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Anti-fuzzy Bi-ideals in Hypersemigroups

M. Vasu*
S. Dhanasekaran®

Abstract

This study aims at defining the concept of anti-fuzzy bi-ideals of hy-
persemigroups. This study also defines the hypersemigroup bi-ideals
in terms of anti-fuzzy bi-ideals additionally.

Keywords: Hypergroupoid, hypersemigroup, anti-fuzzy bi-ideal, reg-
ular, intra-regular.

2020 AMS subject classifications: 20M99, 08A72, 06F05."

1 Introduction

In 1965, Zadeh [7] has presented the idea of fuzzy set which has seen a great
success in a variety of domains. Good and Hughes [2] are the first two authors who
have proposed the notion of the bi-ideal of the fuzzy set. Kuroki [5] was the first
one to suggest fuzzy ideals in semigroups. According to Biswas [1], the idea of
anti-fuzzy subgroup was first proposed. Shabir and Nawaz [6] has carried out the
research on anti-fuzzy principles of semi-groups and gave some intriguing find-
ings. Kehayopulu [4] was the first one to examine fuzzy sets in hypersemigroups.
In this study, the bi-ideals of hypersemigroups in terms of anti-fuzzy bi-ideals is
defined and the concept of anti-fuzzy bi-ideals of a hypersemigroup is established.
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2 Preliminaries

An hypergroupoid is a nonempty group S* with an hyperoperation o : S* x
S™ — M (S™)|(f, g) — fogon S* and an operation * : M*(SH) x M*(S*) —
M*(S™M)|(R, P) — R * P on M*(S™) (introduced by the operation on S*) such

that R+xP = |J (fog)forevery R, P € M*(S™)(M*(S™) being the set of
(f,9)ERXP

nonempty subsets of S7).
The purpose of the operation x is clearly stated. If (R,P) € IM*(S*) x

M*(S*"), then R+« P = |J (fog). Forevery (f,g) € R x P, we get
(F,9)ERXP

(f,9) € 8" x 8™, then ({ 0 }) € M*(S™). Thus we get R x P € IM*(SH). If
(R, P),(F,G) € M*(S*) x M*(S™) such that (R, P) = (F,G),then R * P =
U (Feg)= U (fog)=7F=*G.

(f.9)ERXP (F.9)€FxG
Since the hyperoperation ‘o “and the operation ‘x ’are interdependent, hyper-

groupoids may alternatively be expressed by (S*, o) rather than (S*, o, ). Sup-
pose 8™ is an hypergroupoid, then V m,n € S*, we get mon = {m} * {n}. That
is, {m} * {n} = U zoy=mon.

ve{m},ye{n}

An hypergroupoid 8™ is said to be hypersemigroup if (m on) x {0} = {m} *
(n o o) for every m,n,0 € S*. Since m on = {m} * {n} for any m,n € S%, an
hypergroupoid S* is an hypersemigroup if and only if for any m,n, o € S*, we
have ({m} * {n}) * {o} = {m} « ({n} * {o}).

According to Zadeh [7], we claim that the hypergroupoid (S*, 0)’s fuzzy sub-
set (or fuzzy set) f if 1) maps S* into the real closed interval [0,1] of real integers,
e, : 8" —10,1].

The subset of S* x S* classified as follows is denoted by Ay:

Ay = {(a,b) € S* x S*|h € a o b} for any element b of S*.

We designate by 1oq, the fuzzy subset of S* defined by any two fuzzy subsets
of ¢ and q,

A max{f(a),g(b)} if Ay#¢
Yoq:St—=0,1] | bh— < (@bes,

1 if Ay = ¢

The collection of all fuzzy subsets of S™ is indicated by F(S*) and the power
relation < on F(S*) classified by: ¢» < IT if and only if ¢/(m) < IT(m) for every
m € S*.

For an hypersemigroup S*, the following definitions apply to the fuzzy sets
“0”and “17:
0:8"—100,1] | m—=0(m)=0and1:8* —1[0,1] | m — 1(m)=1.

10



Anti-fuzzy Bi-ideals in Hypersemigroups

An hypersemigroup S* is allegedly regular suppose ¥V h € S™ Ju € S* >
b e (hou)x{h}.

An hypersemigroup S* is allegedly intra-regular suppose V h € S* Ja,b €
S">b € (aoh)x(hob).

The same symbol is used to denote both the hyperoperation on S* and the
multiplication among its two fuzzy subsets (no confusion is possible).

Proposition 2.1. [3] Assume (S*,0) be an hypergroupoid, x € S* and R, P €
9M*(S™). Then we obtain the following:

(1) 1€ R+«P <=z €fogforsomefeR,geP.
(2) Iffc Randg € P, thenfog C R xP.

3 Anti-fuzzy bi-ideals

Unless otherwise stated, let S* denote a hypersemigroup in this section.

Definition 3.1. An anti-fuzzy subsemigroup of S™ is a fuzzy subset of 1) of S*
suppose (v o ¢) < max {1(y), ¥ ()} for all v,¢ € S*.

Definition 3.2. An anti-fuzzy bi-ideal of S™ is a fuzzy subset of 1 of S™ if
(i) Y(yo¢) < max{y(y),¥(()}
(ii) Y((y 0 C) * {k}) < max {y(v),¢(k)} forall v,(, k € S™.

Lemma 3.1. A bi-ideal of S™ is not an empty subset of A of S™ iff the fuzzy subset
V4 of S™ classified as

vt ifieA

. QH
¢A-S _>{t>p}7l_>{p lf’L¢A

where 0 < v, p < 1 and v < p is an anti-fuzzy bi-ideal of S™.
Proof: Assume A is a bi-ideals of S. Lety,( € A. Thenyo ( € A.
(1) Supposey,¢ € A, then () = Y4(¢) = vand soP4(yo¢) < max {Y4(7),14(C)}-

() Ify € A (¢ A, then yu(y) = v,94(¢) = pand then P4(yo () = p <
max {1 .4(7),¥a({)}-

3 Ify ¢ A € A, then Ya(y) = p,va(() = vand so a(yo() =1t <
max {1 4(7),¥a({)}-

11
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(4) Ifvy,( ¢ A, thents(y) = a(¢) = pand then ¢ 4(voC) = p < max {Y4(7), ¥Ya(()}
for ally, ¢ € S*.

Letv,k € Aamd ¢ € 8™. Then (yo () * {k} € A.

(1) Ifv,k € A, thenp4(7) = Ya(k) = vand so 4 ((yol)*{k}) < max{a(7),Ya(k)}.

(2) Ify € Ak ¢ A, then 1(v) = t,¥a(k) = pand then Y 4((y o ) * {k}) <
max{p4(7), Ya(k)}.

() Ity & Ak € A, then Y4(7) = p, da(k) = v and so (3 0 ¢) % {k}) <
max{Ya(7),Ya(k)}.

4) If v,k ¢ A, then ¢a(y) = Ya(k) = p and then P4((y o ) * {k}) <
max{t(7), Ya(k)} for ally, ¢ € S,

Thus, an anti-fuzzy bi-ideal of S* is 1) 4.

Alternatively, assume v 4 is an anti-fuzzy bi-ideal of S*.

Consider v, (, k € A.

Then 1 4(7) = ¢a(C) = (k) =

Therefore, 1 4 is an anti-fuzzy bi-ideal of S*, we obtain

Ya(y o) <max{va(y), ()} =max{r,t} =r.

This implies v o ¢ € A.

Also Ya((y 0 () * {k}) < max {Ya(7),Ya(k)} = max {r,t} =t

This implies (y o () * {k}) € A.

Hence A is a bi-ideal of S*. 0

Definition 3. 3 Assume 1) be a fuzzy subset of S™.

Then L(;p) = {7 € S*|W(v) < p} where 0 < p < 1 is said to be the lower

level cut of @D

The characterization of an anti-fuzzy bi-ideal is then provided in terms of its
level bi-ideals.

Theorem 3.1. A fuzzy subset 1) of S™ is an anti-fuzzy bi-ideal of S™ iff the col-
lection L(1); p) {7 € SHhp(y) < p} where 0 < p < 1 is a bi-ideal of S™.

Proof: Assume 1) is an anti-fuzzy bi-ideal of S*.

Consider v, ¢ € L(v; p).

Then (1) < pand v(7) < t

As 1 is the anti-fuzzy bi-ideal of the S*,¢(y o () < max{y(v),v({)} <
max {p, p} = p.

This suggests v o ¢ € L(v; p).

Let v,k € L(1;p) and ¢ € S*.

12
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Then ¢(y) < pand ¢(k) < p

Now (76 ¢) % {k}) < max {1/(x), 9(k)} < max {p, p} = p.

This suggests (v o () x {k} € L(¢;p).

Therefore, £(1; p) a bi-ideal of S*.

Alternatively, suppose £(1; p) is a bi-ideal of S"*V0 < p < 1.

If 3y, ¢ € 8™ such that (v o) > max {1 (7),¥({)} = p, then p € (0,1],7,¢ €
L(y; p)butyo ¢ ¢ L(1; p), which is incongruous.

Thus (7 0 ¢) < max {9(), (C)} ¥, C € S¥.

Suppose 3 7,(,k € S™ 3 Y((y0¢) x {k}) > max{y(7),¢(k)} = po, then
po € (0,1],7,¢ € L(3; po) but (v 0 () x {k} ¢ L(+; p), which is incongruous.
Thus ¢((y 0 ¢) * {k}) < max {4 (), ¥ (k)} forall v,(, k € S™.

Hence 1 is an anti-fuzzy bi-ideal of S*. a
Lemma 3.2. A fuzzy subset of S™ is 1. Then 1is an anti-fuzzy bi-ideal of S™ iff
Y <Poloy.

Proof: Let h € S™.

Then t(h) < (1) 0 0 0 ¥)(h).

If A, = ¢, then (Y 0 00 ¢p)(h) = ((¢ 0 0) o 9p)(h) =1 = ¥(h).
If Ay, # ¢, then (¢ 0 0 0 9)(h) (ngA max {(¢ 0 0)(¢), ¥ (k)}.

It suffices to demonstrate this max{ (¢ o 0)(¢), ¥ (k)} > ¥ (h) for every
(¢ k) € Ap. (D
For this purpose, let us assume ((, k) € Ay,.

k
If A¢ = ¢, then (4 0 0)(¢) = 1 = ¢(k) and max { (¢ 0 0)(¢), (k)} = 1 = ¢(h).
Now assume that A # ¢.

Then (Y 0 0)(() = A max{y(r),0(s)} = A (r). 2
(r,s)EAC (rys)EA:
Let’s think about the following scenarios:

(i) Let ¢(h) < (¢ 0 0)(¢). Then ¢(h) < (¢ 0 0)(¢) <max{(¢ 0 0)(C), v (k)}.
Thus (1) is proved.

(i) Let(h) > (v 0 0)(C).

Then there exists (7, s) € A¢ such that ¢p(h) > (r). 3)
If (h) < (r) forevery (r,s) € A¢,thentp(h) < A ().
(r,s)€Ac
Then by (2), we get 1)(h) < (¢ 0 0)(¢) it is unattainable.
Since (¢, k) € A¢, wehave .,k € S*and h € (o k.
Since (r,s) € A¢, we havet,5 € S and ¢ € vos.
Thenwegeth € (ok ={(}*x{k} C (ros)=*{k}.
Because %) is a anti-fuzzy bi-ideal of S*, we obtain

(h) < max{¢(r),(k)} . (4)

13



M. Vasu, S. Dhanasekaran

If ¢(r) > ¢(k), then ¢)(h) < () which is not possible by (3).

Thus we have ¥ (r) < (k). (5)
Then max {¢(r), 1 (k)} = (k) and by (4), we have ¢»(h) < (k). (6)
Since (1, s) € A¢ and by (2), we have ¢)(r) > (¢ 0 0)((). (7)

By (5) and (7), we have (k) > ¥(r) > (0 0)().

Then max {(¢) 0 0)(¢), ¥ (k)} = ¥ (k) > (k) [by (6)] and (1) is proved.
Conversely, assume that a,b,c € S™ and p € (a o b) * {c}.

Then (p) <max{(a), (c)}

Since p € (aob)*{c}, by Proposition 2.1, there exists y € aob such thatp € yoc.
Since v € a o b, we have (a,b) € A,.

Since p € v o ¢, we have (v, ¢) € A,.

Since (v, ¢) € A,, A, is a non-empty set and we also have

(Wol0od)(p)= A max{(yo0)(u),y(v)}

(u,v)€Ap

< max {(¢ 0 0)(7),¥(c)} .

Since (a,b) € A,, we have A, # ¢ and we also have
(o 0)(v) = ( /)\64 max{t(c), 0(w)}

< max{¢(a),0(0)} = ¥(a).
Then we get (1 00 0 1)(p) < max {v(a), ¥(c)} .
On the otherhand, since p € (aob) * {c} C 8" *xS" C S and ) < o000,
we obtain (p) < (10 00 )(p).
Thus we have $(p) < (0 00 )(p) < max {(a), $(¢)}. 0

Theorem 3.2. If a hypersemigroup S™ is regular, then we get 1) o 0 o ¢ = ) for
any anti-fuzzy bi-ideal 1) of S™.

Proof: Assume S* is regular and ¢ is its anti-fuzzy bi-ideal.

Leth € §*.

Given that S* is regular, u € S™ exists like that h € (hou) * {h}.
This implies (h, uh) € Aj, and then A;, # ¢.

Then (Yo 0oy)(h) = A max{(¥(p), (0c4)(q)}

(p7q)€-’4h

< max{¢(h), (00)(uh)}
= max {¢(h), /\ maX{O(T),w(S)} }

(v,8)EAuR
< max {w(h), max {0(u), ¥ (h)} }
= max {w(h), max {0, (h)} }

= max {¢)(h), ¥ (h)}
= ¥(h).
Thus (¢ 0 00 ¢)(h) < ¥(h).
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By the above lemma, we obtain 1(h) < (p o 0 0 ¢)(h).
Hence ¢ 0o 0 o 9) = 1. a

4 Conclusion

In this work, we defined anti-fuzzy bi-ideal in hypersemigroup and discussed
about the characterization of an anti-fuzzy bi-ideals in hypersemigroup. Also we
defined the lower level cut of the fuzzy subset and we analysed the characteri-
zation of an anti-fuzzy bi-ideal in terms of lower level cut of the fuzzy subset.
Moreover, in this study we proved an anti-fuzzy bi-ideal is equivalently denoted
by ¢ < o0o1. Also we proved 1) = 1) o 0 o ¢ if the hypersemigroup is regular.
In the forthcoming work, the regular and intra-regular hypersemigroups will be
defined using anti-fuzzy bi-ideal concepts.
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1 Introduction

Fuzzy sets were initially described by Zadeh [20]. Various article’s publish-
ing has far-reaching consequences throughout scientific disciplines. The concept
has real-world relevance, yet it doesn’t offer satisfactory answers for various is-
sues. These difficulties inspire creative investigations. Atanassov [1] looked the
study of intuitionistic fuzzy sets and found that they work well in this kind of sce-
nario. The idea of intuitionistic fuzzy metric space has been presented by Park
[14]. Jeyaraman et. al and Sowndararajan et. al proposed the Neutrosophic Met-
ric Spaces concept and outlined several fixed-point solutions [8,9,10,16,17,18].
Das et al. [4] investigated I and I* convergence sequences, while Ulusu and
Nuray [19] presented Wijsman Lacunary Statistical Convergence of sequences.
Numerous authors had a significant role in ideal and Wijsman ideal convergence
sequence[7,13]. Mursaleen et. al. [12] were described the seperability concept.
Fridy and Orhan [6] developed the idea of lacunary Statistical convergence via
Lacunary sequence. Major article’s publishing had a significant impact across all
disciplines of science. There are several lacunary statistical convergence sequence
[2,3,5,11,15] had a significant impact across all disciplines of mathematics and
science.

We have indicated through this entire work Js - to be the admissible ideal in
N x N,wy = {(ju, ks)} to be a double lacunary sequence, (2,1, g, ¢, x, O, ®) to
be the M9NGS and {F,,,} to be nonempty closed subsets of €2.

In the present paper, we define the concept of 20T, S1€, W T, LSE, WS T, L£LE
and QG T,¢e€ of double sequences in the NG are examined. Also, we give
the notions of WS T L£E, WS T, L£Ca, and WET; £Ca set sequence in MINGS and
establish results. Also J, and J7 -convergence of double sequences in the setting
of NG and established some relationship between these types of convergence.

2 Preliminaries

Definition 2.1. A sequence YT, of nonempty closed subsets of () is known as
WI,StE o T or 6(3%5’“0) - convergent to Y with regard to MN(V, 0, ), if
foreverye € (0,1),7 > 0, for each & € 2 and for every w > 0,
W}(ga Tw)\:w) - w(ga T,LTJ)’ <l-¢
é or|o(§, Tur, @) — o0&, T, @) >e | >7p €Ty
and |90(§7 Tw)w w) - 90(57 T? w)| >

We demonstrate this symbolically by
Tir® (357 T or Tuy = T (6 (35:07)).

The set of all 20J,&t€ sequences in DIINGS is indicated by & (jgé;&cp))_
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Example 2.1. Let Q = R? and double sequence {Y,»} be determined as follows:
(a,b) € R?: (a+w)*>+ (b+ N\)? =1, ifwand \are square integers,
Tw)\ - .
{(1,1)}, otherwise.
If 32 = 3535 is the class of K C N x N (with density of  equal to 0), then the
sequence { L)} is WI,StE t0 T = {(1, 1)} with regard to M (Y, o, ).

Definition 2.2. A sequence { Y} is WGT€eSt0 T or & [ Wee, ‘p)} summable

to Y with regard to MM(1, o, @), if for every ¢ € (0,1), for each ¢ € Qand for
all w > 0,

s,t )
LS W T @) — (€, T, @) < 1—¢
w,A=1,1
s,t
ory Z l0(§&, Ton, @) — 0(&, T, )| > ¢ c 7.
w,A=1,1
s,t
and Z lo(&, Tyr, @) — (€, T, )| > ¢
w,A=1,1

\
We write Ty — € [ wQ@}TorTw,\%T(Q [me)D

Example 2.2. Let Q2 = R% and double sequence {Y,»} be determined as follows:

T { (a,b) € R?: (a+1)*+b* = =5 ifwand X are square integers,
wA —

{(0,1)}; otherwise.
If 3, = ”;" (35 ) is the class of finite subsets of N x N, then the sequence {1}
is WST,€eS to T = {(0, 1)} with regard to MM (v, o, ¢).

Definition 2.3. The sequence {1 )} is known as I, L& to T or S, ( (e, “0)>
convergent to I’ with regard to (1, o, ), if for every ¢ € (0,1),7 > 0, for each
¢ € Qand for all w > 0,

|

V(& Tur, @) — (€, T, w)
i | orlo(§, T @) — o€, T, e |>1) €T
T,

| >
and |o(§, T, @) — (€, T, @) > €
We write T,y — S, [J;ﬁf SD)} Y or Tur— 7T <6w2 [’J%}f ‘p)]).

<1-
w)
w

Example 2.3. Let Q2 = R? and double sequence { Y, } be determined as follows:
I L N AR

v {(-1,1)}, otherwise.
If we take Jo = T, then the sequence { Y} is WI,LStE to T = {(—1,1)}
with regard to M (1, o, ¢).

Definition 2.4. A sequence {Y,,\} is Wijsman Strong Js-Lacunary Summable
(WST£6) to T or N, [”(w o w)] summable to T with regard to M (Y, o, ),
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if for every € € (0,1), for all w > 0 and for each £ € Q).
(> (e Tun ) — (€T, @) < 1—¢ )

(w,\)ETys

oris S o6 Yun ) — o€ T 2 | g

(w,\)ETus

bus Z (&, Tyn, @) — p(&, T, )| > ¢

\ ("Uy)\)ejus Vs

and -+

We write Ty YT or Tyr— T (‘ﬁm [Jg,ig “’)] )

Example 2.4. Let Q = R? and double sequence {5} be determined as follows:
T, = (a,b) eR?:a® + (b—1)* = L5 if(w, A) € Tus; w,
v {(1,0)}; otherwise.

If 3o = T3, then the sequence {Y,\} is WST,LS 1o T = {(1,0)} with regard
to M (), 0, ).

3 Main Results

Theorem 3.1. Let wy = {(ju, ks)} be a Double Lacunary Sequence (D £S). Then
Tor = T (M [35:57]) = Tun = T (80, [35:07)).

Proof. Lete € (0,1) and T,y — T (‘ﬁm [J%;’ w)D. At that time, for every
¢ € (), we get

3 { (&, Tur, @) = (& T, @)]or |o(€, Tur, @) — 0(§, T, @) }
and |90(€, Tw)\,’ZD) - (p(€7Taw)|

WJ(&TMM ) (6 ) )|
> > or|o(¢, Tur. @) — 0, T, @) 7,

(W N)ETus: (€ Tur,@)— (€ T,w)|<1—¢ | and |@(E, Ty, @) — ¢(¢&, ,W)!
Or‘Q(gv’rw)\yw)fg(g»'raw)‘zs
and |90(§7Tw)\7w)_80(57'r7w)\25

(£7Tw>\7w) - w(£7T7w)’ < 1 —c¢or ‘9(57 kauw) - Q<€7T7w)| > € '
and |(¢0(€7 Tw)\a w) - 90(57 va)‘ > €

(W,A\)ETus

and so

1 W)(ga Tw)uw) - 77Z}(£a va)| or |Q<§’Tw>\uw) - Q(gvva”
> 4 |

gbus (W) ETus and|w(€a wa\vw) - @(§7T7W)|
> L W(f,Tw/\,w)_w(&T,wN <l-e¢
B hus or |Q(€a Tw)\a w) - Q(gv Ta w)’ Z € and |S0(€a Tw)\a w) - 90(67 T>w)‘ Z £
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Then, for any 7 > 0, for each £ € €2,
W(& Tw)nw) - w<£7 T7w>| < 1—c¢
L orfo(€, Tun @) — o6, Top)| > | p >
and [p(&, Tur,p) — (&, T,p)| > €

(Y WE o) e ) <1 e )

us (w’A)ejuS
or his Z lo(&, Tur,p) —0(&, T, p)| > &7 . o

(w,\)E€Tus
and hus Z lo(&, Tur,p) — (&, T, p)| > e

\ (wyA)ejus Vs

N

Theorem 3.2. Let wy = {(ju, ks)} be a DLS. Then, { T} is bounded
({Tur} € L2(Q) and Tun = T (&e, [35:7] ) = Tun - T (M, [ 3527 )
The set of all bounded double sequences of sets in MWING is indicated by L2 ().

Proof. Assume that T,y — T <6w2 [ wg“p)D and {Y,.} € £2 2 (92). To be

noted at this point, there is an 8 > 0 such that [¢)(§, Tyn, @w)—0(§, T, @w)| > 1-K
or [0(&, Tur,w) — o0&, T, w)| <K and |p(&, Tin, @) — @(&, T w)] < R for
every { € 2 and w, A € N. Given ¢ € (0,1), we obtain

L ‘w(faTwA: ) w(f T )’Of‘g(f Tw)\a ) Q(f,T,W)‘
> | |

d|o(€. T, T
hus (W) ETws an ’()0 g A g w)|

. (€, Tuon, @) — (
> or |o(&, T, @) — 0

; |
Bus (W) ETus: | V(€ Tor,m)— w(grw i<i—e/2 | and|@(&, Tyr, @) — (&, T, )|

lo(&,Y,p)—0(,Y,w)|>e/2
| (&,T,)—p(€,T, @) [>e /2

|77D 5 Tw/\a ) @b(f,T,’W)
OI"Qf Tw)\a ) Q( ) ’
and‘@ f Tw/\a ) 90(57T7w>’

1
+3 >
U5 (w N ETus: [ (€, T o )~ §Tw>|>1 €/2

lo(¢, Y @) —0(&,Y,@)|<e/2
P67 ) —p(€, T |<€/2

(&, Tur, @) — (6, T, @)| <
S Or|Q(§7Tw)\7 ) (f ) )
“ and|g0(§, Tw)n ) ( ’ 7w
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As a consequence, for each £ € (), we get

([ Z [0(&, Yo, @) — (€, T, )| <1 —¢ )
(w7A)€ju5
oril S o6, Tun @) — 0, T, )| >
(w7A)GjUS
and i 3 (€ Tun @) — (€, T )| > ¢
\ (w’A)GjUaS )
V(& Tor, @) — (&Y, @) <1—£
Q| orle€ Tur ) — o€ L) 25 |25 €T
and [o(&, Tun, @) — (¢, T, @)| > £

Corollary 3.1. We have the following result:
{8 |39} ngt) = {o, [35:27] | n ek @)

Theorem 3.3. Ifliminf \, > Land liminf \, > 1, then Tyr = T (& (3527
implies Y, — T ((‘sz (Jg’ﬁf gD)>>.

Proof. Assume that liminf A\, > 1 and lim inf Ay > 1.
Then, there are n > 0,9 > O such that A, > 1 +nand A\; > 1 + 7.

For sufficiently large u,s which gives that 2= e > 1+n7;1(91+19)

Assume that T,,, — T <6 (J ¥, gw))).
For each ¢ € (0, 1), for all w > 0, and for each £ € (2, we have

’@D(f, Tw/\aw) @b( w) 1—
L Or|Q(£7Tw)\a ) (f T? )‘ 2
Jults and|90(£7 Tw)\v ) ( T w)‘ > €
1 W(f} Tw)n ) ( T w)' S

Z L OI'|Q(§, Tw}w ) (5 T )’ > €

Jufts and|gp(§,Tw,\, ) 90( T w>| 2 €

b 1 V(& Tun, @) = (€, T, @) <1 -
= 1;; h OI'|Q(§, Tw)\a ) Q(&vT w)| > €

Julte Dus | and |ip(€, Tur, @) — (&, T, @)| 2

mg 1 |¢<§7Tw>u ) ( L) | <l-e¢

13
1, @)
> or0(¢. T ) — 9(€. T,)| > =
MO0 D | and e, Yo, ) — o6 T, )] 2 &
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Thus, for any 7 > 0,

(& Tur, @) =9, T, @) <1—¢
or[o(&, Tun, @) — 0§, T, @) > &
and [p(&, T, @) — p(§, T, @) > ¢

[W(€, VA, @) — (€, T, @) <1—¢
Or‘g(f, Tw)\a w) - Q(ﬁ, T,w)\ >e
and |p(&, Tyr, @) — @(§, T, @)| > ¢

1

Bus 2T

1
juks

IT
2 (1+r7z7)(1+19)

Consequently, by our notion, the set on the right side belongs to J-, and obviously
the set on the left side belongs to Js.

As aresult, we obtain T,y — T (Gwz [355;9#)} ) .

Theorem 3.4. Iflimsup \, < oo andlimsup A\, < oo, then T, — T <6wQ [’J%;&@D

implies w,, — T <6 [’J%f’“p)D.

Proof. Presume that limsup A\, < oo and limsupA; < oo. Then, there are

B, R > 0 such that A\, < Xuand As <R forall u aﬁld s.
Assume that T,,, — T <GW2 [3%;9’@}) and let
(& Tun, @) — (€T, @) <1-¢
Rus = | or|o(€, Tun, ) — 06, T, )| >
and (&, Tur, @) — ¢(§, T, @) > €
Since T, — T <6w2 [Jg,ff’@)]), it holds for each ¢ € (0,1),7 > 0, for each
¢ € Qand for all w > 0,

V(& Tur, @) — (€, T, @) <1—¢ .
oro(€, T )~ o€ Tom) 2 |27 = {2 rlem
Blus and [@(&, Tun, @) — (€, Y, w)| > ¢ Bus

So, we can select positive integers ug, So € N such that Bus < 7 for all u >

)
Ug, S = Sg.
Now, take © = max{f,s : 1 <u < wup,1 < s < sg}, and let m and n be integers
providing j,_ 1 <m < jyand ks_; < n < k.
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Then, for every € > 0 and each ¢ € 2, we get

’w(fa Tw/\aw) - w(57Taw)| <l-e¢
- 0r|Q<€7Tw/\7w> - (fa T7w>’ =€
mn and |90(£7 Tw)\vw) - ()O(gv T7w)| > €
|¢(€,Tw/\,W) - w(gv T7w)‘ <l-e¢
—T Or‘@(gvaMw)_<£7T7w>| > €
Pt ] and (&, Tun, @) — (6, T, @)| 2 €

1 1
{Riu+R+Ru+ R+ + R+ + Ry} < ——

B juflksfl ]u 1ks 1
Ry (sp+1) .ﬁ(u +1)S0
_ UoSo max {fu} | + ; Duo(s0+1) huO(SOH) + Duo+1)s0 h(u0+1)so
T Ju_iks—1 \ 1<w<ug A Ju—1ks—1 | +h 1) (s0+1 ﬁ(u0+1>(50+1) b
152%s0 ot D60+ By nyagrny T B
U()So@ 1 f)us
S ; + - u, s hw/\
JU—lks—l ]u—lks—l (g‘igg hus) UZ:UO
$>50
< t0s0D U= Jup)ks ZRep) o uoso® AN, < 0D + PR
]u—lks—l ju—lks—l ]u—lks 1 ]u 1]{33 1
Since j,—1ks—1 — 00 as m,n — oo, it concludes that for each £ € €2,
(€, Tur, @) — (&L, @) <1—¢
| or|o(& Tuwr, @) — 0(&, T, varpi)] > e | =0
and [p(&, Tyr, @) — (&, T, @)| > &
and as a result, for any 7; > 0, the set
(W€ Tun, @) =0T, w)| <1—¢
| orfo(6, Tun @) — (6T, @) > | =7 €T
and ‘@(fa Tw/\7w) - (€7 ) )’ > £
It gives that T,y — T (6 [ngg W)D H

Theorem 3.5. Let wy be a DLS. If 1 < lim mf/\ < lim sup uA < oo and
1 < liminf Ay < limsup s\ < oo, then T, — T (ng [J%ZQ w)D if Tyr —
T (8 [zgéwq ). S

Proof. 1t is clearly understood from Theorem (3.3) and theorem (3.4). [l

Theorem 3.6. Let Jy be a Strongly Admissible Ideal (S21J) providing feature
(AB,), ws € T(To). [ {Tur} €& [Ji,;qu nG., [J WW} then & [ W@]

lim T,\=6,, [J%}QQ W)] — lim T,

wW,A—00 wW,A—00
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Proof. Assume that & [3%;9"”)] — lim Y, =Y and

w,A—00

G., [3@;@9@] ~ Tim Ty =3andQ) £ 3.

Let0 <e < 3[v(8,9, @) —¥(¢,3,@)],0 <& < 3]0(¢, Y, @) —0(¢, 3,w)| and
0<e<3lp(,, @) — w3, @), forevery £ € Q.

Since J, provides the feature (2(33,), then there is Q € Y(J5) such that for every
¢ € Qand for (m,n) € Q.

(T, @) —9(€,Y,w)| <1 —¢
Let lim — | or[o({, Tuy, @) — (5 2, @)| > | =0
T and (€, Tuny @) — (6,9, @)| > €
W(f» Twz\vw) - ¢(5a@a )| <1l-¢

D

OI"Q(E, Tw)\aw) - Q(£72’j7w)| > €
and |@(§, Tyr, @) — 0(€,3,@)| > ¢
(& Tuwr, @) — (€, 3, @) <1—¢
6: 0r|Q(£,Tw)\,W)_Q(£,3,W)|25
and ‘@(57 Tw,\,w) - 90(6737771)’ 2 9
Then, mn = |9 U S| < |D| 4 |&|. This gives that 1 < (%) + (%)
Since (‘6|> <land lim @ = 0, we have to get lim @ =1.

m,n—o00) N1 m,n—00 MnN
Let Q* = Qﬂujg € T(jg)
Then, for every £ € Q and (wy, A;) € QF, the wy A} term of the statistical limit
expression

[P(€ Tun, @) —9(€, 3, @) < 1—¢
# OI'|Q(5 wa\v ) (g 3,@)| e |.is
and‘@(f Tw}n ) 90( ) 7w>’ > €
|¢<€7Tw>\7 ) ?/1(5 w)‘ <l-e¢
ﬁ)\j OI'|Q(§, Tw)w ) 573 w)‘
and|p (&, Tyr, @) — (€, 3, @)| > €
_ Wleji:ll B 1shus, Where
1 V(& Tun, @) =Y T,w)| <1—¢ ;
Vs = or|o(&, Tun, @) — 0, T, @) >e | 30 (1)
P | andlp(€, T, ) — plE, T, @)| > €

because <6wQ [Jggf"p) ) — hrg\l Twr = 3.

i w,
Since ws is a lacunary sequence, (1) is a regular weighted mean transform of ;s
and as a result, it is Jo-convergent to 0 as k£, 7 — oo and also it has a subsequence

which is convergent to 0 since J, provides the feature (Ap,).
Anyway, because this is a sequence of
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|77Z}(€7 Tw)w w) - ¢(€737w)| <l-c¢
% Orlg(gaTaw)_(€737w)| Ze
and|p(&, Tun @) — (€. 3.0)| 2 ¢ ] o
We conclude that
|1/}<§7 Tw,\, w) - d}(gv 37 w)| < I—e¢
% 0r|g(§,T,w)—(§ 3’w)| 25
andlo(E, Tun, @) ~ 0. 3.%)| > = | J (1 com
which is not convergent to 1. The contradiction here shows that we cannot have

Y #3. O
Theorem 3.7. Iflim inf Ay > 1 and liminf A\ > 1 then

(e ) < (o e

Proof. Let lim mf)\ > 1 and lim mf/\ > 1.

Then, there are n, ¥ > 0 such that )\ > 1+mnand \; > 1+ ¥, for all u and s
which gives that 2+ < (1“77)7# and % < 77%9‘

us

Assume that T,y — T <€ [Jé},ﬁ’f w)} > For each £ € (2, we get

1
h Z |¢ (§7Tw>\7w)_¢<§”raw)|_1
5 (w,\)ETus
1 Jusks
h_ W(fa Tw)\aw> —¢<£,T,W)|
S wa=1,1
1 Ju—1,ks—1
- 2 WET®) (e Tw) 1
U5 wA=1,1

,]uk 1 Ju,ks
Z |¢(€7T7w) - w(gava)’ —1

bus ]u S 7)\:1’1

Ju—1,ks—1
u—1ks— 1
- Ju-1 ! [ N Z ‘¢(£7 Tw)\aw) - ¢(5a T,’(E)’ - 1] .

_1ks_
f)us Ju—1Rs—1 wA=1,1

Since T,n — Y <€ [J% e QD)} ) , then for each

Ju,ks .
23T [ Tur @) — (6 T @)~ 1) B0 and
wyA:jlzil,ksfl R
L N (€ Tun @) — (6T, @)~ 1) B o,

w,A=1,1
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As aresult, when the above equality is checked, for every £ € 2, we have

bis Z 90(€, Yopr, @) — (€, T, @) — 13 0.
(wvA)ejus
Similarly, we obtain

LT o€ Tun @) — o€, T, @)| B0,

(W,A\)ETus

L) @€ Tur, @) — 9, T, @) %0,

(w,\)ETus
Thatis, Tyr = T (M., |35,

As a result, we obtain (Qﬁl [j%f"”]) C <mw2 [j%;@w)] )

[

Theorem 3.8. I[fliminf A\, =1 and liminf \; = 1 then
b < (e ).

Proof. Take liminf A\, =1 and liminf A, =1, and T, A € N, [jgé’;@’@].
u s
Then for every @ > 0, we acquire

3 )
hus - his Z |¢(€7 T’LU)\J w) - ¢(57 va)‘ g 17
(w,\)ETuys R
bfus: his Z |Q(§,Tw>\,W)_Q(§,T,W)| ﬁo? as u,s — 0o.
(w,\)ETus
b;;s = hi Z |(10(§7 Tw/\a w) - @(57 Ta w)| g 0
(w,\)ETus )

Then for £ > 0, there are ug, s € 91 such that b, < 1 + ¢ for all u > ug, s > so.
Also, we can find > 0 such that b, < (, h;s < (¢ and b;s <Cu,s=1,2,....
Let m and n be an integer with j, ;1 <m < j, and k;,_; < n < k,. Then,

1 m,n
% Z |w(€7 T'w)\? w) - 1/1(57 Ta w)l
w,A=1,1
1 juflyksfl
<—— Y (6T @) — U T, @)
Ju—1Ks—1 wA=1,1
o W T @) = (T, @) 4 +
_ 1 (w,\)ET11
ju—lks—l Z |1/}(§7Tw)\7w) - w(évva”
(w,\)ETuys
juokso h(u0+1)(80+1) hus
= Su us - ﬁu s ++— us
ﬁéuguoh ]u—lks—l ]u—lks—l (wo+1)(eo+1) ju—lks—lfJ
8580
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juo kSO

juokSO
. + (14 )20
]u—lks—l ( )

<( : .
]u—lks—l

Since j,_1ks_1 — 00 as m,n — oo, it follows that

LN (6 Yunp) — (&, T, p)| B 1L
w,A=1,1
Similarly, we can show that

m,n

3" Lol Tun @) — 06, Y )| B0

w,\=1,1
and Y o€ Tun. @) — 96,7, @) 3 0.
w, \=1,1

Hence {T,\} € (@1 [TJ%;QW)D. O

Theorem 3.9. If {Y,\} € M, []Q(;gm@)] ne, [jgg;w)]’ then M, [jgg;@,w)] _

lim Y = € [35:27 | = tim Ty,

Proof. Let Ty — T4 (% [jgﬁf,@b and Ty — T <¢1 {j&g,w} )

Assume r € N and € > 0 in such a way that r > % . Then, for any p > 0, there
are ug, so € N such that

CY (e S sen D)ot

(W,A\)ETus

£ era)-elen )}

(w,\)ETus

1 w w 1
andi 30 fe(eTung) e (e[ <5

(w,\)ETys )
for allu > ug, s > sg.
Also, there are mg, ny € N such that

)

m,n \
. SRR TR
mn Z ‘w <§’Tw>‘7 9 ,l/) gaTla 9 > 1 7'7
w,A=1,1
2 3 foernZ)-ofem D) <!
mn Z ’Q(f,Tw)\, 9 0 §7T17 9 < .
w,A=1,1
m,n - - ]
and% Z ‘¢<€7TMA7§>_§0<£,T1,5>‘ <;7
w,A=1,1 )

for allm > mg,n > nyg.
Take r = max{ug,mo} and 79 = max{sg,ng}. Then we take k,t € N such
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that

pleraf)-o(em 3|

5 5 e -vemF)-1-]
plerag)-v(e73)

i 3 T ) oo g
ofem5)-o(e75)

S%HZ o(60mg) o6 )| <7
p(em5) o6 5)

<o 2 [e(mnF) oo 5| < fone
e g)-elem )

<5 2 Plemad) -elem )<
oo 5) - (675)

<o 2 (et g) e (63l <}

Therefore, we get
(&, T1, @) — ¥(§, T2, @)
(6 D) e (6 ) e 5) - (67 5)
(i)
0§, 11, @) — 0(§ T2, @)
(D) oo D) (6 S) ol D)

RONOE.

