2.808786 | 2.872378 | 2.940105 | 3.012043 | 3.088268 | 3.168856

1 ] 2.585955 | 2.629626 | 2.677012 | 2.728188 | 2.783227 | 2.842207 | 2.905201 | 2.972285 | 3.043534 | 3.119023

Table 8: PO, pollutant concentration at different x and ¢ for « = 2 and v = 0.5

Table 8 gives the values of phosphate pollutant concentration level at different
values of x and ¢ with linear input pollutant source.
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PO, concentration comparison
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Figure 5: 3D Comparison of PO, pollutant concentration for o« = 2,0 = 0.5

169



Numerical solution of pollutant transport model with source term by RDTM

Comparison of PO, concentration at ¢t = 0.55
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Figure 6: PO, pollutant concentration comparison for t = 0.55,&c = 2,0 = 0.5
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Comparison of PO, concentration at x = 0.44
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Figure 7: PO, pollutant concentration comparison for x = 0.44,ac = 2,0 = 0.5

Figure 5 give the 3D graphical comparison of phosphate pollutant level ob-
tained for all cases. Also figures 6 and 7 give the 2D graphical comparison of
phosphate pollutant level obtained for all cases for fixed ¢ = 0.55 and x = 0.44
respectively.

7 Conclusion

The analysis of the current problem has been conducted for two distinct cases:
one in the absence of an input source and another with the presence of an input
source. This research focuses on the identification and mitigation of two distinct
types of input pollution sources: linear and constant. The objective is to pro-
pose effective solutions for addressing these specific forms of pollution in order
to enhance the overall quality and reliability of the input data. By examining the
characteristics and impacts of linear and constant input pollution, this study aims
to contribute to the development of methods and approaches that can minimize
the negative effects associated with these sources. Through our observations, it
has been noted that the concentration value obtained from a constant input source
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exceeds the concentration value acquired from a linear input source across var-
1ous combinations of distance and time. In the context of concentration, it has
been observed that the acquisition of a higher value is possible when the input
source maintains linearity compared to situations where the input source is elimi-
nated across various distances and time intervals. Based on our analysis, it can be
inferred that the presence of an input source in the model leads to a higher level
of pollutants compared to the model without an input source. In this study, the
Reduced Differential Transform Method (RDTM) is employed to smoothly han-
dle the problem of solving a one-dimensional advection-diffusion equation with
a source term. The initial condition is derived from the collected data by fitting
a polynomial function. The potential expansion of this approach encompasses
the inclusion of advection-diffusion equations within the realms of both two and
three-dimensional systems.
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1. Introduction

Levine [6] first proposed the idea of generalized closed sets in topological spaces.
The concept of rough sets and rough set approximations was introduced by Zdzislaw
Pawlak[7], which incorporates the properties of sets. Lellis Thivagar M and Carmel
Richard[5] introduced the concepts of nano topological spaces using rough set
approximations and defined nano continuous functions, nano open mappings, nano
closed mappings and nano homeomorphism. Bhuvaneswari K and Mythili Gnanapriya
K[3] introduced the concepts of nano generalized continuous functions in nano
topological spaces. The definition of nano generalized a** closed sets in nano
topological spaces was made by Kalarani M et al. [1].

This research aims to extend the study of nano generalized a**closed and nano
generalized a**open sets using properties of sets and to define the new sets called Nano
infimum and Nano supremum of the subsets in nano topological spaces. These sets are
based on the set inclusion principles and are defined using the concepts of upper bound
and lower bound. The Nano Hasse diagram for the nano generalized a**closed sets and
the nano generalized a**open sets have been constructed by utilizing the set inclusion
principles and examining the distinctive features of the new sets. The definition and
study of a new class of continuous function called nano generalized a**- continuous
function in continuation aim to investigate the behaviour of the new sets under the
function. Bhuvaneswari K and Ezhilarasi K[2] introduced nano semi generalized
irresolute maps in Nano topological spaces. The concepts of nano generalized a**-
irresolute mappings are introduced and investigated their relationship with other nano
continuous functions. Further, nano generalized a**- open mappings, nano generalized
a™*- closed mappings and nano generalized a**- homeomorphism are presented and
analyzed for their characteristics.

2. Preliminaries

Definition 2.1[5]. Given U is a nonempty finite set of objects and R is an equivalence
relation on U called the indiscernibility relation. The U is divided into disjoint
equivalence classes. The elements of the same equivalence class are said to be
indiscernible with each other. The pair (U, R) is called an approximation space. Let X <
U, then

(i) The lower approximation of X with respect to R is Lr(X) = Uyex{Rx(x)/
Ry (x) € X}, where Ry (x) is the equivalence class determined by Lg(X).
(i) The upper approximation of X with respect to R is Uzr(X) = Uyex{Rx(x)/ Rx(x) N

X + ¢}
(iii) The boundary region of X is Bx(X) = Uzx(X) — Lg(X).

Definition 2.2[5]. Let U be the universe, R is an equivalence relation on U and X < U,
TR (X) = {¢, U, Lg(X), Ug(X), BR(X)}. Then 7z (A) satisfies the axioms
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(i) Uand ¢ are in tx(X).

(ii) The arbitrary union of the elements of 75 (X) is in 7z (X).

(iii) The finite intersection of any finite sub collection of 5 (X) is intgz (X).

Here tz(X)is a topology on U called the nano topology with respect to X and
(U,tx(X)) is called a nano topological space. The elements of tz(X) are called the
nano open sets and the complement of the nano open sets are called nano closed sets.

Definition 2.3[5]. If (U, Tz (X))is a nano topological space with respect to X where X <
U andif A € U, then

(i) The union of all nano open subsets contained in A is called the nano interior of A,
denoted by Nint(A). The Nint(A)) is the largest nano open subset of A.

(if) The intersection of all nano closed sets containing A is called the nano closure of A
denoted by Ncl(A). The Ncl(A) is the smallest nano closed set containing A.

Definition 2.4[1]. A subset A of a nano topological space (U, 1gz(X))is called a nano
generalized a**- closed set (Nga™*- closed set) if Ncl(A) S Gwhenever A € G and G is
Nga™*-set. The complement of Nga**- closed sets are called Nga™**- open sets.
Definition 2.5[4]. Let (U,1z(X)) and (V, o,/ (Y)) be two nano topological spaces. The
function f: (U,tz(X)) = (V,0g/(Y)) is called nano continuous function on U, if the
inverse image of every nano open set in V is nano open in U.

Definition 2.6[4]. A function f: (U, 7zr(X)) = (V,0x/(Y)) is nano open (nano closed)
mapping if the image of every nano open (nano closed) set in (U, tz(X)) is nano open
(nano closed) set in (V, g (Y)).

Definition 2.7[3]. A function f: (U,tz(X)) = (V,0x/(Y)) is nano g-open (nano g-
closed) mapping if the image of every nano g-open (nano g-closed) set in (U, g (X)) is
nano g-open (Ng-closed) set in (V, o/ (Y)).

Definition 2.8[3]. A bijective function f:(U,1x(X)) = (V,05(Y)) is nano
homeomorphism if £ is both nano continuous and nano open.

Definition 2.9[3]. A bijective function f:(U,tz(X)) = (V,0x(Y)) is nano g-
homeomorphism if £ is both nano g-continuous and nano g-open.

Definition 2.10[8]. A relation R on a set A is called a partially ordered set or poset if
the relation R is reflexive, antisymmetric and transitive.

Definition 2.11[8]. A simplified form of the digraph of a partial ordering relation on a
finite set that contains the information of the relation is called a Hasse diagram.
Definition 2.12[8]. Let A be subset of a partially ordered set (P,<) and if u is an
element of P such that a < u for all elements a € A, then u is called an upper bound of
A
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Definition 2.13[8]. Let A be subset of a partially ordered set (P,<) and if [ is an
element of P such that [ < a for all elements a € A, then [ is called the lower bound of
A.

Definition 2.14[8]. The element x is called the least upper bound (LUB) or Supremum
of the subset A of a poset (P, <) if x is an upper bound that is less than every other
upper bound of A.

Definition 2.15[8]. The element y is called the greatest lower bound (GLB) or Infimum
of the subset A of a poset (P, <) if y is a lower bound that is greater than every other
lower bound of A.

Definition 2.16[4]. Let (U, (X)) be a nano topological space andA < U. Then the set
Nker(A) = N{B/A < B, B € tx(X)} is called the nano kernel of A.

3. Nano Infimum and Nano Supremum of subsets

This section defines the nano supremum and nano infimum of a subset in nano
topological space and examines its behaviour with nano interior and nano closure.
Additionally, the discussions cover the characteristics of nano supremum and nano
infimum under nano generalized a**- continuous functions.

Definition 3.1. Let (U, Tz (X)) be a nano topological space and A € U. The nano hasse
diagram of the nano topological space is a digraph that contains the relation between its
nano subsets.

Definition 3.2. Let A € U be a subset of the nano topological space(U, tz(X)). The

nano generalized a**- exterior of A or nano infimum of A is defined as the union of all

Nga™*- closed sets of U contained in A and is denoted by NV ga™- ext(A) or Ninf (A).
Nga™-ext(A) or Ninf(A) = U{Q/Q S A,Q is Nga™*- closed}.

Definition 3.3. Let (U,7z(X)) be a nano topological space and A < U. The nano
generalized a**- kernel of A or nano supremum of A is defined as the intersection of all
Nga™- open sets of U which contains A and is denoted by Nga**-ker (A) or
Nsup(A).

Nga*™-ker(A) or Nsup(A) = N{P/A S P,Pis Nga*™*- open }.

Example 3.4. Consider U = {a, b, c,d} with U/R = {{a}, {c},{b,d}}and X =

{a, b}.The nano topology is Tz (X) = {¢, U, {a}, {b,d},{a, b,d}} and the complement is
R(X) = {¢p,U,{c},{a, c}, {b, c,d}}. The nano hasse diagram of Nga**- closed and
Nga™-open sets of the above nano topology are given below.
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Nga*-closed sets = {¢,U,{c},{a, c},{b, c},{c,d},{a,b,c},{a,c,d},{b,c,d}} and
Nga**-open sets = {¢,U,{a}, {b},{d},{a,b},{a,d},{b,d},{a,b,d}}

Nano Hasse Diagram of of Nga™*- closed and Nga**-open sets

U U
{a,b,c} {a, I d} {b,c,d} {a,b,d}
{a, c} {b, c} {c,d} {a, b} {a,d} {b,d}

¢ ¢
Figure.3.1 Figure. 3.2

In figure 3.1,

Ninf({¢}) = ¢

Ninf({a}) = Ninf({b}) = Ninf({d}) = ¢, Ninf({c}) = {c}
Ninf({a,c}) = p U{c}U{a,c} ={a,c}

Ninf({a,b,c}) = p U{c}U{a,ctu{b,c}u{a,b,c}={a,b,c}
And from figure 3.2,

Nsup({a}) = {a}N{a, b}N{a,d}N{a, b, d}NU = {a}
Nsup({b}) = {b}N{a, b}N{b,d}N{a, b,d}NU = {b}
Nsup({c}) =U

Nsup({a, b}) = {a,b}N{a,b,d}NU = {a, b}

Corollary 3.5. The nano infimum of a set A is the largest Nga**- closed subset of A or
the greatest lower bound of A and the nano supremum of a set A is the smallest Nga™*-
open subset of A or the least upper bound of A.

Remark 3.6. The subsets which are not in the hasse diagram have the nano infimum
(GLB) as ¢ and the nano supremum (LUB) as U.
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Definition 3.7. If A and B are any two subsets of the nano topological space(U, 7z (X)).
The nano infimum of A and B is defined as the greatest lower bound of A and B.
The nano infimum is the largest Nga**- closed subset of A and B.

Ninf(A,B) = GLB(A,B) = Largest Nga™*- closed subset of A and B

Definition 3.8. If A and B are any two subsets of the nano topological space(U, Tz (X)).
The nano supremum of A and B is defined as the least upper bound of A and B. The
nano supremum is the smallest Nga**- open set that contains both A and B.
Nsup(A,B) = LUB(A, B)
= Smallest Nga™*- open set that contains both A and B

Example 3.9. Assume U ={a,b,c,d} with U/R = {{a}, {b},{c,d}} and X =
{b, d}.The nano topology is tx(X) = {¢, U, {b}, {c,d},{b, c,d}} and the complement is
R(X) = {¢,U,{a},{a, b},{a,c,d}}. The nano hasse diagram for the nano topology
(U, tr(X)) is given below.

Nga™*-closed sets = {¢,U,{a}, {a, b},{a,c},{a,d},{a,b,c}, {a,b,d},{a,c,d}} and
Nga*™-open sets = {¢,U,{b},{c},{d},{b,c},{b,d},{c,d},{b,c,d}}

The Nga™* -closed sets are highlighted in the nano hasse diagram.

Nano Hasse Diagram of Example.3.9

N

{a,b,c} {a,b,d} {a,c,d} {b,c,d}

{a, b} {a, c} {a,d} {b,c} {b,d} {c,d}

- 'W}
¢
Figure.3.3
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From figure.3.3,

Ninf({a,c},{a,b,d}) = GLB({a,c},{a,b,d}) = ¢
Ninf({a,c},{b,c}) = GLB({a,c},{b,c}) = {c}
Ninf({a,c},{a,c,d}) = GLB({a,c},{a,c,d}) = {a,c}
Ninf({a,c,d},{b,c,d}) = GLB({a,c,d},{b,c,d}) = {c,d}

Nsup({a},{a,d}) = LUB({a},{a,d}) = {a, d}
Nsup({b},{a,b,c}) = LUB({b},{a,b,c}) = {a, b, c}
Nsup({a},{b,d}) = LUB({a},{b,d}) = {a,b,d}

Theorem 3.10: Let P and Q be any two subsets of the nano topological
space(U, tgr(X)). Then
(). Nsup(¢) = ¢, Nsup(U) = U.
(ii).P S Nsup(P)
(iii). If Q isa Nga™*- open subset of P, then Q < Nsup(P)
(iv). If P < Q, then Nsup(P) < Nsup(Q)
(V). Nsup(Nsup(P)) = Nsup(P)
Proof: (i). Assume P and Q are any two subsets of the nano topological
space(U, 1z (X)).
(i) The sets ¢ and U are Nga™*- open sets. Nsup(A) is the intersection of all Nga™*-
open sets which contains A. So Nsup(¢p)=N{p}=¢ and Nsup(U) =
N{all Nga**open sets which contains U} = N{U } = U
(ii) Let P < U, then Nsup(P) is the smallest Nga**- open set that contains P. Hence
P < Nsup(P).
(iii) Assume Q is a Nga™*- open subset and P is any subset with Q < P, then by (ii),
P S Nsup(P).But Q € P < Nsup(P) which implies Q S Nsup(P).
(iv) If P € Q. Let x € P, then x € Nsup(P) by (ii) P € Nsup(P) and x € P implies
x € Q.50 x € Nsup(Q). Hence Nsup(P) S Nsup(Q).
(v) Let P € U, then Nsup(P) = N{Nga™- open sets that contains P}
Nsup(Nsup(P)) = Nsup{Intersection of Nga**- open sets that contains P}

= Intersection {Nga**- open sets that contains P} = Nsup(P)
Nsup(Nsup(P)) = Nsup(P)

Theorem 3.11: Let R and S be any two subsets of the nano topological space
(U, tx(X)). Then

(). Ninf(¢) = ¢, Ninf(U) = U.

(ii). Ninf(R) € R
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(iii). If S is any subset of a Nga**- closed set R, then S € Ninf (R)
(iv). If R € S, then Ninf (R) € Ninf(S)
(V). Ninf(Ninf (R)) = Ninf (R)

Proof: Similar to theorem.3.10

Theorem 3.12: Let P be a subset of a nano topological space (U, tz (X)), then

(i). Nint(P) € Nga™*int(P) < P < Nsup(P) for every subset P of U.

(i). Nint(P) = Nga™int(P) = P = Nsup(P), if P is nano open in U.

Proof: (i) Let x € Nint(P), then x is in a nano open set in U. Every nano open set is a
Nga**-open set. = x € Nga**int(P). Nga**int(P) is the largest Nga**- open subset
contained in P, = Nga**int(P) € P = Nint(P) € Nga**int(P) € P ----(1)

If x € Nga*int(P), then x is a Nga**- open set of U = x is in the intersection of
Nga™- open sets and intersection of any two Nga™*- open sets is again a Nga™**- open
set, = x € Nsup(P) = Nga**int(P) < Nsup(P) ----(2)

From (1) and (2), Nint(A) € Nga™int(A) S P < Nsup(P)

(i) Assume P is a nano open set and x € Nsup(P), then xe N{B/P <
B,Bis Nga™ — open}. Every nano open set is a Nga*- open, x € N{B/P <
B, B is Nano open},

—x € Nint(P) = Nsup(P) € Nint(P). From (i), Nint(A) € Nsup(P). Hence,
Nint(A) = Nsup(P) and Nint(A) = Nga™int(A) = P = Nsup(P) for every nano
open set P of U.

Theorem 3.13: If P is a subset of a nano topological space(U, 7z (X)), then

(). Ninf(P) € P € Nga™cl(P) < Ncl(P) for every subset P of U.

(ii). Ninf(P) = P = Nga™*cl(P) = Ncl(P) if P is a nano closed set of U.

Proof: (i). Assume P is a subset of U, then Ninf (P) is the largest Nga™*- closed subset
of P, Ninf(P) isasubset of P = Ninf(P) € P ----- Q)

Nga**cl(P) is the smallest Nga™*- closed set that contains P

= P S Nga*“cl(P) ----(2)

and Ncl(P) is the smallest nano closed set that contains P= P < Ncl(P) ----(3)

From (1) and (2), = Ninf(P) € P € Nga™*cl(P) ----(4)

Every nano closed set isa Nga™ - closed set and Nga**cl(P) € Ncl(P) ----- 5)

From (4) and (5), Ninf(P) € P € Nga**cl(P) S Ncl(P)

Hence the proof.

(if). Assume P is a nano closed set. Every nano closed set is a Nga™ - closed set. Then
Ncl(P) =P = Nga™cl(P). Let x € Ncl(P). Then x e Nga™*cl(P)= x € U{Nga™
closed sets of P} = x € U{Nga™* closed sets of P containing P} = x € Ninf(P)
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= Ncl(P) € Ninf (P). But from (i), Ninf(P) € Ncl(P) = Ncl(P) = Ninf (P)
Hence, Ninf(P) = P = Nga**cl(P) = Ncl(P)

4. Nano generalized o**- continuous functions in Nano

Topological Spaces

A new class functions called nano generalized a**- continuous function is defined
and its properties with nano interior, nano closure, nano infimum, nano supremum and
other nano continuous functions are studied in this section.

Definition 4.1. Let (U,7x(X)) and (V,og/(Y)) be nano topological spaces, The
mapping f:(U,1x(X)) = (V,0x(Y))is said to be nano generalized a™-
continuous(N ga™**- continuous) function on U if the inverse image of every nano open
set in V is nano generalized a**- open set in U.

Example 4.2: Let U = {a, b, c,d} with U/R = {{a},{c},{b,d}}and X = {a, b}.

Then tx(X) = {¢, U, {a},{b,d},{a, b,d}} is a nano topology with respect to X and the
complement is tx(X) = {¢,U,{c}, {a,c},{b,c,d}}. LetV = {x,y, z, w} with

V/R' = {{x}, {w}, {y, z}} and Y = {x,z}. Then o,/ (Y) = {qb, V,{x},{y, z},{x,y, z}} and
o (V) ={,V,{w},{x,w},{y,z,w}}. Define f:(U,7r(X)) - (V,0p/(Y)) as f(a) =
v, f(B) =x, f(c) =w, f(d) =z Then f*({x}) = {b}, f'({y, 2}) = {a,d},
f~*{x,v,z}) = {b,a,d}. The inverse image of every nano open set in V is Nga**-
open in U. Hence f is a Nga™*- continuous function.

Theorem 4.3: A function f:(U,tz(X)) = (V,0x(Y)) is Nga™*- continuous if and
only if the inverse image of every nano closed set in V is Nga™- closed in U.

Proof: Assume f isa Nga**- continuous and Q < V is a nano closed set, then V — Q is
nano open in V. Here f is Nga**- continuous, then f~1(V — Q) is Nga**-open in U.
A== - Q) =U~-f"1Q) isNga™-openinU. So, f71(Q) is
Nga**- closed in U. The inverse image of every nano closed set in V is Nga**- closed
in U.

Conversely, assume the inverse image of every nano closed set in V is Nga™*- closed in
U. Let P be a nano closed set in V. Then V — P is nano open in V =by assumption,
fY(Vv = P) is Nga**-open in U =f"Y(V—-P)=U- f~1(P) is Nga*™- open in U
=f~1(P) is Nga**- closed in U. So if P is a nano closed set in V, then f~1(P) is
Nga™*- closed in U. Hence f is Nga™*- continuous.
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Theorem 4.4: A function f: (U, 1g(X)) = (V,0x/(Y)) is nano continuous if and only if
fis Nga™*- continuous.

Proof: Assume f: (U, tz(X)) = (V,0x/(Y)) isanano continuous function and let B be
anano closed set in V. Then V — B is nano open in V = by assumption, f~*(V — B)
AWV -B)=f"1WV)-fYB)= U-f"Y(B)isnanoopeninU=f"1(B) is

nano closed in U. We know every nano open set in V is a Nga**- open set in U. f~1(B)
is Nga™*- closed in U. Hence f is Nga™- continuous.

Conversely, f is Nga**- continuous, then every nano closed in V is Nga™- closed in U.
It contains all the closed sets of U. So, the image of a nano closed set in (V, o/ (Y)) isa
nano closed set in (U, 7z (X)). So f is a nano continuous function.

Example 4.5: Let U = {a, b, c,d} with U/R = {{a},{c},{b,d}} and X = {a, b}. Then
R(X) = {¢p,U,{a}, {b,d},{a,b,d}} and 7 (X) = {$, U, {c},{a,c},{b,c,d}}.

LetV = {x,y,z,w}withV/R" = {{x,w},{y},{z}} and Y = {x, z}.

Then op/ (V) = {p,V, {2}, {x,w}, {x, 2z, w}} and a5, (V) = {¢,V, {¥}, (. 2}, {x, y, w}}.
Define f: (U, g (X)) = (V,ox(Y)) as f(a) =z, f(b) = x, f(c) =y, f(d) = w. Then
1z} = {a}, F*({x,w}) = {b,d}, f1({x,z,w}) = {a, b,d}. The inverse image of
every nano open set in V is Nga™*- open in U. Here f is Nga**- continuous function.
Also f~1({yh) ={c}, f*{y,z}) ={a,c}, f*{x,y,w}) ={b,c,d} which are all
nano closed sets in U. Hence f is a nano continuous function.

Theorem 4.6: Let (U, tz(X)) and (V, a5/ (Y)) are two nano topological spaces and let
fi(U,1g(X)) = (V,0x(Y)) be a mapping. Then the following statements are
equivalent.

(i) f is Nga™*- continuous

(i) fF(Nga™*cl(P) € Ncl(f(P)) for every subset P of U

(iii) Nga™cl(f~1(Q)) € f~1(Ncl(Q)) for every subset Q of V

Proof:

(i) = (ii)

Assumef is Nga™*- continuous and let P € U, then Ncl(f(P)) is nano closed in V.
Now f~1(Ncl(f(P)) is Nga**- closed set containing P in U. Every nano closed set A is
Nga™- closed set in U and which is the smallest set containing A. f(P) <

Ncl(f(P)) = f7H(f(P)) € f~X(Ncl(f(P)) = P € f*(Ncl(f(P)),
then Nga**cl(P) € Nga™*cl(f ~*(Ncl(f(P))) = f~(Ncl(f (P))

= f(Nga™cl(P)) € Ncl(f (P) for every subset P of U.

@) = @O
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Assume f(Nga**cl(P))) € Ncl(f(P)). Let Q be a nano closed set in V, then f~1(Q)
is nano closed in U, f(Nga**cl(Q) < Ncl (f(f‘l(Q))) = Ncl(Q) =0

= f(Nga™cl(Q)) € Q = Nga™cl(Q) < f1(Q). But f~1(Q) € Nga™"cl(Q)

= Nga**cl(Q) = f~1(Q). Hence f~1(Q) is Nga™- closed in U. Therefore, f is
Nga™*- continuous function.

(i) = (iii)

Assume f(Nga**cl(C))) € Ncl(f(C)). Let Q be a nano closed set in V, then f~1(Q)
is nano closed, f(Nga**cl(f~1(Q))) € Ncl (f(f‘l(Q))) C Ncl(Q)

= Nga™*cl(f~1(Q)) € f~*(Ncl(Q)
(i) = (i)
Assume Nga**cl(f~1(Q)) € f~1(Ncl(Q)) for any subset Q of V.
If Q is nano closed set in V, then Ncl(Q) =Q. From the assumption,
Nga**cl(f~1(Q)) € f~1(Q). But for a nano closed set Q in V, f1(Q)c
Nga**cl(f~1(Q)) = Nga™cl(f~1(Q)) = f1(Q), anano closed set f~1(Q) inVisa
Nga™- closed in U. That is the inverse image of a nano closed set is a Nga™*- closed
set in U. So, f is Nga™*- continuous.

Theorem 4.7: Let f:(U,1x(X)) = (V,0x/(Y)) be a function. Then (i) f is Nga™-
continuous if and only if

(if) Nint(f (P)) € f(Nga™int(P)) for every subset P of U

(iii) f~*(Nint(Q)) € Nga™*int(f~*(Q)) for every subset Q of V

Proof:

(i) = (ii)

Assume f is Nga™* continuous and let P € U, then Nint(f(P)) is a nano open set in V.
By the definition of f, f~1(Nint(f(P)) is Nga**- open in U. We know, Nint(4) <
A= fY(Nint(f(P)) € f Y ((f(P)) € P,but P € Nga**int(P).

Hence f Y (Nint(f(P)) € Nga**int(P) = Nint(f(P) € f(Nga**int(P)).
(i) = (@D

Conversely, let Nint(f(C)) < f(Nga™int(C)) for every subset C in U. Let D be a
nano open set in V, then Nint(D) = D = Nint(f(D)) = £(D). Using this in the
assumption, f(D) € f(Nga*™int(D)) = f~1((f(D)) € Nga**int(D)

= D € Nga™int(D)

But for any open set D in V, Nga™int(D) € D. Hence, Nga**int(D) = D. Here D is
Nga™-openinU, = fis Nga™ continuous.

() = (i)
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Let f isa Nga™ continuous function and let Q < V, then Nint(Q) is nano open set in
V and Nint(Q) € Q.Then f~Y(Nint(Q)) is Nga**open in U.
Nga™int(f~*(Nint(Q))) = f*(Nint(Q)), also f " (Nint(Q) < f(Q)
Hence, Nga*int(f~1(Nint(Q))) € f~1(Q) = f1(Nint(Q)) S
Nga™int(f~1(Q)).
(iii) = (i)
Conversely, let us take F is a nano open setin V, then Nint(F) = F.
Using this in the assumption, f~1(Nint(F)) € Nga**int(f ~1(F)),

f7H(F) € Nga™int(f~1(F)).
But for any open set F in V, Nga*™int(f ~1(F)) € f~1(F).
So, Nga*int(f~1(F)) = f~*(F). Hence, f~(F) is Nga™*- open in U, for any open
setFinV, f~1(F)is Nga*™ - openin U = fis Nga™ continuous.

Theorem 4.8: If f:(U,tx(X)) = (V,0,(Y)) isa Nga™- continuous function, then

(i) Nsup(f(P)) € f(Nsup(P))

(ii) Ninf (f (P)) € f(Ninf(P))

Proof:

(i) Assume f:(U,tx(X)) = (V,05/(Y)) is a Nga™- continuous function. Let P <
Uthen f(P) €V and let x € Nsup(f(P)), x is a Nga™-open set in V. For P € U,
Nsup(P) is the smallest Nga**-open set that contains P in U = f(Nsup(P)) is a
Nga™-opensetinV = x € f(Nsup(P)) = Nsup(f(P)) S f(Nsup(P)).

(ii) Let x € Ninf (f(P)), then x isa Nga**-closed set in V. For Q < U, Ninf(f(Q)) is
the largest Nga**-closed subset of £(Q) in V. Given Q € U, f(Ninf(Q)) < Vis also a
Nga**-closed set. Given f is a Nga™- continuous, every nano closed set in V is a
Nga**-closed set = x € f(Ninf(P)) = Ninf (f(P)) € f(Ninf (P)).

Theorem 4.9: If f: (U,tx(X)) = (V,05/(Y)) isa Nga™- continuous function, then

(i) Nga™int(f(P)) < f(Nsup(P))

(i) f(Ninf (P)) € Nga™cl(f(P)))

Proof:

(i) Assume f is a Nga™*- continuous function. Let P € U, and x € Nga™int(f(P)),
then x isa Nga**-open set in V. Nsup(P) is the smallest Nga**-open set that contains
Pin U= f(Nsup(P)) is either nano open or Nga**-open set in V. If it is nano open in
V, then it is also Nga**-open set in V = x € f(Nsup(P)) = Nga*'int(f(P)) €
f(Nsup(P))

(ii) Let x € Ninf(P) = Ninf(P) is the largest Nga™*-closed subset of P in V. So
f(Ninf(P)) <€ Vis also a Nga**-closed set. For P € U, f(P) €V and Nga™*cl(f (P))
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is the largest Nga**-closed set in V. The Nga**- closed sets of f(Ninf(P)) is
contained in Nga**cl(f(P)). Hence f(Ninf(P)) € Nga**cl(f(P))).

Corollary 4.10: If fisa Nga™*- continuous function, then
(i) Nint(f(P)) < f (Nsup(P))
(i) f(Ninf (P)) € Ncl(f(P)))

Proof: Similar as theorem.4.9

Theorem 4.11: If f:(U,tr(X)) = (V,or/(Y)) is a Nga™*- continuous function, then
f'(Nga™int(P)) < Nsup(f~'(P))

Proof: Let P €V is a subset of V and f~1(P) € U. Nsup(f~1(P)) is the smallest
Nga**-open set contains f~1(P) in U. Thatis f~1(P) € Nsup(f ~1(P)) ----(1)

But Nga™int(P) € P = f~1(Nga**int(P)) € f~1(P) ----(2)

From(1) and (2), f "1 (Nga*™*int(P)) € Nsup(f ~1(P)).

5. Nano generalized a**- open and Nano generalized

a**- closed mappings

In this section, nano generalized a**- open and nano generalized a**- closed
mappings and its properties are described.

Definition 5.1. A function f: (U,tz(X)) = (V,0x/(Y)) is said to be nano ga**- open
(or nano ga™**- closed) function if the image of every nano open (or nano closed) set in
(U, 7z (X)) is nano ga**- open (or nano ga**- closed) set in (V, o/ (V).

Definition 5.2. A function f: (U, 1x(X)) = (V, 05/ (Y)) is said to be nano ga**- closed
function if the image of every nano closed set in (U, TR (X)) is nano ga™*- closed set in

V,0x(Y)).

Example 5.3. Let U = {a, b, ¢,d} with U/R = {{a},{b, c},{d}} and X = {b,d}. Then
(X)) = {¢, U, {d}, {b, c},{b, c,d}} is a nano topology with respect to X and its
complement is t5(X) = {¢,U,{a},{a,d},{a, b,c}}. LetV = {x,y, z, w} with

V/R' = {{z}, {y}.{x,w}} and Y = {y,w}. Then op/(¥) = {o,V,{y}, {x,w}, {x,y, w}}
and g/ (V) = {9, V,{z},{y, 2}, {x, z, w}}.

Define f: (U, g (X)) = (V,ox'(Y)) as f(a) =z, f(b) = x, f(c) =w, f(d) = y. Then

F2ddD) = v}, F71{b,c}) = {x,w}, f 1({b,c,d}) = {x,y,w}. Thus, the image of
every nano open set in U is Nga™*- open in V. Hence f isa Nga**- open function.
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Theorem 5.4. Let f: (U, tx(X)) = (V,0x(Y)) be a function and if f is nano open, then
fis Nga**- open function.

Proof: Assume f: (U, tz(X)) = (V,7x/(Y)) is anano open functionand let A € U is a
nano open set. By definition, f(A) is nano open in V. Every nano open set in V is a
nano ga**-open in V. So f(A) is nano Nga**- open in V. Hence f is Nga™- open
function.

Theorem 5.5. Let f: (U,1x(X)) = (V,0x/(Y)) be a nano closed function, then f is
Nga**- closed function.
Proof: Similar to Theorem. 5.4

Theorem 5.6. Every nano closed function is Nga**- closed function but not
conversely.

Proof: Let f: (U,tx(X)) = (V,0x(Y)) is a nano closed function and let A is a nano
closed Set in U, then f(A) is nano closed in V. Every nano closed set in V is a nano
ga™*- closed. Hence f(A) is nano ga™- closed in V. Therefore f is Nga™- closed
function.

Example 5.7. In example. 5.3, if f is defined as f(a) = z, f(b) = x, f(c) =y, f(d) =
w. Then f({a}) = {z}, f({a,d}) = {x,w}, f({a,b,c}) = {x,y,z}. Thus, the image of
the nano closed sets are Nga™**- closed but f is not nano closed.

Theorem 5.8. Every Nga™- closed function is nano g-closed function but not
conversely.

Proof: Assume f: (U,tzx(X)) = (V,0x/(Y)) isa Nga**- closed function and let A is a
nano closed set in U, then the image of A under f is Nga**- closed in V. Every Nga™*-
closed set is nano g-closed. Hence f(A) is nano g-closed in V. The function f is Ng-
closed function.

Conversely, a nano g-closed set need not be a Nga™*- closed set. So, the converse need
not be true.

Remark 5.9.The function f defined in example.5.7 is Nga**- closed but not nano g-
closed.

Theorem 5.10.1 f: (U, 1x(X)) = (V,0x(Y)) isa Nga**- closed function, then f is a
(i) nano ga- closed function.

(if) nano ag - closed function.

(iif) nano g*- closed function.
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(iv) nano rg - closed function.
Proof: Similar to the above theorem.

6. Nano generalized o**- irresolute mappings

This section discusses nano generalized a**- irresolute mappings and their
characterizations.
Definition 6.1. A function f: (U, 1z(X)) = (V, 0/ (Y)) is called nano ga**- irresolute
(Nga™*- irresolute) function if the image of every Nga™*- closed set in V' is nano ga™*-
closed setin U.

Example 6.2. Let U = {a, b, c,d} with U/R = {{a}, {b},{c,d}}and X = {b,d}. Then
tr(X) = {¢, U, {b}, {c,d},{b,c,d}}and the closed sets are {¢,U,{a},{a, b},{a c, d}}.
The Nga™*- closed sets are ¢, U, {a},{a, b},{a, c}, {a,d},{a,b,c} {a,b,d} {a,c, d}.

Let V ={x,y,2zw} with V/R' = {x, {y,w}, {Z}} and Y ={x,y}, then o (Y) =
{6V, {x}, vy, w} {x,y,w}} and a5 (V) = {¢, V,{z}, {x, 2}, {y, z, w}}.

Define f: (U, g (X)) = (V,ox(Y)) as f(a) = z, f(b) = x, f(c) =y, f(d) = w. Then
inverse image of Nga**- closed sets in Vis f~1({z}) = {a}, f~1({x,z}) = {a, b},

fy.zh ={ac} fUzwh) ={ad} f'{xy,2z}) ={a b}, f ({x,zw}) =
{a,b,d}, f"*({y,z,w}) = {a, c,d}. Hence f is a Nga**- irresolute function.

Theorem 6.3. A function f: (U, 1z (X)) = (V,0,/(Y)) is Nga™- irresolute if and only
if the inverse image of every Nga™*- open setin V is Nga™- open set U.

Proof: Assume f: (U,tz(X)) = (V,0x(Y)) is a Nga™- irresolute map and let P be
any Nga™*- open setin V. Then V — P is Nga™*- closed in VV = by assumption, every
Nga**- closed set in V is Nga**- closed in U. Then f~1(V — B) is Nga**- closed in U
> W-P)=f1WV)—f1P)=U-f1(P)isNga*-closed inU=>f"1(P) is
Nga™- open in U. Thus the inverse image of every Nga**- open setin Visa Nga™*-
open set in U.

Conversely, assume the inverse image of any Nga**- open set Q € V,f~1(Q) is
Nga**-opensetinU. LetQ S Vis Nga™- closed, Then V — Q is Nga™- open inV =
by assumption, f~1(V —Q) = U — f~1(Q) is Nga**- open in U =f~1(P) is Nga**-
closed in U. Thus f is Nga™- irresolute.

Theorem 6.4. Every Nga™*- irresolute map is Nga™*- continuous and conversely.

Proof: Assume f: (U,tz(X)) = (V,ax(Y)) is an Nga™*- irresolute map, then every
Nga™- closed set in V is Nga™*- closed in U. Let Q be any nano closed set in V. The
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inverse image of Q € V, f~1(Q) is Nga**- closed in U, since every nano closed set is a
Nga™*- closed. So f is a nano continuous function.

Conversely, assume f is Nga**- continuous, then every nano closed set in V' is Nga™-
closed in U. But every nano closed set in V is Nga™*- closed in V. So the inverse image
of every Nga™*- closed set in V is Nga™*- closed in U.

7. Nano generalized a**- Homeomorphism in Nano
Topological

In this section, nano generalized o**- homeomorphism in nano topological spaces is
defined and its properties are discussed

Definition 7.1. A function f:(U,1z(X)) = (V,0x/(Y)) is called nano generalized
ga**-homeomorphism (or Nga™*- homeomorphism) if

(i) f is one to one and onto

(i) f is Nga™*- continuous

(i) fis Nga™*- open

Theorem 7.2. If f:(U,1gr(X)) = (V,0x(Y)) is a bijective mapping. Then f is a
Nga™*-homeomorphism if and only if f is Nga**- closed and Nga**- continuous.
Proof: Assume f:(U,tx(X)) = (V,0x/(Y)) is a Nga™- homeomorphism. Then by
definition, f is bijective, Nga™*-continuous and Nga**- open. Let A be a nano closed
set in U, then U — A is a nano open set in U. f(U — A) is Nga™- open in V and V —
f(A) is Nga™- open in V. This implies f(A) is Nga**- closed in V for the nano closed
set AinU. So f is Nga™*- closed function.

Conversely, assume f is Nga™- closed and Nga™ continuous function. Let B be a
nano open set in U, then U — B is a nano closed set in U. f(U — B) is Nga**- closed in
V and V — f(B) is Nga**- closed. That is f(B) is Nga**- open, hence f is Nga™*-
open mapping. Also, f is Nga™™ continuous. So f is Nga*™* homeomorphism. Hence
the proof.

8. Discussion

This study uses Nga™*- closed and Nga**-open sets to define two new classes of
subsets called Nano Infimum and Nano Supremum of a nano topological space. These
two sets are independent with Nga™*-closure and Nga**-interior. The characteristics of
nano infimum and nano supremum have been identified. Next, the new class of
continuous function called the nano generalized a** continuous function is defined and
explored together with other nano continuous functions. Additionally, nano generalized
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a™- open mappings, nano generalized a**- closed mappings, nano generalized a**-
irresolute mappings, and nano generalized a* homeomorphism are defined and their
characteristics are examined.

In conclusion, the nano infimum of a subset is the inferior set which has the largest
Nga™*- closed set contained in it and the nano supremum of a subset is the superior set
in which it is the smallest Nga**- open set that contains it. By drawing the nano hasse
diagram for the Nga**- closed and Nga**-open sets, one can discover the nano
infimum and nano supremum of a subset by finding the GLB and LUB of the set.
Moreover, the ideas of Nga**- closed and Nga**-open sets are broadened to define
Nga**-continuous functions and the behaviours of nano infimum and nano supremum
under this function are discovered.
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1 Introduction

In 1922, Polish mathematician Banach proved an interesting result known as
Banach contraction principle [4] states that a self-mapping 7" on a complete metric
space X has a unique fixed point in X provided that there exists « € (0, 1) such
that d(Tx, Ty) < ad(z,y) is satisfied for all z,y € X. many author extended and
generalized Banach’s result in many directions see [[1,15,16, 8, 10, [11], Some other
extensions of Banach contraction principle have been presented by considering
the concept of best proximity point [20]. Let (X, d) be a metric space and A, B
be two subsets of X, then 7 : A — B be a mapping. In this context the mapping
T does not have a fixed point in case of AN B = ¢. It is reasonable to research
a point x, which is closest to 7'z, that is d(x, T'z) is minimum. Since d(z, Tx) >
d(A,B) for all z € Ajthen d(z,Tx) is at least d(A, B). Best proximity point
theorems are related to find a point satisfying d(x, Tz) = d(A, B) which is called
a Best proximity point. There are many results about this subject in literature
(2,9, 12} 14,115} (16} 19].

2 Preliminaries

In 2003, Kirk et al. [[13] introduced the notion of cyclical contractive map-
pings, and generalized Banach fixed point result [4]] to the class of cyclic mappings

Theorem 2.1. [[/3)] Let A and B be nonempty closed subsets of a complete metric
space (X,d) andletT : AUB — AU B be such that T(A) C Band T(B) C A.
Assume that, for all x € Aandy € B

d(Tx, Ty) < ad(z,y),
where o« € (0,1). Then, T has a unique fixed point w € AN B.

The above mapping is called cyclic. In [/], Eldred and Veeramani are con-
cerned with the case when A N B = ¢, and in this case they didn’t seek for the
existence of a fixed point of 7" but for the existence of a best proximity point. For
instance , they [7] presented the following existence best proximity point result
for cyclic contractions.

Theorem 2.2. [[7] Let A and B be non-empty closed and convex subsets of a
complete metric space (X, d) andletT : AUB — AU B be cyclic. Assume that,
forallx € Aandy € B

d(Tx, Ty) < ad(z,y) + (1 — a)d(A, B).
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Where a € (0,1) and d(A, B) = inf{d(z,y),x € A,y € B}.For xq € A,define
Tn1 = Txy,

for each n > 0.Then there exists a unique x € A such that x5, — x and
d(x,Tz) = d(A, B). Here, x is called a best proximity point of T.

In 2011 [[17] M.A.petric, introduced a new class of mappings known as weak
cyclic Kannan contractions and proved some existence and convergence results
for best proximity points in uniformly convex Banach spaces is proved as follows.

Theorem 2.3. [I7] Let A and B be nonempty closed convex subsets of a uni-
formly convex Banach space. Let T : AU B — AU B be a weak cyclic Kannan
contraction map. Then

(i) T has a unique best proximity point z in A.

(ii)The sequence {T*"x} converges to z for any starting point v € A.

(iii)z is the unique fixed point of T>.

(iv)T'z is a best proximity point of T' in B.

In [21]], Dariusz Wardowaski has proved fixed point theorem on F'—contraction,
which is perceived to be one of the most general non-linear contraction in com-
plete metric spaces.

We first define weak cyclic Kannan type F'—contraction and cyclic Chatter-
jea type F'—contraction in this study. We also establish best proximity point
result in the setting of uniformly convex Banach space using cyclic Chatterjea
type F'—contractions and prove the existence of best proximity point result in
the setting of uniformly convex Banach space using weak cyclic Kannan type
F'—contraction.

Definition 2.1. [[/7]Let A and B be nonempty subsets of a metric space (X, d).
IfamapT : AU B — AU B satisfies

(i) T(A) C Band T(B) C A;

(ii)there exists a o € [0, 1/2) such that

d(Tz,Ty) < afd(xz,Tx) + d(y, Ty)] + (1 — 2a)dist(A, B)

forany x € Aandy € B, then T is a called a weak cyclic Kannan contraction
on AU B.

Definition 2.2. [2]]Let F : Rt — R be a mapping satisfying

(F'1) : F is strictly increasing i.e. for all a,5 € R such that F(a) < F(f5)
whenever a < [3,

(F'2) : For each sequence o, , n € N of positive real numbers lim,,_,..c, = 0 if
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and only if lim, . F(a,) = —00

(F3) : There exists k € (0, 1) such that lim,_,0, o*F(a) = 0.

A mapping T : X — X is said to be an F'-contraction if there exists T > 0, such
that

Ve,ye X, dTx,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(x,y)). (1)

Remark 2.1. [[I8] From (F'1) and the equation (1) it is clear that every F'-
contraction 'l is a contractive mapping i.e.

d(Tz,Ty) < d(z,y),Vr,y € X, Tx # Ty.
Thus every F-contraction is a continuous mapping.

Theorem 2.4. [2]|] Let (X, d) be a complete metric space and let T : X — X be
an F-contraction. Then T’ has a unique fixed point x* € X and for every xq € X
the sequence {T"x¢},cn is convergent to x*.

Definition 2.3. [3|] Let (X, d) be a metric-like space. Let A and B be nonempty
subsets of X. Take the cyclic mapping T' : AUB — AU B. T is said to be a cyclic
Chatterjea type contraction if

d(Tz,Ty) < k(d(Tz,y) + d(Ty,x)) + (1 — 4k)d(A, B)
forallx € Aandy € B, where k € (0,1/4).
Definition 2.4. Uniformly convex space is a normed vector space such that , for

every 0 < € < 2 there is some 6 > 0 such that for any two vectors with

T+y
(=gl 2 e = |5 2<1-6
Intuitively, the center of a line segment inside the unit ball must lie deep inside the
unit ball unless the segment is short.

Remark 2.2. Every closed subspace of a uniformly convex Banach space is uni-
formly convex.

Lemma 2.1. /7] Let A be a non-empty mapping closed and convex subset and B
be a non-empty closed subset of a uniformly convex Banach space. Let {x,} and
{zn} be sequence in A and {y,,} be a sequence in B satisfying:

(i) ||2n = yull— d(A, B)

(ii) For every € > 0 there exists Ny such that for all m > n > N,

|| Zm — ynl||< d(A, B) + €.

Then for every € > 0 there exists Ny such that for all m > n > Ny,

Tm—zn]|< €
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Lemma 2.2. [[7] Let A be a non-empty closed and convex subset and B be a non-
empty closed subsets of a uniformly convex Banach space. Let {x,} and {z,} be
sequence in A and {y, } be a sequence in B satisfying:

(i) ||zn — yull— d(A, B),

(i) ||zn — ynll—= d(A, B).

Then ||z, — z,|| converges to 0.

3 Main Results

We first introduce a new concept of weak cyclic Kannan type F'—contraction.
We also prove the existence result for best proximity point of weak cyclic Kannan
type F'—contraction in the setting of uniformly convex Banach space.

Definition 3.1. Let A and B be two non-empty subsets of a complete metric space
(X,d). A mapping T : AU B — AU B is called weak cyclic Kannan type
F'—contraction if the following conditions hold:
(a) T(A) C BandT(B) C A,
(b) Vx € A,y € B and if there exists T > 0 such that
d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < oF (d(z, Tx) + d(y, Ty))
+ (1 —2a)F(d(A, B)),

for some o € (0,1), provided d(A, B) > 0.

Note that (b) implies that T satisfies T + F(d(Txz,Ty)) < F(d(z,y)), for all
reAyeB.

Example: Consider the complete metric space X = R with the usual metric

d. If we consider the map F'(x) = —\/LE, x > 0 and for any k € (%,1). Then

2
clearly F satisfies all the conditions from (F'1) — (F'3).
In this case, any 7" : AUB — AU B such that T(A) € Band T'(B) C A
satisfying the condition

[d(z, T'x) + d(y, Ty)]

2a+ (1 —2a) %W +7/d(z, Tz) + d(y, Ty)]?

d(Tz, Ty) <

Vo € Ay € B,d(Tz,Ty) > 0, € (0,3) and 7 > 0 provided d(A, B) > 0, is
a weak cyclic Kannan type F'—contraction.

Proposition 3.1. Let A and B be non-empty closed subsets of a complete metric
space (X, d). Suppose that mapping T : AU B — AU B is weak cyclic Kannan
type F'—contraction. Let vy € AU B and x,.1 = Tx, for alln > 0. Then we
have

lim d(z,,Tx,) = d(A, B).

n—o0
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Proof. Suppose zo € AU B. Let a sequence {x,} such that z,,,; = T'z,, for all
n > 0. Now,
F(d(zq,x1)) = F(d(Tzy,Txp))
< aF[d(zy, Tr1) + d(zo, Txo)] + (1 — 20) F(d(A, B)) —
< aF[d(z1,T1) + d(zo, Txo)] + (1 — 2a) F(d(A, B))
= aF[d(zy,22) + d(xo, z1)] + (1 — 20) F(d(A, B))
< aF[d(zy, ) + d(zo, x1)] + (1 — 2a) F(d(z1, 22))
)

< aFd(xy,x2) + oF (d(wo, 21)) + (1 — 20) F'(d(1, 22))
< aF(d(xg,x1)) + (1 — a)F(d(z1, 23))
< aF(d(zg, 1)) + (1 — @) F(d(A, B))

F(d(zg,21)) — F(d(A, B)) < a{F

/\

d(wo, 21)) — F(d(A, B))}.

Again,
F(d(z3,x9)) = F(d(Tza, Txy))

< aF[d(zg, Txo) + d(z1, Tx1)] + (1 — 2a) F(d(A, B)) —

< aF[d(zy, Txs) + d(xy, Txy)] + (1 — 2a)F(d(A, B))

= aF[d(zq, x3) + d(z1,29)] + (1 — 20) F(d(A, B))

< aF[d(xg, x3) + d(z1,22)] + (1 — 2a) F(d(22, 23))

< aFd(xe,x3) + aF (d(zy, x2)) + (1 — 2a) F(d(22, 23))

< aF(d(zy,29)) + (1 — a)F(d(xe,x3))

< aF(d(z1,29)) + (1 —a)F(d(A, B))
F(d(ws,25)) = F(d(A, B)) < a{F(d(x1,22)) = F(d(A, B))}
B))

F(d(ws, 22)) — F(d(A, B)) < o*{F(d(z0,21)) — F(d(A, B))}

We say that « € (0, 1),
F(d(ni1,20)) = F(d(A, B)) < o"{F(d(xo, 1)) — F(d(A, B))}.
For n — oo
Fd(xni1,20)) = F(d(A, B))
Since F'is increasing.

lim d(x,,z,+1) = d(A, B)

n—o0

lim d(z,,Tx,) = d(A, B)

n—o0
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]

Theorem 3.1. Let A and B be two non-empty closed and convex subsets of a
uniformly convex Banach space. Suppose T : AU B — AU B is weak cyclic
Kannan type F'—contraction map and F' is continuous map. Then there exists a
best proximity point v € A. Further, if v € A and x,1 = Tx,, then {x3,}
converges to the best proximity point.

Proof. Suppose d(A, B) # 0. Then by proposition [3.1]

||22n — Zonta|| = [[w2n — Twan||— d(A, B)
[zont2 — Tant1|| = [[T22p41 — T2y || — d(A, B)
[Z2n+2 — Tons1l| = [[T(T22,) — T2p||— d(A, B)
|z2nt2 — Tonta|| = |[T22n — T(Tx2,)||— d(A, B)

Then, by lemma[2.2]
|[z2n — T2p42]|— 0

We now show that for every € > 0 there exists Ny such that for all m > n > N,
||Tom — Twon||< d(A, B) + €
Let ¢ > 0, if possible, suppose for all k£ € N, there exists my > ny > k, such that,

||$2mk - T$2nk||2 d(AvB) +e€

and
[ @o(my—1) — T@2n, ||< d(A, B) + €.
Now,
d(A, B) + € < ||zam, — Txon,||
< ||Z2m, = Taime—1)|[FT2(me—1) — TTon, |
< |Tom, — To(mye—1)||+d(A, B) + €.
Thus,

lim ||z2m, — Txon, ||= d(A, B) + €.
k—o0

as F’'is continuous.
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lim F(||x2mk Tx2nk||) < lim F(||Tx2mk+1 - Tx2nk+2||)
k—o0 k—o0

< tim {aF(|[ramy 41 — T
k—o00

+ |[z2n+2 — Txangs2|]) }
+(1—2a)F(d(A, B)) —

< lim {aF (|[z2m+1 — Twom,+1])
k—oo

+ aF ([|z2n 2 — Toan,42|])}
+ (1 —2a)F(d(A,B)) —
< lim {aF ([[z2m 41 = Toomy41])

+ aF(||zan,+2 — TTon,42]])}
+ (1= 2a)F(d(A, B))
= ]}LHOIO{O./F(HTmek - Tmek"FlH)

+ aF (||Tx2n,41 — Toan,42|])}
+ (1 — 2a)F(d(A, B))
< ’}LIEO{a{aF(\|x2mk — T%om, ||

+ [|T2my 11 — Toom, 11 l])+
(1 —20)F(d(A, B))} + af{aF (|[z2n,+1 — Top41]|
+ ||T2ni+2 — T2ni42]])
+ (1 —=2a)F(d(A,B))}} + (1 —2a)F(d(A, B))
< {a?F(d(A, B) +¢) + a*F(d(A, B) + ¢)
+a(l —2a)F(d(A,B))}
+{a?F(d(A, B) +¢) + o*F(d(A, B) +¢)
+a(l —2a)F(d(A,B))} + (1 —2a)F(d(A, B))
<4a’F(d(A,B) +¢€) + (a — 20* + o — 202
+1—2a)F(d(A, B))

< 40’F(d(A, B) +¢€) + (1 — 4a*)F(d(A, B))
< 4a*F(d(A, B) +¢€) + (1 — 4a*)F(d(A, B))
F(d(A,B) +¢) < 4a2F( (A,B) +¢€) + (1 —4a*)F(d(A, B))
F(d(A,B) + €)(1 — 4a?) < (1 — 4a*)F(d(A, B))
F(d(A,B)+¢) < F(d(A, B)).
Hence 7' is best proximity point. ]
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Now we introduce a new concept of cyclic Chatterjea type F'—contraction. We
also prove the existence result for best proximity point of cyclic Chatterjea type
F'—contraction in the setting of uniformly convex Banach space.

Definition 3.2. Let A and B be two non-empty subsets of a complete metric
space (X,d). A mapping T : AU B — AU B is called cyclic Chatterjea type
F'—contraction if the following conditions hold:

(a)T(A) C Band T(B) C A,

(b)Nx € A,y € B and if there exists T > 0 such that

d(Tz,Ty) >0 —= 7+F(d(Tz,Ty)) < aF(d(Tz,y)+d(Ty,x))+(1—4a)F(d(A, B))

)

for some o € (0, 1), provided d(A, B) > 0.

Note that (b) implies that T satisfies T + F(d(Tx,Ty)) < F(d(Tz,y) +
d(Ty,x)), forallx € A,y € B.

Example: Consider the complete metric space X = & with the usual metric
d. If we consider the map F(x) = _\/LE’ z > 0 and for any k& € (1,1). Then
clearly F satisfies all the conditions from (F'1) — (F'3).
Let us define X = {0,1} and d(0,0) = d(1,1) =2 and d(0,1) = d(1,0) = 1 and
take o € (0, 1),

Let A = {0} and B = {1}. Note that d(A, B) = 1 and A, B are closed in
(X, d)

Consider 7: AN B — AN Bdefinedby 70 =1and 71 =0

Clearly, T"is cyclic. Let x € Aand y € B, thatis x = 0 and y = 1 satisfying
the condition
1
d(Tz,Ty) < [d(Tx, y)+d(Ty, r)],

[+ (1= da)y SRR + 73 /d(Tw,y) + d(Ty, @)

Vo € Ay € B,d(Tz,Ty) > 0, € (0, 1) and 7 > 0 provided d(A, B) > 0, is
a cyclic Chatterjea type F'—contraction.

