Ratio Mathematica Volume 40, 2021, pp. 179-190

Intuitionistic FWI-ideals of residuated
lattice Wajsberg algebras

R. Shanmugapriya”
A. Ibrahim®

Abstract

The notions of intuitionistic Fuzzy Wajsberg Implicative ideal (FWI —ideal)
and intuitionistic fuzzy lattice ideal of residuated Wajsberg algebras are
introduced. Also, we show that every intuitionistic FWI- ideal of residuated
lattice Wajsberg algebra is an intuitionistic fuzzy lattice ideal of residuated
lattice Wajsberg algebra. Further, we discussed its converse part.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [13] in 1935.
The concept of intuitionistic fuzzy set was introduced by Atanassov [1, 2].
The idea of Wajsberg algebra was introduced by Mordchaj Wajsberg [10].
The author [8] introduced the notions of FWI-ideals and investigated their
properties with illustrations.

In the present paper, we introduce the notions of intuitionistic
FWI —ideal and intuitionistic fuzzy lattice ideal of residuated lattice Wajsberg
algebras. Also, we show that every intuitionistic FWI-ideal of residuated
lattice Wajsberg algebra is an intuitionistic fuzzy lattice ideal of residuated
lattice Wajsberg algebra. Further, we verify its converse part.

2. Preliminaries

In this section, we recall some basic definitions and properties which
are helpful to develop our main results.
Definition 2.1[3]. Let (4,—,*,1) bean algebra with a binary operation
“— "and a quasi-complement “ * ”. Then it is called a Wajsberg algebra, if
the following axioms are satisfied for all x,y,z € A,
0] l1-ox=x
i) x=2y)-2y=(-2>Ex-2)=1
(i) (-oy)->y=@F-ox)—-x
vy &-=2y)->@-x)=1

Definition 2.2[3].Let(4, —,*,1) be a Wajsberg algebra. Then the following
axioms are satisfied for all x,y,z € A,

(i) x—->x=1

(i) f(x—->y)=(y—->x)=1thenx =y

(i) x-1=1

(iv), x-0-x)=1

(v) If(x->y)=(y—»>2z)=1thenx->z=1

Vi) x->y->(z-0)->0c-y)=1

(Vi) x> -2)=y->(x-2)

(viii) x->0=x->1"=x"

(ix) &H)'=«x

) G-=y)=y-x

Definition 2.3[3]. Let (4, —,*,1) be a Wajsberg algebra. Then it is called a
lattice Wajsberg algebra, if the following axioms are satisfied for all x,y € A4,
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(i) The partial ordering " < " on a Wajsberg algebra such that x < y if and
onlyifx-y=1
(i) xvy=@x-y)-y
(i) xAy=(x"->y)->y)"
Thus, (4, v, A, %,0,1) is a lattice Wajsherg algebra with lower
bound 0 and upper bound 1.

Proposition 2.4[3].Let(4,—-, *,1) be a lattice Wajsberg algebra. Then the
following axioms are satisfied for all x,y,z € A,

(i) Ifx<ythenx—>z>y-zandz->x<z->Yy
(i) x<y-zifandonlyify<x -z
(i)  (xVvy)=xary)

(iv) (xAy)=@x"Vy)

V) Gvy)-oz=(x-2) A(y-2)
(Vi) x=>@QA2)=@@x->y)A(x->2)
(vii) (x->p)v(y-x) =1

(viii) x>y Vvz)=x-y)V (x—>2)
(ix) (Ay)=z=x->2V (y-2)
(x) xAy)Vz=(x Vz)A @V 2)
xi) (Ay)-z=@@x->y) - (x-2).