>

<
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[ (6, T1, @) — (€, T2, @)
) o D) e o0 D) o)

()-() -

Since € > 0 is arbitrary, we get

WJ(& Thw) - ¢(§7 T27w)| = 17 |Q(§a T17 w) - 9(57 T27w)| =0 and

(&, 11, @) — @(&, Vo, )| = 0, for all w > 0, which yields T; = Y.

As we go through the definitions and theorems that follow,

let us consider (2,7, 0, p, *, <, ®) to be a separable MIMNES and T, to be SAT.
O

<

Definition 3.1. The sequence {Y )} is WET,LCa if for each ¢ € (0, 1) for each
¢ € Qand forall w > 0, there are s = s(¢,§),t = t(g,£) € N such that

( \
i Y [ T @) — (€ T, @) < 1 -
(w,\)ETus
@(5 f w) = Orhis Z |Q(£,Tw)\,’W)—Q(£,TSt,W)| 26 e 32
Y (w,\)ETus
Cll’ldhi Z |¢(£7 Tw)n w) - @(ga Tstv w)| Z 9
L (w,\)ETus )

Theorem 3.10. Every 20673,£¢ sequence of closed sets {Y,,\} is WET,LCa
with regard to MM (1), o, @).

Proof. Let Tyx — Mo, |30 | Y. At that case, for each ¢ € (0, 1), for every
2 Wo
¢ € Qand for all w > 0,
( 3\
Y W T ) — U T ) <1-¢

(w,\)ETuys

D(e, &, w) = or his Z lo(&, Yyn, @) —0(&, T, w)| > ¢ €.

(w,A\)ETus

and g > [0(& T, @) — 96, T, @)| > &
(wv)\)ejus

\
Since J, is G627, the set
4

.
i > W T @) — (€T, @) > 1 ¢
(w))‘)ejus
Pee 6 ) =4 W D el Tmm) —e¢Tm)l<e Loy
7 (w,\)ETus
and ;L Y o6 Tun @) — (6, T, @) <e
(w,\)ETus

V
is nonempty and belongs to YT (Js). So, we select positive integers v and s such
that (u, s) # (e, §, w) and we get
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hj‘s Z |¢(§’Tw0’\0’w) _?/)(g,T,TD” > 1 — &, )
(w0,20)ETus

and hia Z ’Q(£7 T’wo/\oa w) - Q(S, T, w>| < g,

(wﬂvAO)Ejus

and - D [p(E, Tugn, @) — @€, T, @)| <.

(wO 7)\0 ) Ejus )
Now, presume that

(Y T ®) — U T @) < 12 )

(w’A)»(u)Oy)\O)ejus

-

1
3eem) =4 Ohe 2 106 Tun ) = o€ Tug, @)| > 26
(wv)‘)v(UJOv)‘O)Ejus
andhis Z l0(&, Yown, @) — P(&, Tugrg, @)| > 2¢.

\ (wv)‘)v(w07)\0)€jus
Consider the inequality

hl Z |¢(§7Tw>\7w) - @D(fa Twokmw”
us (

w7>‘)7(w0 7)‘0)6311,5
1

Dus

<

Z |¢(€7 Tw)\aw) —¢(§,T>w)‘

(w,\)ETus

ST T @) — 9 Tugre @)

hus (U)O 7)\0)6371,3

hl Z |Q(§? Tw)\ﬂw) - Q(g”rwo)\mw)’
us (

w7>\)7(w07>\0)€jus

1
2 > o6 Tun, @) — o€, T, )]
U5 (w,A)ETus
1
s > 1ol€ Tugre, @) — o€, T, @),
“S (w0,A0)ETus
1
h Z |90<§7Tw/\7w> - SO(&,TU;O)\O,WN
us (w7>‘)7(w07>\0)€jus
1
=5 S JelE, Tor, @) — @€, T, @)
us (w,\)ETus
1
+ b ‘90(67 Two)\mw) - ¢<£>T7w)‘
“S (w0,X0)ETus
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Notice this if (u, s) € 3(¢, &, w), therefore,

1
5 > W Tur, @) — (€T, @)
us (w,A\)ETus
1
+ b Z ’¢(€> Tw)\a w) - ¢(§> Two)\oa w)’ < - 257
U5 (w0, A0)ETus
1
b_ Z |Q(£,TWA,’W)—Q(£,T,’W)|+
U (w,X)ETys
1
b Z |Q(§a Tw)\aw) - Q(Sva())\mwN 2 2€a
us (w0,M0)ETus
1
; D o€ Tun, @) — 0(€, T, @) |+
S (w,X)ETus

1 Z |0(&, Ty @) — P(E, Tugrgs @)| > 2e.

hus (WOaAO)Ejus

From another point of view, since (u, s) # 2 (e, £, w), we get

bis Z V(& Tor, @) — (&, T, @) >1—¢, )

(wo aAO)ejus

his Z l0(&, Tworos @) —0(&, T, )| < ¢

(wo 7)‘0)6311,5

and .- > (@€ Tugny @) — (€T, @) <

or

(w07)‘0)€3us )
LS W T @) (T @) <1 ¢ )
(w)‘)ejus
org 3 o€, Tun @) — ol T, w)| > ¢
(w7>‘)eju5
andz= > [o(&, Tur, @) — 0§, T, @)| > e
(w,\)ETus J
Hence, (u, s) € Y(e, &, w). This gives that 3(¢,&,w) C Y(e, &, @) € Ta, so the
sequence is Wijsman strongly J,-lacunary sequence. ]

Definition 3.2. The sequence {Y .} is WSET,LELoY iff there is a set Q =
{(w, ) € N x N} such that M = {(w, \) € Ts} € Y(T) foreach & € Q,

ulslgloo us Z |¢(€7 TU’/\’w) _¢(5,Taw)‘ = 1’
(w,\)ETuys
. 1
lim Z ’Q(gv Tw)\aw) - 9(67 T,’(ﬂ)l =0,

31



On Wijsman Strongly J - Lacunary Convergence of Double Sequences in
Neutrosophic Metric Spaces

: Z 10(&§, Tyr, @) — 0(§, T, w)| = 0.

wW,A)ETys

In this case, we write T, — T <snw2 [J%QQ s@)D.

Theorem 3.11. If the sequence {Y,\} is WET5LC€t to Y, then {Y,\} is
WETLLE to 1.

Proof. Assume that T,y — T (mm [ 3 ;,ig so)} )

Then, there is a set Q = {(w, \) € N x N} such that
M = {(w,\) € Ts} € Y(Jz), foreach £ € Q,

lim
U,S—>00

US(

hzlts Z ’w(gﬁ Tw)n w) - ¢(§, T, w>| > 1 — g, )
(w,A)E€Tus
e Z |0(&, T, @) — 0(6, T, @)| < &,
(w,A)E€Tus
h'tlts Z ’(p(£7Tw)\7w) _(p<€7 T’w)| < 8,
(w,A)ETus J

for every € > 0 and for all w, A > ko = ko(e,£) € N

Hereby for each € > 0 and £ € (2, we get

(= > W Tw®) — 9T @)| <1—¢ )
(w,A\)ETus

x(e,&,p) = or - Z 10(&, T, @) — 0(§, T, )| > ¢

(w,A\)ETus

and ;- Y 0(& Tun, @) — @€, T, @) > ¢
\ (w,\)ETuys )
CRUM'N(({L,2,...;(ko — 1)} xN)UMx {1,2,...,(ko — 1)}))).
For N x N\9M = K € J,. Since J, is an 2T, we obtain
RUOMN(({L,2,..., (ko =1} x N)U(Nx{1,2,..., (kg —1)}))) € Iz
and so x(¢,&, @) € Jy. Hence {T,n} — T (‘ﬂwQ [Jg‘fné’ sD)D O
Theorem 3.12. Let Jy be a GAT involving feature (AP,). Then {Y,n} —
T (fnw [ng*")]) implies {Tun} — T (mm [J;gf”)]).
Definition 3.3. The sequence {Y,,,} is known as QS T;L£Ca sequence if for each

e € (0,1) forall ¢ € Q and for all w > 0, there is a set Q = {(w,\) € N x N}
such that M = {(w, \) € Tys} € T(J2) and N = N(¢, &) € N such that

LY T ®) — (6 @) > L —¢ )

(w,A),(8,t)€Tus

b111.S Z |Q(§7 T’w)\?w) - Q(f, Tst,W)| < €
and = 3" o, Tur, @) — p(€, Tu, w)| <&,
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for every w, \,s,t > N.

Theorem 3.13. Every Q0G3;L£C€a sequence of closed sets is
WETL£Ca in NIMS (¢, o, v).

Proof. 1f the hypothesis is provided, then for each ¢ € (0, 1), for each £ € €2, and

for all @w > 0, there is a set Q = {(w, \) € N x N} such that

M = {(w,\) € Tus} € T(T2) and N = N(e, §) € N such that

Y W Tun @) — (€ T @) > 1—¢ )
(w)‘)v(s’t)ejus

bis Z [0(&; T, @) — (& Tor, )| < eand for each w, \,s,t >

(w,\),(u,8)ETus

his Z |S0(€’ Twz\v w) - @(57 Tstv w>| <§g,

(w,A\),(u,s)ETus )

N.

Let R = N x NOU. It is clear that R € J; and
(( hllLs Z |w(£7 T'w)\’w) - ’lp(f, Tst’W)| > 1 — & 3 )
(w7>‘)’(57t)€jus

his Z |Q(€7Tw>\7w) _Q<§7T8t7w)| <é
(w,\),(u,s)ETus

and hﬁ Z |Qp(§v kavw) - 90(57 Tst7w)| <é€

\ \ (w,\),(u,s)ETus ) )

CRUMMN({L2,.... N=1)} xN)UNx{1,2,...,(N=1)}))).

As J, be a GJ, then

KUY N({L,2,....N-D}xN)UNx{1,2,...,(M—=1)}))) € To.

Therefore, we obtain x(e,§, @) € Jo; that is {1} is WET2L£Ca with regard to

(¥, 0. 0). O

Theorem 3.14. Let J; be an 2T involving property (AP,). Then, the concept of
WST,L£Ca of sets coincides with WS T; LCas of sets.

X(g,§ @) = of

Proof. 1f a set sequence is WET; L£€a, then it is WS T, £L&a sequence according
to theorem (3.13), where J, need not have the feature (2(33,).
Now it is adequate to demonstrate that a sequence {Y,,} in Q2 is WEST;L£Ca
sequence under assumption that it is a WET,£Ca . Let {T,)} be a WST,L£€a
sequence. In this case, for each ¢ € (0,1), for all £ € €, there is a number
s = s(e,&),t =t(e,§) € Nsuch that
(5 > (€ Tun®) — (€ T @) < 1—¢ )
(w,\)ETus

@(5’6’/@) — or his Z ‘Q(§7Tw)\7w> _Q(§7T8t7w)‘ > € c 32

(w,A\)ETus
1

and t > |o(€, Tur, @) — (€, Yo, @)| > &
L (w,\)ETuys
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Let
( N
his Z |?’/)(§’ Tw,\,W) _¢(£,Tst,W)| >1- )
(w7)‘)7(57t)€jus 1]
1
X (€6 @) = org Y o(é Tun, @) — o, Tar, @)| < -

(w,\),(u,8)ETus )
and his Z ’80(67 T’w)n ’(D) - 90(5’ Tsta ’Zﬂ)| < ;
L (w,\),(u,s)ETus )
where s(j) = s (%) and t(j) =t (%) g=1,2,....
Clearly, for j = 1,2,...,x;(¢,&,w) € Y(J2). Since J, has the property (A3,),
there is y C N x Nso that y € T(J2) and x\y; is finite for all j.
Now, we demonstrate that

Z W}(ga Tw)\aw) _¢(€a Tstaw)| = 1’

(W,A)ETus,(8,t)ETus

lim
wW,A,S,t—00 hus

. 1
w})\gftn_}oo bus Z |Q(§7 T’w)\? w) - Q(f) Tsta ’ZU)| - 07
(W,A)ETus,(8,t)ETus
. 1
lim Yo el Tun @) — (€ Ta, @) =0,

w,\,8,t—00
bus (qu)EIuSa(SJ)Ejus

for all w, A, s,t > u(r).

So, it follows that for each £ € Q and (w, \),(s,t) € x. To show these, let
e €(0,1) and r € Nsuchthat > 2. If (w, A), (s,t) € x, then x\x, is a finite
set, therefore, there is u = u(r) so that

1 )
e D WETur @) =¥, Ta, @) > 1=,
(w,A\)ETus ]
his Z |77Z}(§7Tw>\7w> _¢<§7T5rtr7w)| >1- ;7
(8,6)ETus 1
e DL 106 Tun @) = o6, Ta, @) < -
(w,A\)ETus )
his Z ’Q(gv Tw)\aw) - Q(Sv Tsrtww” < ;7
(8,t)ETus ]
his Z |@(§,Tw)\,'W) - §0<§,T5rtr,W)| < ;a
(w,A\)ETus 1
bis Z |¢(£7Tw)\7w> - 90(57 Tswtww” < ;7
(S,t)ejus J

LS 0 Y ®) — (6 T @)

bus (w,\),(8,t) ETus
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1
20 D 6 T @) — U(E Vo, )|
U5 (w,A)ETus
1
+ o (T @) = (€ Ty, @)
U2 (5,t)€Tus

1 1
><1——>+<1——)>1—€,
T T

1
b Z ‘Q(fa Twz\vw) _Q<£>Tst7w>‘
U (w,\)ETus
1
S h Z ’Q(f;TwA7w) - Q(g’Tsrtr7w)|
U5 (w,\)ETus
1
+ h |Q(€7 Tw)\,W) _Q<§)Tsrtr7w)|
us (8,t)ETus
1 1
< -+ -<e.
r r
1
b Z ‘¢<§7Tw>\7w) - 90(57 Tst7w>|
U5 (w,\)ETus
1
S [J Z |()0(§7 T’IU)\? w) - 80(57 Tsr'tr7 w)|
U5 (w,\)ETys
1
+ h Z ‘@(57 Tw)\a w) - (10(57 Tsrtw w)l
U (5,)ETus
1 1
<-4+ -—-<e.
T T

Therefore, for each ¢ € (0, 1), there exists u = u(e), and (w, A), (s,t) € x €
T(3,), we get

( hllts Z |¢(£7Tw)\7w) _w(gaTstaw” S 1—¢
(w,\)ETys
Orf)is Z |Q(§a Tw)\aw) - Q(gv Tstaw>| Z € c 32.
(w,A\)ETus
and ;= > o€ Tun, @) — 9(&, T, @)| >
\ (w,A\)ETus )
This implies that {T,,,} is WET; LCa sequence. O

Definition 3.4. A sequence {Y .} in MNGS is called to be Wijsman lacunary
convergent to I with regard to WIN(, o, ) if, for every w > 0 and ¢ € (0,1),
there is mg, ng € N such that
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(W,A\)ETus
1
5 37 o€, Tur @) — 06, T, w)| < ¢ and
us (w,\)ETus
h,lw Z |o(&, T, @) — (&, Y, @)| <, forallu > my and & > ny.
(W,A\)ETus

We write (1, 0, 9)*> —lim T,y = T.

Definition 3.5. Take (92,1, 0, ¢, %, O, ®) as a seperable ¥NGS and take {Y )} €
Q.

(i) T € Q is known as Wijsman Lacunary Jo (Q0£35)-limit point of { Y} if
there is set Q = {(wy, A1) < (wa, A2) < ... (wy, As) < ...} C N xNsuch
that the set
M = {(wy, \s) € Tust #To and (Y, 0,9)*> —lmTy,\, = T.

(ii) YT € Q is known as QLTy-cluster point of { Y.\ } if, for every w > 0 and
€ (0,1), we get

(= S E T @) — (€ Y @) > 1 ¢ )
(w)‘)ejus
and - Z |0(&, Tin, @) — 0(&, T, w)| <€ ‘3,
(w,A)€Tus
and = D" [p(E, T @) — (&, T, @)| < ¢
\ (wv)‘)ejus )

Here, /\(“29 ) (TwA) denotes the set of all 2LTy-limit points and F(w o) (Twn)
indicates the set of all 20L£J5-cluster points in YIING.

Theorem 3.15. For each sequence {1 )} in MINGS, we have,

Juw Juw
Aoy (TwA) S T2 o (Tun)-
Proof. Let Y € /\ o Q¢)(Tw)‘>- So, there is a set Q C N x N such that I’ # Js,

where 9 and 9 are as in Definition (3.5), satisfying (¢, o, ¢)“? —lim Ty, , = Y.
Hence, for every w > 0 and ¢ € (0, 1), there are mg, ng € N such that

Y (G Tun, @) — 9T, @) > 1 -,

(w7A)€juS

bis Z [0(§, Twur,, @) — 0(§, T, )| < € and
(w,\)ETus

e Z [0(&, Twr,, @) —0(&, T, @)| <&, forallu > mgand s > ng. There-
(w7A)€3uS

fore,
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(L > W T @) Y T @) > 1,
(w,A\)ETus
3] D el Tunm) — o6, T )| <
(w,A\)ETus
and i N (€, Tun, @) — (€, T, @)| <&
\ (w,A\)ETus y,
Q Wl’{(wl, )\1)7 (wg, )\2), ceey (U}mo, )\no)}.
Now, with J5 being admissible, we must have
M { (w1, A1), (W, A2), ..y (Wings Any) } 7 Jo and as such # Js.

Ty
Hence T € I, ) (Twn)- O

4 Conclusion

In this investigation, researchers looked at the Wijsman lacunary ideal combi-
nation of the double sets collections, a kind of ideal union. We looked at several
novel NG concepts for two-set groups, and we got some verifying results. Bi-
nary sets recurrence in OIS have been characterised, together with their corre-
sponding Wijsman lacunary Js - limit as well as cluster foci. While confirmation
typically employ an alternate strategy, a few of the findings given in the current
work have almost similar to the research focused on the pertinent topic. Only
when J and J* are admissible Ideals some of the results are true. We can apply
all the results of the current paper and introduce new theories in different spaces
like neutrosophic normed linear space, locally solid Riesz space and so on. Once
we have proved the completeness of the space, easily we can obtain a fixed point
theories in the respectiive space.

References

[1] Atanassov. K, “Intuitionistic fuzzy sets,” Fuzzy Sets and Systems, vol. 20,
no. 1, pp. 87-96, 1986.http://dx.doi.org/10.1016/S0165-0114(86)80034-3.

[2] Alotaibi. A, On lacunary statistical convergence of double sequences with
respect to the intuitionistic fuzzy normed spaces, Int. J. Contemp. Math.
Sciences 5 (2010), 2069-2078.http://www.m-hikari.com/ijcms-2010/41-44-
2010/alotaibilJCMS41-44-2010.pdf

[3] Cakan. C, Altay. B, and Coskun. H, “Double lacunary density and lacu-
nary statistical convergence of double sequences,” Studia Scientiarum Math-
ematicarum Hungarica, vol. 47, no. 1, pp. 35-45, 2010. DOI: 10.1556/SSc-
Math.2009.1110

37



On Wijsman Strongly J - Lacunary Convergence of Double Sequences in

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

Neutrosophic Metric Spaces

Das. P, Kostyrko. P, Wilczy "nski. W, and Malik. P, “/ and I*- convergence
of double sequences,” Mathematica Slovaca, vol. 58, no. 5, pp. 605-620,
2008.https://doi.org/10.2478/s12175-008-0096-x

Fast. H, “Sur la convergence statistique,” Colloquium mathematicae, vol. 2,
no. 3-4, 241-244, 1951 .http://eudml.org/doc/209960.

Fridy. J and Orhan. C, “Lacunary statistical convergence,’
Pacific Journal Mathematics, vol. 160, mno. 1, pp. 43-51,
1993.http://dx.doi.org/10.2140/pjm.1993.160.43

Gumus. H, “On Wijsman ideal convergent set of sequences de-
fined by an Orlicz function,” Filomat, vol. 30, no. 13, 3501-3509,
201.http://dx.doi.org/10.2298/FIL1613501G.

Jeyaraman. M, Hassen , Aydi, Manuel, De , La,Sen, New Results for
Multivalued Mappings in Hausdraff Neutrosophic Metric Space, Axioms
11(12)(724),1-14.https://doi.org/10.3390/axioms 11120724

Jeyaraman. M, Mangayarkkarasi. A.N , Jeyanthi. V and Pandiselvi. R,
Hyers- Ulam-Rassias stability for functional equation in neutrosophic
normed spaces,International Journal of Neutrosophic Science, Vol. 18, No.
1, (2022), 127-143.https://doi.org/10.54216/1JNS.180111

Kirisci. M, Simsek. N, (2019) Neutrosophic metric spaces,
arXiv;1907.00798.https://doi.org/10.48550/arXiv.1907.00798

Mursaleen. M and Mohiuddine. S. A, “Statistical convergenceof double se-
quences in intuitionistic fuzzy normed spaces,” Chaos, Solitons Fractals, vol.
41, no. 5, pp. 2414-2421, 2009.https://doi.org/10.1016/j.chaos.2008.09.018

Mursaleen. M, Karakaya. V, and Mohiuddine. S. A, “SeparabiliSchauder ba-
sis, separability, and approximation property in intuitionistic fuzzy normed
spacety and approximation property in intuitionistic fuzzy normed space,”
Abstract and Applied Analysis, vol. 2010, Article ID 131868, 14 pages,
2010.https://doi.org/10.1155/2010/131868

Mursaleen. M, Mohiuddine. S. A, and Edely. O. H. H, “On the ideal con-
vergence of double sequences in intuitionistic fuzzy normed spaces,” Com-
puters and Mathematics with Applications, vol. 59, no. 2, pp. 603-611,
2010.http://dx.doi.org/10.1016/j.camwa.2009.11.002

Park. J. H, “Intuitionistic fuzzy metric space,” Chaos Solitons Fractals, vol.
22, no. 5, pp. 1039-1046, 2004 .https://doi.org/10.4236/am.2013.49A005

38



[15]

[16]

[17]

[18]

[19]

[20]

J. Johnsy, M. Jeyaraman

Sen. M, Et. M, Lacunary statistical and lacunary strongly conver-
gence of generalized difference sequences in intuitionistic fuzzy
normed linear spaces, Bol. Soc. Paran. Mat. 38 (2020), 117-
129.http://dx.doi.org/10.5269/bspm.v38i1.34814

Sowndrarajan. S, Jeyaraman. M, Smarandache. F, Fixed Point Results for
Contraction Theorems in Neutrosophic Metric Spaces, Neutrosophic Sets
and Systems, 36(2020),308-318.http://dx.doi.org/10.528 1/zenodo.4065458

Samarandache. F, Introduction to neutrosophic measure, neutrosophic in-
tegral,and neutrosophic probability, Sitech-Education, Calumbus, Craiova,
1-143, (2013). http://dx.doi.org/10.5281/zenodo.8843

Samarandache. F, Neutrosophic set, a generalisation of the
intuitionistic fuzzy sets, Int J. Pure Appl. Math., 24, 287-
297,(2005).https://www.ijpam.eu/contents/2005-24-3/1/1.

Ulusu. U and Nuray. F, “Lacunary statistical convergence of sequence of
sets,” Progress in Applied Mathematics, vol. 4,no. 2, 99-109, 2012.DOI:
10.3968/j.pam.1925252820120402.2264

Zadeh. L. A, “Fuzzy sets,” Inform Control, vol. 8, 338-
353,1965.https://doi.org/10.1016/S0019-9958(65)90241-X

39



Ratio Mathematica Volume 49, 2023

Weighted Norlund-Euler Statistical
Convergence In Neutrosophic Normed
Linear Spaces

R. Muthuraj*
K. Nachammal
M. Jeyaraman *

Abstract

This paper explores the neutrosophic Norlund J-statistically conver-
gent sequence space. In Norlund convergent spaces, we introduce
some neutrosophic normed spaces (D1Ss). The topological and al-
gebraic characteristics of these convergent sequence spaces are also
examined. Results are gathered from many angles, and fresh in-
stances are created to support the equivalents and show the validity
of the new ideas. The findings of this study provide a thorough foun-
dation for S and significantly advance the literature’s theoreti-
cal understanding of the phenomenon. This study’s distinguishing
characteristic is the first comprehensive analysis of the properties and
use of neutrosophic Norlund J-statistically convergent sequences in
NG, based on the accepted definition.
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1 Introduction

Fuzzy theory has significantly advanced the mathematical foundations of fuzzy
set (§6) theory, which was developed by Zadeh [15] in 1965. According to Zadeh
[15], a §G gives each component of a given crisp universe set from [0,1] a mem-
bership value. Lack of membership degree knowledge is a problem that §Gs
frequently struggle to solve. As a result, Atanassov [1] investigated the intuition-
istic §6 (J§6), a development of §G.

Neutosophy is the idea of objective knowledge of thinking, and neutral describes
the fundamental distinction between neutral, fuzzy, intuitive §Ss and logic. Fol-
lowing the development of the neutrosophic set (1S), which is a generalisation of
the classical set, §&, and J§GS by Smarandache [14]. Smarandache implemented
the J§G theory by defining a new component, called the indeterminacy member-
ship function, after taking everything into consideration.

Every element of the universe has a degree of T, §, and J in G, which is de-
fined as a set. The degree of non-belongingness in J§Gs is dependent on the
degree of belongingness rather than being independent of it. The degree of non-
belongingness of an element in §Ss is exactly equivalent to one degree of belong-
ingness, which makes it a notable example of an J§&. In J§GSs, uncertainty is
predicated on the degree of belongingness, whereas in 91G, uncertainty is taken
into account independently of T and § values. 1GSs are really more general than
J§ G because there are no limitations on the degree of ¥, §§, and J. This has led
to a variety of mathematicians producing their research in various mathematical
forms.

For weak contractions on neutrosophic normed spaces, Jeyaraman, Ramachan-
dran and Shakila [6] demonstrated approximate fixed point theorems in 2022. In
this paper, we study the neutrosophic deferred statistical convergence of double
sequences in the neutrosophic normed space. Along with being compared to itself
under various limitations, this novel method is also contrasted with neutrosophic
statistical convergence of double sequences. The fundamental theory of mathe-
matics makes use of the notion of sequence convergence. Summability theory
contains a large number of convergence 3 concepts, including classical measure
theory, fuzzy theory, approximation theory, and probability theory. The connec-
tions between these concepts are examined.

2 Preliminary

1

Definition 2.1. [2] Let & C N. The number 03,¢(8) = lim KH% <R, :te
n—oo n

R}| is said to be weighted Norlund-Euler density of K. A sequence x = (¢) is
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said to be generalized weighted Norlund-Euler statistically convergent (or &J -
convergent) to £ if, for every ¢ > 0,

4
{E<% Pn— qu EZ( )q{’—v|x1j_£|25}‘:0-

v=0

) 1
lim —
n—oo n

In this case, we write (‘S‘qm —limz = £.

Definition 2.2. [10] The 7-tuple (2),(,n, Y, *,<, ®) is said to be Neutrosophic
Normed Linear Space (Y UNLS) where %) is a linear space over a field §, * is a
continuous t-norm, < and ® are continuous t-conorm, (,n, v are fuzzy sets on
2 x (0,00), ¢ denotes the degree of membership and 1,9 denotes the degree of
nonmembership of (x,\) € 2 x (0,00) satisfying the following conditions for
everyz,z €Y and s, \ > 0O:

(i) 0<C(x,A) < 1,0 < p(z,A) < 1,0 <d(x,A) <1

(ii) C(z,\) +n(x,\) +J(z,\) <3,

(iii) ¢(x,\) >0

(iv) ((x,\) = 1 ifand only ifx = 0,

v) Claw\) = ¢ (2.25) ifa 0,

i) C(z,A\) *((z,8) < C(x+ 2, X+ 5),
(vii) ¢(x,.) : (0,00) — [0,1] is continuous,
(viii) lim ¢(2,\) = 1 and lim ((x,\) =0,

(ix) n(z,\) < 1,

(x) n(z,\) = 0 if and only if x = 0,

(xi) n(aw, A) =1 (2, ) ifa £ 0,

(xii) n(z, \)On(z,s) > n(z+ 2,5+ \),
(xiii) n(z,.) : (0,00) — [0,1] is continuous,
(xiv) lim (z,\) = 0 and limn(z, \) = 1.

(xv) Oz, \) <1
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(xvi) ¥(z,\) =0 ifand only if x = 0,

(xvii) O, \) = ( z, P ‘) ifa #0,
(xviii) J(x,\) @w(z,8) > Hx+ 2,8+ N),
(xix) ¥(z,.) : (0,00) — [0, 1] is continuous,

(xx) lim Y(z, A) = 0 and lim ¥(z, ) = 1.
t—o0 A—0

In this case (C,n, 1) is called Neutrosophic fuzzy linear norm.

Example 2.1. [10] Let (),||.||) be a normed linear space, and let p x q =
pq,p®q = min{p + ¢, 1} and p ® ¢ = max{p + g, 1}f0r all p,q € [0,1]. For
all x € Q) and every \ > 0, consider ((z,\) = /\+|IrH oz, ) = L and

At]|]
P, \) = ”xH . Then (9),(,n,9, %, <, ®) is an NNLS.

Definition 2.3. [10] Let (), (,n, 9, %, O, ®) be an NMNLS. A sequence x = (1)
in ) is convergent to £ € *) with respect to the Neutrosophic Normed linear
norm (¢,n,9) if, for every ¢ > 0 and X > 0, there exists ¥y € N such that
Clrte — LA >1—en(e— L)) <ecand I(re — £,\) < e forall t > ¢, where
t € N. It is denoted by ((,n,9) —limz = £.

Theorem 2.1. [11] Let (), (,n, ¥, %, <, ®) be an MNLS. Then, a sequence x =
(ve) in Q) is convergent to £ € %) if and only ifglim Cre — £, 0) =1, Elim n(xe —
— 00 — 00
£,\) =0and Elim V(e — £,0) =
— 00

3 Main results

In this section, we introduce a new summability method named as (0, p, q) (&, q)¢79)-
summability. We introduce a new concept of statistical convergence called weighted
Norlund-Euler statistical convergence with regard to the Neutrosophic fuzzy norm

(¢, m, ) as aresult of this definition. We also look into some relationships between
these ideas.

Definition 3.1. Ler (),(,n, 0, %, O, ®) be an INLS. A sequence v = (x¢) in %)
is said to be (N, p, q)(&, q)-summable to £ € ) with respect to the Neutrosophic
fuzzy norm (,n,w) (or (M, p,q)(€, q) ")~ summable to £ € ) if. for every
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e > 0and )\ > 0, there exists ng € N such that

n 4
1 1 e\ .,
%gc (Pn—eqem; (U>q (2 2),)\> >1-—c¢,
1 o 1 ([t
R Zn <Pné%m Z (U> q Y (z, — £), )\> < eand
" =0 v=0
1 o 1 [t
R t—v o

for all n > nyg. In this case, we write (W, p, q)(&, q)"?) —limz = £.

Definition 3.2. Let (2),(,n, 0, %, O, ®) be an NNLS. A sequence x = (r¢) in Q)
is said to be weighted Norlund-Euler statistical convergent to £ € %) with respect

to the Neutrosophic fuzzy norm ({,n,1) (or Ggéé’"’ﬁ) - convergent to £ € Q) if,
for everye > 0and \ > 0,

X ¢ <Pn4%ﬁ > oo ($)gt(z, — £), )x) <l-—cor
lim e |4 (Pecelegrtge Tico (D'~ 9).4) >
¥ <pn_eqe(1+q)e Yo (et (zy — £), A) > ¢

In this case, we write 631(@’"’19) —limz = £

In the following theorems, we establish the relation between weighted Norlund

Euler statistical convergence and (), p, q)(€, q)- summability in Neutrosophic
Normed Linear spaces.

Theorem 3.1. Let (2),(,n,w,*, O, ®) be an MNLS, x = (r¢) be a sequence in
Y and B2 > 1 foralln € N. If 3™ —limz = £,

:
n—ede Yy —L)A | 21 =M,
¢l EQE(1+q)E;(U)q (x, — £),A

¢
n—ede 7 oy =LA <M
URR qu(1+q)*;<v)q (xy — £), A and

13
n— T \p v U_ 9 §M7
9 p eCIf<1+q>€;(v)q (2, — £), A

forall € € N, then (M, p,q)(&,q) ") —limz = £
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Proof. Suppose that G35"”) —limz = £. Then, for every ¢ > 0 and A > 0, we
define the sets R, (¢) and £, (¢) such that

¢ (Pa-sfe e Xheo (D (@ — £),A) < 1—cor
R, (€) = n <Pn—eCIe(1+—1q)e Zf;:o (E) v (x, — L), /\> > cand
v (%4%@ Zi:o (v) Uz, — £), A
and
1 ¢ ey v
¢ <Pn4%m oo (L) (zy — £), )\) >1—c¢cor
R, (e) = n (Pn—éqkﬁ Zi:o (i) q" Y (z, — £), A) < eand
v (Pn—k%ﬁ Zi:o (i) 0" (z, — £), /\> <e

Hence
n ¢
1 1 E t—v o
1 - 1 : ¢ t—v
e
£E R, () B
n ¢
1 1 é t—v
+ " 2 C(Pn BqE( ar (v)q (, 2),)\>
EGﬁgn(a) -
= 61(11) + 62(1’1)
where
e
Z ¢ (Pn eery )e Z (U) q" (2, — S),A) and (1)
Beﬁmn(s) v=0
e
Sz (n) 9% Z ¢ (Pn eqe )e (U) 0" (z, — E),A) : ()
v=0

EEﬁ; (a)

If £ € Ry, (¢), then

> ¢ <pn—fq{’(1 j L > (E)q*‘”(:pv - 2),>\> > Iﬁ9;;{—‘(8)’(14\4).

£=0 v=0
tChRnm, (e)




Weighted Norlund-Euler Statistical Convergence In Neutrosophic Normed
Linear Spaces

Since 63" —limz = £.

lim &,(n) > 0. )

n—o00

If ¢ € R (), then we have

Z C(pn e EZ( ) 2),A> > ‘ﬁg“ggf)’u—e).

v=0

t=
Eeﬁ& (E)

which yields that
lim Sy(n) > (1 —¢). (6)
n—oo

Using equalities (1)-(2) and inequalities (3)-(6), we get

nlggo% Zc(pn quHqEZ() £>,A>=1. ()

Similarly, we obtain

4
jglgloan(pn Sl E;( ) 2),A> =0 ®

n ¢
1 1 e\ ., B
JL%EZMQ?(’D“—‘“'?WZUZO (4)a e W) o

As a result of equalities (8), (9) and (10), we have
(M. p,0)(€,q) ") — lima = £. (10)
O

Theorem 3.2. Let (9),(, 1,0, *,<,®) be an MNES and B> > 1 for all n € N.
If a sequence v = (x¢) in Q) is (M, p, q)(&, q)Cn)- summable t0 £ €9, thena
sequence v = (1) is 631@" ) convergent to & € ).

Proof. Suppose that z = (x;) is (M, p, q)(&, q)(¢"?)-summable to £ € ). For
every € > 0 and A > 0, define the sets R, (¢) and K§; () such that

¢ (Pnf{e%ﬁ S0 (D)at V(w0 — £), )\) <l-c¢or
Rax, (€) = Ul <Pu—fel1£ﬁ Zi:o (i) q(z, — L), )\) >
9 (Pacete e S (et V(s = £),0) > ¢
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and

¢ (Pn—%%ﬁ Zi:o (i) gt (z, — L), A) >1—cor
Ry, (e) = n (Pn%%ﬁ Yoo (H)at " (xe — £), )\) < eand
9 (pn—{qu(li—q)é Zzzo (5) q(z, — L), /\> <e

Then

t= v=0
4
1 1 ¢
== Y (| Paeat ( )qév(% —£),A
T e=0 ( (1+a)f UZ; v
EcRn, (¢)
n 4
1 1 ¢
4+ — C | pa_ ()BUZL‘U—S,)\
. p eCle(l ) 2 \u q )
Eéﬁg%n(s)
n 4
1 1 £\ .
Z _n Z C (pﬂ—qu (1 _'_ q)e (/U) qE (:E'u - fg)? )\)
reRs ) =0
1
> 1, @11 - 2) (1

1
As a consequence of inequality (11), we get lim R ‘ﬁ&n (5)‘ = 1. Similarly, for
n—oo n
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every € > 0 and A > 0,

1 & e
EZU(‘% e 1_'_qu(@

v=

Jatan
1 n ¢
U(Pn eqe EZ

v=0

- 1 [t
< — E t—v o
— %n - 77 (pﬂ—qu (1 _|_ q)e (U) q (l"l) S)? A)
1

< Z €= §|§mn(5)|5~ (12)

—| v=0
t
1 1 AN
R, () B
n 14
1 1 ¢
+ — v pn—EqE ( )qe_v(mv - 2): )‘>
EER&H(E)
n 4
1 1 t
S a Z % pn—EqE ( >qE_v(xv - 2’)7 )‘>
EEﬁmn(e)
1 < 1
<% = %|ﬁmn(6)|€‘ (13)
=0
EER%:!(E)

1
By inequality (12) and (13), we have lim gmﬁ%n (¢)] = 0. This completes the
n—oo n

proof. ]
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Conclusion

Smarandache first presented 1S in 1998 [14]. Maji has created a unique
concept for the NS GS. The concept of NSNLS was subsequently investigated,
and some of its characteristics were proposed. Kirisi and Simsek used continuous
t-norms and continuous t-conorms to study the 9MI9NGS. Kirisci and Simsek pro-
posed DING as well as statistical convergence in DINGS. Although several aspects
of neutrosophic Norlund convergent sequence spaces have been studied.
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Numerical solution for fuzzy fractional
differential equations using fuzzy fractional
fourth order Runge-Kutta method based on

root mean square and contraharmonic

mean

R. Gethsi Sharmila *
S. Luvis Savlaf

Abstract

The objective of this research is to determine the approximate solu-
tion to Fuzzy Fractional Differential Equations (FFDEs). For Fuzzy
Fractional Initial Value Problems (FFIVPs), the methods called Fuzzy
Fractional Fourth Order Runge-Kutta method based on Root Mean
Square (FFRK4RM) and called Fuzzy Fractional Fourth Order Runge-
Kutta method based on Contraharmonic Mean (FFRK4CoM) is de-
veloped. In this paper, both linear and nonlinear FFDEs can be solved
using triangular and trapezoidal fuzzy numbers. FFRRK4RM and
FFRK4CoM can be compared. The tables gives the absolute error
between the exact and approximate solutions. From the graphical
results, the approximate solution approaches the exact result very
closely as the step size gets smaller. The outcomes show that the
suggested approach is easy to use, accurate, clear, and convenient for
solving both linear and nonlinear FFIVP.
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1 Introduction

Fractional calculus is expanded upon in ordinary calculus. This involves
computing a function’s derivative in any order. The memory and heredity charac-
teristics of numerous substances and processes in porous media, electrical circuits,
control, biology, electromagnetic processes, biomechanics, and electro chemistry
have been documented using fractional differential operators Agarwal [2010],
Baleanu [2012],Tarasov [2010]. Over the past few decades, fractional calculus
and its applications have gained popularity, mostly because it has proven to be
a helpful tool for modeling a number of complex processes in a wide range of
seemingly unrelated fields of science and engineering Podlubny [1999],Kenneth
[1993]. Measurement uncertainty is represented by a fuzzy number. Since its
invention by Lotfi Zadeh in 1965, fuzzy sets have found utility in a variety of con-
texts Diamond [1994],Geotschel [1986],0.Kaleva [1987].