Proposition 3.2. Let A and B be non-empty closed subsets of a complete metric
space (X, d). Suppose that mapping T : AU B — AU B is a cyclic Chatterjea
type F'—contraction. Let xo € AU B and v, = Tx, foralln > 0. Then we
have

lim d(z,,Tx,) = d(A, B).

n—o0
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Proof. Suppose zo € AU B. Let a sequence {x,} such that z,,,; = T'z,, for all
n > 0. Now,
F(d(zg,x1)) = F(d(Tzy,Txo))
< aF[d(Txy,x0) + d(Txg, z1)] + (1 — 4a)F(d(A, B)) — 7
< aF[d(Txy,x0) + d(Txg, 1) + (1 — 4a) F(d(A, B))
< aFld(za, ) + d(x1,21)] + (1 — 4a) F(d(A, B))
< aF[{d(zy, 1) + d(z1,20) } + {d(21, 22) + d(2,21)}]
+ (1 —4a)F(d(A, B))
< aFld(zy,xs) + d(xy, x0) + d(x1, 22) + d(271, 22)]
+ (1 = da)F(d(z1,22))
< aF(d(xq,20)) + 3aF (d(z1,72)) + (1 — 4a) F(d(x1, 22))
< aFld(z1,x0)] + (1 — ) F(d(z1, x2))
< aFd(ro,21)] + (1 — a)F(d(A, B))
F(d(x2, 21)) = F(d(A, B)) < o F(d(wo,21)) = F(d(A, B))}.

—_— o e —

Again,

F(d(z3,x9)) = F(d(Tza, Txy))
< aF[d(Txe,x1) + d(Tx1,22)] + (1 — 4a)F(d(A, B)) —

< aFld(z3, ) + d(xe, 22)] + (1 — 4a) F(d(A, B))
< aF{d(zs, xe) + d(xo,x1)} + {d(x2, x3) + d(x3,22)}]

+ (1 —4a)F(d(A, B))

< aF[3d(z3,xs) + d(x9,21)] +
< aF(d(zg,x1)) + (1 — a)F(d(
< aF(d(zy,71)) + (1 —a)F(d(A
F(d(z3,x9)) — F(d(A, B)) < a{F(d(zq,21)) — F(d(A, B))
(A, B)
(A, B)

(1 —4a)F(d(x3,z2))
T3, T2))
. B))

F(d(z3,22)) — F(d(A, B)) < o*{F(d(x1,70)) — F(d
< o*{F(d(zg, 7)) — F(d

Y

}
)}
)}

We say that o € (0, 1),
Fd(xn1,20)) = F(A(A, B)) < a"{F(d(x0, 1)) — F(d(A, B))}.

For n — oo
F(d(zpt1,2,)) = F(d(A, B))
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Since F' is increasing.

lim d(x,,2,+1) = d(A, B

n—o0

lim d(z,,Tx,) = d(A, B).

n—o0

~—

]

Theorem 3.2. Let A and B be two non-empty closed and convex subsets of a uni-
formly convex Banach space. Suppose T’ : AU B — A U B is cyclic Chatterjea
type F'—contraction map and F' is continuous map. Then there exists a best prox-
imity point x € A. Further, if tq € A and x,,1 = Tx,, then {xs,} converges to
the best proximity point.

Proof. Suppose d(A, B) # 0. Then by proposition 3.2]

||~r2n - x2n+1|| - ||x2n - TxQnH_> d(A7 B)
||Zont2 = Tont1|| = [T T2n41 — T2, ||— d(A, B)

Then, by lemma[2.2]
||$2n - $2n+2||—> 0

We now show that for every € > 0 there exists Ny such that for all m > n > N,
||Tom — Twon||< d(A, B) + €
Let € > 0, if possible, suppose for all & € N, there exists m; > n; > k, such that

Haj?mk - T.ClﬁgmkHZ d(Aa B) T €

and
|Za(my—1) — Ton, ||< d(A, B) + €
Now,
d(A7 B) + € S ||ZEQm;C - T.I‘anH
< Hmek - x2(mk—1)H+H$2(mk—1) - Z'anH
< |[Tam;, — T2pmy—1)||+d(A, B) + ¢
Thus,

lim ||zom, — Txon, ||= d(A, B) + €
k—ro0

as F’' is continuous.
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lim F([[2m, — Tian, 1) < lim F(I T2, 01 — Tran, o)

k=00
< lim {aF([[T2om 11 = Tonepa| [T 20,42 = Zamy1a[])}
4+ (1= 4)F(d(A, B)) —
< ’}Lrgo{aF(\\szmk+1 — Toop 1|+ T 20, 12 — Txom,[])}
+ (1 —4a)F(d(A, B))
< lm [e{a P (|[T22m, 11 = Tona|[[H] | Ton 1 = Tomyia )

+ (1 —4a)F(d(A, B))} + acfaF (|[Twon, +2 — Tom, |

+ | T Tom, — Ton,+2||) + (1 — 4a) F(d(A, B))}]

+ (1 —4a)F(d(A, B))

<A{a’F(d(A, B) 4+ ¢) + a*F(d(A, B) + €) + a1 — 4a)
F(A(A,B))} + lim 0 F({[[Tranys2 — am sl + 220,

— Tomy+1]|

+ |zam1 = Tom, [} + {1 T22m, — 2on, || +{|22n,

— Toner1|[F|Z2n, 41 — Ton 12l }) + (1 — 4a) F(d(A, B))
+ (1 — 4a) F(d(A, B))

<{a*F(d(A,B) +¢€) + a*F(d(A, B) + ¢) + a(l — 4a)
F(d(A, B)) + lim o” F({[[Twan, +2 = Tomy 2l [+ T T2m 1

— Tompt 1 ||[F T Tomy, — Tamy ||} + {|Tx2m, — Tan, [|+]|72n,
— Txon, || +|[T2n, 11 — T, 11|[}) + (1 — 4a)
F(d(A,B)) + (1 — 4a)F(d(A, B))
<A{a*F(d(A,B) 4+ ¢) + o*F(d(A, B) + ¢€) + a(l — 4a)
F(d(A,B)) +o*F({(d(A,B) +¢) + (d(A, B) +¢)

+ (d(A,B)+¢€)} + {(d(A, B) + €) + (d(A, B) + ¢)

+ (d(A,B)+¢)}) + a(l —4a)F(d(A, B))
+ (1 —4a)F(d(A, B))
< 8a’F(d(A,B) +¢) +a(l —4a +1—4a)F(d(A, B))

+ (1 —4a)F(d(A, B))

B) +

< 8a’F(d(A, €) + (2a — 8a*)F(d(A, B))+
(1 —4a)F(d(A, B))
< 8a’F(d(A, B) +¢€) + (2a — 8a* + 1 — 4a)F(d(A, B))
< 8a’F(d(A, B) +¢) + (1 — 8a* — 2a)F(d(A, B))
< 8a*F(d(A, B) +¢) + (1 — 8a*)F(d(A, B))
F(d(A,B) +¢)(1 —8a%) < (1 — 8a2)F(d(A B))

F(d(A, B) + ¢) < F(d(A, B)).
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Hence T' is best proximity point. [

4 Conclusion

In this study, we have introduced the concepts of weak cyclic Kannan type F'-
contraction and cyclic Chatterjea type F'-contraction. By employing these novel
contraction mappings, we have successfully determined the best proximity point
theorem within a uniformly convex Banach space. To further illustrate the effec-
tiveness of our approach, we have presented a series of illustrative examples.
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The modified divisor graph of finite
commutative ring
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Abstract

Let R be a finite commutative ring with unity. we have introduced a
divisor graph of ring which is denoted by D[R]. It is a undirected simple
graph with vertex set V' = R—{0, 1} and two distinct vertices u,v € V/
are adjacent if and only if Jw € R such that v = uw or u = vw.
Clearly 0 and unit elements are adjacent to all elements of ring. Thus,
we adopt the idea of Anderson and Livingston and removed the zero
and unit vertices from the vertex set. A new graph is called modified
divisor graph noted by symbol Dg[R]. In this study, we have focused on
the structural properties of Dy[Z,,]. Moreover, we have determined the
diameter, girth, clique number,vertex connectivity and edge connectiv-
ity of the Dy[Z,,] for every natural number n. The purpose to study this
graph is to find relationship between ring theoretic properties of R and
graph theoretic properties of Dg[R].

Keywords: graph; eulerian graph; connected graph; clique number;
etc...
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1 Introduction

The study of zero divisor graphs was initiated by 1. Beck [1998]. He mostly
interested in coloring the graph. Later on D. F.Anderson and P. S.Livingston [1999]
simplified definition of zero divisor graph by omitting O from the graph of I. Beck.
D. F.Anderson and P. S.Livingston [1999] studied properties of zero divisor graph
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more clearly and find relations between ring-theoretic properties and graph theo-
retic ones. Anderson and Livingston have given surprising results on zero divisor
graph I'[R]. They have study structural properties and graph theoretic properties
of graph I'|R]. Many of researcher motivated by their work and attracted in this
area of research. See, Redmond and P [2002], Akbari and Mohammadian [2004],
Redmond [2003]. The study of vertex and edge connectivity of zero divisor graph
is done in B.S. Reddy [2020]. Associating graph to an algebraic structure become
popular research topic since the last 2 decades. The graph of various algebraic struc-
ture and their properties can be found in Mathil et al. [2022], B.S. Reddy [2020],
Das [2016], S. Akabari [2014], R. A. Muneshwar [2021], M. S. Rahman [2005],
Khandare et al. [2022].

The concept of divisor graph introduced in Khandare et al. [2022]. The divisor
graph D[R] is graph with vertex set, V' = {r € R | r # 0,7 # 1} and two ver-
tices x,y € V are adjacent if and only if 42 € R such that y = zx or x = zy.
In Khandare et al. [2022], unit vertices are adjacent with all other element of ring.
So we adopt the idea of Anderson and Livingston and omitted unit elements and
non zero divisors of ring from vertex set. Clearly the new graph is a induced sub-
graph of divisor graph D[R]. we have denoted new graph as Dy[R]. The section
2 includes the definition of divisor graph, modified divisor graph and some useful
notation. In section 3, the graphical structure and graph theoretic properties like
complete graph, connected, bipartite graph, planar graph is discussed. The section
4 contain diameter and girth of the graph Dy[Z,,]. The section 5 includes condition
for graph Dy[Z,,] to be an Eulerian and Hamiltonian. In section 6, a clique number
is calculated and provides a short proof to Beck’s conjecture. Also in the section 7,
we derive formula to determine vertex and edge connectivity Dy[Z,,| for natural n .

2 Definition and Notation

Definition 2.1. divisor graph of ring R. Khandare et al. [2022]
Let R be finite commutative ring, then the graph D[R] is divisor graph of R, where
V={ueR|u+#0,1}and foru,v € V,u ~ v ifand only if 3w € R such that

U = wWv or v = wu.

Definition 2.2. modified divisor graph of R

Let R be finite commutative ring, then the graph Dy|R] is modified divisor graph of
R, where V = {u | u € Z*(R)} and for u,v € V,u ~ v ifand only if 3w € R
such that u = wv or v = wu.

Notation: Here, we discuss about the structure of the Dy[Z,,]. Let dy, ds, - - - , dy
be the proper divisors of n. For 1 < < k, consider the following sets,

Ay, ={x € Z, | ged(z,n) = d;}

Further, note that these sets A4, , Aqg,, - - - , Ag, forms a partition of the vertex set of
the graph Dy[Z,,]. Thus V (Dy[Z,,]) = Ag, U Ag, U+ - - U Ay, . Reader also note that,
we use another partition for Z*[R] in Das [2016] such thatif n = pipy - - - pm, Z*[R] =
UWdi, Wdi = {l{(dz)“{f S R*, k §é <dj> ,di 7& dj}, Wdi N de = ¢ and if
n = piph ... pkm then Z*[R] = UTy,, where Ty, = {k-d; | k € R*k ¢
(dj),d; # dj,s € N} but Ty, N Ty, # ¢. Itis clear that, Wy, = Ay, , Ty, # Ag,
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JAg, C Ty, and Z*[R] = UTy, is not partition of set. Therefore we consider the
partition, Z*[R] = UA,,. It needs to be noted that non-trivial divisor of n that is
neither 1 nor n.

3 Modified Divisor Graph of 7,

In order to illustrate the difference between divisor graph and modified divisor
graph, we will discuss the following figures.

2
2 3
7
4
4
6
6
5
Dy[Zg] D[Zg]

Figure 1: Modified Divisor Graph and Divisor Graph of Zg

Dy[Z4,] D[Z40]

Figure 2: Modified Divisor Graph and Divisor Graph of Z1
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Figure 3: Modified Divisor Graph and Divisor Graph of Z15

Remark 3.1. Mathil et al. [2022] If n be positive integer then |Ay;| = qﬁ(dﬂj), for
each proper divisor d; of n.

Proposition 3.1. Ifn = pi1py - - - py, then |Ag| = (pii41) —1)(Par2) —1) -+ - (Pm—1)
for divisor d = p1py---p;, 3 < i < mofn.

Proof: Let n = py1ps - - - p,, and any divisor d, d = py1ps - - - p;, 3 < i < m Given
set Ay, = {v € Z,, | gcd(z,n) = d;} and |A4;| = (7). Therefore,
n
[Aal = &(5) = Spip+1)-Pm) = (P = D(pire) = 1) (Pm = 1)

Proposition 3.2. If n = p'flp’§2 coephmop < py < ... < pp, and for divisor d,
d=pip2---pi,3<i<mofn

|Ad = o(p§*pst - plm).

Tyl = (P 'ph>tee e per (o = 1) (p2 = 1) -+ (pi—1y) — D(piieny) — Dpm — 1).

Proof: Let n = pi'p52 ... pfm and d be non trivial divisor of n. We have,
Ag={x€e Z,|ged(x,n) =dtand Ty ={k-d |k € R*,k ¢ (d) ,d #d,s € N}.
To find |A4|, |Ty| consider simply d = p%'ph2. Thus,

Ad = 6(5) = oWk o).

Now suppose that d = p;, then
Ty = {k-p|keR k¢&(d) p#dj,s €N}

n n n n n n
i - BB e e -
b1 P1p2 P1p3 P1Pm P1p2ps3 P1P2pPa
n n n n
S R e
P1P2Pm P1P3P4 P1P3Pm P1P2P3P4
4 (—1)mD {;}
DP1P2pP3 -+ Pm
After simplifying, we will obtain,
Ty = (P 'ph e pEr (o — 1) (ps — 1) -+ ((pm — 1).
Hence, if d = plflpg2
Tl = (o5 Pt P ) (s — Dps— 1)+ (p — 1)

After the above discussion, we can now provide an important result of this article.
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Theorem 3.1. Let R be a ring of integer modulo n and d;, d; be distinct non trivial
divisors of n. if u;, u; € Aqg,,v;,v; € Aqg; then following statements hold.

(i) u; ~ uj and v; ~ vj.

(ii) u; ~ vj ifand only if d; | d; or d; | d;,

(iii) u; = v; if and only if d; 1 d; and d; 1 d;

Proof: Let R be ring of residue modulo n and d;, d; be distinct non trivial divi-
sors of n. we say u | v, when Jw € R such that, v = wu.
(i) Let u;, u; € Ay, then ged(u;,n) = d; and ged(u;,n) = d; i.eu; = r; - di,u, =
r} - d;, for some r;, r; € R. Consider the following cases.
Case I: If r; is multiple of  then statement hold.
Case II: If either r; or 7} be unit element of ring then by theorem 3.6, Khandare
et al. [2022], As every unit element is adjacent to other element of ring. Therefore
u; ~ ;. In the similar way, we obtain v; ~ v’.
(ii) Let u; € Ag,,v; € Ag;. Suppose that d; | dj i.e. dj = r - d; for some r € R and
hence v; = rjd; = r; - r - d;. This shows that u; ~ v;.
(iii) Let u; € Ag,,v; € Aqg,. Suppose that d; { d; and d; { d;. Assume that, u; ~ v;
then 37 € R* suchthatv; =r-u; =r-r;-d; i.e. v; € Ag,. Which is contradiction
to the set A4. Hence u; ~ v;.

Corolary 3.1. The modified divisor graph Dy|R) is an induced subgraph of divisor
graph D[R).

Proof: Theorem statement holds using definitions 2.1 and 2.2.

Corolary 3.2. If I be proper ideal of R then Dy[I] is proper subgraph of Dy|R).
Proof: The definition 2.2 provides the proof.

Theorem 3.2. A graph Dy[Z,] is null if and only if n = 1 or n = p, for prime p.

Proof: Since V(Dy[Z,]) = Z*[R] = ¢ whenn = 1 and n = p. Hence the
result is hold.

Theorem 3.3. If n = p* where k > 1 then modified divisor graph then Dy[Z,] is
complete. Moreover, Do[Z ] = K p-1_1.

Proof: Let R = Z, and n = p* k > 1 where p be prime. Then |V| =
n — ¢(n) — 1 = p*~1 — 1. Here p, p?, p3, - - - p* are proper divisors of n. Therefore
V =UAy = AyUApUAsU---UA-1. Alsodivisorp | p? | p*- -+ | p*~! Hence
by theorem 3.4, each vertex of the graph is adjacent to other vertex. Thus Dy[Z,x] =
K —1_1. Conversely assume Dy[Z,:] is a complete graph and n # p*. So n may
be expressed as a product of power of distinct primes. say(n = p’fl p§2p§3 oo phm)y,
Clearly dp;,p, € V such that p; { po. Thus we conclude, Dy[Z,:] is a complete

graph if and only if n = p*.
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Theorem 3.4. The modified divisor graph Dy|Z,] is disconnected if and only if n =
pq for prime p and q. Moreover, it is a disjoint union of two connected components.

Proof: Let R be a ring of residues modulo n and n = p - ¢, where p and q are
primes. As p,q € V and p t ¢, Hence Dy[Z,,] is a disconnected graph. Conversely
let Dy[Z,] be disconnected. We claim that n = p - ¢q. Assume that, n # pq i.e. n can
be characterized in the following ways.
case I: If n = p* k > 1. Then from theorem 3.4, the result is true.
case IL: If n = pi* . ph2 . phs ... pFm With the given disjoint partition of vertex
set V. = UAy,, where d; | nand Ay, = {x € Z, | ged(z,n) = d;}. Let dy,ds
be any two proper divisor of n and uy; € Ay, us € Ag,. If gcd(dy,dy) = 1 then
dds = dyds such that dy | ds and dy | d3. Thus, using theorem 3.4, we obtain
u € Ag, such that uy ~ ug ~ ug. If ged(dy,dy) = dy > 1 then again we can get
the path u; ~ uy ~ wug. Thus, a path is exist between any pair (u, v) of V. Hence
Dy[Z,] is disconnected graph if and only if n = p - q.

Theorem 3.5. If n = pq then Dy[Z,] = T(Z,,).

Proof: Let R = Z,,n = pg. We have V(I'(R)) = V(I'(R)) = V(Dy[R]) =
Z*(R). Since u ~ v in I'(R) if and only if uv = 0. Let u, v € V, such that, uv = 0.
We claim that, u ~ v in Dy[R]. Clearly u is multiple of p and v multiple of ¢ or vice
versa. Using theorem 3.1, u = v in Dy[R]. Therefore Dy[R] = T'(R).

Theorem 3.6. If R is ring of integers modulo n then Dy | R) is bipartite if and only if
nis 1 orpor9.

Proof: Let R be a ring of integers modulo n. When n is 1 or p then there is
nothing to prove as the graph is null. If n = 9 then the graph is isomorphic to /5,
which is bipartite graph.

To prove converse part, suppose that graph Dy[R] is bipartite. i.e. graph without
cycle. Clearly using theorem 3.1, we obtain the cycle of length 3 for n > 6,n #
1,p, 4. Thus D[R] is bipartite if and only if nis 1 or p or 9.

Theorem 3.7. If n > 14,n # p,pq, 15 then D[R] is not planar and planar if
n < 15,n # 14, pq.

Proof: The number of non-zero zero divisor in Z,, are n — ¢(n) — 1. The
Kuratowski’s theorem,West [2001] says that graph is not planar if and only if it
contains K5 or K3 3. Clearly for n < 15,n # 14, n # pq, Do[Z,] does not contains
K5. When n = 14, an ideal of order 7 is exists in the ring. Hence by theorem 3.4,

Dy[Z7] contains K5. Thus Dy[Z,,] is planar if n < 15 unless n = 14.
Theorem 3.8. The graph Dy[Z,] is regular if and only if n = p*

Proof: The theorem 3.8 provides the proof.

4 Diameter and Girth :

In this section, diameter and girth of modified divisor graph Dy[Z,,] are investi-
gated.

Theorem 4.1. The diameter of the graph Dy[Z,,] is less than or equals to 4.
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Proof: Since Diam(G) = Sup{d(u,v) : u, v are vertices of graph.
CaseI: If n = 1 or n = pq or n = p then the graph Dy[Z,,] is disconnected graph
for or null. Hence Diam(Dy[Z,]) = oo.
Case IL: If n = p* k > 1,Dy[Z,] is complete graph. Thus Diam(Dy[Z,]) = 1.
Case III: If n # p* for positive integer k. Then by theorem 3.4, if n = p?q then
there is path p?> ~ p ~ pq ~ q of length 3. Also when n = p?¢® then there exists
path p? ~ p ~ pg ~ q ~ ¢* of length 4. i.e. Diam(Dy[R]) = 4. In general

n = piiphph?. Clearly, py | pi™) 1 " py™ ™ § p2 | pa, fori < ki, j < ko
Thus, a path can be found between vertices pgkl) ~pp o~ pg’“*”p’;ﬂ ~ Dy ~ pg”)
of length 4. Thus, diameter of the modified divisor graph Dy[Z,] is less than or

equals to 4.
Theorem 4.2. If R is ring of integer modulo n then

_J oo ifn<8n=9o0rn=p

girth(Do[Z,]) = { 3 ifn>8n#9%orn#p

Proof: Let R be ring of integer modulo n. We prove this in following cases.
CaseI: Letn < 8orn=9o0rn =pthen| V(Dy[R]) |< 3 and hence girth is co.
Case II: Let n > 8. Since Dy[Z,] is complete graph of size p"~* — 1. hence for
n = p*, we get smallest cycle of length 3 unless n = 9. Let n # p®,n > 8 then
there exists proper divisor d | n, such that |A,4,| > 3. Therefore by theorem 3.4, we
conclude that girth of Dy[Z,,] is 3.

5 Eulerian and Hamiltonian of D[Z,,|:

In this section, the condition of graph to be Eulerian and Hamiltonian of Dy[Z,,]
is discussed. Let we recall following propositions.

Proposition 5.1. A connected graph is Eulerian if and only if the degree of each
vertex is even.

Proposition 5.2. The number of zero divisor in ring of integer modulo n are

a1—1 _as—1 . am—1

n—¢(n) = pi" Py T ppe e pm — (0 = D(p2 — 1)+ (P — 1)]
Theorem 5.1. The graph Dy[Z,] is Eulerian if and only if n is an even number.

Proof: Let the following cases.
Case I: Let n = p* k > 1. Then using theorem 3.3, the graph Dy[Z,,] is complete
of size p*~! — 1. The degree of each vertex becomes p*~! — 2. The number p*~! —2
is even only if p is an even prime. The proposition 5.1 provides the proof.

Case II: Let n # p"ie. n = p{'ps? - - - p® be prime factorization of n.
If n is odd. Then we get the prime vertex p, € V such that d(py) = [p%} -2 =

odd — 2 = odd. Thus, the graph Dy[Z,] is Eulerian if and only if n is even.
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Theorem 5.2. The graph Dy[Z,] is Hamiltonian graph if and only if n = p*, for
positive integer k.

Proof: Suppose that n = p* k > 1 then using Theorem 3.3, d(u) = p*~! —
2,u € V. Now,

pEl > phel
pk71_1>pk71_1
k-1 _
pkil—QZp > 1

k—l_l
.‘.d(u)sz=|V|,Vu€V

Hence, using M. S. Rahman [2005], the graph Dy[Z,,] is Hamiltonian. In the other

hand, if n = p{*p3?-- - p%m is a prime factorisation of n. Assume that Dy[Z,,] is

Hamiltonian graph. Let p;,p2 € V be any pair of non adjacent vertices. With-

out loss of generality, we suppose that, then d(p;) = pgkl_l)pgg — 2,d(py) =
ki (ka—1) 2 and

b1 P2 an

d(p) +d(py) = p" Vpks —2 4 pliplrh o

k1—1 ko—1

= ppl gy + ) — 4
k1—1 ko—1

< pM TR (py 4 p1) — 1

< [V

Now using M. S. Rahman [2005] , notice that, the assumption is wrong. Hence
Dy[Z,,] is Hamiltonian graph if and only if n = p* for positive integer k.

6 Clique number

In this section, we provide formula to determine clique number of modified
divisor graph Dy[Z,,].

Theorem 6.1. The cliqgue number of Dy|Z,] is,

© ifn<4dorn=p
p —1 ifn=p"k>1
k— m .
Zi:ll Hc’?f{“(pk —1) ifn= Zilpi' 'I;pk
2211 H;ﬂ:@ ij (pj+1 — 1) ifn = phphephs .. ’pﬁlm

(k—1)
cd(Do[Z,]) =

Proof: Clearly Dy[Z, ] is null graph when n = 1 or n = p. Therefore cl(Dy[Z,]) =
oo. Now, we consider following cases for the rest of values of n.
Case I: If n = p* k > 1 then graph Dy[Z,] is complete graph of size p*~1) — 1.
Therefore clique with maximum size is p*=" — 1.
Case II: Let n = pipaps - pm,m > 2. With the given partition V' = UA,,
Ag, = {z € Z, | ged(z,n) = d;} and |Ag| = &(F),1 < i < k,. Itis given
that Ay, < Aqg,, i # j whend; | dj or d; | d; and Ay, + Ag;,i # j when
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d; 1 dj and d; 1 d;. As the clique number is size of largest complete subgraph of
graph. note that, as p; < p;, Vi then | < p; > | > | < p; > | Hence

cl(DolZ,]) = |Am‘ + ‘Ap1p2| +oeet |Ap1p2~~~p(m—1)|
n

= ¢(p1)+¢( ) + "+¢(m)

= (p2—D(p 3—1)"'( m— 1)+ @3—=1)(pn—1) 4+ (Pm — 1)
= Z H (x — 1)

Case III Let n = pltph? p coplm ,kl > 2. Notice that p¥* { p;p, but pl1 | P pa,
Also pi'ph2  pitpops but pipk2 | pi*ph?ps and so on. Since set T}, = Uz:lApl
instead of using set A,;, we must use 7};,. Therefore

d(DolZy]) = [Ty |+ |T k1 | + |Tp’1€1p’2“2p3| +-+ T ppE2pts .y |
= P T e = Dps — 1) (e — 1) 052 i T (s — 1)

+ ~-(p — ) +p g =) (o — D) pl T -1

= ZHPJ (P — 1)

=1 j=i

Example 6.1. Forn =2 x 3 x 5 then cl(Dy|Z,]) = 12

Let n = 2 x 3 x 5 then by theorem 6.1, cl(Dy[Z,,]) = Z T i ok — 1)
(Dol Zn] = (pz—l)(p3—1)+(p3—1)—2><4+4—12

Example 6.2. For n = 2% x 32 x 57 then cl(Dy|Z,]) = 304
As22}12-3, 22.3%422.3.5 Thus,

cA(DoZy] = |To| + |Toos| + |Toro|
— 2.3.5(2%x4)+3-54)+5—1
304

Theorem 6.2. If R is ring of integer modulo n then cl(Dy[Z,| = x(Dy[Z,],V n.

Proof: Let R be ring of integer modulo n and cl(Dy[Z,,] = m. Let {uy, ug, us, - - , Uy, }
be maximal clique. Assume that there exists a vertex u;, ¢ 7 m with i-color dif-
ferent from other color. Then the set {u;, ug, us, - - - u,, } U {u; } becomes maximal
clique. Which is contradiction. Hence cl(Dy[Z,,] = x(Do[Z,], ¥ n.

Theorem 6.3. If R is ring of integer modulo n then following results are equivalent.
(i) Do[Z,) is perfect.

(ii) Dy[Z,] does not contain Ky as a subgraph.

(iii) n < 15,n # 14.

Proof: (i) = (i) Let Dy[Z,] is perfect and assume that Dy[Z,,] have K as
a subgraph with vertices uq, ug, us, uq, s Then uy ~ us ~ usz ~ uyg ~ us 1s an
induced 5-cycle in Dy[Z,,], is a contradiction to perfectness. Hence Dy[Z,,] does not
contain K.
(17) = (i1i) If Dy[Z,] does not contain K5. Then by definition 2.1, It is easy to
show that n < 15, n # 14.
(i) = (iu7) follows from Dy[Z,,] has an induced cycle if and only if n > 15, n # 14.
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Corolary 6.1. Ifn # 15,n > 14 then cl(Dy[Z,] is weakly perfect graph.

Proof: The proof is followed by theorem 6.5.

7 Vertex and Edge Connectivity in D|Z,]:

In this section, vertex and edge connectivity in D[Z,,] are calculated.

Theorem 7.1. If R is ring of integer modulo n then a vertex connectivity of zero
divisor graph k(D[ Z,]) = p*~! — 2.

Proof: Since the vertex set of D[R] = Z*(R), set of non-zero zero divisor.
If n = p” then p,p?, p3, - - - p* are proper divisors of n. Therefore V = UA, =
Ay UApUAsU---UAj and |V] = p"~! — 1. As the graph corresponding
to these vertices is complete of size p*~! — 1. deletion of one or two vertices does
not give a disconnected graph. If we delete p*~! — 2 vertices then only one vertex
remains and it results to disconnected graph. Thus minimum number of vertices

required to obtain disconnected graph are p*~! — 2. Hence x(D[Z,]) = p*~! — 2.

Theorem 7.2. IfR is ring of integer modulon andn = pi1ps -+ pm,p1 < p2 < ... <
P then vertex connectivity k(D[ Z,]) = pip2 - Pm—-1) — ¢(P1D2 - Dm—1)) — 1

Proof: Let for the divisor dy, ds, ds, - - - , dj, of n,vertex set V, V = UA,,. Here
notice that |A,, | < |A,|, Vi = 1,2,...,(m — 1). As by theorem 3.4, vertices
of set A, are adjacent to each other vertex of A, and all vertices of set Ay,
where gcd(d;, pm) = pm. So deletion of vertices of Ay, leaves vertices of A, iso-
lated. Thus graph is disconnected when we remove minimal set Ay, , ged(d;, py,) =
Dm, dj 7# pm. Therefore vertex connectivity of the graph,

K(D[Zn]) = Z |Adj’790d(dj,pm) = Dm, dj 7§ DPm
J
= |Apipu| + [Apopi + -+ [Apr_ipin| + [Apipop | + -+

+ |Ap1p2"’pm—2p'm|
= P12 Pim—1) — P(P1P2 - Pm-1)) — 1

Corolary 7.1. If n = p1ps, then vertex connectivity of Dy[Z,] is zero.

Proof: Since for n = pps, Dy[Z,] is disconnected graph. Hence vertex con-
nectivity is 0.

k(Do[Zy]) = Z |Ag; |, ged(d;, p2) = pa2, dj # p2

J
= P1—¢(p1)_1:0

Corolary 7.2. If n = p1paps, then vertex connectivity of Dy|Z,] is p1 + pa — 2.

Proof: Let n = pypops, then from theorem 7.2,

K(Do[Z,]) = D |Aqgl ged(d;, ps) = ps, d; # ps

J
’AP1P3| + |Ap2p3| = (p2 - 1) + (pl - 1) =p1+p2— 2

216



The modified divisor graph of finite commutative ring

Theorem 7.3. If n = plflp'§2 coeplmop < py < ... < py, then vertex connectivity
K(DO[Zn]) = Zj ‘de ‘7 ng(dj7pm) = Pm, dj 7£ Pm

Proof: If n = p’flpé€2 coepkmipl < py < ... < p,, then vertex set V can
be divide such that , V' = UTy,,d; | n. Here also we found that pi* § pfj ] =
2,3,4,--- ,mbut T, « T, since P p’flpj],w = 2,3,4,--- ,m and p~
pkm=lp, i =1,2,3--- (m — 1). Therefore each vertex of T}, is adjacent to other
vertices of A, and some vertices are adjacent with Tj,, where ged(d;, pim) = pim.
As the vertex connectivity is minimum number of vertices whose removal discon-
nected the graph are ), Ty, gcd(d;, pm) = pm, d;j # pm. Hence,

H(DO[ZnD = Z ’de’, ng(dj7pm) = pm7dj % pfn? S = 1’ 2’ 37 . km
J
Torom| + 1 Toapm| + -+ | Tpmciom| + | Tpipopm| + -+

+ ‘Tp1p2“'pm—2pm |
since Tplflpi“n’” C Tpipms Tp‘flp’;%’m C Ty, psp,, and so on.

Corolary 7.3. If n = p’flp’;Q,pl < py then k(Dy|Z,]) = p’f1_1p§2_1 1

Proof: Let n = p’flp?, p1 < p2, from theorem 7.4,

K(Do[Z,]) = D |Tu)l, ged(p2, d;) = pa,d; # Py s = 1,2, ko

J

= |Tp1p2| = pllﬂilpgrl -1
Corolary 7.4. Ifn = p’f1p§2p’§3,p1 < p2 < p3, then k(Dy[Z,]) = p’fl_lp§2_1p§3_1(p1+

P2 — 1)

Proof: Letn = p’fl p’§2p’§3, p1 < p2 < p3, from theorem 7.4,
K(DO[ZH]) = Z |de‘7ng(p37 dj) = Ps3, d] # p§7 s = 17 27 37 e k?)

J
= |TP1P3| + |TP2P3| = plfl_lp?_lpl?fg_l(pl ‘|’p2 - 1)

Theorem 7.4. If s = plflplg2 coephmop < py < oo < ppoand t = pips -+ Py, then
vertex connectivity of the graph,

(Dol Zs)) = py* P52 - Pl T R(Do[Z]) — 1.t # pape
Proof: Theorem 6.2 and 6.3 follows the proof.

Theorem 7.5. If n = p* then edge connectivity k.(Dy[Z,]) = p*~1 — 2.

Proof: Let R be ring of integer modulo n and n = pF. As the vertex set

V = Z*[R], and |V| = p*~1 — 1. Since every vertex incident to p*~! — 2 edges. So
deletion of this p*~! — 2 with respect to fixed vertex u, the graph becomes discon-
nected and vertex u becomes isolated. Hence k. (Dg[Z,x]) = p*~' — 2.

Theorem 7.6. If n = pips- P, p1 < p2 < --- < pm then edge connectivity
tie(Do[Zn]) = p1p2 - “D(m-1) — L.
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Proof: We have the partition of the vertex set, V' = UA,,,d; | n. Clearly the
prime p,, is largest, then the size of set A, will be less. So degree of vertices of
set A, is less than the degree of vertices of other set A4,,,i = 1,2,3,---(m — 1).
Therefore removal of vertex of set A, = gives disconnected graph. Since by theorem
3.4, each vertex of A, is adjacent with each other and adjacent to vertices of set
Ayg;, where ged(dj, pr) = pm. If we remove all edges incident to the fixed vertex
u € A, then u becomes isolated. Thus edge connectivity,

/fe(DO [ZRD = d(u>
- (Z |Ag, |, ged(dy, pm) = pm) — 1

J
= ’Apm‘ -1+ ‘Aplpm| + ’Apzpm| T+t ’Apm—mml + ‘APIPQPm‘
+ e + e + |Ap1p2"'pm72p7n

= Pip2 Pm-1) — 1

Corolary 7.5. If n = p1ps, then edge connectivity of Dy|Z,,] is zero.
Proof: The proof follows from theorem 7.6.

Corolary 7.6. If n = pipops, then edge connectivity of Dy[Z,] is k.(Dy[Z,]) =
pip2 — L

Proof: Let n = p;paps, then from theorem 7.6, k.(Dy[Z,]) = d(p3) = |Ap,| —
L+ ‘A;Dlps’ + ’Apzps‘ =pip2 — 1

Theorem 7.7. If n = py'py’ -+ Pt pr < p2 < -+~ < P then edge connectivity
KC(DO[ZnD - ¢(p’f1p§2 e 'prr(bm_l)) X [p’:nm — 1] —}-plflpé@ .. 'prr(zm_l) —9

Proof: Let n = pl'ph...pkm p < py < .-+ < p,,. we should note that

phm y phiphe o pkm—1and phph2 ... pkm Clearly the degree of vertex of T o is

smaller than degree of all vertices of other set. Since pf,{” € V, So removal of
all edges incident to vertex p ~ makes graph disconnected. Therefore minimum
number of edges whose removal disconnected the graph are ,

ke(DolZ,]) = d(py)

= o(py'ph?---p v

K(m— Kk
") < [Pl — 1] 4 P Y = 2

Corolary 7.7. If n. = p¥' ph?, then edge connectivity r.(Dy[Z,]) = ¢p(pt") x [ph2 —
1+ pit —2

Proof: Let n = p¥' p52, then from theorem 7.13,
ke(DolZy]) = o(p*) x [p5* — 1] +p)* — 2
k1, ko

Corolary 7.8. If n = pi' pb2phs, then edge connectivity k.(Dy[Z,]) = o(p§'ph?) x
5 — 1]+ pi'py? — 2

Proof: Let n = plfl pé“? pl§3, then from theorem 7.13,

ke(Do[Z,]) = d(p5?)
= o('ph?) x [p§ — 1] + pi'ph? — 2
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Following table shows vertex connectivity, edge connectivity of Dy[Z,] for

some values n.

n £(Do[Z,])  ke(Do[Zn])
n =29 = 32768 16382 16382
n = 30 = 59049 19681 19681
n=11x13 0 0
n=5x7x11 10 33
n=2*x 53 199 206

Table 1: vertex and edge connectivity of (Dy[Z,,])

Discussion and Conclusion

In this research article, The structure of modified divisor graph D[R] of ring R
is introduced and discussed. Moreover, various interplay between Z,, and Dg[Z,,]
were discussed. In this article, we characterized the value of n, for which the graph
Dy[Z,] is perfect, Eulerian, Hamiltonian, planar, regular, complete and connected.
Apart from this, we determine diameter, girth, clique number,vertex connectivity
and edge connectivity of the Dy[Z,,| for all natural values of n.
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Non-linear difference polynomials sharing a
polynomial with finite weight
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Abstract

The uniqueness theory of meromorphic function mainly studies the
conditions under which there exists only one function satisfying these
conditions. The uniqueness theory of entire and meromorphic func-
tions has grown up as an extensive sub-field of value distribution the-
ory and the Nevanlinna’s Five value and Four value theorems serves
as the starting point of this uniqueness theory. In this paper, we con-
sider a linear difference polynomial £, (f) = f(z 4+ n) + nof(2), of the
finite ordered non-constant meromorphic function §, with 7 and 7,
being finite non-zero complex constants, and with the help of Nevan-
linna theory, we analyse the uniqueness results between two finite
ordered non-constant meromorphic functions f and g, when their non-
linear difference polynomials §*(2) £, (f) and g"(2)L,(g), withn > 2
being a positive integer shares a non-zero polynomial p(z) with finite
weights 0,1 and 2. Our results extend and improve some of the earlier
results of Majumder (Applied Mathematics E-Notes, (17): 114-123,
2017).
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1 Introduction

The Nevanlinna theory, is one of the several branches of complex analysis
which has seen many fine works. It plays a key role in studying oscillation of
complex differential equations. This theory mainly deals with studying the dis-
tribution of the zeros of the equation f(z) = f in a disc |z| < r, where f is an
entire or meromorphic function in the complex plane C, z € C and § € CU{o0c}.
One can look into (Hayman [8], Yi and Yang [21], Yang [23]) for the standard
definitions and notations of the theory.

Let 7 = {f(z)/f(z) : C — Cis a non-constant meromorphic function}. For
f,g e T,p € CU{cc}and s € ZTU{oo}, theset E(5,f) = {z : f(z2)—5 = 0} de-
notes all those S-points of f, where each 3-point of § with multiplicity s is counted
s times in the set and the set E(3,f) = {z : f(z) — 8 = 0}, denotes all those -
points of f, where the multiplicities are ignored. If f(z) — S and g(z) — § assumes
the same zeros with the same multiplicities, then we say that f(z) and g(z) share
the value 5 CM (counting multiplicity) and we have E (3, f) = E(, g); Suppose,
if f(z) — B and g(z) — [ assumes the same zeros ignoring the multiplicities, then
we say that f(z) and g(z) share the value § IM (ignoring multiplicity) and we will
have E(8,f) = E(B, g). If% and % share 0 CM, then f and g share oo CM.

In general, for a meromorphic function f(z), the quantity m(r, f) denotes the
proximity function of f(z), while N(r,f) denotes the counting function of poles
of f(z) whose multiplicities are taken into account (respectively N (r,f) denotes
the reduced counting function when multiplicities are ignored). The quantity
N(r, B;f) denotes the counting function of 3 points of f(z) whose multiplicities
are taken into account (respectively N (r, 3;§) denotes the reduced counting func-
tion when multiplicities are ignored). The notation N (r, ;§ |= 1) denotes the
counting function of simple S-points of f and the notation N(r,5;f |> 2) de-
notes the counting function of those [-points of § whose multiplicities are atleast
2 (respectively, N(r, 3;f |= 1) and N(r, 3;f |> 2) denotes the reduced counting
functions).

Suppose f and g share 1 IM and z; is a zero of f(z) — 1 of order s and also a
zero of g(z) — 1 of order ¢, then N (r, 1;f) counts those 1-points of §(z) and g(=)

where s > t, Ng(r, 1;f) counts those 1-points of f(z) and g(z) where s =t = 1,
WS(T, 1;f) counts those 1-points of f(2) and g(z) where s = t > 2, Nj»(r, 1; )
counts those 1-points of f(z) and g(z) where s > ¢ = 2. It is to be noted that each
point in these counting functions are counted only once. Similarly N (r, 1;g),
Ng('r, 1;9), Ng=a(r, 1; f) are defined.

The Nevanlinna characteristic function of a meromorphic function § plays a
very important role in the value distribution theory and it is denoted by 7'(r, §).

We have T'(r,f) = m(r,f) + N(r,f), which clearly shows that T'(r,f) is non-
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negative. A meromorphic function «(z) is called a small function with respect
to f(z), if T'(r,«) = S(r,f), where S(r,f) denotes any quantity, which satisfies
S(r,§) = o(T(r,f)) asr — +oco possibly outside a set I with finite linear measure
lim [ % <o

"7 (N1

2 Definitions and Theorems

Let us recall the following standard definitions of Nevanlinna theory.
Definition 2.1. [8] The order p(f) of a meromorphic function §(z) is defined as,

plf) = T BT 0]

r—oo  logr

Definition 2.2. [11] Let k be a non-negative integer or infinity. For a € CU {00},
we denote by Ey(a,f) the set of all a-points of f, where an a-point of multiplicity
m is counted m times if m < k and k + 1 times if m > k. If Ey(a,f) = Ex(a, g),
then we say that | and g share the value a with the weight k.

The definition implies that if § and g share a value a with the weight £, then
2o is a zero of § — a with multiplicity m(< k) if and only if 2, is a zero of g — a
with multiplicity m(< k) and z is a zero of f — a with multiplicity m (> k) if and
only if 2 is a zero of g — a with multiplicity n(> k), where m is not necessarily
equal to n. We write f, g share (a, k) to mean that, f, g share the value a with the
weight k. Clearly, if f, g share (a, k), then §, g share (a, p) for any integer p, such
that, 0 < p < k. Also we note that, f, g share a value a IM or CM if and only if f,
g share (a,0) or (a, c0) respectively.

Definition 2.3. [11] Let § and g share the value a IM.We denote by N (r, a;f, g)
the reduced counting function of those a-points of | whose multiplicities differ
from the multiplicities of the corresponding a-points of g.

Clearly, N*<T» a; fa g) = N* (7”, a; g, f) andw*(n a; f: g) = NL(n a; f)+NL (Tv a; g)

Around 2006, with the development of the difference analogue of Logarith-
mic Derivative Lemma [6], Halburd and Korhonen laid the foundation for the dif-
ference analogue of Nevanlinna theory and developed the Nevanlinna theory for
the difference operator [5] wherein they extended the classical Nevanlinna theory
based on certain estimates involving the derivative f — § of a meromorphic func-
tion to a theory for the exact difference f — Af = §(z+c)—f(z). Their results gave
the difference analogue of the second main theorem of Nevanlinna theory, as well
as the difference analogues of the Nevanlinna defect relation, Picards theorem and
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Nevanlinna’s five value theorem. In 2008, Chiang and Feng [4] investigated the
growth of Nevanlinna characteristic of f(z + ¢) for a fixed ¢ € C and obtained
a precise asymptotic relation between 7'(r,f(z + ¢)) and T'(r, f), which is only
true for finite ordered meromorphic functions. They also obtained the proximity
function and pointwise estimates of f(z + ¢)/f(z) which were discrete versions
of the classical logarithmic derivative estimates of f(z). Then they applied those
results to give new growth estimates of meromorphic solutions to higher order
linear difference equations. Since then many mathematicians showed keen in-
terest on value distribution and uniqueness problems of meromorphic functions,
their shifts, difference equations and difference operators. Some fine works can be
seen in ([3], [7], [9], [10], [13], [14], [15], [16], [18], [19], [20], [24]). One such
studies can be seen in Liu et al., [15], wherein they have studied the uniqueness
of the difference monomials and obtained the following results.

Theorem A. [15] Let T = {§(z) /§(z) : C — C is a finite ordered transcendental
meromorphic function}. Let f, g € T. Suppose n € C — {0} and n be any natural
number, such that n > 14, with {*(2)f(z +n) and g™ (z)g(z +n) share I CM, then
either §(2) = tg(2) or §(2)g(z) = t, where t"! = 1.

Theorem B. [15] Let T = {f(z2) /f(z) : C — C is a finite ordered transcendental
meromorphic function}. Letf, g € T. Suppose n € C — {0}, n be any natural
number, such that n. > 26, with {*(2)f(z + n) and g"(2)g(z + n) share 1 IM, then
either f(z) = tg(z2) or f(2)g(z) = t, where t"™! = 1.

Later, using the concept of weighted sharing introduced by Lahiri [11] (given
in Definition 2.2), in 2015 Liu et al., [16] improved Theorems A, B and obtained
the following results.

Theorem C. [16] Letn € C — {0} and T = {§(z) /f(z) : C — C is a finite
ordered transcendental meromorphic function}. Suppose n,k € N, such that
n > 14, k > 3 and if Ex(1,{"(2)f(z + n))=Ex(1,9"(2)g(z + 1)), then either
f(2) = t19(2) or §(2)g(2) = to, for some constants t, and t, satisfying t}t =1
and tit = 1.

Theorem D. [16] Let n € C — {0} and T = {f(2) /f(z) : C — C is a finite
ordered transcendental meromorphic function}. Suppose n € N, such that n >
16, and if Ex(1,f*(2)f(z + n))=Ex(1,g"(2)g(z + 1)), then either f(z) = t19(z)
or f(2)a(z) = to, for some constants t, and t, satisfying t"' = 1 and t3+" = 1.

Theorem E. [16] Let n € C — {0} and T = {f(z2) /f(z) : C — C is a finite
ordered transcendental meromorphic function}. Suppose n € N, such that n >
22, and if Ey(1,§"(2)f(z + n))=FE1(1,9"(2)g(z + 1)), then either f(z) = t19(2)
or f(2)a(z) = to, for some constants t| and t, satisfying t"' = 1 and t3+" = 1.
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Later, in 2017 Majumder [17] studied Theorems C, D and E for polynomial
sharing instead of sharing value 1 and obtained the following generalized results.

Theorem F. [17] Let n € C — {0} and T = {f(2) /f(z) : C — C is a finite
ordered transcendental meromorphic function}. Suppose n € N, such that n >
14, p(2)(# 0) be a polynomial such that deg(p) < (n — 1)/2 and if §*(2)f(z +
n) — p(z) and g"(2)g(z + n) — p(z), share (0, 2), then one of the following two
cases holds:

(1) §(z) = tg(z) for some constant t such that t"** = 1,

(2) f(2)g(z) = t, where p(z) reduces to a non-zero constant  and t is a constant
such that t"** = n?.

Theorem G. [17] Letn € C — {0} and T = {f(z) /f(z) : C — C is a finite
ordered transcendental meromorphic function}. Suppose n € N, such that n >
16, p(2)(# 0) be a polynomial such that deg(p) < (n — 1)/2 and if §*(2)f(z +
n) — p(z) and g"(2)g(z + n) — p(z), share (0, 1), then conclusion of Theorem F
holds.

Theorem H. [17] Let n € C — {0} and T = {f(z) /f(z) : C — C is a finite
order transcendental meromorphic function }. Suppose n € N, such that n > 26,
p(z)(# 0) be a polynomial such that deg(p) < (n—1)/2 and if {"(2)§(z+n)—p(2)
and g"(z)g(z + 1) — p(2), share (0,0), then conclusion of Theorem F holds.

In the light of above mentioned results, it becomes sense to pose the following
questions.

Question 1. Suppose L, (f) = f(z+n)+nof(z), is a linear difference polynomial of
the finite ordered non-constant meromorphic functions f, with 1 and 7 being finite
non-zero complex constants, then what can we say about the relation between two
finite ordered non-constant meromorphic functions f and g, if their non-linear
difference polynomials §*(z)L,(f) and g"(z)L,(g) share a non-zero polynomial
p(z), with n > 2 being a positive integer?

Question 2. Is it possible to reduce the lower bound of n any further in Theorems
F, G and H?

In this paper, we have attemped to answer the above posed questions successfully.

3 Main Results

Following are the main results of our paper.
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Theorem 3.1. Let T = {f(z) /f(z) : C — C is a finite ordered transcendental
meromorphic function}. Letn € C — {0} and n € N, such that n > 11. Sup-
pose {"L,(f) — p(z) and g"L,(g) — p(z) share (0,2), where p(z) be a non-zero
polynomial such that 2deg(p) < n — 2 then one of the following two cases holds:

(1) f = tg, for some constant t, such that t"** = 1,
(2) fg = d? where p(z) reduces to a non-zero constant d, such that

(i) when 1y = 0, then f and g takes the form § = eV and g = te™Y, where
U is a non-constant polynomial and t is a constant such that t"** = d2.

(ii) when ng # 0, then § and g takes the form f(z) = me* and g(z) =
noe”%, where a, 11, 1 are non-zero constants satisfying (nns)" 1 (e +
o) (e~ +10) = d°.

Theorem 3.2. Let T = {f(z) /f(2) : C — C is a finite ordered transcendental
meromorphic function}. Letn € C — {0} and n € N, such that n > 25/2.
Suppose {*L,(f) — p(z) and g"L,(g) — p(z) share (0,1), where p(z) be a non-
zero polynomial such that 2deg(p) < n— 2, then one of the conclusion of Theorem
3.1 holds.

Theorem 3.3. Let T = {f(z) /f(z) : C — C is a finite ordered transcendental
meromorphic function}. Letn € C — {0} and n € N, such that n > 14. Sup-
pose "L, (f) — p(z) and g"L,,(g) — p(2) share (0,0), where p(z) be a non-zero
polynomial such that 2deg(p) < n — 2, then one of the conclusion of Theorem 3.1
holds.

4 Remarks

If we take 79 = 0 then,

1. Theorem 3.1, reduces to Theorem F with n > 11,

2. Theorem 3.2, reduces to Theorem G with n > 25/2,

3. Theorem 3.3, reduces to Theorem H with n > 14.

Thus, Theorems 3.1, 3.2, 3.3 are improvements of Theorems F, G, H respectively.

Clearly, for a specific choice of the constant 7 = —1, we have £, (f) = A,f, and
we can obtain similar uniqueness results for the relationship between A, f and
g"Ayg, where A, f = f(z + 1) = f(2).
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5 Lemmas

In this section we provide all the necessary lemmas required to prove our

theorems.
Let us define,
1" 2 / " 2 /
g (32 (e 20 5.1)
5 §-1 & &-1
Lemma 5.1. [4] Letn € C—{0} be fixed and (z) be a non-constant finite ordered
meromorphic function. Then for each ¢ > 0, we have

n(n )+ (i) — 00 =80

Lemma 5.2. [22] Let f(z) be a non-constant meromorphic function and for i =
0,1,2,...,n, let a,(2) (# 0), ap_1(2),..., ap(2) be meromorphic functions satis-
fing T(r,a;(2)) = S(r,f). Then

T(r, anf" + onaf" '+ -+ oaf + ag) = nT'(r,§) + s(r, ).

Lemma 5.3. [9] Let n € C be fixed and (z) be a non-constant finite ordered
meromorphic function. Then

N(r,0;§(z + 1)) < )
N(r,00;f(z +n)) < N(r,o00;f
N(r,0;f(z 4+ 1)) < N(r,0;f(2)

f

N(r,00:f(z + 1)) < N(r,00;

Lemma 54. [4] Let n € C be fixed and | be a finite ordered transcendental
meromorphic function. Then

T(T‘, f(Z + 77)) = T(T‘, f) + S<T7 f)

Lemma 5.5. [23] Let | and g be any two non-constant meromorphic functions.
Then

N (r,oo;g)—]\f (r,oo;%) = N(r,00;§)+N(r,0;9)—N(r,00;9)—N(r,0;f).

Lemma 5.6. [/] Let § and g be any two non-constant meromorphic functions.
Suppose f, g share (1, 1), then

_ _ —(2 _ _
2NL(7”, 17f)+2NL(T7 1ug>+N(E<r7 17f)_Nf>2(T> 179) < N(T, 179)_N(r7 179)
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Lemma 5.7. [2] Let § and g be any two non-constant meromorphic functions.
Suppose f, g share (1, 1), then

— 1— 1— 1
Nf>2(r7 17 g) S §N(’I", 07 f) + §N(Ta o3 f) - §N0(T‘, 07 f/) + S(T’ f)’
where Ny(r,0;§) represents counting function of those zeros of § which are not

the zeros of f(f — 1).

Lemma 5.8. [2] Let § and g be any two non-constant meromorphic functions.
Suppose §, g share (1,0), then

(l) Nf>1(ra 1; g) S N(ﬁ 0; f) + N(ﬁ 00; f) - NO(T7 O; f/) + S(T’, f)a
(ii)  Ngsa(r,15f) < N(r, 0;9) + N(r, 00;g) = No(r, 0;¢') + S(r, 9)-
Lemma 5.9. [2] Let § and g be any two non-constant meromorphic functions.
Suppose f, g share (1,0), then
Ni(r,1;§) < N(r,0;§) + N(r, 005 f) + S(r, ).
Lemma 5.10. /2] Let § and g be any two non-constant meromorphic functions.
Suppose §, g share (1,0), then
—_ JR— JR— 2 JR— —_—
NL<T> 17 f) + 2NL(T7 17 g) + N(E(T7 17 f) - Nf>1(r7 1)9) - Ng>1(7’, 17 g)
< N(r,1;9) — N(r, 1;9).
Lemma 5.11. [12] If N(r,0;§®|f # 0) denotes the counting function of those

zeros of f¥)(z) which are not the zeros of §(z), where a zero of {*)(z) is counted
according to its multiplicity, then

N (r, 0:§®]f # 0) < kN(r, 00:§) + N(r, 0:f] < k) + kN (r,0:§ = k) + S(r, ).