Definition 2.5[11]. Let(4, v, A, ®,—,0,1) be an algebra of type (2, 2, 2, 2,
0, 0). Then it is called a residuated lattice, if the following axioms are satisfied
forall x,y,z € A,

(i) (4, v, A, 0,1) isabounded lattice,

(i) (A,®, 1) is commutative monoid,

(i) x®y<zifandonlyif x<y -z

Definition 2.6[3]. Let (4, V, A, *,—,1) be a lattice Wajsberg algebra. If a
binary operation “® " on A satisfies x @ y = (x = y*)* for all x,y € A.
Then (4, vV, A, ®, -, %, 0, 1) is called a residuated lattice Wajsberg
algebra.

Definition 2.7[4].Let A be a lattice Wajsberg algebra. Let I be a non-empty
subset of A, then Iis called aWl-ideal of lattice Wajsberg algebra A, if the
following axioms are satisfied for allx, y € A,

(i) 0el

(i) (x—>y)'€elandy € [ implyx €.

Definition 2.8[4].Let L be a lattice. An ideal I of L is a non-empty subset
of Lis called a lattice ideal, if the following axioms are satisfied
forall x,y € A,

(1) x€lbyelLandy <ximplyy €l
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(i) x,yelimpliesxvyE€l.

Definition 2.9[7]. Let A be a residuated lattice Wajsberg algebra and I be a
non-empty subset of A.Then [is called a WI-ideal of residuated lattice
Wajsherg algebra A, if the following axioms are satisfiedfor all x,y € A,

(i) 0€el

(i) x@yelandy€limplyx €l

(iii) (x—->y)*€land y € limplyx € I.

Definition 2.10[13].Let A be a set. A function u: A — [0, 1] is called a fuzzy
subset on A for each x € A, the value of u(x) describes a degree of
membership of x in p.

Definition 2.11[5].Let A be a lattice Wajsberg algebra. Then the fuzzy subset
u of A is called a fuzzy Wi-ideal of A, if the following axioms are satisfied
forall x,y € A,

) u0)=px)
(i) p() =min{u(Cx - )),uO)}

Definition 2.12[5].A fuzzy subsetu of a lattice Wajsberg algebra A is called a
fuzzy lattice ideal if for all x,y € A,

(i) If v <xthenu(y) = u(x)

(i)  pCxvy) =min{ulx), u()}

Definition 2.13[8]. Let A be a residuated lattice Wajsberg algebra. Then the
fuzzy subset pof Ais called a FWI-ideal of residuated lattice Wajsberg
algebra A4, if the following axioms are satisfied for all x,y € 4,

M w0 =px)

(i) p() =2 min{u(x @ y), u(y)}

(i) p(x) = min{p((x - »)),u()}.

Definition 2.14[2]. An intuitionistic fuzzy subset S is a non-empty set X is an
object having the form S = {(x, us(x),ys(x))|x € X} = (us, ys)where the
functions us(x): X — [0, 1]denote the degree of membership and the degree of
non-membership respectively and 0 < ug(x) + ys(x) < 1 forany x € X.

Definition 2.15[13]. If u and v are fuzzy sets in A, define u < v if and only if
u(x) < v(x) forall x € A.

Definition 2.16[13]. The level set u, defined by u; ={x € A/u(x) = t},
wheret € [0, 1], then u; is also denoted by U(y; t).
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3. Properties of Intuitionistic FWI-ideal of a
residuated lattice Wajsberg algebra

In this section, we introduce the concept of an intuitionistic FWI-ideal
and intuitionistic fuzzy lattice ideals. Also, we obtain some properties of an
intuitionistic FWI-ideal.