The solution for fractional differential equations in uncertain settings was first
introduced by Agarwal [2010]. In applied sciences and the engineering, Fuzzy
Fractional Differential Equations (FFDEs) is a crucial topic. Consider the general
FFDE with the fuzzy initial conditions of the form:

“D°B(C, 1) + Lp(C, ) + Np(C,p) = g(Cop), n—1<d<n,neN (1)

with the fuzzy inital condition D*5(0, 1) = iz’“({), k=0,1,2,...,n—1, where
D?p(C, i) represents the Caputo fractional derivative of p((, 1) and p((, it) is the
fuzzy function. The general linear and nonlinear differential operators are denoted
by L and N. The source term is g(C, p).

Numerous applications of FFDEs are made in the field of biology and other en-
gineering disciplines O.Kaleva [1987]. There have been several implementations
in the FFDE sector to find exact and approximative solutions Chakraverty [2016].
Lydia [2020] proposed the numerical solution of fractional RC and RL electri-
cal circuits by fractional Runge-Kutta method. Nirmala [2011] studied numerical
solution of fuzzy differential equation by RK4 approach with higher order deriva-
tive approximations. Sharmila [2013a] introduced the numerical solution of N*”
order fuzzy initial value problems by RK4 approach based on Centroidal mean.
Sharmila [2013b] proposed the numerical solution of fuzzy initial value problems
by RK4 approach based on Contraharmonic mean. The aforementioned articles
assisted in the development of the FFRK4RM and FFRK4CoM for FFDEs.

The format of the paper is as follows: Some fundamental tools utilising the
fuzzy number, Mittag-Leffler function, and Caputo fractional derivative are pro-
vided in Section 2. In Section 3, the Fuzzy Fractional Initial Value Problem
(FFIVP) is defined. In Section 4, the Runge-Kutta method for FFIVP is illus-
trated. It is also clearly detailed how to solve the FFIVP using the fourth order
Runge- Kutta approach based on root mean square and contraharmonic mean. In
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Section 5, numerical illustrations demonstrate the manner in which FFRK4RM
and FFRK4CoM work to solve both linear and nonlinear FFDEs. The conclusion
offered in Section 6.

2 Basic Tools

Definition 2.1. The fractional derivative of f(() in Caputo sense, is defined as
follows:

¢
‘DYF(C) = L ) / (C=®)" LM (D)dD, m—1<d<m, (>0, meN

F(m—5 0

Definition 2.2. The Mittag-Leffler function is defined as follows,

ZF 5E(CRe(5) >0

n=0
A further generalization of the above equation is defined in the form

n

Esp(z ZFn5+B 0,8 € C,Re(8) >0, Re(8) >0

n=0

Definition 2.3. (Triangular fuzzy number)
It’s a three-pointed fuzzy number represented by N = (01,05,03). N’s mem-
bership function is as follows:

0, X < b
X0 g <y < f
pn(x) = B =X
03—057 02§X§93
0, X>93

Definition 2.4. (Trapezoidal fuzzy number)
It’s a four-pointed fuzzy number represented by M = ({1, Yo, Y3, Ty). M’s mem-
bership function is as follows:

0, X<T1
—r

T+ Ti<x<T

par(x) =< 1, Ty <x < T3
'I"_

T L3 <x < Ty

0, X>T4
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3 Fuzzy Fractional Initial Value Problem

Consider the following fuzzy differential equation of fractional order

(2)

“D°p(¢, ) = (¢, D)
P(¢) =90 € Rp, 6 € (0,1]

Applying Caputo fractional derivative of order (1 — ¢) to equation (2) as in Lydia
[2020],

D'5(¢, 1) = “D'° f((, P) 3)

where f((,p) be a fuzzy continuous function and § times differentiable in the
independent variable ( over the range of [(y, (|- Let the interval [y, (] be
subdivided into N sub-intervals [(j, (j+1] of step size h = ({5 — (o)/N for
j=0,1,...,N.

Fuzzy function p is denoted by p = [p,p]. It means that the u-level set of

p(¢) for ¢ € [¢o, T is [p(¢)],n = [p(C, 1), P(S, )] [P(Go)]w = [p(Co, 1), P(Co, )],
w € (0,1]. We write

‘DI f(¢.p) =D f(¢,p). D' (¢, p)]
‘DY f(¢,p) = Fl¢pBl, D7 F(¢p) = GICp, 7]
because of 7' (¢, ) = D' f({, p).

D' (¢, p(¢, 1) = FICp(C 1) DG )]

‘D¢, p(¢, 1) = GIC,p(¢, 1), B(C, 1)

The extension principle of Zadeh leads to the following definition of f({,p(())
when p(() is a fuzzy number

F(&p(Q))(s) = sup{p(C)(7)/s = f(¢,7)}, s €R

It follows that

D F(Cp(O))r = D £(C,p(C ), D F (¢ p(¢ )], p€ (0, 1]

where

D' (¢, p(¢, 1)) = min{ D' f(¢,p) p € [B(C)]u}
D' (¢ p(¢ ) = max{“D F(¢,p)|p € [B(O)],}

54



Numerical solution for FFDEs using FFRK4RM and FFRK4CoM

4 Runge-Kutta Method for Fuzzy Fractional Initial
Value Problems

Consider the following FFDE

‘D°p(C, 1) = f(C.P)
p(¢o) =Po € Rp, 0 € (0,1]

The difference between the value of y at time (,,,;1 and time (,, is expressed as
the basis for all Runge-Kutta methods.

)

q
Pt = B = Y wiks (5)
i=1
where for: = 1,2, ..., m. w;’s are constants and
ki = thiéf (Cm + Cih7]§m + Z aijkj) (6)
j=1

where k; = [k;, k;]. Equations (4) is to be exact for powers of h through h9,
because it is match with Taylor series of order g.

4.1 The fourth order Runge- Kutta method based on Root Mean
Square for Solving FFIVP
Jansirani [2020] proposed the composite RK4 method for based on variety

of means by using intuitionistic fuzzy differential equations. Root mean square
formula is as follows:

1] |2+ B+ B+ k]
pm+1 = pm + gh 5 -+ 5 + 5
ro[=2 2 =2 =2 —2 =27
1 ki + ky + & ks + k
Pmt1 = P+ 3h 122+\/223+\/324
where
El = i(Cmvz_?ma]_)m)
El :7(Cm7]_)m’ﬁm)
ky = f(Gn+arh,p  + a1k, By, + arky)
EQ - 7(<m + alhalzm + alﬁlyl_?m + CL1E1)
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ky = f(Cn + (ag + ag)h,p + ask, + agky, P, + asky + asks)
ks = f(Gm + (a2 + az)h,p + ask, + azk,, b, + agky + asks)
ky= f(Gn+ (a4 +as + GG)h»Em + ask, + asky + agks, P, + asky + asks + agks)
kg = f(Gm+ (as+ a5 + ag)h,p  + ask, + ask, + agks, b, + asky + asks + acks)
The parameters are: a; = %,ag = %, as = 1_76’ ay = %, as = _5_167’ ag = %
The parametric form of (2) is,

“D°p(¢. 1) = f(C p(¢C, 1), B(C, 1),

*D°B(¢, 1) = F(¢.p(C, 1), B(C, 1))

(

_ _ ’ (7)
_(CO) BO(Onu)a p gO) :po( ’M)

d€(0,1), pwel0,1]

Applying Caputo fractional derivative of order (1 — §) to equation (12) as in Lydia
[2020],

{Dlg@,u) = D' F(¢.p(C. ). B¢ ), ®
D'B(¢, ) = D' F(C, (¢, 1), B(C, 1))
with the same initial condition B(Co) p,(0, 1), B(Co) = Po(0, ).
Let the exact solution [P(()], = [P(C,u), P(C, )] is approximated by some
(O] = [p(C, 1), P(C, )] From ), ©)
P(Cm1s 18) = P(Gomy 1) sz_z G (G 1))
9)

ﬁ(Cm—l-la Cmu sz Cm7p Cm7 ))

where fori = 1,2,...,m. k(C,p(¢, 1) = [k; (¢, p(C, ), Fa(t, p(C, p1))] and w;’s
are constants.

El(cm,p(cm,ﬂ)) th 5f Cm + Czh p(Cmap Cm; + Za'm_] gmap(gma )))

( >
(

G + €l P(Gons (s 12) +Zaw (G (G >))

(10)

El(CTﬂ)p(C’VTHH’)) - th (sf

and

B (G DGy 1)) =m0 {2 DY (G 1)/ € (G 1), BlGons 1))}
F(Gons2(Gons 1)) = max { DY (Guns 1)/ € (P(Grns 1), B(Gons 1) }
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i _mm{
o (G nmx{
ke (Cons mm{
Tos(Cons (o 12) :mw{
(G (G, ) = min {1
Ea(Con :mw{
where
81 (Gm P(Gms 1)) = PG 1)
51(Cms> (G 1)) = PG 1)
39(Gn, P(Gms 1)) = PGy 1) +
52(Cms (G 1)) = PGy 1) +
35(Cms> P(Gms 1)) = PG 1)
53(Cms P(Gmy 1) = PG 1)
EGn, p(Gs )] =
F[Gns (G )] =

B DY £ (G + Shp)/p € (51(Cons PG 1)

2

B DY f (G + D)/ € (81(Cons P(Cons 1

2

B DY f (G + D)/ € (83(Cons P(Cons 1

2

1
@Wf%+hmme@@m@m

D' (G4 1, p) /D € (85(Cms (G 1)) 53(Cos (G 12)))

D" f (G + hy 1) /P € (83(Cns P(Com

,u))v gB(Cﬂ%

+ 1E1<Cmap(§mu 1))
1—16@ (G s 1)) + Kl G DG 1)
T GG 1) + TG G )
¥ (G (G ) 52@2@ PG 1)) +
b 5GP 1)) = 2 oo G 1) +
\/ﬁ(cm,p(cm,pb)) + 1 (G, PG 1))
2
N \/@éum,p(gm,u))wé(cm,p(cm,m)
2
) + K2 (Gms (G 1))

N \/@%(gm,p«m,u)

2

\/%i«m,p«m,u)) B (G plGons )
2

)+ B (s (o

1))

+ \/k2(§m7p(gm7 :U“)
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. \/Eixm,p(cm,m) 4 B2 (G 10)
2

The exact and approximate solutions at (,,,, 0 < m < N are denoted by [P((,,)], =

(P(Gs 1)y P(s )] and [5(G)ls = [(Gons 12), B(Gons 1)) respectively. The so-
lution is calculated by grid points at a = (5 < ¢ < -+ < (5 = b and
h=0 =0 -G

Then, using the initial condition p(¢o) = p, (0, 1), P(Co) = Py (0, 1) and the fourth
order Runge - Kutta formula based on root mean square for (2) is as follows:

The exact solutions at (,,,11 is given by

PGt 1) 2 PG 1) + 5l PG )]

PlGrsrs 1)~ PG )+ 3 FlGs PG 2]

The approximate solutions at ¢,,, is given by

PGt 8) = DG 1) + 5 LG PG 19)]

PG ) = Pl )+ 5F LG, (G )]

To implement this method, numerical approximation is needed to the fractional
derivative operator D' % as in Lydia [2020] fuzzify it, then it becomes

hé—l m
"D F(C G PG 1) % gy D (GG ). PG 1)
5=0
DT plC 1) PG ) Z F(GplG 1), PG 1)
5=0
where the coefficients c;,,, 7 = 0,1,2,...,m are obtained using the quadrature

rule Lydia [2020]

om’™t —m? +(m—1)°, j=0
Cim =14 (m—j+1)" =2(m—j)’+(m—j—1) j=12..m-1

1, 7=m
(11)
Clearly p(C, 1) and p(C, 1) converges to P(¢, u1) and P(¢, i) whenever h — 0.
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4.2 The fourth order Runge- Kutta method based on Contra-
harmonic Mean for FFIVP

Sharmila [2013a] proposed the fourth order RK method based on Contrahar-
monic Mean for fuzzy initial value problem as follows:

1[4+ B+ B2+ k2]
b =p L ih _1+_2+_2+_3 k3 + K
- -mo 3 _El +ky  Ey+ ks E3+E4_

o +1h_Ef+E§+E§+E§+E§+Ei_
e N e

where

(CHY Iy

(Cm,p )

(G +arh,p + ayky, b, + aiky)
(G +arh,p + arky, P, + arky)
(
(
(
(

Iz
I

Cn + (a2 + az)h,p  + ask, + asky, p,, + asky + asks)
Cn + (a2 + az)h,p  + ask, + ask,, p,, + asky + asks)

G + (a4 + a5 + ag)h, p,+ ask, + asky, + agks, D, + asky + asks + a6]€3)
Gm + (a4

S Z
[

||
=l =l =l = Ikh

+ a5 + a6)h p + (l4k} + a5k’ + a6k3,pm + (14]{?1 + a5k‘2 + a6k3)

The parameters are: a; = %,a2 = %, a3 = %, ay = i, a5 = ’T, ag = %
The parametric form of (2) is,

“D°p(C, 1) = S p(C ), PIC 1),
“D°B(¢, 1) = F(Sp(C 1), DS, 1)), (12)
p((o) = ]_90(0"“)’ P(Co) = Po(0, 1)

Applying Caputo fractional derivative of order (1 — §) to equation (12) as in Lydia
[2020],

P (13)
¢, p(¢

p
D'B(, i) = D' F(¢, p(¢, 1), B(C, 1)

with the same initial condition p(Co) = p, (0, 1), P(Co) = Py (0, 1)
Let the exact solution [p(()], = [ (¢, 1), p(¢, )] is approximated by some [p(()], =

{Dlg(g,u)zcl)l_af( (G ). B¢, ).
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(¢, p)]. From (5), (6),

(Cm-ﬁ-l :u

(Cm-i-l :u

are constants.

Ei(gmap(gmaﬁb)) = th_éf <<m + ¢ih, p(gm p Cm + Zam—] Gy p(gm )))

Ez‘(Cmap(Cm, )) = hD'~ §f <<m +cih,p Cm p Cm + Zaw <m p Cm )))
(15)

and
Iy (G (s 1)) = it {0 D7 (G 2) /9 € (0(Gons 1), PG 1)) |
Fa (G ) = max {1 D' (G, /p € (p(Gns 1), 5(Gn >>}
B (G, (G 1)) = min {1 D (G4 S,5) [ € (s51(Crnr (G 1
FolGnr (G, 1)) = max { D' (G + ih P)/p € (G (G )
By G = i (D' F (G -+ 5h.0)/0 € (3a(Grs PG 1)), 52(Gp
(G p max{ DD F (G + )0 € (5GP 1)), 52(Cr
ki (G )= min {1 “D' (G + B, 1)/ € (5GP (Gons 1) 5(Gons (G
Ft(Gons 2Gons 1)) = max {1 “DY (G 1)/ € (53(Gons D(Gons 1) 55(Gons (G 1))
where
51 PG 1)) = PG 19) + 1 (G G 1)
51(Gns D(Gms 1)) = PGy 1) + %El(Cm,p(Cm, 1)

§2<Cmap(Cma M))
§2<Cm7p(Cm7 ,U))

P(Cm,
P(Cm,

ki(Cp(Com) =

1)+ s G DG

2{:10L4 G P
sz (Gnop

1) +

8

60

[—Z(C7 p(C? M))7

(Gmy 1))

(14)

(G 1))

3
§E2(<m7p(<m7 M))

8

ki(¢,p(¢, p))] and wy’s

81 Cmpcm

31 Cmap Cma

1))

}
j

"}
)
0
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(G PG 1)) = PG 1) + 11 (G PG 1) = G G 1))+ (G PG 1)

3G PG 1)) = Pl 8)+ TG PG 1)) = o (G 1))+ G G 1)

E2 (Gons P(Cons 1)) + E2(Cons D(Gony 1))
k, (Cmvp(Cma N)) + EZ(Crmp(C’rm N))

+ Eg(@?up(gma M)) +E§(Cm>p(Cmaﬂ
EQ(CmvP(Cma M)) +E3(Cm7p(<m>,u
1)
1)

E[Cmvp(gma N)] =

N k3 (Cons D(Cons 1) + K5 Gy (G 1
E;}(Cm?p(gma ) +E4(Cm7p(<m7,u
By (s P(Coms 1)) + Fog(Cons p(Gons 1))

El (Cmvp(Cma M)) + E2(<m7p(<mv N))

By (Cons P(Cons 1)) + Fog (G (G 1)
ko (Gny (G 18)) + K3 (Gons (G 1))
R PG 1) +§i<<m,p<<m,u>>]
k3 (G, (G 1)) + Kt (G (G 1))

The exact and approximate solutions at (;,, 0 < m < N are denoted by [P(Cn)], =
[P(Gms 1), PGy )] and [p(Gn)]u = [P(Gmy 2), (G, )] respectively. The so-

lution is calculated by grid points at a = (p < (¢ < -+ < (» = b and
h="0 =G -G

Then, using the initial condition p(¢o) = p, (0, 1), P(Co) = Py (0, 1) and the fourth
order Runge - Kutta formula based on Contraharmonic Mean for (2)is as follows:
The exact solutions at (,,,, 1 is given by

P(Gr) % P(Gu) + 3 LG PG 1)

PlGns1) = Plon) + 5F LG PG 1)

The approximate solutions at (,,,; is given by

P(Gu) = BlGn) + 5 ElGns (G 9]

P(Gns1) = PlGn) + 3F G, 2o 1)

To implement this method, numerical approximation is needed to the fractional
derivative operator D'~ as in Lydia [2020] fuzzify it, then it becomes

~_ | — ~—[—
~— [ —  ~— [ —

|

F[Cmvp(gm N)] =

hé—l m

chféi(C’B(C’ 1), (¢, 1)) ~ m Z ¢im [ (G (G 1), (G5 1))
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. o _ héfl m N B
Dl 6f(<7]2(<7 :u)7p(<7 M)) =V Z ijf(CJ'J]_?(Cﬁ M)Jp(<j7 :U’))
(14 9) e
where the coefficients ¢;,,,, 7 = 0,1,2,...,m are obtained using the quadrature
rule

om®™t —m® 4+ (m—1)°, j=0
Cim =9 (m=j+1) =2(m—j)+(m-j-17 j=12..m-1

1, j=m

Clearly p(¢, ) and p(C, y1) converges to P(, 1) and P(¢, 1) whenever h — 0.

5 Numerical Examples

In this section, examples for linear and nonlinear FFDE is discussed using the
methodology of FFRK4RM and FFRK4CoM.

Example 5.1. Consider the linear triangular FIVP for fractional order
D¢, ) =p(Cp) +1, 0<d <1, pelo] (16)
subject to the initial condition, p(0, 1) = [0.2p — 0.2,0.2 — 0.24]

The Exact solution of (16) is
(¢, 1) = (0201 = 0.2) E5(C°) + ¢ 1 (¢°)

P(¢, 1) = (0.2 — 0.20) E5(¢°) + ¢° Es 541 (¢°)

Figure 1: Exact and FFRK4RM Solu- Figure 2: Exact and FFRK4CoM Solu-
tion for Example 1 for h = 0.1, ( =1 tion for Example 1 for h = 0.1, ( =1
and o =1 and o =1
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Figure 3:

Exact and FFRK4RM &

FFRK4CoM Solution for Example 1 for
h=0.1,(=1andd = 0.95
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Figure 5:

p

Exact and FFRK4RM &

FFRK4CoM Solution for Example 1 for
h=0.1,(=1andd = 0.75

—©— FFRKARM & FFRK4COM  5=0.95

— =0
- - Exact 5=0.95

Figure 4: Exact and FFRK4RM &
FFRK4CoM Solution for Example 1 for
h=20.01,( =1and 6 = 0.95

|+ FFRK4RM & FFRK4CoM  5=0.75
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Figure 6: Exact and FFRK4RM &
FFRK4CoM Solution for Example 1 for
h=0.01,( =1and 6 =0.75

FFRK4RM

FFRK4CoM

p(¢, 1)

p(¢, 1)

p(¢, 1)

p(¢, 1)

3.503367e-007

5.255050e-007

2.993491e-006

4.490236e-006

0.1

3.590951e-007

5.167466e-007

3.068328e-006

4.415399e-006

0.2

3.678535e-007

5.079882e-007

3.143165e-006

4.340561e-006

0.3

3.766119e-007

4.992298e-007

3.218002e-006

4.265724e-006

0.4

3.853703e-007

4.904713e-007

3.292840e-006

4.190887e-006

0.5

3.941288e-007

4.817129e-007

3.367677e-006

4.116050e-006

0.6

4.028872e-007

4.729545e-007

3.442514e-006

4.041212e-006

0.7

4.116456e-007

4.641961e-007

3.517351e-006

3.966375e-006

0.8

4.204040e-007

4.554377e-007

3.592189¢-006

3.891538e-006

0.9

4.291624e-007

4.466793e-007

3.667026e-006

3.816701e-006

4.379208e-007

4.379208e-007

3.741863e-006

3.741863e-006

Table 1: Absolute Error between FFRK4RM and FFRK4CoM of Example 1 for A = 0.1, { = 1
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FFRK4RM

FFRK4CoM

(¢, 1)

p(¢, 1)

(¢, 1)

p(¢, 1)

7.016838e-003

1.052526e-002

7.020171e-003

1.053026e-002

0.1

7.192259e-003

1.034984e-002

7.195676e-003

1.035475e-002

0.2

7.367679e-003

1.017441e-002

7.371180e-003

1.017925e-002

0.3

7.543100e-003

9.998994¢e-003

7.546684e-003

1.000374e-002

0.4

7.718521e-003

9.823573e-003

7.722189e-003

9.828240e-003

0.5

7.893942e-003

9.648152e-003

7.897693e-003

9.652736e-003

0.6

8.069363e-003

9.472731e-003

8.073197e-003

9.477231e-003

0.7

8.244784e-003

9.297310e-003

8.248701e-003

9.301727e-003

0.8

8.420205e-003

9.121889e-003

8.424206e-003

9.126223e-003

0.9

8.595626¢-003

8.946468e-003

8.599710e-003

8.950719¢-003

8.771047e-003

8.771047e-003

8.775214e-003

8.775214e-003

Table 2: Absolute Error between FFRK4RM and FFRK4CoM of Example 1 for h =

& §=0.95

0.1,¢=1

FFRK4RM

FFRK4CoM

p(¢, 1)

p(¢, 1)

p(¢, 1)

p(¢, 1)

4.280237e-002

6.420356e-002

4.281712e-002

6.422568e-002

0.1

4.387243e-002

6.313350e-002

4.388755e-002

6.315525e-002

0.2

4.494249e-002

6.206344e-002

4.495798e-002

6.208483e-002

0.3

4.601255e-002

6.099338e-002

4.602841e-002

6.101440e-002

0.4

4.708261e-002

5.992332e-002

4.709883e-002

5.994397e-002

0.5

4.815267e-002

5.885326e-002

4.816926e-002

5.887354e-002

0.6

4.922273e-002

5.778320e-002

4.923969e-002

5.780311e-002

0.7

5.029279e-002

5.671314e-002

5.031012e-002

5.673269e-002

0.8

5.136285e-002

5.564308e-002

5.138055e-002

5.566226e-002

0.9

5.243291e-002

5.457302e-002

5.245097e-002

5.459183e-002

5.350297e-002

5.350297e-002

5.352140e-002

5.352140e-002

Table 3: Absolute Error between FFRK4RM and FFRK4CoM of Example 1 for h = 0.1, { = 1

& 6 =0.75
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Example 5.2. Consider a nonlinear trapezoidal FIVP for fractional order
Dep(¢) = 2p(¢) — 5*(¢) + 1,

subject to the initial condition p(0) = [0.75 + 0.1y, 1.125 — 0.1254]

The exact solution for (17) is p(t) =

(7)

PO((A+V2)eVZ Va2V 1 e o

B(0)(e2V26—1) 4 (1/2—1)e2V2 41/241

FFRK4RM

FFRK4CoM

p(¢, 1)

p(¢, 1)

p(¢, 1)

p(¢, 1)

1.376584¢-006

2.304300e-007

1.007102e-005

1.212671e-005

0.1

1.341864e-006

2.372080e-007

1.015498e-005

1.212002e-005

0.2

1.307424e-006

2.439957e-007

1.023728e-005

1.211324e-005

0.3

1.273258e-006

2.507932e-007

1.031792e-005

1.210638e-005

0.4

1.239362e-006

2.576005e-007

1.039691e-005

1.209943e-005

0.5

1.205730e-006

2.644176e-007

1.047423e-005

1.209238e-005

0.6

1.172358e-006

2.712445e-007

1.054991e-005

1.208525e-005

0.7

1.139241e-006

2.780813e-007

1.062394e-005

1.207803e-005

0.8

1.106374e-006

2.849278e-007

1.069632e-005

1.207073e-005

0.9

1.073753e-006

2.917843e-007

1.076707e-005

1.206333e-005

1.041373e-006

2.986507e-007

1.083618e-005

1.205584e-005

Table 4: Absolute Error between FFRK4RM and FFRK4CoM of Example 2 for h = 0.1, = 1
&d=1

0=10.95

0=0.75

FFRK4RM

FFRK4CoM

FFRK4RM

FFRK4CoM

p(¢, 1)

p(¢, 1)

p(Cp) | B¢ p)

p(¢, 1)

p(¢, 1)

p(Cp) | B¢ p)

2.184525

2.267603

2.184537 | 2.267615

2.134656

2.214349

2.134673 | 2.214366

0.1

2.187265

2.267155

2187277 | 2.267167

2.137047

2.213872

2.137064 | 2.213889

0.2

2.189969

2.266706

2.189981 | 2.266718

2.139421

2.213395

2.139438 | 2.213412

0.3

2.192637

2.266255

2.192649 | 2.266267

2.141777

2.212917

2.141794 | 2.212934

0.4

2.195271

2.265803

2.195282 | 2.265815

2.144115

2.212439

2.144132 | 2.212456

0.5

2.19787

2.26535

2.197882 | 2.265363

2.146436

2.211959

2.146453 | 2.211977

0.6

2.200436

2.264897

2.200449 | 2.264909

2.148741

221148

2.148758 | 2.211497

0.7

2.20297

2.264441

2.202982 | 2.264454

2.151029

2.21100

2.151046 | 2.211017

0.8

2.205472

2.263985

2.205485 | 2.263997

2.153301

2.210519

2.153318 | 2.210536

0.9

2.207943

2.263528

2.207955 | 2.26354

2.155558

2.210037

2.155575 | 2.210054

2.210384

2.263069

2.210396 | 2.263081

2.157799

2.209555

2.157816 | 2.209572

Table 5: Approximate solution for FFRK4RM and FFRK4CoM of Example 1 for 6 = 0.95,
§=0.75at¢ = 1.

65




R. G. Sharmila, S. L. Savla

g s & 8 8 8

Figure 7: Exact and FFRK4RM & Figure 8: Exact and FFRK4RM &
FFRK4CoM Solution for Example 5.2 FFRK4CoM Solution for Example 5.2
forh=01,(=1andd =1 forh=01,(=1andd =1

Figure 9: FFRK4RM & FFRK4CoM Figure 10: FFRK4RM & FFRK4CoM
Solution for Example 5.2 for h = 0.1, Solution for Example 5.2 for h = 0.1,
(=1land 6 =0.95 (=1land 6 =0.75

6 Conclusion

FFRK4RM and FFRK4CoM have been effectively utilized in this paper for
both linear and nonlinear FFIVPs. When the derivative is in fractional order,
FFRK4RM and FFRK4CoM almost offer the same result. However, when the
derivative order is an integer, FFRK4RM performs better than FFRK4CoM in
terms of result. FFRK4RM and FFRK4CoM both methods are given the best
result compare with the max-min improved Euler methods. The computational
load will be reduced by using the Octave program. The tables and figures show
the proposed method is how effectively approaches the exact result very closely
as the step size gets smaller. The absolute errors of linear and nonlinear FFIVPs
are investigated graphically and numerically for various values of ¢ in order to
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evaluate the dependability and efficiency of the suggested approach. The analysis
of the 2D plots and tables for various values of § confirms that the approximate
solution converges quickly to the exact solution.

The benefits of using these techniques are:

e The problem does not need any small or big parametric assumptions.

e Both weak and highly nonlinear problems can be solved using these tech-
niques.

e The suggested approaches generate solutions without perturbation, lineariza-
tion, or discretization, as opposed to other analytical approximation meth-
ods.

e He’s and Adomian polynomials are not required for solving nonlinear prob-
lems.

It may be inferred that the suggested approaches are rapid, exact, and simple to
apply and produce excellent outcomes. As fractional order differential systems
in uncertain environments, these methods have been used in the future for many
significant applications in engineering and science.
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In this paper, we investigate approximate fixed point results for ratio-
nal contraction mappings in a metric space. This manuscript’s inten-
tion is to demonstrate approximate fixed point results and the diam-
eter of the approximate fixed point results on metric spaces. Particu-
larly, we use some rational contraction mappings, which were mainly
discussed in Dass and Gupta [1975] and Jaggi [1977]. A few ex-
amples are included to illustrate our results. Also, we discuss some
applications of approximate fixed point results in the field of mathe-
matics rigorously.
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1 Introduction

Researchers from several fields have contributed to the growth of science and
technology by employing fixed point theory. Large-scale problems requiring fixed
point theory are highly esteemed for their lightning-fast solutions. As a result, in
recent years, many scholars have focused on developing fixed point theory ap-
proaches and have provided various useful techniques for discovering fixed points
in complex issues. These are currently crucial in many mathematics related areas
and applications, including economics, astronomy, dynamical systems, decision
theory, and parameter estimation. The father of fixed point theory, mathemati-
cian Brouwer [1911], proposed fixed point theorems for continuous mappings
on finite dimensional spaces. In 1922, Banach [1922] established and confirmed
the renowned Banach cotraction principle. Then, using contractive mappings on
metric spaces, various experts extended the Banach principle and proved more
complicated fixed point results. Kannan (refer, Kannan [1968], Kannan [1969])
established a fixed point results for operators that are not required to be continu-
ous. Chatterjea [1972] has investigated and presented a similar type of fixed point
results. The author, Zamfirescu [1972], combined the above two contractions and
derived his fixed point results. Ciric [1971] invented generalized contractions and
found some fixed point theorems by using them. Further, Reich [1971], introduced
his contraction operator and proposed fixed point findings. Subsequently, authors
Hardy and Rogers [1973] introduced a new contraction known as the Hardy and
Rogers contraction, and they derived some fixed point results. Similarly, Bian-
chini [1972] proved fixed point theorem by using another contraction mapping.
The unique fixed point theorem for weakly B-contraction mapping was proved
by Marudai and Bright [2015]. Additionally, some fixed point theorems for con-
vex contraction mappings and mappings with convex diminishing diameters were
proposed by Istratescu [1982] and Istratescu [1983]. Recently, many authors ex-
paneded these results and proved some innovative theorems (see, Mitrovic et al.
[2019], Shahrazad et al. [2011]). The first scholars to investigate a generalisa-
tion of the Banach fixed point theorem while simultaneously using a contractive
condition of the rational type were Dass and Gupta [1975]. In the similar manner,
Jaggi [1977] used a contractive condition of the rational type to prove a fixed point
theorem in complete metric space. Then, Harjani et al. [2010] expanded Jaggi’s
findings to partially ordered metric spaces. Later, some results that focused on
coupled random fixed point theorems for mappings satisfying a contraction con-
dition of rational type on partially ordered metric spaces were derived by Ciric
et al. [2012]. Rational contraction conditions have been heavily employed in both
the fixed point and common fixed point locations. Due to the complexity of find-
ing an exact fixed point, one can show the results of an approximate fixed point.
Because an exact fixed point has overly strict limitations. This is the main rea-
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son to find an approximate fixed point (e-fixed point). Assume that a selfmap,
T : K — K, has an approximate fixed point (called, #y). In which case, the
point Kt is ”very near” to the point ¢,. Here, the distance is less than €, that is.,
d(Kto,ty) < e. An approximate fixed point is a point that is nearly located at
its respective fixed point. Originally, Tis et al. [2003] established the existence
of approximate fixed points, which turn out to be still guaranteed under various
weakened versions of the well-known fixed point theorems of Brouwer, Kakutani,
and Banach. Moreover, they studied approximate fixed point results for contrac-
tion and nonexpansive mappings (refer to Theorems 2.1, 2.2, 3.1 and 4.1, respec-
tively). Following that, Berinde [2006] proposed approximate fixed point results
(Qualitative theorems) by using various operators on metric spaces (not neces-
sarily complete). Further, he derived the diameter of the approximate fixed point
results (Quantitative theorems) by using two main lemmas (refer, Berinde [2002]
and Berinde [2003]). Also, Dey and Saha [2012] extended these results, and they
explained that the diameter of approximate fixed points for the Reich operator
tends to zero when € approaches zero. Further, the authors (refer, Mohsenialhos-
seini [2017], Mohsenalhosseini et al. [2011]) considered some new approximate
fixed point results for cyclical contraction mappings. Additionally, Mohsenalhos-
seini and Saheli [2021] extended these results for a family of contraction mappings
and showed the existence of a common fixed point for Mohseni-Saheli mapping.
Also, the authours Tijani and Olayemi [2021] proved approximate fixed point re-
sults by using some rational contraction mappings. In this manuscript, we derive
some results, which include approximate fixed point theorems and diameters of
approximate fixed point theorems on metric spaces (not necessarily complete), by
using some rational contraction mappings, which were discussed mainly in Dass
and Gupta [1975] and Jaggi [1977].

The remaining parts of this manuscript are presented as follows: In Section
2, some definitions and lemmas are recalled from previous literature. In Section
3, we propose the main results of this work, where the existence and diameter of
approximate fixed points are rigorously discussed. In Section 4, we discuss and
prove some applications related to approximate fixed points in the field of applied
mathematics. Finally, in Section 5, we present some conclusions.

2 Preliminaries

In this section, we present some fundamental definitions and lemmas of ap-
proximate fixed point results, which are then employed throughout the remainder
of the main findings of this manuscript.
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Definition 2.1. Berinde [2006] Let (K, d) be a metric space and T : K — K,
€ > 0. Then t € K is said to be an approximate fixed point (e-fixed point) of K if

d(t, Kt) <e.

Let F.(K) = {t € K : d(t, Kt) < €} denotes the set of all e-fixed points of K for
a given € > Q.

Definition 2.2. Berinde [2006] Let T' : K — K. Then K has the approximate
fixed point property (a.f.p.p) if for all € > 0,

F.(M) # 0.

Lemma 2.1. Berinde [2006] Let (K, d) be a metric space, T : K — K such that
K is asymptotic regular, that is., d(K™(t), K"™(t)) — 0asn — oo, forallt €
K. Then, forall ¢ > 0,

F.(K) # 0.

Definition 2.3. Berinde [2006] Let (K, d) be a metric space, T : K — K a
operator and € > 0. We define the diameter of the set F.(K), that is.,

A(F(K)) = sup{d(t,r) : t,r € F.(K)}.

Lemma 2.2. Berinde [2006] Let (K,d) be a metric space, T : K — K an
operator and € > 0. We assume that:

(i) F(K) #0;

(ii) for all 6 > 0, there exists ¢(6) > 0 such that
d(t,r) — d(Kt, Kr) < 0 implies that d(t,r) < ¢(0), forall t,r € F.(K).

Then;
A(F(K)) < ¢(2e).

Definition 2.4. Tijani and Olayemi [2021] Consider a selfmap ¢ : R, — R,.
Then  is said to be a comparison mapping if it satisfies the following conditions:

(i)  is monotone increasing mapping, and
(ii) ¢"(t) convergesto 0 asn — +oo, forallt € R,.

Furthermore, we prove the following result, which is necessary to demonstrate
the main findings of this manuscript:

Theorem 2.1. Let (K, d) be a metric space and let'T : K — K be a contraction.
Then K has an approximate fixed point (e-fixed point).
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Proof. Fix ky € K and a sequence {k,} is defined by k,.; = Kk,, for all
n > 0. This implies {k,} is a Cauchy sequence. Thus, for all ¢ > 0 there exist
ko € N such that for every ¢,r > ko implies d(k, k) < €. In particular, if
n > ko, d(kn, kny1) < €. Thatis, d(k,, Kk,) < €. Therefore, k, € F.(K) # (),
for all € > 0. Hence, K has an approximate fixed point (e-fixed point). [

Example 2.1. Let K = (0, 1) and a selfmap T : K — K is defined by Kk = k /2.
Then, K is a contraction. Since (0, 1) is not complete and hence K does not have
a fixed point. But {k,} is defined by k.., = Kk, with kg = 1/2. Note that
kny1 = 1/2"72 Then, F.(K) # 0, for all ¢ > 0. Hence, K has an e-fixed point.

3 Main Results

In this section, we prove some approximate fixed point results for various
rational type contraction mappings on metric spaces.

Theorem 3.1. Let (K, d) be a metric space and T : K — K. Then there exists
v, €10, 1) withv+p < 1such that d(t, Kt)+d(r, Kr) # 0 and forall t,r € K
such that

v[d(t, Kt)d(t, Kr) + d(r, Kr)d(r, Kt)]

d(Kt, Kr) <
(e, Kr) < d(t, Kr) + d(r, Kt)

+ pd(t, ).

Prove that K has an approximate fixed point (e-fixed point) and

W+ +6v—6p—2vp+9)+e(v+p+1)
2(1 = p)

Proof. Lete > 0,ty € K and a sequence {t, } is defined by ¢,,,1 = Kt,, foralln >
0. Consider,

A(F(K)) < , forall e > 0.

d(K"t, K"t) = d(K (K™ 't), K(K™t))
, d(K" %, K"t)d(K"'t, K" 't) + d(K™t, K""t)d(K"™t, K"t)
- d(Kn=tt, Kntit) + d(K"t, K"t)
+ pd(K" ', K™t)
<wvd(K" ', K"t) + pd(K" 't, K"t)
< M(K™'t, K"t), where A\ = (v + p)
< NA(K" %t K™ ')

< \"d(t, Kt)
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Since d(K"t, K"*'t) — 0 as n — +oo, for all {,7 € K. This implies that
{t,} is a Cauchy sequence. By Theorem 2.1, F,(K) # ), forall ¢ > 0. That is,
K has an e-fixed point. Clearly condition (i) of Lemma 2.2 is proved. Now only
to prove, the condition (i) of Lemma 2.2. For that, take # > O and ¢,r € F.(K).
Assume also that d(¢,r) — d(Kt, Kr) < . Show that ¢(f) > 0 exists. Consider,

d(t,r) < d(Kt,Kr)+6

[d(t, Kt)d(t, Kr) + d(r, Kr)d(r, Kt)
i d(t, Kr) +d(r, Kt)
_d(t, K[d(t,r) + d(r, Kr)] 4 d(r, Kr)[d(t, r) 4 d(t, Kt)]

7 d(t,r) + d(r, Kr) + d(t,r) + d(t, K1) + pud{f, )+ 2¢
—v _dd(t’ T)QZ(‘?’ ;r) idz(? )t 6]} + pd(t,r) + 2

_ 2wed(t,r) 4 2v€® + 2ped(t, r) + 2pu[d(t, r)]? + ded(t,r) + 4€?