Lemma 5.12. Let | be a finite ordered transcendental meromorphic function and
let § = §"L,(f), where n € N. Then

(n—=1)T(r,f) <T(r,8) + S(r,f).
Proof. From Lemmas 5.1, 5.2 and the First fundamental theorem, we obtain

(n+ 1T (r,f) =T(r,f") + S(r.f)

§T<r ((;)JrS(rf

+ S(r

)+s
7)o

(
<T(r,§)+2T(r,f) + S(r,f).
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Therefore, we have (n — 1)T'(r,f) < T'(r,§) + S(r, ). This completes the proof
of Lemma 5.12. O

Lemma 5.13. Let ) € C — {0}, n € N, such that n > 2. Let {, g be two finite or-

dered transcendental meromorphic functions. Let p(z) be a non-zero polynomial
such that 2deg(p) < n — 2. Then

(1) if deg(p(z)) > 1, then §" L, (F)g" Ly (g) # p*(2),
(2) if p(z) reduces to a non-zero constant d, then

(i) when 1y = 0, §, g takes the form, § = eV and g = te=Y, where U is a
non-constant polynomial and t is a constant, such that t"*! = d?, or

az

(ii) when 1y # 0, f, g takes the form, f = me* and g = n.e™**, where
a, N1, N2 and d are non-zero constants satisfying (n1m2)" (e +1no) (e 1+
770) = d2.

Proof. Suppose

"L, (f)g" Lo(a) = p2(2). (5.2)
Let h; = fg, then by (5.2), we have
n P(2)
h A 53
i) L,(F)Ly(9) ©-3)

We now consider the following three cases.
Case 1. Suppose h, is a transcendental meromorphic function, then by Lemmas
5.1,5.2 and 5.3, we get

nT(r,hy) =T (r,h}) + S(r, hy)

:T< (E )—i—Srhl
<N(7’O£() + N(r,0; L, (g)) + S(r, h1)

< 2[T(r,§) + T(r,9)] + S(r; ),
from h; = fg, which implies T'(r, hy) = T'(r,f) + T'(r, g), we get
n[T(r,§) +T(r,9)] <2[T(r,§) + T(r,9)l + S(r, h),

which is a contradiction.
Case 2. Suppose h; is a rational function. Let

ha

hy = -2 54
1 h37 ( )
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where hy, hs are two non-zero relatively prime polynomials. By (5.4), we have
T(r,h;) = max {deg(hg), deg(hg)} logr + O(1). (5.5)
Now by (5.3)-(5.5), we have
n max {deg(hg), deg(hg)} logr =T(r,h}) + O(1)
< 2[T(r,§) + T(r,9)] + 2T (r,p) + O(1)

< 2max {deg(hg), deg(h3)} logr 4+ 27T'(r,p) + O(1).
(5.6)

We see that max {deg(hg), deg(hg)} >1

Now by (5.6), we deduce that (n — 2) < 2deg(p(z)), which contradicts our as-
sumption that 2deg(p(z)) < n — 2. Hence h; must be a non-zero constant. Let

hy=teC—{0}. (5.7)

Now, when deg(p) > 1, by (5.3) and (5.7), we arrive at a contradiction. In this
case we have

F"Ly(F)g" Lo(9) Z p°(2).
Case 3. suppose p(z) is not a constant then, from (5.2), we have
F'Ly(fg"La(g) = p(2). (5.8)

From (5.8) and the fact that § and g are meromorphic functions, one can immedi-
ately say that both f and g have either no or atmost finitely many zeros. So, we
may write

f(z) = p1(2)e?"®  and  g(2) = pa(2)e?, (5.9)

where pq, pa, @1, Q2 are polynomials and ()1, ()5 are non-constants. Substituting
(5.9) in (5.8), we obtain

)n n(Q1(2)+Q2(z ) Q1(z+n)+Q2(z+n)

Hpu(z +n)pa(z +n)e
+ 773291( )pa2(2)e Qu(2)+Q2(2) 4 nop1(2)p2(2z + n)te(’z)*Q?(”")
+ nop1(z + 77)p2(2)6Q1(Z+”)+Q2(Z)] =p*(z). (5.10)

Keeping in view of (5.9), we must have

(p1p2

n(Q1(2) + Qa(2)) + Q1(2 +n) + Q2(z + 1) = Ay, (5.11)
n(Q1(z) + Qa(2)) + Q1(2) + Qa2(z + 1) = Ay, (5.12)
n(Q1(2) + Q2(2)) + Qi(z +n) + Qa2(2) = As, (5.13)

(n+1)(Q1(2) + Q2(2)) = Ay, (5.14)
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where A, Ay, A3, A4 are constants. Let Q1(z) + Q2(2) = W(z). Then (5.11) can
be written as
nWi(z)+W(z+4n) = Ay, (5.15)

for all z € C. Therefore, from (5.15), we must have W = B, where B is a
constant, and therefore,we have

Q2 =B —Qr, (5.16)
keeping in view of (5.16), we can write (5.9) as
f(z) = pi(2)e®®  and  g(2) = pa(2)ePe ) (5.17)
Now, (5.10) can be written as

(p1p2)"[p1 (2 + n)p2(2 + n)e™ + nop1(z + n)pa(z)e™
+ mop1(2)p2(2 + n)e®® + pipL(2)p2(2)e™] = p*(2). (5.18)

If p1p, is not a constant, then the degree of the left side of (5.18) is atleast n + 1.
But the condition 2deg(p) < n — 2 implies that the degree of the right side of
(5.18) is less than n — 2, which is a contradiction. Thus p;p,; and p reduce to
non-zero constants.

Since py, py are both polynomials and their product is constant, each of them must
be constant. Therefore, (5.17) can be written as

fz)=eV and  g(z) =ePe Y, (5.19)

where U is a non-constant polynomial. Using the above forms of §, g and keeping
in mind that p is a constant, say d, (5.8) reduces to

e(nt+1)B (6[U(z+n)—U(z)] + 770) (e—[U(z+n)—U(z)l + 770) = {2 (5.20)

Subcase 3.1. If 5, = 0, (5.20) reduces to e™t)B = ¢2. Set e® = t. Then
(5.19) can be written as f(z) = eV, g(z) = te”Y, where p(z) reduces to a non-
zero constant d and ¢ is a constant, such that t"*! = d?, and U is a non-constant
polynomial.

Subcase 3.2. If 1, # 0, then from (5.20), one can say that elVGtM-UE] 4 gy
has no zeros. Then ¢(z) = ellEFM=UG] £ (0 —0o, 00. By Picard’s theorem,
¢ is constant and so deg(U(z)) = 1. Therefore, from (5.19), one may obtain
f(z) = me® and g(z) = mae**, where a,n;, 7, are non-zero constants. Using
these in (5.8), we obtain (17;72)" ™ (€ + o) (e~ + 1) = d>.

This completes the proof of Lemma 5.13. [
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Lemma 5.14. Let |, g be two finite ordered transcendental meromorphic func-

tions. Letn € N, such thatn > 9. Let § = T and ® = T(g) where

p(2) is a non-zero polynomial. If H = 0 (H as defined in (5.1)), then either

(i) " (2)Ly(F)g"(2) £y (9) = p*(2), where §7(2)Ly(F) — p(=) and g"(2) L, (g) —
p(z) share 0 CM; or

(ii) § = tg, for a constant t with t"*! = 1.
Proof. Let H be as defined in (5.1). Since H = 0, by integration, we get

1 B&+A-B
F—1 1) ’

(5.21)

where A # 0, B are constants. From (5.21) it is clear that § and & share (1, c0).
We now consider the following cases.

Cased. Let B # O0and A # B.

If B = —1, then from (5.21), we have

—A

S=e A1

Therefore, N(r,A+1;8) = N(r,§) <N (r, 1—13> <T(r,p) = S(r,g).
So in view of Lemma 5.12 and the Second fundamental theorem, we get

(n—1)T(r,g) <T(r,g"Ly(g)) +S(r,9)
T(r, &)+ S(r,9)
N(r,00;®) + N(r,0;8) + N(r,(A+1);8) + S(r, g)

<
<
<
<2T(r,g) +3T(r,9) + S(r.9),

which is a contradiction, since n > 0.
If B # 1, from (5.21), we obtain that

1 —A
3‘(“5)232%%)'

N (T, B;A;QS) =S5(r,g).

Using Lemma 5.12 and the same argument as used in the case when B = —1, we
can get a contradiction.

This implies that
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Case 5. Let B# 0and A = B.
If B = —1, then from (5.21), we have

ie.,

"Ly (f)g"Ly(g) = P*(2),
where "L, (f) — p(z) and g" L, (g) — p(2) share 0 CM.
If B # —1, then from (5.21), we have

1 B&
§ (1+B)6-1

Therefore,
— 1 _
N<T7H—Bv®> :N(T,O,g)‘i‘S(T,f)

So, in view of Lemmas 5.3, 5.12 and the Second fundamental theorem, we get

r,8"Ly(g)) + S(r, g)

(n—1DT(r,g) <T
<T(r,&)+S(r,g)

—

1+

r,00; "L,y (a)) + N(r,0; "Ly () + N(r,0; "L, (f))
S(r,f) + S(r,9)

< 2T(r,g) +3T(r,g) + 3T (r,f) + S(r,f) + S(r, g),

_ _ — 1
§N(T,oo;(’5)+N(r,0;Q5)+N(r,—B;(’5> + S(r, 9)

A
+ 2|

for r € I, we have
(n=9)T(r,g) < s(r,9),

which is a contradiction, since n > 9.
Case 6. Let B = 0. From (5.21), we obtain

G+A-1

§=—1

(5.22)
If A # 1,then from (5.22), we obtain
N(r,1—A;&) = N(r,0;F).

We can similarly deduce a contradiction as in Case 5. Therefore A = 1 and from
(5.22), we obtain

§(2) = 6(2),
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le.,

'Ly (f) = 6" Ln(9)- (5.23)
Let h = /g, and then substituting f = gh in (5.23), we deduce

n+1 f‘c (g)
" L,(fg’

If A is not a constant, then we have

(n+1)T(r,h) <T (r, I ) +T (r, ‘C”T@) + S(r,f) + S(r,g)
<N (r, E"m) + N (r, E"ég)) + S(r,f) + S(r,g)

<2[T(r,f) + T(r, @)l + S(r,§) + S(r, 9).

Combining the above inequality with T'(r,h) = T' <r, J;—) =T(r,f) +T(r,g) +

S(r,f) + S(r,g), we obtain (n — 1)[T(r,f) + T'(r,g)] < S(r,f) + S(r,g) which
is impossible. Therefore & is a constant, then substituting f = gh in to (5.23), we
have h"*! = 1. Therefore f = tg, where t is a constant with "+ = 1.

This completes the proof of Lemma 5.14. ]

6 Proof of Theorems

6.1 Proof of Theorem 2.1.

Proof. Let§ = PLy) and & = [é )( 9 Tt follows that $ and & share (1,2) except

the zeros of p(z )
Case 7. Let H # 0, from (5.1), we obtain

N(r,00; H) <N.(r,1;8,8) + N(r,0; F| > 2) + N(r,0; 8| > 2)

+ No(r,0;F) + No(r, 0; &), (6.1)
where Ng(r,0;§') is the reduced ounting function of those zeros of §’ which are
not the zeros of F(F — 1). No(r,0; &) is similarly defined.

Let z, be a simple zero of § — 1 such that p(zy) # 0. Then zj is a simple zero of

®» — 1 and a zero of H. So

NG 15| = 1) < N(r,0; H) < N(r,o00; H) + S0 ) + S(r.9). (62)
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From (6.1) and (6.2), we have

N(r, 1;8) < N(r,0;8| > 2)+ N(r,0;&| >2) + N,(r,1;F,&) + No(r,0; F)
+ N(r,1;8] > 2) + No(r,0;&") + S(r, ) + S(r, 9). (6.3)

Using Lemma 5.11, we get

No(r,0; &) + N(r, 1;F| > 2) + N.(r,1,5,8) < No(r,0;8") + N(r, 1; 5] > 2)
+ N(r,1;F| > 3)

N(r,0;&'|& £ 0)
N

<
< N(r,0;®) + S(r, g). (6.4)

Using (6.3), (6.4), Lemmas 5.1, 5.12, and the Second fundamental theorem, we
get

(n=DT(r,§) <T(r,§) + 5(r,f),

N(r,00;F) + N(r,0;F) + N(r,1;F) — No(r,0; ) + s(r, )
N(r,00;F) + Na(r,0;F) + Nao(r,0; &) + S(r, ) + S(r, g)
2N (r,§) + 2N (r,0;f) + N(r,0; L,,(§)) + N(r,0; L, (g))
+2N(r,0;9) + S(r,§) + S(r, g)

< 6T (r,f) +4T(r,g) + S(r,§) + S(r, g). (6.5)

<
<
<
<

Similarly, we obtain
(n—1)T(r,g) < 6T(r,g) +4T(r,§) + S(r,§) + S(r, 9). (6.6)
Combining (6.5) and (6.6), we have
(n —11) [T (r,§) + T(r, @)l < S(r,f) + 5(r, 9), (6.7)
which is a contradiction, since n > 11.

Case 8. Let H = 0. Then the proof follows from Lemmas 5.13 and 5.14.
This completes the proof of Theorem 3.1. [

6.2 Proof of Theorem 2.2.

Proof. Let §(z) = L ﬂ”(f and &(z) = ¢ E(”)(g) Then § and & share (1, 1) except

for the zeros of p(z). We now consider the following two cases.
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Case 9. Suppose H # 0.
Using Lemmas 5.12, 5.14, 5.6 and equations (6.1), (6.2), we get

N 133) < N 1§ = 1)+ No(r, §) + No(r, 1;8) + No(r, 1;3)
< N(r, 0,8 >2)+ N(r,0;6| >2) + N,(r,1;5,6) + N.(r, 1;F)

FNL(r1;8) + N2 (r, 1:5) + No(r,0,F) + No(r, 0; &)
+5(r.§) + 5(r,9)
< N(r0;3 >2)+ N(r,0;6] >2) + 2N (r,1;F) + 2N (r, 1;8)

+ N(5<T7 1; S) + NO(T7 07 S,) + N0<T7 Oa 6/) + S(T7 f) + S(T7 g)

< N(r,0;F| > 2) + N(r,0;6| > 2) + Nga(r, 1;6) + N(r, 1; &)
— N(r,1;8) + No(r,0;F) + No(r,0;8") + S(r,§) + S(r, 9)

< N(r0:3] > 2) + %N(T,O;E) +N(r,0: 8] > 2) + N(r,0:8'|6 £ 0)
+ No(r,0;§) + S(r,§) + S(r, 9)
N(r,1;8) < N(r,0;F)[ > 2) + %Wm 05 ) + Na(r,0;8) + No(r,0;F)
+ S(r,f) + S(r,9). (6.8)
Hence by using Second fundamental theorem, (6.8), Lemmas 5.1 and 5.12, we get
(n = 1)T(r,§) < T(r,§) + S(r.)
< N(r,00;F) + N(r,0;F) + N(r, 1;F) — No(r,0;F) + S(r, )
F(r,00:3) + %N(r, 0:F) + Na(r, 0 3) + No(r, 0: &)
+S(r.f) + S(r 9)
< 2N(r,f) + T(r )+ 2N (r,0;f) + N(r,0; L,(f))
+2N(r,0; g) + N(r,0: L,(g)) + S(r, §) + S(r, g)
< 2N(r§) + T( f) + 2T (r,f) + 2T (r,f) + 2T (r, g)
+ 27T (r, g) + S(r,f) 4+ S(r, g).
(n— DT(r,f) < 12—5T(r, ) +4T(r, g) + S(r,§) + S(r, g). 6.9)

IN

Similarly, we obtain

(n— 1)T(r,g) < %T(r, g) - AT(r.§) + S(r.f) + S(r, g). 6.10)
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Now, combining (6.9) and (6.10), we get

(n =D [T(r§)+T(rg)] < 22—3 [T(r, ) + T(r,9)] + S(r,§) + 5(r, 9)
25

<n _ 5) T(r.§) + T(r.g)] < S(r.]) + 5(r.g),

which is a contradiction, since n > 22—5

Case 10. Suppose H = 0.

Then the proof follows from Lemmas 5.13 and 5.14.

This completes the proof of Theorem 3.2. [

6.3 Proof of Theorem 2.3.

Proof. Let §(z) = L ﬁ”(’t and &(z) = ¢ [é”)(g) Then § and & share (1,0) except

for the zeros of p(z). We now consider the following two cases.
Case 11. Suppose H # 0.
In this case (6.2) changes to

ND(r,1;3) < N(r,0; H) < N(r,00; H) + S(r, 8) + S(r, &) (6.11)

Using (6.2), (6.11) and Lemmas 5.8, 5.9, 5.10, 5.11, we get

N 1;3) < NV 1;F) + No(r 15§) + No(r 1, 8) + No(r, 1;5)
N.(r,1;F,6) + N(r,0;F| >2) + N(r,0;6| >2) + N.(r,1;F)
+ No(r,1;8) + Ny (r, 1;§) + No(r,0;§) + No(r,0;8)
+S(r,f) + 5(r, 9)
N(T 0;F] >2)+ N(r,0; 8| >2)+2N(r,1;§) + 2N (r, 1; &)
+ NG (r,158) + No(r, 0;§) + No(r,0;6") + S(r,§) + S(r, g)
N(r, 0,8 >2)+ N(r,0;&| > 2) + N3=1(r, 1;8) + Ne1(r, 1; )
+NL(r1:3) 4+ N(r,1;6) — N(r,1;8) + No(r,0; F)
+ No(r,0; ") + S(r,§) + S(r, 9)
< No(r, 0:8) + N (r,0;F) + Na(r,0;8) + N(r,0; &'|8| £ 0)

+ No(r,0;F) + S(r,§) + S(r, 9)
N(r,1;8) < No(r,0;F) + N(r,0; ) + Na(r,0; &) + N(r,0; 8)

+ No(r,0; ) + S(r,§) + S(r, g). (6.12)

<
<

IN
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Hence by using the Second fundamental theorem and Lemmas 5.1, 5.12, we ob-
tain

(n—=1DT(r,§) <T(r,8) + S(r.§)
< N(r,00:8) + N(r,0;8) + N(r, 1;8) = No(r, 0;§) + S(r, )
< N(r,00;F) + 2Ny (r,0; ) + No(r,0; &) + N(r,0; &) + S(r,f)
+5(r,9)
< 2N (r,f) +4N(r,05) + 2N (r,0; L,(f)) + 2N (r, 0; 9)
+ N(r,0;9) + N(r,0; £, (g)) + N(r,0; L,(g)) + S(r, ) + S(r, g)
< 2N(r,§) +4T(r,§) + 4T (r,f) + 2T (r, g) + 2T (r, g)
+T(r,g) +27(r,g) + S(r.f) + S(r, g).
(n—=1T(r,f) <6T(r,f)+7T(r,g) + S(r,f) + S(r,g). (6.13)

Similarly, we obtain
(n—1)T(r,g) <6T(r,g) + 7T(r,f) + S(r,§) + S(r, g). (6.14)
Now, combining (6.13) and (6.14), we get
(n — 14) [T(r,§) + T(r,g)] < +S(r,f) + S(r, g), (6.15)

which is a contradiction, since n > 14.

Case 12. Suppose H = 0.

Then the proof follows from Lemmas 5.13 and 5.14.

This completes the proof of Theorem 3.3. [

7 Conclusions

Nevanlinna theory is an effective analytic technique with several applications
in a variety of mathematical fields because of its insights into the behaviour of
meromorphic functions, the distribution of values, and the characteristics of dif-
ferential equation solutions. Mathematicians can develop mathematical theory in
areas like communication networks, signal processing, the design of filters and
controllers for systems, as well as certain practical applications, by using Nevan-
linna’s theory to better comprehend complex functions and their behaviour.

In this article, with the help of the Nevanlinna theory, we have studied the
uniqueness results of two non-linear difference polynomials generated by two
finite ordered non-constant meromorphic functions when they share a non-zero
polynomial with finite weight and obtain some results which extend and improve
some of the earlier results of Majumder [17].
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Further, we would like to pose the following open questions.
Question 1. Can the linear difference polynomial £, (f) in Theorems 2.1-2.3 be

n—1

further generalized to a larger class of function A”'f, where A7f = >~ (—1)" (") f(z+

r=0
(n—7)n)?
Question 2. Is the condition for ‘n’, in Theorem 2.1, Theorem 2.2 and Theorem
2.3 sharp?
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1 Introduction

Gabhler (1) proposed the idea of 2-metric space, which is an extension of the fa-
mous concept of metric space (X,d). Various writers have demonstrated that there
is no relation between the two functions. For example, Ha et al. (2) demonstrate
that the 2-metric does not necessarily need to be continuous. Dhage (3) introduced
the concept of D-metric space, a new class of generalized metric space, in 1992.
Most of the assertions about the basic topological structure of D-metric space
were later proved inappropriate by Mustafa and Sims (4), Naidu et al. ((5; 6)).
Therefore, Mustafa and Sims (7) created a more suitable concept, known as G-
metric space. (7) Let A be a non-empty set and G : A x A x A — [0,00) be a
function satisfying:

G1) G(C,m,9) = 0if ¢ =y = 0;
G2) 0 < G(( ¢, n), forall (,n € Awith ¢ # n;

AA/—\/—\

G3) G(C,Con) < G(C,m, ), forall €, € Awith d # 1
G4) G((,n,Y) = G((,9,n) = G(n,9,() = - - - (symmetric in all three variables);
(G5) G(¢,n,9) < G(C, a,a)+G(a,n, V), forall {,n,v,a € A, (rectangle inequality).

The pair (A, G) is a G-metric space, and the function G is referred to as a gen-

eralized metric or a G-metric on A. Assume that the set of real numbers is A,
define G : A x Ax A—[0,00) as

G(Cﬂ]ﬂ?) - |C_7]|+’77_19|+|19_<|7 for all CaﬁvﬁEA'

G is therefore a G-metric on A.

(8;9; 10; 11; 12; 13; 15; 14; 16) has more results and more information in

G-metric spaces. As a generalisation of partial metric space (17) and G-metric
space, Zand and Nezhad (18) presented GG P-metric space in 2011. (18) Let A
be a non-empty set. Let G : A x A x A — [0,00) be a function such that the
following conditions hold:
(Gpl) C=n=7ifG((,n,J) =
(Gp2) G(C. ¢, Q) <G () <
(Gp3) G(¢,n,¥) = G((,0,m) =
(Gyd) G(Con, ) < G(Ca,a) +
Then, the function G is called a
metric space.

Later, in 2013, Parvaneh ez al. (19) discovered that (G,2) makes G P-metric
spaces symmetric. Because those G-metric spaces are nonsymmetric, G P-metric
spaces do not generalize them (see Example 1, (7)). Parvaneh et al. (19) redefined
G P-metric space in light of this by modifying the inequality (G,2) to read as
follows:

(Gp2') G(C,¢,¢) < GG ¢n) < G(¢n, D), forall ¢,n,9 € Awithn # 9.

G( ) 7C) G(Uﬂ?ﬂ?) = G(ﬁ,ﬁ,ﬁ),

G((,n, 1), forall (,n,9 € A,

G (77, ,¢) = -+ - (symmetric in all three variables);
(a,n,9) — G(a,a,a), forall (,n,9,a € A.

G
GP- memc on A, and the pair (A, G) is a GP-
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(18) Let A = [0, 00) and define amap G : A x A x A — [0, 00) by setting
G(¢,n,9) = max{(,n,9}, forall {,n,v € A.

Consequently, (A, G) is a G P-metric space but not a G-metric space since G(1,1,1) =
1 #0,i.e., (G1) does not hold.

Further details about GG P-metric spaces are provided in papers (20; 21; 22;
23; 24; 25; 26; 27; 28). By merging the ideas of GG-metric spaces and b-metric
spaces(30), Aghajani et al. introduced the notion of GG,-metric spaces in (29) as
follows: (29) Let s > 1 be a real number and let A be a non-empty set. Let
G:AxAxA— [0,00) be afunction such that:

(Gpl) G(¢m,0) = 0if ( =n=1;

(Gy2) 0 < G((,¢,m), forall (,n € A with ¢ # n;

(Gy3) G((,¢,n) <G(¢,n,0), forall (,n,v € A with ¥ # n;

(Gpd) G((,n,Y) = G((,Y,n) = G(n,9,() = --- (symmetric in all three variables);
(Gy5) G(C,n,9) < s[G((,a,a) + G(a,n, V)], forall {,n,v,a € A.

Then, on A, the function G is referred to as a Gy-metric or a generalized b-metric,
and the pair (A, G) is a Gy-metric space or a generalized b-metric space. A G-
metric space is a Gp-metric space with s = 1, but the opposite is not true in gen-
eral. (29) Let A = R represent the set of real numbers. Define G : A x Ax A —
[0, 00) as follows:

1
G(Cvnaﬁ) = §(’C - 77| + ‘77 - 19’ + ’19 - C‘)Qv for all Caﬂ?ﬁ c A

Hence, on A, GG is a G,-metric but not a G-metric. Numerous researchers demon-
strated different findings in GG,-metric spaces; refer to (31; 32; 33; 34; 35; 36; 37,
38; 39; 40; 41; 42). In (29), the authors proposed the idea of G-metric space.
The term Gj-metric space was also used by Jain and Kaur in (43), although it
referred to a different abstract space. Jain et al. (44) renamed this abstract space
as ‘generalized GG,-metric space’, and its definition is as follows: (44) Let A be a
non-empty set and s > 1 be a real number. Let G : A x A x A — [0,00) be a
function satisfying:

(9Gl) G(C,n,0) =0if ( =n=1);

(9Gy2) 0 < G((, ¢, n), forall (,n e Awith ¢ # n;

(9G3) G(¢,¢,n) < sG((,n,0), forall (,n,v € A with ¥ # n;

(9Gvd) G(C,n,9) = G((,9,n) = G(n,9,() = - - - (symmetric in all three variables);
(9Gwd) G(¢,1n,0) < s[G((,a,a) + G(a,n,d)], forall {,n,9,a € A.

The pair (A, G) is a generalized Gy-metric space, and the function G is referred
to as a generalized Gy-metric on A. The following example shows that while it is
evident that every GG,-metric space is a generalized GGp-metric space, the converse
is not true: (44) For every (,n,v € R, define amapping G : R x Rx R — R,
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as follows:

In that case, (R, G) is not a G,-metric space, but it is a generalized G,-metric
space with s = 2. To calculate G((,n,9) = |1 =3+ |3 =2 +|2— 1> =6
and G(¢,n,n) = 2|1 —3|> =8, let ( = 1, n = 3, and ¥ = 2. Cosequently,
G(¢mym) £ G(¢,n, V), thatis, (G3), is not true.

After that, Jain et al. (44) introduced G*-metric space to generalize G P-metric
space and generalized GG,-metric space. (44) Let G : A x A x A — [0,00] be
a mapping, where 4 is a non-empty set. If there is an o > 0 such that for every
¢,n, ¥ € A, the following conditions hold, then we say that G is a G*-metric on
A:
(Ggl) G((,n,v) =0 implies ( =n =1

(Gg2) G(¢,m,Y) =G(¢,9,n) =G(n,0,() = - - (symmetric in its variables);
(Gg3) if {Cn} € Cu(G, (), thenG((,n,0) < « (hmsup G(Cn 1, 0) + G(QQC)) ,

where CA(G,C) = {{Cn} C A‘ n,}rizr—{looG(Cm CrmC) - G(C?C?C) < OO} :

The pair (A, G) in this instance is referred to as a G*-metric space with constant
.

(44) Assume that A = BU {0}, where B = {1 |[n € N} . Let G : A x A x
A — [0, 0o] be a mapping defined so that G satisfies (Gg2) and

(+n+17, if atleast one of (,n, v is 0; or
G(¢,n,9) = ifC:%,n:nim,ﬁ:n%rl, where n,m, [ > b;
5, otherwise.

Consequently, (A, ) is a G*-metric space with constant «. However, G(0.5,0.5,0.5) =
5 # 0, (A, G) is not a generalized G,-metric space. Also, (A, G) is not a GP-
metric space as for { = % and n = %, G ¢ =5¢% % = G((, ¢, n), that s,
(G,2') is not true.

Meanwhile, in 2018, Jleli and Samet (45) established an exciting generaliza-
tion of metric space as follows.
Let F be the set of functions f : (0, 00) — R satisfying the following conditions:
(F1) fis non-decreasing, i.e., 0 < s <t implies f(s) < f(¢).
(F2) For every sequence {t,} in (0,00), we have

li_}rn t, = 0 if and only if h_}m f(t,) = —oo.

(45) Let A be a non-empty set and let D : A x A — [0, 00) be a given map-
ping. Suppose that there exists (f, «) € F x [0, c0) such that
(D1) (¢,n) e Ax A, D(¢,n) =0 if and only if { = .
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(D2) D(¢,n) = D(n, ), forall ((,n) € Ax A
(D3) For every (¢,n) € AxA, foreveryn € N, n > 2, and for every {uy, us, -+ ,u,} C
A with (uq,u,) = (¢,n), we have

n—1
D(¢,n) > 0 implies f(D(C,n)) < f (Z D(ui,qu)) +a.
=1

Then, the function D is said to be an F-metric on A, and the pair (A, D) is said
to be an F-metric space.

We refer to (46; 48; 49; 47; 50) for more details on JF-metric spaces. Now,
motivated to the work done in (45), we define a new generalization of GG-metric
space as in the following section.

2 (G r-Metric Space

Let A be a non-empty set. Let G : A x A x A — [0, 00) be a mapping. Let
there exists (f, a) € F x [0, 00) such that
(Gr1) G(¢,n,9) =0 ifand only if ( =7 =4.
(GF2) [(G(C.Cn) < f(G(Cn, V) +«, forall ;0,9 € A with J #n,( #
n.
(Gx3) G((,n, V) = G((,Y,n) = G(n,9,() = -- - (symmetric in all three variables).
(G#4) For every ((,n,9) € AxAxA, foreveryn € N, n > 3, and every {a,as, - ,a,_1}
C A witha; =,

n—2
G(Ca 7, 19) >0 lmphes f (G(Ca , 19)) S f (Z G<ai7 Qjt1, ai+1) + G(aﬂfla , 19)) +
=1
(6%

Then, the function G is called a G z-metric on A, and the pair (A, G) is said to be
a G z-metric space.

2.1 Examples

Every G-metric space is a G z-metric space. Let (A, G) be a G-metric space.
Then, G is a Gz metric on A, as (G#1) and (G£3) can be obtained from (G1),
(G2), (G3) and (G4). Also, with @ = 0 and f(t) = ', (Gx2) and (Gr4) are
satisfied using (G3) and (G5).

Now, we construct an example of a GG z-metric space which is a Gj-metric
space as well, but not a G-metric space. Let A = {a,b, c} and define G : A x
A x A — [0,00) as follows:

G(a,a,a) = G(b,b,b) = G(c,c,c) =0, G(a,a,b) = G(a,b,b) =1, G(a,a,c) =
G(a,c,c) = 1.2, G(b,b,c) = G(b,c,c) = 1.3, G(a,b,c) = 3.3, and assume
that (G£3) holds. Then G is a Gz-metric on A with f(t) = In(¢), ¢ > 0, and
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a = In(1.5). Also, G is a G,-metric on A with s = 1.5, but G is not a G-metric
on Aas G(a,b,c) =3.3 £ 2.3 =0G(a,b,b) + G(b,b,c).

See another example of a GG z-metric space which is a generalized GGy-metric
space as well, but not a Gy-metric space. Let A = {1,2,3, -, I-2}U{l—2 |n €
N}, where [ be a fixed natural number such that [ > 5 and B = {1, 2, 3}. Consider
amapping G : A x A x A — [0, 00) defined by

=P =P+ = CA i (¢n,9) € Bx B x B,
G(Cﬂ?’ﬁ)_{ I —=n|+ |n—=29+ 19— (|, otherwise.

Then, (G£1) and (G £3) are satisfied for mapping G.

Let (¢,n,0) € AxAxAsuchthat G((,n,9) > 0andforn > 3, {ay,a2, -+ ,a,1} C
A with a) = C

LetP={i=1,2,3,--- ,n—2]a;,a;11 € BtandQ ={1,2,3,--- ,n—2}—P.
Case 1: If (¢, n,v) € Bx B x Banda,_; € B, we have

G(¢,n,9)
= [C=n+n—9+ 19—
< 2[C—nl+n—=V+ |9 ¢

< 2 (Z @i — aipa| + ) lai — ai+1|> +2|ap1 —n| + |n =9 + [ = ¢J?
ieP 1€Q
<2 <Z |ai — aipa|* + Z |a; — az’+1|> +2lan =1+ |n = I + 20 — ap |
ieP 1€Q
+ 2|an_1 — C|2
< 2 (2 Z |a; — @i ] +2 Z |a; — Gi+1‘> +2|an—1 —nl* +2[n = I* + 2|0 — ap|?
ieP 1€Q
+ 2]an—1 — ¢

< 10 ((2 Z |a;i — @i ] +2 Z |a; — @i+1\> + |an_y — 0>+ In — I + 9 — Gn1|2>

EP 1€Q

n—2
= 10 (Z G(a;, i1, aiqp1) + G(%l;ﬁﬁ)) :

i=1
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Case 2: If ((,n,¥) € Bx B x Band a,_; ¢ BB, we have
G(¢,n,9)
= [C—nl* +n =9+ 9 — ¢
< 2|¢ =l +2[n — I + 2|0 = ¢

< 2 (Z la; — aip1] + Z la; — ai+1|> + 2|an—1 — | +2[n — I+ 2|V — a1
i€P 1€Q

+ 2’61”,1 - C’

< 2 (2 Z la; — a1 |* + 22 la; — ai+1|> + 2|an—1 —n| + 2|n — V| + 2|9 — a1
ieP 1€Q

+ 2’@,1,1 - C’

S 21 ((22 |ai - CLi_H‘Q + 22 |CLZ' — CLZ'+1|> + |6Ln_1 - 77| + |7] - 19‘ + ‘19 — an_1|>
i€EP 1€Q

n—2
= 2l (Z G(ai, aiv1, air1) + G(an—1, 77779)> .

i=1

Case 3: If ((,n,v) ¢ B x B x B, then using Case 1 and Case 2, we have

n—2
S [ (Z G(aiuai—‘rl’ai-i-l) + G<an—1;77779)> .
i=1

Thus, combining all cases, we have
n—2

G(Ca 7, 19) >0 lmphes G(C? 7, 19) S 21 Z G<a’i7 Ait1, ai+1) + G(an*b 7, 19)

i=1
Therefore, by taking f(t) = In(t), t > 0, and o = In(2]), (G4) and (G 2) are
obtained. Hence, GG is a G z-metric on A. Also, GG is a generalized GG,-metric on
A with s = 2[. But G is not a Gy-metric on A as G(1,1,3) =8 £ 6 = G(1,2,3),
i.e., (G3) does not hold.

In the following example, we see the existence of a G z-metric and G*-metric
space, which is not a generalized G,-metric space. Let A = R and 8 = [0, 1] x
[0,1] x[0,1] —{(¢,(,¢) | ¢ €[0,1]}and G : A x A x A — [0, 00) be a mapping
defined by

0, if (=n=219,

2(¢=nl+In=2|+[9=C]) otherwise.
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Then, G satisfies (G 1) and (G £3) directly from the definition of G.
Let f(t) = _71 t > 0, and @ = 1. Then, for any ({,7n,9) € A x A x A such that

G(¢,n,9) > 0and forn > 3, {ay,as,- -+ ,a,-1} C A with a; = (, we consider
the following cases:
Case 1: If (¢,n,v) € *B, then

GCnd) = S(C—ul+In—d]+19 )
n—2

< Z G(ai, iy, ai+1) + G(an_1, 7, 19)

=1

which implies that

n—2
F(G(¢n D) < f(ZG(%@HMIM)+G(an—1a77ﬂ9))

=1

2
< f ( G(a;, i1, 1) + G(%—lﬂ?ﬁ)) +a.
=1

1

Case 2 : If (¢,n,9) & *B, then

n—2
f (G(<7 n, 19)) - f (Z G(aiv Qi+1, ai+1) + G(an—la n, 19)) -«
i=1
= ! + ! ~1
/20l —I+ 19— /J n

2
Z G(ai, ait1, aiv1) + Glap—1,1,9)
i=1
-1
v/ 2(¢=nl+n=9]+9—¢])
Thus, (G #4) holds.

Also, for ¢, n, ¥ € A with { # n, n # 1, we consider the following two cases:
Case 1: If (¢, ¢, n) € B, then

+1-1<0.

GG ) = +(2IC ) < GG, ),

which implies that

F(G(C¢m) < f(G(Cn,9)) < F(G(En,9)) + a.
Case 2: If (¢, (,n) & *B, then
— - ~1
V2= T \/2¢—nl+n—0]+0—|
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Thus, (G#2) holds; hence, G is a Gx-metric on .A. But GG is not a generalized
Gp-metric on A as for any s > 1, and forn € N,

= G@2n+1,1,1)

< s(G2n+1,n+1,n+1)+Gn+1,1,1))

— 8(2211 4 22n)7

24n

which gives 22"~1 < s, therefore, by taking n — oo, we have a contradiction.

The next example assures the existence of a GG z-metric space which is not a
G*-metric space. Let B= {1 |n € N} and A= BUNU{0}.Let G : A x A x
A — [0, 00) be a mapping defined by

0, if( =n=1;
G((,n,9) =] |¢—n|+n—=2+9—-, if ¢(,n,9 € B; orif atleast one of (,n, ¢ is 0;
1, otherwise.

First, we prove that GG is not a G*-metric. Suppose that G is a G*-metric with
constant 3 > 0.

Let ( = 0and ¢, = %, then {(,} € C4(G,(). Therefore, for n,9 € N, using
(Gg3), we get

Gen ) < 8 (hm sup GG, ) + G<<,<,<>) ,

n—o0

that is,

0l +n = 9]+ 9] < B(1+0) = f.
Taking limit 77,9 — oo, we have a contradiction. Thus, (A, ) is not a G*-metric
space.
We now prove that (A, G) is a G z-metric space with (f,«) € F x [0, 00), where
f(t) = =t and o = 1. (G#1) and (G#3) hold obviously. Now, for (G#2), let
(,n,9 € Awith ( # n, n # v. Then consider the following two cases:
Case 1: If {,n, v € BU {0}, then G(¢,(,n) < G(¢,n, ). Therefore,

GG ¢m) < F(G(E,n, ) < fF(G(Cn, ) + o
Case 2 : If at least one of (, 7, ¥ € N, then G((,n,9J) > 1. Thus,
f(G<C7 C777)) - f(G(Ca 7]779)) -
1 1
—1

GC.Cm GG mD)

< —G(C,C,n)+1_1<0'
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Thus, (G'#2) holds.

Now, for (Gx4,) let ¢(,n,9 € A such that G((,n,9) > 0 and for n > 3,
{ai,as, -+ ,a,_1} C A with a; = (. Consider the following two cases:

Case 1: If If ,n,9 € BU {0}, then

n—2

G(Ca 7, rﬁ) S Z G(ai> Qit1, aiJrl) + G<an*17 7, 79)7

i=1

therefore,

f (G<Cv n, 19)) < f <Z G(ai7 Qit1, ai+1) + G(an—la m, 19))

i=1

IN

n—2
/ (Z G(ai, aiy1, aiyr) + G(an—l,n,ﬁ)> + .

i=1

n—2

Case 2 : If atleast one of (, n, v € N, then Z G(a;, air1,aiv1) +G(an_1,n,9) >
i=1
1. Thus,

f(G(¢n,0)) — f (Z Gl(ai, a1, @iv1) + G(an—1,7, 19)) -«

L ! ~1
G((,n,9) =2
G(a;, ait1, az‘—i—l) + G(an—b n, 19)
=1
< -1 +1-1<0
- G(¢n,v) '

Thus, (Gx4) holds. Hence, (A, G) is Gx-metric space.

Abstract spaces in Example 1, Example 1, Example 1, and Example 1 are not
G 7-metric spaces. A relation among the classes of abstract spaces discussed so
far is described in the following diagram (Figure 1):

Figure 1: A comparison among various classes of abstract space.
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2.2 Some Basic Concepts

This section defines a few fundamental ideas and examines their characteris-
tics within the context of GG z-metric space. Let A be a subset of G z-metric space
(A, G). Then A is said to be a G'z-open set if for every ( € A, there exists > 0
such that B((,r) C A, where

B((,r)={ne A|G((,n,n) <r}.

Let 7¢, be the collection of all such open sets, then 7¢ . is a topology on A.

Let {(,} be a sequence of points in Gz-metric space (A, G). Then sequence
{¢,} is said to be G z-convergent to (, € A if, for each € > 0, there exists ng € N
such that G((,, (m, (o) < €, for all n,m > ny.

Let (A, G) be a Gz-metric space with (f,a) € F x [0, 00), then

F(G(Cnn) < F2G(CCn)) +a, forall ¢,ne A with C#n.
Proof. For (,n € A with  # n, using (Grl), (Gz4) and (G£3), we have,

F(G(¢nm) < F(G, ¢ Q) +G(C¢Gn) +a=f(2G((,¢,n)) +a.
0

Let (A, G) be a G z-metric space with (f, ) € F x [0, 00). Then, the follow-
ing statements are equivalent.
(I) G(Cny Cny Go) — 0 as n — oo.
(IT) G(Cn,y CosCo) = 0 as n— oc.
(IIT) G(¢ny Cmy Co) — 0 as n,m — o0.

Proof. First, we prove (I) implies (11); for this, let G((,,, (n, (o) — 0 as n — oc.
If for infinitely many n, ,, # (o, then for those n, using Proposition 2.2, we have

f(G(<n7CO>CO)) S f(2G(CTLa<TL7CO)) + .

Taking n — oo on right-hand side and using (F2), we arrive at G((,,, (o, (o) — 0.
and for rest of n, G((,, ¢, (o) = 0, thus in overall G((,, o, (o) — 0.

Now we prove (/1) implies (/11); for this, let G((,, (o, o) — 0 as n — oo.

If for infinitely many m and n, G((,, G, (o) # 0, then for those (m,n), using
(G#4), we have

f (G(C’m Cma CO)) < f (G(Cm gOa CO) + G(CO) CO» Cm)) +a.

Taking n, m — oo on right-hand side and using (F2), we arrive at G((,,, G, Co) —
0,

and for rest of n,m, G((,,(m,C) = 0, thus in overall G((,, G, (o) — 0 as
n,m — oo.

Also, (I11) implies (I) obviously. O
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Let (A, G) be a G z-metric space with (f,«) € F x [0, 00). Then a sequence
{¢.} in A which is G z-convergent, converges to a unique element in A.

Proof. Let, if possible that sequence {(, } converges to ¢ and 7 in A with { # 7,
then, by (Gr4)

taking n — oo on right-hand side and using (F2), we arrive at a contradiction.
O

Let (A, G) be a Gz-metric space. Then a sequence {(,} in A is said to be G x-
Cauchy sequence if, for each € > 0, there exists ny € N such that G((,, (i, (1) <
e, for all n,m,l > ny.

Let (A, G) be a G z-metric space with (f, a) € F x [0, 00). Then, the follow-
ing statements are equivalent.

(I) Sequence {(,} in Ais Gr-Cauchy sequence.
(1) G(Cny s @) = 0 as n,m, 1l — oo.
(I11) G(Cny Cms Gm) — 0 as n,m — 0.

Proof. (I) and (I1) are equivalent using Definition 2.2.

Now (/1) implies (/1) obviously, so we prove (/1) implies (/7). If for in-
finitely many n, m and [, G((,, G, (i) # 0, then for those (n, m, 1), using (G#4),
we have

f (G(Cm Cmv Cl)) < f (G(Cna €m> Cm) + G(Cma Cma Cl)) +a.

Taking n, m,l — oo on the right-hand side and using (F2), we arrive at G(,,, G, (1) —
0,

and for rest of n,m,l, G((y, (m, () = 0, thus in overall G((,, G, () — 0 as
n,m,l — oo. O

Every GG z-convergent sequence is a G z-Cauchy sequence.

In Example 2.1, sequence {I — +} is Gz-Cauchy sequence but not a G-
convergent sequence.

A G z-metric space is said to be G z-complete if every G z-Cauchy sequence
is a G'z-convergent sequence.

In Example 2.1, (A, G) is a Gr-complete metric space as every Gx-Cauchy
sequence is a G z-convergent sequence.

Let (A, G) be a Gx-metric space and B C A. Then closure of B is denoted by
B and defined by

B={¢e€ A|(e€BorB(¢,r)NBis infinite set for every 7 > 0}.
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The following propositions are needed in the main results of this paper. Let
(A, G) be a Gx-metric space with (f,a) € F x [0,00) and f is a continuous
function. If {(,} is G'z-convergent to { with { # b or ( # ¢, where b and c are

real constants, then

£ (G(C.b.e))—ar < lmint £ (G(Gyb.e)) < limsup f (G(Gu.b,e)) < f (G(C, b)) +ar

n—oo

Proof. Without loss of generality, consider ( # b, so except first finitely many n,
(n # b. Now using (G'#4), we have

f (G(Cv b7 C)) —Q

IN

I VAN VAN

fimint f (GGG Go) + GlGubrc)
lini}inff (G(Cnsy b))
limsup f (G((n, b, ¢))

n—oo

(G(
limsup f(G(Gn, ¢, ) + G(C,b,¢)) +a
(G(

n—oo

limsup f (G((,b,¢)) + «

n—oo

f(G(C,b,c)) + a.

Let (A, G) be a G z-metric space with (f, ) € F x [0,00), and f is a contin-
uous function. If {(,} and {7, } are G r-convergent to ¢ and 7, respectively, and ¢
is a real constant such that ¢ # ( or ¢ # 7, then

F (G(Cm.€)~2a < lmint £ (G(Grr ) < limsup f (G(Grmr0)) < f(G(Cm.0)) 420

n—0o0

Proof. Without loss of generality, assume that ¢ # (; therefore, except first
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finitely many n, ¢ # (,,. Now using (G'z4), we have

f (G(Ca n, C)) —2a

IN
i
=)

=y

—

IN
=
B
=

—

15 My M) + G (M Gy €))
G CTH 77717 C))
G(Cnvnn7c)
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IA
B 1B
»n =
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= f (G(ga 7, C)) + 2a.

3 Fixed Point Results in G r-Metric Space

This section deals with some fixed point results in the context of G z-metric
space. Our first result is the following theorem. Let (A, G) be a G z-complete
metric space with (f,a) € F x [0,00) and T : A — A be a mapping such that
there exists a non-empty subset B of A with 7'(8) C B and

G(T¢, Tn, TY) < AG(¢,n,9), forall (,n,V € B,

where A € [0,1). Then, T has a fixed point in .A. Moreover, if the fixed point
belongs to B, then 7" has a unique fixed point in B.

Proof. Let (y € B be arbitrary. Define a sequence {(,} in A by ¢, = T'¢,,_1, for
alln € N.If (,, = (41 for some n € N, then (, is a fixed point of 7. So let
Cn # Cna1, for every n € N. Now for each n € N, we have

G(Cm Cn+17 Cn—i—l) S /\G(Cn—la Cm Cn)

Now, an easy induction gives that

GGy Grg1s Gng1) < A"G(Co, G5 ).
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Let n,m € N with m > n; then, we have

m—1 A"
ZG(QQH,QH) < 1 -\

i=n

G(Go, G, G1)-

If for infinitely many pairs (m,n) with m > n, G((,, G, (m) 7 0, then for these
m,n using (Gr4), we have

m—1
f(G(CTmCmaCm)) S f (Z G(CivCi-i—laCi-‘rl)) + «

1=n

A’I’L
< f (1 — AG(C07C17C1)> + a,

taking n, m — oo and using (F2), we get G(Cpn, Gny Gn) — 0.
Also, for rest of m, n with m > n, G((,, (m, () = 0. Thus in overall,

G(Cny Gy Cn) — 0 as n,m — oo.

Thus, {(,} is a Gx-Cauchy sequence in A, but (A, G) is a Gxr-complete metric
space, therefore {(,} is Gx-convergent to some (' € A. Suppose, if possible
G(T¢', ¢, (") > 0, then using (Gx4), we have
FG(TCC ) < fGTC TG, T6) +G(T6, ¢ () +a
< FAGE, G ) + GG ¢ ) +

Taking n — oo on the right-hand side and using (F2), we arrive at a contradiction.
Thus, G(T¢’,(’, (") = 0 and which implies that T'¢' = (’.
Now, if (' € B and 1 € B be another fixed point of 7', then
G(¢',nm) = G(TC, T, Tn) < AG(Cn,m)
which implies that G(¢’,n,n7) = 0 as A € [0, 1). Therefore, (' = n, that is, ' is a

unique fixed point of 7" in B. O]
Consider G z-metric space (A, G) as in Example 2.1, which is a G z-complete
metric space. Define a mapping 7 : A — AasT( = @, forall ¢ € A.

Now, for B = [0, 1], we see that T'(3) C B, and for ¢, 1,9 € B, we have
G(T'¢, Tn,TV)

4 4 4 4 4 4

3
< 3 x 2 —nl+In =l +19 =)

G(¢,n,9).

Sl WwWw|— w
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Thus, the hypothesis of Theorem 3 is satisfied. And we notice that 7" has two fixed
points, 0 and 3. Also, 0 is the only fixed point of 7" in B.

Consider G'z-metric space (A, G) as in Example 2.1, which is a G z-complete
metric space. Define a mapping T : A — AasT( = %, for all ¢ € A.
Then for B = [0, 1], we can easily see that hypothesis of Theorem 3 is satisfied.
Also, we notice that 7" has a unique fixed point in A.

Let (A, G) be a Gx-complete metric space with (f,«) € F x [0,00) and
T : A— Abe amapping such that

G(T¢,Tn,TV) < AG(¢,n, ), forall ¢,n, v € A,
where A € [0, 1). Then, 7" has a unique fixed point in A.
Proof. Take B = A in Theorem 3. O

In the following result, we find the unique fixed point for (1, ¢)-contractive
mapping (see detail of (¢, ¢)-contractive mapping in (51; 52; 14; 53; 29; 32; 54))
in the setting of GG z-complete metric space.

Let (A, G) be a G x-complete metric space with (f, ) € F x [0, 00) such that
f is a continuous function. Let 7" : A — A be a mapping such that

o (FM(G,n, ) + 4a) < (f(G(TC, T, TV))) — ¢ (M(C,n,7)), (1)

forall (C,,9) € Ax Ax A—{(C,,9) € Ax Ax A| T¢ = T = T9}, where
¥ : R — R is a continuous non-decreasing function and ¢ : [0, 00) — [0, 00) is a
lower semi-continuous function with ¢~*(0) = {0} and

Then, 7" has a unique fixed point.

Proof. Let (y € Abe arbitrary. Define a sequence {(, } in Aby (11 = T¢,, n =
0,1,2,-- .

If ¢, = (11, then ¢, is a fixed point of 7.

Now, assume that (,, # (,.1, for all n. Let 6, = f(G(Cn, Cntt1, Gra2))y, n =
1,2,3-- .

Now,

¢(f(M(€n7 Cn-&-la CTH-Q))) ¢(f(M(Cn: Cn—&-la Cn-i-?)) + 404)
w(f<G(T<m T<n+17 T<n+2)>> - ¢ (M<<n7 Cn+1; <n+2))

77/) (9n+1> - ¢ (M(Cna Cn—i—la Cn+2)) ’

IN A IA
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where

M (Cns Cut1s Gr2) = max{G(Cus Cur1s Cur2)s G(Gos TCn, TCryn),
G(Cnt1, TG 1, TCrv2)y GGy T2, TCh)}
= mar{G(Cu; Gur1, Gnr2)y G(Gns Gty Grra),
G(Cn—&-h Cn+27 Cn+3)v G(Cn—&-% CTL+37 Cn—i-l)}

and, therefore,

f(M(Cna <n+17 Cn+2)) = maX{f(G(Cm Cn+1> Cn+2))a f(G(CnJrla Cn+27 Cn+3))}

= max{0,,0,.1}.

If0,, < 0,1 for some n, then we have ¥ (6,,41) < ¥(011)—& (M (Cas Cat1s Cot2))s
which gives that M ((,, (nv1, Cnre) = 0, a contradiction, therefore 6, ., < 6,, for
all n. Thus, {6, } is a non-increasing sequence. Suppose that {6, } is bounded

below; then there exists a real 6 such that lim 6,, = 6. Now,
n—oo

¢(9n) S 7vb((gn-‘rl) - ¢ (M(Cna Cn—i—la Cn+2))

taking limit supremum on both sides, we have

limsupv(0,) < limsup(fni1) — lirginf ¢ (M (Cns Crg1, Cnr2))
n—00 n—00 n—00

ie,  w(6) < () -6 (lminf M(G G Gusa)

which gives that lim inf M ({,, i1, Cuie) = 0, therefore, by (F2)
n—oo
liminf f (M (Cn, Gty Gui2)) = —00, i.e., lim 6, = —oo. Hence by (F2),
n—00 n—oo

nh—>nc}o G(Crm <n+17 Cn+2) = 0. (2)
Since (,, # (11 for every n, therefore, by (G'£2),
f (G(Cna Cn7 CnJrl)) S f (G(Cnv <n+1a Cn+2)) + .

So, by using (2) and (F2), we have
Also, using Proposition 2.2, we have

nh—{Elo G(Cnv Cn-i—la Cn—i—l) =0. (4)
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Next, we prove that {(,,} is a G z-Cauchy sequence. Suppose not, then there exists
¢ > 0 such that we can find subsequences {(,,, } and {(,, } of {(,} such that my
is the smallest index for which m; > n, > k and

G (Cnpr Gng» Gmy) = € (5)
this means that
G (Cogs Cmp—1, Gmp—1) < € (6)

Now further, consider only those £ for which left-hand side of (6) is greater than
0, and clearly, such k exists infinitely many.

Now,

7/1 (f(M(ana ka727 kafl)) + 404)

= ¢ (f(G(Tana Tka—Qa Tka—l))) - Qb (M(ana ka—Za gmk—l))

< ¢ (f(G(an-Ha <mk—17 ka))) - ¢ (M(Cnm ka—% ka—1>> ) (7)
where

M(ana ka72> kafl) = maa:{G(an, kaf% kafl 5 G(an, Tana Tka,Q),

)
G(ka—% Tka—Q’ Tka—l)’ G(ka—h Tka—h TCM)}
)

= ma‘T{G(anv ka*% kafl ) G(an, an+17 ka71>7

G(ka—% ka.—la ka)v G(ka—la kav an-i-l)}' (8)

Also, using (G'#4), (3), and (6), we have

lim sup f (G(ka—b gmkv an-i-l))

k—o0

S lim sup f(G<an+1> an gnk) + G(an ka—la ka—l) + G(ka—la ka—lv gmk)) +a

k—o0

< limsup f (G(Goys Gmp—1, Gmp—1)) + @

k—o0

< f(e) + a.
Now, using (5), (G#4), and (G£2), we have

fle) < limsup f(G(Guys G G )

k—o0

(G(

lim sup f (G(anv an-l—la an+1) + G(an-i-lv Cmm ka)) +a
(G(
(G(

IN

k—o0

lim sup f (G(Capt15 Gmpr Gy, )) + @

k—o0

IA

B Sup f (GGt G Gmgm1)) + 20 (10)

k—o0
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Now, using (10), (7), and (9), we have

B +20) < w(nrknsupfw(cw,cmk1,<mk>>+2a+2a)

IN

k—o0

¢ <hm sup f(M(Cnm ka—Q; ka—1>> + 4a>

k—o0

() + ) = & (Hminf M (G, Gny 2, G 1))
V() +20) = 6 (Hminf M(Gogs Gmz: Gro1))

¢ (hm sup f(G(an-&-l, ka—lu gmk))) - h]ﬁ}}.}f ¢ (M(Cnm ka—Z’ ka—l»

IN

IN

This gives
hlgggalf M(Cnm ka—27 ka—l) - 0’

therefore, we have
h&g}f f(M(gnm kaf% ka71)> = —0Q,

which gives a contradiction in view of (8) and (10). Thus {(,} is a Gx-Cauchy
sequence in (A, G), but (A, G) is Gr-complete. Therefore, there exists b € A
such that lim,, .., ¢, = .