Definition 3.1. Let A be a residuated lattice Wajsberg algebra.
An intuitionistic fuzzy set S = (us,ys) of A is called an intuitionistic
FWI-ideal of residuated lattice Wajsberg algebra A if it satisfies the following
inequalities for all x,y € A,

(i) us(0) = ps(x) and y5(0) < y5(x)
(i) ps(x) = min {u;(x ® y), us(y)}
(i) ys(x) < max {y;(x ® y), v:(y)}
(iv)  us(x) = min {us((x = )", 1 (y)
V) ¥s(x) < max {y;((x = y)", ()}

Example 3.2. Consider a set A={0,a,b,c,d,r,s,t,1}. Define a partial
ordering “<”on 4, suchthat0 <a<bh<c<d<r<s<t<1 with a
binary operations“ ® "and" — "and a quasi-complement” *"on A as in
following tables 3.1 and 3.2.

x | x* - (0|la|blc|d|r|s|t]|1
01 Oj1|1 (1111|111
al|t al|t|1|1]t|1|1]¢t |11
b| b b|b|t|l]|s|t|1l]|s|t]|1l
cl| r c|r|r|rj1|{1/1]1 1|1
d| d dld|r|rjt|1|1]¢t]|1]1
ri|c ricld|r|s|t|1l|s |t|1
s| b s|b|b|b|r|r|r|1]|11
t|a tla|b|b|d|r|r|t |11
110 1/0|a|b|c|d|r|s|t|1
Table 3.1: Complement Table 3.2: Implication

Define v and A operations on A as follows:
xvy)=x-y)->y,
(xAy)=&">y)->y7),
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xQ@y=(x->y") forallxye€A.
Then, A is a residuated lattice Wajsberg algebra.
Consider an intuitionistic fuzzy set S = (us, ¥s) on A as,

_ (1 ifxe(0,q) forallx€ A,
s (x) {0.54 otherwise forallx € A’

v (x) = {0 if x € (0,q9) forallx € A

0.36 otherwise forallx € 4
Then, S is an intuitionistic FWI-ideal of A.

In the same Example 3.2, we consider an intuitionistic fuzzy set S = (us, ¥s)
on A as,
1y (x) = {1 if x€{0,a,b} forallxe€ A;

0.55 otherwise forallx € A

0 if x € {0,a,b} forallx € A

vs(x) = {0.42 otherwise forallx € A
Then, S is not an intuitionistic FW-ideal of A.

Since ps(x) £ min {u;(s ® b), us(b)} and y;(x) £ max{y;(s ® b), ys(b)}.

Proposition 3.3. Every intuitionistic FWI-ideal S = (us,ys) of residuated
lattice Wajsberg algebra A is an intuitionistic monotonic. That is, if x <y,

then us(x) = us(y) and  y,(x) < . (»).

Proof. Let S = (us, y5) be an intuitionistic FWI-ideal of A.
Letx,y €A ,x <y.

Then x @y = (x » y)* [From the definition 2.6]
= (x->x)"=1"=0 [From (i) of definition 2.2]

Us(x) = min {us(x @ y), us(y)} [From (ii) of definition 3.1]

We have ps(x) = ps(y)

Now,y,(x) < max{y;(x ® y),y:(»)} [From (iii) of definition 3.1]

= max{y;(0),ys(»)} = vs(¥) [From the definition 2.6]
Hence y5(x) < ys(y)
And  ps(x) = min {us(x = y)*, us(y)} [From (iv) of definition 3.1]

= min{u,(0), us(¥)} = us(y) [From (ii) of definition 2.7]
We have ps(x) = us(y)
Now, ¥s(x) < max{y;(x - y)*, v.(v)} [From (v) of definition 3.1]

= max{y;(0),ys(»)} = vs(y) [From (ii) of definition 2.7]
Therefore, y,(x) < y,(y). m
Example 3.4. Let A be a residuated lattice Wajsberg algebra defined in
example 3.2, define an intuitionistic fuzzy set S = (us, y5) of A as follows,
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(i) wus(0) =p(c)=1
(i) us(x) =mforanyx €{a, b, ¢, d, r, s, t, 1}
(i) y,(0) =y,(c) =0
(iv) vys(x)=nforanyx€f{a, b, ¢, d, r, s, t, 1}.

Where m,n € [0,1] and m+n < 1. Then S = (us, ¥s) IS an intuitionistic
FW -ideal of A.