B 2d(t,r) + 2e¢

<v

} + pd(t,r) + 2¢

Which implies that

2[d(t,)]* + 2ed(t, )
= 2wed(t,r) + 2v€® + 2ued(t,r) + 2u[d(t, r)]* + 4€* + ded(t, )

That is,
2[d(t, r)]* — 2u[d(t, r)]* + 2€d(t,7) — 2ved(t,r) — 2ued(t,r) — ded(t,r)
= 2ve® + 4é?
(2 = 2p)[d(t, r)]* — (2¢ 4 2ue + 2ve)d(t,r) = 2¢* (v + 2)

Thus, we have a = (2 — 2u), b = —(2¢ + 2ue + 2ve) and ¢ = —2€*(v + 2).
Therefore,

26 + 2pu€ + 2ve + /(26 + 2ue + 2ve)? + 4(2 — 2u) (2ve® + 4e?)
d(t,r) <
4—4p
4€® + 4pe® + 42 € + 8ue + Svue® + Sve?
+ 16v€® 4 32€% — 16v e — 324u€?

2e+2ue+21/e+\/

41— p)
 2e+ 2p€ + 2ve + /36€% + 4pPe? + dv2e® — 24pe® — Bupe? + 24ve
41— p)
2(€ + pe + ve) + 24/9€2 + p2e? + v2e2 — e — 2vpe® + el
41 = p)
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_€ + pe + ve + 9% + p?e + 12 — 6ue? — 2upue® + 6re?

2(1 = p)
O+ P+ — 6 —2up+6v) +e(v 4 p+ 1)
2(1 - p)
Hence,

2(1? + p? + 6v — 6 — 2 9 1
A(F.(K)) < W F 1+ 6v = 6p T )W rtD ratte s o
2(1 - p)

O

Example 3.1. Let (K, d) be a metric space. Let K = (0,1/2] be endowed with
usual metric. Let T : K — K be defined by Kt = t/2, forallt € K. For that,
choose v = 0.25, 4 = 0.2 and ¢ = 0.5. Alsot = 0.5,r = 0.25 € K. Then,
d(t, Kt) = 0.333 < 0.5, d(r, Kr) = 0.125 < 0.5. We have d(t,r) = 0.25 and

W2+ 2 +6v—6p—2vp+9)+e(v+pu+1)
2(1 = p)

A(F.(K)) < = 1.907.

Hence, Theorem3.1 is satisfied.

Theorem 3.2. Let (K, d) be a metric space and T : K — K. Then there exists
v, € [0,1) withv + p < 1 such that 1 + d(t,r) # 0 and for all t,r € K implies
that

vd(r, Kr)[1+ d(t, Kt)]
diKt, Kr) < 1+ d(t,r)

+ pd(t,r).

Prove that K has an approximate fixed point (e-fixed point) and
- 2¢2(v —vp+ 1) +e(2v — 2u — 2vp + 3)
L—p
Proof. Lete > 0,1ty € K and a sequence {t,,} is defined by t,,,; = Kt,, foralln >
0. Consider,
d(K™t, K"™'t) = d(K (K" 't), K(K"t))
d(K™t, K" [1 + d(K" ', Kt))
1+ d(K"1t, Kt)

A(F(K))

, forall e > 0.

+ pd(K™ ', K™t)

< vd(K"™t, K"™'t) + pd(K"'t, K"t)

< M(K™ ', K™t), where A = 1 a
— UV

< NA(K™ %, K™ ')

< \"d(t, Kt)
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Since d(K™t, K"*'t) — 0 as n — o0, for all t,r € K. This implies that
{t,} is a Cauchy sequence. By Theorem 2.1, F,(K) # ), forall ¢ > 0. That is,
K has an e-fixed point. Here, as in the previous Theorem 3.1, we have

d(t,r) < d(Kt,Kr)+6
_ vd(r, [ii)r[;(; igt’ Kol pd(t,r) + 26
_ vell + ¢
C1+d(t,r)
ve + ae? + pd(t,r) + pld(t,7))* + 2ed(t,r) + d(t, )
1+ d(t,r)

+ pd(t,r) + 2e¢

Which implies that

d(t,r) + [d(t,7)]* < ve+vet + ud(t,r) + p[d(t,r)]* + 2ed(t,r) + 2¢
d(t,r) + [d(t,r)]* — pd(t,r) — pld(t,7)]* — 2ed(t,r) < ve* + ve + 2¢

(1 — w)[d(t,m)]* + (1 — p— 2€)d(t,r) < ve* + ve + 2¢

Thus, we have @ = (1 —p), b = (1 —pu—2¢) and ¢ = —(ve? + ve+ 2¢). Therefore,

—(1—p—2€) £ /(1 — pu—26)2+4(1 — p)(ve® + ve + 2¢)
2(1 = p)

1 — p® +4€% — 2u + 4dpe — de + 4ve® + dve
—1+p+2e+ : e
+ 8e — dvpe” — dvpe — Sue

d(t,r) <

<
B 2(1 = p)
1 — p? = 2u+ 4€® + dve® + 4de
+ dve + dvpe” — dvpe — 4dpue
<
- 2(1—p)
— 14 p 426+ 14 p? — 20+ 4€® + dve® + de
+ dve — dvpe — dvpe — dpe
<
2(1 = p)
= p 414 v —vp) + 23+ 20 — 2up — 2p)
2(1 = p)
- 462 (1 + v —vp) + 2¢(2v — 2u — 2vp + 3)
2(1 = p)
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_ e(v—vu+ )‘i‘le(’/ K Vi ),foralle>0.
—

]

Theorem 3.3. Let (K, d) be a metric space and T : K — K. Then there exists
v € [0,1) such that d(t, Kt) + d(r, Kr) # 0 and for all t,r € K implies that

d(t, Kt)d(t, Kr) + d(r, Kr)d(r, Kt)

d(Kt, Kr) <
(Kt, Kr) < d(t, Kr)+d(r, Kt)

Prove that K has an approximate fixed point (e-fixed point) and

(W +6v+9)+e(v+1)
2

A(F(K)) < , forall e > 0.

Proof. Lete > 0,ty € K and a sequence {t, } is defined by ¢,,,1 = Kt,, foralln >
0. Consider,

d(K™t, K"™'t) = d(K (K" 't), K(K"t))
I/d(K”‘lt, K™)d(K™ ', K"™'t) + d(K™t, K" 't)d(K"t, K™t)
- d(Kn=1, K™Ht) 4+ d(K"t, K™t)
d(K"'t, K"t)d(K"'t, K"*'t)
d(K=1t, Kn+1t)
=vd(K"'t, K"t)
< V(K" %, K™ 't)

< v"d(t, Kt)

Since d(K"t, K"™'t) — 0 as n —» +oo, for all t,7 € K. Which implies that
{t.} is a Cauchy sequence. By Theorem 2.1, F.(K) # 0, forall € > 0. That is,
K has an e-fixed point. Here, as same as in previous Theorem 3.1, we have

d(t,r) < d(Kt,Kr)+46
< v[d(t, Kt)d(t, Kr) + d(r, Kr)d(r, Kt)]
= d(t, Kr) + d(r, Kt)
_ vele + d(t,r)] + vele + d(t,r)] +9e
2¢ +2d(t,r)
ve? +ved(t,r) + ve* +vd(t,r) + 4€* + 4ed(t, )
2¢ + 2d(t,r)

+ 0
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Which implies that

2[d(t,7)])? + 2ed(t,r) — 2wed(t,r) — ded(t,r) = 2ve® + 4é

2[d(t, )] — 2e(v + 1)d(t,7) = 26*(v + 2)

Thus, we have a = 2, b = —2¢(v + 1) and ¢ = —2¢2(v + 2). Therefore,

dt.r) < 2e(v+1)+ \/462(y4+ 1)2 + 16€2(v + 2)
2¢(v + 1) + \/4e2(12 + 1 + 2v) + 16€2v + 32¢>
4
2e(v + 1) + V4e202 + 4e2 + 8e2v + 1662 + 32¢>
4
2¢(v + 1) + V4e2v? + 36€2 + 24€%v
4
2e(v + 1) + 2V €202 + 9€2 + 6e2v
4
v+ €+ 2% + 9€% + 6e*v
2
W +6r+9)+e(v+1)
2

Hence,

W2 +6v+9)+elv+1)
2

A(F(K)) < , forall e > 0.
O

Corolary 3.1. Let (K,d) be a metric space and T : K — K. Then there exists
v € 10,1) such that d(t, Kt) + d(r, Kr) # 0 and for all t,r € K implies that

d(t, Kt)d(t, Kr) + d(r, Kr)d(r, Kt)
d(Kt,Kr) < V.max{ At K+ d(r ) ,d(t,r)}.

Prove that K has an approximate fixed point (e-fixed point) and

EW*+6v+9)+e(v+1) 2e
2 1—v

A(F(K)) < maa:{ }, forall e > 0.

Proof. The same proof of above Theorem 3.3 completes this corollary. ]
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Example 3.2. Let (K, d) be a metric space. Let K = (0,1/2] be endowed with
usual metric. Let T : K — K be defined by Kt = t/22, forallt € K. To show
that the corollary 3.1 is satisfied. For that choose v = 0.25 and € = 0.5. Also
t =0.5,7=0.25 € M. Then, d(t, Kt) = 0.333 < 0.5;d(r, Kr) = 0.125 < 0.5.
We have d(t,r) = 0.25 and

W2 +6v+9)+ev+1)
2
Hence, Theorem 3.3 and Corollary 3.1 are satisfied.

A(F.(K)) =0.25 < — 1.633.

Theorem 3.4. Let (K, d) be a metric space and T : K — K. Then there exists
v, € [0,1) and for all t,r € K such that
d(t, Kt)d(r, Kr)

d(t,r)

Prove that K has an approximate fixed point (e-fixed point) and
(p—vu+1)+e
1—-v
Proof. Lete > 0,t, € K and asequence {t,,} is defined by t,,,; = Kt,, foralln >

0. Consider,
d(K™t, K"'t) = d(K (K" 't), K(K"t))
pd(k™1 K™t)(K™t, K™'t)
d(Kn=1t, K"t)
=vd(K" ', K"t) + pd(K"t, K"'t)

= M(K" ', K"t), where \ = . v
—

d(Kt, Kr) <wvd(t,r) + p

A(F(K)) < , forall e > 0.

<vd(K" ', K™t) +

< Nd(K"%t, K™ 't)

< \'d(t, Kt)
Since d(K"t, K"™'t) — 0 as n — +oo, for all t,7 € K. Which implies that
{t,.} is a Cauchy sequence. By Theorem 2.1, F(K) # (), for all ¢ > 0. That is,
K has an e-fixed point. Here, as in the previous Theorem 3.1, we have
d(t,r) < d(Kt,Kr)+ 6
d(t, Kt)d(r, Kr)

=vd(t,r) + p atr)

+0

pue?

d(t,r)
~wfd(t, )] + pe? 4 2ed(t, r)
d(t,r)

=vd(t,r) + + 2¢
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On simplifying,
At ) = vld(t, P2 + pe? + 2ed(t, )
[d(ta r)]Q - V[d(ta T)]2 - 26d(t’ T) = MGQ

(1= )l PP — 2ed(t,r) =
Which implies that a = (1 — v), b = —2¢ and ¢ = —pue?. Therefore,
2¢ + \/4€2 + 4(1 — v) pe?

d(t,r) =

2(1 —v)

_ 2e+ \V/4€2 + dpe? — dvpe?

2(1 —v)

2+ 24/€2 + pe? — vpe?

2(1—-v)
€+ e+ ueQ — l//JGQ
1-v)
Hence,
AR < SHZPrE DT poiles o,

1—v
O

Corolary 3.2. Let (K,d) be a metric space and T : K — K. Then there exists
v €(0,1) and forall t,r € K such that

pd(t, Kt)d(r, Kr)
d(t,r)

Prove that K has an approximate fixed point (e-fixed point) and
A(F(K)) < é(1+p) +e, forall e > 0.

d(Kt,Kr) <

Proof. The same proof of Theorem 3.4 completes this corollary when v = 0. [

Theorem 3.5. Let (K, d) be a metric space and T : K — K. Then there exists
v, € [0,1) with d(r, Kr) + d(t,r) # 0 and for all t,r € K such that

d(t, Kt)d(t, Kr)d(r, Kr)
d(r, Kr) +d(t,r)

Prove that K has an approximate fixed point (e-fixed point) and

e +e36v—6p—2vp+8) + (P +v+1)+e(u+1)

2(1 = p)

d(Kt,Kr) <v pd(t,r).

A(F.(K)) <

,Ve > 0.
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Proof. Lete > 0,1ty € K and asequence {t,} is defined by t,,,1 = Kt,, foralln >
0. Consider,

d(K™'t, K"t) = d(K (K"t), K(K"'t))
d(K™t, K"H)d(K™t, K™)d(K™'t, K™t)
1%
— d(}'{n—l7 Kn+1t)
= pd(K"t, K" 't)
S Iuj2d(KTL71t’ KTL*Qt)

+ pud(K™t, K" 't)

< p'd(Kt,t)

Since d(K"t, K"™'t) — 0 as n —» oo, for all t,7 € K. Which implies that
{t,} is a Cauchy sequence. By Theorem 2.1, F.(K) # 0, forall ¢ > 0. That is,
K has an e-fixed point. Here, as in the previus Theorem 3.1, we have

d(t,r) < d(Kt, K1) + 0
d(t, Kt)d(t, Kr)d(r, Kr)
d(r, Kr) +d(t,r)
3
_ v Efi’gztj;)ye +opd(t, ) + 2¢
veld(t,r) +ved + pd(t,r) + pld(t,r))* + 263 + 2¢d(t,r)
e+d(t,r)

<

+ pd(t,r) + 0

That is,
(1= p)[d(t,r)]* = (ve® + pe + e)d(t,r) + ve’ 4 2€°

Which implies that a = (1 — p), b = —(ve? + pe + €) and ¢ = — (e + 2¢3).
Therefore,

ve? + pe + e £/ (ve2 + pe + €)2 +4(1 — p)(ved + 2€)

d(t,r) =
(&) 2(1 = p)
2 4 22 | 2 3 2
vie + pute” + e+ 2vue’ 4+ 2ue
ver + e+ € + s 3 s 3 ,u3 3 3
+ 2ve” 4 4ve® + 8¢® — dvue® — 8ue
a 2(1— p)
vt et e+ V2t + 22 + €2 — 2uped — 6jued + 6red + 8¢3
2(1 = p)
- ve? + e+ e + 2t + 12 + 2 — uue® — 6ued + 6ve® + 8e
2(1 = p)
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_ e +3(6r —6pu —2vpu+8) +2(ui+v+1)+e(p+1)
2(1 = p)

,Ve > 0.

]

Corolary 3.3. Let (K,d) be a metric space and T : K — K. Then there exist
v € [0,1) and ¢, a comparison mapping satisfying p(t) < t, for allt > 0. Also,
d(r, Kr) 4+ d(t,r) # 0 and for all t,r € K such that

d(t, Kt)d(t, Kr)d(r, Kr)
d(r, Kr) 4+ d(t,r)

d(Kt,Kr) < e(pd(t,r)).

Prove that K has an approximate fixed point (e-fixed point) and

e+ 3(6r —6pu—2vpu+8) +2(ui+v+1)+e(p+1)

A(F(K)) < , Ve > 0.
2(1 = p)

Proof. The same proof of Theorem 3.5 completes this corollary because compar-

ison mapping ¢(t) < ¢, forall ¢t > 0. O

4 Applications

Approximate fixed point theory covers a wide range of applications in mathe-
matics, particularly differential geometry, numerical analysis, and so on. By read-
ing Debnath et al. [2021], Khuri and Louhichi [2018] and references therein, one
can find a variety of applications involving approximate fixed point results in the
field of mathematics. The examples below demonstrate how to apply approximate
fixed point findings in differential equations.

Example 4.1. Consider I"(k) = 61%(k),0 < k < 1 subect to 1(0) = 1/4,1(1) =
1/9. Exact solution is ly(k) = —5k/36 + 1/4; Consider a mapping K : [0,1] —
[0, 1] is defined by

K()=1 +/0 Gk, s)[I"(s) — &(s,1(s),U'(s))]ds

—5k 1 !
36 4 ),
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Consider,

1
K (l;) — K(ly) ]—6’ / (k,s)li(s d8+/ G(k,s)l5(s)ds

_ (/ k;s]ds) (/01|l§(s)—lf(s)|2ds>;
([ - z%<s>\2ozs)é

< sup [l (s) — la(s)]

0,1]

| /\

Hence, K is a contraction operator. So, by Theorem 2.1, K has an e-fixed point.

l2
Example 4.2. Consider l"(s) = 5 2(8),0 < k < 1subectto1(0) =4,l(1) =
4
Exact solution is I(s) = m; Consider a mapping K : [0,1] — [0,1] by
s
1
K()=1 +/ G(k, s)[I"(s) — ¢(s,1(s))]ds (1)
0

Consider, l" (k) = 0 which implies

1K) = ek + ¢ 2)

By initial condition we have ¢y = 4 and ¢, = —3. Then (2) becomes l(k) =
—3k + 4. Therefore, from (1), we get

K(l)=—3k+4+

c\

G k,s)[l"(s) — ¢(s,1(s))]ds

1

= 3k+4+ | Gk, s)"(s ds—/Gks¢<sl(>)d

=-3k+4+ G s)ds

o\,.o
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Consider,

K (1)K ()] = \— / Gl o) 2 (5)ds + / G925
-5/ Gk 9B (s) — Bs)ds
([ o) [ o - 1%<s>|2dsr
§2(0k32(1—k)2ds+/k k(1 — s)*d ) [/ 15(s) — I3(s |ds]é
e
s;{“;%w k>]} [/ B(s) — (s >rdsr
<? {%} { / (s) - Z%<s>|2dsr

< ([ s - e
< L[ [ 186 - e

V3
< 'y sup |la(s) — I1(s)|
[0,1]

< sup [la(s) — 11(9)|
[0,1]

=

Hence, K is a contraction operator. So, by Theorem 2.1, K has an e-fixed point.

5 Conclusion

In this paper, some approximate fixed point theorems are established in metric
space by using various types rational contractions mappings. It is worth observing
that in the limiting case ¢ — 0, all the results established in the present paper
produces more restricted approximate fixed points. Since different findings deliv-
ered in the future might be shown in a smaller setting to ensure the existence of the
approximate fixed points. The same time the idea of an approximate fixed points
(e-fixed points) are therefore no less important than that of exact fixed points.
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Abstract

In this paper, we investigate some approximate fixed point results in
extended b-metric spaces using several contraction mappings such as
the Mohseni-Saheli contraction, the B-contraction, and their conse-
quences. Additionally, we prove some e-fixed point results by using
rational type contraction mappings, which were discussed mainly in
Dass and Gupta [1975] and Jaggi [1977]. Also, a few examples are in-
cluded to illustrate the results. Finally, we discuss some applications
that support our main results in the field of applied mathematics.
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1 Introduction

By using fixed point theory (f.p.t), researchers from many fields have con-
tributed to the progress of science and technology. Large scale problems requiring
f.p.t are highly esteemed for their lightning-fast solutions. As a result, in recent
years, many scholars have focused on developing f.p.t approaches and have pro-
vided various useful techniques for discovering f.p’s in complex issues. These are
currently crucial in many mathematics related areas and its applications, includ-
ing economics, astronomy, dynamical systems, decision theory, and parameter
estimation. The father of f.p.t, mathematician Brouwer [1908], proposed f.p the-
orems (f.p.t's) for continuous mappings on finite dimensional spaces. Further,
Banach [1922] established and confirmed the renowned Banach contraction prin-
ciple. Several authors used the Banach contraction principle in numerous ways
and presented numerous fixed point results ( f.p.r’s) [see, Bianchini [1972], Chat-
terjea [1972], Ciric [1971], Kannan [1968], Kannan [1969], Karapinar [2011],
Khan [1976], Reich [1971] & Zamfirescu [1972]]. On the other hand, the concept
of b-metric space was initiated by Bakhtin [1989], which was an interesting ex-
pansion of metric spaces. Recently, more and more extensions of b-metric spaces,
such as b, (s)-metric spaces and b-rectangular metric spaces, were introduced, and
some f.p.t's are shown on these spaces [ see, Mitrovi¢ and Radenovi¢ [2017],
Roshan et al. [2016]].

Due to the complexity of finding an exact f.p, one can show the results of
an approximate f.p (a.f.p). Because an exact f.p has overly strict limitations.
This is the main reason to find an a.f.p (e-fixed point). Assume that a selfmap,
T : M — M, has an a.f.p (called, py). In which case, the point Mp, is "very
near” to the point py. Here, the distance is less than ¢, that is., d(Mpg, py) < €.
An a.f.pis a point that is nearly located at its respective f.p. Originally, Tis et al.
[2003] established the existence of a.f.p’s, which turn out to be still guaranteed
under various weakened versions of the well-known f.p.t's of Brouwer, Kaku-
tani, and Banach. Moreover, they studied a. f.p.r’s for contraction and nonexpan-
sive mappings (refer to Theorems 2.1, 2.2, 3.1 and 4.1, respectively). Following
that, Berinde [2006] proposed a.f.p.r's (Qualitative theorems) by using various
contraction operators on metric spaces (not necessarily complete). Further, he
derived the diameter of the a.f.p.r's (Quantitative theorems) by using two main
lemmas (also, refer Berinde [2002] and Berinde [2003]). In addition to that, Dey
and Saha [2012] extended these results, and they explained that the diameter of
a. f.p for the Reich operator tends to zero when e approaches zero. Further, S. A.
M. Mohsenialhosseini (refer, Mohsenialhosseini [2017], Mohsenalhosseini et al.
[2011]) considered some new a.f.p.r’s for cyclical contraction mappings. More-
over, Mohsenalhosseini and Saheli [2021] extended these results for a family of
contraction mappings and showed the existence of a common f.p for Mohseni-
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Saheli mapping. Also, the authours Tijani and Olayemi [2021] proved a. f.p.r's
by using some rational contraction mappings. In this manuscript, we derive some
results, which include a.f.p.t's and diameters of a.f.p.t's on b-metric spaces, by
using some rational contraction mappings.

On the other hand, the first researchers to investigate a generalization of the
Banach f.p theorem while simultaneously using a contraction condition of the ra-
tional type were Dass and Gupta [1975]. Later, Jaggi [1977], used a contraction
condition of the rational type to prove a f.p theorems in complete metric spaces.
Moreover, rational contraction conditions have been heavily employed in both the
f.-p and common f.p locations. In this, we first provide f.p solutions utilizing
two contraction mappings, B-contraction mapping (refer to Marudai and Bright
[2015]), the Hardy and Rogers [1973] contraction mapping, and their associated
consequents. Secondly, we demonstrate the f.p.r’s in the setting of rational con-
traction mappings, which were discussed mostly in Dass and Gupta [1975] and
Jaggi [1977].

The remaining parts of this manuscript are displayed as follows: In Section
2, some basic notions, such as notations, definitions and lemmas, are recalled
from previous literature. In Section 3, we propose the main results of this work,
where the existence and uniqueness of a.f.p.r’s are rigorously discussed in b-
metric space. In Section 4, we go one step forward and provide some applications
of a.f.p. in the field of applied mathematics. Finally, in Section 5, we present
some conclusions.

2 Preliminaries

In this section, some notations and basic notions, such as fundamental defi-
nitions and lemmas, from earlier research are recalled. These are then employed
throughout the remainder of the main findings of this manuscript.

Definition 2.1. Boriceanu [2009] Let M be a non-empty set and b > 1 be a given
real number. A function d : M x M — R is called a b-metric provided that for
all p,q,r € M satisfies the following conditions.

(i) d(p,q) =0iff p= g
(ii) d(p,q) = d(q,p);
(iii) d(p,q) < bld(p,r) + (r,q)]

The pair (M, d) is called a b-metric space. Immediately from the notion of b-
metric space we have the result, every metric space is a b-metric space with b = 1.
But the converse does not hold.
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Example 2.1. Boriceanu [2009] Let M = {0, 1,2} and d(2,0) = d(0,2) = m >
2

d(0,1) = d(1,2) = d(1,0) = d(2,1) = 1 and

d(0,0) = d(1,1) = d(2,2) = 0

Then, d(p,q) < Z[d(p,r) + d(r,q)] for all p,q,r € M.

if m > 2 then the triangle inequality does not hold.

Definition 2.2. Berinde [2006] Let (M, d) be a metric space and T : M — M.
Then p € M is said to be an e-fixed point (approximate fixed point) of T, if for
every € > 0 implies

d(p,Tp) < e.

Let F(T) ={p € M : d(p,Tp) < €} denotes the set of all e-fixed point of T for
a given € > (.

Definition 2.3. Berinde [2006] Let T' : M — M. Then T’ has the approximate
fixed point property (a.f.p.p) if for every € > 0,

F(T) # 0.

Lemma 2.1. Berinde [2006] Let A be a closed subset of a metric space (M, d)
and T : A — M be a compact map. Then T has a fixed point if and only if it has
the approximate fixed point property.

Remark 2.1. Berinde [2006] In the following, by 6(A) for a set A # () we will
understand the diameter of the set A, i.e.,

6(A) = sup{d(p.q) : p,q € A}.

Definition 2.4. Berinde [2006] Let (M, d) be a metric space, T : M — M a
operator and € > (. We define the diameter of the set F.(T), i.e.,

F(T) = sup{d(p,q) : p,q € F.(T)}.

Lemma 2.2. Berinde [2006] Let (M,d) be a metric space, T : M — M an
operator and € > 0. We assume that:

(i) F.(T) # 0; and

(ii) forall 8 > 0, there exists ¢(6) > 0 such that d(p,q) — d(Tp,Tq) < 6
implies that d(p,q) < ¢(0), forall p,q € F(T).

Then;
6(Fe(T)) < ¢(2¢).
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Definition 2.5. Mohsenalhosseini and Saheli [2021] Let (M,d) be a b-metric
space with coefficient b > 1. A selfmap T' : M — M is said to be a Mohseni-
saheli type contraction if there exists ky € [0, 1) with k(b + 1) < 1 such that

d(Tp,Tq) < ki[d(p, q) +d(T'p, Tq)], forall p,q € M.

Definition 2.6. Marudai and Bright [2015] Let (M, d) be a b-metric space with
coeficient b > 1. A selfmap T : M — M is said to be a B-contraction if there
exists ky, ko, ks € [0, 1) with ky(b+ 1) 4 bky + b(b+ 1)ks < 1 such that

d(Tp,Tq) < ki[d(p, Tp) + d(q, Tq)] + ka2d(p, q)
+ ksld(p, Tq) + d(q, Tp)], for all € M.

Definition 2.7. Bianchini [1972] Let (M, d) be a b-metric space. A selfmap T :
M — M is said to be a Bianchini contraction if there exists k € (0,1) with
kb < 1 such that

d(Tp,Tq) < kB(p,q),

where
B(p,q) = max {d(p,Tp),d(q,Tq)}, forallp,q € M.

3 Main Results

In this section, we prove the approximate fixed point theorems using various
types of contraction mappings, including the B-contraction, the Mohseni-Saheli
contraction, and their consequences on b-metric spaces.

Theorem 3.1. Let (M, d) be a metric space and let'T : M — M be a contraction.
Then T has an approximate fixed point (e-fixed point).

Proof. Fix py € M. Define a sequence {p,,} by p,+1 = T'p,, for all n > 0. Then
{pn} is a Cauchy sequence. Thus for all € > 0 there exist no € N such that for all
n,m > ng implies d(py,, pm) < €. In particular, if n > ng, d(pp, pni1) < €. That
is, d(pn, Tpn) < €. Therefore, p, € F.(T) # 0,forall ¢ > 0. Hence T has an
approximate fixed point (e-fixed point). [

Example 3.1. Ler M = (0,1). A selfmap T : M — M is defined by Tp = p/2.
Then T is a contraction. Since (0, 1) is not complete and hence T does not have
a fixed point. But {p,} is defined by p,y1 = Tp, with po = 1/2. Note that
Pni1 = 1/2"2 Then, F.(T) # 0, for all ¢ > 0. Hence T has an e-fixed point.

Following is the Mohseni-saheli contraction mapping considered here to prove
our first a. f.p theorem in a b-metric space.
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Theorem 3.2. Let T : M — M be a Mohseni-saheli contractive type mapping in
a b-metric space with b > 1. Then T has an e-fixed point and

S(ET)) < 2¢(1 + k1b)

= m,fOT&lllﬁ > 0.

Proof. Given that T" is a Mohseni-saheli type contraction mapping. Let € > 0 and
po € M. Define a sequence {p, } such that p, ., = T'p,, for all n > 0. Consider,

d(T"p, T 'p) = d(T(T" 'p), T(T"p))
< kyd(T" 'p, T™p) + kyd(T"p, T ' p)

< acrr ™
< (24 ) der )

Ky
1—Fk

= \(T" 'p, T"p), where \ =
< Nd(T"p, T 'p)

< XN'd(p,Tp)

Since d(T"p, T"'p) — 0 asn — oo, forall p € M. i.e., {p,} is a Cauchy
sequence, by Theorem 3.1, F.(T') # (). That is, T has an e-fixed point. It shows
that the condition (i) of Lemma 2.2 is satisfied. Now only to show that the con-
dition (77) of Lemma 2.2 holds. Let # > 0 and p,q € F.(T). Assume that
d(p,q) —d(Tp,Tq) < 6. Show that ¢(¢) > 0 exists.

d(p,q) < d(Tp,Tq)+ 0
< kid(p, q) + k1d(Tp, Tq) + 0
< kid(p, q) + k:1b[d(Tp,p) + d(p,q) + d(q, Tq)] + 0

[ 2kibe+0
O\ —ky — kb
=7
So, for all # > 0, there exists ¢(f) = ~ > 0 such that d(p,q) — d(Tp,Tq) <

0 implies d(p,q) < ¢(6). By Lemma 2.2, §(F.(T)) < ¢(2¢), forall ¢ > 0.
Hence,

S(r(T)) < 20+ Rb)

———*  forall )
S Py ——s oralle >0
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Following is the B-contraction mapping considered here to prove our second
a.f.p.t in a b-metric space.

Theorem 3.3. Let T : M — M be a B-contraction in a b-metric space with b >

2€(ky + ksb+ 1
1. Then T has an e-fixed point and 6(F.(T)) < €1< 1]:_ > 2/1_19 ) , forall e > 0.
— kg — 2R3

Proof. Given that T' is a B-contraction operator. Let € > 0 and py € M. Define a
sequence {p, } such that p, ;1 = T'p,,, for all n > 0. Consider,
d(T"p, T"'p) = d(T(T""'p), T(T"p))
< ku[d(T™ ', T"p) + d(T"p, T 'p)] + kod(T™p, T" *p)
+ ks[d(T™'p, T p) + d(T"p, T™p)]
< by [d(T™ ', T™p) + d(Tp, T 'p)] + kod(T™ p, T"p)
+ kabd(T"'p, T"p) + d(T"p, T"*'p)]

k1 + ko + ksb 1
< | ———— ) d(T" ™

_ k1 + ko + ksb
= Nd(T" p. T" here \ = — =~
( p,T"p), where T ——

< Nd(T"p, T"'p)

< X'd(p,Tp)

Since d(T"p, T"'p) — 0 asn — oo, forall p € M. i.e., {p,} is a Cauchy
sequence, by Theorem 3.1, F.(T') # (). That is, T has an e-fixed point. It shows
that condition (7) of Lemma 2.2 is satisfied. Now only to show that the condition
(1) of Lemma 2.2 holds. Let # > 0 and p,q € F.(T). Assume that d(p,q) —
d(Tp,Tq) < 6. Show that ¢(€) > 0 exists.

d(p,q) <d(Tp,Tq)+ 0
< ki[d(p, T'p) + d(q, Tq)] + kad(p, q) + ks[d(p,T'q) + d(q,Tp)] + 0
= 2k1e + kod(p, q) + 2bk3e + 2k3bd(p, q) + 0

o 2]€1€ —I— 2k’3b€ —I— 0
o\ 1 —ky — 2ksb

=7
So, for all # > 0, there exists ¢(f) = v > 0 such that d(p,q) — d(Tp,Tq) <
¢ implies d(p,q) < ¢(#). By Lemma 2.2, 6(F.(T)) < ¢(2¢), forall ¢ > 0.
Hence,
26(]{31 —|— k3b + 1)
1 — ky — 2k3b

S(F(T)) < , forall e > 0.

94



R. Theivaraman, P. S. Srinivasan, K. Saravanan

]

Following is the Bianchini contraction mapping considered here to prove our
third a. f.p.t in a b-metric space.

Theorem 3.4. Let T : M — M be a Bianchini contraction in a b-metric space
with b > 1. Then T has an e-fixed point and §(F.(T')) < e(k + 2), for all € > 0.

Proof. Given T is Bianchini contraction. Let ¢ > 0 and py € M. Define a
sequence {p, } such that p, ., = Tp,, foralln > 0.

Case 1. If B(p,q) = d(p, Tp). Then, the Definition 2.7 becomes:

d(Tp,Tq) < kd(p, Tp)

Substitute ¢ = Tp, d(Tp, T?p) < kd(p, Tp)
Again subtitute p = Tp, d(T*p, T°p) < kd(Tp, T*p)

= k*d(p, Tp)

d(T"p, T""'p) < k"d(p, Tp).
Case 2. If B(p,q) = d(q,Tq). Then, the Definition 2.7 becomes:

d(Tp,Tq) < kd(q,Tq)
Substitute ¢ = Tp, d(Tp, T?p) < kd(Tp, T?p)

This is impossible because & € (0, 1). Therefore, Case 2 does not exist. Now
by Case 1, d(T"p, T""'p) — 0asn — oo, forall p,q € M. ie., {p,}isa
Cauchy sequence, by Theorem 3.1, F.(T') # (). That is, T has an e-fixed point.
It shows that the condition (i) of Lemma 2.2 is satisfied. Now only to show that
the condition (ii) of Lemma 2.2 holds. Let § > 0 and p, q € F.(K). Assume that
d(p,q) — d(Kp, Kq) < 6. Show that ¢(e) > 0 exist.

d(p,q) < d(Tp,Tq) +0
< kB(p,q) +0
= kd(p, Tp) + 0
=ke+0
=
So, for all # > 0, there exists ¢(f) = ~ > 0 such that d(p,q) — d(Tp,Tq) <

0 implies d(p,q) < ¢(0). By Lemma 2.2, 6(F.(T)) < ¢(2¢), forall ¢ > 0.
Hence,

S(F.(T)) < e(k +2), forall e > 0.
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Remark 3.1. We have proved many approximate a.f.p.r's by using various con-
traction mappings in b-metric space. The following results shows the diameters of
various contraction mappings.

(i) Let (M, d) be a b-metric space with the coefficientb > 1 and T : M — M.
Then there exists ki € (0, 1) with bky < 1 such that

d(Tp,Tq) < kid(p,q), forall p,q € M.

Hence T’ has an e-fixed point and

2¢
S(FAT)) < =

This is called contraction mapping in b-metric space.

forall e > 0.

(ii) Let (M, d) be a b-metric space with the coefficientb > 1 and T : M — M.
Then there exists ki € [0, 3) with ki(b+ 1) < 1 such that

d(Tp,Tq) < ki[d(p,Tp) + d(q,Tq)], forall p,q € M.
Hence T’ has an e-fixed point and
§(F.(T)) < 2¢(ky + 1), forall e > 0.
This is called Kannan contraction mapping in b-metric space.

(iii) Let (M, d) be a b-metric space with the coefficientb > 1 and T : M — M.
Then there exists ki € [0, %) with kib(b+ 1) < 1 such that

d(Tp,Tq) < ki[d(q, Tp) + d(p, Tq)], forall p,q € M.

Hence T’ has an e-fixed point and

(kb + 1)
< V7 )

This is called Chatterjea contraction mapping in b-metric space.

forall e > 0.

(iv) Let (M, d) be a b-metric space with the coefficientb > 1 and T : M — M.
Then there exists ki, ka2, ks, ka, ks € [0,1) with (k1+k2)b+ks+ (b*+b)ky <
1 such that
d(Tp,Tq) < krd(p, q) + kad(p, Tp) + ksd(q, T'q)
+ k4d(p, Tq) + ksd(q, T'p), forall p,q € M.

Hence T’ has an e-fixed point and

E(k)g+k3+k4b+k5b+2)
O(F.(T)) <
(F(T)) = 1 — ki — kyb— ksb

This is called Hardy-Rogers contraction mapping in b-metric space.

, forall e > 0.
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(v) Let (M, d) be a b-metric space with the coefficientb > 1 and T : M — M.
Then there exists ki, k, k3, ka € [0,1) with b(ky + ko) + k3 + (0> +b)ky < 1
such that

d(Tp,Tq) < krd(p,q) + kad(p, Tp) + ksd(q, T'q)
+ ky4ld(p, Tq) + d(q,Tp)], forall p,q € M.

Hence 'T' has an e-fixed point and

6(k32+k3+2k4b+2)
O(F.(T)) <
(F(T)) = 1 — k1 — 2k4b

This is called Ciric-type contraction mapping in b-metric space.

, forall e > 0.

(vi) Let (M, d) be a b-metric space with the coefficientb > 1 and T : M — M.
Then there exists ki, ko, k3 € [0, 1) with b(ky + ko) + k3 < 1 such that

d(Tp,Tq) < kid(p, q) + kod(p, Tp) + ksd(q,Tq), forall p,q € M.

Hence T has an e-fixed point and

€<k'2 + k?3 + 2)
o(F(T)) < B

This is called Reich-type contraction mapping in b-metric space.

, forall e > 0.

Next we prove some a.f.p.t's for rational type contraction mappings in the
settings of b-metric spaces.

Theorem 3.5. Let (M,d) be a b-metric space with the coefficient b > 1 and

T : M — M. Then there exists k € [0, 1) such that d(p, Tq) + d(q, Tp) # 0 and

kld(p, Tp)d(p, Tq) + d(q, Tq)d(q, Tp)]
d(p,Tq) + d(q, Tp)

Then T’ has an e-fixed point and

k* + 6k +9) +e(k+ 1)
2

Proof. Let ¢ > 0 and py € M. Define a sequence {p,} such that p,,; =

Tp,, for all n > 0. Consider,

d(T"p, T""'p) = d(T(T""'p), T(T"p))

d(Tnflp’ Tnp)d Tnflp’ Tn+1p) + d(T"p, Tn+1p)d(Tnp7 T"p)

d(Tp,Tq) <

, forall p,q € M.