Next, we prove that b is a fixed point of T". Suppose that 7'b # b, then

¢ (f(M(b7 Cn—i-ly Cn+2>> + 405)
S ¢ (f(G(Tb> TCn+l> TCn+2))) - ¢ (M(b> Cn+17 <n+2))
= ¢ (J(G(Th, Cuy2,Cnrs))) = ¢ (M(D, Gugas Gui2)) (11)

where

M(b, Gui1:Gur2) = maz{G(b, Cur1; Guya)s G0, T, TCoi1),
G(Gas1, Tt TCrr2)s G(Cayas TCoya, T)}
= mar{G(b,Cuy1,Cuy2), G0, T, Crya),
G(Cot1, Cnt2s Cnta)s G(Cut2, Gots, T0)

Thus, by Proposition 2.2 and Proposition 2.2, we have

f(G(Tb,b,b)) —2a < lirllfgg}ff(M(ba Cnt1 Cnt2))
S lim sup f (M<bv §n+17 <n+2))

< f(G(Tb,b,b)) + 2. (12)
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Now, using (11) and (12), we have

Y(f(G(Th,b,b)) +2a) < (lim sup f(M (b, Guy1, Cni2)) + 404)

n—o0

S w (hm sSup f(G(Tb> Cn+27 Cn+3>>> - hﬁg}f 925 (M<b7 Cn+17 <n+2))

n—o0

< G(F(G(TBb,b)) +20) = 6 (lmin M(b, Gurr, Gure) )

It gives that
liminf M (b, (i1, Cnio) = 0,

n—oo

therefore, we have
hglgg.}f f(M(bv Cn+1> Cn+2)) = =00,

which gives a contradiction in (12); therefore, 7b = b. Next we prove that the
fixed point of 7" is unique. For this, let ¢ be another fixed point of 7" such that
¢ # b. Then

M(b,b,c) = mazx{G(b,b,c), G(b,Tb,Tb), G(b,Tb,Tc), G(c,Tc,Tb)}
= maz{G(b,b,c), G(b,b,b), G(b,b,c), G(c,c,b)}
= maz{G(b,b,c), G(c,c,b)}
= M(c,c,b). (13)

Therefore,

(f(G(b, b, c))) b (f(M(b,b, ) + 4a)
¢ (f(G(Tb? Tb? TC))) - ¢ (M(b7 b’ C))
U (f(G(

( (G bv b> C))) - gb (M(b7 bv C)) . (14)

It gives that M (b, b, ¢) = 0, and hence G(b, b, ¢) = G(c¢,c,b) = 0. Thusb = c. O

IAIA

4 Conclusion

With the aid of F-metric space, we have introduced a new generalization of
G-metric space, which we call G z-metric space. We have also shown a compari-
son between G z-metric space and several abstract spaces found in literature. This
newly defined abstract space is also studied in terms of some fundamental con-
cepts. In the framework of Gx-metric space, we have demonstrated the Banach
Contraction Principle and the fixed point result for (¢, ¢)-contractive mapping. In
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this newly defined abstract space, fixed point results for different mappings exist-
ing in the literature and for some new mappings can be studied.
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1 Introduction

Two meromorphic functions f and g are said to share a value a CM (resp. IM)
if whenever f(z) = a, then g(z) = a with the same multiplicity (resp. ignoring
multiplicity). The sets E(a, f) and E(a, f) are also defined as the set of points
2o where f(29) = a, zp being counted according to multiplicity and ignoring
multiplicity respectively. The celebrated Nevanlinna’s five value theorem which
says that if for two meromorphic functions f and g, there are five distinct complex
values a; such that E(a;, f) = E(as;,g), fori = 1,...,5, then they are identical.
This is also true for small functions of f and g as well. Let us denote the set
of all small functions of f by .#(f). Also, if the function g is replaced by the
derivative of f, then the sharing conditions are changed from five to two shared
values; that is, if f and f’ share two finite values CM, then f = f’ Gundersen
[1983]. Several further modifications to these theorems have been done thereafter,
replacing the derivative f’ by n-th order derivatives of f. However, in this paper,
we are interested in the difference analogues of the uniqueness theorems. For the
preliminary ideas and definitions of the classical Nevanlinna theory, we refer the
reader to Hayman [1964], Lo [1993]. The reader can also obtain a comprehensive
idea on the uniqueness theory of meromorphic functions from Yang and Yi [2003].

Let c be a non-zero complex number. Then the exact differences are defined
as

Af(z)=f(z+¢) = f(z) and ALf(z) = A, (A f(2)) -
If ¢ = 1, then we denote A f by A" f. Recent times have witnessed increas-
ing interest in the difference analogues of the classical Nevanlinna theory owing
to its wide applications in the theory of difference equations. The inception of
the theory is credited to Halburd and Korhonen Halburd and Korhonen [2006a];
and Chiang and Feng Chiang and Feng( [2()023], who independently determined
flz+c

z
function f, respectively in the years 2006 and 2008. Thereafter, several existing

results have been looked upon in this new perspective culminating in the dis-
closure of new theories in multitudes and methodically developing the theory of
complex difference equations which runs parallel to the theory of complex dif-
ferential equations Laine [1993]. We refer the reader to Chiang and Feng [2008,
2009], Halburd and Korhonen [2006a,b] for preliminaries in this field.

In their celebrated work on the difference analogue of the Nevanlinna theory,
Halburd and Korhonen have deduced a uniqueness theorem by taking into account
the counting function for the c-separated pairs Halburd and Korhonen [2006b].
Further studies on uniqueness theorems, and more specifically, periodicity condi-
tions, for meromorphic functions have been done henceforth Heittokangas et al.
[2009, 2011]. Since the difference A.f can be thought of as the difference ana-

estimates of the proximity function of for a finite ordered meromorphic
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logue of the derivative of f, it is interesting to study the uniqueness results for
values shared by f with its exact differences. We shall study a more generalised
version of this by taking into account certain difference polynomials as stated later
in the article. Significant contributions have been done in this field. Li et al. [2015]
proved the following theorem for entire functions.

Theorem 1.1. Li et al. [2015] Let f(z) be a non-constant entire function of finite
order, c € C\ {0}. If E(a;, f) = E (a;, A.f) where a;, i = 1,2,3 are distinct
complex values in the extended complex plane, then f(z) = A f(2).

However, Li and Gao gave a stronger version of the above theorem as follows.

Theorem 1.2. Li and Gao [2011] Let f(z) be a non-constant entire function of fi-
nite order, ¢ € C and n be a positive integer. Suppose that E(a;, f) = E(a;, A'f)
for two distinct complex numbers a, and as and one of the following cases is
satisfied:

1. ajas = 0;
2. ayas # 0 and order of f p(f) & N.
Then f(z) = A f(z).
The sharing condition was improved further in the following theorem.

Theorem 1.3. Li and Gao [2011] Let f(z) be a non-constant entire function of
finite order p(f), ¢ € C and n be a positive integer. If E(a, f) = E (a,ALf)
for some a € C, and for a finite value b # a, f(z) — b and A f(z) — b have
max{1, [p(f)|} distinct common zeros of multiplicity > 2, then f(z) = A f(z).

The theorem has been extended to meromorphic conditions imposing further
restrictions as in the following theorem by Gao et al.

Theorem 1.4. Gao et al. [2019] Let f(z) be a transcendental meromorphic func-
tion of hyper order less than 1 such that E(a;, f) = E(a;, A" f) for three distinct
periodic functions a; € L (f)U {00}, i = 1,2,3 of period 1, the A" f(z) = f(z).

Natural questions that can be posed are as follows:
1. Can we replace three functions by two functions?
2. Can we replace sharing of functions by partial sharing?

3. Can we replace the exact difference of f by any function of the form by (z) f(z+
k)+...4+bo(z)f(2), where b;(2) € L(f) fori=1,... k?
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The first question has been answered by Gao et al. [2019]. They showed for any
meromorphic solution f, of A"f(z) — 1 = k(f(z) — 1), where k # 0,1 is a
constant, £(1, f) = E(1,A"f) and E(oco, f) = E(oco, A™f), but A™f # f.
In 2020, Chen and Xu have also discussed certain uniqueness results related to
sharing of two values by entire functions with its differences Chen and Xu [2020].
We will however, examine further conditions that need to be imposed to ensure
the equality, with the partial sharing condition defined as follows.

Definition 1.1. Let f and g be two meromorphic functions and a € . (f)NL(f).
Then f share a with g partial if E(a, f) C E(a, g).

In the year 2016, however, Charak et al. [2016] used a different definition for
partial sharing where they considered F(a, f) instead of E(a, f) and proved the
following theorem.

Theorem 1.5. Charak et al. [2016] Let f be a meromorphic function of hyper
order < 1 and c € C\ {0}. Let ay,as,a3 € 7 (f) be distinct periodic functions
with period c such that f share ai, as and as partially with f(z + ¢) and also

3
Z(S(ai,f) > 1. Then f(z) = f(z + ¢).
i=1
Thereafter, in 2018, Chen [2018] deduced a result replacing the shift f(z + ¢)
by A f(2).

Theorem 1.6. Chen [2018] Let f be a non-constant meromorphic function of
hyper order less than 1, and let c be a non-zero finite complex number such that

flz+c¢) # f(2). IfAf(2) = f(z+¢) — f(2), and f(z) share the value 1 CM
and satisfy

E0,f) C E(0,A.f) and E(oco,f) D E(co,Acf),
then A .f = f.

In the next section, will deduce uniqueness results relating to partial sharing
of small functions with a difference polynomial.

2 Main Results
Let us begin by defining the following function.

L(f)=bi(2)f(z+ ke) + ...+ bo(2) f(2), (1)

where b, ..., b, € Z(f), not all of which are equal to zero.
We have generalised Chen’s result Chen [2018] in the following.
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Theorem 2.1. Let f be a transcendental meromorphic function of hyper order
p2(f) < 1. Also let f and L(f) satisfy the following conditions:

1. E(a, f) C E(a,L(f)), where a € Z(f) is a periodic function of period c;
2. E(0,f) € E(0,L(f)) and E(, f) 2 E(o0, L(f));
then f = L(f).

The following corollaries can be immediately deduced from the above theo-
rem.

Corolary 2.1. Let f be a transcendental entire function of hyper order ps(f) < 1.
Also, let E(a, f) C E(a, L(f)) and E(0, f) C E(0,L(f)), where a € .Z(f).
Then [ = L(f).

Corolary 2.2. Let f be a function as mentioned in theorem 2.1 and let for any
positive integer n, L(f) = A'f. If f and L(f) satisfies all the conditions of
theorem 2.1, then f = Al' f.

The first condition of theorem 2.1 is essential and non-replaceable as proved
by the example below.

Example 2.1. Consider f(z) = €% and L(f) = (2 + 1) f(2) — ef(z) = ze**.
Then E(0, f) € E(0,L(f)) and E(co, L(f)) = E(o0, f). But, f # L(f).

Henceforth, we have proved results using arbitrary functions a, as, a3 € . (f),
periodic with period c.

Theorem 2.2. Let f be a transcendental meromorphic function of hyper order
p2(f) < 1 such that E(a;, f) C E(a;, L(f)) for small periodic functions a; of f
of period c, 1 = 1,2, 3. Also, if

N 1
1 <
P ) Tkt 1

then f = L(f).
We can deduce the following corollaries from the above theorem.

Corolary 2.3. Let f be a transcendental meromorphic function of hyper order
less than 1. Let a; € .7 (f), i = 1, 2,3 are periodic functions with period c.

1. Let L(f) = f(z + ¢). If E(ai, f) C E(a;, L(f)), i = 1,2, 3, and also
N(r, f)

1
li A
P T(r ) T2

then f(z) = f(z + ¢).
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2. If L(f) = AF f(2), and all the conditions in the above theorem are satisfied,
then f(z) = Ak f(2).

Corolary 2.4. Let f be a transcendental entire function with hyper order less
than 1 and a; be defined as in the previous corollary. If E(a;, f) C E(a;, L(f)),
i=1,2,3, then f = L(f).

We have further tried to strengthen the results replacing E(a, f) by E(a, f).

Theorem 2.3. If fisa transcendental meromorphic function of hyper order p; (f) <
1, and for a; € L (f), such that E(a;, f) C E(a;, L(f)), fori =1,2,... k +4,
then, f = L(f).

Putting £ = 1, we can immediately deduce the following corollary.

Corolary 2.5. If f be a function and we take L(f) = A, [ satisfying the conditions
in theorem 2.3, such that f and L( f) satisfy the condition E(a;, f) C E(a;, L(f)),
fori=1,2,....5 then f = A.f.

Can we strengthen the sharing condition of the above theorem? We have de-
duced the following result in this context.

Theorem 2.4. Let f be a transcendental entire function of hyper order p2(f) <1,
such that E(a;, f) C E(a;, L(f)), fora; € Z(f), i =1,2,3,4. Then f = L(f).

Can we prove this for meromorphic functions as well? We see that in case of
entire functions, the quantity N (r, f) is ”small”. Can we do something by making
the quantity somewhat ”small” in the meromorphic case too? We have deduced
the following theorem thus.

Theorem 2.5. Let f be a transcendental meromorphic function of hyper order
less than 1, such that E(a;, f) C E(a;, L(f)), fora; € L(f), i = 1,2, 3,4. Also,

let
N(r. f) 1

i < .
AT ) TR

Then f = L(f).
Theorem 2.4 can be deduced as a corollary of the above theoEm. Here, we
are inclined to make a conjecture that we can replace N(r, f) by N(r, f). Under

what conditions can we change the sharing condition from four functions to three
functions?

273



Partial sharing of small functions with exact difference

Theorem 2.6. Let k be a positive integer > 3 and | be a non-constant meromor-
phic function of hyper order less than 1, such that E(a;, f) C E(a;, L(f)), for
a; € L(f),i=1,2,3. Also let

. N(r, f) _ 1
] D)) 2
PTG TR
2
alongwith the condition 6(a4, f) > o holds, where ay € Z(f) \ {a1,a2,as}.
Then f = L(f).

From the proof of the above theorem, we can easily show that we can replace
d(ay, ) by O(ay, f) which is defined by

N 1
. N <T’, f*a4>
@(a4, f) =1- thUpW

What further conditions do we need to impose if f and L(f) share only two small
functions partially? Our next theorem points in that direction.

Theorem 2.7. Let k be any positive integer > 2 and [ be a non-constant mero-
morphic function of hyper order less than 1, such that E(a;, f) C E(a;, L(f)),
fora; € L(f), fori = 1,2. Also, let for some az,ay € L (f) \ {a1, a2}, be such

that
~ 1 ~ 1
lim su N(hm) +N(7‘,m> < b1
r—)oop T(T7 f) k .

Further, if we assume that

N 1
lim sup M < —

P T SR
then, f = L(f).

From all the theorems we so far stated, we can easily deduce the condition
AFf(2) = f(2), under the required conditions, by replacing L(f) by the differ-
ence operator.

3 Lemmas

We state a few lemmas in this section, that we will need in the sequel.
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Lemma 3.1. Halburd et al. [2014] Let f be a non-constant meromorphic function
of hyper order ps(f) < 1, and c € C. Then

flz+ c))

ml|r,——= ) =S5(rf
(n7557) = ste)

outside an exceptional set of finite logarithmic measure.

Lemma 3.2. Let f be a non-constant meromorphic function of hyper order ps(f) <
1, and c € C. Also, let L(f) be as defined in equation (1). Then

(20 - s

outside an exceptional set of finite logarithmic measure.
Proof. Follows by using the principle of mathematical induction on 3.1. O]

Lemma 3.3. Halburd et al. [2014] Let T' : [0, 00) — [0, 00) be a non-decreasing
continuous function and let s € (0, 00). If the hyper order py of T is strictly less
than one, and § € (0,1 — ps), then

T(r+s)=T()+o (T(”) ,

rd

where 1 runs to infinity outside of a set of finite logarithmic measure.

Lemma 3.4. Let [ be a meromorphic function of hyper order p; < 1 and a be
any small periodic function of f of period c. Then

(2 - st

outside an exceptional set with finite logarithmic measure.
Proof. Since we have
L L(f)—L
m (7", %) =m (r,%) +0(1) =S(r, f —a),
so using the properties of 7'(r, f) and lemma 3.3, the lemma is proved. [l

Lemma 3.5. Let f(z) be a non-constant meromorphic function of hyper order
p2(f) < land ¢ € C such that L(f) # 0. Let ¢ > 2 and ay,...,a, be q
meromorphic periodic functions in ./ (f) of period c. Then

m(r,f>+zm(r,ﬁ) < OT(r. ) 2N(r, f) + N L(f) (@)

—N <r, ﬁ) +S(r, f),

for all r outside an exceptional set of finite logarithmic measure.
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Proof. Let P(f) = (f —a1)(f —aa) ... (f — a,) which, on rewriting, gives

1 ! C;
—f>—;f_ai’

where ¢, € .(f) are periodic functions with period c. By previous lemma, we

obtain
n () = (03 7 ) =500

m (7’, %) <m (r, ﬁ) + S(r, f).

The preceding equation, first fundamental theorem and further properties of 7'(r, f)
gives

Thus,

T@LU»gziynGF%E>+N(nﬁ%)+ﬂnﬁ

i=1
Finally, we will have,

+§: ( _%> < T(r,f) = N(r )+ T(r, L(f))

—N (r, ﬁ) + S(r, f)
20(r, f) = 2N(r, f) + N(r, L(f))

—N(nﬁ%)+S&J)

Remark 3.1. The equation (2) can be rewritten as follows

(=DT0.f) < N& +ZN( o

—N (r, ﬁ) + S(r, f).

We also state the second fundamental theorem for small functions, due to Ya-
manoi.

IN

) CON(r f) + N, L))

)

Lemma 3.6. Yamanoi [2004] Let | be a non-constant meromorphic function and
a; € S (f) be distinct fori = 1,2,... ,n. Then for any € > 0,

(k—2—¢€)T ZN( _aZ)JrS(r,f).
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4 Proof of Main Results

Proof of theorem 2.1
Proof. Since E(a, f) C E(a, L(f)), and E(0, f) C E(0, L(f)), so,

R = R e

T(rf) = T <r, %) L o)

4)

T(r, L(f)) < ZT(T,f(Z +i0)) + 50 f) = (k+ )T (r, /) + 5(r, ). (5)

Thus, we have, from equations (4) and (5), S(r, L(f)) = S(r, f) = S(r), say.
Now, let us take
_ L)

==
Then, by the given assumptions, we can say that g is an entire function of hyper
order less than 1.

By lemma 3.2, we get

T(r,g) =5(r).
If possible,suppose that L(f) # f. We show that

1
N (7", m) = S(T)
Since E(a, f) C E(a, L(f)), so,

— 1 1
N(T,f_a>§N(r,g_1>§S(r). (6)
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Next, we estimate N, (r, ), the counting function for the number of a-
a

f_

points of f with multiplicity greater than or equal to 2.

Also, we have
¢ LY I

g L) f

Let 2o be an a-point of f of multiplicity p greater than or equal to 2. Then it is
/

also so of L(f). By the above equation, we can see that z; is a zero of I of

g
multiplicity > p — 1. Combining, if ¢ is non-constant, we get
1
N (7’, ) < 2N (7’, g/) < 2T <r, 2/)
f-a g g
g/
= 2T <r, —) +0(1)
)
< 6T(r,g) +5(r,9)
= S(r,g) = S(r). )

Thus, from equations (6) and (7), we get

NOTEJ:NGF%J+%GT%a:am

Also, if g is constant and L(f) # f, then a(z) is not assumed by f and hence,

N(nfia>§50)

By remark 3.1, and equations (3), we get,

T(r,f) < N(r,f)+N (r, %) + N (r, %) —2N(r, f)

+Nqu»_N(nﬁ%)+sm

= N (rry ) + (VR L) - NG )

f
(v (n7) = (r g ) ) 500

< S(r),

which is a contradiction to the fact that f is transcendental. Thus, L(f) = f. [
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Proof of theorem 2.2

Proof. Since

. N(r, f) 1
1
P T ) Sk

so for € > 0, we have, for large r,

If possible, let f # L(f). Since E(a;, f) C E(a;, L(f)), we have

1 1 1 1
N<r’f—a1)+N<r’f—az)+N<T’f—a3) SN(’”L(f)—f)' ®)

Now, by first main theorem, elementary Nevanlinna theory, and lemma 3.3,

T(r,L(f) = f)+0(1)

< m(r,L(f) = )+ (k+ )N(r + kle|, ) + S(r, f)
f

_ m( f(i 1)) T (k+ )N f) + S0 f)

=
/N
=3
=
~
el
|
~
N—
IN

f
T(r, f) +EN(r, f) + 5(r, f),

IN

outside an exceptional set of finite logarithmic measure. Thus, by equation (8),
we get,

i 1
YN (n = ai) < T(r, f) +kN(r, f) + S(r, f).

=1

Finally, by second main theorem, it follows that

3

QT f) < N f)+ 3N ( #) £ 50 1)

i=1 f-a

< T ) T )+ KNG ) + S0 )
< (X1=20T(r,f)+T(r, f)+ S(r, f)
or, ET(T, f) < S(T’, f)7
which is a contradiction. Hence f = L(f). ]
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Proof of theorem 2.3

Proof. If f # L(f), then by the given assumption,

k+4 . 1

IANIN
=4 =
DR
~ 3
N
=
I~~~
tﬁ'

++l/
Q
=

Finally, by the second main theorem for small functions, we have, for 0 < e < 1,

k+4

— 1
(k+2—€)T(T,f) < ;N (7”, m) +S(T,f)
< (k+1)T(r, f)+ 50, f),
which contradicts our assumption that f is a transcendental meromorphic func-

tion. Hence the result. O]

Proof of theorem 2.4

Proof. If f # L(f), then we have

() < ()

(2

Also, since f is an entire function of hyper order less than 1, we have

1
N (r, m) <T(r,f)+S(r, f). (10)

Finally, by lemma 3.6, and equations (9) and (10), we have, for 0 < e < 1,

2 OT(r f) < éﬁ(r,f_la)—l—S(r,f)

< T(r,f)+S(r f),

which is a contradiction. Hence the result. O]
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Proof of theorem 2.5

Proof. For € > 0 and large r, we have

NG f) < T

Also, see that by the sharing assumptions and lemma 3.3, we have,

SN () = ¥ (i)

< T(r,f)+kN(r, f)+ S(r, f).

T(r, [). (11)

Using this theorem, we have, by lemma 3.6 and 0 < e < 1,
(1 _€)T<T7f> S kN(Taf)+S(T7f)
k — ke
ST ) + S0 ),

which is a contradiction. Hence the result. OJ

<

Proof of theorem 2.6

Proof. We have, for large r and € > 0,
N(r, f) < 1—e¢
T(r,f) = Kk~

By the assumption, if f #Z L(f), then we have by previous computations,

SN (re5 2 )+ S TO DN )+ S0,

Thus, by the second main theorem, for the previously assumed ¢ > 0, we have,

(2

2Tl f) < ZN (r =) + 800

< KN(r,f) +T(r, ) + N (r, ﬁ) +5(r, 1)
or, (1=&T(r,f) < kN(r.f)+N (r, - ! a4) S f)
or, (1—e) < 1;€+1—6(a4,f)
or, Sas, f) < %+ i - L
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If we choose ¢ such that

Lok-1 o2
A G A

. . . 2
then we arrive at a contradiction to our assumption that d(ay, f) > —. Thus, the
result. 0

Proof of theorem 2.7

Proof. Let f # L(f). Then by previous computations, we have,

i ( _al)ST(T>f)+kN(r,f)+S(r,f).

=1

Thus, by second main theorem, we have, for € > 0,

@— TG /) < Z ( f_az)w(r,f)

=1

IA

or, (1—¢) <

< ) V() S0, f).

Using limit supremum on both sides of the above equation, as r — oo we get,

N(ns) + 8 (n ) o1

li 1—=—
Ty T(r. f) = Tk
k—1

— —€

k

Since € > 0 is arbitrary, so we arrive at a contradiction. Hence the result. O]

5 Results and Discussions

Our primary objective in this paper has been to deduce the uniqueness theo-
rems related to the exact differences of meromorphic functions. In this process,
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we have proven various results on the uniqueness of meromorphic functions with
partially shared values with the difference polynomial given in (1), from which,
we have shown, how many results done earlier by other authors can be improved
substantially. We started with theorem 2.1 which has specific sharing conditions
for a transcendental meromorphic function. Afterwards, from theorem 2.2 on-
wards, it can be seen that given the partial sharing condition, the “smallness” of
the function N(r, f) is somewhat necessary to ensure the equality of f with L(f).
It is needless saying that the results can be easily proven for entire functions with-
out this additional condition on N (r, f) since in that case, N (r, f) = S(r, f). On
changing the sharing conditions further, i,e., by replacing E(a, f) by E(a, f), or
by reducing the number of functions partially shared, we have been able to stick
to the same equality. We have excluded the case when f shares one small func-
tion with L(f), which we presume can be done using the similar tools that we
have used in proving the previous theorems. It is to be noted that as we have kept

) . ) ) 1
reducing the number of functions shared, the counting function N (r, ),

f—a

) becomes necessary to be “small”

—a
with respect to the characteristic function 7'(r, f). It would be interesting to delve
further into the topic and explore the possibilities of replacing the set E(a, f) by
Ep(a, f) (resp. Eg(a, f)), which is the set of a-points of f having multiplicity
p atmost (resp. at least). At this juncture, we are inclined to make a mention of
the set Ec(a, f), which is the number of a-points of f ignoring the c-separated
a-pairs. It would also be worthy to study the case when E(a, f) is replaced by
Ec(a, f). Further, in case of theorems 2.2, and thereafter, it can also be checked
whether the limit supremum condition can be replaced by limit infimum. Finally,
we would like to point that all discussions in this paper have been done for func-
tions of “much higher” growth, which is measured by using the hyper order. But,
the case of the functions of “much lower” growth may also be studied under the
same light.

or the reduced counting function N (r,

6 Open Problems

In this article, we have mainly concentrated on meromorphic functions of hy-
per order po(f) < 1. The case of po(f) > 11is open. Also, the case of functions of
“much lower” growth may also be studied under the same light. A possible mea-
sure of growth for such functions was developed by Chern in the year 2005 when
he first came up with the idea of functions with logarithmic order of growth Chern
[2006]. The topic itself is still largely unexplored. However, from the results
deduced by Chern in Chern [2006], we conjecture that even stronger uniqueness
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results can be obtained for such functions.
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Abstract

It is common in applied research to analyze data from data generating processes with
dependencies among random variables across observations. Such dependencies impact
power calculations and standard errors. However, it is also common to mistake the
structure of data for the structure of the data generating process and thereby to use
inappropriate standard error estimators. The challenge is not merely to distinguish data
from data generating processes but also to determine dependence. This paper discusses
the problem and provides a four-step guide, with examples, for determining dependence
of random variables across observations.

Keywords: clustered standard errors; data generating process; dependent random
variables; hierarchical models; nested data.

2010 AMS subiject classification:62-02; 62P10; 62P20; 62P25."

* University of Rochester, Rochester NY, USA; peter_veazie@urmc.rochester.edu.

T Received on November 8, 2023. Accepted on January 15, 2024. Published on January 30, 2024.
DOI:10.23755/rm.v51i0.1464. ISSN: 1592-7415. elSSN: 2282-8214. ©The Authors. This paper is
published under the CC-BY licence agreement.

286



P. Veazie

1. Introduction

In applied research, particularly that which focuses on populations such as the social
and health sciences, it is not uncommon to find studies that confuse the structure of data
for the structure of the data generating process (DGP). In doing so, such work mistakes
potential commonalities among the objects of measurement (e.g. students in the same
school and patients in the same hospital) for dependence in the joint distributions of
random variables across the observational process of the DGP. Such confusion can lead
to the application of inappropriate standard error estimators. For example, see research
on mortality rates among older hospitalized patients [1], readmission penalties among
hospitals [2], and activities of daily living among nursing home residents [3], each of
which used clustered standard errors that do not reflect the DGP. This problem is not
merely due to the misreading of statistical texts, the texts themselves, intent on teaching
the proper use of clustered standard errors, are sometimes misleading in how they frame
the issue. For example, a recent manuscript in the Journal of Human Resources that
instructs on cluster-robust inference frames the problem in terms of “where observations
can be grouped into clusters” citing observational data that contain geographic location
indicators such as village or state [4], which can lead to the mistaken interpretation that
dependence is data specific.

To select proper standard error estimators, it is useful to determine the dependence
of random variables among observations in a given study design based on the DGP.
This paper provides guidance and examples for instructing students and applied
researchers on how to understand a DGP to determine dependence, focusing examples
on first-order linear dependence. The following is based on a simple conceptual
understanding of probability spaces, a rigorous background is not required; indeed,
readers without this background should be able to understand and apply the approach
outlined here. A concise conceptual background on probability spaces can be found in
books such as What Makes Variables Random [5], and a more comprehensive coverage
can be found in books such as Probability and Measure [6] and A Probability Path [7].
The topic is also covered in discipline-specific works such as the econometric texts
Topics in Advanced Economics [8] and Stochastic Limit Theory [9]. However, such
texts do not provide a step-by-step guide to determining dependence, as is provided
here.

2. Background

The question of dependence among random variables across observations is not one
regarding the data but is instead one regarding the DGP. For example, suppose we have
data from a sample of people in the United States that includes a variable indicating
each person’s state of residence. If the outcome of interest is strongly influenced by the
state in which a person lives, and this influence varies across states, then we may reason
that data from persons within the same state are likely to be more similar than data from
persons of different states, and consequently the random variables across observations
are dependent. This is incorrect thinking. Instead, we should ask whether the
distribution of possible results from one instance of generating an observation depends
on the result of another instance of generating an observation and whether the
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distributions of corresponding random variables vary across the observations. For
example, if we randomly sample with replacement from all persons in the United States,
then each observation is independent from all others, and all of the corresponding
random variables across observations are independent, regardless of whether the data
contains records on multiple individuals from the same states. Why is this the case?
These observations are independent because the probability of obtaining an individual
in one instance of generating an observation does not change due to whom we obtain on
any other instance. Alternatively, suppose we generated the data by randomly sampling
states, and then within each of those states we randomly sampled two individuals with
replacement. In this case, we have the classic nested DGP. A process that, as is well
documented, generates dependent observations within a state cluster, since if one such
observation comes from a given state, then all other observations in the cluster must
come from that state as well; consequently, their corresponding random variables may
be dependent as well. T used the phrase “state cluster” rather than merely using “state”
to differentiate the inherent clusters (or nesting) in the DGP from the states we obtain.
If we sampled states with replacement and thereby have the same distribution of
sampling probabilities across states for each observation, then two different instances of
sampling states may yield the same state. Such a result would produce two different
state-sampled clusters within which observations are dependent and across which
observations are independent, even though both clusters have the same state.

3. Determining Dependence

We can determine whether random variables are dependent in four steps based on
identifying the structure of our probability space (Q2, A, P) comprised of an outcome set
Q, a sufficiently granular sigma-algebra A, and probability measure P defined to
represent a DGP. The outcome set Q comprises the set of possible elements that a DGP
might obtain on which random variables are defined, in many cases this is the set of
objects or individuals that a DGP could produce on which measurements can be taken.
For example,  might be identified by a sampling frame representing the set of students
in a school and corresponding random variable are the measurements of student age and
math aptitude; or, perhaps Q is the set of cars manufactured at a factory in a given year
and the corresponding random variables are gas mileage and color. The sigma-algebra
A is a formally structured set of subsets of Q to which the measure P assigns
probabilities associated with the DGP. For example, perhaps the DGP entails an equal
probability sample from the set of objects Q = {wi, w2, wz} and A is the set of all
subsets of Q, i.e. A = {&, {w.}, {w2}, {wz}, {w1, w2}, {w1, wa}, {wo, wa}, {w1, wo, wz}},
and P assigns approximately 0.3333 to each singleton in A (e.g. {w2}), approximately
0.6667 to each element with two objects (e.g. {wz, w2}), 1 to the element representing Q
(i.e. {wi, wo, ws}), and 0O to the empty set, &. The details of the sigma-algebra are not
relevant for this presentation, we will consider it sufficiently granular to allow us to
assign P to any subset of outcomes required.
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The four steps in determining dependence are (1) describe the DGP, (2) determine
the structure of the potential outcomes (Q2), (3) determine the structure of the probability
measure (P), and (4) determine the dependence of random variables.

3.1. Describe the data generating process

The first step is to describe the DGP. This can typically be done in a narrative or
graphical form. Its mathematical translation is the role of the next two steps. It is,
however, important to have a good understanding of the process that will be modeled in
the following steps. Without it, it will be difficult to provide an accurately defined
probability space that underlies analysis.

It is ambiguous to merely describe the DGP by stating “I will identify hospital
patients and collect diagnosis and discharge information on them”. I need to know how
I am going to achieve this: | need to know the process. | should say, for example, that |
will use equal probability sampling of hospitals, with replacement, from the set of all
hospitals in the United States. From each sampled hospital, | will use equal probability
sampling of patients, with replacement, from the set of patients within each hospital
during a specified time frame.

Consider the difference between a repeated measures design investigating an
intervention targeting the reduction of systolic blood pressure in which (1) the times
associated with measurements of systolic blood pressure are considered fixed, perhaps
at baseline and every subsequent 3 months for a year, and (2) a design in which the
times are randomly determined. In the first case we would need to include in our
description of the design the fact that systolic blood pressure will be measured at
baseline, and each of 3, 6, 9, and 12 months following an intervention under study.
Whereas, in the second case we would need to state that 4 measurement times are
randomly determined for each observation. This distinction is important to successfully
engaging the remaining steps in determining whether observations are dependent.

3.2. Determining the structure of potential outcomes.

The second step in determining whether random variables across observations are
dependent is to identify the structure of the outcome set associated with the probability
space we are using to represent the DGP. For example, if we simply randomly select an
individual from a population and measure qualities of interest, then the outcome set (QQ)
is the population of individuals from which we will sample, i.e. Q = {w: w is a member
of the population being sampled}). In this case, denoting the set of individuals in the
population being sampled as W, we have the outcome set specified as Q = {w: weW}.
The random variables associated with the measurable space (€2, A), in which A denotes
an appropriate sigma-algebra, are functions of the individuals (perhaps measurements
on individuals) that compose the population W. If, instead, our DGP is to select a state
and then select a resident of that state, then possible outcomes are pairs comprising a
state (s) and person (w), i.e. Q = {(s, w): s is a member of a set of states and w is a
member of the set of residents who reside in the states}. In this case, denoting the set of
states as S and the set of residents across states as W, the outcome set is Q = {(s, w): (s,
w) € SxW}.  Corresponding random variables are a function of the pair; for example,
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measurements on the state or individual in the pair. Notice, we can define random
variables identifying the state in which the person lives on both of these outcome sets,
and corresponding variables would exist in the resultant data sets. However,
notwithstanding the existence of such variables in the data, the first case, with element
(w), cannot represent nested sampling, whereas the second case, with element (s, w), can
represent nested sampling. Further, suppose our DGP is to select a state (s), then select
a person (w) from that state, and then randomly assign a treatment (t) to the selected
person. In this case, the outcome set comprises all potential triples (s, w, t). For the set
of possible treatments, denoted as T, the outcome set is Q = {(s, w, t): (s, w, t) €
SxWxT}. This is different from a DGP that selects an individual w from outcome set W
and records the state within which that individual resides and her current treatment.
Each DGP described above could result in data with variables that indicate the person,
state of residents, and treatment; yet dependence of the random variables can be
different.

How do we determine the structure of the outcome set? For the specific cases in this
paper, in which we are structuring elements of a probability space used to represent a
DGP, we can start by considering an arbitrary observation. Specifically, we consider
how the process by which we generate the data incorporate degrees of freedom into the
selection of potential outcomes. For example, if an observation entails sampling a state
from the set of three states S = {s1, Sz, S3} in which no element has a probability equal to
1, then the observation has a degree of freedom in determining the state that will be
obtained. However, if it is determined a priori that the observation will be from state s,
then if we wish to frame it in terms of a probability space, we are sampling from the
outcome set S = {s1}, which being a singleton, has probability 1 of sampling s1, or more
generally sampling from the set S = {si, ...sj, ...S3} in which some element j has a
probability of 1: P(sj)) = 1. In this case, the observation has no degree of freedom
regarding state. We can exclude the set of states in the definition of the outcomes set;
however, including the set can help track the fact that the state is pre-determined, which
I will do in the examples below; but, this requires remembering that the probability of
selecting this component of the outcome is 1.

The preceding paragraph showed how a potential component of the outcome set can
be eliminated from the structure of the outcome set, specifically by identifying that there
are no degrees of freedom allowed by this component in determining the outcome.
Another consideration is to determine whether to expand the structure to include a
component. Consider a DGP that entails sampling an individual from the set W and
then randomly assigning a treatment from the set T. Can we use the probability space
(W, A, P) to represent this process? In this case, because the outcome set represents
only the population W and does not represent a set of possible treatments, treatment can
only enter as a function of W, i.e. as a random variable. Consequently, true to the nature
of a function, each individual has only one treatment assigned to it. Absent the DGP,
does such a function exist? Clearly not, the value assigned by the function depends on
the concrete outcome from the DGP, after the uncertainty has been resolved, which does
not model what we seek to model: the uncertainty of treatment assignment.
Consequently, T must be part of the outcome set, thereby allowing treatment to have a
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probability assigned to it, and our probability space is (W x T, A, P). Of course, if T is a
singleton or one of the elements of T has probability equal to 1 (i.e. we are determined
to give whomever we select a specific treatment), then we can eliminate it from the
structure as was done above regarding states S and treat it as a random variable
associated with W. Another example is that of repeated measures to be recorded at
predetermined times (e.g. a fixed pretreatment baseline, 6 months post treatment, and
12-month post treatment observations in a clinical research setting). Since the three
measurement times are set prior to the DGP and determined by it, they can be excluded
from the outcome set and treated as a random variable, or if included, they must be
associated with probability equal to 1.

When considering dependence between two observations, we need to structure the
elements of the outcome set for the pair of observations. If the first observation has
outcome set Q1 and the second observation has outcome set Q, then the corresponding
product space has the outcome set of Q1xQ,. If both have the same outcome set, Q,
then the outcome set for the pair of observations is QxQ, denoted also as Q2. What is
important in this step is to consider the arbitrary elements of each component in terms
of whether they share elements. For example, suppose we are sampling states from the
United States (denoted as the set S) and sampling residents from within states (denoted
as the set W) the outcome set for each observation is Q = {(s, w): seS and weW}.
Consequently, we might indicate the outcome for the first observation as (s, w) and the
second observation’s outcome as (S, W'). The arbitrary element of the product set is
then ((s, w), (s’, w')). The question is whether the observations share elements. For
example, if this is a nested DGP in which we sample a state s and then sample two
residents from within the selected state, then two observations within a state cluster
must necessarily have the same state ( i.e., s = ') and the arbitrary element of the
product is ((s, w), (s, w')), whereas if we are considering two observations from
different states, then the arbitrary element remains ((s, w), (s’, w")) because the DGP
does not restrict either the state or the resident to be the same across observations. It is
important to identify shared elements in the outcome set across observations because
this information will be used to calculate the quantities of interest in the following steps.

3.3. Determining the structure of the probability measure on the outcomes set.

In this step, we determine how the DGP imposes structure on the probability of
obtaining elements from the outcome set. For example, consider an outcome set
comprised of individuals (w), the probability is simply P(w) for obtaining each
individual w (note that the probability may be different for each w). For the state and
resident outcome set it is P(s,w) = P(w| s)-P(s) for each pair. If, in this case, we were to
randomly select a state, and then randomly select a person from the full population
rather than from within the selected state (which seems an absurd thing to do, but
suppose we did so anyway), then selection of state and person would be independent of
each other, and we would structure the probability as the product of marginal
probabilities: P(s,w) = P(w)-P(s). For the state, resident, and treatment outcome set, the
probability of each possible outcome can be P(s,w,t) = P(w| s, t)-P(t|s)- P(s). If, in this
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case, the individual is independent of treatment within state, then P(w| s, t) = P(w| s),
and we further structure the probability as P(s,w,t) = P(w| s)-P(t|s)- P(s). If the
probability of treatment was the same across state, then treatment is independent of
state, P(t|s) = P(t), and we have P(s,w,t) = P(w| s)-P(t)- P(s). On the other hand, if each
person had their own probability of treatment assignment that is not dependent on the
state, then it would be better to specify P(s, w, t) = P(tjw)-P(w]|s)- P(s). In each of these
cases, and any other we wish to consider, the structure of the probability measure is
usefully dictated by how the DGP produces the elements of the outcome set.

To understand dependence between any two observations, we need to structure the
probability measure of the product space associated with the observations. We are
concerned with structuring the probability of each element of the joint outcome set. For
example, if we are considering whether observations within each state cluster in a DGP
where state residents are nested within state, then based on the preceding step above, in
which we determined the observations share state and the arbitrary pair is ((s, w), (s,
w’)), we are concerned with P(s, w, s, w'), which is P(w, w'| s, s)-P(s, s). However,
given the redundancy in s, this is simply P(w, w'| s)-P(s). Now, if the DGP is one in
which the residents are sampled with replacement independently within state, then P(w,
w’| s) is the product P(w| s)- P(w'| s), and overall probability is P(s, w, s, w') = P(w| s)-
P(W'| s)- P(s). We have therefore structured the joint probability of a pair of
observations in terms of the DGP and their unique elements (in this example, in terms
of s, w, and w').

3.4. Determine dependence of random variables between observations.

In this last step, we write random variables, as defined on the underlying probability
space (€, A, P), in terms of the elements of the outcome set Q and not in terms of the
derived probability measure of the random variable itself. In other words, we write a
random variable Y as Y(w) in which w is an arbitrary element of Q. For example, if Q =
S x W, we write an associated random variable Y as Y(s, w) for whichs € Sandw € W,
and we consider probabilities associated with (s, w) in a sufficient sigma-algebra (e.g.
the power set of Q).

For ease of presentation, | will consider only linear dependence (i.e. covariance);
however, the same method can be used for higher order dependence, by substituting the
appropriate moment, or calculation, for the covariance in the examples below.
Consequently, because we are interested in the covariance, we require the expected
value of the random variable in terms of the underlying probability space. For example,
continuing the preceding, we insert the probability structure determined in step two
above, i.e. P(s,w) = P(w| s)-P(s), into

E(Y) =)D Y(s,w)-P(s,w)

and evaluate, say,

E(Y) =D Y(s,w)-P(w|s)-P(s).

292



P. Veazie

With the expected value in hand, we can evaluate the moment equation, or equations,
that represent dependents.

Continuing our example, the covariance between random variables of two
observations, Yi and Yj, would be based on the corresponding two observations (s, w)
and (s’, w'):

Cov(Y,Y)) =D D 3" > (Yi(s.w) = E(Y)))-(Y; (s, W) = E(Y}))-P(s,w,s", W) .

The required number of summations, the order of the summations, and the structure of
the probability P is determined by the preceding steps applied to specific problem being
addressed.  Carefully reducing the covariance will provide the representation of
dependence we set out to determine. Although here | have presented the steps in terms
of simple random variables, Y, we can extend this analysis to functions of random
variables. Details of these steps will become evident in the following examples.

4. Examples

4.1. Example 1. Standard nested sampling design

Suppose we have data on residents from a set of states in the United States of
America. The data are from multiple observations from within any given state in the
sample. Are random variables across observations within the same state dependent? As
mentioned above, the answer depends on the nature of the DGP. To determine
dependence, consider the four steps outlined above.

Describe the DGP. We randomly sample states with equal probability and
replacement as the first stage of sampling, and we keep track of which state is obtained
from each sample. Since we are sampling with replacement, it is possible that we
obtain the same state more than once, in which case we need to denote these as separate
primary sampling units. Next, we randomly sample residents with replacement from
within each of the states obtained from the first stage of sampling and measure our
quantities of interest.

Determine the structure of the outcome set. This DGP obtains states and residents,
consequently the possible components of the outcome set are the set of states (S) from
which we obtained the primary sampling units and the set of residents across the states
(W). Should we include the set of states S as a component of the outcome set? To
answer this, we consider whether there is any degree of freedom in determining the state
that could be obtained for a given observation? Indeed, there is. For any given
observation, the observation is not fixed a priori to any given state but could well have
obtained any one of the states. Consequently, we must include S as a component of the
outcome set.

Should we include the set of residents W as a component of the outcome set?
Similar to the selection of states, the resident for any observations could well have been
any one of the residents in the state that was obtained in the first phase of sampling.
Consequently, as there is more than one resident in each state, the sampling of resident
within state provides a degree of freedom in determining the outcome and the set of
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residents must also be included in the outcome set. The outcome set is therefore Q = S
x W with arbitrary element {(s, w)}.

For two observations from within the same primary sampling unit (i.e. the same
state that was obtained for the observations) the outcome set is then Q? with arbitrary
element {((s, w), ( s’, w'))} in which (s, w) is the state and resident associated with one
observation and (' s’, w’) is the state and resident associated with the other observation.
However, since in this DGP we are investigating the dependence of random variables
across observations with the same primary sampling unit (i.e. same state), then s is the
same as s'. The pair of observations is therefore {((s, w), ('s, w’))} denoted with each
observation having the same state s. This is important to identify because in the
following steps we will need to account only for the unique individual components,
which in this case is s, w, and w'.

Determine the structure of the probability measure. For an individual observation,
we can structure the probability of an event {(s, w)} as the probability of obtaining a
state s multiplied by the conditional probability of obtaining a resident given a that state,
i.e. P(s, w) = P(s) -P(w | s), or as the probability of obtaining an individual w multiplied
by the probability of obtaining a state s given obtaining that individual, i.e. P(s, w) =
P(w) -P(s | w). The former, however, more naturally aligns with how we conceptualize
the DGP by which we obtain a state and then obtain a resident from within that state.

For a pair of observations from the same state as the primary sampling unit, the
probability of the event {((s, w), (s, w'))} can be written as P(s, w, s, w’) = P(s| s, w,
w')-P(s, w, w'). However, because the probability of an event conditional on that event
is1,i.e. P(s| s, w, w) =1, we can write the probability of event {((s, w), (s, w'))} as P(s,
w, w') rather than the somewhat redundant P(s, w, s, w'). Moreover, the probability P(s,
w, W') can be expressed as the probability of obtaining state s multiplied by the
probability of obtaining the pair of residents w and w’: P(s, w, w') = P(s)-P(w, w’ | s).
By the DGP, residents are selected at random with replacement, consequently the
probability of obtaining residents is independent across observations, and therefore P(w,
w' |s) = P(w|s)-P(w |s). Overall, then, we structure the probability of the joint
outcome event {((s, w), (s, w'))} as P(s, w, w') = P(s)-P(w | s) -P(W' | 5).

Determine dependence. To determine dependence of random variables across
observations, we need to express the random variables as a function of the outcome set.
So, as mentioned above, let us consider an outcome set comprised of State (S) and
Person (W), with arbitrary individual elements of (s, w) € S x W. In this case, we
denote the outcome as Y, (s,w) and the expected value of the outcome as Y.. With the

expected value of Y in hand, which is the same for each observation in a given state, we
can determine the covariance between the Y’s of the observations within state. To
calculate the covariance, we need to sum over the elements of w, w’, and s:

Cov(Y,,Y,) =D > D (Y (s, W) =Y, )- (Y, (5, W) =Y, )- P(w[s) - P(W'|5)- P(s).

Note, summing over w provides the expected value of Y1 conditional on s:
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E(Y, [8) =D (Yy(s,w)-P(w]s)).

And, summing over w' provides the expected value of Y, conditional on s:

E(Y, [5)= 2 (Y (s, W)-P(W]s)).
Consequently, we get

Cov(Y,.Y,) = > (E(Y,5)=Y)-(E(Y, ) -Y;))-P(s).

Since the observations are independent within state, (E(Y, |s)-Y;)=(E(Y,|s)-Y,)and

the covariance between observations is the variance of the conditional expectation of Y
across the states for a given observation. Remember, the correlation between Y1 and Y>
is the covariance divided by the product of the standard deviations for each of Y1 and Yo.
Because the standard deviations for each of Y1 and Y2 are identical, this product is
simply the variance of either one. Consequently, the correlation is the between-state
variance divided by the total variance, which is the intraclass correlation defined for a
simple model with a state-level random intercept [10]. This is the expected result for
the classic nested DGP.

4.2. Example 2. Fixed primary sampling units with unit-level random treatment
assignment

For a more complicated example, suppose we have data on residents from each of
the 50 states in the United States of America. Moreover, suppose each state has its own
probability of adopting a policy that will affect everyone in the state. Are random
variables associated with a pair of observation from within the same state dependent?

Describe the DGP. We randomly obtain a sample of residents, with replacement,
from each of the 50 states in the United States of America. Each state has its own
probability of adopting a policy, which we can generally consider as having a
probability of being subject to a treatment or intervention. For any given state, all
residents will either be subject to the policy or not subject to the policy; this is a state-
level treatment.

Determine the structure of the outcome set. For this DGP, the outcome set for each
observation has three possible components: states, individuals, and treatments (i.e.,
policies in this case). Should we include a set of states that underlie each observation as
a component of the outcome set? Notice that since each observation comes from a fixed
pre-determined state, the set of possible states that underlies an arbitrary observation i
from state s is Si = {s} for which P(s) = 1. Consequently, we have the option of
dropping S from the outcome set specification. Because, within each state, the DGP
will randomly select a resident, each observation has the potential of obtaining one of
many possible residents (assuming each state has more than one resident).
Consequently, we must include the population of residents for each observation i, Wi, as

295



Determining dependence among random variables across observations

part of W = UWi , @s a component of the outcome set. Similarly, because each state has

I

a probability of either adopting the policy or not adopting the policy (i.e. being subject
to the treatment), then the DGP has a degree of freedom associated with treatment, T =
{adopts policy, does not adopt policy}; therefore, T must be a component of the
outcome set. Consequently, we could use the outcome set specified as Q = W x T.
However, to keep track of the fact that observations come from fixed states, we can use
Q=S x W x T as our outcome set and remember that P(s) = 1 for the state s underlying
each observation.

Regarding joint observations, consider two from the same state: the first observation
will select an element (s, w, t), the second will select an element (s', w’, t'). The DGP is
such that they not only have the same state, but they will thereby have the same
treatment (i.e. since t is a state-level assignment, it will be the same for all persons in
the state). Therefore, across the pair of observations from the same selected state, s = s’
and t = t’, which I will denote simply as s and t. Our two elements will then be (s, w, t)
and (s, w’, t) in which both elements share state and treatment. Consequently, when we
determine dependence, we will sum over s, w, w’, and t.

Determine the structure of the probability measure. Because in this example we are
not sampling states but are using a fixed set of states, the probability of obtaining an
individual depends on the state s from which we are sampling, but it does not depend on
the treatment t. Consequently, P(w| s, t) = P(w| s). Similarly, treatment depends on the
state (each state can have their own probability of adopting the treatment/policy), but
treatment does not depend on the individual, which is to say all residents of the state
will either be subject to the treatment or not. So, we structure the probability of
obtaining an element (s, w, t) as the probability of obtaining person w given state s,
multiplied by the probability of being assigned treatment t given state s, multiplied by
the probability of obtaining state s:

P(s,w,t) =P(w|s)-P(t|s)-P(s).

Also, for our DGP, conditional on state, the selection of individuals within state are
independent, and consequently regarding the joint distribution for observations (s, w, t)
and (s, w’, t) the probability of the pair of individuals conditional on state is

P(w,w'|s)=P(w]|s)-P(W'|s).
Therefore, the overall probability of both observations can be structured as
P(w,w,s,t) =P(w|s)-P(W|s)-P(t]s)-P(s).

Determine dependence. In this example, let us represent an outcome Y as a linear
function of policy or treatment T, such that for arbitrary observation i they are related as

Yy=a+ [T +¢,.

To determine dependence of random variables across observations, we need to
express these random variables as a function of the outcome set. So, as mentioned
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above, let us consider an outcome set Q comprised of State (S), Person (W), and
Treatment (T), with arbitrary individual elements of (s, w, t) € S x W x T. In this case,
we have

Y.(s,w,t)=a+ [-T.(s,w,t) +&(s,w,t).
Because the covariance requires knowing the expected value of the random variable

itself, we need to first calculate the expected value by summing across the components
of the outcome set:

EY) =YD (a+B-T(sw,t)+&(s,w,t))-P(w|s,t)-P(t]s)- P(s).

In terms of the reduced probability structure, the expected value of Y is then

ECY) =D (a+B-T(sW,t)+&(s,w,t))-P(w|s)-P(t]s)-P(s),
S t w
which, after distributing the summation over individuals, w, can be re-expressed as

E(Y,) = ZZ(OH'ﬂ'ZTi (s,w,t)-P(w|s) +zgi (s,w,t)-P(w]| S)j- P(t|s)-P(s).

Because for this DGP P(w| s) = P(w| s, t), each of the summations with respect to w
provide expected values conditional onsandt , i.e.

E(T Is.t) =Y T,(s,w,t)-P(w]s)
and

E(s 1s,t) =D &(s,w,t)-P(w]s).

Therefore, the expected value of Y; is

E(Y;) IZZ(OC-{-ﬂ- E(T; [s,t)+E(g |s,t)-P(t]s)-P(s).
Distributing the summations over t yields
E(Y,) =Z(a+ﬂ-ZE(Ti |s,t)-P(t]s)+ > E(e |s,t)-P(t] s)) P(s).

Notice that for a given state s, the expected value of T given t = 1 is just 1, and the
expected value of T given t = 0 is just 0, consequently

S E(T, [s,t)-P(t[s) =Pt =1]s).

Therefore, the expected value of Y is
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E(Y)) =) (a+pB-P(t=1]s)+E(g]s)) P(s).

For simplicity of presentation, let us adopt the common assumption that the expectation
of the error term is O within state, E(g, |s) =0, for all s ; therefore, the expected value of

Yis
E(Y,)=Y (a+pB-Pt=1]s))-P(s).

For this DGP, remember that each observation comes from a given state with
probability equal to 1: i.e. we determine to sample an individual from a particular state
in each DGP instance, so the probability of s is 1 for the s from which the observation is
sampled and O for all other states. Therefore, the summation across states reduces to the
single summand associated with the state underlying the observation, and the expected
value for all observations i from predetermined state s is

E(Yi):a+18' Ps s

in which ps denotes P(T=1 | s), representing the state-specific probability of treatment.

With the expected value of Y in hand, which is the same for each observation in a
given state, we can now determine the covariance between the Y’s of the observations
within state. To calculate the covariance, we need to sum over the elements of w, w’, t,
and s:

Cov(Y,,Y,) =D > > > (a+B-T(s,w,t) +&(s,W,t) = (a + B p,))
(a+B-T,(s,W,t)+&,(s,W,t) = (a+ - p,))-P(W[s)-P(w[s)-P(t]s)- P(s).

Distributing the summations of the w’s and again assuming the errors have expectation
0 (we don’t need to do this, but it simplifies the presentation here), we get, noting that
the o’s cancel,

Cov(Y,,Y,)=> > (B-E(MIst)=B-p,)-(B-E(T,Is.t)—B-p,)) - P(t]s)-P(s).

