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Abstract

S-acts, a useful and important algebraic tool, have always been
interest to mathematicians, specially to computer scientists. When
A. Zadeh introduced the notion of the fuzzy subset in 1965, his idea
opened a new direction to reserchers to provide tools in the various
fields of mathematics. Here we are going to investigate some algebraic
properties of fuzzy S-acts. We first make an S-act from the fuzzy sub-
sets of an S-act A. Then we use this tool to give a characterization for
fuzzy S-acts. We then introduce the notion of generated fuzzy S-act
by a fuzzy subset of an S-act and give a characterization for the fuzzy
actions. And then we define the notion of indecomposable fuzzy S-act
and find some indecomposable fuzzy actions.

Key words: Fuzzy set, Fuzzy acts over fuzzy semigroups.

MSC2010: 08A72, 20M30.

1 Introduction and Preliminaries

No need to mention the importance of the prominent and well established
Fuzzy Set Theory, introduced by Zadeh in 1965 [7], which offered tools and
a new approach to model imprecision and uncertainty. Since then, very
many researchers have worked on this concept and its applications to logic,
set theory, algebra, analysis, topology, computer science, control engineering,
information science, etc [1, 2, 3]. Actions of a semigroup (monoid or group) S
on a set A have always been interest to mathematicians, specially to computer
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scientists and logicians. The algebraic structures so obtained are called S-
sets, S-acts, and by some other terminologies [4, 6].

In [5] we have used the fuzzy concept and introduced the notion of the
actions of a (fuzzy) semigroup on a fuzzy set (fuzzy S-act) and studied the
relation between this structure and sheaves. Here we are going to study some
of algebraic details of this structure. But first we recall that:

A set X together with a function p: X — [0, 1] is called a fuzzy set (over
X) and is denoted by (X, u) or X#. We call X the underlying set and u
the membership function of the fuzzy set X, and p(x) € [0,1] is the grade
of membership of x in X®.

If 1 is a constant function with value a € [0, 1], X is denoted by X (@,
The fuzzy set XV is called a crisp set and may sometimes simply be denoted
by X.

For a fuzzy set X® and a € [0,1], X := {z € X | p(z) > a} is called
the a-cut or the a-level set of the fuzzy set X #),

A fuzzy function from X® to Y written as f : X® — Y is an
ordinary function f : X — Y such that the following is a fuzzy triangle:

Xi)[oﬁl]

| A

Y

meaning that g < nf (that is, u(x) < nf(x) for all x € X). The set of all
fuzzy sets with a fixed underlying set X is called the fuzzy power or the set
of fuzzy subsets of X and is denoted by FSubX. Clearly fuzzy sets together
with fuzzy functions between them form a category denoted by FSet.

To define the actions of a (fuzzy) semigroup on a fuzzy set first we note
that:

Definition 1.1 A semigroup S together with a function v : S — [0,1] is
called a fuzzy semigroup if its multiplication is a fuzzy function: for every
s,m €S, v(s) ANv(r) <wv(sr); that is, the following is a fuzzy triangle:

S x 8% 10,1]

| /

S
If S has an identity 1, one usually add the condition v(1) = 1.

Now, recall from [5] that, for a (crisp) semigroup S, a (crisp) set A can
be made into an (ordinary) S-act in the following two equivalent ways:
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Universal algebraic way: The set A together with a family (A, : A —
A)ses of unary operations satisfying (st)a = s(ta) (and la = a, if S has an
identity) where sa = As(a).

Common way: The set A together with a function A : S x A — A
satisfying (st)a = s(ta) (and la = a, if S has an identity) where sa = A(s, a).

Now, having these two, so called, universal algebraic and common actions
of S on A, we get the following two, not necessarily equivalent, definitions
for a fuzzy act over a fuzzy monoid.

Definition 1.2 Let S be a fuzzy semigroup and AW be a fuzzy set such
that A is an S-act, as defined above. Then, A™ is called:

(Universal algebraic) A fuzzy S-act (or fuzzy SV -act, to emphasize fuzzi-
ness) if each \s is a fuzzy function; that is p(a) < u(sa), for every s € S
and a € A (with no mention of v). That is, for every s € S, the following
triangle is fuzzy:

A——[0,1]

1

A

(Common) A fuzzy SW-act if X : S x A — A is a fuzzy function; that
is, v(s) A pu(a) < p(sa), for every s € S and a € A. That is, the following
triangle is fuzzy:

VAR

S x A—=10,1]

| A

S

Corolary 1.1 (1) Note that universal algebraic definition implies common
definition, and if SO = S is a (crisp) semigroup, then v(s) A u(a) = 1 A
p(a) = p(a), and so the above two definitions are equivalent.

(2) Bvery fuzzy semigroup S™) is naturally a fuzzy SW)-act and S = S
is a fuzzy S = S-act (universal algebraicly, and hence commonly). Also, if
SW) s a fuzzy left ideal, then it is a fuzzy S-act (universal algebraicly, and
hence commonly).