S(F.(T)) < beX( forall e > 0.

IN

(
k
d(Tn—lp’ Tn+1p) + d(’I‘np7 Tnp)

IN

kd(T”_lp, T"p)

< (k)"d(p, Tp)
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Since d(T"p, T""'p) — 0asn — oo forall p € M. i.e., {p,} is a Cauchy
sequence, by Theorem 3.1, F.(T') # (. It shows that condition (i) of Lemma
2.2 is satisfied. Now only to show that the condition (i7) of Lemma 2.2 holds.
Let § > 0 and p,q € F.(T). Assume that d(p,q) — d(Tp,Tq) < 6. Show that
®(e) > 0 exists.

[d(p, Tp)d(p,Tq) + d(q,Tq)d(q, Tp)

d(p,q) <k d(p, Tq) + d(q, Tp)

:|+2€

_ [d(p, Tp)[bd(p, ) + bd(q, Tg)] + dlg, Tq)bd(p, ¢) +bd(p, TP)]]
bd(p, q) + bd(q,Tq) + bd(p, q) + bd(p, Tp)
_ ;| clbd(p. @) +be] +elbd(p,g) +0e]|
2bd(p, q) + 2be
_ 20ked(p, q) + 2kbe* + 4bed(p, q) 4 4be?
- 20d(p, q) + 2be
On simplyfying, we get
20[d(p, q)* < 2be(1 + k)d(p, q) + 2be* (k + 2)
Which implies a = 2b,b = —2be(1 + k) and ¢ = —2be?(k + 2). Therefore,
2be(1 4+ k) + /4b%€?(1 + k)? + 16b%€%(k + 2
dp.q) < (1+k)++/ (4b ) (k +2)
2be(1 + k) 4+ V/36b%€2 4 24022k + 4k2b2€?
B 4b
_ be(1+ k) + V9b%€? 4 6b%e2k + k2b2e?
B 2b
- be + bek + 9b?e* + 6b*e%k + k*b? €
2b
e+ €k + 9be® + 6be’k + bk
B 2
Hence,
be? (k> k kE+1
F.(T)) < (k" +6 +29) etk + ), for all € > 0.
[

Example 3.2. Let (M, d) be a b-metric space with the coefficient b = 1. Let
M = (0,1/2] be endowed with usual metric. Let T : M — M be defined by
Tp = p/2, forall p € M. To show that the equation is satisfied. For that choose
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k=1/4and e = 1/2. Alsop = 1/2,q = 1/4 € M. Then d(p,Tp) = 1/3 <
1/2;d(q, Tq) =1/8 < 1/2. We have d(p,q) = 1/4 and
be?(k* + 6k + 9 k+1 193
S(F.(T)) < e(k*+6k+9) +e(k+1) _ 193
2 128
Therefore, it satisfies all the conditions of Theorem 3.5. Hence, it has an e-fixed
point.

Corolary 3.1. Let (M,d) be a b-metric space with the coefficient b > 1 and
T : M — M. Then there exist ki, ks € [0, 1) with ki + bky < 1 such that

kid(q,Tq)[1 + d(p, Tp)]
dTp,To) < 1+ d(p,q)

Then T has an e-fixed point and
< k% — k2 + 6€ + 462(1 + ]{71 - ]{71]{?2) + 46(]{31 — ]{32 — klkg)

+ kad(p, q), forall p,q € M.

O(F (T , Ve > 0.
Proof. Complete this corollary by following the same procedure as in Theorem
3.5. [

Example 3.3. Let (M,d) be a b-metric space with the coefficient b = 1. Let
M = (0,1/2] be endowed with usual metric. Let T : M — M be defined by
Tp =p/2, forall p € M. For that choose k1 = 1/4,ky = 1/5 and e = 1/2. Also
p=1/2,q=1/4€ M. Then d(p,Tp) = 1/3 < 1/2;d(q,Tq) =1/8 < 1/2. We
have d(p,q) = 1/4 and

k3 — ky + 6e + 4€*(1 4 ky — kyko) + 4e(ky — kg — kiks) < 207
2(1 — ko) — 80

Therefore, it satisfies all the conditions of corollary 3.1. Hence, it has an e-fixed
point.

Corolary 3.2. Let (M,d) be a b-metric space with the coefficient b > 1 and
T : M — M. Then there exist ki,ks € [0,1) with k1 + bky < 1 and for all
p,q € M with p # q such that

kvd(p, Tp)d(q,Tq)

d(Tp, Tq) < + kod(p, q), forall e > 0.
( ) 10.0) 2d(p, q)
Then T’ has an e-fixed point and
2
0(F(T)) < e (1 ’ + k1> , forall e > 0.
— K2
Proof. Complete this corollary by following the same procedure as in Theorem
3.5. []
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4 Applications

The a.f.p.t covers a wide range of applications in the field of mathematics,
particularly differential geometry, numerical analysis, and so on. By reading
Khuri and Louhichi [2018] and the references therein, one can find a variety of
applications involving a. f.p.r’s in the field of applied mathematics. The examples
below demonstrate how to apply a. f.p findings in differential equations.

Example 4.1. Let T' = C([0,1],R) and T is complete extended b-metric space
defined by d(p,q) = sup,coq |p — q|*. Also, consider y'(t) = 3y*(t)/2, 0 <
t < 1 and the initial conditions y(0) = 4, y(1) = 1. Here, the exact solution is
y(t) = 4/(1 + t)% We have, yo(t) = c1t + co. By using the initial conditions, we
get yo(t) = 4 — 3t. Now, define the integral operator,

Aly) = y(t) + / Gt )y — f(s,y,4)]ds )

where

Then, the equation (1) becomes
Aw) =0+ [ Gt s = [ Glt.s) (s,
= =30 - [ Glt.s)l=3/20(s)ds

=4—-3t+ ; {/01 G(t, s)yQ(s)ds}

d(Ap, Aq) = sup |Ap — Ag|?

Consider,

te(0,1]
3 [ ) 3 (! 2|
= sup |= | G(t,s)p“(s)ds— = | G(t,$)q"(s)ds
te0,1]12 Jo 2 Jo

<2 (6w o) ([ v - cors)

e G RCIRC

IN
NN
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1
Z /‘p — ¢ |ds

Z

3

61 2 p(s) — q(s)|’
tef0,1]

3

< 6_4d( P, q)

I/\

IA
=)

Then, Definition 2.6 gives
d(Ap, Aq) < (3/64)d(p, q) + k1[d(p, Ap) + d(q, Aq)] + ks[d(p, Aq) + d(q, Ap)].

Thus, ko = 3/64 and ky = ks = 0 satisfies all the conditions of Theorem 3.3.
Also, by Theorem 3.1, A has a.f.p in T = C([0,1],R). Therefore, the given
bounded value problem has a.f.pinT.

5 Conclusion

In this paper, some approximate fixed point theorems are established in a b-
metric space by utilizing various types of contraction mappings. Further, some
approximate fixed point theorems are newly developed for rational type contrac-
tions in a b-metric space. It is worth observing that in the limiting case ¢ — 0,
all the results established in the present paper produces more restricted approxi-
mate fixed points. The notion of approximate fixed points is consequently not less
essential than that of exact fixed points. Results that will be given in the future
can be demonstrated in a lesser setting to ensure the existence and uniqueness of
the approximate fixed points.
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1 Introduction

Isomorphism is one of the area in graph theory that many researchers fo-
cussing today.The notion of Interval valued fuzzy sets was introduced by Zadeh(9)
in 1975, as an extension of fuzzy sets in which the values of the membership de-
grees are instead of the numbers, the intervals of numbers. The
Interval valued fuzzy sets supply more satisfactory description of ambiguity than
traditional fuzzy sets. Hence, the applications of Interval valued fuzzy sets are
very much important to use in fuzzy control. Isomorphism on Fuzzy Graphs was
discussed by A. Nagoor Gani, J. Malarvizhi(3). Isomorphism on Interval Valued
Fuzzy Graph was studied by M. Naga Maruthi Kumari., R. Chandrasekhar(2).
S. Ravi Narayanan and N.S. Santhi Maheswari discussed the isomorphic
properties of irregular interval valued fuzzy graph (4). R.Sridevi., R. Venkatesh-
wara was discussed the concept of edge improper interval-valued complex fuzzy
graphs(8). In this article we are considering isomorphism on interval-valued com-
plex fuzzy graphs. Though isomorphism on interval-valued fuzzy graph has al-
ready exist. This isomorphic concept is concentrated on these case which involve
time periodic phenomena. We have discussed weak isomorphism, co-weak iso-
morphism, isomorphism and its related results.

2 Preliminaries

Definition 2.1. (6) A Interval-Valued Complex Fuzzy Graph(ivcfg) with an un-
derlying setf’ is defined to be a pa : (S,7'), whereS = [ug, ] is an ivcf set
on F andT = [uz, ut] is aivef setonl C F x F such that

ur (e < minfyis (7), g () yermntes Des O)

()P0 < min{pt (7), w5 (1)} 35 05503 for all 5,1 € F.

Definition 2.2. (6) Let G : (S,T) be an ivcf graph, wher€ = (ug,ud) and

T = (u;, /ﬁ) be two ivcf sets on a non empty set F. The order of an ivcf graph is
defined byO,(G) = (O; (G), 0} (G)), whereO; (G) = 3. pg (j)e>icr *s )
andOf (G) = X, i (j)e=ser P50 for all j € F.

Definition 2.3. (6) Let G : (S,T) be an ivcf graph. The positive degree of a
vertex is defined byl; (j) = >, (i (jl)e2=ner PG and the negative degree

of a vertex is defined by; (j) = Y., up(jl)eXier*rU% for all jl € I. Then
degree of a vertex s defined agl;(z) = (d; (5), d; (5)).

Definition 2.4. (6) Let G : (S,T) be an ivcf graph, wher€ = (ug,ud) and
T = (,u;,u;) be two ivf sets on a non empty set P. The size of an ivcf graph is
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defined byS;(G) = (7 (G), S7(G)), whereS; (G) = 3, pup(jl)e>aner 70D
andS; (G) = 3¢, up(jl)exae 7rU for all ji € 1.

3 Isomorphism on Edge Improper Interval-Valued
Complex Fuzzy Graphs

In this section, homomorphism, weak isomorphism, co-weak isomor-
phism, isomorphism of two ivcf graphs are defined and some of its properties are
discussed.

Definition 3.1. A homomorphisnp of neighbourly edge improper ivcf graph(highly
edge improper ivcf graph(r; andGs is a mapping: F; — F» which fulfills the
following criteria
(i) i ()€ @ < pf (p())es P andpug (w)es @) < pg (p(x))e’™s #(e)
(il) g () et @ < i (p(ay) )ePr W) andg (wy)eior @) < pp(p(ay))etor @),
Example 3.1.Consider neighbourly edge improper interval-valued complex fuzzy
graph onG*(F, I).

G,(O.?)GO'SM, 0.560'5iﬂ) b(0‘3€0.3i7r, 0.660'&”)

0.360'3m, 0.360,51'#)

(0‘260.32%7 0'460.3i7r) (0'160.31%’ 0.560'3iﬂ)
(0.460'&”, 0.260'3i )

d(0.4e%4m 0. 403 ¢(0.5¢%-3™ 0. 5¢04im)

Gy
(0‘560.4i7r7 0‘360.67:#)
u<0.360'4m, 0.560'6m) ’U(O.460'6i7r7 0.760'&”)

(0.260.31%, 0'460.31%) (0.360.31'7r7 0.560.41'%)

<0‘460,3i7r, 0.260'3 Tl')

£(0.4¢47, 0.4¢0577) (05605 0.5607m)
G

Figure 1:Homomorphism of neighbourly edge improper ivcf graph
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In Figure 1, there is a homomorphigm F; — F» such thap(a) = u, p(b) =
v, p(c) = w, p(d) = =

Definition 3.2. Aweak isomorphisnp of neighbourly edge improper ivcf graph(highly
edge improper ivcf graphl); andG, is a bijective mapping : F; — F, which
fulfills the following criteria
(i) p is homomorphism (i) u&(x)e®s@ = ki (p(z))e’s®@) and
pg (2)es @) = g (p())eies ),

Example 3.2. A neighbourly edge improper ivcf graph is considered i F, I).

0,(0.360‘4m, 0‘560.6i7r>

(0'260.31'#7 0.460.5i7r) (0‘360.31'71" 0.460.31‘#)

b(0.5e5, 0.7¢%7T) c(0.7e3m | 0.8¢0-4m)
G1
u(0'360.4i7r’ 0‘560.6i7r)

(0.360.41%7 0.460.62'%) (0'360.41'#’ 0.560.41%)

.260'4iﬂ-, 0.560'41

v(0.5¢%%7,0.7¢"7T) w(0.7¢%-3™ 0.8¢04im)
G
Figure 2: Weak isomorphism of neighbourly edge improper ivcf graph

In Figure 2, there is a weak isomorphigm F; — F; such thatp(a) = w,
p(b) = v, p(c) = w.

Definition 3.3. A co-weak isomorphism of neighbourly edge improper ivcf graph(highly
edge improper ivcf graphj’; andG, is a bijective mapping: F; — F; which
fulfills the following criteria

() p is homomorphism

(il) i () e @ = pu (p(y)) €7 P andyug (zy)er @) = pug (p(ay))etor @),

Example 3.3. A highly edge improper ivcf graph is considered@f( F, I).
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a(0.4e%4 0.6e%5) b(0.4€%4™ 0.6¢%6)

0.4e%3 (.4¢0-5im

(0'260.41'%’ 0.560.3i7r) (0_260.4i7r, 0'560.4i7r>

0.5e23, 0.3¢%%im

d(0.5e%%™, 0.5¢%%T) ¢(0.6€%%™ 0.6¢%-5i)
Gy
u(0.460'5”, 0.660'6i7r) ’U(0.560'5i”’ 0.760‘7i7r>

0‘460.31'#, 0‘460.52'71'

(0.2€%4m (.50-3im) (0.2€%4m 10.50-4im)

0‘560.31'#, 0‘360.52'71'

2(0.5¢%%°7, 0.5¢%%°T) w(0.6€%5™ 0.6e5)

G

Figure 3:Co-weak isomorphism of neighbourly edge improper ivcf graph

In Figure 3, there is a homomorphigm F; — F; such thap(a) = u, p(b) =
v, p(c) = w, p(d) = =.

Definition 3.4. Anisomorphisnp of neighbourly edge improper ivcf graph(highly
edge improper ivcf graph)/; andG, is a bijective mapping: F; — F; which
fulfills the following criteria

(i) g ()€ @ = pf (p(w))es P@) andpug (z)ei®s @) = g (p(w))eies @),

(ii) i ()€™ @ = puf (p(ay))ePt P andpug (zy)er @) = iy (p(ay))etor Plav),

Theorem 3.1.If any two neighbourly(highly) edge improper ivcf graphs are iso-
morphic then their order and size are same.

Proof. If p: G; — G, be an isomorphism between neighbourly edge improper
ivcf graph then,

Mgmew;(x) — Mg(p(x))em;w» andyg (z)ei*s @) = 15 (p(x))eis @),

ph (zy)ePr@ = it (p(xy)) et P andpg (zy)e’r @) = pz (p(zy))etor ),
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O1(Gh) = (X b (w)es 0, 37 g (w)eies )
= (3 1 (p(u)e'®s P10), 37 s (p(u)ei=s #00))
= (3 (w)e5 ), 37 g (w)eis ) = O4(G)
S1(Gh) = (3 i (wv) e ), 37 iz (wv)eior ()
= (3 pf (p(u)er (), 37 i (p(uv)eor D))

= (X 1 (w2) et () 3 pz (we)eier () = Sp(Gy). 0

Remark 3.1. The converse of above Theorem 3.1 need not be true for both neigh-
bourly edge improper ivcf graph and highly edge improper ivcf graph.

Fact 3.1.If neighbourly edge improper ivcf graph(highly edge improper ivcf graph)
are weak isomorphic then their order are same.

Remark 3.2. The converse of the above fact is need not be true.

Fact 3.2. If neighbourly edge improper ivcf graph(highly edge improper ivcf graph)are
co-weak isomorphic then their size are same.

Remark 3.3. The converse of the above fact is need not be true.

Theorem 3.2.If G; and G, are neighbourly(highly) edge improper ivcf graphs
which are isomorphic then the degrees of corresponding verticasd p(u) are
preserved.

Proof. If p: G; — G5 is an isomorphism between neighbourly edge improper
ivcf graph then

p (uw)ePr () = i (p(uw))er ¢4 and
pr (wv)e@r @) = iz (p(uv))eier @),

df (u) = 32 p (wv)e=Pr ) = 37 i (p(uv)) e Pr ) = df (p(u)).
dy (u) = 32 py (wv)e= 1) = 37y (p(uv) ) e r 1) = d (p(u)).

Thus the degrees of corresponding vertice§paindG,, are thesame. [

Remark 3.4. The converse of Theorem 3.2 need not be true.
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Theorem 3.3. Any two highly edge improper ivcf graphs are isomorphic if and
only if their complement are isomorphic.

Proof. Let G; andG, be two highly edge improper ivcf graphs.
Assume thaty; andG, are isomorphic. There exists a bijective mapF; — F5
satisfying
i (2)E5 ) = 1 (p(2)) 5 ), i (1) @) = pig (p()eios P,
pt (zy) Pt @) = pk (p(ay)) e P g (my)eer @) = pz (p(ay))etor @),
[if (zy)eBr@v) = & (2)eB5 @ A 1 (y)ePE W) — i (ay)eiPt @)
— ut(p(z))es @) A ut (p(y))ets ®W) — 1k (p(zy))etfr b))
fig (zy)e®r @ = 12 (z)es @ A pg (y)eis W) — p (zy)eior (@)
= pi5 (p(x))e s P A g (ply))e's PO — pz (p(ay))eior Piew)
HenceG, = Gs. .
Conversely assum@; =~ G,
There exists a bijective map F; — F5 satisfying
b ()0 = 1t (p() e 0, g (w)eis @) = pg (p())eies ¢,
ﬁ;(my)eiﬁqf(wy) _ /TL;(p(Iy))eiBjt(P(wy))?ﬁ;(xy)ei&;(xy) — iz (p(wy))eir @)
using definition of complement
ik (zy)ePE @) = 1t (2)eBE@) A ki (y)ei®E ) — 1t (my) et @)
i (2y) €7@ = g () s @ A g (y)es®) — i (zy)eior @)
using the above equations
pt (2y) P @) = ik (p(ay)) e ), i (zy)eier @) = p (p(ay))etor ¢v)
HenceG, = Gs. ]

Theorem 3.4. Let G, and G, be two highly edge improper ivcf graphs.df is
weak isomorphism withyy, thenG; is weak isomorphic witldr;.
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Proof. If p is weak isomorphism betweed; and G5 thenp: F; — F, is a
bijective function such thaty?; (z)e®s @ = ;& (p(x))es @@ g (z)etos @ —
g (p(x))etes P@)
it (x i85 (p(x - 1 (T - i (p(x
u;(:[:y)e ﬂT( y) S Iu};(p(a';y))e ,BT(])( y))y,LLT(xy>e T( y) S uT(p(xy))e T(p( y))

As,p~!: F, — [ is also bijective, for everw € F,, there exists € F; such
thatp—! (w) = m;
iBE(z — iBE (1 (w - iag (T —(n— iag (p~Hw
s (@) = a5 (p (w)) e 070 g (@) ) = g (p (w) el 070

T 6} (z iag (T Qg QL

B (0 (2))e 07 D) > 1 () 0D A i (p(y)) e P
+ iBT +(P(Y))
pr(p(zy))e

— 1 (W)E ) A 1t (2)eE ) — it (2) 809 = fif (wz) e (2
[t (wz)er ) < ik (p~H(wz))ePr @ (w2))
fig (2)e7 @) = p= (2)es @ A pg (y)eios® — pig (zy)eios @)
ﬂ}(pil(wz))eid;(p_l(wz)) < Mg(p(x))emg(p—l(l«)) A ,ug(p(y))eiag(f’_l(y))—
s

ps (p(xy)) et (p(zy))

= pig (w)e's @A pig (2)e™s ) — pg (wa)e's ) = iy (wz)e’or )
i (w2)eer () > fiz (pH(wz))e@r @ W),
So,p~!: F|, — F, is weak isomorphism betweé, andG. Il

4  u-Complement of Highly Edge improper Interval-
valued complex Fuzzy Graphs

Definition 4.1. Let G : (S, T) be a ivcf graph. The-complement of is defined
asG* : (S, T+) whereT* = (u3", uz")
pd (@)@ Ak (y)et?s )

,u;u(xy)eiﬁqfu(zy) = { — i (xy) iB7 (zy) 1k (zy) i85 (2y) <
0 g (wy)ePr (9) = 0
B ILL; (x)elag(x) N Mg (y)ezag(y)
M;H(my)eiaqw”(xy) = { —pg(zy)eior (zy) 7 ($y>em;(a;y) =0
0 pr (zy)etor @) = 0.
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Theorem 4.1.LetG, andG» be two highly edge improper isomorphic ivcf graphs.
Theny-complement ofy; and G, are also isomorphic. But the complements
need not be highly edge improper ivcf graphs.

Proof. Assume that’; andG, are isomorphic. There exists bijective mapF; —
F, satisfying

iB (x B4 (p(a - iag (x - iag (p(z
pg (@)@ = g (p(x))€% PO g (2)es @) = pg (p(a))eies P
-3+ ot o L B o
p () ePr @) = ot (p(zy))er @) (py)eor @) = i (p(zy))eior PEv)

By definition of z,-complement,
/L;u(xy)eiﬁqfﬂ(xy) — ,ugf(x)eiﬁ;(’”) A M;g(y)eiﬁg(y) _ u?(my)eiﬂ?(‘”y)
i85 (p(x gt BT (o(x
= uh(p(x))ePr @@ A p (p(y))ePr PW) — 1t (p(zy) ) ePr #av)

u;ll(xy)eia;“(my) = ,ug (m)eiag(:v) A M§ (y)eiag(y) _ M;(xy>eia;($y)
= pip (p(2)) e P A (p(y))e'or PO (p(y) o Pew)
HenceG; ~ Gs. 0O

Definition 4.2. An ivcf graph( is said to be selfi-complementary ity ~ G*.

Example 4.1. An ivcf graph is considered o@*(F, I).

b(0.3e%%7, 0.5¢"T) a(0.2e%2™ 0. 4¢04i)

® , e
(0‘260.217r7 0.460'4”)

(0.1560'15“‘-, 0.2560'25iﬂ)

g .
c(0.3e37™0.5¢%%)
G
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w(0.3eo'3”, 0.360'5”) v(0.3e.°~3i7f7 0‘560.52'71')

(0.15€0157m ().25¢0-25¢)

(0.260.2i7r, 0‘460.4i7r)

[
u(0.2e%%™ ().404m)

GH

Figure 4: Selfu-complementary

In Figure 4, the two graphs are isomorphic. HenGeis Selfu-complementary
ivcf graph.

Theorem 4.2. Let G be selfu-complementary highly edge improper ivcf graph,
then

3 g ()P (0) = L 57 1 (u) 5 (O A (v) 5 ) and S pu (ww)eier () =
LS pg(u)ets ™ A pg (v)ets ),
Proof. Let G be selfu-complementary highly edge improper ivcf graph. Since
G ~ G*, there exists a bijective map V' — V such that

. i .
u;(u)ezﬁg(u) — Mgu(pw))ezﬁ_s (p(u)) — M;(p<u>)ez,3;(p(u)) and
/Lg (U)eiag(“) = M§N<p<u))eia3“(p(u)) — Mg (p(u))ew‘g(p(u))

67 (uv is% ww
pip () ) = i (p(uw) e ()
andu:}(uv)emT(“) = u;u(p(uv))eiaj“#(p(uv))

By definition of u-complement, we have

F@)e @ A (y)ei 0
pr’ (@y)efr" @) = & — it (ay)etPr (@) i
i (ey)e @ =0

=

o

p (p(uv) )eiPr” @)
= it (p(w))e®s P A 1 (p(v)) e @) — 1t (p(uw))eir ¢)
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Now, i (uw) et (w)
-+ At ot
— ut(p(w))es @) A pt (p(v))es P@) — 1 (p(uv))eifr @uw)

B ()11 (p ) e 00D = i ()5 00D g ()5 010D

= 2,u;(uv)eiﬂ7t(“”) = ul (u)eiﬁ;‘r(“) A ,ugi(v)eiﬂ;(”)

= 23 pf (ww)ePr ) = 37 ik (u)e's ) A i (v)etPs )
= 3 i (wv)etPr ) = LS 1t (u)etfS @) A i (v)eifs ©)

Similarly we can show that 7 (uv)e™r ) = L 5™ o (u)e™™s W Apg (v)ets ).
]

Remark 4.1. If G is highly edge improper ivcf graph W g (uw ) e?Pr () =

iBE (u i (v — iour (uv) (e
3 0 kg (w)es A g (v)es ) and 3 g (wv)etr ) = 337 g (u)es ) A
g (v)e@s ) thenG need not be self-complementary.

5 Conclusion

In this paper we have introduced the notions of isomorphic, weak isomorphic,
co-weak isomorphic of neighbourly(highly) edge improper ivcf graphs. In fu-
ture we study the properties for some standard graphs and have an idea to extend
the concept of.—complement of neighbourly(highly) edge improper ivcf graphs.
Though isomorphism exists on several fuzzy graphs isomorphic on interval-valued
complex fuzzy graph is limited only on the case which involves time phenomena.
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1. Introduction

The two classes of abstract algebras namely BCK-algebras and BCl-algebras are
introduced by Imai Y and Iseki K [5].1t is known that the class of BCK-algebras is a
proper subclass of the class of BCl-algebras. Hu Q.P and Li X [4] introduced a wide
class of abstract algebras: BCH-algebras. Also it is known that the class of BCl-algebras
is a proper subclass of the class of BCH-algebras. Ahn S.S and Han J.S [1] introduced
the concepts of BP-algebras and they discussed some relations with several algebras.
Moreover they have discussed quadratic BP-algebras and shown that the quadratic BP-
algebras is equivalent to several quadratic algebras. Alo R and Deeba E [3] attempted to
study the topological concepts of the BCK-structure. Theories of topological groups,
topological rings and topological modules are well known and still investigated by
many Mathematicians. Topological universal algebraic structures have been studied by
some authors.

Motivated by this, in this paper, we study the connection between BP-Algebras and
topology. We will define topological BP-algebras (TBP-algebras) and find some
properties of TBP-algebras. Also we show how to connect certain topologies with ideals
of BP-algebras. Furthermore, we derive certain standard properties using topological
concepts and we give a characterization of topological BP-algebras in terms of
neighborhoods. Finally, we show that a TBP-algebra B is Hausdroff if and only if {0}
is closed in B.

2. Preliminaries

Definition 2.1 [1]. Let X be a set with a binary operation * and a constant 0.
Then (X, =, 0) is called a BP-algebra if it satisfies the following axioms.
1.x=x=0
2.x= (X*y)=y
3. (x=2)=(y=z)=x=yforanyx,y,z€ X.
Example 2.2 [1]. Let X = {0, a, b, c} be a set with following table

=10 |a |b |c
010 [a |[b |c
ala |0 |c |b
b|b |c |0 |a
c|lc |b |a |0
Table 1

Then (X, =, 0) is a BP-algebra.
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Theorem 2.3 [1]. If (X, =, 0) is a BP-algebra, then the following results hold: for any X,
YyEX

1.x=0=x.

2.x=y=0impliesy = x =0.

3.0=x=0=yimpliesx =y.

4.0=x=yimplies0 =y =x.

5.0=x=ximpliesx =y =y % X

Proposition 2.4 [1]. If (X, =, 0) is a BP-algebra with (x = y) = z=x = (z = y)

forany x,y,ze€ X,then 0 = x =x forany x € X.

Theorem 2.5 [1]. If (X, =, 0) is a BP-algebra with x = y=0and y = x =0, then

X =Y.
Definition 2.6 [10]. Let S be a non-empty subset of a BP-algebra X, then S is
called BP-subalgebra of X if x = y € S forall x, y € S.

Definition 2.7 [10]. Let (X, =, 0) be a BP-algebra and I be a non-empty subset

of X. Then I is called an ideal of X, if it satisfies the following conditions.
1.0l

2.x=xyelandyel=xel
Definition 2.8 [9]. Let X be a non-empty set. A Collection t of subsets of X is

called a Topology if it satisfies the following conditions.
1. ¢and Xisint.

2. Arbitrary union of the members of any finite sub collection of tisint.

3. Intersection of the members of any finite sub collection of zisint.

The tuple (X, 7) is called a topological space.

Definition 2.9 [9]. Let (X, 1) is a Topological space, we say that a subset U of
Xis an open set of X if U belongs to the collection .

Definition 2.10 [9]. The complement of an open set is called a closed set.

Definition 2.11 [9]. A subset A of X is said to be neighborhood of x& A if
there exist an open set U such that x € U £ A.
Definition 2.12[9]. Let (X, t) be a topological space. (X, ) is called a T;-space

i€ {0, 1, 2} if it satisfies the following axioms.
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To: For every X, y € X and x Y, there exist at least one open neighbourhood U

that contains one point of the pair (either x or y) excluding the other point.

Ty: For each x, y € X and x =y, there exist open neighbourhoods U; and U,

such that U; contains x but not y and U, contains y but not x.

T, (Hausdroff): For each x,y € X and x # Yy, both have disjoint open
neighbourhoods U, V such thatx e Uand y € V

Definition 2.13 [9]. Let (X, T) be a topological space and A < X.
Defineta={ U N A/U &t} Then (A, ta) is a topological space and the
topology ta is called the subspace topology on A.

Definition 2.14 [9]. Let (X, T) be a topological space and A < X. Leta € A is
called an interior point of A, if there exist an open set U of ‘a’ such that U € A.

Remark 2.15 ([9]). 1. Restriction function of a continuous function is a continuous.
2. Every To-space is a T1-space. Furthermore, every T;-space is a To-space.

3. Topological BP-algebras

Definition 3.1: Let B be a BP-algebra and X, Y be any two non-empty subsets
of B. We define a subset X = ¥ of B as follows. X =¥ ={a=b/ac X, b € Y}

Example 3.2: Let B= ({0, p, g, r}, =, 0) be a BP-algebra with the binary
operation = defined by the Cayley table.

-

0| p | ag| T«
O[O0 p | gl r
plp |0 1q
qla|r|0]p
r|r | p | qgq]| 0

Table 2
Let X={0. p} and Y= {0, g} be two subsets of X,
X+y={0%0,0=q, p=0, p=aq}

={0,p, p, r}
={0, p, r}= B.
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Definition 3.3: Let B be a BP-algebra. Let T be the collection of subsets of B, T
is said to be a topology on B if the following conditions are satisfied.
1.Bae, T

2. Arbitrary union of membersof Tisin T.
3. Finite intersection of membersof Tisin T.
Definition 3.4: Let (B, =, 0) be a BP-algebra and T be a topology on B. Then

(B, =, T) is called a topological BP-algebra if the operation = is continuous.
Equivalently, for a, b £ B if there exist an open set U of a=b then there exist two
open sets X and Y of a and b respectively such that X = ¥ < U.

Example 3.5: Let B= ({0, p, g, r}, =, 0) be a BP-algebra with the binary
operation = defined by as on example 3.2.

Define a topology T={B, @, {0}, {0, p, q}}

Let0, peBand U={0, p, q}

Nowa=hb=p+0=peU.

Then there exist an open set X= {0, p, q}, Y= {0} if p and O respectively such
that X =¥ ={0=0,p =0, q= 0}

={0,p,q} S U.
Therefore every open set U for a = b then there exist an open sets X and Y of a
and b respectively such that X = ¥ € U for all a, b € B.
Hence (B, =, T) is a Topological BP-algebra and it is denoted by TBP-algebra.
Example 3.6: Let B= ({0, p, q, r},=, 0) be a BP-algebra with the binary
operation = defined in Example 3.2.
Define a topology T={B, @, {q}, {r}}
Let0,geB,q=0=q={q} =U.
Let X={q} and Y={B}, then X =¥ ={q=0,9=p,q*q,q=r}={q,r, 0, p}&U.
Hence (B, =, T) is not a Topological BP-algebra.

Remark 3.7: 1. The member of T is known as open sets in B.
2. An open set of an element a € B is a member of T containing B.

3. The complement of C £ T that is B\C is called a closed set in B.
Example 3.8: Let B= ({0, p, q, r}, =, 0) be a BP-algebra with the binary
operation = defined in Example 3.5. Define a topology T={B, @, {0, p, q }, {r}}.
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Here {0, p, g} is open in B. Now {r} is closed in B. An open set of p € B. is {0, p, q}.
Theorem 3.9: Let (B, =, T) be a TBP-algebra. If {0} is an open set in TBP-algebra, then

T is a discrete topology in TBP-algebra.
Proof. Let (B, =, T) be a TBP-algebra. For every a € B. a=a = 0.

Since {0} is an open in TBP-algebra, there exist two neighborhoods X and Y of
asuchthat X =¥ {0} = X #¥ ={0} -----mmmmmmmmmmeee- (1)

LetU=XnY. Clearly U= U = {0} by (1)

Sincea=b=0and b =a=0 = a=b, which implies U = {a}. Therefore T is discrete.

4. Properties of topological BP-algebras

Definition 4.1: Let (B, =, T) be a TBP-algebra. Then B is said to be To-space

BP-algebra if it satisfies the following axiom:
For every a, b € B and a # b, there exist at least one open neighborhood U that contains

one point of the pair (either a or b) excluding the other point.
Definition 4.2: Let (B, =, T) be a TBP-algebra. Then B is said to be T;-space

BP-algebra if it satisfies the axiom:
For each a, b € B and a = b, there exist an open neighborhoods X; and

X5 such that X; contains a but not b and X, contains b but not a.
Definition 4.3: Let (B, #, T) be a TBP-algebra. Then B is said to be T,-space

(Hausdroff) BP-algebra if it satisfies the axiom:For each a, b € B and a = b, both have
disjoint open neighborhoods X, Y such that a Xandb €.

Example 4.4: Consider the TBP-algebra (B = {0, p, q},*, T) with the following

Cayley table.

* 10 |p |a
010 |q |p
p|p |0 |q
q |aq|p |0
Table 3

Consider the topology T = {@, B, {0, p }, {q}, {q, 0}, {0}}.
Then (B, =, T) is called a Ty-space BP-algebra.
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Example 4.5: From the TBP-algebra given in Example 3.13.
Consider the topology Ton B is given by T={@, B, {0, p }, {a}, {a. 0}, {0}, {p},

{q, p}}. Here T satisfies the T, and T, axioms.
Thus (B, =, T) is both T;-space BP-algebra and T,-space BP-algebra.

Theorem 4.6: Let B be a TBP-algebra and {0} is closed set on B if and only if
B is Hausdroff.
Proof. Let (B, =, T) be a TBP-algebra.

Let a, b € B. Assume that a and b are different in B, then a = b 0 or b= a 0

We can assume that a = b 0, then there exist some open sets X and Y of aand b
respectively such that X =Y = B\ {0}, since {0} is closed and B is a TBP-algebra.
Suppose, letac X n Y. Thenae Xandae Y impliesaxa=0eX =Y.

This contradicts to the fact that X = Y < B\ {0} = X n Y={.

Therefore B is Hausdroff.

Conversely, Assume that B is Hausdroff

Claim: {0} is closed in TBP-algebra

We want to prove B \ {0}, there exist two neighborhoods X and Y of aand 0
respectively suchthat X n Y=@ .

Since B is Hausdroff, then X = B\ {0}

= B\ {0} is an open so that {0} is closed in TBP-algebra.

Theorem 4.7: Let B be a TBP-algebra and {0} be closed, then n ki, = {0}
where My is the neighborhood system of 0.

Proof. Let B be a TBP-algebra
Since {0} is closed. By the above theorem 3.15, B is Hausdroff.
Given an element ac B\ {0}, 0 has a neighborhood X such that ag¢ X and

agn Mo.Hence n Mo = {0}.
Definition 4.8: Let (B, *, T) be a TBP-algebra and | be a non-empty subset of

B. Then I is called an ideal of B if it satisfies the following conditions.
1.0l

2.1fa=belandb e I=ac I.
Example 4.9: Let (B ={0, p, q, r},*, T ) be a TBP-algebra with the binary operation =

defined by the example 3.2. | = {0} is an ideal.
Theorem 4.10: Let B be a TBP-algebra. If D is an open set in B which is also a
BP-ideal of B, then it is closed set in B.
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Proof. Let D be a BP-ideal which is an open set in B and leta € B\ D. Then
there exist a neighborhood X of a such that X=X = D.
Since a=a=0 € D and D is open.
Claim: X = B\D.
If X B\ D, then there exists b € X n D.
Note that c = b € X=X =D foe all c € X
Since be D and D is a BP-ideal, it follows that ¢ € D.
Which show that X € D, =sa contradiction.Hence D is closed.
Definition 4.11: Let (B, =, T) be a TBP-algebra. Let A = B, x € Ais called an

interior point of A, if there exist a neighborhood X of x contained in A.
Example 4.12: Let (B= {0, p, q},=, T) be a TBP-algebra with the binary

operation = defined by the example 4.4.

Define a topology T ={B, @, {p, 0}, {q} }.

Let A = {p, q}. Here, r is an interior point of A.

Theorem 4.13: Let A be a BP-ideal of a TBP-algebra B. If 0 is an interior point
of A, then A is an open.

Proof. Let ac A.

Since a= a=0 & A and 0 is an interior point of A, there exist a neighborhood X

of 0 which is contained in A.
Then there exist neighborhoods G and H of asuchthat G=s HS X S A

On the other hand foreveryb e G,b=ae G = HZC A.
Since A is a BP-ideal and a £ A, it follows thatb € Asothatae G € A

Hence A is open.
Definition 4.14: Let B and C be a TBP-algebra. A map f: B — C is continuous.

If for every a £ B and any open set Y of f (a) there exist an open set X
containing a such that f(X) = .

Example 4.15: Consider a TBP-algebra (B = {0, p, g}, =, T) as an example 3.13.
Define a topology T = {B, @, {0, p }}.

Define a function f: B — B by f (a) =a forall a € B.

Clearly, f is continuous.
Notation 4.16: Let B be TBP-algebraand a, b £ B, then{b A/b=amod I}
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={be Ala=h,b=ac I}

Theorem 4.17: Let B be a TBP-algebra. If I is an (closed) open ideal, then for
each a € B, then {b € B/b =amod I} is closed (open).

Proof. Define a map G,: B — B such that G,(b) =a = b.

Since B is TBP-algebra, then G, is continuous.
Define a map H,: B — B such that Hy(b) = b = a.

Since B is a TBP-algebra, then H, is continuous.
Gl nH () ={beB//axb,b=ae I}.