Expanding the summation over treatment t € {0, 1}, and remembering that the expected
value of T conditional on t is just the value of t, the covariance is

COV(Yl’YZ) :Z(ﬂl_ﬁ ps)(ﬂl_ﬂ ps)) Ps +(0_ﬂ ps)(o_ﬂ Ps ))(1_ ps) P(S)

Bringing £ out from within the summation and expanding the terms under the
summation yields

Cov(Y,,Y,) = 52> (1-p,)-(1-p,)- p,+(0—p,)-(0—p,)-(A—p,)-P(s),
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and, again noting that, for this DGP, P(s) = 1 for the s underlying the observation and
P(s) = 0 for all other states, the summation reduces to only the one summand associated
with the s from which the observation was taken. Consequently, we have

COV(Yl’YZ) :ﬂ2 [(1_ ps)(l_ ps) Ps +(0_ ps)(o_ ps)(l_ ps):li
which can be expressed simply as
COV(YllYZ) :ﬂz (1_ ps) ps :

The covariance of the Y’s between observations within state is equal to the squared
treatment effect multiplied by the variance of the state-level indicator for treatment:

Cov(Y,,Y,) = B*-Var(T |s).

Consequently, the random variables are dependent unless there is no treatment effect
(i.e., f=0), or if the treatment (i.e., in this case state policy) is determined (i.e., var(T |
s) =0).

4.3. Example 3. Fixed primary units with individual-level random treatment assignment
Suppose the DGP was one in which we had a fixed set of states, as in example 2,
and independent samples of individuals from within each state, also as in example 2, but
our state-level probability of treatment is applied to each individual. In other words,
suppose that instead of everyone in the state either receives treatment or does not
receive treatment, each person “flips the state-level coin” to determine their treatment
status—i.e. each person has the same probability of treatment, but this will generate
some people getting treatment and others not getting treatment according to that
probability. Does this imply different results from those found for example 2?

Describe the DGP. We obtain a sample of individuals, with replacement, from
each state in a fixed set of states. Treatment is assigned to each individual according to a
state-specific probability: i.e., individuals in the same state have the same probability of
treatment, but whether they obtain treatment is independent of whether other individuals
in the state obtain treatment.

Determine the structure of the outcome set. As in example 2, there are three
possible components of the outcome set: states, individuals, and treatments. Given that
each observation comes from a fixed, predetermined, state, we can choose not to include
the set of states (S) in the outcome set, or we can include it, remembering that the
probability of the state for each observation is 1 for the state from which that
observation comes. Assuming each state has more than one resident, and as individuals
are being sampled such that no individual has a probability equal to 1 of being obtained,
there is a degree of freedom in determining the individual component of the
observation: the population of individuals (W) must be included in the outcome set.
And, each observation may or may not be subject to treatment according to the
treatment selection probability; consequently, treatment provides a degree of freedom in
specifying the observation, and treatment (T) must be included in the outcome set. The
outcome set is therefore the same as that of example 2: Q =S x W x T.
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Unlike example 2 our observations from the same state will be (s, w, t) and (s, W',
t'). The observations share a state but do not necessarily share treatments.
Consequently, we allow treatment to be different across observations and t is not
necessarily the same as t'. Therefore, when we calculate the covariance we sum over t’
as well as w, w', s, and t used in the preceding example.

Determine the structure of the probability measure. For arbitrary observation (s, w,
t), the probability can be expressed as P(s,w,t) = P(w|s,t)-P(t|s)-P(s). However, the
selection probability of individual w from the state s does not depend on the treatment,
consequently we can write P(w|s,t) as P(w|s). Also, because for each observation

the state is fixed, we must remember that the probability of the state is 1 for the state
underlying the specific observation.
The joint probability of observations (s, w, t) and (s, W', t’) can be expressed as

P(w,w',s,t,t")=P(w,wW|t,t',s)-P(t,t"|s)-P(s).

However, again, because the selection of individuals is independent of treatment for a
given state, P(w,w'|t,t’,s) can be written as P(w,w’|s), and because individuals are

selected with replacement, individual selection is independent given state and
P(w,w'|s) can be written as the product of probabilities P(w|s)-P(w'|s). Because the

probability of treatment for one observation does not depend on the resulting treatment of
another observation, P(t,t'|s) can be rewritten as the product P(t|s)-P(t'|s).

Consequently, the joint probability is
P(w,w,s,t,t")=P(w]|s)-P(W'|s)-P(t|s)-P(t'|s)-P(s).

Determine dependence. The covariance between two observations within the same
state is expressed as follows, noting that the expected value of Y is the same as in
example 2:

Cov(Y,,Y,)) =D D > DD (a+B-T(s,w,t)+&(s,w,t) = (a + B p,))
s-(;z +t,B-WTZEVS,W’,t')+52(s,w’,t’)—(a+ﬂ- p,))-P(W'|s)
P(w|s)-P(t]s)-P(t'|s)-P(s).
First, considering the summation over w, note that
Z(a+ﬂ-Tl(s,w,t)+gl(s,w,t)—(a+,8~ p,))-P(w|s)=4-E(T,(s,w,t)]s,t)
' +E(e(s,wt)|s,t)—SB-p,

and for simplicity if we take the conditional expectation of the error to be 0, the
summation is

B-(EM,(swt)[s,H)-p,).

And similarly, the summation over w’ is
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B-(E(My(s,w,t)]s,t)—p,).

The covariance is the summation over state and treatments of these expected values
multiplied by the corresponding probabilities. The covariance is therefore

Cov(Y,,Y,) = * -ZZZ[(E(Tl(S,W,t) |5,8) = p,)-(E(Ty(s, W', 1) [ 5,t) = p,)
P(t|s)-P(t'|s)-P(s)]
However, the summation over treatment t is equal to O:
Z(E(Tl(S,W,t) | S’t) - ps) P(t | S) = (1_ ps) P +(0_ ps) (1_ ps) = (1_ ps) (ps - ps)

t

=0
And, similarly, the summation over treatment t’ is equal to 0:

Z(E(Tl(s,w,t') |s,t)—p,)-P(t'|s)=0.

-
The covariance of Y1 and Y2 is therefore

Cov(Y,,Y,) = 4% > (0)-(0)-P(s).

Which is clearly 0. However, to complete the derivation in light of the DGP, we should
note that P(s) is 1 for the state from which the observations come and P(s) is O for states
from which the observations do not come. Consequently,

Cov(Y,,Y,) = 8% -(0)-(0) = 0.

From this, we conclude that the random variables of observations from within states in
this DGP are independent.

In summary, for a fixed set of states (i.e., no sampling of states), if each state has a
probability of treating everyone, as in example 2, then there is dependence of the
random variables, if treatment has an effect and treatment is not determined. The
standard errors should account for this state-level “clustering” effect. However, if each
state has a probability of treatment that applies to each individual of the state (i.e. each
individual obtains treatment with that probability), as in example 3, then the
observations, and consequently the Y’s, are independent. In this case, the standard
errors should not account for a state-level “clustering” effect. This statement is true
regardless of values associated with statistics such as intraclass correlations, which are
trumped by the independence in the structure of the DGP.

4.4. Example 4. Random primary units with individual-level random treatment
assignment

In this example, we determine the covariance between Y; and Y; for two arbitrary
observations (i, j) within an arbitrary nursing home; however, unlike the preceding
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examples in which we used fixed primary units, in this case we will randomly sample
the nursing homes.

Describe the DGP. We randomly sample nursing homes with replacement from all
nursing homes in the United States and then randomly sample residents with
replacement from within each nursing home that is obtained. Further, each nursing
home has a probability of treatment for its residents and each resident is provided
treatment according to the nursing home’s probability of treatment, in other words, each
resident “flips their nursing home treatment coin” to determine treatment status. Notice,
this is similar to example 3, except that in this case we are sampling nursing homes
rather than using predetermined nursing homes, as we did using predetermined states in
example 3.

Structure of the outcome set. The potential components of this DGP may at first
appear to be the set of nursing homes (H), the set of nursing home residents (R), and the
set of treatments (T). If these were our potential components, which of these must be
part of the outcome set? To help identify the components, we can first ask whether each
component has any degrees of freedom available for an arbitrary observation: is the set
of nursing homes with non-zero probabilities available for an arbitrary observation a
singleton? If so, then H need not be part of the formal outcome set; although, as shown
in the preceding examples, it can be, but one must be careful to assign the appropriate
probability of 1. However, in this example the DGP is one of randomly selecting a
nursing home from a large set of nursing homes; consequently, the set of nursing homes
contains multiple possible nursing homes and is thereby not a singleton. H must be a
component of the outcome set. Assuming nursing homes tend to have more than one
resident, the random sampling of a resident from a selected nursing home means there is
more than one resident with a nonzero probability of being selected; R must be a
component of the outcome set. Similarly, each resident has a nonzero probability of
getting the treatment and a nonzero probability of not getting the treatment: T must be a
component of the outcomes set. The outcome set must therefore be Q = H x R x T with
arbitrary element of (h, r, t).

Since our question is to determine the dependence of two observations from the
same nursing home cluster, we need to consider the structure of the joint probability of
{(h, r, t), (", r', t)}. Here again, we need to make some reductions. First, we must
consider whether these observations share any components. Since both observations
will come from the same nursing home, i.e. h = h’, and we can just use one symbol in
both observations. If the DGP assigned the same treatment to all residents of a nursing
home, then it would be that t = t’; however, for this DGP, as in example 3, each resident
“flips the coin” and therefore each resident can have a different treatment. Treatments
must remain with different denotations. Our arbitrary pair of observations is therefore
{(h, r, 1), (h, r', t')}. Remember, the importance of this reduction is to identify the
indices we will need to sum over when evaluating the covariance of random variables
between observations. In this case, we must sum over h, r, t, r’, and t'.
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Structure of the probability measure. How can we best represent P(h, r, t)?
Mathematically we can decompose this probability many ways. However, there is a
sense of hierarchy, or nesting, here. In such cases it can, though perhaps not always, be
best to work from inside to outside. Rather than express the probability as P((h, r, t)) =
P(h|r, t)-P(r|t)-P(t), it seems more interpretable as P((h, r, t)) = P(t | r, h)-P(r | h)-P(h)
in which we think of selecting a nursing home, P(h), then obtaining a resident given a
nursing home, P(r | h), and finally treatment assignment given the resident within a
nursing home, P(t | r, h).

Next, can we simplify this probability specification? Well, P(h) is as simple as it
gets. But, can we simplify P(r | h)? If the probability of obtaining a resident did not
depend on which nursing home was selected, then we could reduce this to merely P(r).
However, since only residents of the selected nursing home have nonzero probability of
selection for an observation, clearly the probability a resident is selected depends on
whether the resident’s nursing home is selected, and we cannot reduce P(r | h). What
about P(t | r, h)? In this case, the DGP is one in which each nursing home has its own
probability of treatment, and this treatment probability does not depend on the resident
once the nursing home is identified. Since P(t | r, h) is independent of r but not of h, we
can simplify it to P(t | h). Consequently, for a given observation, we have P((h, r, t)) =
P(t| h)-P(r | h)-P(h).

The full expression of the probability for a pair of observations from an arbitrary
nursing home, attending to the hierarchical structure of sampling, is

Pt t,r,r,h)=Pt|t,r,r,h)-P{ |r,r, h)-P(r|r, h)-P(" |h)-P().

Can this be reduced? Well, as previously stated the probability of treatment,
given nursing home, is independent of selected resident: consequently P(t | t', r, r’, h) =
P(t | t, h)yand P(t" | r, r', h) = P(t' | h). And, the probability of one observation’s
treatment does not depend on the treatment provided to the other observation:
consequently, P(t | t', h) = P(t|h). Also, conditional on nursing home, the probability
of obtaining one resident does not depend on the resident obtained in the other
observation: P(r | r’, h) = P(r | h). Consequently, the reduced expression for the
probability is

Pt t',r,r',h)=P(t|h)- Pt |h)-P(r|h) -P(r|h)-P(h).

Determine dependence. With the probability space defined by these outcome and
probability components, assuming the sigma algebra is sufficient for the task, we can
evaluate the covariance between random variables. For this example, as above, we
consider covariance between random variables Y; and Y;j expressed as a function of
treatment, for k <{i, j}:

Y.(hrt)=a+8-T(hrt)+e/(hr,t).
First, to evaluate the covariance, we need the expected values:

E(Y;) :ZZZ(a+ﬁ-Ti(h,r,t)+gi(h,r,t))- P(r|h)-P(t|h)-P(h).
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Following example 3, this reduces to

E(Y) =Y (a+B-P(t=1]h))-P(h).

However, unlike state s in example 3, the probability of the nursing home h is not 1 for
the selected observation. Consequently, unlike example 3, this expected value does not
reduce to a linear function of nursing home specific probability of treatment, instead we
sum over all nursing homes and obtain a linear function of the marginal probability of
treatment

EY,)=a+p-P(t=1).
Which denoting the marginal probability of treatment as p can be expressed as
E(M)=a+p-p.

In this example, the expected probability is the same across all observations regardless
of nursing home.
The covariance of interest is then

Cov(Y,Y)) =D D> > (a+B-T(hrt)+ehrt)—(a+B-p))

(a+ BT, (0 t) +&,(nr, )~ (a+B-p))-P(r|h)-P('|h)-P(t]h)
P(t'[h)-P(h).

Notice there is a summation for each unique component across the two observations and
the probability structure matches. Assuming the expected values of error terms are 0
across nursing homes, after summing across r, r', t, and t" we are left with

Cov(y, Y,) = -3 (p,~ p)*-P(N).

which is the squared treatment effect multiplied by the variance across nursing homes of
the nursing home level treatment probability:

COV(Yi’Yj) :ﬁz -var(p,) .

Consequently, the random variables Y;i and Y; are dependent if there is a non-zero
treatment effect and all nursing homes do not have the same probability of treatment.

5. Conclusion

The preceding three examples present distinct, though similar, DGPs. Examples 2
and 3 presented DGPs with fixed primary units (i.e., observations came from a priori
fixed states) whereas example 4 presented a DGP with randomly sampled primary units
(i.e. a random sample of nursing homes). However, in example 2 all individual within a
primary unit received the same treatment according to a unit-specific treatment
probability (as we would see in a cluster randomized trial [11]), whereas in examples 3
and 4, each individual received treatment according to a unit-specific treatment
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probability (i.e. each individual metaphorically flipped a probability weighted coin to
determine treatment status). Within-unit observations in example 2, in which all
individuals in a unit receive treatment as determined by a unit-specific treatment
probability, were dependent if there is a nonzero treatment effect and the probability of
treatment is neither 0 nor 1. Within-unit observations in example 3, in which each
individual flips a treatment coin with unit-specific probability of treatment, were
independent regardless of treatment effect. And, within-unit observations in example 4,
in which primary units are sampled and individuals flip a unit-specific treatment coin,
were dependent if there is a nonzero treatment effect and treatment probabilities vary
across primary units. These examples show that similar DGPs can produce different
conclusions regarding the nature of dependence among random variables across within-
unit observations.

Following the four-step strategy for identifying observational dependence presented
here, it is easy to determine the dependence between observations in other DGPs. This
Is important to understand as it is a common mistake to use cluster standard errors when
we have data that may appear to be “clustered” because we mistakenly reason data that
share a group feature are more likely to be similar within group and should thereby use
clustered standard errors. Consequent mistaken standard errors can lead to mistaken
power calculations, confidence interval estimation, and statistical inferences in
hypothesis testing. It is important to determine whether random variables across
observations are dependent in virtue of analyzing the DGP—one way to accomplish this
is to follow the four steps presented here.
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Abstract

Topological index is sometimes also known as graph theoretic index,
is a numerical invariant of a graph, the topological indices are clas-
sified on degree and distance based concepts. The status o(u) of a
vertex u € V(G) is defined as the sum of its distances between each
other vertex in V(G) of the graph G. Ramane and Yalnaik defined the
distance based topological indices such as first and second status con-
nectivity indices. In this article bounds for the first and second status
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1 Introduction

Let G={V, E} be a graph of order n and size m. The edge is formed by
joining any two vertices. A vertex degree u denoted by deg(u) and is defined
as the number of edges that are incident on it. The length of the shortest path
connecting the any two vertices u and v in G is the distance between the vertices
u and v and it is denoted by d(u, v). The eccentricity of a vertex u is defined as
e(u) = max{d(u,v)|v € V(G)}. The diameter of G is the maximum distance
between any two vertices and it is denoted by diam(G).

Topological index also known as molecular descriptors, play a vital role in
the fields including chemical engineering, material science, chemistry and so on.
Topological indices are classified on degree and distance based concepts. Oldest
degree based index were introduced by Gutman and Trinajsti¢ [1] in 1972 and the
oldest distance based index was introduced by Weiner [14] in 1947 while working
on the paraffin boiling point. The Wiener index of graph G is defined as

W(G) = Z d(u,v)

uweE(G)

The status [4] of a vertex u € V/(G) is defined as the sum of its distances
between each other vertex in V(G) and it is denoted by o (u).

i.e,o(u) = Z d(u,v)

veV(Q)

Status connectivity indices were defined by Ramane and Yalnaik [11]

ie,SiI(G) = Y o)+ o)

weE(G)

and

weE(G)

S1(G) and S3(G) are the first and second status connectivity indices respec-
tivity.

For details on status connectivity indices see [7, 10, 11, 12].

Hamada and Yoshimura introduced the middle graph M(G) concept [2]. M(G)
is the graph whose vertex set is V' (G) U E(G) and is defined as, two vertices are
connected in M(G) if and only if either they are adjacent edges in G or one vertex
of G and the other is an edge incident with it and for related work on indices and

308



Status Connectivity indices of Middle graph

graph valued functions can be found in [6, 8, 9]. In this article status connectivity
indices for middle graph of connected graph are established. Throughout this
paper we consider graph which are simple and connected. For undefined terms
related to graph theory, we refer the book [5].

Definition 1.1. /3] The friendship graph F,, obtained by connecting n copies of
triangles with a common vertex, which is a universal vertex for the graph.

Definition 1.2. [13] The cycle C,, is converted into a graph called the n-sunlet
graph S,, by adding n - pendant edges to each vertices of C,,.

The following remarks are immidiately used in theorem
Remark 1: S;(G) < S1(M(G))

Remark 2: S5(G) < S2(M(G))

Status connectivity index of the graph increase, when new edges or new ver-
tices are added to the graph. by the definition of middle graph, edges are consider
as vertices. So, number of vertices and edges are more than the graph G hence,
Status connectivity index of middle graph is more than the graph.

Remark 3: S M (K ,) < S1(M(P,)),n >3
Remark 4: SoM (K, ,) < 3 So(M(P,)), n >

Status of the vertex is increase along with distance. If status of the vertex
increase then, status connectivity index graph also increase. The middle graph
of star graph has the diam = 3 but, in middle graph of path graph the diameter
always diam > 3 so, status connectivity index of middle graph of star graph is
always less than or equal to middle graph of path.

2 Bounds for status connectivity indices of middle
graph

Theorem 2.1. Let G be a connected graph of order n > 3 then,

(n —1)[(14n — 18)] + [(n? — 3n + 2)](3n — 4) < S1(M(Q)) <
n(2n® —3n* 4+ 1) + 2nm(n — 2)(n — 1)

and

(n — 1)[(24n? — 62n + 40)] + 1[n? — 3n + 2](3n — 4)? < S (M(G)) <
n*(n —1)*[(n®* = 1) + (nm — 2m)]

equality for lower bound holds, when G=K, ; where g=n-1, n > 1 and equality
for upper bound holds, when G= K,,.
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Figure 1: Star graph K 4 and their middle graph M (K 4).

Proof . For the equality part of the lower bound, let G= K, , be the star graph
with n vertices m edges. M (K ,) be the middle graph of star graph having n+m
vertices and ”ﬂ# edges, it can be verified from the figure 1, then,

Status of the vertices having different degree in M (K ;) is as follows

Vertex having degree 1,

o(u) = Z d(u,v)
veV(M(K1,q))
= on—7

Vertex having the degree n,

ow) = D duv)
VeV (M(K1 q))
= 3n—4

Vertex having the degree n-1,

o(u) = Z d(u,v)
veV(M(Ki,q))

= 3n—3

The edge set of M (K ,) is partitioned as,
Ey = (wv|[deg(u) = n,deg(v) = 1)),|E1| =n — 1.
Ey = (uwv|[deg(u) = n — 1,deg(v) = n]), |E2| =n — 1.
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B3 = (uwv|[deg(u) = n,deg(v) = n]), |Fs| = 3[n* — 3n + 2].

by definition,
S1(M(Ky,)) = Y. [o(w) +o(v)

weB(M(K,,))

= Y (Gn-T+3n—4)+ Y (3n—3+3n—4)
+ > (3n—4+3n—4)

= (nui 1;(871 —11)+(n—1)(6n—7)
—i—%[nz —3n + 2](6n — 8)

= (n—1)(14n —18) + (n* — 3n + 2)(3n — 4) (1)

and
S2(M(Ky,)) = > lo(wo(v)

weE(M(K1,q))

= ) Gn-7Bn-4+ > (Bn-3)(3n-4)+

uUEEl(G) uUEEQ(G)
> Bn—4)@Bn-4)
uveE3(G)
= (n—1)(15n* — 41n + 28) + (n — 1)(9n* — 21n + 12)

1
+§[n2 — 3n + 2](3n — 4)*

= (n—1)(24n? — 62n + 40) + %[(ﬁ —3n+2)
(3n — 4)2. )

Equality For the upper bounds, let G= K,, be the complete graph with n ver-
tices and m edges. M(K,) be the middle graph of complete graph having n+m
vertices and nm edges. Status of vertex of M(K,) which having degree n-1 is
n? — 1 and status of the vertex of M (K, )which having the degee 2(n-1) is n* —n.
The edge set of M (K,) is partitioned as,

Ey = (uvldeg(u) = n — 1,deg(v) = 2n — 2), |Ey| = n(n — 1),
Ey = (uvldeg(u) = deg(v) = 2n — 2), |Ey| = nm — 2m.
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by definition,
SUM(KL) = ) lo(u)+o(v)]
weE(M(Ky))
= Z (n* —1+4+n*—n)+ Z (n* —n) + (n* —n)
= nn—12n*—n—1)+mn —2)2n(n — 1))
= n(2n® —3n®+ 1)+ 2nm(n — 2)(n — 1) (3)

Se(M(K,) = Y lo(u)o(v)

weE(M(Ky))
= Y D Y ) )
= n(n—1((n*—-1)(n*—-n)) + (nm —2m)n*(n — 1)
= n*(n—1)*(n*—1)+ (nm — 2m)). 4)

For Lower bounds, G only has a minimum number of edges if it is a tree.
M(G) has least number of edges if G = T. M(T) has minimum number of edges
compared to every other graph M(G).

Status connectivity index is decreases when number of vertices or edges are
deleted from the graph.
by Remark (3) and (4),

Jfrom equation (1)
S (M(GQ)) = (n— 1)[(14n — 18)] + (n* — 3n + 2)(3n — 4) (5)

Jfrom equation (2)
So(M(G)) = (n — 1)[(24n* — 62n + 40)] + %(n2 —3n+2)(3n—4)*  (6)

For upper bounds, G has maximum number of edges if and only if G is com-
plete graph, M(G) has maximum number of edges if and only if G = K,,. When
additional edges or vertices are joined to the graph, the graph’s status connectiv-
ity index extends and comparing to other middle graph of G, M (K,,) has maxi-
mum number of edges.

Therefore,
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51(M(G)) < S1(M(Ky))
S2(M(G)) < S2(M(Ky))
from equation (3)
S1(M(G)) < n(2n® = 3n* + 1) + 2nm(n — 2)(n — 1) @)
from equation (4)
S2(M(G)) < n*(n = 1)*[(n* — 1) + (nm — 2m)) ®)

Hence, from the equation (5), (6), (7) and (8) the status connectivity indices of the
middle graph will be,

(n —1)[(14n — 18)] + [(n? — 3n + 2)](3n — 4) < S1(M(Q)) <
n(2n® — 3n* + 1) + 2nm(n — 2)(n — 1)

and

(n — 1)[(24n? — 62n + 40)] + 1[n? — 3n + 2](3n — 4)? < S (M(G)) <
n%(n —1)*[(n®> — 1) + (nm — 2m)].

3 Status connectivity indices of middle graph of some
class of graphs

Theorem 3.1. Letr C,, be the cycle graph then,
S1(M(Cy)) =2n(n*+ 2n — 1) + m(n® + n)

and

SQ(M(Cn)) — n(n2+3n;2)(n2+n) + m(ni—&—n)’

Proof. Let C,, be the cycle graph with n vertices and m edges. M (C,,) be the
middle graph of the C,, has 2n vertices, 2n+m edges.
Status of vertex of M (C,,) having the degree 2 is

o(v) = Z d(u,v)

weV (M (Ky))
= 1+24+34+4+--+(n—-1)+(2n—-1)
n%+3n — 2

2
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Status of the vertex of M (C,,) having the degree 4 is

olv) = > du,v)
weV (M (Kyn))
= 1+2+3+---+n
n®+n

2

The edge set of M (C,,) is partitioned as,
Ey = (uv|deg(u) = 4, deg(v) = 2), |E1| = 2n
Ey = (uvldeg(u) = deg(v) = 4), |Es| = m.

by definition,
SI(M(Cr)) = > lo(w) +o(v)
weE(M(Ch))
2 _ 2 2
_ Z <n +Zn 2_i_n(n2—|r1))+ Z <n —|—n)+<n ;—n
wve uve Eo
= 2n(n*+2n — 1) +m(n* +n).
and
S:(M(Ca)) = D [o(u)o(v)]
weE(M(Chr))
2 3 -9 2 2 2
uwve Fy uv€ Fay
nn?*+3n—2)(n*+n)  m(n*+n)
B 2 - 4

Theorem 3.2. Let K, , be the complete bipartite graph then,
S1(M(Kpq)) = 2m(n® 4+ 3n —5) + m(% — 1)(n* + 2n — 4)
and

So(M(Kpq) = Z(n* 4+ 4n+6)(n* +2n —4) + 2(% — 1)(n® + 2n — 4)%
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Proof. Let K, ,, p = q with n=(p+q) vertices and m=(pq) edges and M (K, ,) be
the middle graph of complete bipartite graph. Status of vertex of M (K, ,) having

degree 3 is ™ +;‘” S and status of the vertex of M (K, ) having the degree n is

n24+2n—4
5 -

The edge set of M (K, ,)
By = (uwvldeg(u) = 3, de
Ey = (uv|deg(u) = de

partitioned as,
9(v) = n), |Ex| = 2m
g(v) = n), | Eao| =m(5 - 1).

by definition,

Si(M(Kpyg)) = Y [o(u) + o)
weE((M(Kp,q)))
n?+4n—6 n?>+2n—4 n?>+2n—4
N
uwve€Fy uv€E FEo
+nQ + 2n — 4)
2
= 2m(n*+3n—5)+ m(g —1)(n*+2n — 4)

and

S (M(Kpy)) = Y. lo(wo(v)]

weE((M(Kp,q)))

_ Z (n2—|—4n—6)<n2+2n—4)+ Z <n2+zn_4)

2 2
weF1(G) weEF2(G)
n®+2n—4
()
- %(n2+4n+6)(n2 Y on—4)+ %(g —1)(n? + 2n — 4)2.

Theorem 3.3. Let F), be the friendship graph where n is number of triangles then,

S1(M(F,)) = 271(16712 + 72n — 28)
and
So(M(F,)) = 2n(64n + 377n? — 300n + 57)

Proof. Let M(F,) be the middle graph of friendship graph, status of vertex
of M (F,) which having degree 2 is 8 + 13(n — 1), status of the vertex of M (F,,)
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(% () 0o
€1 es3
U3
€4 €5
U4 € Us
F>

Figure 2: Friendship graph F; and their middle graph M (F).

having degree 2n is 2n + 6n, status of vertex of M (F,) having degree 2n+2 is
6 + 8(n — 1) and status of vertex of M (F,,) having degree 4 is 6 + 13(n — 1), it
can be verified from the figure 2.
The edge set of M (F,,) is partitioned as,

Ey = (uvldeg(u) = 2,deg(v) = 4), |E1| = 2n

Ey = (uwv|deg(u) = 2,deg(v) = 2n + 2), |Es| = 2n
E3 = (uv|deg(u) = 4, deg(v) = 2n + 2), |E3| = 2n
Ey = (uwv|deg(u) = deg(v) = 2n +2), |E4| = n(2n — 1)
E5 = (uwv|deg(u) = 2n + 2,deg(v) = 2n), |E5| = 2n.
by definition,
S1(M(F,))
= Z o(u) + o(v)
w€E(M(Fy))
= ) (B8+13(n—1)+6+13n—13)+ Y (8+13n—13)+ (6 +8n — 8)
uveFk uve ko
+ ) (6+13(n—1)+6+8n—1)+ > (6+8n—8)+(6+8n—8)
uwveE3 uveFy
+ ) (6+8(n—1)+8n)
uwveEs

= 2n(26n — 12) +2n(2ln —7) + 2n(21n — 9) + n(2n — 1)(16n — 4)
+2n(16n — 2)
= 2n[8n® + 78n — 29]
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and

weE(M(Fy))

= D (8+13n—13)(6+13n—13)+ Y (8+33n—13)(6+8n —8)

uve uv€ Fay

+ ) (6+13(n—1)(6+8n—1)+ Y (6+8n—8)(6+8n—8)

uve k3 uveEly

+ ) (6+8(n—1))(8n)

uveEbs

= 2n(13n —5)(13n — 7) + 2n(13n — 5)(8n — 2) 4+ 2n(13n — 7)(8n — 2) +
n(2n — 1)(8n — 2)* + 2n(6 + 8(n — 1))(8n)

= 2n[32n° + 409n* — 310n + 58].

O
Illustration 1: Let M (F») be the middle graph of friendship graph Fs.
From the figure 2, V(M (F,)) = {v1, va, v3, V4, U5, €1, €9, €3, €4, €5, €6 }-
From the definition of status of the vertex,
o(v1) =21 = o(vg) = o(vs) = o(v3)
o(ez) =19 = o(eg)
o(er) =14 =o(e3) = o(ey) = o(es)
o(v3) = 16 )
S1(M(Fy)) = > o(w)+o(v)
weE(M(Fy))
= [o(v1) +o(e2)] + [o(v2) + o(e2)] + [o(e1) + o(e2)] + [o(e3) + o(e2)]
+lo(e1) +o(e3)] + [o(er) + o(eq)] + [o(e1) + a(es)] + [o(es) + o(es)]
+lo(es) + o(eq)] + [o(e1) + o(vs)] + [o(e3) + o(vs)] + [o(vs) + o(eq)]
+o(vs) +o(es)] + [o(ea) + o(es)] + [o(ea) + ales)] + [o(es) + o(es)]
+lo(vy) +0(eq)] + [o(e5) + o(vs)] + [o(vs) + o(eg)] + [0(v5) + o(e6)]
+lo(v1) + o(er)] + [o(va) + o(e3)]
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Substitute the values from the equation (9) we get,
S{M(Fy)) = 720 (10)

From the Theorem 3.3
S (M(F,)) =2n(16n* + 72n — 28),
Putn =2

Si(M(Fy) = 2(2)(16(2%) + 72(2) — 28)
Si(M(Fy)) = T720. (11)

The equation (10) and (11) are equal.
Hence the result.

Theorem 3.4. For S, n > 3 be the Sunlet graph having 2n vertices and 2n edges
then,

n[14n? + 55n — 15]  ifnis even ,
S1(M(Sn)) =
n[l4n? + 55n — 16]  ifnisodd .

7n® 4 55nt + 28n3 — BAn2 4 100 ifn is even,
Sa(M(Sn)) =
7n® + 55n* + 3nd — 68n% + 2n  ifnis odd.

Proof. M(S,) be the middle graph of sunlet graph has 4n vertices and 7n

edges.
If n is even then, status of vertex of M (.S,,) which havmg degree 3isn?+ n -1,
status of the vertex of M (S,,) having the degree lisn?+1 n 4, status of vertex
of M(S,) which having degree 4 is n* + $n — 2 and status of vertex of M(S,,)
which having degree 6 is n* + gn, it can be verified from the figure 3.

If n is odd then, the status of vertex which having degree 3 is n? + n — 3
status of the vertex of M (S,,) whlch havmg the degree 1 is n® + 1 n -3 status of
vertex which having degree 4 is n* + n -3 and status of vertex of M ( ) which
having degree 6 is n? + gn +
We partition edge set of M (S,

|| \./l\)h—l
IS
W =

E1 (wv|deg(u) = 6,deg(v) 3), |E1| = 2n
= (uv|deg(u) = 4,deg(v) = 3), |E2| =n
= (uv|deg(u) = 1,deg(v) = 4), |E3| =n

E4 = (uv|deg(u) = 4,deg(v) = 6), |Ey4| = 2n
= (uv|deg(u) = deg(v) = 6), |E5| = n.
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S4 M(S4)
Figure 3: Sunlet graph S, and their middle graph M (S,).

by definition,

S1(M(Sn))

= Y (e o)

ww€FE(M(Sn))
M2+9n—2 2n%2+5m M2 +9In—2 2n2+9n—4
Dt Y )
uveFq uv€ FBo
M2 +9n—2 2m2P+1m—28 M2+9n—4  2n%2+5m
+) ) Y — )
uve k3 uvely

Z (2n2 +5n n 2n? + 5n)
weEs 2 2
= 2n(2n* +13n —6) +n(2n* +9n —3) +n(2n* + Tn — 1) +
2n(2n® + Tn — 2) + n(2n* + 5n)
= n[l4n® + 55n — 15|
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S1(M(Sn))

= Z o(u) +o(v)

ww€E(M(Sn))
N 2 2 2 2
uveFq uve FEo
22 +9In—5 2n2+17mn—9 M2+9n—5 2n2+5m+1
> - D> -
2 2 2 2
uve b3 uwveFy
M2 4+5n+1 2n2+5n+1
> +
2 2
uveFs

= 2n(2n* +13n —7) +n(2n* + 9n — 4) + n(2n* + Tn — 1) + 2n(2n* + Tn — 2)
+n(2n® +5n + 1)
= n[l4n® + 55n — 16).

and
S2(M(S))

= Y, (ow+o)

wv€eE(M(Sn))

(2n? 4+ 9n — 2)(2n? + 5n) (2n? +9n — 2)(2n? + 9n — 4)

> oy :

wveFEq 4 uvElsy 4

(2n% +9n —2)(2n% + 17n — 8) (2n? + 9n — 4)(2n* + 5n)
> > .
uve b3 4 uvEFy 4
Z (2n® + 5n)(2n* + 5n)
4

uveE s

_ 2n(2n2 +9n —42)(an + 5n) N n(Zn2 +9n — 22(2n2 +9n —4)
2n? +9n —2)(2n? +17n — 8 2n2 +9n —4)(2n? + 5
L l2nt+9n )in+ n—8  , (2n°+9n 4)(n+ n)
(2n? + 5n)(2n* + 5n)
+n 1
254

= 7n’ +55n" + ?n?’ — %Tﬂ + 10n.
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ww€FE(M(Sn))

_I_

(2n? 4+ 9n — 5)(2n? 4+ 9n — 3)
4

—|—5n+1)+ Z

4

(2n? 4+ 9n — 3)(2n?

uv€ FEo

2

(2n? +9n — 5)(2n? 4+ 5n + 1)

(2n? 4+ 9n — 5)(2n? + 17n — 9)

4

uveFy

3

uve b5

(2n? 4+ 5n +1)(2n* + 5n + 1)
4

IT
4)
—
_
S
SRR
l_l
[a\]
I~
<
<
IT
OO\./ 2\:/
_ +
Sl &l BT
=< = 44_4
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T & =
< JF 0
I I _
+ + .
—~ —~ [~
[a\] <t Yool
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O

Illustration 2: Let M (.S4) be the middle graph of Sunlet graph Sy. From the

{Ula V2, U3, V4, Vs, Vg, U7, U, €1, €2, €3, €4, €5, €6, €7, 68}'

From the definition of status of the vertex,
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Substitute the values from the equation (12) we get,
S1(M(Sy)) = 1716 (13)

From the Theorem 3 4

Putn = 4

S1(M(Sy)) = 4(14(4%) + 55(4) — 15)
S1(M(Ss)) = 1716 (14)

The equation (13) and (14) are equal.
Hence the result.

Theorem 3.5. Let T be the tree with n vertices and diam(T)=3 then,

Sy (M(T)) =25k + 28k + 10 + ¥72(8k + 4)
and
So(M(T))= 52k> + 82k> + 50k + 12 + (k* — 2k)[4k> + 4k + 1].

Proof. T be the tree obtained by joining equal number of pendent edges to
both end vertices of path Py. M (T') be the middle graph of tree contaning 4n ver-
tices and 7n edges, k be the pendent vertices of the tree. Status of vertex which
having degree 1 is 6k + 3, status of the vertex which having the degree g + 2 s
4k + 2 ,status of vertex which having degree g + 1 is 4k + 3 and status of vertex
which having degree k+2 is 3k + 2.

The edge set of M (T) is partitioned as,
Ei = (uv|deg(u) = 1,deg(v) = £ +2),

| =k

Ey = (uv|deg(u) = Z+ 2, deg(v ) E+1), |Bsl =k

= (wv|deg(u) = % 4+ 1,deg(v) = k +2), |E5| = 2

Ey = (uv|deg(u) = + 2,deg(v) =k +2), |E4| =k
( (u) =

Es = (uv|deg(u

deg(v) = £ +2), |E5| = B2

by definition,
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S1(M(T))
= Y (ew+ow)
weE(M(T))
= > (6k+3+4k+2)+ > (4k+2+4k+3)+ Y (4k+3
wveE, uv€ Fa uveFls3
+3k+2)+ ) (4k+243k+2)+ Y (dk+2+4k+2)
uvEFy uwv€ Es5
k? — 2k
= k(10k+5)+k(8k+5) +2(Tk+5) + k(Tk +4) + 1
(8k +4)
2
—2
= 25k* + 28k +10 + i k(Sk: +4).
and
So(M(T))
= > (o(wo(w)
weE(M(T))
= ) 206k+3)(2k+ 1)+ Y 22k+1)(4k+3)+ Y [(4k+3)
uwv€ Fy uv€ Fay uv€E k3
(Bk+2)]+ > 22k +1)(3k+2)+ > (2(2k +1))(2(2k + 1))
uve by uveFEs5

= k(6k+3)(4k +2) + k(4k + 2)(4k + 3) + 2(4k + 3)(3k + 2)

2 _

k? — 2k
+k(4k +2)(3k + 2) + [2(2k + 1))?
= B52K° + 82K% 4+ 50k + 12 + (k* — 2k)(4k* + 4k + 1).

4 Conclusions

In the present research work bounds for first and second status connectivity
indices of middle graph are obtained. Futher, first and second status connectivity
indices for middle graph of some class of graphs like cycle, complete bipartite,
friendship graph, sunlet graph and tree of diameter 3 are established. For future
research work, one can calculate the results on status connectivity indices of iter-
ated middle graph of graph and other class of graphs including tree of diameter
greater than 3.
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1 Introduction

Topology is an important area of mathematics, with manyiaegpbns in the
domain of computer science and physical sciences. In 199ddlbdtsov [13]
initiated the concept of soft set theory as a mathematiaall fiar modelling
uncertainties. A soft set is a collection of approximatecdesons of an
object. Molodtsov/[14] applied the soft set theory in sevaraas of mathematics
such as game theory, probability, Perron and Riemann Irtegrand theory of
measurements. He has analysed that the soft set is useddtoageaproblems
occurring in the field of economics, social science, engingemedical science,
etc. Maji et al. [11] have further improved the theory of ssdts. N. Cagman et
al.|1] modified the definition of soft sets which is similartt@at of Molodtsov and
also Cagmarn [5] formulated the maximum decision making ntethyomeans of
soft matrix theory. Many researchers have worked on thelogeal structure of
soft sets. Bashir Ahmad et al.[4] have defined the soft topcédgtructures by
using soft points. B.chen![6] was the first one who studied teakiforms of soft
open sets and scrutinized soft semiopen sets in soft tojpalapaces and studied
some of its properties. Arockiarani and Arokialancy[3]etetined softG-open
sets and prolonged to study weak forms of soft open setstimcgmflogical space.
Gunduz Aras et al.[2] investigated some soft continuoustiaons for a fixed
number of parameters on the initial universe. Mahanta arsl [D@] classified
many forms of soft mappings such as irresolute, semicootiswand semiopen
soft mappings. Muhammad Shabir et al.|[15] introduced sgblogical spaces.
In 2002 A. Csaszar [7] introduced the concept of generalinpdlogy and also
studied some of its properties.

Soft generalized topology is relatively new and promisiogwdin wich lead to
the development of new mathematical models and innovagipecaches that will
give solution to complex problems in engineering and emritent. Sunil Jacob
John et al. |[8] introduced the concept of soft generalizgubhugical spaces in
2014. sunil Jacob John [9] also introduced some interegtiogerties of the soft
mappingr : S(U), — S(U), which satisfy the condition Fiz C 7F), whenever
Fp C Fp C Fj in softr-open sets in soft generalized topological spaces in 2015.
These concepts promote us in elaborating our further studpft -a-open sets
and softu-3-open sets in soft generalized topological spaces.

2 Preliminaries

Definition 2.1. [9] A soft setF4 on the universe U is defined by the set of ordered
pairsFy = {(e, fale)) /e € E, fa(e) € P(U)}, wheref, : E — P(U) such that
fale) =0if e ¢ A. Heref, is called an approximate function of the soft at
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The value off4(e) may be arbitrary. Some of them may be empty, some may have
nonempty intersection. The set of all soft sets over U witts Ehe@ parameter set
will be denoted by S(U) or simply S(U).

Definition 2.2. [9] Let F4 € S(U). If f4(e) = 0, for all e € E, thenF 4 is called an
empty soft set, denoted . f4(e) = ) means there is no element in U related
to the parameter e in E. Therefore we donot display such elennethe soft sets
as it is meaningless to consider such parameters.

Definition 2.3. [9] Let F4 € S(U). If f4 (e) = U for all ec A, thenF, is called
an A-universal soft set, denoted bY;. If A = E, then the A-universal soft set is
called an universal soft set, denoted Idy.

Definition 2.4. [8] Let F4 € S(U). Then, the soft complement af,,
denoted by (F,)°, is defined by the approximate function
fa(e) = (fale)), where(fa(e))® is the complement of the sgt(e), that is,
(fa(e)) =U\ fa(e), forallecE.

Definition 2.5. [8] Let F4 € S(U). A Soft Generalized Topology (SGT) dny,
denoted byu or ., is a collection of soft subsets df4 having the following
properties:

. Fp €
il. {FAZ.QFA/Z‘EJQN}Q,UiUZ-EJFAiEM

The pair(F4, 1) is called a Soft Generalized Topological Space (SGTS).
Observe that’y, € p must not hold.

Definition 2.6. [8] Let (F4, 1) be a SGTS. Then every elementofs called a
soft u-open set.

Definition 2.7. [8] Let (Fa,pn) be a SGTS and’y C F4. Then the soft
p-interior of Fiz, denoted by, (F5) is defined as the soft union of all seftopen
subsets of'z. Note thati,(F) is the largest soff-open set that is contained in
Fp.

Definition 2.8. [8] Let (Fa,pn) be a SGTS and’z C F4. Then the soft
p-closure of 'z, denoted by, (F'5) is defined as the soft intersection of all soft
p-closed super sets @fz. Note thatc,(F;) is the smallest soft-closed superset
of F.

Definition 2.9. [9] Let (F'z, 1) be a SGTS. Then a soft sBt C F is said to be
a softu-pre-open set iff; C i,c,F¢ (i.e, the case when = i,c,). The class
of all soft -pre-open sets is denoted py,) or p,,.
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Definition 2.10. [9] Let (F, ) be a SGTS. Then a soft s, C F} is said to
be a softu-semi-open set |ﬁFG C cui ke (e, the case when = cuzu) The
class of all soff:-semi-open sets is denoted &y or J,.

Definition 2.11. [12] A soft mappingg : A — B is called softa-continuous if
the inverse image of each soft open subset of B is acsoften set in A.

Definition 2.12. [4] A soft mappingg : A — B is called soft3-continuous
(resp., softa-continuous, soft precontinuous, and soft semicontinuduthe
inverse image of each soft open set in B is sftpen (resp., soft-open, soft
preopen, and soft semiopen) setin A.

Remark 2.1. [1€] If {(G, A), | « € I} is a collection of soft sets, then
(i) Usint(G, A)aC 3int( U (G, A)a)
(i) U3cl(G, A)q C3cd(U (G, A)y)

Throughout this paper, we symbolize soft generalized twgiol space, soft
generalized topological subspace and the set of all gedemi-open sets,
soft u-pre-open sets, soft-a-open sets, sofi-a-closed sets, sofi-5-open sets,
soft u-p-closed sets, soft-interior and softu-closure in a soft generalized
topological spacel’;, ) by SGT5, SGT5S, Su-8O (F), Su-PO (Fz), Su-a0 (Fg),
Spu-aC (Fz), Su-pO (Fp), Su-pC (Fg), Sp-Int (Fgz) and Su-CL (F)
respectively.

3 Softu-a-open sets

Definition 3.1. [9] Let (F%, ) be a SGTS. Then a soft st C F is said to
be a softu-a-open set |ffFG C iucut e (i.e, the case when = i,c,i,). The
class of all soff:-a-open sets is denoted hy,,) or a,.

Definition 3.2. Let (Fz, 1) be asg7s. Then a soft sef; C F; is said to be a
soft u-a-closed set iff its complement is a sgfta-open set.

Example 3.1.LetX = {r1, ko, k3}, £ = {#1, %2} andp = {Fy, Fa, Fa,, Fa, Fa,,
Fa_, F, ,F%} where
F/qz - { 21 {’ilv ’%27’13}) ) (3?27 {’117 ’f2}>}

(@
Fa, = {(21, {1, k2}) , (To, {K1, k2}) }
Fa, = {(21,{r1}), (22, {r1})}
Fﬂ4 = {(aj {"{1”%3}) ) (an{"ilv"{'Q})}
Fa = {(21,{k2}), (T2, {K2})}
Fa = {(71, {2, K3}) , (T2, {K1, K2})}
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Then(Fz, i) is asGIs.

SM'O‘O (FE’) = {F(Dv FE’ {(fl’ {Klv K2, '%3}) ) (f% {'%17 52})} ) {(flv {'%17 "{2}) )
('f% {517 ’%2})} ) {(xAb {’%1}) ) (xA27 {’%1})} ) {(flu {"117 ’%3}) ) (*TAQ’ {’%17 "‘32})} )
{(#1, {ra}) , (2, {m2})} , {(21, {w2, K3}) , (Z2, {1, 2 }) } }

Remark 3.1. F and F'; are always softi-a-open and softi-a-closed.

Theorem 3.1. Every soft u-open set (softu-closed) is softu-a-open (soft
u-a-closed). But the converse need not be true.

Example 3.2. In the above example 3.3,{(71,{k1,k3}), (72, {K})},
{(21, {ke, k3}), (22, {K})} are softu-a-open sets but not soft-open.

Theorem 3.2. Arbitrary soft union of soffu.-«-open sets is a soft-a-open set.

Proof. Let {F,, /i € I} be a collection of softi-o-open sets in &GS (Fz, ).
Then by the definition of soft-a-open set,

Fa, C 8p-Int (8u-CL (Su-Int (Fa,))), Vi.

Now, U Fq, C U 8u-Tnt (Sp-CL (Sp-Int (Fy.))), Y.

By remark 2.13 (i)[J Fu, C Sp-Int (U 8pu-CL (Sp-Int (F,))), Vi

By remark 2.13 (i) Fia, C Sp-Int (Spu-CL (U Sp-Int (F)))), V.

By remark 2.13 (i)[J Fu, C Sp-Int (Sp-CL (Sp-Int (U Fu,))), Vi

Hencel F, C Sp-Int (Sp-CL (Sp-Int (U Fy,))), Vi. O

Remark 3.2. Finite soft intersection of softi-a-open sets need not be a soft
j-a-open set.

Example 3.3.In the above example 3.3Fc = {(21, {ka, Kk3}), (T2, {K1,K2})}
and Fp = {(21,{k1,kK3}),(@2,{kK1,K2})} are soft u-a-open sets but
FeN Fp = {(%1,{k3}), (£, {k1, ka})} is not softu-a-open.

Theorem 3.3. Arbitrary soft intersection of soffu-a-closed sets is a soft
u-a-closed set.

Proof. The proof is similar to that of theorem 3.7 by taking compleise [

Remark 3.3. Finite soft union of softu-a-closed sets need not be a soft
u-a-closed set.

Example 3.4.In the above example 3.3 = {(71,{r1}), (22, {ks})} and
Fr = {(®1,{K2}), (22,{K3})} are soft p-a-closed sets but
Fe U Fy = {(1, {Kk1, k2}) , (22, {k3})} is not softu-a-closed.

Remark 3.4. Let (F3, 1) be asG7s. Then every softu-a-open set is soft
u-pre-open, soffi-semi-open and soft-3-open. But the converse need not be
true.
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Example 3.5.In the above example 3.3{(¥,{k1,k2}),(22,{k3})} and
{(z1, {ka,r3}), (T2, {K1,Kr3})} are softu-pre-open sets but not soft-a-open

sets. Similarly{(2y, {r2, k3}), (@2, {r2})} and{(z1, {k1}), (Z2, {k1, k3})} are
soft u-semi-open sets but not sgfta-open sets. Alsof{ (21, {X}), (22, {k2})}
and{(z1,{0}), (22, {k1, k2})} are softu-[-open sets but not soft-c-open sets.

Definition 3.3. Let (F, ;1) be asg7s andF, C F.

(1) The softu-a-interior of £ is defined by
Sa, (Fy) = U {Fw: Py C FyandFy € 8u-a0 (Fj)}

(i) The softu-a-closure ofF is defined by
Saﬁu (Fz) =N {FW : Fy C Fy andFW c S,u-a@ (FE)}
(i.e.) Say, (Fy) isthe largest soft-a-open set contained ifi, andSa,, (Fy)
is the smallest soft-a-closed set containingy.

Theorem 3.4.Let (F, ;1) be asg7s and Fy;, F, be two soft sets oveF';. Then
() FuC Fy = Say, (Fu) C 8o, (Fy)
(i) FuC Fy = 8a,, (Fu) C 8a,, (Fy)
(iii) Sev, ( 8
(iv) 8a;, (FuN Fy
(

(Vi) 8, (Fu U Fy) 2 8, (Fy) USay, (Fy)

Proof. (i) Since F, is a softu-open set8a,, (Fy) C Fy C F, which implies
Sa;, (Fu) C Fy and8«;, (Fy) is the largest softi-a-open set contained ify,.
HenceSa,, (Fy) C 8o, (Fy).

(i) since F, C 8a,, (Fy) andFy C Sav, (Fy), Fy C Fy C 8o, (F). Hence
Fy C Sa,, (Fy). Also, 8a,, (Fy) is the smallest softi-a-closed containing,.
ThereforeSa., (Fu) C 8a,, (Fv).

(i) We have F, C Fy U Fy and Fy C Fy U Fy.  From (i),
Sa, (Fy) € 8oy, (Fy U Fy) and 8a,, (Fy) C 8a,, (Fy U Fy) which
implies S, (F) U 8a., (Fy) C 8a,, (Fy U Fy). SinceFy C Sa,, (Fy) and
Fy C8a,, (Fy), Fy UFy C8a,, (Fy) USa,, (Fy). SinceSa,, (Fy) USa,, (Fy)
is a softu-a-closed set containingy, U Fi, 8o, (Fyy U Fy) is the smallest soft
pi-a-closed set containingfy U Fy. ThereforeSa,, (Fy U F) C Sa, (Fu) U
8a,, (Fy). HenceSa,, (Fy U Fy) = Sa,, (Fu) U 8ay, (F).
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(iv) We have F, N Fy, C Fy and F, N Fy C Fy. From (i),
Say, (Fy N Fy) C 8ay, (Fy) and 8oy, (Fy N Fy) C 8ay, (Fy) which
implies 8o, (Fy N Fy) C Say, (Fy) N Sav, (Fy). SinceSa;, (Fu) C Fy
andSa,, (Fv) C Fy,8ay, (Fu) 0 8ay, (Fy) C Fy N Fy . As 8oy, (Fy) N
8oy, (Fy) is a softu-a-open set contained iy, N Fy, Sa, (Fy N Fy) is the
largest soff:-a-open set contained iR, N Fy. ThereforeSa,, (Fy) N Say, (Fy)
C 8ay, (Fy N Fy). HenceSa,, (Fy N Fy) = 8a, (Fy) N Sav, (F).

(v) We have Fy, N F, C Fy and Fy N Fy, C F, which implies
Sa,, (Fu N Fy) C 8a,, (Fy) and 8a,, (Fy N Fy) C 8a,, (Fy). Hence
Sa,, (Fy N Fy) C Sa,, (Fy) N Sa., (Fy).

(vij We have F, € Fy, U F, and F,y C F, U F, which implies
Say,, (Fu) C Sy, (Fy U Fy) and Say, (Fy) C 8ay, (Fy U Fy).
HenceSa,, (Fu) USay, (Fy) C 8a;, (Fyu U Fy).

(i.e.) S, (Fu U Fy) D 8ay, (Fy) U8ay, (Fy). O

Theorem 3.5. Let (Fj, 1) be asGZs and Fy be a soft set oveF;. Then
(i) Fis a softu-a-closed set.

(i) Sp-Int (Su-CL (Sp-Int (Fx)°)) 2 (Fx)C.

(i) Su-Cr (Sp-Int (Su-Cl (Fx))) C Fx.
(iv) (Fx)¢is a softu-a-open set.

Proof. (i) = (ii):
Since Fiy is a softy-a-closed set8u-Cl (Su-Int (Su-CL (Fy))) € Fx which
implies (F)¢ C Su-Int (Su-CL (Spu-Int (Fx)°)).
(i.e.) Sp-Int (Spu-CL (Sp-Int (Fx)%)) 2 (Fx)°.
(i) = (iii):
SupposeSyu-Jnt (Su-CL (Su-Int (Fx)°)) 2 (Fx)¢. Then by taking the
complement on both sides, we @et-C/ (Su-Int (Su-CL (Fx))) C Fh.
(i) = (iv):
The result follows from the definition 3.2.
(iv) = (i):

The result follows from the definition 3.1. O]

Definition 3.4. Let (F3, 1) and (Fz,n) be any twosg7s’s. A soft function
U, : (Fg,pn) — (Fg,n) is said to be softy, ,-continuous (briefly soffu,n)-
alpha-continuous), if the inverse image of each gefipen subset irf'; is soft
p-a-0pen inF.
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Theorem 3.6. Each soft(y, n)-continuous is softy(, , -continuous. But the
converse neednot be true.