A morphism between fuzzy S®)-acts (with both definitions), also called an
S®)_map is simply an S-map as well as a fuzzy function. The set of all
(fuzzy) S™)-acts with a fixed A is denoted by S")-FSubA, and the category
of all fuzzy S™)-acts is denoted by S®)-FAct.

Since an S-act A is naturally a (unary) universal algebra, the universal
algebraic definition of fuzzy acts, being compatible with the definition of
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other fuzzy algebraic structures, may be considered to be more natural than
the second one. Thus, from now on we consider the universal algebraic
definition of fuzzy acts and we recall that:

Theorem 1.1 [5] An S-act A with u: A — [0,1] is a fuzzy S = SW-act if
and only if for every a € [0, 1], AY s an ordinary S-subact of A.

2 Fuzzy subsets of an S-act as a fuzzy S-act

In this short section we make an S-action from the fuzzy subsets of an
S-act A which is used thorough the paper and give a characterization of fuzzy
S-acts defined in preliminary.

Lemma 2.1 Let S be an commutative monoid and A be an S-act. Then
fuzzy subsets of A form an S-act.

Proof. To prove, for each fuzzy subset A® and each m € S we define:

mu: A — [0, 1]
a ~ \Hu(z) | me=a}

First we note that mp is a fuzzy S-act, because mpu(na) =
VA{u(z) | mz = na}, for every n € S, and mu(a) = \/{u(x) | mx = a}. But
if mx = a, then nmx = na, and since S is commutative, mnx = nmax = na.

Also p(x) < p(nx). So V{u(z) | mz = a} < V{u(z) [ mz =na}.
Now we check the S-act properties.

(mime)p(a) = \/{M(x) | (mima)z = a}

T€EA

= \/{M(f) | max =y, My = a}

= VAV wy) | moz =y, my = a}
T€A yeA

= \/{map(y) | my = a}
yeA

= my(mop(z))(a)

and lgpu(a) = V{u(x) | 1lsz = a} = pla). Also if v < p, then (mv)(a) =
V{v(z) [ me = ay < V{pu(x) | me = a} = (mp)(a).0

Theorem 2.1 Let i : A — [0,1] be a fuzzy subset. Then AW is an fuzzy
S-act if and only if mu < p for every m € S.
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a}.

Proof. (=) Let A® be a fuzzy S-act and X, = {z € A | mx
| mz =

|
Then p(z) < p(mz) = p(a), for every x € X, implies that \/{u(x
a} < p(a). That is mu < p.

(<) Let A be a fuzzy subset. To prove we show that pu(a) < p(ma),
for every m € S and a € A. But we know that mu < p and hence we have
mu(ma) < p(ma). Now since mu(ma) =\/ p(z) and a € X,,,, we have
pla) < mp(ma) < p(ma). O

xEXma

3 Cyclic fuzzy S-acts

In this section we define a generated fuzzy S-act by a fuzzy subset of an
action and then we characterize the generated fuzzy S-actions by the action
introduced in Lemma 2.1. We then define the cyclic fuzzy S-acts which are
a useful class of fuzzy S-acts and infact every fuzzy S-act is made of a class
of cyclic ones.

Lemma 3.1 Intersection and union of fuzzy S-acts of an S-set A is an fuzzy
S-act.

Proof. Let {A")},c; be a family of fuzzy S-act. Then (., p:)(ma)
Vier ti(ma) > Vg pi(a) = (Uie, pi)(a) and (Mg, pi)(ma) = A pi(ma)
A wi(a) = (Mier pi)(a). O

AVAN

Theorem 3.1 Let p: A —[0,1] be a fuzzy S-act and {p;}icicpo) be family
of i-cuts of pr. Then J,c; s and (\;cp pi are fuzzy S-acts of the form a-cut.

Proof. By Lemma 3.1, it is enough to show that (J,.; i = Wy, i and
Nicr Hi = pp,.,- But since (Uyep pi)(a) = V pi(a) > 4, for every i € I and
a € A, hence \/ pi(a) > \/i. Also ((;c;pi)(a) = Api(a) > Ai. So U,es i
and (¢, i are fuzzy S-acts of the form a-cut. O

Now by the above Lemma having the following definition is natural.

Definition 3.1 Let pn: A — [0,1] be a fuzzy S-act. Then we take < p > to
be ({v:A—[0,1] | u <vandvis a fuzzy S-act}. The fuzzy S-act < p >
15 called the generated fuzzy S-act by p.

Theorem 3.2 Let S be an commutative semigroup and AW be a fuzzy S-set
of A. Then < p>=J,,cq Mt
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Proof. First we prove that (J,,.qmu is an fuzzy S-act. To do we show
that (J,,cgmu(a) < U,,egmu(na), for each n € S. But |J,,.gmu(a) =
\/mES(\/mzza ,U(.I')) and UmES m:u(na) = \/mES(\/mx=na M(x)) But if mz =
a, then mnx = nmmxz = na. Since p(zr) < p(nz), for every z € A,
UmES m,u(a) S UmGS m:u(na’)

Now let A® be a fuzzy S-act such that ;4 < v. Then for every m € S
we have mu < pu < v, see Theorem 2.1 for the first inequality, and hence
Unmes mu(a) < v(a), for every a € A. O

In the following we have some morte propeties about generated fuzzy S
acts.