Example 3.5. Consider a setA ={a, b, p, q, ¢, d,1}. Define a partial
ordering “<”on 4, suchthat0 <a<bhb <p <q <c <d < 1with a binary
operations“ @ "and " — "and a quasi-complement " x "on A as in following
tables 3.3 and 3.4.

x | x* —-|0|la|b|p|lqgq|c|d]|1
0l 1 o111 |1]1]11|1
al b a|/b|1|b|1|1]1|1] 1
bl a blala|1l|1|1 1|1/ 1
pl O p|Ojalb|1|1|1]|1]|1
qg| o q|O0ja|b|p|1|1|1]|1
cl o c|O0Ofla|b|p|d|1l]|d]|1
dl o d|O0|la|b|p|lc|c|1]|1
11 0 1({0f(a|b|p|qg|c|d]|1
Table 3.3: Complement Table 3.4: Implication

Define v and A operations on A as follows:
xvy)=k-y) -y,
xAYy)=E">y)->y9),
XxQy=(x-y" ) forallx,y € A.
Then, A is a residuated lattice Wajsberg algebra.
Consider an intuitionistic fuzzy set S = (us,¥s) on A as,
1y (x) = {1 if x € (0,q) forallx € A,

s 0.54 otherwise forallx € A’

0 if x € (0,q) forallx € A

vs(x) = {0.36 otherwise forallx € A
Then, S is an intuitionistic FWI-ideal of A.

In the same Example 3.5, we consider an intuitionistic fuzzy set S = (us, ys)
on A as,
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ps(x) = {1 if x € {0,a,b} forallx €A,
s 0.55 otherwise forallx € A’

0 if x € {0,a, b} forallx € A

vs(x) = {0.42 otherwise forallx € A
Then, S is not an intuitionistic FWI-ideal of A.

Since us(x) £ min {g(c Q a), ps(a)} and y;(x) £ max{ys(c ® a), ys(a)}-

Proposition 3.6. Let S = (u, y5) be an intuitionistic FWI-ideal of residuated
lattice Wajsberg algebra A. For any x, y, z € A which satisfies x < y* — z then

ps(x) = min {us(y), us(2)} and y5(x) < max{y;(y),vs(2)}.

Proof. LetS = (us, y5) be an intuitionistic FWI-ideal of A. If x < y* - z

Then,wehavel=x-> (y" = 2)=2z"> (x = y)
=(x-y)y -zforallx,y,z€e A [From (x) of definition 2.2]
And ((x—=>y)" = 2)")=0.
It follows that,
Us(x) = min{us(x Q ), us(v)} [From (ii) of definition 3.1]
> min {min {us((x ® y) = 2), us(2)}, 1)}
= min{min{y((0) - 2), us(2)}, us(M} [From the definition 2.6]
= min{min{u,(0), us(2)}, us(¥)} = min{us(y), us(2)}
[From (ii) of definition 3.1]
We have pg(x) = min {u,(y), us(z)} forall x,y,z € A
Now,y; (x) < max {max{ys((x ® ¥),vs(»))}
< max {max{¥, ((x ® y) > 2), ;@ }, ;)
= max{max{ys((O) - Z),ys(z)},ys(y)} [From the definition 2.6]
= max {max{y;(0),¥s(2)}, v (y)}

max {y;(y),vs(2)} [From (iii) of definition 3.1]
Hence y,(x) < max {y;(y),vs(z)} forall x,y,z € A
Now, us(x) = min{us((x = y)*), us(y)} [From (iv) of definition 3.1]

> min{min{u;(x = y)* = 2)*), us(2)}, us ()}
= min {min{y(0), us(2)}, us(y)}

= min {u;(y), us(2)} [From (ii) of definition 3.1]
We have pg(x) = min {u,(y), us(z)} forall x,y,z € A
And y,(x) < max{y;((x = ¥),v:())} [From (v) of definition 3.1]

max {max{y;((x = y*) = 2)"),%:(2)}, . ()}
max {max{y;(0),¥s(2)},vs(3)}

= max {y(y),ys(2)} [From (iii) of definition 3.1]
Hence, ys(x) < max {y;(y),vs(2)} forall x,y,z€ A.m