Proof. LetW, : (Fz, 1) — (F5,n) be a soft(u, n)-continuous mapping. Left,
be any soft)-open set inF';. sinceV, is soft (s, n)-continuous, its inverse image
\If;l(F@) is a softu-open set inf; and every soffui-open set is softi-a-open,
W ' (Fp) is softu-a-open inF. Hencel, is softa, ,-continuous. O

Example 3.6.LetL = {(1,0>, 03}, P = {p1, po } thenu = { Fy, F, Fag, Fag, Fag,
FM4, For, Fo, } IS aSSTS where

p,{L}), (Pza{éhéz})}

={(n
FM2 Z{(P {51,52} 7(172 {51752})}
FM3 = P1,{€1,€3})7( {51752})}
Fay = p1,{€1 Ema{fl}gi
o = (p1, {la}) , (P2, {La}
FMG = {(Pl,{£2,€3 ), {51,52})}
and

LetD = {t{l,lfg,t{g},g = {thgAQ}thenn = {FQ)’FEJ’ FM’F%7F57\£37F57\[47F9\[5}
is a8GTS where
Fyy = (q1. {2, %}), qé,{rﬁ,cfg})%
Fry = {(q1. {2, &3}) , (@2, {1, do})
F9\£3 = 417{‘[27‘{3} ) qA%{{D})}
Fyy ={(q1.{D}) (@, {di, d}) }
Fro ={(a1.{%}). (2 {4})}

A mappingV : L — D is defined byl (¢1) = &y, V(ly) = &5, V(l3) = 4
andy : P — Qby x(p1) = @, x(p2) = ¢- ThenW, : (F5, ) — (Fg,n) is soft
a(um-continuous. But it is not sofi, )-continuous.

Theorem 3.7. A soft mapping¥,, : (Fz, 1) — (F%,n) is softay, ,-continuous
if the inverse image of each softclosed set inf';. is soft u-a-closed inF.

Proof. Let F; be any soft)-closed set infx. Then(F})° is a softp-open set in
F. SinceV, is softq(w)-continuous,\ll;l((F,)C) is a softu-a-open set inF.
Hence(V'((F;)%))" is a softu-a-closed set inF;. O

Theorem 3.8. Let (Fz, 1) and (Fz,n) be two SG7s's. If U, : (Fz,pu) —
(F,n) is a softa, ,-continuous mapping and’;, §) is a SGI5s of F, then the
restricted mapl, . : (Fy, &) — (Ff,n) is softae ,)-continuous.

G

Proof. Let (F5,) be anyn-open set inf. SinceW, is soft ¢, ,-continuous,

U L(Fy,) is & softu-a-open set inF. ThenW, ! (Fy) = Fy () UM (Fy,),
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whereF N U (Fy,) is asoftg-open setinF; which impIiestIJXl}lg(F@i) is a soft
§-open setin;. Hencel, ;. : (Fy, &) — (Fi,n) is softa,,)-continuous. [

Theorem 3.9. A soft mappingV,, : (Fz, 1) — (Fg,n) is softo, ,-continuous
iff for every softu-singleton sef’; in F'z and every soff-open set, in F; and
U, (Fy) € Fy,Fasoftu-a-opensefyin F > : Fy C FycandW, (Fy) C Fy.

Proof. Let I, be any soft)-open set inFz. SinceV, is soft«, ,-continuous,
\If;l(Fq/) is soft u-a-open inFz. By hypothesisW, (Fy) C F, which implies
Fy C UL Y(Fy). TakeFye = U (Fy) whichimpliesFy, C Fycand®, (Fi) C F.
Conversely, LetF, be any softy-open set infz and ¥, (Fy) C Fy,3 a soft
p-a-open set Fy in Fz such that F, C Fy and U, (Fy) C Fy.
HenceFy C Fy C U N (Fy) = U (Fy) € Sp-a0 (Fy). Hencel, is softay,,,)-
continuous. O

Definition 3.5. Let (F3, 1) and (Fz,n) be any twosg7s’s. A soft function
U, : (Fg,pn) — (Fg,n) is said to be sofp, ,-continuous (briefly soffu,n)-
pre-continuous), if the inverse image of each spfipen subset inf; is soft
p-pre-open infz.

Definition 3.6. Let (Fz, 1) and (Fz,n) be any twosg7s’s. A soft function
U, : (Fz,n) — (Fz,n) is said to be soft, ,)-continuous (briefly softu,n)-
semi-continuous), if the inverse image of each spfipen subset irF'; is soft
p-semi-open infz.

Remark 3.5. Every softo, ,,-continuous is sofp,, ,)-continuous and soff,, ,,)-
continuous. But the converse neednot be true.

Example 3.7.LetL = {{, 05, (3}, P = {p, o } thenu = { Fy, F, Fag,, Fagy, Fagy,
Far, Fog, Fag } 1S aSSTS where

Foy = Ep ALY (B {61,62})}

For, = (Pt {£17£2}) P2, {61,62} }

Fay ={(p1, {51,53})7(}72,{&%2 }

Foy = {(Plv{gl ) (P27{€1 )}

Fog, ZEEP ALY) (B {62}) )

Fog = { (51l 15}) . (P, {00, £2) }
and

LetD = {d,d, 5}, Q = {q1, o} thenn = {Fy, F, Fag, Frg, Frg, Fog } is @
8GT8 where
F?\[l = {(‘]:17{‘{2}) ) (‘fZ, {A‘{b ‘[5})}
Fp = %gq},{tﬁ, @}g : qu, {d, d3}) }
= ql;{‘{lydé} ) 427{9})}
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Frg ={(4.{o. &}), (2. {1, &}) }

A mappingV : L — D is defined byl (¢1) = &y, V(ly) = &5, V(l3) = 4
andy : P — Qby x(p1) = @, x(p2) = q1. ThenW, : (Fy, 1) — (Fg,n) is soft
p(um)-cONtinuous. But it is not soft, ,y-continuous.

Example 3.8.LetV = {11,013}, € = {é, &} thenu = {Fy, F, Fa,, Fa,, Fa,
Fa,, Fa,, Fa} is a857T8 where

Fﬂl = {(élv{v})v(é%{VlaVQ})}
Fa, = {(élv{VhV?})7(627{7/17”2})}
F,q3 = {(élv{ylyyii})7(627{1/17”2})}
Fa, ={(a,{n}), (e {n})}

Fay ={(a, {r2}), (&, {12})}

Fﬂﬁ = {(élv{y27y3})’(627{V17V2})}
and

LetW = {wy, wn, un}, 2 = {2, 2} thenn = {F@7F2,FQ;I,F@2, Fgg,Fm} is
a8978 where
Fy, = {(21, {mwn, ms}) , (22, {W})}
{<217 {w27 w3}) ) (527 {w27 ZU3}>}
}Eﬁlv {w3}) ) (22’ {wh w3})}

517 {wlv ZU3}) ) (527 {wla ZU3})}

Fy,
Fy,
F,

A mapping¥ : V — Wis defined by (1) = wn, V(1n) = w3, Y(13) = wy
andy : &€ — Z by x(e) = 2, x(&2) = z1. ThenV¥, : (F;z, u) — (Fz,n) is soft
d(u,m-continuous. But it is not soft, ,-continuous.

Remark 3.6. The composition of two soft, ,y-continuous function neednot be
soft oy, -continuous.

Theorem 3.10.Let & : (Fj, u) — (Ff,n) be a softy, ,-continuous function
and ¥, : (Fg,n) — (Fp,&) be a soft(n,£)-continuous map. Then
Uy o (Fg, 1) — (F5,€) is a softa, ¢ -continuous map.

Proof. Let Fi, be any soft-open subset of ;. SinceV, is soft(r, £)-continuous,
W ' (Fy,) is a softn-open subset of . Also, we haved, is «,,,)-continuous,
@gl(_\lfgl(FQ)) is a softu-a-open set inf';. HenceW, o ®. is a softa,¢)-
continuous map. 0
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4 Soft u-G-open sets

Definition 4.1. [9] Let (F;, 1) be a SGTS. Then a soft set;, C F is said to
be a softu-3-open set |ffFG C cuiuc,Fe (i.e, the case when = cuzuc“) The
class of all soff:-3-open sets is denoted by, or 3,..

Definition 4.2. Let (Fz, 1) be asG7Zs. Then a soft set; C F; is said to be a
soft u-(g-closed set |ff |ts complement is a sepf{5-open set.

Example 4.1.In the above example 3.8y-50 (F {F@, Fr (21, {K2}) .
(T, {rwa})}, { (21, {K3}) , (@2, {r1})}, {(fh{@a'f?)}) (Z9, {K1,K3})},
{(flv{@})7(va{KlaK?})}’{(fh{@})’(an{/{Qaﬁ?’})}v{(flv{’ila'%3})7
('f%{@})}7{(3?17{53})7(f%{’%l?"%})}7{(1?1?{’%17’%3})7('7?27{52753})}’
{(a1, {K2}) , (22, {K2, Ks})} }

Remark 4.1. Both Fyy and F'; are softu-3-open and softi-3-closed.

Theorem 4.1. Every soft u-open set (softu-closed) is softu-5-open (soft
u-(-closed). But the converse need not be true.

Example 4.2. In the above example 4.3,{(%,{r1,k3}), (@, {0})},
{(z1,{k1,K3}), (T2, {Ko,k3})} are soft u-F-open sets but not soft
p-open.

Theorem 4.2. Arbitrary soft union of soffu-3-open sets is a soft--open set.

Proof. Let{Fy, /i € I} be a collection of soft-3-open sets in 8GTS (F, ).
Then by the definition of soft-3-open set,

Fu, € 8p-CL (Sp-Tnt (Sp-CL (Fa))), Vi

Now, U Fa, € U 8-CL (Sp-Tnt (81-CL (Fa,))), Vi

By remark 2.13 (i) U Fa, € 81-CL (U 8p-Tnt (Su-CL (Fa,))), V.

By remark 2.13 (i), F, C - Sp-CL (Sp-Int (U 8pu-CL (Fa,))), Vi

By remark 2.13 (ii)JJ Fia, C 8u-Cl (Sp-Int (Su-CL (U Fg,))), Vi.

Hencel Fia, C 8u-CL (Sp-Int ($u-CL (T F))), Vi 0

Remark 4.2. Finite soft intersection of soft-(3-open sets need not be a soft
1-(3-open set.

Example 4.3.In the above example 4.3Fc = {(21, {ko, k3}), (¥2,{K1,K3})}
and Fp = {(d1,{r1,r3}), (€2, {ra,k3})} are soft u-f-open sets but
FeN Fp = {(21,{krs}), (22, {r3})} is not softu-3-open.
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Theorem 4.3. Arbitrary soft intersection of soffu-3-closed sets is a soft
u-G-closed set.

Proof. The proof is similar to that of theorem 4.7 by taking its coerpénts. [

Remark 4.3. Finite soft union of softu-3-closed sets need not be a soft
u-(-closed set.

Example 4.4.In example 4.3, F, = {(71,{k2,k3}),(72,{kr2})} and
Fr = {(21,{Ks3}), (¥2,{Kk1})} are soft pu-g-closed sets but
F_g U Fr = {(.fl, {:‘ig, Hg}) (fg, {Hl, /4,2})} is not SOﬂ/L'ﬁ'Closed.

Definition 4.3. Let (F, 1) be asg7s and F, C Fj.

(i) The softyu-g3-interior of £, is defined by
88, (Fz) = U {Fyw: Fw C FrandFy € 8u-80 (Fz)}
(i) The softu-3-closure ofFy, is defined by
Sﬁcu (Fz) =N {FW : Fy C Py andFy e Su-ﬂe <FE)}
(i.e.) 83, (Fy)isthe largest soft-3-open set contained iRy, andS 3., (F)
is the smallest soft-3-closed set containing.

Theorem 4.4. Let (F3, 1) be asg7s andF,, Fy be two soft sets ovef;. Then
() Fo CFx = 86, (Fo) C 83, (Fy)
(i) FoC Fr = 88, (Fo) C8f,, (Fx)

80, (Fo) U8B, (Fy)

(i) 86, (Fo U Fy) =

(V) 88, (Fo N Fy) =83, (Fo) N8B, (Fx)
( )
(Fq U Fy) 2

(V) 85, C 80, (Fo) (186, (Fx)
(vi) 84, 85, (Fo) U8B, (Fy)

Proof. (i) Since F, is a softu-open set8g,, (Fy) C Fy C Fy which implies
80, (Fg) C Fy and 80, (Fg) is the largest soft:i-3-open set contained ify .
Hence$s,, (Fy) C 88, (Fx).

(i) since Fy C 88, (Fx) andFy C 88,, (Fx), Fo C Fx C 88,, (Fx). Hence
Fy C 803, (Fx) and83., (Fy) is the smallest soft:-3-closed containing”y.
Therefore83., (Fy) C 88, (Fx)-

(i) We have F, C F, U Fy and Fy, C Fo U Fy. From (ii),

8B, (Fq) C 8B, (Fy U Fy) and 83, (Fx) C 8B, (F, U Fy) which

Fo 1 Fy

I

0 Fy
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implies 88., (Fy) U 88., (Fx) C 8., (Fy U Fy). SinceFy C 83, (Fy)
and Fy C 83, (F), Fo U Fx C 88, (Fg) U 8B., (Fx). As 88, (Fy) U
83, (Fx) is a softu-(-closed set containingy, U Fx, 88, (Fq U Fy) is the
smallest soff:-3-closed set containingo U Fir. ThereforeSg,, (Fq U Fy) C
83, (Fo) U883, (Fx)whichimpliesSg., (Fo U Fy) = 80, (Fo) U803, (Fx).

(v) We have Fy N Fy C Fq and Fy N Fy C Fy. From (i),
86, (Fo N Fyg) C 86, (Fo) and 83, (Fy N Fy) C 803, (Fx) which
implies $3,, (Fq 0 Fx) C 88, (Fo) N 86, (Fy). Since8p,, (Fq) C F, and
86, (Fx) C Fx, 88, (Fo) N 8B, (Fx) C Fo N Fx . As 80, (Fp) N
803, (Fy) is a softu--open set contained ihy N Fy, 83, (Fq N Fy) is the
largest soffu-3-open set contained ifi, N Fy. Therefore3;, (Fo) N 8G;, (Fz)
C 88, (Fo N Fy). HenceSp,, (Fo N Fy) = 8B, (Fq) N 8B, (Fx).

(v) We have F, N Fyx C Fo and Fy N Fx C Fy which implies
86., (Fo N Fy) C 8B, (Fy) and 8B, (Fq N Fgr) C 83, (Fy). Hence
80, (Fo N Fx) C 86, (Fo) N 83, (F).

(vi) We have I, C Fy U Fg and Fy
861, (Fo) C 86, (Fo U Fy) and 883, (Fx)
86, (Fo) U8B, (Fx) C 8B, (Fo U Fy).

(i.e.) 80, (Fo U Fy) 280, (Fq) U8B, (Fy). N

C
C

F, U Fg which implies
88, (Fo U Fy). Hence

INAM?

Theorem 4.5. Let (F;, 1) be asg7s and Fy be a soft set oveF. Then
(i) Fyis a softu-(G-closed set.
(i) Su-Cl (Sp-Int (Sp-CL (Fy))) D (Fy)°.

(i) Sp-Int (Spu-CL (Sp-Int (Fy))) C Fy.

(iv) (Fy)©is a softu-3-open set.

Definition 4.4. Let (F3, 1) and (Fz,n) be any twosg7s’s. A soft function
U, : (Fzp) — (Fg,n) is said to be softy, ,,-continuous (briefly, softu, n)-
beta-continuous), if the inverse image of each sefipen subset if; is soft
p-3-open inF.

Theorem 4.6. Each soft(;:, n)-continuous is soft, ,-continuous.

Proof. LetV, : (F5, 1) — (F5,n) be a soft(u, n)-continuous mapping. Left,,
be any soft)-open set inf’z.. sinceW, is soft (., n)-continuous, its inverse image
\I/;l(Fw) _is a softu-open _set inF% and every soffu-open s_et is soft-3-open,
U (Fy) is softu-(-open inF. HenceV, is soft 3, -continuous. O
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Example 4.5.LetR = {r, n, 1}, E = {4, &}, thenu = {Fy, F5, Fy,, Fa,, Fa,,
FQ[4, FQl5a FQ[6} is as8GgTs where
={(a,{n,n}),(&,{n,n})}

= {(t1, {n, }), (t2, {r1, = })}
:{(th{fz}) (&2, {n})}
={(tr, {n}), (&2, {n})}
={(a,{R}), (&, {n, n})}
F% {(a, {n,m}), (2, {n, n})}
and

Let H = {1, fo, fis} , K = {01, 2}, thenn = {Fy, Fx, Fs,, Fs,, Fs,, Fs, }
isa8GT8 Yvhere
Fyg, = { (i1, {1, hr}) , (22, {3}) }
Fy, = { (2. {1, hs}) . (22, {hs}) }

= {(i,{A1, fe}) , (2 { A, 2}) }

={(a.{m}) . (2. {fs})}

A function ¥ : R — H is defined byl (r) = hy, V() = A3, V() = K
andy : £ — K byy(t) = i, x(&2) = i. ThenW, : (Fz, u) — (Fg,n) is soft
B(um-continuous. But it is not soff, n)-continuous .

Remark 4.4. The composition of two soft},, ,,-continuous function neednot be
soft 3., -continuous.

Theorem 4.7.Let & : (Fz, 1) — (Fg,n) be a softg, ) -continuous function
and ¥, : (Fg,n) — (Fp,&) be a soft(n,£)-continuous map. Then
Uy o ®¢: (Fg,pn) — (Fp,€) is asoftf, «-continuous map.

Proof. Let Fi, be any soft-open subset of ;. SinceV,, is soft(r, £)-continuous,
W ' (Fy,) is a softn-open subset of ;. Also, we haved, is j3,,,)-continuous,
@gl(_\lfgl(FQ)) is a softu-3-open set inf'z. HenceW, o . is a softf, ¢ -
continuous map. 0

Theorem 4.8. Any soft u-G-open set which is soffu-semi-closed is soft
(-semi-open.

Proof. Let /4 be any softu-3-open set. Thett’y € Su-50O (Fz) which implies
Fu C Su-Cl (Sp-Jnt (Su-CL (Fy))). Since Fy is a soft u-semi-closed set,
Fy € 8u-8€ (Fz) which implies 8u-Jnt (S8u-Cf (Fa)) € Fa.  Now,
Su-Jnt (Su-CL (Fa)) C Fu C Su-CL (Su-Int (Su-CL (Fy))).  Since
Su-Jnt (8u-CL (F4)) = Fy is a softu-open setFy; C Fiy C Su-CL (Fy).
ThereforeF 4 is a softu-semi-open set. ]
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Corollary 4.1. Any soft set which is both sofi-3-closed and softi-semi-open
is soft-semi-closed.

Theorem 4.9. The soft intersection of a soft-a-open set and a soft-5-open set
is a softu-(-open set.

Proof. Let Iy be a softu-a-open set and'y be a softu-5-open set. Then
Fy N Fy C Sp-Int (Sp-CL (Spu-Int (Fa))) N Su-Cl (Su-Int (Sp-CL (Fy)))

C Spu-Cl [Sp-Int (Sp-CL (Sp-Tnt (Fa))) N Su-Int (Su-CL (Fy))]
= Sp-Cl [Sp-Int [Sp-CL (Sp-Int (Fn)) | N Su-Int (Su-CL (Fin))]]
C Su-CL [Su-Int [Su-CL [Su-Int (Fa) O Sp-Int (Su-CL (Fis))]]]

= 8p-Cl [Sp-Tnt [Su-CL [Su-Int (Fa) N 8u-CL (Fp)]]]

C 8p-Cl [Sp-Int [Sp-CL [Sp-Tnt (Fa) O (Fip)]]]

C 8p-Cl [Sp-Ont [8p-CL [(Fa) O (Fip)]]]-

HenceFy N Fy is a softu-3-open set. O

Corollary 4.2. The soft union of a softi-a-closed set and a soft-3-closed set
is a softu-(-closed set.

Theorem 4.10.Every softu-3-open set which is soft-a-closed is a soft-closed
set.

Proof. Let [ be any soffu-3-open set. Thett’y; € Su-60O (F) which implies
Py C 8u-Cl (Sp-Jnt (Su-CL (Fy))). Since Fy is a soft u-a-closed set,
Su-CL (Sp-Int (Spu-CL (Fi))) C Fy which implies Fyy = 8u-Cl (Su-Int

(Su-Cr (F))).HenceF, is softu-closed. O

Corollary 4.3. Every softu-3-closed set which is soft-a-open is a soffi-open
set.

5 Conclusion

In the current work, we study some of the properties of gaitopen sets, soft
u-a-closed sets, softu-G-open sets and softu-g-closed sets in  soft
generalized topological spaces using seftv-interior, soft y-a-closure, soft
u-p-interior and soft p-G-closure respectively. We discuss the soft
continuous functions related to soffi-open sets and determine the
necessary and sufficient condition for the composition nragsin softu-open
sets. Also, we examine the inter-relationship between(goff)-continuous, soft
p(um-continuous, soft, ,y-continuous, softy, ,-continuous and softy,, -
continuous mappings with suitable examples.
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1 Introduction

Throughout this paper, we use the standard notations of the Nevanlinna Theory of
meromorphic function as explained in (see [8, 9, 10]). Let f and g be two non-
constant meromorphic functions defined in the open complex plane C. If for some
a € CU{o0}, f and g have the same set of a-points with the same multiplicities,
then we say that f and g share the value a counting multiplicities (CM) and if
we do not consider the multiplicities, then f and g are said to share the value a
ignoring multiplicites (IM). If a = oo, then the zeros of f — a means the poles of
f. A meromorphic function a = a(z) (# 0, o) is called a small function with
respect to f provided that T'(r,a) = S(r, f) asr — oo, r ¢ E, where E is a
set of positive real numbers with finite Lebesgue measure. If a = a(z) is a small
function, then we say that f and g share a IM (resp. CM) according to f — a and
g — a share 0 IM (resp. CM).

In 2008, Zhang and Lii [14] obtained the following result.

Theorem 1.1. be (see [14]) Let k, n be the positive integers, f be a non-constant
meromorphic function, and a (% 0,00) be a meromorphic function satisfying
T(r,a) = o{T(r, f)}, asr — oc. If f* and f*) share a IM and

(2k 4+ 6)O(00, f) +40(0, f) + 20214(0, f) > 2k + 12 — n,

or f* and f® share a CM and
(k +3)0(00, f) +20(0, f) + G2:4(0, ) > k +6 —n

then ™ = f,
In the same paper T. Zhang and W. Lii [14] asked the following question:
Question 1. What will happen if ™ and (f*))™ share a meromorphic function
a (# 0, 00) satisfying T'(r,a) = o{T'(r, f)} asr — o0 ?
In 2013, S. S. Bhoosnurmath and Kabbur [15] proved the following result.

Theorem 1.2. (see [15]) Let f be a non-constant meromorphic function and a (#
0, 00) be a meromorphic function satisfying T'(r,a) = of{T'(r, f)}, asr — oo. Let
P[] be a non-constant differential polynomial in f. If f and P|f| share a IM and

(2Q +6)0(co, f) + (2 + 3d(P))d(0, f) > 2Q + 2d(P) +d(P) + 7,
or if f and P[f] share a CM and
30(00, f) + (d(P) +1)5(0, f) > 4,
then f = P|[f].
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Banerjee and Majumder [16] considered the weighted sharing of f"and (f™)®)
and proved the following result.

Theorem 1.3. (see [16]) Let f be a non-constant meromorphic function, k, n, m €
N and [ be a non-negative integer. Suppose a (% 0, 00) be a meromorphic function
satisfying T'(r,a) = o{T(r, f)} as r — oo such that f" and (f™)* share (a, ).
Ifl > 2 and

(k+3)0(co, f)+ (k+4)0(0, f) > 2k + 7 —n,

orl=1and

(k+ g)@(oo,f) + (k+ g)@(o,f) > 2k +8 —n,

orl =0 and

(2k +6)O(o0, f) + 2k +7)O(0, f) > 4k + 13 — n,
then f = (f™)®),
In 2015, Kuldeep S. Charak and Banarasi Lal [17] proved the following result.
Theorem 1.4. (see [17]) Let | be a non-constant meromorphic function, n be a
positive integer and a (£ 0,00) be a meromorphic function satisfying T'(r,a) =
o{T(r, f)} as r — oo. Let P[f] be a non-constant differential polynomial in f.
Suppose f" and P|f| share (a,l) such that any one of the following holds.
(i) whenl > 2 and

(Q +3)O(o0, f) +20(0, f) + d(P)S(0, f) > Q + 5+ 2d(P) — d(P) — n,
(ii) when | = 1 and

(@ + D)0, 1) + 2600, ) + A(P)0, ) > Q +6 + 20(P) — d(P) ~n.
(iii) when | = 0 and
(2Q +6)O(o0, f) +40(0, f) +2d(P)5(0, f) > 2Q + 10 + 4d(P) — 2d(P) — n.
Then ™ = P[f].

In 2017, H. P. Waghamore and Husna V. [7] proved the following.
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Theorem 1.5. (see [7]) Let k (> 1), n (> 1), p (> 1) and m (> 0) be integers
and f and f; = f—uw, be two non-constant meromorphic functions and M| f] be a
differential monomial of degree dy; and weight 1"y and k is the highest derivative
in M[f]. Let P(2) = pmyn2™ " +. . .4+a,2"+. . .+ag, Gyin 7 0, be a polynomial
in z of degree m + n such that P(f) = f{P(f1). Also let a(z) (# 0,00) be a
small function with respect to f. Suppose P(f) — a and M|f] — a share (0,1).
Ifl > 2 and

(34 2X0)0(00, f) + p2dus (wp, f) + 2drr614£(0, f) > 20ns + 202 + 3 — p,

orl=1

(5 +22)800c. 1) + 300 )

(m+n)—3p

+ p120,5 (Wp, [) + 2dard11x(0, f) > 200 + po + 4+ 5 ;

orl =0and
(64+3X)O(00, f)+20(wp, f)+u20us(wp, f)+3dar0141(0, f) > 30 a+po+8+2(m-+n)—3p

then P(f) = M|f].

Question 2. What happens if differential monomial M [f] is replaced by differen-
tial polynomial P[f] in Theorem 1.5 ?

To answer the above question, we prove one Theorem which improves and gener-
alizes Theorem 1.5.

2 Some Definitions

Definition 2.1. For any constant a, we define the quantities

@(a,f)zl—mw.

B 7 )
éa, f)=1-— Tlirglo (r;afz}{)

Definition 2.2. (see [13]) We denote by Ny, (7“ fia> the counting function for

zeros of f — a with multiplicity < k, and by Nk) (r, ﬁ) the corresponding one
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for which multiplicity is not counted. Let N (r, ﬁ) be the counting function

for zeros of [ — a with multiplicity atleast k and N(k (r, ﬁ) the corresponding

one for which multiplicity is not counted. Set

Nk(r, ﬁ) = N(r, ﬁ) +N(2(r, %) + ... —I—N(k<r, ﬁ)

Definition 2.3. (see [19]) For two positive integers n, p we define ji,, = min{n,p}
and i, = p+ 1 — pp. Then it is clear that

Np(T,O; fn) = MpN;t;(r70; f)

Definition 2.4. (see [20]) Let z, be a zero of f — a of multiplicity p and a zero of
g — a of multiplicity q. We denote by N (1, a; f) the counting function of those a-

points of f and g where p > q > 1, by N ;3) (r,a; f) the counting function of those
a-points of f and g where p = q = 1 and by NS(T, a; f) the counting function of
those a-points of f and g where p = q > 2, each point in these counting functions

is counted only once. In the same way we can define N(r,a;g), Né) (r,a;9),
NE (7’, a; g)

Definition 2.5. (see [21]) Let k be a non-negative integer or infinity. For a €
C U {oo} we denote by Ey(a, f) the set of all a-points of f, where an a-point
of multiplicity m is counted m times if m < k and k + 1 times if m > k. If
Ex(a, f) = Ex(a, g), we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then z, is an
a-point of f with multiplicity m (< k) if and only if it is an a-point of g with
multiplicity m (< k) and zy is an a-point of f with multiplicity m (> k) if and
only if it is an a-point of g with multiplicity n (> k), where m not necessarily
not equal to n. We write f, g share (a,k) to mean that f, g share the value a
with weight k. Clearly if f, g share (a, k) then f, g share (a, p) for all integers p,
0 < p < k. Also we note that f, g share a value a IM or CM if and only if f, g
share (a,0) or (a,0) respectively.

Definition 2.6. (see [1]) Suppose that f(z) is a meromorphic function in the com-

plex plane C and a(z) is a small function of f(z).Then the differential monomial
k

is defined by M|[f] = H( fU ))”” where n;,, - - - ,n;, are non-negative integers.
5=0

Definition 2.7. (see [1]) Suppose that f(z) is a meromorphic function in the com-
plex plane C and M,(f),--- , M, (f) be the differential monomials in f(z) of
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degree ny, - - -, ny, respectively. Then P|f]| = Z M, (f) is said to be differential
=0

=
poynomial in f(z) and n = max{ny,--- ,n,} the degree of P[f].

With the notion of weighted sharing of values Lahiri-Sarkar [11] improved the
result of Zhang [12]. In [13] Zhang extended the result of Lahiri-Sarkar [11] and
replaced the concept of value sharing by small function sharing.

3 Some Lemmas

Let F, GG be two non-constant meromorphic functions. We define ¢) as meromor-
phic function which is defined as follows.

F// 2F/ G// QG/
— [ = — — | = - . 1
v (F’ F—l) <G’ G—l) 1
Lemma 3.1. (see [1]) Let p, n be two positive integers. Then for ¢ > 0

Np(r, 0; f) < (n = ndp(0; f) + €)T(r, f).

Lemma 3.2. (see [2]) Let P[f] be a differential polynomial generated by non-
constant meromorphic function f. Then

N(r,00; P) < d(P)N(r,o00; f) 4+ (I'p — d(P))N(r,c0; f).

Lemma 3.3. (see [3, 4]) Let f be a meromorphic function and P|f] be a differ-
ential polynomial. Then

m(r, ;[(J; ])) < (@(P) ~ d(P)m(r. %) + S f).

Lemma 3.4. (see [5, 6]) Let P[f] be a differential polynomial generated by non-
constant meromorphic function f. Then

N<r, - f[ﬂ)) < (Tp — AP)N(r,00: 1) + (@(P) ~ d(P)N(r,0: ] 2+ 1)

+QN(r,0; f| > k+1) +d(P)N(r,0; f| < k) + S(r, f).
Lemma 3.5. (see [1]) For the differential polynomial P|f],
N(r,0; P[f]) < (Tp — d(P))N(r,00; f) + d(P)N(r,0; f)

+ (d(P) — d(P)) (m (r, %) + T(r, f)) + S(r, f).
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Lemma 3.6. (see [1]) Let j and p be two positive integers satisfying 7 > p + 1.
Let P|f] be a differential polynomial withTp > (k + 1)d(P) — (p + 1). Then

N(j+FP_d(P) (T’ 0; fd(P)) < N(j (7”, 0; P[f])

Lemma 3.7. (see [1]) Let j and p be two positive integers satisfying 7 > p + 1.
Let P[f] homogeneous differential polynomial withT'p > (k+ 1)d(P) — (p+ 1).
Then

Np(r7 07 P[.ﬂ) S Np+Fp7d(P) (’I“, 07 fd(P)) + (FP - C_l(P))N(T, 3 f) + S(T, f)

Lemma 3.8. (see [19]) Let F and G share (1,1). Then

Ni(r,1;F) < ——=N(r,00; F) + N(r,0;F)+ S(r, F) if 1>1,

and

Np(r,1;F) < N(r,00; F) + N(r,0; F) + S(r, F) if 1 =0.

Lemma 3.9. (see [19]) Let | be non-constant meromorphic function and a(z) be
a small function of f. Also, let F = PU) = LHPU) gpg G = @ If Fand G

shares (1,00), then one of the followingacases ho?ds.

(i) T(r) = Ny(r,0; F)+ No(r,0; G)+ N(r, 00; F)+N(r,00; G)+ N (r, 00; F)+
NL(n 05 G) + S(T)»

(ii) F = G,

(iii) FG = 1,

where T'(r) = maz{T(r,F), T(r,G)} and S(r) = {T(r)}, r € I, I is set of

infinite linear measure of r € (0, 00).

Lemma 3.10. Let f be a non-constant meromorphic function and a(z) be a small
P
function in f. Let us define F' = @ = 10 gng G = #. Then FG # 1.

Proof. On contrary, assume that F'G = 1i.e., P[f]fY P(f1) = a*. Then
N(r,0; f| = k+1) = 5(r, f)

Now applying Lemmas 3 and 4 and First fundamental Theorem of Nevanlinna,
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< (d(P) = d(P)|[T(r, ) = {N(r,0; f| < )

N(r,0; f| > k+ 1)}
(Tp = A(P)N(r,00: ) + (@(P) = d(P)N(r,0; f| = k + 1)
QN(r,0; f| > k +1) + d(P)N(r,0; f| < k) + S(r, f)
(d(P) — d(P)T(r, ) + d(P)N(r, 0 f| < )
Up — d(P)N(r,00: f) + S(r /)
r,f) + (Tp = d(P)N(r,00; PIfIfLP(f1)) + S(r, f)
) + N
)

~—~

—~
S

T

)
(Cp = d(P))N(r,00;a%) + S(r, )
+ S(r, f).

which is a contradiction. ]

INININ + IN + + +

ol al &l
—~ o~

P
P
P

=

ER=E=
/\:;/—\

=

4 Main Results

Theorem 4.1. Let k (> 1), n (> 1), p (> 1) and m (> 0) be integers and
fand fi = f — w, be two non-constant meromorphic functions and P|[f] be
a homogeneous differential polynomial of degree d(P) and weight I'p such that
Lp > (k+ 1)d(P) — 2, where k is the highest derivative in P[f]. Let P(z) =
Ui 2™+ o+ an2" + .+ G, Gmyn # 0, be a polynomial in z of degree
m + n such that P(f) = fIP(f1). Also let a(z) (£ 0,00) be a small function
with respect to f. Suppose P(f) — a and P[f] — a share (0,1).

(i) Ifl > 2 and

(Dp—d(P)+3)0(00; ) 120,505 /) +d(P)o 11y —ar) (0 f) > Tpbpiz+3—n—m.

(ii)orl = 1 and

(Pe —d(P) + 2)O(o0: ) + 50(0: 1) + 11ads (0: )
+ d(P)0osrp—ap)(0; f) > Tp + po +4 —n —m.
(iii) or | = 0 and
(2(T'p — d(P)) +6)O(00; f) +20(0; f) + p2dus (0; f) + d(P)d14r5—acp) (0; f)
4+ d(P)024rp—ap)(0; f) <2T'p + pip +8 —n —m,
then P(f) = P|f].
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Proof. Let I' = @ = ﬁ)P+andG = —f]. Then F' — 1 = Wand
G-1= %. Since P(f) and P[f] share (a, 1), it follows that /" and G share
(1,1) except the zeros and poles of a(z). Let v be defined as in equation (1). We
consider the following cases.

Case 1. When ¢ # 0. Then from (1) we have m(r,¢)) = S(r, f). By Nevanlinna
Second Fundamental Theorem we have,

T(r, F)+ T(r,G) < 2N(r, ) (%) £ (r L )

where N0< T, F,) denotes the counting function of the zeros of F’ which are not

zeros of F/(F'—1) and No( T, G,) denotes the counting function of the zeros of G’

which are not zeros of G(G — 1).
Subcase 1.1. When [ > 1. Then from (1) we have

N}E)(T, . 1) < N(T, %) + S(r, f)
T +S
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3)

Forl > 2

oN ( ! )+2N ( 1 >+N(2< 1 )
A L\ra-1 e\
L <

Thus from (3) we obtain

N(r, F1—1> +N(r, G1—1> < N(r, f) —l—N(Q(?“, %) —i—N(z(r, é)
N(r ) + 8o ) )
)

+N0<7’, é) + S(r, f).

From Lemma 3.7 and inequalities (2) and (4) we get

(n+m)T(r, f) < (Cp = d(P) + 3)N(r, ) + 2Ny (r, wp; [) + Nasrpar (r, 05 f47)
+S(r, f)
<{(Tp—d(P)+3) = (T'p — d(P) + 3)0(c0; f) + p12 — p120,3 (0; f)
+d(P) — d(P)dasrp—ap) (05 f) + €}T(r, f) + S(r, ).

1.e.,

(Lp—d(P)+3)0(00; f)+h20,;(0; f)+d(P)dayr,—ar)(0; f) < Tptpuat+3—n—m.
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which violates to the condition (i) of Theorem 4.1.
Subcase 1.2. Next, consider the case when [ = 1. First note that

— 1 1 1 1— 1—/7 1

N (. ) <oN(rm|F£0) < SN@F) +SN(r ), 6

i\np=g) SV E|F#0) s N B+ oNng) 6
when N (r,%‘F # O) denotes the zeros of F” that are not the zeros of F'. From

inequalities (1) and (5), we have

— 1 — 1 (2 1 — 1
2NL<T’F—1>+2NL<T’F—1>+NE<T’F—1 +N(T’G—1)
1
+

) (6)

Thus, from inequalities (2) and (6)

Vo) 7o ) £+ ol ) (o) + e

3T ) 100 (e )+ 50
+S(r, f).

From Lemma 3.6, (2) and (7), we have

(n+m)T(r 1) < (O = d(P)+ 3 )N £)+ 58 (5 1) + a0
+ Nayrpacey(r,0; f47) + S(r, f)
< {(re—d(P)+ 1) (0p —d(P) + D)Bl00: ) + 5~ 3600 )
o+ t2 = 120,5(0; f) + d(P) = d(P)8ssr—ar)(0; f) + €} T, )
+ S(r, f).

1.e.,

(Fp —d(P)+ z)@(oo; f)+ %@(0; f) + 120,5(0; f)

2
+d(P)basrp—ap)(0; f) <Tp+pe +4 —n—m,
)
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which violates to the condition (ii) of Theorem 4.1.
Subcase 1.3. When | = 0. Then, we have
1

. 1
NE)<T’F—1) G-1

o ) =)+t

and also from (1), we get

W) + ¥ () <30 ) + ME ()

N }3) <7",

)+ 50 1),

+ N T,G1_1>+S(7‘,f)
S]Vg(T’Fl— )+NL<T’F1—1)+N<T’G1—1)
+S(r, f)

< N(n, F)+N(2( ;)er( ( é)
+2NL< >+ <
+N0< >+N0( >

From Lemma 3.8, (3) and (6) we get

) %) + MQN,u;(rao; f)

+ Noyrpapy (1, 0; FA) + Ny paey (7, 05 F25)) + S(r, f)
<{@2(Tp—d(P))+6)— (2(I'r — d(P)) + 6)O(c0; [)

+2—20(0; f) + pa — p20p5(0; f)

+d(P) — d(P)d141p—ap)(0; f) + d(P)

— d(P)b21rp—ap)(0; f) + }T(r, f) + S(r, f).

(n+m)T(r, f) < (2(Tp - d(P)) + 6)N(r, f) + 2N

i.e.,

(2(p = d(P)) +6)O(00; f) 4+ 20(0; f) 4 p26,5(0; f) + d(P)d111p—ap) (0; f)
+ d(P)doirp—ap)(0; f) <20p+ s +8 —n—m
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which violates condition (iii) of Theorem 4.1.
Case 2. If H = 0. On integration of (1), we get

1 A

_ B.
G_1 F_1"

where A (# 0) and B are complex constants . Clearly, F' and G share (1, 00).
Also, by construction of F' and GG, F' and G share (00, 0). So, by Lemma 3.6 and
condition (2), we obtain

Ny(r,0; F) 4+ Ny(r,0;G) + N(r, F) + N(r,G) + Np(r, F) + N(r,G) + S(r)
< 1o Npy (7,05 f) + Noyrpaep(r; 0; f27) + (Tp — d(P) + 3)N(r, f) + S(r)
<{(Tp+p2+3)— (Tp—d(P) +3)O(c0; ) — p20p5(0; f)
— d(P)024rp—ap)(0; ) + €}

<T(r,F)+S(r),

where € > 0 is any small quantity. Hence from the case [ > 2 and Lemma 3.9
does not hold. Again in view of Lemma 3.10, we get F'G # 1. Therefore F' = G
ie., P(f) = P|f]. ]

S Conclusion

In this research article, we have proved one result by using the concepts of differ-
ential polynomials. In this paper, we have replaced the differential monomial by
differential polynomial and P(f) = fVP(f;) where f is a meromorphic function.
Thus, the result have been improved and generalizes the previous result obtained
in [7]. Finally, for further research we are posing a question What happens if
P(f) = fTP(f1) is replaced with P(f) = [fI P(f1)]*®) which shares “(0,1)” ?
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Existence and Uniqueness of Solutions for
System of Nonlinear Fractional
Reaction-Diffusion Equations
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Abstract

In this paper, to develop monotone method for non-linear system of
Riemann-Liouville (R-L) reaction-diffusion equations with initial and
boundary conditions. The monotone method yields monotone se-
quences which converges uniformly and monotonically to minimal
and maximal solutions.To investigate the existence and uniqueness of
solutions by monotone method for R-L reaction-diffusion equations
with initial and boundary conditions.

Keywords: Riemann-Liouville fractional derivative; eigenfunction;

lower and upper solutions; monotone method.
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1 Introduction

Now a days, system of fractional reaction-diffusion equations is a leading topic
in the area of fractional calculus. It is observed that the solution of non-linear
reaction-diffusion equation is rarely possible. The system of fractional differ-
ential equations have many applications in the field of Physics, Chemistry, Bio-
chemistry [Hilfer, 2000, A.A. Kilbas and Rogosin, 2014, A.A.Kilbas and Tru-
jillo, 2006]. However the most of the natural phenomenon are nonlinear in nature.
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These situation are captured by nonlinear system of fractional reaction-diffusion
equations. The leading researchers have studied the existence and uniqueness of
solution of the fractional differential equations using fixed point theorem [Chhetri
and Vatsala, 2017, 2018, D.B. Dhaigude and Nikam, 2012, Hilfer, 2000, Kil-
bas and Marzan, 2004, Lakshmikantham, 2008, Nanware and Dhaigude, 2012,
Pao, 1992, Vatsala, 2015]. Also the monotone method combined with the lower
and upper solution for system of R-L reaction-diffusion equations with initial and
boundary conditions are discussed in [Denton and Vatsala, 2011, Z. Denton and
Vatsala, 2011, V.Lakshmikantham and Leela, 2009, Vatsala, 2012b,a]. There are
different kind of problems for which monotone method has been developed in
[Lakshmikantham and Vatsala, 2012, Nanware and Kundgar, 2021, Nanware and
Dhaigude, 2015, 2012, 2018, Jadhav and Dhaigude, 2014, 2017, 2020, Ramirez
and Vatsala, 2012].

In this paper, we develop monotone method for the non-linear system of R-L
reaction diffusion-equations using lower and upper solutions. We obtain integral
representation form for the solution of linear system of R-L reaction-diffusion
equations using eigen function expansion method and Green’s theorem.The com-
parison results are obtained for system of R-L fractional reaction-diffusion equa-
tions. These sequences of solutions for linear fractional differential equations
which converges uniformly and monotonically to minimal and maximal solutions
of the non-linear system of fractional diffusion equations. We successfully apply
monotone method to obtain existence and uniqueness of solutions of the problem.

The paper is arranged in the follows.

In section 2, definitions and basic results are discussed that plays vital role in the
main results. The comparison results are obtained in section 3. These results are
used to develop monotone method for the problem under study. The obtained
results are given in section 4. At the end discussion and conclusion section is
added.

2 Preliminaries

In this section, we introduce definitions and preliminary results which are used
in main results.

Definition 2.1. ([Chhetri and Vatsala, 2018]) The R-L fractional integral of u(t)
of order q is defined as

t
D; u(t) = —/ (t—7) u(r)dr, 0<q<1.
0
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Definition 2.2. ([Chhetri and Vatsala, 2018]) The R-L (left-sided) fractional deriva-
tive of u(t) is defined as
Diu(t) L d /t(t Y u(r)dr,t >0, 0<qg<1
== -7 T)dT ,
t 1’\(1 . q) dt 0 ) ) q >
Definition 2.3. ([Chhetri and Vatsala, 2018]) The Mittag-Leffler function with
two parameters o and 3, denoted by E,, g is defined as,

0 k

z
Eu.5(z) = ; m,a,ﬁ > 0.

Definition 2.4. ([Chhetri and Vatsala, 2018]) A function h(t) € C(J,R) is a C,

continuous function, if t'~h(t) € C(Jy,R) where p = 1 — ¢q,J = (0,T] and

Jo = [0,T]. The set of C, continuous functions is denoted by C,(J,R). Further,

given a function h(t) € C,(J,R), we call the function t'~9h(t), the continuous

extension of h(t).

Consider the nonhomogeneous linear R-L fractional differential equation [
A.A Kilbas and Trujillo, 2006] with initial condition

D% = \u + h(t), L(qQ)u(t)t' ™ |—o= u° (1)

where A € R and h € C[Jy, R], has integral representation of the solution of
equation (1) as

ult) = e By ) + [ (= B A= D @)

Lemma 2.1. ([Denton and Vatsala, 2011, Z. Denton and Vatsala, 2011]) [Com-
parison Results] Let n € C,[Jo, R] be such that for some t, € (0,T), n(t;) = 0,
and t'=In(t) < 0 on [0,t], then Din(t) > 0.

3 Comparison Results

In this section, we obtain a comparison results for the system of non-linear
fractional reaction-diffusion equations with initial and boundary conditions. The
comparison theorem is employed respect to the lower and upper solutions when
the non-linear term is of the form f;(x,¢, uy, uy), where f;(x,t,uy,us) is quasi-
monotone non-decreasing function and satisfies one sided Lipschitz condition.

Consider the initial and boundary value problem for system of non-linear R-L
fractional reaction-diffusion equations.

8qu7; 82?11'

ote ' ox?

= fi(z,t,u1,us) on Sr. (3)
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wi(0,8) = Ai(t), wi(L,t) = B;i(t) in Ir.

D)t ui(z, 1) leo= fi'(x) z €1

where i = 1,2,f; € O[I x Jo x R, R], I = [0, L], J = (0,T), Sy = J x I, k > 0
and I7 = (0,7) x O1.

Suppose that f(0) = A;(0) = f(L) = B;(0) = 0, D()t" u; i=o= (7).
We assume the initial and boundary condition satisfy the compatibility conditions.
Using the method of eigenfunction expansion,[Chhetri and Vatsala, 2018] the so-
lution of (3), is of the form

wilz,t) =Y ba(t)n(), )

where the eigenfunctions of the related homogeneous problem are known to be

¢n(x) = sin™Z and its corresponding eigenvalues are \, = [(%Z)?]. We com-

pute b, (), where b,(¢) is the solution of linear R-L fractional differential equa-
tions, as follows:

t
bu(t) = V2t E, ((—kiAnt?) +/ (t — 7)1 E, (—kiAat) g, (7)
0

FEIT AT — (1) Bl

n l 7 y n y y? Qn [ (2 V] 1, 2 n y y

Therefore,

2 L
() =7 | o)t By ki)
t L
+ /O (t—T)qlE%q(—k:@-)\ntq)% /0 Fi b, un) o (y)dydr
ont [*

kT | =T B (kM) A7) = (1) Bi(7ldr
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So, using b, (t) in (4), the solution u;(x, t) has the form

o0

wi(z,t) = / A [ZiE (—ki)\ntq)ﬁbn(x)@bn(y)] P (y)dy
/ / [ —(t=7)" lEq o(—kidn(t — T)q)(bn(x)(bn(y)] fidydr
h / [2;—3@ = Bt = 1))0n(e)| A

k /O [QZ;T (t— ) E, (— k;z-)\n(t—r)q)%(x)} By(7)dr.

Thus we have,
wi(a, ) = / 191G . 1) £ ) dy + / / (2,1 — 1) fulydr
0
—i—kZ/Gy(m,O,t T)dT — k /G (x,L,t — 7)B;(1)dr,
0

where

Eyq(=kiAnt ) n(7)Pn(y).

1o

G(z,y,t) Z
n=0

The following Lemmas are useful to obtain the convergence of the solutions.

Lemma 3.1. Chhetri and Vatsala [2017] Let E, (—At?) be the Mittage-Leffler
function of order q, where 0 < q < 1. Then, % < 1, where \{, Ay > 0

such that \y = Ay + c for ¢ > 0.

Lemma 3.2. Chhetri and Vatsala [2017] Let E, ,(—At?) be the Mittage-Leffler
function of order q, where 0 < q < 1. Then, % < 1, where \{, Ay > 0

such that \y = Ay + c for ¢ > 0.

Now, we show the convergence of the above solutions using Lemma 3.1 and
Lemma 3.2 above. We can split the solution of (3) as u; (z, t), u?(z,t) and u(z, t)
respectively as follows:

(a) uzl(:c, t) is the solution of (3), when f; =0, A;,(t) =0= B
(b) u?(x, t) is the solution of (3), when A;(t) = 0 = B;(t), f? =0,
(¢) u}(x,t) is the solution of (3), when f;(z,t,us,ug) =0, f2 =0
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Theorem 3.1. Chhetri and Vatsala [2017] u}(z,t), u?(x,t) and u?(x,t) converge
when |f,L0(Z‘)| < Ny, Ny > 0, fi(I,t,U17U2)| < Ny, Ny > 0; Az(t)| < My,
M; > 0and |B;(t)| < Ms, My, My > 0, respectively.

Now, we consider the initial and boundary value problem for system of non-
linear R-L fractional reaction-diffusion equations of the type

Omu; OQui
otd " Ox?
D(t M2, t) |imo= f(2), z€l,
u;(0,t) = A;i(t),u;(L,t) = Bi(t) on I,
[=10,L],7=(0,T),Sr = J x I,k >0,

Ir = (0,T) x O i=1,2

f; € C*[I x J x R*,R].

:fi(l',t,UhUz), (.ft,t) GST7 (5)

In this work, we can see the classical solution of (5) w;(z,t) € Cg’q on S, and

u;(x,t) € C,on Sr. To develop monotone method for the problem,(5) we need
to define the following important definitions and results

Definition 3.1. If the functions — v;(x,t)&w;(x,t) € C*1[St,R] are called the
natural lower and upper solutions of (5) if

0%;(x,t) 0?v;(x, 1)
Y k; 52 < filz,t,v1,v9), on St (6)
D(a)(t —to) vi(,t) i=o< fi'(2), z €1

vi(z,0) < Ai(t),v;(L,t) < Bi(t) in I

M e P
w;(x,t w;(x,t
ota - kl 6’x2 Z fi(xata w17w2)7 on ST (7)

L(q)(t —to) ™ Mw;(a,t) |i=0> f(z), wel
wi(z,0) > Ay(t), wi(L,t) > Bi(t) in Ip.

Definition 3.2. A function f; = f;(x,t,u1,us) in C*[I x J x R? R] is said to be
quasimonotone nondecreasing if
filx, t,ug,ug) < fi(w, t,v,v2) ifu; =viand uj < vj, i # j,i=j=1,2

Definition 3.3. A function f; = fi(z,t,uy,uz) in C*4[I x J x R% R] is said to be
quasimonotone nonincreasing if
fi(x7taul7u2) Z fi($7t7vlyv2) l‘fUZ =1 Cll’ld uj S ij Z 7é j’ Z = j = 172
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Theorem 3.2. [Comparison result | Assume that

(i) vi(z,t),w;(z,t) € C*1[Sr, R] are natural lower and upper solutions of (5),
respectively and T(q)t*~%;(x,t) |,=0< T(q)t' ™ 9w;(z,t) |i=o,

vi(O,t) S wi((),t), ’Ui(L,t) S w,(L,t)

(ii) fi(x, t, u1, ug) satisfies the one sided Lipschitz condition

fi(x7t7ul7u2) - fi(x7t7ui7u;) < MZ(UZ - U:),

whenever u; < u’ and M; > 0,1 =1,2.
Then vi(z,t) < w;(z,t)on J x 1.

Proof. Initially, we prove the theorem when one of the inequalities in (i) is
strict. For that purpose, let m;(x,t) = v;(x,t) —w;(x,t). We claim that m;(x,t) <
0, (x,t) € I x J. Suppose that the conclusion is not true, then there exists a
t; € Jand x; € I such that t'=9m;(xq,t1) < 0on [0,t1), mi(xy,t1) = 0. Tt
easy to check % =0and % < 0.

Then, using Lemma 2.1 we get 8‘1m8+t(:p,t) >0
From the hypothesis, we also have

3qmi(x1,t1) . 8(11)@'(1‘1,151) _ 8qwi(a:1,t1)

ot ot ot
0%v;(z1,
< kz% + fi(z1, t1, 01, 02)
0%w; (x4,
— k1$ — filz1, t, w1, wy)

< filz1,t1,v1,02) — fi(w1, b, w1, we) =0

which is a contradiction. Therefore, v;(z,t) < w;(x,t) on S.
In order to prove the theorem for the non strict inequalities, let

wi(z,t) = wi(x,t) + et ' E, [2Mt7),
v (z,t) = vi(w,t) — et B, [2MtY).

From this it follows

w; (0,1) > v;(0,1),
wi(L,t) > v (L,1),
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L)t %w} |i=o> T(q)t' 9wy |i=0> T(q)t* 05 |i=0> T'(q)t' ™90} |;=o . Then,
Qwj (z,t) Pwi(z,t) 0w, t) OPwi(x,t) 01
T\l 2D Yy U g, oM
ot 97 ata oz "ot Ladl2M]
> filw, t,wy, we) + et 2ME, ,[2M 19
= fz Jf,t, wl,wg) + Mietq_lEq,q[QMtq]
= fi(x, t,w}, wy) + eM;t" ' E, [2M17]
fi >)

*
T, t,wy, w,y

(
(
(
(

V

on Sr.

Similarly,

0} (x,t)
ota

0?vf (z,t)
ki Oz?

> filz,t,v],v3) on Sr.

Since v} < w} on Sy and as € — 0 we have v; < w; on Sp. O
Corolary 3.1. [Maximal principle] Let

0my(x,t) 0?m;(x,t)
ot — k?z 81‘2 S 0 on ST,
m;(0,t) < 0,m;(L,t) <0 on Ip,

L(g)t' " %my(x,t) [;=o< 0 on 1.

Then m;(xz,t) <0on J x I.

Proof. Suppose m;(z,t) has positive maximum at (z1, ;). Let m;(zq,¢;) =
K. Letm;(z,t) = m;(z,t)— K. Then t'~9m;(x,t) < 0on (0,t] and m;(x1, t1) =

. ) 2, ..
0. Using Lemma 2.1, we get %j(i}’“) > 0. Also % < 0. Combining
39m(z1,t1) 92mi(21,t1)

Bt({ - kl oz? Z 0.

these two, we get
Also, we have

8qm(x7 t) aQWi(xa t) _ aqmi (l’, t) 82mi (l’, t) ¢!

ote -k 0x? N ote -k or K I'q
dm;(z,t) 0*m;(z,t)
—K
Y 9a?
< 0.

which gives a contradiction. Hence, m;(z,t) < 0. O
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4 Main Results

This section is employed for monotone method for system of R-L fractional
reaction-diffusion equation (5) using lower and upper solutions. Also obtain exis-
tence and uniqueness of solution of system(5).

Theorem 4.1. (i) Let f; = fi(x,t,uy, us) in C*4[I x J x R? R] be quasimonotone
nondecreasing.

(ii) Let (v?,wY) be the lower and upper solutions of (5) such that

=19 < 1= on Sr.

(iii) Let f;(x,t,uq, us) satisfies the one sided Lipschitz condition

fi<l’,t,u1,U2) - fi(xatuy{vu;) > _Ml<ul - ur)v

whenever u; < u; and M; > 0. Then there exist monotone sequences {t' =9 (z,t)}
and {t'"9w™(x,t)} such that t'*~9(x,t) — t'79p;(z,t) and '~ Wwl(z,t) —
t179;(x, t) uniformly and monotonically on Sz, where p;(x,t) and ~;(x,t) are
minimal and maximal solutions of (5) respectively.