Theorem 3.3 (1) << p>>=< 1 >.
(2)<Uies i >=U,ier < i >

Proof. (1) It is trivial by definition of generated fuzzy S-act.
(2) By Theorem 3.2 we have

< U“i > (a) :\/{Ulh(ﬂ?) | mz = a for some m € M}

iel

(1)
for every a € A. O

Definition 3.2 Let A be an S-act and o € [0,1] and x € A. Then by cyclic
a ifae Sz

0 othrewise for every

fuzzy S-act < x, > we mean: < x, > (a) = {

ac A.

Corolary 3.1 Let p be a fuzzy S-act of an S-act A and v € A. Then
< Tp@) > < pe

Theorem 3.4 Let S be a monoid and pu be a fuzzy S-act of an S-act A.
Then pp=U,eq < Tu@) >-

Proof.  J,cu < Tu@) > (@) = Vyen < Tu@) > (@) = V{u(z) | a =
maz  for some m € S}.  But since lga = a, pla) < V{ux) | a =
max for some m € M}. Also since p is a fuzzy S-act, u(x) < p(mz).
Hence we have p(a) <V,  __ p(x) < pla), for every a € A. that is

Usea < @) >=p 0
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Theorem 3.5 For every m € S and every cyclic fuzzy S-act < x, > of A,
m < Ty >=< Ty >.

Proof.

m<xa>(a):\/{<xa>(y)|my:a}
:{a if a € Sx

0 otherwise

=< x4 > (a). O

4 Decomposable and Indecomposable Fuzzy
S-act

Here we give a definition of indecomposable Fuzzy S-act and show that
the cyclic fuzzy S-acts are indecomposable. We also see some properties of
indecomposable fuzzy S-acts in this section.

Definition 4.1 An fuzzy S-act p # 0 of A is called decomposable whenever
there exist two fuzzy S-acts v,m # 0 of A such that v,n < p andnV v = pu,
and n AN v = 0. Otherwise p is called indecomposable.

Theorem 4.1 Let S be a commutative monoid. Then every cyclic fuzzy
S-act < x; > of A is indecomposable.

Proof. Let < z; > be decomposable. Then there are fuzzy S-acts v and

n of A such that v,n << z; > and nVv =<uz; > and n Av = 0. So for
1 ifa=mx

every a € A, n(a) Av(a) =0 and n(a) V v(a) = { 0 otherwise ° Now let

v(mox) = i. Then we claim that for every m € S, v(mx) =i and n(maz) = 0.

Because if there exists m; € S such that n(mix) = i, then n(mimez) = i

and v(mymoz) = i, so n(mymez) A v(mymez) =i # 0. O

Definition 4.2 A fuzzy S-act AW s called finitely generated whenever
p=< Ui, (z;)a; >, where a; € [0, 1].

Theorem 4.2 Let f : A — B be an S-act homomorphism and AW be an
fuzzy S-act. Then BfW s finitely generated, if so is .
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Proof.  To proof, we show that f(u) =< ., f((xi)a,) >, where p =<
U?:l(xi)ai >. For
F)®) = \/{n(a) | f(a) = b}
- { vjng{l ,,,,, n} &j fz;) =0
0

otherwise

= J /(< @)a; >)(0). =

icl

Lemma 4.1 Let G be a group. Then for every finitely generated fuzzy G-act
AW there exists a finite subsets {ai,...,a,} C [0,1] and {x1,...,2,} C A
such that pu(O(x;)) = a; and O(x;) N O(x;) = O, if i # j, where O(x;) is a
notation for orbit of x; that is the set {gx; | g € G.

Proof. Since p is finitely generated, p =< |J;_,(x;)s,) > and since G is
a group, O(z;) N O(x;) = O, if i # j. So

() = { a; if x € O(xy)

0 otherwise. O

Theorem 4.3 Let f : A — B be an S-act homomorphism with commutative
S, and AW be an fuzzy S-act. Then f(u) =< f(v) >, if u =< v >.

Proof.
F)(0) = \/{u(a) | f(a) = b}
= \/{(mv)(a) |m €S, f(a)=b} by Theorem 3.2
= \/{v(z) | m € M,mz = a, f(a)="b}
=\ {f®)(y) | me M, my = b}
= \/ mf()®)

meM

—< f(v) > (b). =

Theorem 4.4 Let {A")},c; be a family of fuzzy S-act in which there is
io € I such that u,, is indecomposable. Then \/ p; is indecomposable.

Proof.  Let \/,.; i be decomposable. So there are vy, 15 < \/,.; i such
that \/,c,; i = 1 Vv and 1y Ay = 0. Then wy = pig A (Vep ) =
(fig A1) V (fig A va) Also (frig A ) A (g A va) = pig A (1h Ave) = 0. O

Corolary 4.1 The union of indecomposable fuzzy S-acts is indecomposable.
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