I IA
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Definition 3.7. An intuitionistic fuzzy setS = (u,,¥s) of residuated lattice
Wajsherg algebra A is called an intuitionistic fuzzy lattice ideal of Aif it
satisfies the following axioms for allx, y € 4,

(i) S = (us, y5) is intuitionistic monotonic
(i) us(x v y) = min{us(x), us ()}
(i) ys(x v ¥) < max{ys(x), ()}

Remark 3.8. In the Definition 3.7(ii) and (iii) can be equivalently replaced by

ps(x v y) = minfus(x), us(y)} and ¥s(x Vv y) = max {ys(x), v (¥)}
respectively by y.

Example 3.9. Let A be a residuated lattice Wajsberg algebra defined in the
Example 3.2 and S = (us, ¥5) be an intuitionistic fuzzy set of A defined by

1 ifxe(0,d) forallx € A,

us(x) = {m otherwise forallx € A’
_ (0 if xe(0,d) forallxe A
v () = {

n  otherwise forallx € A

Wherem,n € [0,1]and m +n < 1. [From the definition 3.11]
Then, S = (us, ys) IS an intuitionistic fuzzy lattice ideal of residuated lattice
Wajsberg algebra A.

Proposition 3.10. LetAbe a residuated lattice Wajsberg algebra. Every
intuitionistic FW1-ideal of A is an intuitionistic fuzzy lattice ideal of A.

Proof. Let S = (us, y5) be an intuitionistic fuzzy lattice ideal of A.

Then we have S = (us, ¥5) is intuitionistic monotonic. [From proposition 3.6]

Now ((x vV y) = ¥)* = (((x = y) = ¥)) = ¥)* From (ii) of definition 2.3]
=x-y)y<(x") forall x,ye A [From (ix) of proposition 2.2]

It follows that

us(x v y) = minfus(x v y) ® y, us(y)}
[From definition 3.1 and definition 3.7]

= min{us(x > y) > ¥) @ y, us(¥)}

[From (ii) of definition 2.3]
> min {p;(0), us ()}
> min{us(x), us(y)}orall x,y € A

[From (i) of proposition 2.10]
¥s(x) < max {y;((x vV y) ® ¥), ()}

< max{ys((x > ») = ¥) ®¥), %)}

[From (ii) of definition 2.3]
< max {y5(0), ys(»)}
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< max{y,(x),y;(y)}forall x,y € A
[From (ii) of definition 2.10]
And we have
ps(x v y) > min{u(x vV y) - y)*)uus(y)} = min {.us(x)'/ls(y)}

¥s(x) < max {ys((x v y) = ¥)"), ¥:(1)} < max{y;(x), s ()}

forall x,y € A.
Hence, we have S = (us, ys)is an intuitionistic fuzzy lattice ideal of
residuated lattice Wajsberg algebra A. m

Proposition 3.11. Let A be a residuated lattice Wajsberg algebra. An
intuitionistic fuzzy set S = (u,, ¥s) 1S an intuitionistic FWI-ideal of A if and
only if the fuzzy subsets u; and y¢ are FWI-ideal of A, where y§(x) =1 —
ys(x)for all x € A.

Proof. Let S = (us, ¥5) be an intuitionistic FWI-ideal of A.
Then u, is a FWI-ideal of A.
Now, we have y§ = 1 — y,(0)
>1—ys(x) [From (i) of proposition 2.10]

yE(0) = yf(x) forallx,y e A
And ¥ (x) =1 —ys(x)
1 —max {y,;(x ® ¥),vs(y)}
min{ 1 —y;(x ® y),1 — ys(¥)}
min{ys (x ® ¥),vs(¥)}

¥s (1) =1 —vs(x)