Proof. We construct the sequences {v!'(z, )} and {w]*(z,t)} as follows:

P (x,t) kOQU?(:C, t)

5 i = fi(z,t, 0} (z,t),v5(x, 1)), on Sr (8)

L(g) )" (x,t) limo= fP(x), x €1
U?<O7 t) = Ai@)?”?([ﬁ t) = Bz(t) in IT>
and

dwi(z,t) . O*wi(z,t)

2 i = fi(z, t,w} N (z, ), wi(z,t)), on Spr (9

L(q) () 9w (2,t) limo= f(z), z€I
w;'(0,t) = Ai(t), w;'(L,t) = Bi(t) in Ir,

Observe that v} (z,t) and w} (x, t) exist and unique solution of the system (5) and
Corollary 3.1. By induction and the assumptions on f;(z, ¢, uy, us), we show that
the solution v]'(z,t) and w!(z,t) exist and unique by Corollary 3.1, for any n.
Let us prove first v) < v} and w;} < w) on Sr.
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Let p;(x,t) = v?(z,t) — v} (x,t). Then

pi(x,t) | Ppi(x,t) 0 (x, ) 0P (x,)

ota Yoorr o Y Oa?
[0 () ka%il(:c,t)
ota Y Ox?

< fi(x,t,v?,vg) - [fi(‘r’tav(l)avo)] =0

Thus we have p;(0,t) = 0,p;(L,t) = 0 on I and T'(q)t'“p;(x,t) |1=o= 0 on

I7. Therefore, by Corollary 3.1, we have p;(z,t) < 0 on Sy and 0 (z,t) <

t'=%}(z,t) on Srt.

Suppose that vF~! < ¥, Now we prove v < v,

Let p;(w,t) = vF(x,t) — vF* (2, t). Then
dp;(x,t) i 0?pi(x,t) B Ok (1) i 0*vf (1)
otd Yooxr ot © a2
[0 () kOQUfH(JZ,t)
ota Y Oa?

< fZ(xv 2 Ulfv U§> o [fl(xa t U’erlv ’05)]
< Mi(oi ™ =)

S _szz (Q?, t)

Thus we have p;(0,¢) = 0, p;(L,t) = 0 on I and T'(q)t'~9p;(z,t) |;=o= 0 on
Ir. Therefore, by Corollary 3.1, we have p;(z,t) < 0 on Sy and t'~%F(x,t) <
t' =9 (2, t) on Sr.

Hence by mathematical induction, we have

H700 <0l << HTRF < HTRMT << H T < (10)

We show that w} (z,t) < w?(x,t) on Sr.
Let p;(z,t) = w}(z,t) — w)(x,t). Then

dpi(w,t) k'82pl-(x,t) 0w} (x, ) B k'32wi1(x,t)
ota oox2 om © 02

B 0w (x,t) B k(ﬁw?(m,t)
ota " Oa?

< fi<x7t7w(1)7wg> - [fi(xvtvwngo] =0
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Therefore, p;(0,t) = 0, p;(L,t) = 0 on I and I'(gq )tl_qp(x t) li=o= 0 on Ir. By
Corollary 3.1, we have pz(x, ) < 0on Spandt'~%w(x,t) < t'~%w}(x,t) on Sr.
Suppose that w’(z,t) < w? l(m t). To show that wk“(m t) < w; (m,t).

Let p;(x,t) = wk“(x t) — wr(z,t). Then

dpi(x,t) kan,»(x,t) _ QMW (z,1) B kazwfﬂ(x,t)
ot " Ox? ot ‘o On?
 [0wp () kazwf(x,t)
ota " Ox?
< filo bl ) = (£, )
< Miwy —w;i™)
< —M;pi(z,t)

Thus we have p;(0,¢) = 0, p;(L,t) = 0 on I and T'(q)t*~p;(x,t) |4=o= 0 on I7.
Therefore, by Corollary 3.1, we have p;(z,t) < 0 on Sy and t' 9w/ (z,t) <
t=9¥(z,t) on Sr.

Hence by mathematical induction, we have

Tl < T <L < TR <l < <} <t (1)

Then, we prove that v} (z,t) < w}(z,t). Let p;(z,t) = v} (z,t) — w}(z,t). Then
from hypothesis, we get

ort) , Fpled) i) | ool
ota Yoox2 8t‘1 Y02
8tq Y 0x?

S fi(:v,t,v%,%) [fl(x t w17w2)]

Thus we have p;(0,t) = 0,p;(L,t) = 0 on I and T'(¢)t'p;(z,t) |1=o= 0 on
I7. Therefore, by Corollary 3.1, we have p;(z,t) < 0 on Sy and t1 9} (x,1) <
t=9w}(x,t) on Sr. Hence,

(2, 1) < 7} (2, 1) < 9w} (2, ) < 79w (2, t) on St

By mathematlcal 1nduct10n and equations (10), (1 1) we have

tHa? <<tk < il < L < %) on Sy for all n.

Furthermore, if t'~90) < t'=%; < 1% on Sr, then for any u;(x,t) of (5), we
establish the following inequality by the method of induction.

) <L <l <y <t <L < (12)
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on Sy for all n.
It is certainly true for n = 0, by hypothesis. Assume the inequality (10) to be true
for n = k, that is

) < <t <y <t <L < Y (13)

on Sy for all n.
Letp;(z,t) = v

i

(x,t) — u;(x,t). Then from hypothesis, we get

Ppiet) | Pplet) o (at) 0% (a,t)

A * R 7L S o
[ 9%u(z,t) k'(‘?Qui(m,t)
ote Y Ox?
> filz, t, o ob) — [fi(2, t,ug, up)]
> —Mi(v;™ —u;)
> —M;pi(,t)

Thus we have p;(0,t) = 0,p;(L,t) = 0 on I and T'(q)t'"9p;(z,t) |=o= 0
on Ir. Therefore, by Corollary 3.1, we have p;(z,t) > 0 on S;. Therefore
=t (2 1) < ' %y(x,t) on Sy. Similarly, we can show that ¢!~ 9u,(z,t) <
19" (2, ) on Sr.

Let p;(x,t) = u;(2,t) — wi*(x,t). Then from hypothesis, we get

0p;(x,t) O?pi(x,t)  0%y(w,t) 0?u;(z,t)

ot oa? Om "0a?
Otk (1) '(f“)waH (x,t)

B ot? —hi 0x?

fi($7taulau2) - [fi(xatawlf+l7w§)]
—Ml(ul — U)ZkJrl)

_szz (.CE, t)

AVARAVARLY,

Thus we have p;(0,t) = 0,p;(L,t) = 0 on I and T'(q)t'"9p;(x,t) |i== 0
on Ir. Therefore, by Corollary 3.1, we have p;(z,t) > 0 on Sr. Therefore
=y (z, 1) < 9w (2, ) on St

Hence we constructed the monotone sequences {v!(z, t)}, {w!(z,t)} of lower
and upper solutions of integral representation of linear problem and an appropriate
computation process, we show that the sequences {¢t' =907 (x,t)} and {t' 9w} (z, )}
are uniformly bounded and equicontinuous. Using the Ascoli-Arzela theorem,
we obtain subsequences of {¢t'~%!(x,¢)} and {t'~9w?(x,t)} which converge
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uniformly and monotonically on Sy. Since the sequences {t'~%?(z,t)} and
{t'=9w?(x, t)} are monotone, the entire sequence {t'~ %" (x, t)} and {t' 9w (x,t)}
converges to t'~9p;(z,t) and t'~9~;(x, t) respectively. From this it follows that
) <ty <L <l <L <t <
<ty <L <t <<t on Sy
Consequently, p;(x,t) and ~;(x, t) are minimal and maximal solutions of (5) since
) <t9p <t <ty <) on Sp.O

Theorem 4.2. Let all the assumptions of Theorem 4.1 hold and f;(x,t,uq,uz)
satisfy the one sided Lipschitz condition

filx, tyuy, ug) — fiw, t,uy,uy) < Mi(u; —uy), M; >0.
Then the solution u;(x,t) of (5) is unique.

Proof. We have already proved (p;, ;) are minimal and maximal solutions of
(5) on Sr. Hence it is enough to show that v;(x,t) < p;(x,t) on  Sr.

It is known from Theorem 4.1 that ;(x,t) < p;(z,t) on Sr.
Let p;(z,t) = v;(x,t) — p;(x, t). By the hypothesis, we get

Ipi(z,t) kani(x,t) _ (e t) kOQ%(x,t)
ota "0z ot Y 02

B aqpi<l’,t) . k‘ani(‘Tﬂt)
ote " Ox?

< filz, t, (1), 72 (2, 1) — [filz, 1, pr (2, 1), pa(2,1))]

< M; [ i, t) = pi(e,t) |

< M; | pi<l’,t) |’
Thus we have p;(0,¢) = 0,p;(L,t) = 0 on I and T'(¢)t' " p;(x,t) |1=o= 0 on
['7. Therefore, by Corollary 3.1, it follows that p;(x,t) < 0. This proves that
vi(z,t) = pi(z,t) = u;(x,t) on Sy and proof is complete. O

5 Discussion and Conclusions

In this work comparison results, we initially developed a monotone method
for a system of R-L fractional reaction-diffusion equations with initial and bound-
ary conditions (5) in which the function (fi, f2) is quasimonotone nondecreasing
(nonincreasing). As an application of this method, the existence and uniqueness
of the solution of the system of R-L fractional reaction-diffusion equations (5) are
obtained when the function ( f1, f2) is quasimonotone nondecreasing (nonincreas-

ing).
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1 Introduction

Inequalities play pivoted role in the development of mathematics and sci-
ences. Most of the inequalities have been acting as an extensive aid for the
study of the qualitative properties of solutions of differential and integral equa-
tions. Consequently over the years many such new inequalities have been re-
vealed, which are determined by uncontested applications. For example, see
(1;2; 3;5; 10; 11; 13; 17) and the references therein.

In the analysis of some dynamic differential and dynamic integral equations,
existing inequalities are inadequate. Thus, it is necessary to have some new in-
equalities in order to study these equations.

In this paper, we have established nonlinear dynamic inequalities on time
scales and their applications. We generalized some crucial inequalities by mak-
ing use of well-known Young’s inequality. Here we have used certain analytical
techniques to develop nonlinear dynamic inequalities on time scales. Our work is
refinements and generality of existing results. Few applications of our are given
to find importance of our work. It is an interesting and important techniques study
differential and integral equations. Section 2 includes basic definitions, results
and preliminaries which are useful for our main results. In Section 3, we are es-
tablishing some generalizations and variants of the inequalities established by A.
A. El-Deeb (6). In Section 4, we present some applications of our main results.
In particular, we discuss the boundedness behavior of solutions of a nonlinear
dynamic equation on time scales.

2 Preliminaries

In this section, we are presenting some basic concepts on time scales which
are required to set up our main result. Let R be the set of real numbers, R
represents the set of positive real numbers, Z represents the set of integers. T,
time scale has a topology that it inherits from standard topology on real numbers
R and Ty = [tg,00) N'T.

Suppose ¢ : T — T is defined as

o) :=inf{zx eT:z >t}

and ¢ is called as forward jump operator and the backward jump operator p : T —
T is defined as

p(t):=sup{x e T:z <t}

Let inf () =sup T and sup @ =inf T, where () is the empty set. We say that
a point t € T is left dense if p(t) = ¢ and right dense if ¢(f) = ¢, where inf
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T <t <supT. A function h : T — R is said to be a right dense continuous
(rd-continuous) function if h is continuous at right dense points and at left dense
points in T, left-sided limit exist and is finite. C,4(T) denotes the set of all such
rd-continuous functions.

Let 1(t) and v(t) be forward and backward graininess function on a time scale
and are defined as p(t) := ¢(t) — t and v(t) = t — p(t) respectively.

Given a time scale T we introduce sets T", T, and T% as follows: If T has
left scattered maximum ¢;, then T® = T — {¢;}, otherwise T" = T. If T has
right scattered minimum t¢5, then T = T — {¢,}, otherwise T* = T.Finally
T = T*NT,. We will give the definition of the generalized exponential function
and its derivatives. We say that p : T — R is regressive provided 1+ u(t)p(t) # 0,
for all t € T" R be set of all regressive and rd-continuous functions. We define the
set R of all positive regressive elements of Rby RT = {p € R : 1+ pu(t)p(t) >
0,Vt € T}. If p € R, then we define the exponential function by

where £, (2) is the cylinder transformation, which is defined by

Log(1+hz)
{QT, h+#0

n(2) = z, h=0.

Lemma 2.1. [(12), Young’s Inequality] If x > 0,y > Oand%Jr% = 1lwithp > 1,
then

Q=

x%yﬁ +

IR
=

with equality holds if and only if x = y.

Lemma 2.2. Let ty € T and k : T x T® — R be continuous at (t,t), where
t > tgandt € T". Let k®(t,.) be rd-continuous on [ty,o(t)]. If for any € > 0,
there exist a neighborhood U of t, independent of T € [ty, o(t)], such that

[E(a(t), 7) = k(s,7)] = k2 (t, 7)o (1), s]| < elo(t) — s,

forall s € U.
If k* represent the derivative of k with respect to the first variable, then

0= [ k.o,

to

vields

FA() = / KA 7)AT + k(o(t), 7).

to
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Note 2.1. If T=R, then

o(t) = () = 0, F2(1) = £ (1), / f(H) At = / F(t)dt

and if T = 7, then

b b—1
o) =+ 1,lt) = 1120 = A1), [ F0180 =Y F(0)

Lemma 2.3. Let u,b € C,qand a € R™. Then
u”(t) < a(t)u(t) +b(t),t > to,t € T,

vields

u(t) < ulto)eq(t,to) + /t eq(t,o(T)b(T) AT, t > to, t € T,

to

Lemma 2.4. Ifp,q € Rand a,b,c € T, then
1. ey(t,to) = Llandey(t,s) = 1.

2. ep(o(t),5) = (1+ p(t)p(t))ey(t, 5).

IfT =R, then
ealt, to) = cxp ( /t ta(s)ds)

IfT = Z, then 0
caltte) = [ (1+a(s).

3 Main Results

In this section, we state and prove inequalities

ey

2)

3)

“4)

Theorem 3.1. Suppose that u(t), a(t),b(t), z(t),y(t) € Crq(To, Ry ) and h(t, s),
he(t,s) € Crg(Ty x To,R,). Let I, m,n be real numbers such that | > m >

0, I > n > 0. Iful(t) satisfies the inequality

W) < alt) + b(#) / (s)u™(s) + y(s)u™(s) + h(t, )| A,

to
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forallt € Ty, then

ult) < [a0) 4 000) [ eult, 618,

to

forallt € Ty, where and p are

ule) =000 (o0 + o0
and
p@):ﬂw{?@uy+é%@]+y@)F%£b%?qn]+

Proof. Define a function 7(t) as

(1) = / [2(s)u™(s) + y($)u"(s) + ht, 5)] As,

to

for all t € T. Then we have 7(¢) > 0 non decreasing function on Ty with
7(to) = 0 and (5) can be written as

ul(t) < a(t) 4+ b(t)7(t),

forall t € Ty. From (10) and using lemma 2.1, we find

[ —

3

u™(t) < ?

o~ ‘

for all t € T,. Correspondingly, we get

alt) + Zb(t)r(t),

l—n
u™(t) < l + l

~| 3

for all t € Ty. Now differentiating (9), we find

2(t) = x(t)u™(t) + y(t)u(t) + h(p(t),t) + / ho(t, s)As,

to
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forallt € T.
Now applying lemma 2.2 and using inequalities (11), (12), we obtain

T2 (t) <b(t) Tx(t) + Ty(t)} 7(t) + x(t) {Ta(t) Z_Tm} +
¢ (14)
y(t) {Z_T + —a(t)] + h(o(t),t) +/t h2(t, s) s,
2t) < T(t)u(t) + v(t). (15)

for all t € Ty, where u(t) and p(t) are given by (3.3) and (3.4) respectively. Now
a suitable application of lemma 2.3 to (15) with 7(¢y) = 0, we have

w0 < [ et o(s)plo)s (16)

to
Finally, (6) follows from (10) and (16). L]

Remark 3.1. If T = R and h(t,s) = 0 in theorem 5 and using relation (1) and
(3), then we obtain [(14), theorem 1 part(a,)].

Remark 3.2. If T = Z and h(t,s) = 0 in theorem 5 and using relation (2) and
(4), then we obtain discrete analogue [(14), theorem 3 part(cy)].

Remark 3.3. If m = [ and n = 1, then the theorem 5 reduces to the theorem 3.4
of (6).
Corolary 3.1. Letu(t), z(t), y(t), b(t), h(t, s), h>(t, s), 1, m, n be defined as same

as in theorem 5 and ¢ € C,q(Ty, R, ) be a non decresing function on Tq. If u'(t)
satisfies the inequality

t

ul(t) < c(t) + b(t)/ [z(s)u™(s) +y(s)u™(s) + h(t, s)|As, (17)

to

forallt € Ty, then

wlt) S D+ 50) [ 00006510 (18)

to
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forallt € Ty, where p1(t) and p,(t) are defined as

m—I n—I
1 (t) = bit) [m c l(t)x(t) N nc (lt)y(s)] (19)
and
pr(t) =)o)+ T et | 4 5+
¢ (20)
h(o(t),t)cH(t) + / hA(t, s)c 7! (s) As.
to
Proof. Since ¢ € C,4(Ty, R, ) is non decreasing function, from (17) we find,
u(t)}l v et (12"
— + b(t t —
] <renn [ e (5 .
+ ()" 7H(s) (%) +c7(s)h(t, s)} As,
forall ¢ € T. By the theorem 5, we deduce that
t
ut) <O +0) [ et ()1, 22)
to
where 111 and p; are given by (19) and (20). This completes the proof [l

Theorem 3.2. Let u(t), x(t), y(t), a(t), b(t), h(t, s), h>(t,s),l,m,n be defined as
same as in theorem 5 and d € C,4(To, R.). If u'(t) satisfies the inequality
t
d(0) < alt) +5(0) [ Bl S[alu"(5) 4yl (s) 4 d(5)] s (2
to

forallt € Ty, then

1
1

u(t) < [a(t) +b(t)/ eus (1, gb(s))pg(s)ﬁs} , (24)

to

for allt € Ty where s and py are defined as

(25)
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and

(26)
forallte Ty
Proof. Define a function 7, (t) as
t
n(0) = [ b)) s ()]s @D
to

forall t € Ty. Then 74 (to) = 0 and 7, (¢) > 0. Then as in the proof of theorem (5)
from (23) we see that inequalities (11) and (12) holds for ;. On differentiating
(27) and applying lemma 2.2. we obtain

T (8) = h((), ) [x()u™ () + y(t)u" (1) + ()] +

/ Bt ) [e(s)u™ (s) + y(s)u” (s) + d(s)] Aos, 28)

to
for all t € Ty. From lemma (2.2) and using (11) and (12) in (28), we obtain,
#0) <h(60).0) |20 S+ Tato) + Fa0m))
oyt (Z‘T” + a(t) + "ol (t)) ¥ d(t)] "

/t: ho(t, s) [x(S) (Z_Tm 4 ?a(s) N ?b(s)ﬁ@)) N (29)
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The inequality (29) gives
n2(0) <[ n(oto), 0 o) (ot + i)
+ /t: B2 (t, 5)b(s) (?x(s) + %y@)) As] 0 (t)
(000 [« ("5 + ao)

) (S Fatt)) + )|+ -
[ s oo (S5 4 at )+
y(s) <Z_T” + %@)) + d(s)} As.

(1) < 1 On(0) + ) a1

for all t € Ty where p5(t) and 15(t) are given by (25) and (26) respectively. By
(31), lemma 2.3 and with 74 (¢y) = 0, we obtain

ni < [ eyt 6())pals) s, 32

forallt € T,.
Making use of the (32) in u'(t) < a(t) + b(t)7(t), we get the inequality (24). [

Corolary 3.2. Let u(t), z(t),y(t),a(t),d(t),b(t), h(t,s), h>(t,s),l,m,n be de-
fined as same as in theorem 6 and c(t) be defined as same as in corollaty 5. If

ul(t) < J(t) + b(t)/t h(t,s)[xz(s)u™(s) +y(s)u™(s) + d(s)|As (33)
forallt € Ty, then

ult) < e(®)[1 4 b(t) / s (1, 6(5))s () A, (34)

forallt € Ty, where 3 and ps are defined as
mla(t) e ly(t)

13(t) = h(o(t), 1) [b(t)(mc T >]+
/t: B (L 5)b(s) <mc;nlb(5) + ncl ly(S)>AS

(35)
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and

forallte T

Proof. Since ¢ € C,.q(Ty, R ) is non decreasing function, from (17), we write

{%Y <1+ b{t)h(t, s) /t: {cml(t)b(@ <%>m+

N (36)
y(s)c"(s) (%) + c_l(s)d(s)] As,
for all t € T. By theorem (6), we have
u(t) K 1
% < [1 + b(t) /to €3 (t7 ¢(S>>p3(3)AS] by (37)

where, 113(t) and v3(t) are given by (35) and (??) respectively for all ¢ € T. This
completes the proof ]

Theorem 3.3. Let u(t), z(t),y(t),a(t),b(t), h(t,s), h>(t,s) be defined as same
as in theorem 5, |, m be constant such thatl > m > 0and d € C,4(To xR, R,),
such that

0 < d(t,a) — d(t, B) < §(t, B)(a — B) (38)

forallt € Tyand o > 0,5 > 0, where 6 € Crq(To x Ry Ry). If

ul(t) < a(t) + b(t) /t [d(s,u™(s)) + h(t, s)] As, (39)

to

forallt € Ty, then

~l=

u(t) < [a(t) + b(t) / ot 8(5)), pa(5) 28] (40)

to
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forallt € Ty, where p3(t) and p3(t) are defined as

a(t) = 6 (t, Z_Tm + ?a(t)) Zh() (1)

and
l—m m t A
Proof. Suppose that
n(t) = [ (dls.um(s) + it ) B, @)

to

for all t € T. Then from (39), we get

u™(t) < [a(t) + b)) T (1) 7. (44)
By lemma 2.1 and the inequality (44), we obtain

um(t) < [Z_Tm + Talt) + ?b(t)n(t)] (45)

From (43), (45), (39) and lemma 2.2, we deduce that

2 (t) < 5(t, il + %a(t)) %b(t)Tg(t)—i-

72 (1) < ps(t)ma(t) + ps(t), (46)

for all t € T, where p3(t) and p3(t) are given by (41) and (42) respectively. From
(46) and lemma 2.3 with 75(¢y) = 0, we obtain

) = [ eunlt o))ps(s) 55, @)

to

for all t € Ty. Using (47) in u'(t) < a(t) + b(t)m»(t), we obtain (40). O
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Theorem 3.4. Let u(t),a(t),b(t), h(t,s), h>(t,s) be defined as same as in theo-
rem 5, l,m be constants such that | > m > 0 and d € C,4(Typ x R, Ry) and
A € C(Ty,Ry) be a strictly increasing function with \(ty) = 0 such that

0<d(t,a)—d(t,p) <t BN a—p), (48)
forallt € Tgand o, B > 0 where 6 € Cq(Tog x Ry, R, ) and
A aB) = AT a)AT(B), (49)

forall o, 3 € Ty where A=\ is the inverse of \. If u'(t) satisfies inequality

W) < alt) + b(t)o /t (s, w(s)) + h(t, )] A, (50)
forall t € Ty, then
ult) < a0) +30) (0. 06D n(e) 5 51
forallt € Ty, where yus(t) and ps(t) are defined as,
15(t) = 5(t, Z_Tm + %(t)) A (@) (52)
and
ps(t) = d(t, Z_Tm + %(z)) +R(6(t), 1) + /t thA(t, $)As.  (53)
Proof. Let

m(t) = / [d(s,u™(s)) + h(t, s)] As. (54)

to

Then by lemma 2.1, we deduce that

ul(t) < a(t) + b(t)A(1a(1)), (55)

() < [l —m  ma(t) mb(t)

Tt A1) ], (56)
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ﬁ%ﬂ:ﬂ@Mﬁ”+h@@J%ﬁ/h%@@A&

to

T (t) < ps(t)2(t) + ps(2),

forallt € Ty
where p5 and 75 are given by (52) and (53) respectively.
From the inequality (49)and lemma (2.3), we get

n(t) < / ity (£ 3(3))pa(s) s,

to

forallt € Ty
The inequality(51) follows from (55) and (59).
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4 Applications

In this section, we present some applications of our main results. In particular,
we discuss the boundedness behavior of solutions of a nonlinear dynamic equation
on time scales.

Example 4.1. Consider the following dynamic integral equation:

W) = Q) / "I(s, u(s), ht, $)) s, ulto) = alto) = 0, 60)

to
forallt € Ty, where Q € Crq(Tog X R,R) and T’ € C,4(Ty x R?, R) satisfying
€2(, 7)| < alt) +b(t)|4], (61)

and

IL® f.9)] < d(s,[f™]) + 9, (62)
where a,b,d € C,4(To, R, )
wlt) < [a(0) + 000 [ €uult,6()p5) 51 )

forallt € Ty, where I, m, us, p3 are given by the theorem 3.3. From (60) and by
the assumption (61) and (62), we have

\wm—mm/r@wwuwmmu

to

W(1) §Q(t,/t ID(s, u(s), h(t, 5))As)),

[u' ()] < la(t)] + Ib(t)l/t [ld(s, u™(s))] + h(t, 5)]As, (64)

forallt € Ty. By theorem 3.3 and (64) yields

1
l .

mwgmww@/uww@mmmﬂ (65)

to

Note that each function of the right hand side of (65) is known. Therefore if t is
fix, then solution u(t) is bounded.

388



A Nonlinear Generalizations of Dynamic Inequalities on Time Scales

Example 4.2. Consider the following dynamic equation on time scales:
()2() = Ot (1), ht, )), t € To, (66)
with initial condition j(to) = C'1, where © € Cra(Ty x R3,R).
Theorem 4.1. Assume that
O(t,5(t), h(t, s))| < h(t, s)[x(t)j™ (8) + y(£)j" () + d(D)] (67)

where j7'r7y7d € Crd<T07R+)7 h(t75)7 hA<t7 8) € Crd(TO X T07R+>' If.] is a
solution of dynamic equation (66), then

~I=

it <0+ / et 6(5))pa() A, (68)

to
forallt € Ty, where |, m,n, us and py are given by theorem 3.2.

Proof. Clearly, the solution j of dynamic equation (66) with initial condition
1 . . . . . .
j(to) = C'7, satisfies the equivalent dynamic integral equation on time scales

jlt)=C + /t @(s,j(s), h(t, s))As, (69)

to

1
l

for all ¢t € T, with initial condition j(ty) = C
assumption (67), we have

. In fact from (69) and by using

Jl =10+ / O (s, j(s). h(t,5)) s,

to

171 (t)] < |C|+/t 1©(s,4(s), h(t, s))As|,

7' < |C] +/ h(t, s)[x(s)[5™ (s)] + d(s)]7"(s)| + d(s)]|,  (70)

to

with initial condition j(t,) = C'7. Then a suitable application of Theorem 3.2
with a(t) = C and b(t) = 1 to (70), gives (68). O

Example 4.3. Consider the following dynamic integral equation on time scales:

#0 = (v, [ Wiopas) e, an

to

where ® € C,q(To x R2R) and ¥ € C,q(Ty x R).
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Theorem 4.2. Assume that

‘CI)(t) (t,j(t), /t \If(s,j(s))A:s) ’ < alt) + (1)

to

[wsi| o

to

(W (t, 5 (@) < alt)j™(t) +y(t)j"(t) + h(t, s), (73)

where j? T,Y,a, b € Crd(T07 R+>, h‘(t7 S)? hA<t7 S) € Crd(TO X TO; RJr) If] is
solution of dynamic equation (71), then

o~

J(t) < {aoﬁ) +o00) [ eu<t,¢<s>>p<sms] , %)

to
forallt € Ty, where I, m,n, pwand p(t) are given by theorem 5.
Proof. In fact from (71) and by using assumption (72) and (73) we have
t
0 = [0 (e0, [ s enas),
to

7(O] < a(t) +b(1)

/t:ws,j(s)ms

0] < alt) + b(t) / (s, 3(s))] s

0] < a0 +000) [ [w<s>|jm<s>| Lyl ()] + A, sﬂ ps.  (5)

to

An application of theorem 5 to (75) we get (74). U

5 Conclusion

In this paper, we begin with review of nonlinear dynamic inequalities on time
scales and their applications. We generalize nonlinear dynamic inequalities using
Young’s inequality and lemma 2.3. Our work includes several nonlinear dynamic
inequalities on time scales . we have obtained new nonlinear dynamic inequalities.
Our results are refinements and generality of some existing results in (6). Many
existing results in the literature are reduced to the special case of our results when
m = n = 1. Some applications to dynamic equations are provided. The findings
of this study can be utilized in the analysis of dynamic equations. It is an interest-
ing and new problems that upcoming researchers can develop similar inequalities
for in their future research work, about differential and integral equations.
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1 Introduction

The observed skyrocketing movements of gasoline prices in positive response
to significant fluctuation of the international crude oil market on the Ghanaian
downstream market remain disheartening compared to slow smooth return to nor-
mal or perhaps decrements of same when the upstream declines Bacon [1991]. As
a fast growing middle-income economy, Ghana joined the league of oil produc-
ers known as the Organization of Petroleum Exporting Countries (OPEC), when
it discovered in commercial quantities the black gold in 2007. With the expecta-
tion of general public burnt on the benefit such discovery will inure cushioning on
prices, rather it seems ill-disposed toward price mechanism in pricing the ex-pump
gas oil for the ordinary citizens. In this study, the aim is to investigate the exis-
tence of long-run equilibrium or mean-reversion using bivariate analysis of paired
prices and test for linear and nonlinear threshold-type mean-reversion of bivariate
relationship, lastly, is to estimate the coefficient parameters of (non)linear VECM
and threshold parameter value and to compared the forecast performance accura-
cies of the SETAR to linear models of the mean-reversion process.

Modeling of energy prices transmission mechanism is as-much a daunting is-
sue essentially when the dynamics of crude oil and gasoline nexuses in-printed on
the domestic retail markets are scrutinized daily, having been described as awk-
ward and mischievous process. The puzzles over the facade of the implementation
of the deregulation of energy market policy amid an automatic adjustment formula
for pricing mechanism, and policy of hedging rewards. With such rolled-out pro-
grams being held in thrall by authorities notwithstanding the reduction in prices
of international crude oil, tantamount to obvious public slanging and a call for the
abrupt abrogation of such policy implementations.

In preceding two decades of the 21st century, large empirical research studies
such as the works of Borenstein [1997], and Peltzman [2000] have identified that
several of such distinctly separated vertical markets (i.e prices for a commodity
at different stages of processing) to depict irregularities in price transmission re-
sponse due to input differentials associated with consumption locally from their
characteristic global value of extraction and production. Meyer and von Cramon-
Taubadel [2004] and Tappata [2009] referred to this pricing phenomena as asym-
metric price transmission (APT), which is often relaxedly referred to as “rocket
and feathers” in crude oil and gasoline nexus.

The computational approach to unriddle the problem of this pricing phenomena
was premiered by Engle [1987] traditional concept of cointegration that captures
the existence of a stable long-run equilibrium relationship for any linear combina-
tions of variables which were individually unit root. The concept has received ex-
tensive studies by works of Phillips and Ouliaris [1988], Stock and Watson [1988],
and Johansen [1988]. The linear vector error correction model (VECM) technique
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has proven to be an appropriate framework suitable for the modeling of symmet-
ric mechanism in identifying the mean-reverting ratios that exist between two or
more somewhat homogeneous variables. Unfortunately in the works of Huang
et al. [2009], Natanelov et al. [2011] and Zhu et al. [2011] empirical investiga-
tions which incorporated the above linear technique to model price transmission
from crude oil to gasoline unraveled the deficiency to explain for potential struc-
tural breaks or policy intervention acting as exogenous dummy variables inherent
in the disequilibrium correction due to positive quick unusual peaking of the price
and short-lived collapse readjustment just to soar in same direction.

The study of lack of symmetry in the phenomena of long-run equilibrium rela-
tionship was premiered by Tong and Lim [1980] and Balke [1997] for deviation
of co-movements corrected within a band or percentage parameter. Their works
permitted only threshold adjustment in the short-memory part if only the deviation
from mean-reversion is above or below threshold specifications. Nonlinearities in
cointegrated vector autoregressive models provides more supportive information
about short-run price dynamics to external or internal shocks. Peltzman [2000]
perceived such asymmetric response to imply a facetious potential gap in the price
theory. Notwithstanding this perception, Bacon [1991] study of the U.K gasoline
market and that of gal [2002] on Germany, France, UK, Italy, and Spain countries
using an updated monthly data from 1985 to 2000 found evidence asymmetries in
price adjustment between gasoline and crude oil. Likewise in the U.S market, Kar-
renbrock et al. [1991], Shin [1992], Borenstein [1997], Balke [1998], Brown and
Yucel [2000], bor [2002], and Bachmeier [2003] all found indications of quick
upward response in gasoline when crude oil prices are rising than when it fall.
This thesis follows closely to model the hypothesis of asymmetric relationship
between before-tax and after-tax premium gasoline prices with one another and to
the pass-through effect of international crude oil prices.

1.1 The mechanism of petroleum products price build-up.

The technique in determining prices of all ex-pump products sold in the coun-
try commence on the ’ex-refinery differential’ which computation comprise of
import parity of European prices determined by the Oil and LPG Marketing Com-
panies (OMCs or LPGMCs) based on the cost price received from Bulk Oil Dis-
tribution Companies(BDCs) for each window. Afterwards, the build-up to ’ex-
pump’ constitutes the aggregated ex-depot of levies and margins, some special
petroleum tax imputed by the authority. Particularly, the authority regulates the
prices through negotiation and review of operational margins and charges of the
marketers and dealers which incorporates transaction, distribution and adminis-
tration cost that ensures reasonable profit margins to the computation of the ’ex-
pump’. Shortfalls that emerges out of these negotiation process are covered by
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the government funding through cross-subsidies of specific products to cushion
consumers.

In June 2001, the policy makers introduced the deregulation policy and mecha-
nization of the price build-up computation to the Automatic Petroleum Product
Pricing Formula (APPPF). This policy was to equivocate speculation and believes
of pass-on of extra undue cost to consumer and haven been remarked as not only
a panacea that eradicate the leverage of cross-subsidy intervention for funding
shortfalls, but more readily designed at full-cost recovery to alleviate the fiscal
burden of products subsidization on the part of government except for imperative
difficult times. The proponents of automatic adjustment mechanism also indicated
that "ex-pump’ computations as true reflection of trends of global price indicators.
Taxes and levies undulate ex-pump products through petroleum-related funds and
road-fund which differ from year-in to year-out based on the fiscal policy of gov-
ernments. The sum of taxes and levies imposed on products constitute an average
of 41.91% from 2000 to 2009 and 27.22% from 2010 to 2015 of the indicative
maximum price for ex-pump. Negative taxes and margins represent huge subsi-
dies on products such as kerosine and premix which target rural area development
and LPG for residents in cities to mitigate the severe suffering on consumers.
Government revenue received from the sector is earmarked for development from
it taxes and levies are in the range of 10 to 14 percent. Subsidy intervention by
the government inure infrastructural development which money is defrayed to the
petroleum providers. For instant, government owed TOR debt is presently crit-
icized over fairness of magnitude interventions, implications on socio-economic
indicators and delays in developmental project. The question of *whether or not
these intervention in either cases were realistic’, can be traced to the effects of
such measures above, and its ability to keep prices low for a long time in the face
of hiking international prices.

The strand of the price build-up computation twisted with the policy of price sta-
bilization and recovery levy known as the Petroleum Debt Service Charge (PDSS)
which was effective March 2002. Incorporation of such policy to recoup loses as
a result of subsidies intervention and services the TOR debts. It was set at 95% of
any decline in Ghana cedis value of oil import cost from the average of the levels
prevailing world market prices. Thus, taxing petroleum consumers to pay directly
for the cost of past consumed subsidies accrued. These two policy frameworks:
APPPF and PDSS are assumed to absorb government burdensome expenditure of
crude oil import and transactional cost subsidy and ensure full cost recovery for
the BDCs and OMCs. Moreover, they seek to remove public sector dominance
and promote liberalized market to ensure adequate supply.
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2 Related Works

The influence of symmetric mean-reversion was investigated by overcoming
the restriction of the linear model in cointegrated serie Gregory [1996], Balke
[1997], These studies revealed the presence of nonlinear effects and possibly de-
terministic causes with inherent structural fractures that affects changes in policy
interventions.

Failure to immediate adjustment after small shocks in equilibrium error is be-
lieved to follow a threshold autoregressive (TAR) process, a specified threshold
bandwidth with unit roots lying within this range. As an extension of the Tsay’s
Tsay [1998] univariate approach, Hansen-Seo Hansen and Seo [2002] described
an bivariate case of the Threshold of Vector Error Correction Model (from VECM
to TVECM) with both unknown cointegrating vector and threshold value. > How-
ever, if the adjustment behavior in the outer regimes is strong enough, the coin-
tegration relationship is maintained in the longrun. A cointegration model with
threshold adjustment was also proposed by Enders [2001]. Their models is re-
stricted to a regime-specific coefficient of the first lag with threshold variable
representing lagged equilibrium error in level series for self-exciting threshold
autoregression(SETAR), or the first difference series for momentum threshold au-
toregression(MTAR) (see Enders [1998], Caner and Hansen [2001]).

The study into the regime-switching behavior of the bivariate cointegration or
mean-reversion process permits extraction of a single paired price build-up mech-
anism of the Ghanaian gasoline markets application of threshold. The empirical
research studies such as the works of Borenstein [1997], and Peltzman [2000]
have identified that several of such distinctly separated vertical markets depict
irregularities in price transmission response due to input differentials associated
with consumption locally from their characteristic global value of extraction and
production. Meyer and von Cramon-Taubadel [2004] and Tappata [2009] referred
to this pricing phenomena as asymmetric price transmission (APT), which is often
relaxedly referred to as “rocket and feathers” in crude oil and gasoline nexus.

Computationally approach to unriddle the problem of this pricing phenomena
was premiered by Engle [1987] traditional concept of cointegration that captures
the existence of a stable long-run equilibrium relationship for any linear combi-
nations of variables which were individually unit root. The concept has received
extensive studies by works of Phillips and Ouliaris [1988], Stock and Watson
[1988], and Johansen [1988].

The study of lack of symmetry in the phenomena of long-run equilibrium rela-
tionship was premiered by Tong and Lim [1980] and Balke [1997] for deviation

3Seo [2006] discusses bootstrap tests of the null hypothesis of no cointegration in TVECM,
while Gonzalo [2006] develop an asymptotic theory for testing the existence of a threshold effect
ina VECM.
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of co-movements corrected within a band or percentage parameter. Their works
permitted only threshold adjustment in the short-memory part if only the deviation
from mean-reversion is above or below threshold specifications.

In our empirical studies we have examined thoroughly the bivariate time series
consisting of the monthly NIBOR rates of the maturities tomorrow next and 12
months. When modeling this bivariate time series, we find strong evidence for a
two-regime TVECM being superior to a linear VECM, and in our out-of-sample
forecasting the two-regime SETAR model gives much better prediction of the
cointegration relation than a linear AR model. When testing a two-regime SETAR
model for the cointegration relation against a three-regime model, the 2-regime
model cannot be rejected at any reasonable significance level. In addition, we
show how influential a few outliers may be by removing them from the time series
and rerunning some of the statistical tests. Also, we have tested all the 66 possible
pairs of Norwegian interest rates for cointegration, and we have tested the term
spread of each pair for threshold effects, thus testing a linear model against a 2-
regime model, as well as testing a 2-regime model against a three-regime model.
We find a lot of cointegrated pairs, and we find evidence for a 2-regime model in
approximately 50 % of the cases, and evidence for a three-regime model in some
cases in this univariate time series analysis.

The term spread is modeled by a SETAR(3) model. When testing one regime
against two regimes, the null hypothesis of one regime, i.e., a linear model, is
strongly rejected, but when testing 2 regimes against 3 regimes, the null hypothe-
sis of 2 regimes cannot be rejected at any reasonable significance level. Therefore,
we choose a two-regime SETAR(3) model for the term spread. In the out-of-
sample forecasting of the term spread, the SETAR(3) model with two regimes
gives much better prediction of the term spread than the linear models.

In lieu of this, the paper set out to empirically model the asymmetric price
build-up mechanism of the Ghanaian premium gasoline in nexuses with of Brent
crude oil by investigating existence of long-run equilibrium or mean-reversion
using bivariate analysis of paired prices; and to compared the forecast perfor-
mance accuracies of the SETAR to linear models of the mean-reversion process
to ARMA models.

The objective of this study is to empirically investigate asymmetric price build-
up within the Ghanaian premium gasoline market. The question of whether the
pricing mechanism of ex-refinery and ex-pump in nexuses with Brent crude oil
mean-reverts in asymmetric manner. The study employs both Johansen and Juselius
[1990] and Hansen and Seo [2002] techniques to test for the existence of long-run
equilibrium and presence of threshold-type nonlinear effect in the disequilibrium
correction term. The further estimation of coefficient parameters of the particu-
lar vector error correction model addresses the issue of percentage of adjustment
speed and time elapsed to reoccur in mean-reversion. The techniques are lucid on
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the insidious spontaneous adjustment responds or contemporaneity, and the extent
of lag-delayed market prices respond or spontaneity to both external and internal
shock.

The rest of the study in this paper is structured as follows: Section 2 discusses
briefly the results of some empirical investigation that employed techniques in
gasoline market. Section 3 outlines the statistical models and misspecification
test methods employed to unravel the linear and nonlinear dynamics of the mul-
tivariate time series analysis. Section four contains the results and interpretation
of the empirical analysis of investigation into both symmetric or asymmetric price
build-up mechanism engulfed in the Ghanaian petroleum market.

3 Methodology

Following that each level pairs of price build-up transmission obeys the Engle-
Granger [Engle, 1987] and Johansen [Johansen, 1988] traditional concept of coin-
tegration: w; = X;8 ~ I(0) for each x4, ~ I(1) k = 1, 2-dimensional or bivari-
ate time series, and also exhibit presence nonlinear effects given the Hansen-Seo
[Hansen and Seo, 2002] two step approach for 2R-TVECM(p) compact equation:

AX = aWB X, 1L )< (D
p—1
+ Y PO AN Ly oz 6 )
=1
+ DB X1 L) 3)
p—1
+ Y TOAX L e+ @)

i=1
where a-coefficient of the loading matrix, S-cointegrating vectors of the coeffi-
cient matrix of the long-run equilibrium impact IT = a/3’, and I'"™-accumulating
p — 1 lagged coefficient matrix of the short-run impact of the level representation
for an m = 2(or3)-regime switches defined for Iy is a dummy of the heavy-side
indicator function:

1 f —a(B) < AW
L) = o wfz)d(m - )
0, for ¥ <wia(B)

and ¢; is a vector error such that ¢, ~ I N (0, X). This discrete linear models repre-
sentation is similar to Tsay’s Tsay [1998] generalization of Self-Exciting Autore-
gRessive (m-SETAR(p)), m-SETAR(p) model due to discontinuity or structural
breaks in policy implementation.
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Seo [2006] suggests that the cointegration relation of a TVECM is could be
modeled with univariate time series function such as SETAR model for either
m = 2(or3)-regimes, otherwise expressed as linear model. The sections below
describes the expression for possible (non)linear univariate time series functions
of the cointegrating relations, w; = X;f.

3.1 Test and estimation for linear or ARIMA models of the
cointegrating process
From the Box and Jenkins [1994] procedure for fitting an autoregressive mov-

ing average denoted as ARMA(p, ¢) models of the random spread process is given
as:

p q
(1 — Z ngij)wt = Z ‘9]'615_]' + € (6)
j=1 j=1

which follows that the residual series, €; ~ 4.i.dN(0,0?) of uncorrelated white
noise such that ¢; # 6; and ¢;,0; # 0 satisfying the stationary and linear
stochastic difference property above. ARMA process has both causal and invert-
ible properties. Thus, a restriction of the lag ¢ = 0 gives an ARMA(p, 0) or AR(p)
model expressed in the form:

P
Wt — ¢z’ijt = € (7
j=1

such that ¢; # 0, ¢; < 1 and ¢g < 1 is causal process. The Markov process is
AR(1) of the form w; = ¢w;_1 + €. Likewise, if p = 0 leads to a restricted
Moving Average process, ARMA(0, ¢) or MA(q) model in the form:

q
we=Y 0;L¢, (8)
j=0

such that §; # 0, 6, < 1, and 6, = 1 is invertible process. The MA(co) represen-
tation has unique solution

1=y oL

9)

Wy

such that ;x = 0 and

p p
1= L) =1+ ¢;I7 < o0
j=1

j=1
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if the characteristic root of the polynomial 1 — Z§:1 ¢j(z;) # 0 lie outside the
unit circle, |z| < 1. The restrictions also apply.

However, for w; ~ I(1) non-stationary or unit root process may take several
interesting deterministic components, D; in form:

we=Y & (ej+Diy) (10)
=0
. 52
such that 3 72 ) ¢’ < oo with Efw;] = 0 and Var[w] = . . 5 Thus, ¢, does not

decrease exponentially with ACF and PACF of w, persistently varying over time.

The deterministic components of integrated processes may be identified as
D,=zero for purely random walk process, Aw; = ¢, or with constant drift Aw; =
0 + €. D, could also stem from either a linear trend-stationary D; = 0 + ¢
or quadratic trend process respectively, § + t2. An innovation dummy with an
indicator function

1 forD,>0
|D,| = b= (11)
0 forD, <0

occurring due to some policy intervention causing break instability with an event
phenomenon or perhaps seasonal component.

The effect of D;’s in w; is that p > 1 with roots z > 1 trapped within the
complex unit circle without unique stationary solution for certain unstable D; cu-
mulating behavior or trend embedded in w;. The unit root process expressed in
form: ¢%_,(L)(1— L)%, = ¢}_, (L) A%w, = O(L)e; denoted as ARMA(p —d, q)
or ARIMA(p, d, q) of stationary covariance process with gb;_l(L) roots avoiding
the unit circle. The process of differencing, A%w; ~ I(d) with no deterministic
term is said to be integrated process of order d stationary with ¢; ~ 7.1.d, N (0, 0%)
expressed as:

Nwp =Y e (12)
=0

such that ¢;(2) = > 77 12/ < oo with ¢y = 1 convergent at [z[ < 144
for § > 0. * Also, detrending or removing deterministic trend to achieve some
filtered series of fluctuations around zero-horizontal line. By definition wy is trend-
stationary if w; = a;t + 2, where a; are constants for j = 0,1,...; while z; is a
stationary series such that w; = 2 is level-stationary if a; = 0.

4Practically, after the second differencing, I(d = 2), it is assumed that AT=12, g stationary
with exponentially decaying tail.

401



Ayiku Jonathan., E.O.A de-Graft Johnson, S.K. Appiah and E. Harris

3.2 Estimation of the Parameters of Reduced form VECM

From the work of Johansen [1995] developed an estimate parameters of re-
duced form VECM using the Gaussian maximum likelihood (ML) procedure. The
procedure is a maximum likelihood frame defined on the VECM given by

Removing the unrestricted deterministic variables, A; and lagged differences
and possibly additional non-modeled variables through a priori regression. For
available 7" and p sample size and presample values respectively, we denote AX =
[Al’l, ceey AJZT],/X_l = [CL’(), e ,ZET_l], € = [Et, e 7€T], andY = [X07 ce uXT—l]
withY; = [Az, ,..., Az, ,.,| and the parameters, I' = [['y,... T, 1, ¥g];
then compact matrix of VECM becomes

AX=af X 1 +TY +¢ (13)

Assume estimates for matrix coefficient o3  of long-run part are known, we con-
centrating on the short-run dynamic adjustment effect using ordinary least square
(OLS) estimator for each equation of the system I' = (AX —af8 X_1)Y (YY) 1.
By substituting I in the above

AX =af X |+ (AX —af X_ )Y (YY) +¢ (14)
AX(T =Y YY)'W)=af X (I-Y (YY)'Y)+¢ (15)

AXM=af X_M+é  for M=1-Y (YY)'Y
(16)

Now & and /3 can be obtained from Johansen [1995] reduced rank regression pro-
cedure based on the residual, ¢ above by defining a product of second moment
matrix S;; =T~ A X;M A X]/- for i, 7 = 0, 1 such that:

So=T'"AXMAX, Sy=T'AXMX , Sy=T"'X_MX_(17)

for solving a generalized eigenproblem of the matrix AS1;V = S;;Sq So1 V' with
S11 and SE]IS&JI So1 assumed to be symmetric and positive definite. First assume
is known, « can be estimated using OLS. Then substitute ¢ into the log-likelihood
function which only is now a function of only 3 which is tantamount to reduce-
rank regression to solve the k eigenvalue, \; for 0 < \; <1

IAiS11 — SyySaeiSo1| = 0 (18)
such that 5\1 > ... > 5% > 0 and the remaining k; — k eigenvalue of the cofeature
equal to zero. and it associated eigenvector, b; of V' = [by, . .., b| of normalized

AiS110; = Sy, So0tSo1bs (19)
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such that V'S,V = Ix. If estimator of [ is obtained from the eigenvectors

~

p = [bi,...,b] € by becomes the true value MLE 3 of 3, then true value of &

~

will be given by & = a() below:
a=AXMX BB X  MX 3)" (20)
and finally the short-run parameter has a feasible estimator
I'=(AX —af X_)X' (XX 21)

The consistency and joint asymptotic normal are follow a more general assump-
tions than the Gaussianity condition.

3.2.1 Testing for cointegration and the estimation of VECM

We employ two kinds of tests to verify presence of long-run movement in
series namely: the Enders [1998] two-step method; and the Johansen [1988] max-
imum likelihood ratio test for cointegration. Before we perform the estimate of
the restricted parameters of the reduce form VECM using Johansen [1988] ML
method in Appendix Al, the first assumption must be met first. Thus, the Jo-
hansen procedure jointly estimate for the I[I = o’ (but not separating for only «
or [3); the rank of II, the most significant r co-integrating vectors within (3; and
hence a.8
The hypothesis test for cointegration rank is more defined under the null Hy:
rank = k of full rank for z; ~ I(0) against an alternative H,: rank = ro <
r < k. This may be compared to the test statistic based on likelihood ratio (LR)
test for finding r-cointegrating vectors

Apr(HalHo) = =TIn[(1 = A) ... (1= X)) = =T > In(1—X) (22)

i=r+1

where \; > Ay > ... > ). The LR test discriminates empirically between
the large eigenvalues, \;, for i = 1,2, ..., 7 corresponding to stationary 3 X; ~
CI(1,1) and smaller roots, \;, for i = r + 1, + 2,... k. LR is maximized by
solving the generalized eigenvalue problem of the matrix

|AS11 — 5105&)1501‘ (23)

81n practice, it obligatory that a stable system have |a| = [0, 1) for all k-dimension, since
explains the rate of the equilibrium error excluded for each variable movement for each period, ¢.
The system may possibly diverge if oy, lies outside the boundary.
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where S;; = Tle;/Yj, for ¢, 7 = 0, 1. The significance of the r largest canonical
correlation for the reduced ranked of the 1I matrix, which is established by the ML
estimator of /3 is further confirmed by Johansen [1988]’s two different LR test for
the cointegrating ranks.

3.3 Threshold Vector Error Correction Model (TVECM)
A m-regime TVECM for time series data, X;; of lag length p is generalized as

p—1
AX = aDF X+ S TOAX +dD o AT <FX <y 24

i=1

Thus, if the cointegrating vector representing the threshold variable at d lag-delay,
B'Xt_d is bounded and closed within some transition bandwidths of value, v such
that v < B'X,_4 < 4™ for 7 = 1,...,m regimes of m — 1 threshold
effects. The notation Fgm) is m different matrices of short-run coefficient lagged
differences of each regime, and IT = (™ 3’ is also m different matrices of long-
run lagged level coefficients, and el(tm) is m different innovation disturbance such
that each ¢; ~ 7.i.d.(0, X).

The threshold effect is active if only 0 < P(3' X,_q < ) < 1, otherwise TVECM
reduce to a regular VECM with IV = TI®). Thus, allowing for ’threshold
level stationary’ equilibrium adjustments of linearly combine variables in different
regimes. ° The estimation of multivariate TVECM developed by Tsay [1998] pose
dimensionality problem in executing it, so we limit our analysis for 7 = 1, m = 2
regime of one threshold effect, TAR(1)

AX =aVE X
p—1 p—1

1 2
T Z ro A Xewi-d(g'a,_y<) + Z rea Xii-L(ga, s> T €

i=1 =1

) + 06(2)5/Xt_1.1(

B xe_g<y B m_g>7)

where I is a dummy of the heavy-side indicator function given by
1 fi "X, 4 <
Iy = or 5/ t—d =7 25)
0 for BX; q>7

defines the different regimes encompassing both past changes in variables, AX;;_,,
and past deviation from equilibrating vector, ' X,_; likely to induce varying ef-
fects on current changes. This discrete adjustment explains that deviation from
equilibrium relationship would not exist for system exceeding critical threshold

°It obvious that TVECM has more than 1 linear equilibrium correction relation.
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at which point in time the benefits of adjustment are higher than the costs where
economic agents move the system back to equilibrium. Thus, it captures the *deep-
ness’ of asymmetric responses of the equilibrium error correction.
An alternative adjustment of the threshold specification is momentum TAR (M-
TAR) model allows a variable to display differing amounts of AR decay depending
on whether it is increasing or decreasing in 3 X;_4

Iy = {1 for A &it,d <~ 26)

0 for A& _4>7

the regime switch is initiated by the lagged changes in ' X;_4. M-TAR describes
the ’steepness’ of the variation below or above the threshold value, v for which
the variable z; follows two different stepwise stochastic processes.

In compact notation we obtain

AX, = A;thl(ﬂ) +e for w,_1(B) <~ 27
A X 1(B) + e for wi1(B) >

where X;_1(8) = (1,w,—1(B), Azy_;) is a K x 1 regressors, A = [A; Ayl is
k x 2 = (2p + 2) x 2 coefficient matrices which influences regime dynamics.

In an empirical estimation of the parameter (3, A, A2, ¥.) TVECM, we may im-
pose some form of constrains on the coefficients A = [A;  A,] to be permanently
fixed but allows only the constant and residual deviation to switch across regimes.
The probability of existence of a threshold effect on the error correction is con-
strained in a balanced parameter, my such that 79 < P(w;—1 < 7) < 1 — 7.
The ML estimation of the TVECM which is given in appendix - A2 satisfies the
assumption that the errors in each regime, ¢; ~ 7.i.d’s and the combined is vec-
tor martingale difference sequence that has a finite covariance matrix, ¥ = [¢;,].
Thus, the normalization imposed on [ and the threshold restriction band 7, <
Ly 1(x,8) < 1 — 7 is minimized with each regime possessing such mini-
mum fraction, p, of the entire sample.