= Inverse image of an (closed) open set is an closed (open)
= G, (1) n Ha'(1) is an closed (open)
Therefore {b £ B/ b =amod I} is an closed (open).

Theorem 4.18: Suppose that {0} is closed (open), then {a} is closed (open) for
all x € B.

Proof. Define amap g: BxB — B suchthat g (x,y) =x = .
Since B is a TBP-algebra ‘=’ is continuous.

which implies g is continuous.
Define amap h: BxBxB — BxB suchthath(X,y, z) = (x =y, y = 2)

which implies h is continuous. (Since g is continuous and Remark 2.15)
Since {0} is closed, then {(0, 0)} £ BxB is closed.

Let x £ B and let f: B — BxB such that f(y) =h(x,y, X) = (x =y, y = X)
Here f is the restriction of hto {x}  (since hto {x} % B x {x))

and hence f is continuous (since h is continuous and Remark 2.15)
£1(0,0) ={y/x =y=0andy = x = 0} = {x}. Thus {x} is also closed.

Similarly, for the other case where {0} is an open.

Theorem 4.19: B is T;-space BP-algebra if and only if B is T,-space BP-
algebra.

Proof. Let B be a T;-space BP-algebra.

Leta, b € A and a # b, there exist an open neighborhoods X; and X, such that

X; contains a but not b and X, contains b but not a.
= {a} is closed, foralla € B

= {0} is closed.

By theorem 3.15, we have B is a TBP-algebra.
Conversely, Let B be a T,-space BP-algebra.
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Let a, b € B and a # b both have disjoint open neighborhoods X and Y such that
ae XandbeYandagY and b € X.= B is T;-space BP-algebra.

Theorem 4.20: Let (B, =, T) be a TBP-algebra. If S is a subset of B such that
foreacha, b € S, a= b € S, then (S, =, Ts) is a TBP-algebra, where Ts is the

subspace topology from B.
Proof. Leta,beS=a*beS

Let U be an open set of a= b in B.
=UnSisanopensetfora=binsS.

Since B is a TBP-algebra, there exist an open sets X and Y of aand b
respectively such that X =Y € U

= There exist an open sets X n Sand Y n Sofaand b in S such that
XnS=(¥YnS)eUnS = (S, = Ts) isa TBP-algebra.

4 Conclusion and Discussion

In this paper, we have introduced the topological concepts on BP-algebra, which
is induced by the binary operation * of the BP-algebra and provided some important
properties. We have studied the connection of the topologies of the BP-algebra with the
ideals. In addition, we have shown that if O is an interior point of a BP-ideal of a TBP-
algebra B, then the BP-ideal of a TBP-algebra B is open.

Finally, studying a topological properties on other algebras (BF/BH/TM-
algebras) is an interesting open problem.
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Abstract

Several fixed point theorems in the Neutrosophic b-Metric Spaces are
presented in this study. We provide a necessary condition for a se-
quence to be Cacuhy in the Neutrosophic b-Metric Space, which is
a significant result. Additionally, we present a large number of fixed
point theorems in the Neutrosophic b-Metric Spaces under the well-
known contraction conditions.
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1 Introduction

Due to the wide range of applications it has in science, economics and game the-
ory, fixed point theory has grown in importance in mathematics. Since the pub-
lication of Banach’s fundamental finding in 1922, metric fixed point theory has
been the subject of active scientific research. It is commonly known that the fixed
point theory’s main conclusion-the Banach contraction principle-has been applied
and developed in a wide range of ways. Bakhtin presented the idea of b-metric
space in 1989 as a generalization of metric space and demonstrated a b-metric
space equivalent to the Banach contraction principle. Czerwik[5] expanded the
results of the b-metric space in 1993. Since then, other articles, including [4],
have addressed the generalization of the well-known Banach fixed point theorem
in the b-metric space. A countable of the t-norm and contraction condition were
used in 2021 by Jeyaraman and Poovaragavan[8] to show that the sequence in gen-
eralized fuzzy b-metric spaces is a Cauchy sequence. Since the paper’s release,
Zadeh’s [13] Fuzzy Sets(FSs) theory has a significant impact on all scientific dis-
ciplines. Although this idea is crucial for real-life circumstances, there weren’t
enough timely solutions for some issues. Such issues have recently become the
subject of new quests. For these situations, Atanassov[1] pioneered Intuituionistic
Fuzzy Sets(IFS). The term “Neutrosophic Set” (NS) refers to a novel interpreta-
tion of Smarandache’s definition of the term “Classical Set”. Interesting and help-
ful for problem-solving is Atanassov’s [1] IFS theory. The fuzzy set described by
Zadeh[13] is really extended by the IFS. The IFS theory has been used in a variety
of fields recently, including logic programming [2], decision-making issues, med-
ical diagnosis[3] etc. The idea of Contractive mappings in Neutrosophic b-metric
spaces in fixed point theorems was used in 2022 by Shakila and Jeyaraman[9].

The main idea of this paper is to describe a contraction for Neutrosophic b-
Metric Space and show a very helpful lemma that guarantees that a sequence {x,, }
is a Cauchy sequence using the idea of a countable extension of the t-norm. The
proofs of numerous well-known fixed-point theorems are made simpler using this
lemma. Some of them are discussed in the paper’s main section.

2 Preliminaries

Proposition 2.1. Let (<,)nen be a sequence of numbers from [0, 1] such that
lim ¢, = 1, and let * be a t-norm of Q)-type.

n—oo
: 00 T 0o _
Then lim *;° ¢ = lim *2,¢,; = 1.
n—00 n—00

Definition 2.1. [9] A 7-tuple (A, =,Q, T, %, <, b) is said to be a Neutrosophic
b-metric space (NDMS), if \ is an arbitrary set, b > 1 is a given real number, * is
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a continuous triangular norm, < is a continuous triangular conorm, =, ) and Y
are nonempty sets on A? x [0, 00) meeting the aforementioned prerequisites: For
all ¢,9,0 € N and @, jp > 0:
(a) = (g v, w) 4+ Qs, 0, w) + (5,9, w)
(b) 0 < E(¢, ¥, @) < 10 < s, 9, W) <
(c) Z(s,9,0) > 0;
(d) Z(¢,9,w) = 1iffc =1

(

<3
L0<T(s,0,w) <1;

(e) Z(¢,9,w) = =2(9, ¢, @ )

(f)5<<,6,b< + ) =% (2 (0, 5) 2 (9,0, 5))s
(g) 2(s,7,.) : (0,00) — |0, 1] is contlnuous

(h) Q(c.9.0) < 1;

(i) Q(g,ﬂ,w) =01iff ¢ =V,

(J) Q(g, 19,@) = Q<197§7 w);

(k) s, 6,b(w + 1)) < O (Q (5,9, %), Q (9,6, 4));
(1) Qs,3,.): (0,00) — [0, 1] is continuous;

(m) Y(,0,0) <1,

(n) Y(s,9, @) =0iff ¢ =0,

(0) Y(s,9,w) =T, ¢, ),

(p) Y(s,0,b(w + p)) <O (Y (6,9, %), Y (9,6,4));
(q) Y(s,9,.):(0,00) — [0, 1] is continuous;

Here, Z(¢, ¥, w), (s, 9, @) and T(s, ¥, w) denote the degree of nearness, the
degree of non-nearness and the degree of neutralness between ¢ and ¢ with respect
to w respectively.

Since a neutrosophic b-metric is a neutrosophic metric when b = 1, the class
of NbMS is essentially bigger than that of neutrosophic metric spaces.

The following illustration demonstrates that a neutrosophic b-metric space on
A does not necessarily have to be a neutrosophic metric space on A.

) 1ol
Example 2.1. [6] Let:(g,ﬁ,w) =5 Q6,0 w)=1— e~
ls—91°

Y(s,0,w) =1—e = where > 1. Then =,Q, Y is a neutrosophic b-metric
withb = 2971, For 0 = 2, itis clear from the prior example that (A, =, 2, T, *, O, b)
is not a neutrosophic metric space.

d(s,9)

Example 2.2. [6] Let Z(s,9,w) = e~ =

=(, v, w) = %,
s, 0, @) =1—e~ =" or Qs, 0, @) = 1— d (s, 1—e"2”
(¢, w)=1—e"=  orQs,J,w) = w+d(<19 and V(s,0,w) =1—e =

orY(¢,0,mw) =1-— %@’ﬂ) where d is a b-metric on A. Then it is easy to show
that =, 2 and Y is a neutrosophic b-metric.

Definition 2.2. [6] A function g : R — R is called b-nondecreasing if ¢ > bv
implies g(¢) > g(¥) forall ¢,9 € R.
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Lemma2.1. [9]Let=(s, 9, .), (s, 9, .) and Y (s,9,.) be a NbMS. Then Z(s, 9, w)
is b-nondecreasing with respect to w, Q)(s, ¥, w) and Y (s, ¥, w) are b-non-increasing
with respect to w, for all ¢, € A.

Definition 2.3. [9] Let (A,Z,Q, Y, %, b) be a neutrosophic b-metric space.
For @w > 0, the open ball VY (s, r, @) with centre s € A and radius

0 < r < 1isdefined as

U(,r,w)={0eAN:E(,0,w)>1—r Q%0 0w <rand (5,9, w) < r}.
A sequence {,}:

(a) Converges to s if Z(¢p, ¥V, @) — 1,Q(s,, ¥, @) — 0 and Y(s,, 9, @) — 0 as
n — oo, for each w > 0. In this case we write hm S =26,

(b) is called a Cauchy sequence if for all 0 < e < 1 and @w > 0, there exists
nog € N such that Z(g,, 5, @) > 1 — €, (s, 5m, @) < € and (S, S, ™) < €
for all n,m > ny.

Definition 2.4. [9] If every Cauchy sequence in NbMS is convergent, NbMS is
complete.

Lemma 2.2. [9] In a NbMS (A, =,Q, Y, %, <& b) we have:
(i) If a sequence {,} in A converges to g, then < is unique.
(ii) If a sequence {<,} in A converges to s, then it is a Cauchy sequence.

Proposition 2.2. Let (A, =,Q, T, %, <, b) be a NbMS and suppose that {s,,} Con-
verges to s. Then we have

= (g,ﬂ, %) < lim sup Z(s,, ¥, w) < =2 (5,9, bw) ,

n—oo
= (g,ﬁ, ) < nhg)lo inf 2(¢,, ¥, w) < =(¢, 9, bw),
Q (g,ﬁ ) > TIILH;Ome(gn,ﬁ w) > Q(s,9,bw),
Q (g,ﬁ, f) > nll_)IIQlo sup (s, ¥, w) > Q(s, 9, bw) and
w
>
T (g,ﬁ, b> > nh_}rilomf'f(gn,ﬁ w) > 7Y (s,9,bw),
T (g,ﬁ w> > nhg)losup Y (sp, v, @) > Y(s, 0, bw)
—d(s,9) —d(s,9)
Example 2.3. Let A = [0,00),=Z(s,0,w) =e~ = ,Q,0,w) =1—e" = and
Oa ¢ = 79’
T(s,d,w)=1-— ek = %9, O = Ogandd(s,0) =< 2/ —1|, ¢,0¥€][0,1)

tls — 9| otherwise.
Then (A, Z,Q, Y, %, <, b) is a NbMS with b = 4. The b-metric d in this example is
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taken from [12]. Note that the Neutrosophic b-metric =,€2, Y is not continuous.
Let us observe that

n—oo n—oo

1
lim = <1, 1— —,w) = lim e =5 = 1,5(1, 1, @) = 1,
n
) 1 ) _ 2
lim 0 (O,—,w) — lim (1 _e w> = 0,2(0,0,w) = 0 and
n—o00 n n—o0o

1
lim YT (0, —1,w> — lim (1 -~ e—%<%>) =0,7(0,0,) = 0.
n J—

n—r00 n—00

But,

1 _
lim = (o, 1— —,w> — lim e= @G =2
n

n—oo n—oo

20,1, ) = e 2=,

1 —1 2
lim Q (1, —,w) — lim (1 . e;@)(l—%)) —1—e 2
n

n—oo n—oo

Q(1,0,w) =1 — e 7= and

1 =@
limT(l,—,w) = lim <1—ew()(1—1>> :1—6%
n—00 n—1 n—00

T(1,0,@) =1— e%=.

3

=(s, 9, @), Q(s, 9, w) and Y (s, V9, @) is not continuous.

3 Main results

With extra conditions, we shall continue to employ a NbMS in the sense of Defi-
nition (2.1) lim Z(¢,9,w) =1, lim Q(¢,9,w) =0and lim Y(s,9,w) = 0.
w—0o0 w—00 w—00

Lemma 3.1. Let {,} be a sequence in a NbMS (A, Z,Q, T, %, b). Let’s say
that there is |1 € (0, %) such that

— —_ w
:(gnv Sn+1s ’W) >z Sn—1,Sn; — | »
1
w
Q(g'rn Sn+1s w) S Q Sn—15Sn; E and

T(§n7§n+17W) S T (gn—17gn7 %) ,n e N,w >0 (1)
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and there exists sy, 61 € A and p € (0,1) such that
lim %2 = (go,gl, ) =1,
n—o0 i
lim &2 Q) (g 'SP > = 0and
n—00 ¢
lim &2 1 (go,gl, > =0,w > 0. (2)
n—oo

Then {s,} is a Cauchy sequence.

Proof. Let 7 € (ub,1). Clearly, Y .2, 7" is convergent and a thing exists ng €
N such that >° 7/ < 1 forall n > ng. Letn > m > ng. Since = is b-
nondecreasing, €2 and T are non-increasing also by (f), (k) and (p) of (Definition:
2.1) for every @ > 0, we have

_ _ w n+m—1 i
\:(gn,gn—i-m;w) >z SnsSndmy, —— 7 Z b

_ woT"
>*| = Sns Snt1s 7 |

— wT” o wr"tl
> = (§n, Sn+415 b2 ) , X (—' <gn+17 Sn+25 b3 ) sy T
*

- = w7_n+m—1
— (§n+m717 Sn+m pmt1 ) o >

w Zn—i—m 1 i
Sn+1y Sntm> b—2

[1]

By (1), it is evident that =(,, Gpq1, @) > = (go, <1, %) ,n € N,w > 0, and since
n > mand b > 1, we have

—_ n n+1
- :<§07§1,%>,*( (g()?gl’bs n+1>7"'
‘:‘<g’n7 gner,w) 2 * —_ ner 1
= §07g17 bm+1 n+m-—1

7

n+m—1— wT
>k (go’q’bi"—”u’)

i
> xptmolz <g0,§1, “r ) > %2 = (go,gl, w) wherep = b—M
b ok T
n+m 1
Q(@n;gn—i-myw) < Q gn,§n+ma
Zn—i—m 1 i
S AR <gn7 gn—i—l; Snd15Sn4my — 315 b2
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n n+1
Q (gna Sn+1) wb_72') 7<> (Q <§n+17 Sn+2; %) y

< O n+m—1
Q <§n+m—17 Sn+ms w‘rbm—-;—l) o >

By (1), itis evident that Q(s,, 5,11, @) < Q (go, S1, ME") ,n € N,w > 0, and since

n >mand b > 1, we have
n n+1
Q <§0,§1, %) , O (Q <§0>§17 ﬂw) y e
Q(§n7§n+m7 w) S <> n+m—1
(§07 S1, bm+1un+m—1> >

1 w7—i
< oMM <§0,§17 m)

_ ’WTi

b
< OZL0 (§0,§1, E) , where p = 2
p' T

n+m—1 ;4
wy T
T(§n7§n+maw) S T §n>§n+m7 %)

wT" w Z@jmfl T
S <> T (Cna gn-i—l; b_z) 7T <§n+17 §n+m7 #

n n+1
T (gna Sn+1, ‘wb_‘g) 7<> <T <<n+1> Sn+2, %) y T

< <> n+m—1
T <§n+m—1a Sn+m ml-,m—ﬂ> Tt >

By (1) it follows that Y (s,,, sy, @) < T (go,gl, %) ,n € N, > 0, and since
n > mand b > 1, we have

T<§O’§1’w_7”> <><’I‘ (C ISP ccaiaiil IR
v2Zpm | o 05 515 B3pntt | o
T(g’l’ln gn—i—m) w) S O T < w,rn#»mfl ) . .>

S0, S15 bm+1un+m—1

. wT?
< opmiT <§0,§1, bl—”—“w>

< optmiy <<o, t, ﬂ)
bzuz
o w b
< <>l=nT S0,S1y, — | Wherep = —.
P T

Since p € (0, 1), by (2) follows, it is inferred that {s, } is a Cauchy sequence. [
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Corolary 3.1. Let {,} be a sequence ina NbMS (A, Z,Q, 7T, x, O, b), and let x
be of () - type. If it’s there 1 € (0 llke that

E(gna Sn+1, W E (gn 15 Sns _> )
Q(gnagn-i-la Q (gn 15 Sns _> and

T(gnagn-‘rla S T (gn 15 Sns E) , T S N)w > 07 (3)

then {,} is a Cauchy sequence.

Lemma 3.2. If for some pn € (0,1) and ¢, € A,
=, 0, w) > = < .0, z) ,
u
Q¢, 0, w) <Q (g,ﬁ, z) and
,u

Y(s,9,@) < T (g, 9, %) , )

where @ > 0, then ¢ = 9

Proof. Condition (4) implies that

Z(s,v,w) > lim = (g,ﬁ,z) =1,9(s,Y,w) < lim Q (g,ﬁ, E) = 0 and
n—00 Iun HJ"

n—oo

T(,d,w) < lim T <g 9, ) = 0, where n € N, @ > 0 and by (d), (i) and (n)
T

n—oo

of Definition (2.1) it follows that ¢ = J. L]

Theorem 3.1. Let (A, =,Q, T, %, O, b) be a Complete Neutrosophic b-Metric space
(CNbMS) and let g : A — A. Let’s say that there is i € (O ) such that

=(gs, g9, @) > E (g,ﬁ, E) ,
v
w
Q(gs, gV, @) < Q <§,19, —) and
W
T(gs,9v,w) < T (<,19, %) (5)

where ¢,9 € A, > 0 and there exists ¢ € A and p € (0,1) such that

: _ w
lim %2 = (go,ggo, —i) =1,
n—00 1%
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lim &2, Q (go,ggo, E) = Oand
n—00 P

n—o0

lim ¢ T (go, 9%, z) — Owherew > 0. (6)
pl

Then g has a one and only fixed point in A.

Proof. Let¢y € A and ¢, = gs,,n € N. If we take ¢ = ¢, and ¥ = ¢,,_; in (5),
then we have

—_ — w w

:(gna Sn+1 w) Z = (<n17<n7 ;) 7Q(§n7 Sn+1 w) S Q (<n17<n7 ;) and
()

T(gna Sn+1s w) S T <gn17 Sns ;)

where n € N, w > 0, and Lemma (3.1) implies that {¢,, } is a Cauchy sequence.

Since (A, Z,Q, Y, x, <, b) is complete, a thing exists ¢ € A like that lim ¢, = ¢
n—oo

and

lim =Z(,¢,, @) =1, lim Q(s,s,,w) = 0and
n—o0

n—oo

lim Y(s,¢,, @) = 0, wherezw > 0. 7

n—oo

Conditions (5) and by (f), (k) and (p) of Definition (2.1) are used to show that ¢ is
a fixed point for g.

w w
= > = 9y 7 75 nySy 57
(95,5, @) _*< <g§,< 2b> (c S 2b>>
w

N————
—
g
D
SN
~
N———

Q(gs,6,@) << <Q (99% %) 62 <§”’§’ %))

w w
<O Q n—1y 57 7Q<n7 7_) d
> ( Sy Sn—1 QbM) Sns S 2 )an

T(gs,c, @) <O (T (9“"’ E) 1 <§”’g’ %»

w w
<O T yoSn—1y 57 7T(n7 7_) f 11 :
= ( S 12bu> §§2b>0ra w >0

By (7), as n — oo, we get

=(gs,5,w) > x(1,1) = 1,Q(gs, s, @) < <(0,0) = 0 and
T(gs,s,w) < <(0,0) =0.

Suppose that ¢ and ¥ are fixed points for g. By (5) we have
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2(¢, v, @) = E(ys, 99, @) = 2 (

Qs, ¥, w) = Qgs, g9, w) < ( v, %) and
T(s,9, @) = T(g5,9¢,w) < T (g,ﬁ, u) w > 0, and through Lemma (3.2)
suggests that ¢ = . O

Example 3.1. Let A = [0,1]. By Example (2.1), for 0 = 2. Thus, it follows
(A,E,Q,7, %, <, b) is a NbMS with b = 2 and Neutrosophic b-Metric Z(¢, 9, w) =
—(s—9) —(s—=9)% 19) (§*19>2

2
e = LQtw=1—-e"= ,T(dw=1—€ = ,¢,0€Nw>0.
Letg()—wgw<‘[,§€/\ Then

— —w?(s=9)2 —u(s=9)2 _ w
=(gs, g0, w) =€ = >e = ::(g,ﬁ,;),

_w2 o— 2 —p(e— 2
Qo,gw)=1-¢ = <l-e 5 =0 (m?,z) and
]

w?(c—9)? 1(s=9)2

T(gg7g7~9aw):1_e = <l-e = :T(§,I97%)§,19€A,w>0,

for % > 1 > w? As a result, Theorem (3.1)’s condition (5) is met and g has a
singular fixed point in A.

Theorem 3.2. Let (A, Z,Q,T,*,$,b) is a CNbDMS and let g © A — A. Let’s say
that there is |1 € (O, %) like that

=(gs, 9¥,w) > min {E (§,197 E) = (gg .. w) = (gﬁ,& E) } |
K 0 M
Q(gs, g0, @) < max{Q (919, 2) 0 (gg,g, E) 0 <gﬁ’197 E)} i
w 0 L
T(gs, 99, @) < max{T (g,q?7 %) N0 <g§,§, %) T (919,197 %)} ®)

forall¢, ¥ € N, > 0 and there exists g0 € A, and p € (0, 1) such that

. —_ w
nh—>Hc}o *;.in‘:‘ (g()?ggOa ;) = 17

lim &2 Q) (go,ggo, E) = 0and
pZ

n—oo

. w

lim &2 0 (go, 9%, —.) = 0forallw > 0. 9)
n—00 p7'

Then g has a one and only fixed point in A.
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Proof. Let¢y € Aand, .1 = gs,,n € N. By (8) with ¢ = ¢, and ¥ = ¢,_1, for
every n € N and every @ > 0, we have

— . — w — w — w
:(§n+17§n7w) Z ming =\ Sp,Sn—1, — y = §n+1,§n, - y = | SnySn—1y —
p 7 p

. — w — w

Zmin<g = | Sy Sn—1, — )52 | Sngts Sny —

7 Iz

If Z(¢u11,60, @) > = (qn+1, Sn,s %) ,n € N,w > 0, therefore Lemma (3.2) re-
quires that ¢, = ¢, 1,7 € N.

S0, E(Sut1, 60, @) > = (gn,gn_l, %) ,n € Ny > 0, and according to Lemma
(3.1), {s,,} is a Cauchy sequence.

() () ()
Q(Snt1, 5, @) < max {Q (gn,gnl, —) ,§2 (<n+1,<n, —) L2 <§n,<n1, —)}
% ] %
w ()
< max {Q (gn,gn_h —> ,§2 (§n+1,§n, —)}
% ]

If Q(pr1, 50, @) < Q (gn+1, Sn,s %) ,n € N,w > 0, therefore Lemma (3.2) re-
quires that g, = ¢, 1,7 € N.

So, Q(sui1,6n, @) < Q (gn,gn_l, %) ,n € N, > 0, and according to Lemma
(3.1), {s,,} is a Cauchy sequence.

() () ()
Y (Sns1,Sn, @) < max {T (cn,cnl, —) , T <<n+1,<n, —) , T (§n7§n17 —)}
I % i
() ()
< max {T (gn,%_h —> , T <cn+1,<n, —)}
I %

If Y(s1,60,w) < T <§n+1,§n,%) ,n € Nyw > 0, therefore Lemma (3.2)
requires that ¢, = ¢, 1,7 € N.

So, Y(Sut1,6n, @) < T (gn,gn_l, %) ,n € Ny > 0, and according to Lemma
(3.1), {s,} is a Cauchy sequence.

Consequently, there is ¢ € A like that

—_

lim ¢, =c¢and lim =(¢,¢,,w) =1,

n—oo n—oo

lim Q(g,¢,,w) = 0and

n—oo

lim Y(¢,¢,, @) =0, where w > 0. (10)
n—oo
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[1]

Let’s demonstrate that ¢ is ¢’s fixed point. Let 7y € (ub, 1) and 72 = 1 — 74. By
— . T
E(gs,s, @) = * <: <g§7g<n, —1) :

(8) we have
(ND)
2 = s )

. E (ga Sns 17)_;1) 75 (Ca gs, 17(;'_;1) ) —_ WTo
> % | min o )= (§n+17§7 b )
<§n7§n+17 b_/,l,l)

Taking n — oo and using (10), we get

2(gs, 5, @) > * (min {LE (sgs, @) ,1} , 1)
bu
—_ wT —_ w
Z*(:<§,QC,—1),1)::(C,g§,—>,W>0
bu p

where p = i—’l‘ € (0,1). So, E(gs,s,w) > = (gg,g, %) ,ww > 0, and by Lemma

[1]

(3.2) it follows that g¢ = ¢. Imagine that ¢ and ) are fixed points for g, that is
gs = ¢ and g = 1J. We obtain condition (8)

=(gs, g9, )

Q(gs,5, @)
T wT:
<< (Q (ggvggrn _1) 7Q (§n+1,§, _2))
b b
0 (c,gn, ﬂ) , (g,ga @> ;
< <& | max o o , <§n+17§7 %)

Q <§n7 Sn+1, %)

Taking n — oo and using (10), we get

Qgs,6,w) <O (max {O,Q (g,gg, i—:) ,O} ,O>
(o))
bu
Q (C,QQE) ,w >0,
P
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where p = l;—‘l‘ € (0,1). So, Q(gs,s,w) < Q <gg,§, %) ,w > 0, and by Lemma

(3.2) it follows that g5 = .
Imagine that ¢ and ¥ are fixed points for g, that is g¢ = ¢ and g} = /. We obtain
condition (8)

Q(gs, 99, @)

< max{ﬂ (c,ﬁ, 9) 0 (c,gc, 9) 0 (ﬁ,gﬁ, 9)}
[ 1 1

= maX{Q <§,19, E) ,0,0} =0 <§,19, E) =0 (gg,gﬁ, z)
u Il u

T(gs, s, @)
wT wT:
S % (T (ggaggna Tl) 7T <§n+1, Sy TQ))
T (g,cn, @> , T (c,g<, @> ;
< o [ max Z W (s )

T (S5m0, 52

Taking n — oo and using (10), we get

T(gs,5,w) <O (max {O, T <g,g§, i—;l) ,0} ,0)
()

by
=T <<,g§, %) ,w >0

where p = i—‘: € (0,1). So, T(gs,5,w) < T (gg,g, %) ,w > 0, and by Lemma

(3.2) it follows that g5 = .
Imagine that ¢ and ¢} are fixed points for g, that is gg¢ = ¢ and gt = ). We obtain
condition (8)

T(gs, 99, @) < max {T (979, E) X (@g@? E) T (197919, E)}
M Iz K
= max {T (g,ﬁ, E) ,0,0} =7 (g,ﬁ, z) =7 (gg,gﬁ, z)
M H M

for w > 0, and it is implied from Lemma (3.2) that gg¢ = g4J, that is ¢ = . ]

Example 3.2. Let A = (0,2),2(c,0, @) = e =, Q¢, 0, @) =1 —e =",
(s—9)2

T, ,w)=1—€e = ,x =% and & = Oy Then (N,Z,Q, T, %, O)b) is a
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CNDMS with b = 2. Let g(s) = 2 l’q, 2 i %(1)7’ ;))

Case 1: If s,V € [1,2) then Z(gs, gV, w) = 1,Q(gs, 90, @) = 0 and
Y (gs, g¥,w) =0, w > 0, and conditions (8) are met.

Case 2: If s € [1,2) and ¥ € (0, 1), then, for ju € (3, 3), we have

402

—_ —(1-9)2 —ap(-9)? o
E(gs, 90, w) =e" = Ze = ::(gc,ﬁ,;),

—_(1-9)2 _ _ 92
Qgs, g0, @) =1 ¢ = §1—€W:Q(9§7ﬁ72>
U

—9)? 1(1—9)2
T(gs, gl @) =1—¢ = <l—e = =T (gg,ﬁ, Z) > 0.
I
Case 3: As in the earlier instance, for i € (;11, %) we have

- — w

E(gs, 99, w) > E <g<,§, —) :
i
w

Q(gs, gv, @) < Q (gg,g, —> and
1

T(gs,99, @) <T (gg,c, %) s €(0,1),9 € [1,2),m > 0.
Case 4: If <,9 € (0,1) then for p € (1,1),

—(s=v)? —(1-9)* —ap(1-9)2
> >

=(gs,9v,w) > e = e = e =

:E<ga9,z9,z) ¢ >, w >0,
1

—_ —_ w
=(g9s, 99, @) > = (gg,gE) s <, w >0,

—(s—1)2 —(1-9)2 —ap(1-9)2

Qgs, g0, w)<l—e = <l—e = <l—-e =

:Q(gﬁ,ﬁ,f) o>, >0,

0
w
Q(gs, 99, @) <Q (g§,§, —) s < v, w > 0and
W
2

(s—9) (1-9)2 4p(1=9)2

T(gs, g0, w)<1l—e = <l—e = <l—e =

I
]

gﬁ,ﬁ,%) s>, w >0,

T(gs, 99, w) < T <g§,<, %) o<V, > 0.
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So conditions (8) are satisfied for all ¢, € A, w > 0, and it follows from Theorem
(3.2) that ¢ = 1 is a singular fixed point for g.

Theorem 3.3. Let (A, =, Q, T, *min, Omax) be a CNbMS, and let g : A — A. If

for some 11 € (O, b12)

=(gs, 99, @) > min

Q(gs, 99, @) < max ¢ <§’ 19(’22;?9’(;;’;’52;215’9;19’ %) "\ nd
T(gs, 9V, @) < max B Gﬁﬁ@g;ﬁ;)i} %g’;ﬁ(’gg)ﬂ’ %) ’ (an

where ¢, € A, w > 0 then g has a unique fixed point in A.

Proof. Let¢, € A and ¢,41 = gs,,n € N. By (11) with ¢ = ¢, and ¥ = ¢,_1,
using (f, k and p) and the assumption that ¥ = *,,;, and & = <. we have

E(gn-i-la Sns w)

- w = w = w
. — gnagn—b;) ) — <§n+17§n7g> ) — (Cnagn—lal_t> )
> min

min = (Cn—i-l; Sns %) = (gmgn—h %)} 75 (gmgm %)
Zmln{E (§n,§n 1 > E(§n+17§n7_)}7n€Naw>O'

Q(§n+1a§naw)
Q §n>§n—17%> 7Q <§n+1agn7%> ,Q <§n7§n—17%> 9
max 4 €2 <§n+17§n7%> 7Q (gnagn—la %)} 7Q (g'rwg'rw%)

< max« (2 gn,gn_l,z ,Q gn+1,gn,z ,n €N, > 0and
bu bu
)

T(§n+17 Sny W

T <§na Sn—1, %) 7T <§n+17§n7 %) >T (gnagn—h %) )
< max

max {T (<n+1,§n, ﬁ) , T <§n,§n_1, %)} ;T (§n7§n7 %)

< max {T (gn,gn_l, E) T <gn+1,gn, E) } , wheren € N, ww > 0.
bu bu

< max
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As in the proof of Theorem (3.2), it is inferred from Lemma (3.2) and Corollary
(3.1) that

E(§n+17§n7w) Z E (gna Sn—15 %) 7Q(§n+17§n7w) S Q (Cn, Sn—15 %) and

T(Sni1,$n, @) < T (gn, Sn1, %) n € N,w > 0, and {s, } is a Cauchy sequence.
Thus, there is ¢ € A like that lim ¢, = ¢ and

n—oo

lim =(s,¢,, @) =1, lim Q(s,¢,,w) = 0and
n—ro0

n—oo

lim Y (5,6, @) =0, > 0. (12)

n—o0

Letr; € (b*u,1)and 75 = 1—7;. By (11) and (£, k and p) for * = *i0, O = Opax
we have

Z(gs,5, @)
. — wT — TwTy
> min {: (gg,ggn, T) y (ggn, S, T)}
( — T o wT )
= (§7 Sns b_ul> & <§,g§, b_ﬂl) ’
. . E (gny Sn+1) %) ) —_
> min{ min o on) = o S R I,
min {: <g§,§, m) , = (§7§n7 m)} )
= @
\ \ = (§n7 Sntls > ) )
Q(gs, s, @)
wT1 wWTy
< max {Q (gg,ggn, T) , ) <g§n7§7 o )}
( ( T WT ) )
Q (C, Sny b_“l> 7Q <§7g§7 b_ul> )

Q <gn7gn+17 ﬂ)
bu )
< max{ max - o (G152
max {Q <g§,§, W) ,Q <§,<m m) } )

Q (gny Sn+1s w[)_:)

\ \ Vs Vs
T(gs,s, @)
wT wWT:
S max {T (g§, 9Sns Tl> y T (ggnu Sy T2> }
r ( or or ) )
T (g,cn, b—;) T (999 b—;) :

T (gr” Sn+415 12_;1) )
max { T (95,5, 82 ) . T (<50 2 ) |
T (gnygn—i-h %)

< max{ max T (S =)
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for all n € N, > 0. Taking n — oo and using (12), we get

=(gs, 5, @)

> min ¢ min< 1,= g,gg,@ , 1, min < = gg,g,@ 1,101
b b2

— wTy

:‘:<g§7gam)>w>oa

Qgs, s, @)
< max < max< 0,2 g,gg,@ ,0, max < gg,g,E ,02,072.,0
bii b2
wTy
—Q(gg,g,w>,w>0,
T(gs,s, @)

< max< max< 0,1 g,gg,@ ,0,max< T g<,§,@ ,02,07,0
bu b
wTy
ZT(9§,§7W)>W>07

and by lemma (3.2) with p = £ € (0,1). Thus, it follows g< = <.
With reference to condition (11), two fixed points ¢ = g5 and ¥ = g1}, we have

=(gs, 99, @)

. E(<,0,2>,E(9<,<,2
> min . K K
min {: <g§,q,bE , = (g,ﬁ

= min{E <q,19, E) ,1,1,min{1,5 (g,ﬁ,z)},E (g,ﬁ, z)}
It bu It
@ @

Q <§,19, E) ,Q <g§,<, E) , (gﬁ,ﬂ, Z) ;
< max i {Q (g:c, %> 0 <g727 = } .0 <g7“gz9, %)
Y

:max{Q S, ,z),0,0,maX{O,Q(q,ﬁ,z)},Q(g,ﬁ,z)}
p bu I
= (9, ) =9(g5,99 ), w>0,
bu bu

T (gs, gV, w)
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(60.2) T (7). T (100.7)

T
= max maX{T (999 %) T (979’ %)} T (g,g@?, %>
_ maX{T (919’ E) 7O,O,maX{O,T (g,ﬁ,z)},T <§,19, E)}
0 bu M
=7 (g,ﬁ,z) =7 <9<,919,z) @ >0,
bis bp

and it is implied from Lemma (3.2) that ¢ = 9. [l

Theorem 3.4. Let (A,Z,Q, T, %,O),x > %9, O < Oy, be a CNbMS, and let
g : N — A. Suppose that for some | € (0, blg)

=(:0.2) 25 8) 2(00.05).

=(gs, g¥,w) > min = (o0, 2w> <§ o5, >

(s
1(o02) 2 7). (0005)
(g5, 99, ) < max 0 (90.9.2).9 (5.90.2)
BT

SR

955 S, o > T(gﬁ,ﬁ,%),

T(gs, g0, w) < max , (13)
\/ T <g<,19, 2—w>,T <<,gl9, z)
\ n n
¢, ¥ € N, > 0 and there exists o € A and p € (0, 1) such that
lim *;2 = (go,ggo, E) =1,
n—00 pl
lim &2 Q) (go,ggo, z) = Oand
n—00 P
. w
lim &2 Q) (go,ggo, —.) = 0forallw > 0. (14)
n—00 p'L

Then g has a unique fixed point in A.