=1 —max {ys((x > ¥)),v:(»)}
=min{ 1 —-y((x - ¥)"), 1 - ()}

¥s (x) = min{ys ((x = ¥)*), vs(»)}forall x,y € A
Hence, we have y¢ is a FWI-ideal of A.
Conversely, assume that p, and ys< are FWI-ideal of A.
Then, we have u5(0) = ps(x)and 1 — y5(0) = y5(0) =2 y5(x) =1 — y5(x)

¥s(0) < ys(x) forallx,y €A
Now, us(x) = min {us(x & y), us ()}

=min {1 - pu;(x @ ¥),1 — us(y)}
=1-—max {u;(x ® ), us(y)}

¥s(x) < max {ys(x ® y),ys(y)} forallx,y € A
ps(x) = min {us(x = ¥)*, us (¥}

= min {1 — us((x = y)), 1 — us(y)}

=1 —max {u;((x > ¥)"), us(y)}
¥s(x) < max{y ((x - y)"),ys(y)}forall x,y € A
Hence, we have S = (ug, ¥5) is an intuitionistic FW1I-ideal of A.m

n v
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Proposition 3.12. Let A be a residuated lattice Wajsberg algebra and S =
(us, ¥s) is an intuitionistic FW1-ideal ofA. Then S = (ug, y5) IS an intuitionistic
FWI-ideal of A if and only if (us, u$) and (v, vs) are intuitionistic FW1I-ideal
of A.

Proof. Let S = (us, ¥s) be an intuitionistic FWI-ideal of A.
Then, ug and y$ are FWI-ideal of A[From proposition 3.11]
Hence, we have (u, u$) and (ys,v,) are intuitionistic FW-ideal of A.
Conversely, if (us, us$) and (y<, ys) are intuitionistic FW1-idealof A

[From proposition 3.11]
Then, the fuzzy sets ug and y< are FWI-ideal of A
Hence, S = (us, ¥5) is an intuitonistic FW-ideal of A. m

Proposition 3.13. Let A be residuated lattice Wajsberg algebra, VV a non-empty
subset of [0, 1] and {I./ t € V} a collection of FW1 -ideal of A such that

(i) A= ol

(i) r>tifandonlyif . € I, for any r,t € V then the intuitionistic fuzzy
set S = (u5,vs) of A defined by ug =sup{t € V/x € I;} andy, =
inf{t € V/x € I} for any x € A is intuitionistic FW1T -ideal of A.

Proof. According to proposition 3.10, it is sufficient to show that u, and y¢
are FWI-idealof A for allx € A.
us(0) =sup {t e V/0 € I} = supV = us(x)  [From (i) of definition 3.1]
If there exists x, y € A such that us(x) < min {us(x ® y), us(y)} and
ps(x) < min {p;((x = y)), us(¥)}-
There exists t; such that us(x) < t; < min {u;(x ® y), us(y)} and

ps(x) <ty <min {us((x > ¥)), us ()}
It follows that t; such thatt; < us(x @ v),t; < us((x = ¥)*),t; < us(y) and
Hence, there exist t,t3 EV, t; > ty, t3>t;, (x®y) €I, (x > y)) €I,
andy € I,
It follows that (x @ y) € Ip,pe, » (X = ¥)*) € I pe, aNd y € Iy e,
Now, we have x € Iy, \,,

That is, us(x) = sup {t € g € It} >t Ntz >t [From definition 2.16]

Therefore, u,(x) > t;

This is a contradiction.

Hence, we have ug is a FWI -ideal of A. yfis aFWI -ideal, which can be
proved by similar method. m
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4. Conclusions

In this paper, we have introduced the notions of intuitionistic
FWI —ideal and intuitionistic fuzzy lattice ideal of residuated Wajsberg
algebras. Also, we have shown that every intuitionistic FWI- ideal of
residuated lattice Wajsberg algebra is an intuitionistic fuzzy lattice ideal of
residuated lattice Wajsberg algebra. Further, we have discussed its converse
part.
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