3.4 Estimation of the Parameters of Reduced form TVECM

From the technicalities of the Hansen and Seo [2002], and Hansen [2005], we
rewrite the TVECM of the compact form as

Azy = M X, 1(8).dy + M Xy 1 (B).dos + € (28)

where dy; = 1, ,(3)<y and dy; = I, ,(3)>, and € ~ i.i.d Gaussian applying a
normalization on /3. They proposed the quasi-MLE of the parameters (3, M;, M, 32)
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denoted by ( B , M 1 ]\Zlg, f]) from the residual vector defined on the parameters of
estimate(3, My, My, ¥, v) will be given as

&(f, My, My, %, ) = Axy — M'X,1(B) = Az — seoM; X, 1 (B)d1 (B3, 7) —
M, X;1(5)d2(,7y). Then the Gaussian likelihood of the residual is

n
InL(B’Mlu M27 277) = _§ log |E|

n

1

—5 Z(ﬁ7 Mla M27 Za ’7)/2_1615(67 Mla M27 Ev 7)
t=1

Estimation of the ML on the above InL((, My, Ms, Y, ) focus partially first on
the (M;, M, X)) parameters by holding fixed (/3, ). This yields estimates of the
coefficient matrices, M; (8, ~) and M,(3,~), which are obtained by conditional
sequential LS regression of Az, on X;_;(f) for each regime subsamples given
below

V) = (ZXt—l(ﬁ)Xt 1(B) d(8,7)) ZXt 1(8) & wydi(B,7))
t=1

(29)
for w; 1 <7y (30)
= (Z Xt—l(ﬂ)Xt 1 d2 5 7 ZXt 1 Ax;qdz(ﬁﬁ))
t=1
(31)
for w;_1 >~ (32)

Substituting into the residual vector and covariance matrix defined on (3, ) given
as

&(B,7) = e(B, My(B,7), My(B,7),7)and (33)

n

2(8,7) = %Zét(ﬁ,v)étw,v)’ (34)

t=1

By so doing it produces a concentrated Gaussian likelihood function

La(B,7) = (8, M1(B,7), My(B,7), £(8,7),7) (35)
=~ log[9(8,9)] - 5 (36)

The MLE of the L,,(j3,~) is seen to act as a minimizer of log |33(, 7)| subject to
the normalization imposed of [ discussed in earlier in previous paragraph and the
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constraint imposed within the probability of threshold effect of the trim parameter,
o

n

m<n 'Y LzB<y) <1-m 37)

t=1

The MLE solution for M, and M, are M, = Ml(ﬁ, ~) and M, = ]\le(ﬁ, v)

3.5 The m-SETAR(p) of the cointegrating rletionship

Following Enders & Granger Enders [1998] generalization of the Dickey &
Fuller Dickey [1979] of long-run process to assume the TAR(m, p) consisting
of m-AR(p) parts with variation occurring within an ’embedding dimension’ of
—00 =7 < ... <7 =ooforT = 1,...,m-regimes as one AR(p) process
switches to another according to the specific value of a threshold parameter, .-

P p
wi= () by + Y ome) [ {vm1 < za < 3} (38)
j=1 J=1

where IT{%'—1 < zig < yj} is the heavy-side indicator function that determines
the observed or partially unobserved properties under different or discontinuous
decay nonlinear AR(p) states as series crosses the threshold value to the next m —
1-regime that quantify the magnitude(speed) of decay adjustment to new trend
path. The term Z§:1 o,.i€; allows different error terms variances across regimes.
Tong Tong [1983] shows that the self-exciting threshold autoregressive
(SETAR(m)) is a special kind of TAR(m, p) with a dynamic threshold variable,
2—1 = Z—p—q—1 Where d € 7 is threshold time-delay well-defined in threshold
range, - € [71,vm]. TAR(2) or SETAR(1) is a simplified piece-wise linear ap-
proximation of AR(p — d — 1) expressed in general form as

=

{42510 + D djwrj +ore forz <m (39)

o0+ D0y dojwi—j + 026 foryn < z <

where ¢; are the constant speed parameters.

Based on an ordinary least square estimation of TAR-model, we employ the
Hansen [1997] and Hansen and Johansen [1999] to test a H), : linearity 1-regime
model or TAR(1) against H, : m > 1l-regime model, TAR(m) subject to the
SUPp_t,,e test statistics of the nonstandard £, distribution

_ SSR; — SSR,

Fip = o<k 40
7k SSRk ) J< ( )
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where SSRR; the minimum sum of squared residuals when fitting a j-regime SE-
TAR against a k-regime SETAR model. A special estimation of the H, model
is the SSR;. The threshold value for k-regime which minimizes the S SRy is
computed by performing a grid search conditional on the value of the previous
threshold that minimizes SSR;. Under the H,, vigorous re-sampling of the resid-
uals is done using replicating bootstrap estimation of the threshold parameters and
computation F.
The residuals analysis of the models are

p p
& =wi = {010 = D by o azy — {020 = Y Gt Huy y>5 (41
j=1 7=1

The study employs the following performance criteria to compare the best
Root mean square error

T _£)2
Mean absolute error
1 n
MAE = =% |w — fi| (43)
t=1
Mean absolute percentage error
. 1 < wy — [
MAPE =100 x = ) _ | | (44)
(L W

where f; and x; denote the forecast and actual values at ¢ period respectively.

The RMSE and MAE are a measure of fit, which indicates how well model
fits with the historical data. It should be noted that unlike the MAPE which is
scale invariant, both RMSE and MAE criteria rely on scale of the dependent vari-
able. This require that the criteria are implemented as relative measures in forecast
comparison for similar series across varying models. A smaller value indicates
stronger forecasting power for the respective model.

4 Analysis and Discussion of Results

4.1 Data Assimilation and Exploration

Since cointegrating relationship (w;) in a 2(3)-regime TVECM could be spec-
ified as 2(3)-regime TAR model, so we proceed to estimate the w; from our APT
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models. Each computed vector of w; extraction comprises of 431 biweekly sam-
ples. Aninitial step to modeling these nonlinear price adjustment relationship is to
understand graphically. Figure 1 displays pattern of the estimated mean-reversion
at each stage. It indicates undoubtedly almost non-stationary strong upward trend
for both initial and overall stages with respect to Brent crude oil in nexuses with

Cointegrating relationships of each TVECM

Series 1.1
02 02 086
1 1 1 1 1 | - |

06

0.z
L1

Series 1.2
on

Series 1.3

0 100 200 300 400
Time

Figure 1: Estimated cointegrating relationship (w;) in a TVECM at each stage of
price transmission 02/01/1999 - 27/06/2015.

both ex-pump and ex-refinery respectively, whereas the second stage show steady
downward trend between paired localized co-movement in the sense of BDCs and
OMC:s. Figure 2 depicts the empirical densities for all three estimated cointegrat-
ing relationships in a TVECM.

4.2 Test for 2-regime against 3-regime TAR model

The study further employs the Hansen’s testHansen [1999] procedure to con-
firm the linearity of the cointegrating relationships extracted from the TVECM
with 1000 bootstrap replication and trimmed off at 10% sample observations. Ta-
ble 1 and Figure 3-5 indicate the test results and plots respectively, for H; of linear
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Figure 2: Plot of the empirical densities for estimated cointegrating relationship
(wy) iIn a TVECM at each stage of price transmission 02/01/1999 - 27/06/2015.

cointegration relationship against an alternative of 2-regime threshold-type non-
linear effect, with option for testing 2-regime versus 3-regime threshold-type AR
model at each stage. We observe that H, 52 of 1-regime tested against 2-regime is
rejected at 1% and 5% significance levels for both initial and overall stages respec-
tively. Whereas, on the contrary, the test for Hy,,s3 of 2-regime versus 3-regime
cannot be rejected at any significance level for any of the modeling stage.

4.3 Modeling of SETAR model

As an initial model checking procedure, the study identifies appropriate SE-
TAR models by employing the graphical diagnostic plots of the sample ACF and
PACEF of the residuals addressing degree of correlation between neighboring ob-
servations, and then test for normality which facilitates to represent ARMA(p, d)
modeling. A forecasting exercise of the term spread for each level paired PBU
from their respective TVECMs following that of Di Narzo Di Narzo [2008] pro-
cedure of out-of-sample forecasting of the crack spread
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Table 1: Hansen’s Test for 1vs2, 1vs3 and/or 2vs3-regime TAR of the contegrating
relationship at each stage of APT

SETAR Test
Test statistics Critical Value
F-test Do 90% 95% 97.5% 99%

Hyyso 40.86 0.02 |24.82 31.12 3793 46.85
Hiyyss 5041 0.09 |49.12 5828 66.24 74.84
Hoys3 871 085 | 2091 2592 3092 40.26

Hiye 932 0.71 | 2565 33.31 4342 55.02
Hiys3 31.27 048 | 62.10 74.61 87.77 103.41
Hysa 21.48 0.28 | 34.60 4496 55.85 71.07
Overall:
Hiyso 27.42 0.05 | 2297 27.12 30.59 40.14
Hiysa 4399 0.09 | 42.65 4932 5516 6641
Hyysa 15.57 038 | 2224 26.72 30.13 34.24

Note:
supLM is the supremum of the heteroskedastic-consistent Lagrange Multiplier test
statistics, and p,qe 18 the reasonable significant level for the reject of H,.

The term spread is modeled by a SETAR(3) model. When testing one regime
against two regimes, the null hypothesis of one regime, i.e., a linear model, is
strongly rejected, but when testing 2 regimes against 3 regimes, the null hypothe-
sis of 2 regimes cannot be rejected at any reasonable significance level. Therefore,
we choose a two-regime SETAR(3) model for the term spread. In the out-of-
sample forecasting of the term spread, the SETAR(3) model with two regimes
gives much better prediction of the term spread than the linear models.

4.4 Forecast Comparison for ARMA and SETAR of Mean Re-
version in Price Transmission

Further estimation of coefficients of the linear and nonlinear mean-reversion in
the univariate sense are made based on the result of Hansen and Johansen [1999]
method which test parameter constancy for number of regimes in TAR model. The
model considers only 2-regime threshold for price transmission at initial and the
overall stages. A search order of linear model using the Box and Jenkins [1994]
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Figure 3: Biweekly Cointegrating relationship of the spread or mean-reversion at
each stage of price transmission 02/01/1999 - 27/06/2015.

test of autocorrelation were conducted and concluded on the lag orders using ACF
and PACF for both ARMA(p,q) and 2-SETAR(m,d) as in Larsen [2012]. Figure 6
- 8 represent the plot of volatile residuals, ACF and PACF for SETAR of ARMA
model for cointegrating series of price transmission stage. The estimated ACFs
and PACFs points to a SETAR of embedded dimensional orders, m = 5 and
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Test linear AR vs 1 threshold SETAR

Asymptaotic Chi 2
Bootstrap
Test value

Density
000 008
L1l

0 50 100 150 200

Ftest12

Test linear AR vs 2 thresholds SETAR

© ] i Asymptotic Chi 2
%‘ = ! SO Bo%ts?rap
c < : ---- Testvalue
D _ 1
g _ ‘/"—‘:r\__k_‘_‘“
o | | | T T T
0 50 100 150 200 250
Ftest13
Test 1 threshold SETAR vs 2 thresholds SETAR
& : Asymptotic Chi 2
= = | — Bootstrap
S =] i ---- Testvalue
n o | |
[ ] 1 1
S ' | T | |
0 50 100 150 200
Ftest23

Figure 4: Biweekly Cointegrating relationship of the spread or mean-reversion at
each stage of price transmission 02/01/1999 - 27/06/2015.

m = 4 for stage one and overall stage transmission respectively in Figure 8 & 10.
Also from Figure 9, the estimated ACF and PACF confirmed a linear cointegrating
relationship, as it points to ARMA of lag order p = 4 and ¢ = 2 as the most

suitable to estimate the second stage .
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— i Asymptotic Chi 2
%* © : E— Bo%ts?rap
e o - /\; ---- Test value
o g |/ |
[ . ;
(=] l [ [ l [ [ l
0 20 40 60 80 100 120
Ftest12
Test linear AR vs 2 thresholds SETAR
- i Asymptotic Chi 2
z 3 4 : — Bobiatrap
= (= /\5\ ---- Testvalue
0 4 :
o d -
(] [ [ l [ [ [ l [
0 20 40 60 80 100 120 140

Ftest13

Test 1 threshold SETAR vs 2 thresholds SETAR

Asymptotic Chi 2
— Bouotstrap
---- Testvalue

0.06
|

Density
0.00
[

Ftest23

Figure 5: Biweekly Cointegrating relationship of the spread or mean-reversion at
each stage of price transmission 02/01/1999 - 27/06/2015.

The results of long-run adjustment equation for each stage of price transmis-
sion displayed in Table 2 to Table 3 show the estimated coefficients and the vari-
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Figure 6: Plot of estimated ACF and PACF functions for the residuals of fitted
AR(7), ARIMA(1,1,1), SETAR(S,5,1),STAR(11), NNET(4), AAR(4) in stage 1

PT mean-reversion
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Figure 7: Plot of estimated ACF and PACF functions for the residuals of fitted
AR(13), ARIMA(1,1,1), SETAR(7,7,1),STAR(13), NNET(13), AAR(13) in stage
1 PT mean-reversion
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Figure 8: Plot of estimated ACF and PACF functions for the residuals of fitted
AR(13), ARIMA(1,1,1), SETAR(7,4,1), STAR(9), NNET(13), AAR(13) in stage
1 PT mean-reversion
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ance of fitted residual with it mean absolute prediction error and as displayed
on Figures 11-14. The SETAR models are evaluated at the values of maximum
threshold parameter attained using the Threshold Vector Error Correction Method.
It is observe that the 2-regime SETAR model of mean-reversion for transmission
from p., t0 pe, 1S best modeled at a maximum autoregressive order for both
low and high regimes of embedding dimension m = 5 with the low regime
order,mL = 4 and the high regime, mH = 1 to yield the minimum AIC and
MAPE. The equation is significant for both constant and trend deterministic part
in both regimes.

The linear cointegrating relationship of the transmission from p,, t0 Py, is mod-
eled by ARMA of order p = 4 and ¢ = 2 at the minimum AIC and MAPE, hence
stand out to be best selection for the models for forecast.

Table 2: Estimated coefficients of 2-regime SETAR(m) models at each PT stage
of the price build-up for Stage 1.

Equations
Regime 1 Regime 2
Stage 1: 2-SETAR(5,4,1) | w; < —0.1619 | w; > —0.1619
(16.83% Obs.) | (83.17% Obs.)
Intercept -4.2054e-02 | - 1.8447e-02%*
(4.4317e-02) (7.9242e-03)
Trend 4.2942e-04. 9.2684e-05*
(2.4712e-04) (3.8082e-05)
W1t 8.3411e-01*** | 9.6617e-01***
(1.2774e-01) (2.1341e-02)
Wi_9: - 1.9984e-02
(1.8212e-01)
Wy—3: - 4.9994e-01%*
(1.7976e-01)
Wi_g: 6.0509e-01***
(1.2198e-01)
Fitt. resid. variance: 0.001643  AIC:-2673 MAPE: 87%

Note: ***(or ***.) denotes the 0.1% (or 1%, 5%, 10%) level of significant for

rejecting H.
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Table 3: Estimated coefficients of 2-regime SETAR(m) models at each PT stage
of the price build-up for Stage 2.

(6.7460e-02)

Equations
Regime 1 (52.06%) | Regime 2(47.94%)
Stage 2: 2-SETAR(7,7,1) wy <0.01423 wy > 0.01423
Intercept 1.2955e-02%** 5.1566e-05
(4.2977e-03) (4.2908e-03)
Trend - 3.9997e-05. - 8.7269e-06
(2.0805e-05) (1.9142e-05)
Wi—1 1.0279e+00%** 9.7487e-01%***
(6.7593e-02) (2.4246e-02)
Wi—2 1.5027e-02
(8.6038e-02)
Wi—3 7.3650e-02
(8.5459¢-02)
Wi—q - 1.8934e-01%*
(8.5242¢-02)
Wi—5 2.2093e-01*
(8.9211e-02)
Wi—g - 9.5453e-02
(9.2777e-02)
Wy—7 - 6.3025e-02

Fitt. resid. variance: 0.0002829  AIC: - 3406

MAPE: 28.45%

(1.0792e-01)

Overall: 2-SETAR(7,4,1) w < —0.08925 w > —0.08925
(23.97% Obs.) (76.03% Obs.)
Intercept : - 1.6853e-02 - 1.1776e-02.
(1.4534e-02) (6.2736e-03)
Trend : 1.4458e-04. 4.9765e-05.
(7.6403e-05) (2.6596e-05)
W1t 9.1403e-01*** 9.9883e-01***
(8.9703e-02) (2.0604e-02)
Wi _o: 8.6990e-03
(1.2746e-01)
Wi—3: - 5.1775e-01%%**
(1.4559¢-01)
Wiyt 5.4928e-01***

Fitt. resid. variance: 0.001438

AIC: -2729 MAPE: 121%

419

Note: ***(or **,*) denotes 0.1% (or 1%, 5%, 10%) level of sig. for rejecting H,.




Ayiku Jonathan., E.O.A de-Graft Johnson, S.K. Appiah and E. Harris

Regime switching plot

w _
= regim
— lpw
© | —— high
o
< _|
(]
w
(k]
3 o |
[1s] O
=
w
@
T o
(73] (]
@
E
o
S -
= _
]
[Cu]
S -
Threshold variable used
o~ O — th1
o
©
= |W T T T T
0 100 200 300 400
Time
Ordered threshold variable
31 — tim=0.05 e
o T —/trl;/_/_/_/_f_/_/
o
© 3
o | T | |
0 100 200 300 400

Figure 9: Plot of the regime switching level and threshold variable of the mean-
reversion process in initial price transmission between crude oil and ex-refinery
from 02/01/1999 - 27/06/2015.
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Figure 10: Plot of the regime switching level and threshold variable of the mean-
reversion process in initial price transmission between ex-refinery and ex-pump
from 02/01/1999 - 27/06/2015.
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Figure 11: Ordered Threshold Plot of the regime switching level and threshold
variable of the mean-reversion process in initial price transmission between ex-
refinery and ex-pump from 02/01/1999 - 27/06/2015.
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Figure 12: Plot of the regime switching level and threshold variable of the
mean-reversion process in the overall PT between crude oil and ex-pump from
02/01/1999 - 27/06/2015.
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Figure 13: Plot of forecast comparison for nonlinear mean-reversion at stage 1
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Figure 14: Plot of forecast comparison for nonlinear mean-reversion at stage 2
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Figure 15: Plot of forecast comparison for nonlinear mean-reversion at overall
stage

4.5 Evidence of Asymmetries price Transmission in Three Dif-
ferent Stages of Bivariate Time Series between Crude oil,
ex-refinery and ex-pump Gasoline Prices in the Ghanaian
petroleum market

The summary statistics of the mean return and variance coupled with graph of

the indicates unstable or volatile residuals of the times series to random walk pro-
cess. This observation enable the test for stationarity of the series using both the
Dickey [1979] and Kwiatkowski et al. [1992] methods which indicate unit root
processes (1) with significant trends and drifts deterministic forms in all three
energy prices.
The choice of a suitable univariate technique took a naive approach to test lin-
earity within the data. However, Hansen and Johansen [1999] tests for numbers
of one regime AR versus two or three TAR model for univariate analysis pointed
to threshold model of the initial and overall stage transmission and rather model
the second stage with linear model. The major findings pertaining to the study,
objectives and hypothesis are in all three stages of the price transmission of the
price build-up formula are outlaid as follows:
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The claim of presence of nonlinearities in terms of threshold effects is accepted
evident from Hansen and Seo test under /{ of linear cointegration. Additionally,
the Hansen and Johansen test for 1-regime versus 2-regime and 2-regime versus
3-regime of the estimated univariate equations show that the initial price transmis-
sion is best characterized by two regimes.

More importantly, although the half-life of both p., and Ap,,, to return mean-
reversion is approximately 2 months in quick unusual regime and it takes 7 months
for the later to return in the slow usual regime for every unit of p.,. Also within
the asymmetric price transmission, Ap,,, does not respond spontaneously to it-
self in whether quick or slow direction although it responds positively to Ap,,.
The change in downstream does not impact on the upstream.

The asymmetric behavior was still a dominant feature of our mean-reversion also
in this stage with 2-SETAR(5,1,4) equation also exhibits significant constant and
trending intervention properties of the price build-up mechanism. The threshold
models outperformed the AR and ARMA process from the forecasts in Figure 8
although the MAPE is slightly high. That is, the mean reversion property depends
significantly on what happens in the past 4 biweekly periods in the quick unusual
directions, whereas in slow usual direction it depends on recurrence of the same
in the just the immediate biweekly periods.

For a single equation of the mean-reversion, Hansen and Johansen test sug-

gest we use a linear model of embedding dimension of m > 2 as seen Larsen
[2012]. Both prices does not response spontaneously to dynamic external shocks
from each other and within themselves.
This asymmetric behavior of the sample mean-reversion observation is best mod-
eled with linear univariate process specifically the ARMA(4,0,2) since it forecast-
ing performance slightly outweighs that of 2-regime SETAR or any order uni-
variate method in Figure 10 according to the MAPE. We imply that domestic
interaction through taxes, levies and margins added onto ex-pump price build-up
is behave linearly upwards. Prices are not returning in the manner when even the
upstream falls.

5 Conclusion

In the further investigation of whether this mean-reversion above for bivari-
ate analysis is nonlinear, the Hansen and Seo test unexpectedly accepted the
null hypothesis of linear cointegration over claim of asymmetric in paired mean-
reversion in this stage. Additionally, the hansen and Johansen test for 1-regime
versus 2-regime and 2-regime versus 3-regime of the univariate equation mean-
reversion indicate we rather model by 2-regime or one threshold model. The
2-SETAR(5,1,4) equation, also showcases the robust and persistent intervention
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elements of the price build-up process. The presence of asymmetric behavior
continued to be a dominant factor in our mean-reversion strategy, and it was also
evident in this stage. While the Mean Absolute Percentage Error (MAPE) is some-
what greater for the threshold models compared to the Autoregressive (AR) and
Autoregressive Moving Average (ARMA) processes, the threshold models outper-
formed the AR and ARMA processes. In other words, the mean reversion property
is significantly influenced by the events that have taken place in the previous four
biweekly periods when there have been sudden and unexpected changes. How-
ever, when there are gradual and expected changes, it is influenced by the events
in the biweekly periods immediately preceding it.
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Abstract

In this paper, we study the value distribution of £-function in the ex-
tend Selberg class and a non-constant transcendental meromorphic
f function with finitely many zeros of finite order, sharing a poly-
nomial with its difference monomial. Meromorphic functions and
L-functions are central to Nevanlinna theory, a branch of complex
analysis focusing on the distribution of zeros and poles of analytic
functions. The Meromorphic functions are unique due to their com-
bination of meromorphicity and analyticity. They are defined on the
entire complex plane except for isolated poles in the complex analy-
sis. On the other hand, L-functions, arising notably in number theory
and automorphic forms, exhibit unique properties related to their ze-
ros and poles. One classic example of a prime number distribution is
the Riemann (-function. In this paper, we analyse the uniqueness re-
sults between a non-constant meromorphic function f having finitely
many zeros and L-function, when their difference monomial share a
non-zero polynomial p. Our results extends and improves the earlier
results of Harina P. Waghamore and Manjunatha B E[6].
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1 Introduction

Nevanlinna theory can provide tools for proving uniqueness theorems for an-
alytic functions. By analyzing the behavior of meromorphic functions and their
singularities, one can often deduce properties that lead to uniqueness results. For
instance, understanding the growth and distribution of values of a meromorphic
function can help establish uniqueness within a certain class of functions.

Let f(z) and g(z) be two non-constant meromorphic functions defined in C. We
assume that the reader is familiar with the basic results and standard notations
of Nevanlinna value distribution theory (see [7],[8],[23],[24],[25]). For some
a € CU {0}, the zeros of f — a and g — a have same multiplicities, we say
that f and g share the value a CM(counting multiplicities), otherwise if we do
not consider the multiplicities, we say that f and g share the value a IM(ignoring
multiplicities). If ; and | share 0 CM, then f and g share co CM. While N (r, f)
denotes the counting function of poles of f whose multiplicities are taken into
account(respectively N(r, f) denotes the reduced counting function when multi-

plicities are ignored). Also we have N (r,a; f) = N (7", ﬁ) , denotes the count-

ing function of a points of f(z) whose multiplicities are counted(respectively
N(r,a; f) denotes for the reduced counting function when multiplicities are ig-
nored). In general, the notation N (r,a; f| = 1) denotes the counting function
of simple a-points of f and the notation N (7,a; f| > 2) denotes the counting
function of those of a-points of f whose multiplicities are atleast 2( respectively,
N (r,a; f| +1) and N (r,a; f| > 2) denotes the reduced counting functions).
We denote by T'(r, f) the Nevanlinna characteristic function of f plays a key role
in the value distribution theory. we have T (r, f) = m (r, f) + N (r, f), which
clearly shows that 7' (7, f) is non negative. S(r,f) is small quantity defined by
S(r,f) = o{T(r,f)} as (r — oo, r ¢ E) where E denote any set of positive real
numbers having a finite linear measure.

Let £ be an L-function is defined as a meromorphic function in the complex
plane C that is connected to one or more mathematical properties. A L-series is a
Dirichlet series that typically converges on a half-plane and has the potential to an-
alytically continued as an £-function.We first distinguish between the £-function,
which is the function in the complex plane that is its analytic continuation, and
the L-series, which is an infinite series representation (such as the Dirichlet series
for the Riemann zeta function)(see.[20],[21]). Generally, the constructions begin
with an L-series that is initially specified as a Dirichlet series, and subsequently
expanded into an Euler product that is indexed by prime numbers. The £-function
so defined analytically to the rest of the complex plane C atmost one pole. The
Selberg class is an axiomatic definition of a class of L£-functions. £, consists es-
sentially of those Dirichlet series that satisfy the Riemann hypothesis as well as
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o 1
n=1 ns*

the Riemann zeta function, F'(s) = >

2 Definitions and Theorems

Let us recall the following standard definitions of Nevnalinna theory.

Definition 2.1. [20, 21] The Selberg class S consists of the functions F satisfying
the following axioms:

1. (Dirichlet series) F(s) = Y . a(n)/n® where s € C, absolutely conver-
gent for o > 1.

2. (Analytic continuation) There exists a non-negative integer k such that (s — 1)* L(s)
is an entire function of finite order.

3. (Functional equation) There exist an integer k > 0, positive real numbers
Q, Aj, complex numbers v; with Rev; > 0 and w with |w|= 1, such that
Nz (s) defined by

K
Ne(s) = L(5)Q° T[T (Ays +v5) = 7(s)F(s),

j=1

satisfies the functional equation Nz (s) = w Az (1 —35). We would call the
function y(s) the ~y factor.

4. (Ramanujan conjecture) For every ¢ > 0, a(n) = O(n°).

5. (Euler product hypothesis) L can be written over prime as

L(s) = exp (Z b(pk)/PkS>

with suitable coefficients b(*) satisfying b(p*) < p*? for some 6 < 1/2
where the product is taken over all prime numbers p.
The degree d. of an L is defined to be

where \; and K are respectively the positive real number and the positive
integer as in axiom (iii) above.
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Definition 2.2. [9, 10, 11] Let k € NU{0}U{oc}. For a € CU{oo} we denote by
Ex(a; h) the set of all a-points of f where an a-point of multiplicity m is counted
m times if m < k and k + 1 times if m > k. If Ex(a;f) = Ei(a;g), we say that
f, g share the value a with weight k.

Definition 2.3. [4] Let k be a positive integer for any constant a in the complex
plane C.
We denote

1. By Ny, (T, ﬁ) the counting function of a-points of f(z) with multiplicity
<k

2. By N, (7", ﬁ) the counting function of a-points of f(z) with multiplicity <
k. Similarly, the reduced counting functions Nk) (r, ﬁ) and N(k (7“, ﬁ)
are defined.

Definition 2.4. [6] By a difference product, we mean a difference monomial and

its shifts, that is an expression of the type [] f(z + ¢;)".
j=1

In 2011, K. Liu, X. L. Liu, and T. B. Cao [12] studied the uniqueness of the
difference monomials and obtained the following results.

Theorem 2.1. [12] Let f and g be two transcendental meromorphic functions with
finite order. Suppose that c € C\ {0} andn € N. If n > 14, f"(2)f(z + ¢) and
g"(2)g(z + c) share 1 CM, then f = tg or fg = t, where t"™! = 1.

Theorem 2.2. [12] Let f and g be two transcendental meromorphic functions with
finite order. Suppose that ¢ € C\ {0} andn € N. If n > 26, f"(2)f(z + ¢) and
g"(2)g(z + c) share 1 IM, then f = tg or fg = t, where t" ™! = 1.

In 2015, Y.Liu, J. P. Wang, and F. H. Liu [13] improved Theorems A and B
and obtained the following results.

Theorem 2.3. [13] Let c € C\ {0} and let f and g be two transcendental mero-
morphic functions with finite order, and n (> 14), k (> 3) be two positive inte-
gers. If Ex(1,f"(2)f(z 4+ ¢)) = Ex(1,8"(2)g(z + ¢)), then f = t,g or fg = t, for
some constants t, and t, satisfying t}t" = 1 and t3™' = 1.

Theorem 2.4. [13] Let ¢ € C\ {0} and let f and g be two transcendental
meromorphic functions with finite order, and n (> 16) be a positive integer. If

Ea(1, () f(= + ¢)) = Bal(1,g"(2)g(= + <)), then | = trg or fg = s, for some
constants t, and t, satisfying t7" = 1 and t3™' = 1.
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Theorem 2.5. [13] Let ¢ € C\ {0} and let f and h be two transcendental
meromorphic functions with finite order, and n (> 22) be a positive integer. If
Ey(1L,f"(2)f(z +¢)) = E1(1,8"(2)g(z + ¢)), then f = t1g or fg = to, for some
constants t, and t, satisfying t}" = 1 and t3™' = 1.

In 2017, Sujoy Majumder [14] replaced the sharing value 1 by a nonzero poly-
nomial p(z) in 2.3, 2.4, and 2.5 and obtained the following results.

Theorem 2.6. [14] Let f and g be two transcendental meromorphic functions of
finite order, ¢ € C\ {0} and n € N be such that n > 14. Let p(# 0) be a
polynomial such that deg(p) < (n—1)/2. If f*(2)f(z + ¢) — p(2) and g"(2)g(z +
¢) — p(z) share (0, 2), then one of the following two cases holds:

(1) f = tg for some constant t such that t"+*! = 1,

(2) fg = t, where p(z) reduces to a nonzero constant ¢ and t is a constant such
that t" ! = 2.

Theorem 2.7. [14] Let f and g be two transcendental meromorphic functions of
finite order, ¢ € C\ {0} and n € N be such that n > 16. Let p(# 0) be a
polynomial such that deg(p) < (n — 1)/2. Suppose t"(2)f(z + ¢) — p(2) and
g"(2)g(z + ¢) — p(z) share (0,1). Then the conclusion of Theorem 2.6 holds.

Theorem 2.8. [14] Let f and g be two transcendental meromorphic functions of
finite order, ¢ € C\ {0} and n € N be such that n > 26. Let p(# 0) be a
polynomial such that deg(p) < (n — 1)/2. Suppose f*(2)f(z + ¢) — p(z) and
g"(2)g(z + ¢) — p(z) share (0,0). Then conclusion of Theorem 2.6 holds.

In 2023, Harina P. Waghamore and Manjunatha B.E [6] replaced the shift by
a difference monomial in 2.6, 2.7, and 2.8 and obtained the following results.

Theorem 2.9. [6] Let f and g be two transcendental meromorphic function of
finite order and n be a positive integer such that n > 2s + 20 + 6. Suppose that

c; € C\ {0} for j = {1,2,3,...s}. Let f" Hlf(z + ;)" —p(z) and g" ‘H1 glz+
= =

¢;)" —p(z) share (0,2) where p be a nonzero polynomial such that 2deg (p(z)) <
n — o, then one of the following two cases holds:

(1) ff = tgfor some constantt such that t"+° = 1,

(2) f(2)g(z) = t, where p(z) reduces to a nonzero constant ¢ and t is a constant
such that "7 = 2.
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Theorem 2.10. [6] Let f and g be two transcendental meromorphic function of
finite order and n be a positive integer such that n > W Suppose that c; €

C\{0} forj = {1,2,3,...s}. Let f" f[ f(z4c¢;)" —p(z) and g" f[ g(z+cj)H —
j=1 j=1

p(z) share (0, 1) where p be a nonzer;polynomial such that 2deg (p(z)) <n-—o,
then the conclusion of Theorem 3.1 holds.

Theorem 2.11. [6] Let f and g be two transcendental meromorphic function of

finite order and n be a positive integer such thatn > 5s+ o + 0. Suppose that

c; € C\ {0} forj ={1,2,3,...s}. Let f" H f(z+¢;)" —p(2) and g" H g(z+
j= j=1

¢; )" —p(z) share (0,0) where p be a nonzero polynomial such that 2deg (p(2)) <

n — o, then the conclusion of Theorem 3.1 holds.

It is quite natural to ask the following question.
Question 1. When two finite order meromorphic functions f and g share a nonzero
polynomial, what can be said about their uniqueness if we consider the difference
monomial and its shift for an L-function instead of the difference polynomial? We
have obtained the following results of Harina P. Waghamore and B. E. Manjunath
[6] which improves and generalizes Theorems 2.9, 2.10 and 2.11.

3 Main Results

Following are the main results of our paper.

Theorem 3.1. Let f be non-constant transcendental meromorphic function having

finitely many zeros and L be an L-function of finite order and n be a positive

integer such that n > 2s+20+5. Suppose that ¢; € C\{0} for j = {1,2,3, ...s}.

Let f* ] f(z + ¢;)" — p(2) and L™ [] L(z + ¢j)* — p(z) share (0,2) where p
j=1 =1

be a nonzero polynomial such that 2deg (p(z)) < n — o, then one of the following

two cases holds:

1. f = tL for some constant t such that t"+° = 1,

2. f(2)L(z) = t, where p(z) reduces to a nonzero constant c and t is a constant
such that t"+7 = 2.

Theorem 3.2. Let f be anon-constant transcendental meromorphic function hav-
ing finitely many zeros and L be an L function of finite order and n be a positive
integer such that n > 3+749, Suppose that ¢; € C\ {0} for j = {1,2,3,...s}.

Let f H f(z + ¢j)* — p(2) and L™ H L(z 4 ¢j)" — p(z) share (0,1) where p

Jj= Jj=1
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be a nonzero polynomial such that 2deg (p(z)) < n — o, then the conclusion of
Theorem 3.1 holds.

Theorem 3.3. Let f be a non-constant transcendental meromorphic function hav-
ing finitely many zeros and L be an L function of finite order and n be a positive
integer such thatn > 4s+o0+7. Suppose that c; € C\ {0} for j = {1,2,3, ...s}.

Let ™ H f(z + ¢j)* — p(z) and L™ H L(z + ¢;)" — p(z) share (0,0) where p
Jj= j=1
be a nonzero polynomial such that 2deg (p(z)) < n — o, then the conclusion of

Theorem 3.1 holds.

Example 3.1. Let f = exp®) and L = exp'~?). By considering the values for
n>90=1s=1andc;, ,uj are complex constants. Then one can easily verify

that f" H g(z+c;j)" and L™ H L(z+c;)", where f and L satisfies the algebraic
Jj=
equatlons R(f,L) = 0 with the conclusion of Theorem 3.1 holds.

Example 3.2. Let f = exp®) and L = texp'®). By considering the values for
n>90=1s=1andc;, ,uj are complex constants. Then one can easily verify

that f" H g(z+c;j)" and L™ H L(z+c;)", where f and L satisfies the algebraic
J=
equatzons R(f, %) = 0 with the conclusion of Theorem 3.1 holds.

4 Remarks

Theorem 3.1 - 3.3 is an 1rnpr0vement of Theorem 2.8 - 2.9 respctlvely
Taking s = 1 we get 0 = Z pj =1, H g(z 4+ ¢j)* and L H L(z + c;)"

Jj=
reduces to f"f(z + ¢) and g g(z + ¢), then

(1) In Theorem 3.1 we obtain n > 8 which is an improvement of Theorem 2.9,
(2) In Theorem 3.2 we obtain n > 8 which is an improvement of Theorem 2.10,

(3) In Theorem 3.3 we obtain n > 13 which is an improvement of Theorem 2.11.

5 Lemmas

In this section, we present few lemmas needed in the sequel. Let F,and L be
two non-constant meromorphic functions defined in the open complex plane C.
We denote by H the function

F' o 2F L 2L
H‘(F_f—l)_<F_L—1)‘ M
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Lemma 5.1. /5] Let f be a meromorphic function of finite order p, and let ¢ €
C\ {0} be fixed. Then for each € > 0, we have

m (7’, e (j)c)) +m (7’, f (Z(j)c)) — O(r* ) = S(r, f).

The following lemma has few modifications of the original version [Corollary 2.5

of [4]]

Lemma 5.2. [22] Let f be a non-constant meromorphic function and let a,,(z)
(#0), an—1(2), ..., ag(2) be meromorphic functions such that T'(r, a;(z)) = S(r,f)
fori1=20,1,2 ....n. Then

T(?“, an,f"™ + an,ﬂmil + o+ arf + CLO) = nT(r, f) + S(T7 f)

Lemma 5.3. /8] Let f be a non-constant meromorphic function of finite order and
c € C. Then

N (r,0;f(z+¢)) < N (r,0;f(2))+S(r,f), N(r,o00;f(z+c)) < N(r,o00;f)+S(r,f),
N (r,0;f(z 4+ ¢)) < N (r,0;f(2))+S(r,f), N(r,o00;f(z+c)) < N(r,o0;f)+S(r,f).

Lemma 5.4. [5] Let f be a transcendental meromorphic function of finite order,
¢ € C\ {0} be fixed. Then

T(r,f(z+¢)) =T(r,f)+ S(r,f).

Lemma 5.5. [22] Let f and g be two non-constant meromorphic functions. Then
f

N (r, 00; —> -N (r, 00; %) = N(r,o00;f)+N(r,0;g)— N (r,00;g8)—N(r,0;f).
g

Lemma 5.6. [6] Let f be a transcendental meromorphic function of finite order
and let

F=1"1] (f(z + ¢;))", where n is positive integer. Then
j=1

(n—0o)T (r,f) <T(r,F)+ S(rf).

Lemma 5.7. Let f be non-constant transcendental meromorphic function having
finitely many zeros and L be an L—function of finite order, c € C\ {0} andn € N
such that n > o. Let p be a nonzero polynomial such that 2deg (p) < n— o. Then

S

(1) ifdeg(p) > 1, then f* T] (f(z + ¢;))" .L" I1

S
Jj=1 Jj=1

(L(z+¢;)" # p*(2)
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S S

(2) ifp(z) = ¢ € C\{0}, then the relation f" [] (f(z 4+ ¢;))" L™ [] (L(z + ¢;))" =

j=1 j=1
p?(2), always implies that f.L = t, where t is a constant such that t"° = .

Proof. Suppose

<f"H<f<z+cj>>“f) (cn <£<z+cj>>“f) = 1(2). @)

j=1 j=1

Let hy = L then by (2), we have

W) = 2 3)

[T hi(z +¢;j)m
j=1

We now consider the following two cases,

Case 1. Suppose h; is a transcendental meromorphic function. Now by Lemma
5.1,5.2 and 5.3, we get

nT (r,hy) =T (r,h?) + S (r,hy),

2
=T |r — () + S (r,hy),
[T hi(z+c;)m
j=1
<N (T,O;Hf(z—i—cj)’”) + N (T,O;Hﬁ(z+cj)"j> + 5 (r,hy),
j=1 j=1

<o[T(r,f)+T(r,L)]+S(rh),

from hy = fL£, which implies T'(r, hy) = T'(r,f) + T(r, L), we get
n|T(rf)+T(r,L)] <o[T(rf)+T(r,L)]+ S (r,hy),

which is a contradiction.
Case 2. Suppose h; is a rational function. Let

hs

hy = —2
1 h3

“)
where hs, h3 are two non-zero relatively prime polynomials. By (3), we have

T(r,hy) = max{deg(hs),deg(hs)}logr + O(1). ®)
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Now by (3) - (5), we have

max{deg(hs),deg(hs)}logr =T (r,h}) + O(1),
<o[T(r,f)+T(r,L)] +2T(r,p) + O(1),

mazx{deg(hs), deg(hs)}logr < omazx{deg(hs), deg(hs)}logr+2T(r,p)+O(1).

(6)
We see that max{deg(hs),deg(hs)} > 1. Now by (6), we deduce that (n — o) <
2deg (p(z)) . Which contradicts our assumption that 2deg (p(z)) < (n — o) . Hence
h; must be a non-zero constant.

Let
hy =t e C\{0}. (7)
Now when deg(p) > 1b (3) and (7), we arrive at a contradiction.
In this case we have ( (z +¢j)" ) <£” IT(L(z+ cj))“j> £ p?(2).
7j=1
Suppose p(z) = c € C \ {O} So by (2), we see that h{™7 = ¢
By (7), we get t"*t9 = (2. This completes the proof. U

Lemma 5.8. Let f be non-constant transcendental meromorphic function having

finitely many zeros and L be an L function of finite order, ¢ € C \ {0} be finite

complex constant such that f(z + ¢;) # f(2) fori =0,1,2,...;s. and L(z + ¢;) #
£ I1 ((+e5))"

L(z) and let n be an integer such thatn > (s+1)+o0. Let F(z) = ————~——

" 11 (e
and L(z) = ]_T where p(z) is nonzero polynomial. If H = 0 then
either

p(z)

S

(1) £ 1 (F(z + ¢)" £7 TT (£(z + )" = p2(2),

j=1 j=1
where f" [] (f(z 4+ ¢;))" —p(2) and L™ [] (L(z + ¢;))" —p(2) share 0 CM,

=1 j=1

(2) f(z) = tL(2) for a constant t with t"7 = 1.

Proof: From (1) we have,

b (F2F N\ (L oL
FOF-1 L L-1)

Since ‘H = 0, by integration, we get

1  BL+A-B
F—-1 L—1

(8)
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where A # 0, B are constant . From (7) it is clear that F and L share (1, 00). We
now consider the following cases.

Case 1. Let B # 0 and A # B, if B = —1 then from (8), we have F = +——
Therefore N (r, m> =N F)<N (7“, %) <T(r,p)=S(r,L).

So in view of Lemma 5.6 and the second fundamental theorem , we get

(n—0o)T(r,L)

IN

T (r, cr ﬁ (L(z + cj))“j> + S(r, L),

T(r,L)+ S(r,g),
N (r,00; L) + N (r,0; L) + N (r,(A+1); £) + S(r, L),
(s+1)T(r,L)+ S(r, L)

ININIA

which contradicts with n > (s + 1) + o.
If B # 1, from (8) we get that

1 —A
Fo(1+=)= .
( +B) B2 (L+428)
So N (7’, BTEA; L) = N(r,00;F) < S(r,£). Using Lemma 5.6 and the same

argument as used in the case when B = —1 we can get a contradiction.
Case 2. Let B # 0 and A = B. If B = —1, then from (8), we have

fm H f(z+c) L H L(z +c;)" = p*(2),

Jj=1 Jj=1

when |f" f[ f(z+¢j)* | —p(z) and [ﬁ" ﬁ L(z+ ¢j)* | — p(z) share 0 CM.
=1

Jj=1 J

If B # 1, from (8) we have

1 BL

F (I+BL-1

Therefore N (r,(1+ B); L) = N(r,00;F). So in view of Lemma 5.8 and the
second fundamental theorem, we get

(n—0o)T(r,L£) <T(r,L)+ S(r, L),
< N (r,00; L)+ N (r,0; L) + N (r, (1 + B); L) + S(r, L),
<(s+1)T(r,L)+ S(r,f)+ S(r, L),

so for r € I, we have

mn—o—(s+1)T(r,L)<S(r,L).
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Which is contradiction, since n > (s + 1) + o.
Case 3. Let B = (. From (8) we obtain

_L+A-1

d A

9)
if A # 1, then from (9), we obtain N (r, (1 — A); L) = N (r,0; F).

We can similarly deduce a contradiction as in case 2. Therefore A = 1 and from
(9), we obtain , F(z) = L(2).

That is

f"Hf(z—i—cj)“j = C”H£(2+cj)”f. (10)
j=1 j=1

Leth = % and then substituting f = h £ in (10), we deduce

ho(s) = — L+ (11)
h(z + ¢;)rs
j=1

J

hn+1 —

if h is not a constant, then we have

f 7=1
’ s

[T f(z+c)m

+ S(r,f) ;S(r,ﬁ),
< +o)[T(rf)+T(r,L)]+ S(r,f)+ S(r, L),

(n+1)T(r,h)<T|r

we obtain
(n—0o)[T(rf)+T(r,L)] < S(r,f)+S(r, L),

which is impossible. Therefore h is constant, then substituting f = h £ in (10), we
have h"*? = 1. Therefore f = t£ where ¢ is a constant with "7 = 1.

Lemma 5.9. [1] Iff, g be two non-constant meromorphic functions such that they
share(1,1). Then

ONL(r, 1)+ 2N 1 (r, 1:g)+ N (r, 1) = Nesa(r, 1;g) < N(r, 1;g)— N(r, 1; g).
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Lemma 5.10. [3] Let f and g share (1,1). Then

_ 1— 1 1 /
Nf>2(r7 17g) S §N(Ta Oaf) + §N(T’, OO,f) - §N0(Ta Oaf ) + S<T’ g>7

where Ny (r,0;f") is the counting function of the zeros of f' which are not the zero
of f(f — 1).
Lemma 5.11. [3] Let f, g share (1,0). Then
(i) Nesi(r,1;g) < N(r,0;f) + N(r, 00;f) — No(r, 0;f) + S(r,f)
(ii) Ngs1(r,1;f) < N(r,0;g) + N(r, 00;) — No(r,0;¢") + S(r, 8).
Lemma 5.12. [25] Let f, g share (1,0). Then
Ng(r,1;f) < N(r,0;f) + N(r, 00;f) + S(r,f).

Lemma 5.13. /3] Let f and g be two non-constant meromorphic functions sharing
(1,0). Then

Ng(’f‘, 17 f) + 2N$<T, 17 g) +N(E2(T7 17 f) - Nf>1(,ra 17 g) - Ng>1<7’, 17 f) <

N(r,1;g) = N(r, 1;g).

Lemma 5.14. [10, 19] If N (r,0; f®)|f £ 0) denotes the counting function of those
zeros of f¥)(2) which are not the zeros of f(z), where a zero of f¥)(2) is counted
according to its multiplicity, then

N(r,0;f®|f £ 0) < EN(r,00;f) + N(r,0;f| < k) + kN(r,0;f| > k) + S(r,f).

Lemma 5.15. [18, 20, 21] Let L be an L-function with degree q. Then T (r, L) =
Irlogr + O(r).

Lemma 5.16. [2, 15, 16, 17] Let L be an L-function. Then N (r,00) = S (r, L) =
O(logr).

Lemma 5.17. Let f be a non-constant meromorphic function and L be an L-
function. If f and L share (00, 0), then N (r,00;f) = S (r, L) = O(logr).

Proof:

Since f and £ share (0o, 0), therefore by lemma 5.16, we have N (7, 00;f) =

N (r,00; L) = S (r, L) = O(logr). This completes the proof.
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6 Proof of main Theorems

6.1 Proof of Theorem 3.1
fn f[ f(z+cj)Hi L f[ L(z+cj)Hi

Let F = ’ZIT and L = HT' It follows that F and L share

(1,2) except the zeors of p(z).
Case 1. Let H # 0 from (1), we obtain

N(r,00;H) < N.(r,1; F, L) + N(r,0; F| = 2) + N(r,0; L| > 2) + No(r,0; F )

+ No(r,0; L). (12)
No(r,0; F') is the reduced counting function of those zero’s of F " which are not
the zero’s of F(F — 1), and No(r,0; F ) is similarly defined.

Let zo be a simple zero of /' — 1 such that p(zy) # 0. Then z; is a simple zero of
L — 1 and a zero of H. So

N(r,1; F|=1) < N(r,0; L) < N(r,00; H) + S(r,f) + S(r, L). (13)
From (12) and (13)
N(r,1; F) < N(r,0; F| > 2) + N(r,0; L| >2) + N.(r,1; F, L) + N(r, 1, F| > 2)
+ No(r,0; F ) + No(r,0; L') + S(r,f) + S(r, L). (14)
Now in the view of Lemma 5.14, we get
No(r,0; L")+ N(r,1; F| > 2) + N,(r, 1; F, L) < No(r,0; L') + N(r, 1; F| > 2)
+ N(r,1; F| > 3)

< N(r,0; L'|L #0) < N(r,0; L) + S(r, L).
(15)

Using equations (14), (15) and Lemma 5.6, we get from second fundamental the-
orem that

(Tl - O')T(T, f) T(T, ‘F) + S(T, f)a

N(r,00;F)+ N(r,0; F) + N(r,1; F) — NO(T,O;./_‘J) + S(r,f),
N

(r, 005 F) + Na(r, 0; F) + Na(r, 0; L) + S(r, f) + S(r, L),

ININ TN

IN

N(r,00;f) + N (T, 00; Hf(z + cj)“J) + 2N (r, 0;f)

J=1

+N (r,O;Hf(ercj)“j) + N, (T70;£nH£(Z+Cj)M>

j=1 j=1

+ S(r, f)+S(r, L),
<@240)T(r, )+ 2+s)T(r,L)+ S(r,f)+ S(r, L). (16)

443



Unicity Results concerning difference monomials of L—. . .
Similarly, we can obtain
(n—o)T'(r,L) < 2+0)T(r,L)+ (24 s)T(r,f)+ S(r,f)+S(r,L). (17)
Combining (16) and (17) we have
(n—20—s—4)[T(r,f)+T(r,L)] < S(rf)+S(r L). (18)

Since n > 20 + s + 4, equation (18) leads to contradiction.
Case 2. Let H = 0. Then the theorem follows from Lemmas 5.7 and 5.8. This
completes the proof.

6.2 Proof of Theorem 3.2

£1(2) [T f(z+c;)" £7(2) T1 L(z+e;)d
Let F(z) = = and L(z) = = . Then F and L share

p(2) p(2)
(1,1) except for the zeros of p(z). We now consider the following two cases.

Case 1. H # 0.
Using Lemmas 5.6, 5.8, 5.9 and equations (12) and (13), we get

N, 1;F) < N(r1;F| =1)+ Np(r,1; F) + Ng(r,1; L) —i—Ng(r,l;F),
< N(r,0; F| > 2) + N(r,0;L| > 2) + N,(r,1; F,L) + No(r, 1, F)
—(@2

)
(r,1; L) + N (r,1; F) + No(r,0; F ) + No(r, 0; L") + S(r,f) + S(r, L),
(r,0; F] >2)+ N(r,0; L| >2) + N_g(r,l,]-") + 2N & (r,1; L)
(0
)

IN +

Ny
N
g(rvlaf)+N0<T7Oa~F)+N0T )—I—S(Tf)_’_S(TL)

(r,0; F| >2) + N(r,0; L| > 2) + Nzso(r,1; L) + N(r,1; L) — N(r,1; L)
o(r,0; F) + No(r,0; L') + S(r,f) + S(r, L),

N+
= ZI =l

n
< N(r,0; F| > 2) + %N(T,O;}") + N(r,0;L| > 2)+ N(r,0; L'|L # 0)
+ No(r,0; F) + S(r,f) + S(r, L),

N(r,1:F) < N(r, 0, F| 2 )+ SN(,0;F) + No(r, 0: L) + No(r. 0: F)

+ S(r,f) + S(r, L). (19)
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Hence by using second fundamental theorem, (19), Lemmas 5.1 and 5.6 we get

(n—o)T(r,f) <T(r,F)+ S(r,f),
< N(r,00; F) 4+ N(r,0; F) + N(r,1; F) — No(r,0; F') + S(r,f),

IA

_ 1—
N(r,o0; F) + 5]\7(7“,0;.7:) + No(r,0; F) + No(r,0; L) + S(r,f) + S(r, L),

o . s 1 s
< N(r,o00;f) + N(T,oo;Hf(z +¢;)M) + §N(r,0;f"Hf(z+ ci)h)

j=1 j=1

+2N(r,0:f) + N(r, 0 [ [ f(z + ¢))") + Na (r, 0; £ [] £+ Cj)“f>

J=1 J=1

+S(r,6) + S(r,£),
(n— 0)T(r,f) < <#) T(r,6) + (2 + 8)T(r, £) + S(r,f) + S(r, £).

(20)
Similarly, we obtain
2
(n—o)T(r, L) < (m%) T(r,L)+(2+s)T(r,f)+S(r, L)+S(r,f). (21)
Combining (20) and (21), we get

) T(r, f)+T(r,L)] < S(r,f)+ S(r,L). (22)

< 3s+40+9
n-——

Since n > #9749 equation (22) leads to contradiction.

Case 2. Let H = 0.Then the theorem follows from Lemmas 5.7 and 5.8. This
completes the proof.

6.3 Proof of Theorem 3.3

(=) 1 f(ze;)d £7(2) T1 Lz4¢;)s
Let F(z) = ) and L(z2) = =5 . Then F and L share

(1,0) except for the zeros of p(z).
In this case equation (13) changes to

Ng(r, 1;F) < N(r,0;H) < N(r,o0; H) + S(r, F) + S(r, L). (23)
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Using Lemmas 5.11 - 5.14 and equations (13) and (23), we get
(2

(r,;F) < NB(T, 1, F)+ Ng(r,1;F)+ Ng(r,1; L) + N (r,1; F)
N.(r,1; F, L)+ N(r,0; F| > 2) + N(r,0; L| > 2) + No(r,1; F)

=

=
L
S
AV
>
_|_
E
=
=2
=
AV
-
+
=]
K,.I
v
=
=
=
+
=
&
Y
=
=
3
+
=]
N
=
=
X

+ S(r,f)+ S(r, L). (24)
Hence using (24), Lemmas 5.1 and 5.6, we obtain from second fundamental the-
orem that

(n - O—)T(Ta f) S T(?", F) + S(Ta f)a
N(r,00; F)+ N(r,0; F) + N(r,1; F) — No(r,();]:/) + S(r,f),
N(r,00; F) 4 2Ny(r,0; F) + No(r,0; L) + N(r,0; L) + S(r,f) + S(r, L),

< N(r,o00;f) + N (r, 00; Hf(z + cj)‘“') + 4N (r,0;f)

j=1

+2N (T, 0: T f(=+ Cj)lﬂ) e (r’ oL Let+ Cj)w)

j=1 j=1

+N (T,O;L’”HE(Z + cj)“j) + S(r,f)+ S(r, L),

j=1
(n—0o)T(r,f) < (44 25)T(r,f) + (34 2s)T(r, L) + S(r,f) + S(r, L). (25)
Similarly, we obtain
(n—0o)T(r,L) < (4+28)T(r, L)+ (3+2s)T(r,f)+S(r,L) + S(r,f). (26)
Combining (25) and (26), we get
(n—o—4s—=7)[T(r,f)+T(r,L£)] < S(r,f)+ S(r,L). (27)

Since n > 4s + o + 7, equation(27) leads to contradiction.
Case 2. Let H = 0. Then the theorem follows from Lemmas 5.7 and 5.8. This

completes the proof.
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7 Discussion and Conclusions

Nevanlinna theory has applications in various areas of mathematics, includ-
ing number theory, differential equations, algebraic geometry, and mathemati-
cal physics. It provides powerful tools for understanding the intricate behavior of
meromorphic functions and their connections to other mathematical structures. Also
Applications of L-functions in various areas of mathematics often involve under-
standing their analytic properties, which can be studied using techniques from
Nevanlinna theory.

In this article, with the help of the Nevanlinna theory and L-functions, we
have studied the uniqueness results of two difference monomials generated by
two finite order non-constant meromorphic function and L function when they
share a non-zero polynomial and obtain some results which extend and improve
some earlier results of Harina P. Waghamore and Manjunatha B.E.
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