Proof. Let ¢y € A and g1 = gs,,n € N. Taking ¢ = ¢, and ¥ = ¢, in
condition (13), by using (f, k and p) and *x > x4, & < Oy we have

= (gna Sn—1, %) 75 <§n+17§n7 %) 75 <§na Sn—1, %) )

E(§n+1,§n,W) Z min _ = — - _ = )
= <§n+1,§n7 m) e’ (Cm Sn—1, g) y = <§n7§n7 ;)
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r
Q <§n7§n—17%> 7Q (gn—klagna%) <§n7§n 17%)
Q(Sng15Sny @) < max - _ :
\ Q <§n+17 Sny m) Ry <§n, Sn—1, bﬂ) <§n7§n7 E)
)
T (gn7gn—17%> 7T (gn+17§n7%> <§n,§n 1 H)
\/T <§n+17§n> %) T <§n7§n—17 bu) T (gna Sns E)

n € N,@w > 0. Since Z(¢, ¥, w) is b-nondecreasing in w and /(a.b) > min{a, b},
Q(s, 9, w) and Y (s, ¥, w) is b-nonincreasing in w and +/(a.b) < max{a,b} we
obtain that

—_ . —_ w —_ w
\:(§n+1,§n,’W) Z min § = gn-l—lagnaﬁ y = | SnySn—1, 7 bu )

Q(§n+1>§n>w) S max Q §n+17§n72 Q SnySn—15 7 i and
bu bu

w w
T(§n+1>§n>w) S max T Sn+15Sn, 7 7T SnsSn—1s 7 .
bu bu

By Lemma (3.2) and (3.1) it follows that
w
(gna Sn—1, b )
w

Q (Snt1,6n, @) < Q <§m§n1, bu) and

Y (Spt1, Sn, w) < max

\

(1]

E (§n+17 g’ru w) 2

w
T n+1, Sns S T nySn—1, 7 .
(Snt1s Sny @) (§ Sn—1 b#)

where n € N, w > 0, and {¢, } is a Cauchy sequence. Since (A,=Z,Q, T, %, ) is
a complete space, there exists ¢ € A such that lim ¢, = ¢ and
n—oo

lim =(s,¢,, @) =1,

n—oo

lim Q(s,s,, @) = 0and

n—oo

lim Y(¢,¢,, @) =0, w > 0. (15)
n—oo

Let7; € (b*u,1) and 7, = 1 —7;. By (13) and (f, k and p) for * = %4 and & < Oy
we have

=(gs,¢, )

—_ wTy —_ wWTy
>k (: (gg,gcm T> = (9 Sny Sy —— b >)
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3\
- wT: = wT
= <§, Sns bﬂl> , <§,g§, b,u1> )
- wT
= (§n7 Sn+1, bul) )

] _ wWTy
> * | min < — o\ — . 7:‘<§n+17§7_b >
= (gg,g, bg—/j> = (c,cn, 1>7

N
\ E (gny Sn+41s %) )
( - wT1 ol wT1 )
S Ty )= 9 )
— wWT1
= gnygn—‘rh b_) 9
e ( :
— min : - wTL = w1 ’
min 4 = |{ g, <, ) = Sy Sny b2 )
E (§n7 Sn+1, i_;l 7E (gn""l’ Ss %)
\ Vs
Q(gs,s, @)
wT wWT2
S % <Q (999%, T) 7Q (ggn,G, b ))

( Q(g,gn,i—lzl),Q(C,gG,wb—E)? \

Q <§n,§n+1,wb_;1>» Ty

< < | max 7Q<§n+1,€,—) )
\/Q (gg,g, 2_“;—2) Q0 <§,§m %)’ b

Q <§n,§n+1,wb_;1> )

( Q(g,gn,%>,9<§,g§,%), \

Q <§n,§n+1,i_:)7

maX{Q (g§,§, ?TE) ,§2 (g,qn, %)} )

\ Q <§m Sn+1, wb_;;l) 7Q (§n+1, S %)

< <& | max and

-~

T(gs,<, @)
wT wT:

< <& <T (ggaggnu Tl) 7T (ggn7g7 TQ))

p 3\

T <g7§n7 Wb_ll) 7T (g,g(, ZZ_:) ’
T <§n; Sn+1, %) )
S <& | max - ) T <§n+1a Sy ?) )
\/T (gg,g, ﬁ—j}) X (c,gn, %)

T <§n7 Sn+1, wb_;;l)
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( )
T (S50 52 )T (519552 )
T (% Sn+1 ﬂ)
< < | max 7 T ) ,
maX{T (gc,c, Z—T;) ;T (g,cm %) } ;

T (gna Sn+1, %;1) ) T (gn—i-la Sy %)

\

for all ¥ € N and w > 0. Taking n — oo and using (15), we get

= (gs,s, w)

and by Lemma (3.2) with p = bj—l” € (0,1) as aresult,gs = .
Imagine that ¢ and ¥ are fixed points for g. By condition (13) we have

= (95,99, @)
= (gaﬁa ;) y = <g§a§7 ;) y = <g7~9a197 ;) )

= <g§,<, ﬁ) = (919, &)E (@gﬁ, %)
Z * (E (g”ﬂ,z> a1717min{175 (§7197z)}7
I bu
w w
== (c,”ﬁ, —) =Z (gc,gﬁ, —) ,
by @

> %

(11

(2)
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Q Q(gc S, )ﬂ(gﬁ,ﬁy%)a
&
o atodatnd

<><Q SV, ) 0Omax{O,Q(g,ﬁ,%)},Q(g,ﬁ,%))
(C,ﬁ,b ) (gc gv, M) and
, 99, @)

Y (50.8) X (g5 F) Y (900.5).

T gg S, bu) T (q,ﬁ, %),T (q,gﬁ, %)

<><T ¢, 1, ) 00maX{O,T(g,ﬁ,z>},T(g,ﬁ,z>>
bp I
= (g, , ) <gg gv, ) ,m > 0.
b ju

Therefore, it follows from Lemma (3.2) that ¢ = ). O

IN

IN

Il
2

A

T (g

IA
O

IA

(s=9)2 —(s=9?2

Example3.3. Let A = {0,1,3}, 2 (5,9, @) =e~ = ,Q(s,90, @) =1—¢" =

and Y (¢,0,w) = 1 — e(<;9)2,* = %9, 0 = Op. Then (NM,E,Q, T, %,0) is a
CNbMS with b = 2. Define the function g : A — A as follows: g9 = g1 = 1,93 =
0. Observe that if ¢ = ¥ ors, ¥ € [0, 1], then = (gs, g9, w) = 1,2 (g, g9, w) = 0
and Y (gs, gv,w) = 0, > 0 and condition (13) is fulfilled.

Case: 1 Let ¢ = 0 and ¥ = 1. Then since |1 € (9, 4) we have that

=(gs, gv, w)—ew >m1n{e;,ew,1,1,ewu},
(gq,gﬁ,w)zl—e_?1 Smax{l—e%,l—e%,(),o,l—e%},and

Q
T (g5, g0, @) =1 — e= SmaX{l—e%‘,l—e%,0,0,l—e%‘},

Case: 2 Let ¢ = 0 and ¥ = 3. Then since |1 € ( ) we have that

11
974

9 — -9 —
=(gs, 99, @) —e= > mm{e wu,e?l,e%,e?”,l},

Q
T (g5, g9, w)—l—ew <max{1—e%,l—e%,l—e%,l—e%,()}.
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Case: 3 Let ¢ = 1 and 9 = 3. Then selecting 1 € (%, 411)’ we have that
=(gs,90, @) = e > min {6#,1,6%,6%,6%}
Q(gs, g0, @) =1—¢= < maX{l e 01— 1 —e%’”,1_e%‘} and
T (9599, @) =1—¢= < max{l —e=,0,1—e%,1—e5,1 _@%}.

Therefore we conclude that 1 € (%, i), condition (13) is fullfilled for ¢,v € A
and @ > 0.

Therefore, ¢ = 1 is a one and only fixed point and all conditions of Theorem (3.4)
are met.

4 Conclusion

An extension of the t-norm that is countable is used in this paper. Using this con-
dition of expansion and contraction, we can show that the sequence in NbMS is a
Cauchy sequence. By using our findings, some fixed point theorems are addition-
ally established.
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Existence Results for @ -Caputo Fractional
Differential Equations with Boundary Conditions

C.Monickpriya”
D.Swathi+
K.Ananthiz

U.Karthik Rajas”

Abstract
In this paper, we examine the existence and uniqueness of arrangements of a limit
esteem problem for a fractional differential equation of order a € (2, 3), including a
general type of fractional derivative. initially, we demonstrate a comparability between
the Cauchy problem and the Volterra condition. Then, at that point, two outcomes on
the existence of arrangements are demonstrated, and we end for certain illustrative
models.

Keywords: fractional differential equations, Cauchy problem,Volterra condition
2020 AMS subjedt Classifications: 34A08; 34K37; 34K40; 58C30.

1. Introduction

Fractional differential conditions (FDES) have obtained impressive importance
since it has shifted applications in various applied sciences and designing [1-3]. There
are different meanings of fractional calculus (FC) that created the FDEs whether in
demonstrating or descript the memory precisely. The field of fragmentary differential
conditions has been exposed to an escalated improvement of the hypothesis and
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applications in numerical phisics, finance, astronomy ,cosmology, combination model
for low light upgrade, and in as of late applied the subjective examination in the hour of
Coronavirus 19[5].

One of the notable subordinates with partial orders are Riemann-Liouville, Caputo,
Weyl Hadamard and Grunwald-Letnikov, and so on, Partial administrators are assumed
an indispensable part for the mathematical demonstrating and genuine applications.. As
of late, some essential hypothesis for starting worth issues for fragmentary differential
conditions including the Riemann-Liouville differential administrator of request
a € (0,1] as talked about by Lakshmikantham and , Vatsala [9,10,13]. Here we
extend the work in [1] with mixed boundary conditions dependence on the lipschitz
conditions. The motive of this paper is to explore the existence and uniqueness of
solutions for a nonlinear partial differential equation (FDE) including the Caputo
fractional derivative of a function u concerning another function y

([ Coitw® =f(Lu®uw(tu®)), telab]

u(a) =u, (1)
| u'(a) = u}

u(b) = MI%¥u(x)
Where a € (2,3),uq, ul, M,x € Rwith x € (a,bl,u € C2[a,b], CDZYu)(t) is the
 — caputo fractional derivative of u [1l]and consider the continuous function
fila,b] X R - R.

If f € [a,b], f (t,u(t),u'(t,u(t))) = 0. Consider Du(t) = u'(t, u(t))

Then (1) changes to

( (‘D W@ = f(t,u(t), Du(), tE€[a,b]
u(a) = u,
| w'(a) = ul @
L u(b) = Mg, yu(x)
Here we postulate to the limitation.
K = =@ - @) - (W) -p@)"  #0 )
is satisfied
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In this article we organized the basic needed results, definitions, lemmas and theorems .
In section 3 we present the existence and uniqueness results using Banach and Leray
Schauder fixed point theorems based on our system of equation (2). In section 4 we
demonstrate one example based on our result.

2. Preliminaies

We presently review the a few documentations, definitions fundamental outcome that
are utilized all through this article. By C(J,R),we mean the Banach space of all
persistent capabilities from J to R with the norm  ||u]|, = sup{|u(t)|:t € J}. and an
increasing differentiable function ¥: [a,b] > R 3: ¢'(t) # 0,V t € [a,b]

Definition 2.1([11]) Let us defined the function f: [0, T] — R be an integrable function.
The Y —R-L necessary of request a > 0 of ffor0<t<T <+, is characterized by

1§ (O = 2 [y (0O = ()" Y ©f ()ds (5)
Definition 2.2([6]) Considering 0 < t < T < 400, the 1} —R-L fractional derivative of
order ¢ > 0 of a function f € ACJ,([O T]) is defined by

DGy f (8) = I35 (i £)(®) + 2 = wf)(+)1) W® -p©@)""

= o (P ® —¢<s))r Y () wpf(s)ds
+ X020 E(,ff fziol)) (W® —p(0)"" (6)

In the event that the basic exists, where n = [a] + 1, [(.) is the Euler's gamma

capability characterized by [(x) = fooo t*"le~tdt.

Note:2.3 The fractional integral is satisfied the semigroup law, (i.e).,

1818, u@® = 155 u®),  va,p>0.
the fractional derivative that we will bargain in our work is a Caputo type operator, and
it is characterized by the articulation

ulM(a) n
(DL, ) (O) = D¢ [u(t) - T () - p(@) ] %
Where u € C™" 1[a,b],n =[a] + 1 fora & N,n = a for a € N, and

n

ey - (1 4
uy (B = (z/)’(t) dt) u(®
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Now if @ =h € N,we have  (“Dg,,u)(t) = ug'](t) And for a € N, we have

(cDa+ wu) (t) =

n—-a-1

L' @@® —p@©)" ™ ull©)de

M(n-a)

A significant function in fractional calculus is the Mittag-Leffler function,
which is a speculation of the factorial function to real numbers, and it is given by

Zn
Ea2) = Z Tant D'
The power function derivative is given by

Dy () — (@) = To-o (y) (l/}(t) p(a)

Thus the mittag leffler function is given by

(°D&ypEa(8((®) — W(@)))) = 6E,(6(() — w(a))*)n the accompanying

theorem, gives the relation between fractional integrals and fractional derivatives.

yal

Theorem:2.4 [4] Let u: [a,b] - R be afunction
a) If wis continuous, then (°Dg.. 154, w) (£) = u(t)

b) If u is of class ™1, then
k- n

1%, D&, yu(t) = u(®) Z

n=

(wm w(@)".

In [2.5] theorem is workout for a further class of function.
Theorem:2.5 For y > 0 and § € R — {0}, we have the subsequent couple of formulas

10
a+1/)(lp(t) l/J( ))y |—( (_)i/_) )(lp(t) l/J( ))

And 15 Bl (S((®) — ¥(@)") = 5 (E(6(w(®) — ¥(@)") - 1)

Proof: For the first formula

12 ((© — @) =

y+a-1

,
5 5 [ VOO -we) wo - v©)

" e N L@ (1- SR (o) -
p@) ™"
= w5 WO —¥@)" T A -p)iprdp

1 _ y+a-1 [(y) (@)
5 WO @) S
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y+a-1

(b0 = @) = L= (w(©) - p@) "
Next,

18y Ea(8((®) = 9(@)") = Tito s [ (WO = w(@)™
co 6’]’1 3
= ; r(na +a+ 1) Ia+;1p(l/)(t) - lll(a))

1w 6" na
= gz Tha+ D (¥ (® —y(a)
n=0
18 Ea(S((®) —1¥(@)") = 5 (E(6(¥(®) — p(@))") — 1)

nat+a

3. Existence and unigqueness

Our next outcome lays out an equality between issue (2) and Volterra integral
equation.
Theorem:3.1 The given system of equation is equivalent to the integral equation

u(t) = I, f (6, u(®), Du®)) + uq + ﬁ (W(©®) — (@) + 7, (W) — (@),
t € [a, b](6)

Where

Ty = [13+;1,,f(b, u(b), iDu(b)) — lelﬁ;wf(x, u(x), fDu(x)) + u, (1 — %m) (lp(x) —
Yaa+ualy (@ypb—ya—M [ 2+aypx—paa+1/K

()
Proof: By utilize the theorem 1 applying the fractional integral both sides on
(“Dgypw) () = f (¢, u(t), Du(t)) and we attain the relation.

u(®) = 1% f (6 u(®), Du(®) + 70 + 71 (YO — Y(@) + (PO — P(@)°
Here t,, 71, T, are the constants.

T Next we find the

Since u(a) = u, ; u'(a) =ul we deduce that 7y = uy; 7, =

value of 7,

g
@ WO -¥@)

1§, pu(t) =15, (1;1;1,) £t u(®), Du)) +u, + m

+7,(p(t) — w(a))z)
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Ie$pf (6 u(®), Du®) + - <Z‘i =) — @) +
W® - @)

a+2

(W) — (@)

P'(a) I'(a+2) F(a+3)

Since u(b) = MIZ,. 4u(x), we decide the value of 7., in this manner finishing

the initial segment of the proof. For the converse, if u satisfies condition (5), applying
the fractional derivative to the two sides of the equation and going to that

2
(“Dg1ptta0 = (DG4 (W () — (@) = (°Dg,., (W(@®) — (@) =0
We attain that (°Dg,.,u(t) = (¢, u(t), Du(d)).
Note 3.2: Now we define the functional IF based on the theorem 3

FQ)(®) = I, f (6 u(0), Du(®) + ug + ¢<)
+ 7, (¥(®) - Y(@)° ®

From the equation (7) we attain the value of t,,.
(A1) Let us define a continuous function f € (C[a,b] X R X R, R) and
u € C[a, b] and there exists a positive constants 90t;, M, and such that
1£Ct, uq, vi) — (6, ug, vo) Il < Dy (llug — uzll + |lvy — v )
for each wuy,up vy, vain Y, M, = max|/f(t,0,0)[land Mt = max {Nt;, M, }.
Let Y=C[R,X] be the set of continuous functions on R with in the Banach space X
values.
(A2) Let u’' € C[a,b] satisfy the Lipschitz condition. i.e., There exists a
positive constants 9t;, 9t,and N such that

1D(tw) =DV < Ry ([Ju-viD),

forall uvinY. 9, = max,p||D(t, 0)] and It = max{9t;,N,}.

Lemma 3.3 If (Al) and (A2) are satisfied, then the estimate ||[Du(t))|| < t(9R,|[ull +
N,), |Du(t) — Dv(t)l| < Nt||u-v|| are satisfied for any teR and u,v € Y and consider
B =M + it

Theorem:3.4 If 3 an integrable function B: [a, b] » R}  3: from the assumption there
exists then areal h > 0 (h < b — a) then the given system (1) has a unique solution in
[a,a + D],

Proof: Leth > 0 be such that
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2
o 15+ B(6) + [1g:B(b) + MIZEB(x)] ® ‘Kll’(a))
tefaa+h

And Y the set Y = {u € C?[a,a +b]:° DE,. B(t) exists and is cotinuous in [a,a +
b].

We prove that the function FF is a contraction. Allow us to see that [F is well defined.
(i.e).,F(Y) € Y. Given a function u € Y, then we have the map t +— F(u)(t) is of
class €2 and the below function is continuous . (°D& +pF)) (@) = £ (¢, ult), Du(t))
Let u,,u, € Y be arbitrary, then

IF(uy) — F(up)ll
< sup ]{Ig+;¢|f(t, uy (1), Duy (1)) — (& uz (), Du,(1))]

t€la,a+

<1 9)

+ 18,1 (81 (B), Duy (B)) — £ (£, 12 (b), Duy (b))
+ MIZS | f (s (), Duy (x))

— f(t,uz (%), Du, (1) ] (w(©) —Kl/J(a)) }

< sup { &, o+ ROluy — ] + 1, (T + Ry — uy | +

tela,a+h]

Mla+yY2a(M+ N"x)ul—ulyt—yalk

< sup
tela,a+h]

1858 + 1%, B(b) + MIZ%,,B(x)

||

](w(t) —K ¥(a)) }

—u,

Hence, F is a”contraction, By using the Banach Fixed point theorem the given
system of equation has unique solution.

Review that a group of functions 9 is equicontinuous if for each € > 0,3 some
§ > 0 to such an extent that d(u(t;), u(t,)) < € forallu € ¥ and all t, ¢, to such an
extent that d(t;,t,) < 6.
Theorem:3.5 Suppose that 3 the following assumption hold

(A3) 3 two continuous function Hy, H,: [a,b] - R and a non-decreasing
function Y: R » R{ 3:,Vt € [a,b] and u € R we have
If (&, u(®), Du(t))| < Hi (Y (Blul) + Ha(t) < BH; (OY (Jul) + Hz(t)
Then the real system R > 0 such that
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Where

2
b)—
2 = SUprefay S HUO + (14 H D) + M2 H, (o)) LD =
Then by the Cauchy problem (2) has atleast one solution in [a,b].
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¥(a))

1LBY(R) + 1,

IP()

+ T V0 — @)’

”“[1 o
L) - i

l/)()

(W) — (@)’

—m(lp(x) —¥(a)) ] X

Proof: By the equation (8) IF is given by, consider the closed ball

Br = {u € C*[a,b] : |lull <R}

Step 1: F(BR) € Bi. Given u € By then

IFCo|

= tSFp] {Ig+ »IBHLOY (lu(®)]) + H,
€

sup {I ¢
te[a,b]

+ (W () — ¢<a>)2}

lP()

ug|
Y'(a)

[N

+ (1545 |BH ()Y (Ju(b)]) + Hy(D)|] + MIZS.,BH ()Y ([ux))

+ Hy(x)
($0) —p(@)°]

* u“[l T@+D +1)

u')(al) v - (@

(p(b) — zp(a))z}
K

sz W@ ¥ @)™
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< 4BY(R) + 4, él) (W) —y()
e [1 = g (960~ w(@)']
+ [y - v

(W) - (@)
K

M a+1
- m(lp(@ —Y(a)) ]
<R

Step :2 F(Bg) is equicontinuous. Let t;, t, € [a, b] with t; > t, and

L= |f (¢, u®), Du(®)|

(t, X)E[a b XBr

Thus |F(uw)(t;) — F(w)(t,)]
L a a
< m (W) —y(@) — () —yp@) ]+

1/)()(zp(tl) (&) + Irul [((8) = 9(@) = (B(2) - (@)’

As t; = t, and which combines to zero. By the Ascoli-Arzela Hypothesis, F(Bg) is
contained in a compact set. At last, we presently demonstrate that there are no u € 0By
and p € (0,1) 3:u = pF(u). For that reason, assume that such u and p exist. For this
situation,

R = Jlull < I[F)Il < R

Now we have seen previously, which show our case. All in all, by the Leray-Schauder
alternative, we demonstrate the presence of a fixed point to [F. O

4. Example

In this section we discuss the problem which is related to the main result.Consider the
fractional differential equation
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(CDg+;¢u)(t) = 3—\t/nsin (u(t) + u'(t)),, t € [a,b]

u(0) = u,
| w'(0) = ug
\ u(1) = MIZS ,u(0.5)

Now consider Where a € (2,3),u,, ul, M,x € R. From [2] we consider the value of
M. Letu, v € [0,0) and t € ], thus we have

t
[f(t, ug, vq) — f(t,uy, vo)| < _n(|U1 —uy| + vy —v3)),

3vn
<szlu-vi<Zlu-v|
=37 u—v| = s u—v
Hence from the assumption B(t) = % u, v € [0,), then we have by the theorem 4 we
conclude that

2
](llf(t) —(a)) <1

I§.B(t) + 1§, B(b) + MIZEB(x) T

Thus, the existence and uniqueness of the solution in the interval [0, 1].
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Abstract

In this article, we investigate the sufficient conditions for the existence
of solutions to a Caputo fractional derivative with a class of boundary
value problem dependence on the lipschitz first derivative conditions
in Banach Space. Our main tool is a fixed point theorem. An numeri-
cal example is given to clarify the results.
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1 Introduction

In the past decades, Fractional differential equations extensively appear in
the study of many real world phenomena. They have used to evolve variety of dif-
ferent areas of applied mathematics and physics such as heat conduction, chemical
engineering, underground water flow, thermo-elasticity,and plasma physics can be
reduced to nonlocal problems with integral boundary conditions. Boundary value
problems with integral boundary conditions constitute a very interesting and im-
portant class of problems. we refer the reader to the articles (7; 8). Recently, most
of the researchers have applying various fixed point theorems and get many in-
teresting results of the existence of solutions for fractional differential equations
(9; 11). Hilal et al. (12) studied the existence of an impulsive fractional integro-
differential equations in a non-compact semigroup. In (13), Zhang et al. gave the
existence and uniqueness of mild solutions for impulsive fractional equations with
nonlocal conditions.

Motivated by the above mentioned works, this article investigate the existence
of solutions for the boundary value problem with Caputo fractional differential
equations and nonlinear integral conditions in Banach space as follows

cD(t) = f(t,u(t),u ( u(t))),forallte J=[0,%],1 < a < 2,
u(0) —u'( :fo s))ds, (1)
u(®) + fo (s))ds,

Where ©Du(t)is the Caputo derivative, f € (J xR xR, R)andp,q € (J xR, R)
are given continuous functions. f (¢, u(t),u (¢,u(t))) = 0 Consider Du(t) =
' (t,u(t)). Then (1) becomes

cDu(t) = f(t, () Du(t)),forallte J =[0,%],1 < a < 2,
u(0) — u( )= Ji < u(s))ds, (2)
( (‘Z fo (S )d57

The main aim of the paper is to explore the existence of solutions to the equa-
tion (2) by using various fixed point theorems. This paper is organized as five
parts. In Section 2, we review few preliminaries and lemmas of fractional calculus
that we require in the sequel. The existence of solutions for initial value problem
for an fractional derivative results relying on various fixed point theorems for the
problem (2) are proved in Section 3. Finally we present an illustrative example.
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2 Facts

Here, we familarize the some notation, definitions and basic lemmas and the-
orems. These are used in the further section in this paper. We denote C'(J,R)
which means set of all continuous functions from J into R in the Banach space
with the norm

[ulloe = sup {lu(t)] - € J}

Let L'(J, R) denote the Banach space of functions u: J — R which is the
Lebesgue integrable with norm

T
lullz: = / fu(t)|dt,

Also the second derivative 1 of the differentiable function u is continuous which
is belongs to the space C?(J, R). (4;5) Integral of the Function f € L'([a, b],R.)
with the Fractional order o € R is defined by

1 f(t) = ﬁ / (t — )" f(s)ds

When a = 0, we get I®f(t) = [f * pa|(t), Wwhere @, (t) = % fort > 0, and
val(t) = 0fort < 0, and ¢, — 0(t) as @ — 0, where 0 is the delta function.
(4; 5) Function f € [a, b], the ath R-L fractional order derivative of f, is given as

D500 = s () [ s

n—a)

Here n = o] 4+ 1 and [«] is the integer part of a.  (3) Function f € [a,b], the
Caputo fractional derivative of order « of f, is defined as

DL = e [ = s

(n —«

where n = [a] + 1.

Proposition 2.4 ((1;2)) f'(u) € D satisfy the Lipschitz condition.
i.e., 3 a +ve constant 7 such that

1" (w) = f ()l <7 (lu=ol)), Yu,veD.
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3 Main Results

In this section, we give the existence of solutions via fixed point theorems for
the problem (2)
Function u € C?(J, R) whose a-derivative exists on J is said to be a solution of
(2) if u satisfies the equation “D®u(t) = f(t, u(t), Du(t)) on J and the conditions

T T
u(0)—u (O):/O p(s,u(s))ds, and u(T)qLu,(l):/o q(s,u(s))ds,

we use the following auxiliary lemmas to prove the existence solution for the
equation (2). (6) Let o > 0; then the differential equation

‘D%(t) =0

has solutions g(t) = co+cit+cot>++ - +cpt" ;€ R, 1=0,1,2,...,n, n=
[a] +1 (6) Let o > 0, then

I1°°Dg(t) = g(t)co + c1t + ot + -+ - + cot™*
forsomec; € R, i=0,1,2,...,n, n=la]+1,
Follow up the Lemma (3) and (??) the result is useful in pursuing result. Let

l<a<2andn 6,05 : J — R be continuous. A function u is a solution of
the fractional integral equation

T
u(t) :ﬁ(t)+/0 G(t,s)n(s)ds (3)
with _— . X .
ﬁ(t):% /0 O1(s)ds + (éi 2) /0 Oy(s)ds (4)
and

AthE_get e e e C®)
T EN(e)  (@+2)l(a-1) t<s<%.

(t=s)°' _ (14+0)(T—s)*"'  (141)(T—s)* "2 0<s<t
G(t,s) = Ss<

if and only if u is a solution of the fractional BVP

‘D%(t) =n(t),t € J (6)

T
w(0) — u'(0) = O O, (s)ds (7)
w() + 0 (T) = /0 Os(s)ds )
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Proof Assume that (6); and Lemma (??) we get that

t
u(t) :c()—i—clt—kﬁ/o (t —s)* n(s)ds. )
From(7) and (8), we obtain
T
00—01:/ O1(s)ds, (10)
0
and
T1) TT *In(s)d ! Tz ”“Qd—z@d
coter (T+ )+m/0 (T—=s)"""n(s) 3+m/0 (T—=s)"""n(s) 3(41) 2(s)ds.
From (10) and (11) implies that
s [ o g [T ouons — e [ @
T o), YT T g ) TN T E 0T (a) 5 T8)es
1 * a—2
and
B :S:_i_ 1 T 1 T 1 T ol
Co = (3:—4—2 ; @1(S)d8+fs—_i_2 ; @Q(S)ds—m/o ((I—S) H(S)dé’
1 * a—2
From (9),(12) and (13) and we utilize the fact that fOT = fot + ff,we obtain
T
u(t) :ﬁ(t)+/ G(t, s)n(s)ds (14)
0
Where 11 ) . ( ) .
+1-—1 t+
and

T(a) (T+2)C(a) (T+2)T(a—1) 7
_ (14t)(T—s)> ! (1+8)(T—s)>2 t<s<%.

(t=s)>7! _ (14)(T=9)°"t _ (141)(T—s)2 0<s<t
G(ta 8) — — =0
E+2)I(e) (@2 (a-1)

Hence we have (3). Conversely, it is clear that if u satisfies Equation (3), then
(6)-(8) hold.
We need the following assumptions to prove Banach fixed point theorem. Let

G*= sup |G(t,s)].

(t,s)eJxJ
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A; Letu € C[J,R] and g € (Cla,b] x R x R, RN) is continuous function and
there exist a positive constants 9J1,, 931, and 971 such that

1f(t,ur,v1) — f(E, ug, v2)|| < My(flur — ual| + [Jor — v2l])

forall uy, vy, ug, v2inY, My = maxsen || f(¢,0,0)| and M = max{M,, M, }.
Let Y = C[R, X] be the set continuous functions on R with values in the
Banach spaces X .

A, Let v/ € Cla,b| satisfy the Lipschitz condition. i.e.,There exist a positive
constants 91;, 9y and D1 such that

1D(t,u) =Dt v)|| < Mu([lu— o),
forall u,vinY. My = maxep [|D(¢,0)] and DN = max{Ny, Ny }.
Assume If A; and A, are hold, then the estimate
[Du(t)[| < t(Mllull +N2), [|Du(t) — Do(t)|| < Ntflu — o, V1t € R, and

u,v €Y are satisfied. Take g is (9T + O¢).
Assume that

d a +ve constant gg such that
Hp(t, Ul) — p(t, UQ)H S Q()“ul — u2||,Vt S J, W Uy, U € R.
dJa +ve constant o; such that

llg(t,ur) — q(t,u2)|| < o1l|ur — usl|,Vt € J, ¥V uy,us € R.

T(T+1)
T+2
then the BVP (2) has a unique solution on J.

(00 + 01) +ToG™| <1 (16)

Proof For the fixed point problem we reform the problem (2). Now let us con-
sider the operator

F:C(J,R)— C(J,R)
defined by

(Fu)(t) = H(1) +/O G(t,s)f (s, uls), D(u(s)))ds. (17)
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where

50 = EE50 [ ptsstnas + ) ot uten

we have the value of the function G(t,s) by (5). the soluton of the problem (2) is
the fixed point operator F. we have to prove that the operator F has a fixed point
for that we will use the Banach contraction principle. Here we have to prove that
F is a contraction.

Take u,v € C(J,R). For everey t € J we have

(PO = (P00 < 5 [ Iptsu) = pls.o)lds

P20 [ o) — a5

+A G(s,0)[f (s, uls), D(u(s))) = f(s,v(s), D(v(s)))lds

T(T+1) T(T+1)

< == 7 _ Z\z _

S T3 ollu — vl + D) o1]lu — vl
TG (M| u — v + M|t — v]o0)
T(T+1) T(T+1)

< == 7 _ \z _

S %9 oollu — vl + D) o1]lu — vl

+TG ol|lu — V|0
T+ L HT+Y
T2 T g

o +§QG*] = vl

Consequently

(T +1)

P - FO)lle < |5

(o0 + o) +ng*} vl

Hence, by (17) F is a contraction. Here we conclude that based on the fixed
point theorem, the operator F has a fixed point. Hence, we get the solution of the
problem (2). [

Assume that

The function f: ] xR xR — R is continuous.

3 a +ve constant /N such that
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|F(tu(t), (@) <NVtel,YueR

d a +ve constant Ny such that

Ip(t,u(t))| < NgVteILVueR

d a +ve constant /NV; such that

lg(t, u(t))| < Ny Vtel,VueR
Then the BVP (2) has atleast one solution on J.

Proof We shall prove F has a fixed point using Schaefer’s fixed point theorem.
This proof have four steps.

Step 1: Fis continuous. Let u,, be a sequence such that u,,— u in C(J,R). Then
foreacht €],

(Fu)®) - F0@] < Z50 [l u(s) - pls, vl

T+1
‘Z~|—2

G*/O | (s, u(s), D(u(s))) — f(s,v(s), D(v(s)))|ds

/‘msu ) — q(s, v(s))|ds

Here the functions f ,p and q are continuous, we have

1F (u) — F(u)]|o—0as n — oc.

Step 2 : The function operator F maps into bounded sets in J x R x R.

It suffices to prove that for any v > 0, 3 a + constant A such that for each
value u € B, ={u € C(J,R) : ||ullcc <~} we have ||F(u)|lw < A by (As)-As
we have

1 1
(Fu)(t)] < 512/|psu s + 2 /‘msu )/ ds

+A G(s,8)|f (s uls), D (u(s)))|ds

_ AT+ T(T+1)

N, + NXG*.
STg g ot g T G
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for all t € J, thus

IF @l <[ZE] No + Ni] + NSG* =A

T+2

Step 3: The operator F maps bounded sets into equicontinuous sets in C(J,R).
Consider t1,t € J,t; < t, and let B, be a bounded set in C(J,R) as in Step
2. If u € B,, then

|ww< w)(t)]
= ‘Z—I—Q / Ip(s,u(s) \ds—t— ‘Z—i—? / lq(s,u(s))|ds
/|Gm, Gty 9)||f (s, u(s), Du(s))ds.

(ty —t1)% ty 1
< B o+ B+ SN supl ) = G

since t; — 19, the above inequality tends to zero. Theorefore the operator F' :
C(J, R) — C(J, R) is continuous and completely continuous, since the result of
Step 1 to Step 3 with the Arzela-Ascoli theorem.

Step 4 A priori bounds.
Here we have to prove the below set is bounded.

A={ueC(J,R) :u=wF(u)foranyd < w < 1}

Consider u € \ ; then u=w F(u) for any 0 < w < 1. Thus, for all t € J we have

u@):u)Fﬂﬂ%:ATG@ﬁkﬂau@%Qu@»d4.

from the assumption (A7) -(Ag) implies that

1 1
() < =+ /|psu Dds + 4 /‘msu lds

+A G(t, )| f (s, u(s), D (u(s)))|ds

T(T+1) T(T+1)
<
S gy Nt e

N, + NZTG*

forall ¢ € J, we have
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T(T+1)

<
ol < | 5555

1@@+Nﬂ+N¢Gﬂ:A

Therefore the set A\ is bounded. As a conclusion of Schaefer’s fixed point
theorem. F has a fixed point that is a solution of the problem (2) [

Next we confer an existence result for the problem (2) based on application of
the non-linear alternative of Leray-Schauder type. Here we can cripple the condi-
tions (A7) -(Ag) . If the following conditions and (Ag) hold

There exists ¢y € L'(J, R") and a continuous and a non-decreasing functions
7:]0,00) — (0,00) and 0 : [0, 00) — (0, 00) such that

f(tu, D (u(®)] < Ppt)7([u))0(|Dul), Vi € JueR.

31, € L'(J, R™) and a continuous and a non-decreasing function 7y : [0, 00) —
(0, 00) such that

Ip(t, ul < Y,(t)7o(ul), Vt € JueR.

31, € L*(J, R") and a continuous and a non-decreasing function 7; : [0, 00) —
(0, 00) such that

gt ul < y(t)a(lul), VI € JueR

Janumber N > 0

[Jwlloo
> 1
x70([|ulloo) + y7i(l|ullo) + 29U G*T([|ullo0)O([|tl| o) + 2N G*07 (|t ) 1)
where
T+1 [T TH+1 (7
X = §—+2/0 Up(s)ds y = ‘S—JrQ/O Wg(s)ds

z = /Oszbf(s)ds

let 0° = sup {6(t) : t € J} then the BVP (2) has atleast one solution on J.
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Proof It is easy to shown that the operator defined by (17) is continuous and
completely continuous. For w € [0, 1]and let the value u satisfy u(t) = w(Fu)(t)
for all t € J. by the assumption Ag-A;;, we have

T+1 T+1
pol < 255 [ wmtueias + 25 [ etmus i

/0 G(t;5)p(s)T(|uls)))0(|Duls)])ds

T+1 T+1
<
< )y [ vl )y [ valolds +
bl + TG [yl
T+1 T+1
<
< il E ey [ s+l [ otsds +

9,07 (||t o0) 6]} o) G / G (s)ds + M0 ([lul]o0)G" / by(s)ds

forall £ € J, thus,

[l
x70([[lloo) + y7i([ulloc) + 200G 7 ([[ullo0)([[ullo) + 2G0T ([[ul]oc)

by condition (18) , 3 N such that ||u||# N.
Let

<1

Y ={ueCU,R): |uw < N}

The operator F: Y — C(J, R) is continuous and completely continous. From the
choice of Y,there is no u € Ou such that u = wF'(u) for some w € (0,1). As
a consequence of the non-linear altenative of Leray-Schauder type (? ), we see
that F has a fixed point u in Y that is a solution of the problem (2). [J The last
existence result is based on the following fixed point theorem due to Burton and
Kirk (? ). . Let X be a Banach space, and let C, D : X — X be two operators
satisfying:

(i) Cis contraction
(ii) D is completely continuous
then either
1. the operator equation u = C'(u) + D(u) has a solution, or

2. theset A\ ={l € X : | =wC(l/w) +wD(l)} is unbounded for w € (0, 1)
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Assume that (Ay), (As)and(A;o) hold if

T(T+1)

T (tae) <] (19)

and

Jim su (1 — (T(T+ 1)(00 + 01) /(T +2)))l .
im0 izGrr(D0(0) + Moz G0 (1) + (ST + D(p+7)/T +2)
(20)

, then the BVP has

hold, where p = sup,.; |p(s,0)| and § = sup,.,|q(s,0)
atleast one solution on J.

Proof Consider the operators C, D : C(J, R) — C(J, R) as defined by

(T+1-1) (t+1)

T T
u)t) = S [ plsutsNds + [ ats.ut)as

and

<mw=4ammwwmwwm

where G is defined in equation (6). From A4, A5 and (19) we can simply prove
that C is a contraction. From the assumption A, the operator D is continuous. To
complete the existence of a fixed point of the operator C, D, it suffices to prove
that the set \ in Theorem (3) is bounded. Let v € A, then for each t € J.

ult) = wc(i) (t) + wD(1)(1).

w
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from A4,As and Ao we have

thus

Ju(t)]

IN

IN

IN

IN

T+1 T—l—l
o / Gt )] (5, uls), D(w(t) Ids
| autstas+ T [ i o

2
(“S+1)/ /

)|ds 0)[d
+fz+20 ‘(’+3:+2 (s, O)lds

/ ()7 (u(s) DA(Dus) s

$+2 - T+2
+2G7([|ullo0) (| Du(t)]|oo)

T+2 - T+2
+2G7([|[ullo) 0 (¢ (M [[ul| oo + 9T2))

T+2 - T+2
+02G 7 ([[ull0)0(1[ulloo) + M2zG 07 (||ull )

(1 - (T(ET+1)(e0 + 01)/ (T +2)))|uflos

MizG 0 ([ul)0ulle) + Wz G 8r(ullc) + (R + DG+ D)/Z+2)

21

From (20) it follows that,3 an +ve constant A such that ||[ul|. > A,V u € A,
the above condition (21)is violated. Hence ||u|/oc < A, ¥V u € X in order that the
set A is bounded. From theorem (3), we can conclude. [

4 An Example

Let us consider the following fractional BVP to illustrate our main results.

Du(t) = %sm(u(t) +u (t),Vte0,1,1<a<?
u(0) — o (0) = Y cru(t) @)

u(T) +u(T) = 3272, djult;)
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where 0 < tg < t; <ty < -+ <1,0<t) <t <ty <---<1 and¢ and d;,
1,7 =0,..., are given positive constants with

D icgCi < 00 D i dj <00

Let
t

3/(m)

Let u,v € [0,00) and ¢ € [0, 1]. then we have

f(t,u(t),Du(t)) = sin(u(t) +u (1))

t
|f(t,ug, o) — f(t ug,v2)| < (Jur — ua| + |v1 — v2]),
3/ (7)
<! lu — |
—3y/(m)
1
< —|u —v|.
5

hence the condition A; and A, holds with ¢ = (1/5) clearly A, and A5 now we
check the condition (16) is satisfied with T =1, gy = Y o2 ¢, 01 = ). di» and
G is given by

(1+t)(1—s)*~1  (1+4t)(1—s5)>2 s
3T () 3l (a—1) -7 =

(t=)*"t _ (4+)(A=s)*"'  (A+t)(1=s)*"2 0<s<t
G(t,s) = { [(a) 3T () 30(a—1) <_ <_ 1, 23)

from above equation we have

) 2

& <3 T3 =)

Then,

T(T+D)  F(T+) 2 — > 5 2
TG = = i d; <1
T2 O Tgyg 9T 3%%“% 3 T T =1
(24)
the equation is contented for relevent values of ¢;, dj,and o € (1,2]. We get from

Theorem (3) that the problem (22) has a unique solution on [0, 1] for such values
of a € (1,2]

Remark 1 we can choose, for instance the constants ¢; and d; to be

=30 dj = ALY

25\5 75\5

in this case
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00 1 00 1
> ie0Ci = 1o 2;‘:0 dj = 35
then the equation gives

1 2 41
30(@) T BT (a—1) " 15

which is satisfied for each « € (1, 2]. Indeed the numerical calculation shows that

the function
1 2 41

W) = sty Y e B

is negative for all « € (1, 2].
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1 Introduction

Ideal is a key idea in topological space and has a significant impact on re-
search into topological spaces. The notion of the ideal topological spaces in-
troduced and studied by Kuratowski[11] and Vaidyanathaswamy[23]. In 1999,
Molodtsov[15] introduced the new notion soft sets and Shabir and Naz[20] intro-
duced soft topological spaces using soft sets in 2011. After that many researchers
working with soft topological spaces. The properties and applications of soft set
theory have been studied [3, 10, 16]. In recent years, many interesting applica-
tions of soft set theory have been expanded by incorporating fuzzy set concepts
[1,2,4,12,13, 14, 16].

In this paper, we have introduce and study weak separation axioms such as soft
Zys55-To, soft Zys,-T, soft Zyss-To, 0-Ts/4, Zyss-regular space in soft ideal topolog-
ical spaces and also investigate some of its characterizations and properties with
the help of general topology concepts. Also give relationships between the above
new regualr spaces. Then we give sufficient and necessity condition between soft
SZ,ss-closed sets and soft singleton sets in soft Z,55-77 space.

2 Preliminaries

Definition 2.1. [15] A soft set F over the universe X is defined by the set of
ordered pairs

Fa={(e, Fa(e)) : e€E, Fy(e)ep(X)}

where F 5 : E—p(X), such that F 5(e)#0, if e€ACE and F o(e)=0 if e¢A. The
Sfamily of all soft sets over X is denoted by SS(X).

Definition 2.2. [1/4] The soft set Fy over a common universe set X is said to be
null soft set, denoted by ). Here Fy(e)=(), Ve€E.

Definition 2.3. [14] A soft set F 4 over X is called an absolute soft set, denoted by
A, if e€A, Fu(e)=X.

Definition 2.4. [24] A soft set F 4 in a soft topological space (X, T, E) is said
to be a soft regular open (resp. soft regular closed) if Fa=int(cl(F4)) (resp.
Fa=cl(int(F 4))).

Definition 2.5. Let 7 be a non-null collection of soft sets over a universe X with
the same set of parameters E. Then TCSS(X) is called a soft ideal on X with the
same set E if

(1) FA€Z and G €1=F UG €1,

(2) FA€Z and GoCF4=G €1
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Definition 2.6. Let (X, 7, E) be a soft topological space and T be a soft ideal over
X with the same set of parameters E. Then Fy=U{x.€X : O,, N Fa¢Z, for all
O..€7} is called the soft local function of F 4 with respect to T and T, where O,,
IS a T-open set containing X..

Definition 2.7. [8] Let F 4 be a soft subset of soft topological space (X, T, E).
Then

1. x. is called a soft §-cluster point of F 4 if F sNint(cl(U 4))#£0 for every soft
open set U 4 containing x..

2. The family of all soft §-cluster point of F 4 is called the soft -closure of F 4
and is denoted by cls(F ).

3. A soft subset F 4 is said to be soft d-closed if cls(F o)=F 1. The complement
of a soft d-closed set of X is said to be soft 6-open.

Definition 2.8. A soft subset F 5 of a soft topological space (X, T, E) is said to be
1. soft preopen if F'4Cint(cl(F 4)),
2. soft semiopen if FxCcl(int(F 4)),
3. soft a-open if FyCint(cl(int(F 4))).

The complement of a soft preopen (resp. soft semiopen, soft a-open) set is
called a soft preclosed (resp. soft semiclosed, soft « -closed) set. The set of all
soft preopen (resp. soft semiopen, soft a-open, soft preclosed, soft semiclosed,
soft a-closed) sets of (X, 7, E) is denoted by SPO(X) (resp. SSO(X), SacO(X),
SPC(X), SSC(X), SaC(X)).

intg(Fa)={U Uy : Uy C F4 and Uy, is soft semiopen sets} and clg(F4)={N
Ga: Fa C Gy and Gy is soft semiclosed}.

Definition 2.9. [8] A soft subset F 4 of a soft ideal topological space (X, 7, E, T)
is said to be

1. soft pre-Z-open if F4Cint(cl(F 4)),
2. soft semi-L-open if F oCcl(int(F 4)),
3. soft a-Z-open if F 4Cint(cl(int(F 4))).

The set of all soft semi-L-open sets is denoted by SSLO(X)
The complement of soft pre-L-open (resp. soft semi-L-open, soft a-L-open)
set is called a soft pre-Z-closed (resp. soft semi-L-closed, soft a-Z-closed).
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Definition 2.10. The soft semi-Z-closure of F 4 is defined by the intersection of all
soft semi-L-closed sets containing F o and is denoted by ST ,i(F 1)

Definition 2.11. [I8] A soft set F 4 of soft ideal topological space X is called
soft generalized 0 semi-closed (briefly soft Lyss-closed) set if STyq(Fa) C Ga
whenever F'y C G 4 and G 4 is soft d-open over X.

A soft set Fy of X is called soft generalized 6 semi-open (briefly soft SLys-
open) set if F o° is soft S1,ss-closed.

The family of all soft S1,s54-closed subsets of the space X is denoted by ST ,s,-
C(X) and soft S1,55-open subsets of the space X is denoted by S1,5,-O(X).

Definition 2.12. [I8] Let X be a soft ideal topological space and F 4 be a soft
subset over X. Then soft SL,ss-closure of F 4 denoted by ST 55-cl(F4) and defined
as the intersection of all soft S1,ss-closed sets over X containing F 4.

Definition 2.13. [9] Let (X, 7, E) and (Y, o, K) be soft topological spaces and soft
Sfunction f:(X, T, E)—(Y, 0, K) is called

1. soft continuous if f~*(Fp) is soft open over X for every soft open set Fg over
Y.

2. soft open (resp. soft closed) if f(F 4) is soft open over Y for every soft open
set F 4 over X (resp. f{F 4) is soft closed over Y for every soft closed set F 4
over X).

3. soft semiopen (resp. soft semiclosed) if f(F 4) is soft semiopen over Y for
every soft open set F 4 over X (resp. f(Fa) is soft semiclosed over Y for
every soft closed set F 5 over X).

4. soft semicontinuous if f~1(Fg) is soft semiclosed over X for every soft closed
set Fg over Y.

5. soft irresolute if f~1(Fg) is soft semiopen over X for every soft semiopen set
FpoverY.

Definition 2.14. A function f : (X, 7,E) — (Y, 0, K,I) is said to be soft SL,,ss
closed if f(V4) is soft SL,s-closed over'Y for every soft semiclosed set V4 over
X.

Definition 2.15. 1. A function f : (X,7,E,T) — (Y,0,K,J) is soft SL,s,-
irresolute if f~' (V) is soft SLyss-closed over X for every soft ST,s5-closed
set Vg overY.

2. A function f : (X,7,E,T) — (Y, K, 0) is soft Sss-continuous if f (V)
is soft S1y5-closed over X for every soft closed set Vi over Y.
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Definition 2.16. [7]

1. Two soft subsets G 4, H 5 over X are said to be soft distinct, written G ,NH 4=0)
if G(e)NH(e)=0), for all ecA.

2. Two soft points x., y. over X are distinct, written x.#y., if there soft sets G 4
and H 4 are disjoint.

3. A soft ideal topological space X is said to be soft T space if for each pair of
distinct soft points x. and y. over X, there exists a soft open set containing
one soft point but not the other.

4. A soft ideal topological space X is said to be soft I space if for any pair
of distinct soft points x. and v., there exist soft open sets G o, and H 5 such
thatz, € Ga, ye ¢ Gaand x. ¢ Hy, y. € Ha.

5. A soft ideal topological space X is said to be soft T space if for any pair of
distinct soft points x. and y., there exist disjoint soft open sets G 4 and H 4
such that x. € G and y. € H 4.

Definition 2.17. [25] A soft topological space (X, T, E) is said to be soft regular
if for all soft closed sets F 4 over X and each soft point x. such that x.¢F 4, there
exists soft open sets U and V 4 over X such that x.€U 4, F4CV 4 and U 4NV 4=0).

Definition 2.18. A soft ideal topological space X is said to be soft TLss-space if
every soft S1y5s-closed set is soft closed over X.

Definition 2.19. 1. A function f : (X, 7, FE) — (Y, 0, K) is said to be per-
fectly soft continuous, if f~1(Vp) is soft clopen over X for every soft open
set Vg over Y.

2. A function f : (X,7,E) — (Y,0,K,T) is said to be perfectly soft SL,ss-
continuous (resp. totally soft semicontinuous), if f~'(Vg) is soft clopen
over X for every soft SLyss-open (resp. soft semiopen) set Vg over Y.

Definition 2.20. A function f : (X, 1, E) — (Y, 0, K,T) is said to be strongly soft
SZ,ss-closed (resp. strongly soft ST,s5-open), if f(Fa4) is soft SLyss-closed (resp.
soft S1,s5s-open) set over Y for every soft SLyss-closed (resp. soft SL,ss-open) set
Fy over X.

Definition 2.21. A function f : (X, 7, E) — (Y, 0, K,Z) is said to be quasi soft
SZyss-closed (resp. quasi soft ST,55-open) if for each soft SLss-closed (resp. soft
SZ,5s-open) set F o over X, f(F 1) is soft closed (resp. open) set overY'.
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3 soft Separation Axioms

Definition 3.1. A soft ideal topological space X is said to be soft L,s:-1q space if
for each pair of distinct soft points x. and y. over X, there exists a soft SL,ss-open
set containing one soft point but not the other.

Theorem 3.1. A soft ideal topological space X is a soft L,s55-1y space if and only
if soft S1,55-closures of distinct soft points are distinct.

Proof: Let x. and y. be distinct soft points over X. Since X is soft Z,s5,-Tp

space, there exists a soft SZ,s;-open set G 4 such that x. € G4 and y. ¢ Ga.
Consequently, X — G 4 is a soft SZ,ss-closed set containing y. but not z.. But
SZ,55-cl{y.} is the intersection of all soft SZ ,-closed sets containing y.. Hence
Ye € SLyss-cl{ye} but z, ¢ ST55-cl{y.} as x. ¢ X — G . Therefore, ST ;-
cl{x.} # STys5-cl{ye}.
Conversely, let SZ s,-cl{z.} # SZy55-cl{y.} for x. # y.. Then there exists at
least one soft point z.overX such that z. € SZys5s-cl{x.} but z. ¢ ST,s:-cl{y.}.
We claim z, ¢ SZ,s5-cl{y.}, because if x. € ST,s5-cl{y.} then {zx.} C ST,s,-
cl{y.} implies SZss-cl{x.} C SZys5-cl{ye}. So z. € ST,s5-cl{y.}, which is a
contradiction. Hence x, ¢ SZ,5,-cl{y.}, which implies z. € X — SZ5,-cl{y.},
which is a soft SZ,5,-open set containing z. but not y.. Hence X is soft Z,5,-1j
space.

Theorem 3.2. If f : X — Y is a bijection, strongly soft SL,ss-open and X is soft
Lyss-1h space, then'Y is also soft Lys5-1p space.

Proof: Let y. and z. be two distinct soft points over Y . Since f is bijective
there exist distinct soft points o, and x. over X such that f(o.) = y. and f(z.) =
Ze. Since X is soft Zys,-T space there exists a soft SZ,s;-open set G'4 such that
0. € Gy and x. ¢ G 4. Therefore y. = f(o.) € f(G4) and z. = f(z.) & f(Ga).
Since f being strongly soft SZ s,-open function, f(G 4) is soft SZ,ss-open over Y
. Thus, there exists a soft SZ s,-open set f(G 4) over Y such that y. € f(G 4) and
2. ¢ f(Ga). Therefore Y is soft Z,5,-15 space.

Definition 3.2. A soft ideal topological space X is said to be soft L,5,-11 space
if for any pair of distinct soft points x. and y., there exist soft SL,ss-open sets G 4
and H 4 such that x. € Gy, y. ¢ Gaand v ¢ Ha, y. € Ha.

Theorem 3.3. A soft ideal topological space X is soft L,s.-11 space if and only if
soft singleton are soft SL,5,-closed sets.

Proof: Let X be a soft Z,55-1} space and z. € K 4. Lety. € K4 —{x.}. Then
for z. # y., there exists soft SZ,s,-open set Uy such that y. € Uy and . ¢ Uj.
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Consequently, y. € Uy C X —{z.}. Thatis X —{z.} =U{U4 : y. € Ka—{x.}},
which is soft SZs,-open set. Hence {z.} is soft SZ,5,-closed set.

Conversely, suppose {z.} is soft SZ s,-closed set for every soft point z.overX.
Let x. and ¥, soft point over X with ., # y.. Now z. # v, implies y. € X —{x.}.
Hence X —{z.} is soft SZ s,-open set containing y. but not x.. Similarly, X —{y.}
is soft SZ,ss-open set containing x. but not .. Therefore X is soft Z,5,-17 space.

Theorem 3.4. The property being soft L,ss-T' space is preserved under bijection
and strongly soft S1,ss-open function.

Proof: Let f : X — Y be bijective and strongly soft SZ s,-open function. Let
X be a soft Z,5,-T' space and y., z. be any two distinct soft points over Y . Since
f is bijective there exist distinct soft points o., z. over X such that y. = f(0.)
and z. = f(z.). Now X being a soft Zs,-1} space, there exist soft SZ s,-open
sets G4 and H 4 such that o, € G4, z. ¢ G4 and o, ¢ Hy, v. € H,. Therefore
Ye = f0.) € f(Ga)but z, = f(x.) & f(Ga) and z. = f(z.) € f(Ha) and
ye = f(0.) ¢ f(Ha). Now f being strongly soft SZ 5,-open, f(G4) and f(Hy)
are soft SZ,s,-open subsets over Y such that y. € f(G4) but z. ¢ f(G4) and
ze € f(Ha)and y. ¢ f(Hya). Hence Y is soft Z,5,-1} space.

Theorem 3.5. Let f : X — Y be bijective and soft ST 55-open function. If X is
soft Lyss-T' and soft TLyss-space, then Y is soft Lys.-11 space.

Proof: Let y., z. be any two distinct soft points over Y. Since f is bijective
there exist distinct soft points o, z. over X such that y. = f(o.) and z, = f(z.).
Now X being a soft Z,s,-17 space, there exist soft SZ 5,-open sets G4 and Hy4
such that o, € G4, x. ¢ G4 and 0, ¢ Ha, x. € Ha. Therefore y. = f(o.) €
f(Ga) but ze = f(z.) ¢ f(Ga)and z. = f(ze) € f(Ha) and ye = f(0c) ¢
f(Hy). Now X is soft TZ,s,-space which implies G4 and H 4 are soft open sets
over X and f is soft SZ,s,-open function, f(G4) and f(H ) are soft SZ,s,-open
subsets over Y. Thus there exist soft SZ s5-open sets such that y. € f(G4) but
2e ¢ f(G4)and z. € f(Hy) and y. ¢ f(Ha). Hence Y is soft Z,s,-1} space.

Theorem 3.6. If f : X — Y is soft SL,ss-continuous injection and Y is soft Ty
space then X is soft L,s.-1' space.

Proof: Let f : X — Y be soft SZ,5,-continuous injection and Y be soft 77.
For any two distinct soft points o., x. over X there exist distinct soft points y.,
z. over Y such that y. = f(o.) and z. = f(x.). Since Y is soft T} space there
exist soft open sets G4 and H4 over Y such thaty, € G4, z. ¢ G4 and y. ¢ H a4,
2. € Ha. Thatis o, € f71(Ga), 0. ¢ [~ (Ha) and z. € f~'(Ha), z. ¢
f7H(Ga). Since f is soft ST ss-continuous f~1(G4), f~1(Ha) are soft SZ,ss-
open sets over X. Thus, for two distinct soft points o., x. over X there exist soft
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SZ,s5s-open sets f~!(G4) and f~'(H,) such that o, € f~H(Ga), 0 & [~ (Ha)
andz. € f~Y(Hy), z. & f1(G4). Therefore X is soft Z,55-T} space.

Theorem 3.7. If f : X — Y is soft SLyss-irresolute injective function and Y is
soft Lyss-T' space then X is soft Lys5-11 space.

Proof: Let o, z. be pair of distinct soft points over X. Since f is injective
there exist distinct soft points y., z. over Y such that y. = f(0.) and z. = f(z.).
Since Y is soft Z,s,-17 space there exist soft SZ,5-open sets G4 and H4 over Y
such that y. € Ga, 2. ¢ Gaand y. ¢ Ha, 2. € Hy. Thatis o, € f~1(Ga),
0. ¢ fH(Ha)and z, € f~1(Ha), ze ¢ [~ (G4). Since f is soft SZs,-irresolute
F~HGaA), f71(Ha) are soft SZ,s5-open sets over X. Thus, for two distinct soft
points o,, . over X there exist soft SZ,ss-open sets f~1(G4) and f~'(H,) such
that o, € f~1(G4a), 0. ¢ f~'(Ha)and z, € [~ (Ha), z. & f~'(GaA). Therefore
X is soft Z,55-T' space.

Definition 3.3. A soft ideal topological space X is said to be soft L,5,-15 space
if for any pair of distinct soft points x. and y., there exist disjoint soft SL,ss-open
sets G 4 and H 4 such that x. € G4 and y. € H 4.

Theorem 3.8. If f : X — Y is soft SL,ss-continuous injection and Y is soft T,
then X is soft Ly55-15 space.

Proof: Let f : X — Y be soft SZ,ss-continuous injection and Y be soft
T,. For any two distinct soft points o, X, over X there exist distinct soft points
Yes Ze OVer Y such that y. = f(o.) and 2. = f(z.). Since Y is soft T space
there exist disjoint soft open sets G4 and H4 over Y such that y. € G4 and
ze € Hy. Thatis o, € f7'(G4) and z. € f~'(Hy4). Since f is soft SZ,s,-
continuous f~'(G,), f~!(Ha) are soft SZ,ss-open sets over X. Further f is
injective, f~H(G4) N f7YHA) = f[FHGaN Hy) = f71(0) = 0. Thus, for two
disjoint soft points o, . over X there exist disjoint soft SZ,s,-open sets (G 4)
and f~1(H,) such that o, € f~'(G4) and z. € f~1(H,). Therefore X is soft
Zys55-T5 space.

Theorem 3.9. If f : X — Y is soft SL,ss-irresolute injective function and 'Y is
soft Lyss-15 space then X is soft Lys.-15 space.

Proof: Let o., x. be pair of distinct soft points over X. Since f is injective
there exist distinct soft points y., z. over Y such that y. = f(0.) and 2z, = f(z.).
Since Y is soft Z,s,-1% space there exist disjoint soft SZ,s,-open sets G4 and
H, over Y such that y. € G4 and z. € Ha. Thatis o, € f71(G4) and z, €
S (Ha). Since f is soft SZs,-irresolute injective f (G 4), f~'(H4) are distinct
soft SZ,5,-open sets over X. Thus, for two disjoint soft points o., z. over X there
exist disjoint soft SZ,ss-open sets f~*(G4) and f~!(H,) such that o, € f~1(G 4)
and ¥, € f~'(Hy,). Therefore X is soft Z,5,-T5 space.
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Definition 3.4. A soft ideal topological space X is called soft 6-13,4 if every soft
SZyss-closed set is soft 0-L-closed.

Theorem 3.10. For a soft ideal topological space X, if X is a soft §-T54- space,
then every singleton soft set {x.} is soft 0-Z-open or soft 6-Z-closed.

Proof: Suppose X is a soft 6-T3,4 space. If {x.} is not soft §-Z-closed, then
X — {x.} is not soft 0-Z-open. Then the only soft 4-Z-open set containing X —
{z.} is X. Therefore X — {z.} is soft SZ,s,-closed set over X. Since X is a soft
0-T3,4 space, X — {x.} is soft 6-Z-closed, which implies {x.} is soft -Z-open.

Definition 3.5. A soft subset F 4 over X is soft 6-L-nowhere dense if int(cli(Fa)) =
0.

Lemma 3.1. Let X be a soft ideal topological space then, every singleton soft set
is soft 0-L-nowhere dense or soft 0-pre-L-open over X.

Proof: Suppose {z.} is not a soft 6-Z-nowhere dense over X. Therfore int(cl}(Fa)) #
() which implies that {z.}Cint(cli({z.})). Hence {z.} is a soft d-pre-Z-open
over X.

Definition 3.6. A soft ideal topological space X is called soft 6-T) s, space if every
soft S1gss-closed set is soft semi-L-closed.

Theorem 3.11. For a soft ideal topological space X the following conditions are
equivalent

1. X is soft 0-T' ; space.
2. Every soft singleton set is either soft 6-L-closed or soft semi-Z-open.

Proof: (1) = (2) If {z.} is not soft 6-Zclosed, then X — {z.} is not soft
d-Z-open. Then the only soft j-Z-open set containing X — {z.} is X . Therefore
X —{z.} is soft SZ 5,-closed set over X. By (1), X — {xz.} is soft semi-Z-closed,
which implies {z.} is soft semi-Z-open.

(2) = (1) Let F4 be soft subest over X and z. € SZ,(F4). Then consider the
following cases

Case (1): Let {z.} be soft semi-Z-open. Since x. € SZ,,(F4), then {z.} N
F # (). This implies 2. € F4.

Case (2): Let {z.} be soft 0-Z-closed. Assume that z. ¢ F,, then z, €
SZsq(F4) — Fa, which implies {x.} C SZ,y(F4) — F4. This is not possible
according to Theorem ??. This shows that, z. € F4.

So in both cases, SZ,.;(F4) C F4. Since the reverse inclusion is trivial, implies
SZs(Fa) = F4. Therefore F4 is soft semi-Z-closed.
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Theorem 3.12. Every soft 6-1%,4 space is soft -1 s, space.

Proof: Let X be a soft §-15,, space. Then by Theorem 3.10, every soft sin-
gleton set over X is soft 9-Z-open or soft 0-Z-closed. But every soft 6-Z-open set
is soft semi-Z-open set. Thus every soft singleton set over X is soft semi-Z-open
or soft 9-Z-closed. By theorem 3.11, X is soft 0-1} /» space.

Theorem 3.13. For any soft ideal topological space X
1. SSTO(X) C SZ,55-O(X).
2. A space X is soft 0-Ti jo-space if and only if SSTO(X) = SL,5,-O(X).

Proof: (1) If F4 is soft semi-Z-open, then X — F4 is soft semi-Z-closed. So
X — Fj 18 soft SZss-closed, this implies /4 is soft SZ,5,-open. Hence SSZO(X)
C 5Z455-0(X).
(2) Let F4 be a soft 4-T7 /5 space and Fy € SZ;5,-O(X). Then X — F is soft
SZ,ss-closed set. By hypothesis, X — F4 is soft semi-Z-closed and hence Fy €
SSZO(X). Therefore SZ,55-O(X) C SSZO(X). By (1), SSIO(X) C SZgs5-
O(X). Therefore SSZO(X) = SZ;55-O(X).
Conversely, let SSTO(X) = SZ,55-O(X) and F'4 be a soft SZ,5,-closed set. Then
X — Fy is soft SZ,5,-open. Hence X — [y is soft semi-Z-open, which implies
F4 is soft semi-Z-closed. Thus every soft SZs,-closed set is soft semi-Z-closed.
Therefore X is soft 4-T7 /»-space.

Lemma 3.2. For a soft ideal topological space X the following are equivalent
1. Every soft 0-pre-L-open singleton set is soft 0-L-closed.
2. Every soft singleton set is soft d-L-nowhere dense or soft 0-L-closed.

Proof: (1) = (2) By Lemma 3.1, every soft singleton set is either soft J-
Z-nowhere dense or soft d-pre-Z-open. In the first case we are done and in the
second case soft 6-Z-closedness follows from the assumption.

(2) = (1) Let {x.} be soft 6-pre-Z-open. Assume that {z. } is not soft 6-Z-closed.
Then by (2), it is soft §-Z-nowhere dense. Thus {x.} C int(cli({z.})) = 0,
which is not possible. Hence {z.} is soft 6-Z-closed.

Theorem 3.14. For a soft ideal topological space X the following are equivalent
1. X is soft 6-T} space.

2. X is soft 0-T3,4 space and every soft singleton set is soft 6-L-nowhere dense
or soft 0-I-closed.
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3. X is soft 6-T5,4 space and every soft -pre-L-open singleton set is soft 6-1L-
closed.

Proof: (1) = (2) Obvious.
(2) = (1) If soft singleton set is not soft 6-Z-closed, then it must be soft §-Z-open,
since X is soft 0-T3/4-space. But soft singleton set is soft 9-Z-open if and only if
it is soft regular-Z-open, which implies soft singleton set is soft regular-Z-open.
Moreover, by rest of assumption X is soft J-Z-nowhere dense at the same time,
X must be soft 9-77-space.
(2) < (3) Follows from lemma 3.2

Theorem 3.15. In any soft ideal topological space the following are equivalent
1. X is soft L,s55-15 space.

2. For each x. # Y., there exists a soft SL,ss-open set G 4 such that v. € G 4
and y. ¢ SZy55-cl(G 4).

3. Foreach x. € Ga, {x.} = N{SZy55-cl(G4) : Ga is a soft ST,s5-open set
over X and x, € G 4}.

Proof: (1) = (2) Assume (1) holds. Let z. € G4 and x. # ¥., then there
exist disjoint soft SZ,;,-open sets G 4 and H 4 such that x, € G4 and y. € Hy4 .
Clearly, X — G4 is soft SZ 55-closed set. Since G4 N Hy =0, G4 C X — Hy.
Therefore SZy55-cl(Ga) C SZyss-cl(X — Hy) = X — Hy. Now y. ¢ X — Hy
implies y. ¢ SZ;s55-cl(G 4).

(2) = (3) For each z. # y., there exists a soft SZ s,-open set G4 such that
r., € G4 and y, §é SIggs-Cl(GA). So 9. ¢ ﬂ{SIg(;S-CZ(GA) : G4 18 a soft SIg(;S-
open set over X and z, € G4} = {z.}.

(3) = (1) Let x, y. be soft sets over X and z. # y.. By hpothesis there exists a
soft SZ,5s-open set G 4 such that . € G4 and y. ¢ SZ5,-cl(G 4). This implies
there exists a soft SZs5-closed set H 4 such that y. ¢ H 4. Therefore y. € X —Hy
and X — H 4 is soft SZ 5.-open set. Thus, there exist two disjoint soft SZ,s,-open
sets G4 and X — H4 such that z, € G4 and y. € X — H,4. Therefore X is soft
1L,ss-15 space.

4 soft 7 s,-regular spaces
Definition 4.1. A soft ideal topological space X is said to be soft L,ss-regular if

for each soft closed set F'y and each soft point x, € X — F4, there exist disjoint
soft SL,ss-open sets Uy and W 5 such that x. € Ua and Fa C Wy.

Remark 4.1. Every soft regular space is soft Lys-regular space.
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Theorem 4.1. Every soft L,s5s-regular and soft Ty space is soft Lyss-T5.

Proof: Let X be a soft Z,;,-regular space and z., y. be soft point over X such
that x. # y.. Since X being soft T space, there exists a soft open set U over X
such that z, € Uy and y. ¢ Ua. Then X — Uy is a soft closed set containing v,
but not z.. Since X is soft Z,s5,-regular, there exist disjoint soft SZ,;,-open sets
Vaand Wy such that X — Uy € Wy and . € V4. Now y. € X — U, implies
Ye € Wy. Thus for z.,y. soft set over X such that z. # ., there exist disjoint
soft open sets V4 and W, such that z. € V4 and y. € W 4. Therefore X is soft

ZLgss-T5 space.

Theorem 4.2. For a soft ideal topological space X, the following conditions are
equivalent.

1. X is soft Lys,-regular.

2. For every soft point x. over X and soft open set U 4 containing x. there exists
a soft ST,ss-open set Wy such that v, € Wa C SZys5-cl(Wy4) C Ug.

3. For every soft closed set Fy, F'yx = N{SZy55-cl(Us) : Fa C Ugand Uy is
soft ST,ss-open set over X }.

4. For every soft set Fy and a soft open set H 5 such that Fo N Hy # 0, there
exists soft ST,ss-open set O 4 such that Fy N Oy # O and SZys5-cl(O4) C
H .

5. For every non empty soft set 'y and soft closed set H o such that FANH 4 #
(), there exist disjoint soft SZys5s-open sets L o and M 4 such that FANLa # 0
and Hy C Mag.

Proof: (1) = (2) Let U, be a soft open set containing z.. Then X — U, is soft
closed set not containing x.. Since X is soft Z,s,-regular, there exist soft SZ;,-
open sets L4 and W, such that z, € W4, X — U4 C Ly and W4 N Ly = 0. This
implies W4 C X — L. Therefore, SZ 55-cl(W4) C SZys5-cl(X —La) = X —La,
because X — L, is soft SZ,s,-closed. Hence z. € Wy C SZy5.-cl(Wy) C
X —LsCUy Thatisz, € W4 C Ig5s'0l(WA) C Uy,

(2) = (3) Let F4 be a soft closed set and z. ¢ F4. Then X — F) is a
soft open set containing x.. By (2), there is a soft SZ,55-open set W, such that
T, € Wy C SIg(;s-Cl(WA) Cc X —F4. Andso, Fy C X — SIggs-Cl(WA) C
X — Wy. Consequently X — Wy is soft SZ,5,-closed set not containing x.. Put
Uy = X — SZy55-cl(W4). This implies F)y C U, and Uy is soft SZ,s,-open set
over X and xz, ¢ SZ,ss-cl(Ua), implies N{SZys5s-cl(Ua) : Fa C Uy and Uy is
soft SZ,ss-open set over X} C Flj...... (1) But F4 is soft closed and every soft
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closed set is soft SZ s-closed. Therefore )y C N{SZys5-cl(Us) : Fa C Uy
and Uy is soft SZ,5-open set over X }........ (2) is always true. From (1) and (2),
Fy = 0{SZs5-cl(Uys) : F4 C Uq and Uy is soft SZ 55-open set over X }.

(3) = (4) Let FaN Hy # () and Hy is soft open. Let x, € Fy N Hy.
Then X — H 4 is a soft closed set not containing x.. By (3), there exists a soft
SZ,ss-open set Uy over X such that X — Hy C Uy and x, ¢ SZs,-cl(Uy). Put
Oy = X —5TZ55-cl(Uy), then O 4 is soft SZs55-open set over X, z. € F4NO4 and
SIg(;S—CKOA) C SIg5S—Cl(X—UA) = X—-U,y C Hy. Hence SIggs—Cl(OA) C Hyu.

(4) = (5) If FAN H4 # 0, where F4 is non empty and H 4 is soft closed, then
Fan(X —Ha) # 0 and (X — H,) is soft open. Therefore by (4), there exists soft
SZ,ss-open set L4 such that Fy N Ly # (and Ly C SZyss-cl(La) C X — Hy.

(5) = (1) Let F4 be a soft closed set such that x, ¢ Fy, then {x.} N F4 = ().
By (5), there exist disjoint soft open sets L 4 and M4 such that {z.} N L # () and
Fy C My, which implies z. € L4 and Iy C M 4. Hence, X is soft Z,5,-regular.

Theorem 4.3. If f : X — Y is soft continuous bijective, soft STys55-open function
and X is a soft regular space, then Y is soft L ,ss-regular.

Proof: Let F4 be a soft closed set over Y and y. ¢ Fa. Take y. = f(z.) for
some z. over X. Since f is soft continuous f~!(F4) is soft closed set over X such
that z. ¢ f~'(F4). Now X is soft regular, there exist disjoint soft open sets U,
and V4 such that z, € U, and f~!(F4) C Vy4. Thatis, y. = f(z.) € f(U4) and
Fy C f(Vy). Since f is soft SZ,s,-open function f(U,) and f(Vy4) are soft SZ,s,-
open sets over Y and f is bijective f(Ua) N f(Va) = f(UaNVa) = f(0) = 0.
Therefore, Y is soft Z,;,-regular.

Theorem 4.4. If f : X — Y is soft continuous surjective, strongly soft ST,s-
open (resp. quasi soft SL,ss-open) function and X is soft L,ss-regular space, then
Y is soft Lyss-regular (resp. soft regular).

Proof: Let F4 be a soft closed set over Y and y. ¢ F4. Take y. = f(z.) for
some . over X. Since f is soft continuous surjective f~'(F4) is soft closed set
over X and z. ¢ f~'(F4). Now since X is soft SZ,s,-regular, there exist disjoint
soft SZ,5,-open sets Uy and V4 such that z. € U4 and f~Y(Fa4) C V4. Thatis,
Ye = f(z.) € f(Ua) and Fy C f(Vy4). Since f is strongly soft SZ s,-open (resp.
quasi soft SZ,5,-open) and bijective, f(U,4) and f(V4) are disjoint soft SZs,-open
(resp. soft open) sets over Y. Therefore, Y is soft Z,s5-regular (resp. soft regular).

Theorem 4.5. If f : X — Y is soft SI,55-continuous, soft closed, injection and
Y is soft regular, then X is soft L,ss-regular.

Proof: Let F4 be a soft closed set over X and . ¢ F4. Since f is soft closed
injection f(F) is soft closed set over Y such that f(z.) ¢ f(Fa4). Now Y is
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soft regular, there exist disjoint soft open sets G4 and H 4 such that f(z.) € G4
and f(F4) C Ha. This implies z. € f~'(G4) and Fy C f~'(Hy). Since f
is soft SZ,ss-continuous, (G 4) and f~(H ) are soft SZ,s5s-open sets over X.
Further f~1(G4) N f~'(H4) = 0. Hence X is soft Zs,-regular.

Theorem 4.6. If f : X — Y is soft semi L,s,-continuous, soft semi-closed, injec-
tion and Y is soft semi-regular then X is soft L,ss-regular.

Proof: Let F'4 be a soft closed set over X and z. ¢ F4. Since f is soft semi-
closed injection f(F) is soft semi-closed set over Y such that f(x.) ¢ f(Fla).
Now Y is soft semi-regular, there exist disjoint soft semi-open sets G4 and H 4
such that f(z.) € G4 and f(F4) C Ha. This implies z. € f~1(G4) and Fy C
f7Y(Hy). Since f is soft semi Zys55-continuous f~*(G4) and f~'(H,) are soft
SZ,ss-open sets over X. Further f~1(G4) N f~'(H4) = 0. Hence X is soft
1Lgss-regular.

Theorem 4.7. If f : X — Y is strongly soft SL,;-continuous, soft closed, injec-
tion and Y is soft L,ss-regular then X is soft regular.

Proof: Let F4 be a soft closed set over X and =, ¢ F4. Since f is soft closed
injection f(F4) is soft closed set over Y such that f(z.) ¢ f(F4). Now Y is
soft Z,5s-regular, there exist disjoint soft SZ s,-open sets G4 and H 4 such that
f(x.) € G4 and f(F4) C Hy4. This implies x. € f~1(G4) and Fy C f~Y(Ha).
Since f is strongly soft SZ,ss-continuous f~'(G4) and f~'(H,) are soft open
sets over X . Further f~1(G4) N f~!(H4) = 0. Hence X is soft regular.

Theorem 4.8. If f : X — Y is soft ST 5s-irresolute, soft closed, injection and Y
is soft Lyss-regular then X is soft Lyss-regular.

Proof: Let F4 be a soft closed set over X and x. ¢ F4. Since f is soft
closed injection f(F)) is soft closed set over Y such that f(x.) ¢ f(F4). Now
Y is soft Z,5,-regular, there exist disjoint soft Z,s,-open sets G 4 and H 4 such that
f(x.) € G4 and f(F4) C Hy4. This implies x. € f~1(G4) and Fx C f~1(Ha).
Since f is soft SZ,ss-irresolute, f~*(G ) and f~'(H4) are soft SZ,s5-open sets
over X. Further f~!(G4) N f~!(H) = 0. Hence X is soft Z,ss-regular.

Corolary 4.1. If f : X — Y is perfectly soft S1,ss-continuous injective, soft
closed function and Y is soft L,ss-regular space, then X is soft regular.

Proof: Obvious, because every perfectly soft SZ,5,-continuous is strongly soft
SZ,ss-continuous.

Theorem 4.9. If f : X — Y is perfectly soft S1,5s-continuous injective, soft
closed function and Y is soft L,ss-regular space, then X is soft ultra regular.
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Proof: Let F4 be a soft closed set over X and x, ¢ F4. Since f is soft closed
injective, f(F4) is soft closed over Y such that f(x.) ¢ f(Fa). By soft Z,-
regularity over Y, there exist disjoint soft SZ,s,-open sets U4 and V4 such that
f(x.) €Uaand f(F4) C V. Thatis x, € f~(Ua) and Fy C f~1(V4). Since f
is perfectly soft SZ,s.-continuous, f~(U,) and f~(Vy4) are disjoint soft clopen
sets over X. Therefore, X is soft ultra regular.

Theorem 4.10. If f : X — Y is totally soft continuous bijective, soft SL,ss-open
function and X is soft clopen-regular space, then Y is soft Lss-regular.

Proof: Let F4 be a soft closed set over Y and y. ¢ F4. Take y. = f(z.) for
some soft point z,, over X. Since f is totally soft continuous bijective, f~!(F,) is
soft clopen over X such that x. ¢ f~1(F4). By soft clopen-regularity of X, there
exist disjoint soft open sets U4 and V such that z, € Ua and f~}(F4) C Va.
That is y. = f(z.) € f(Ua) and Fy C f(V4). Since f is soft SZ,s,-open
bijective f(U,) and f(V4) are disjoint soft SZ s,-open sets over Y. Therefore, Y’
is soft Z,ss-regular.

Theorem 4.11. If f : X — Y is completely soft continuous injective, soft SI,s-
open function and X is almost soft regular space, then Y is soft Lss-regular.

Proof: Let F4 be a soft closed set over Y and y. ¢ Fa. Take y. = f(z.)
for some soft point z. over X. Since f is completely soft continuous, f~1(F4)
is soft regular open over X such that z. ¢ f~!(F,4). By almost soft regularity
over X, there exist disjoint soft open sets U4 and V), such that z. € U, and
f7Y(F4) C V4. Thatis y. = f(z.) € f(Ua) and Fy C f(Va4). Since f is soft
SZ,ss-open and injective, f(Uy4) and f(V4) are disjoint soft SZ,s,-open sets over
Y. Therefore, Y is soft Z,s,-regular.

S5 Conclusion
We concluded that using the above separation axioms concepts on soft SZs-
closed sets in the ideal soft topological space may extended to Urysohn Theorem

and then we will prove extension theorem. This findings would assist the budding
researchers to engage in the future research in the real life applications.
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