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Abstract

We introduce and study the direct product of a family of fuzzy
hyperalgebras of the same type and present some properties of it.
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1 Introduction

In this section we present some definitions and simple properties of hy-
peralgebras which will be used in the next section. In the sequel H is a
fixed nonvoid set, P*(H) is the family of all nonvoid subsets of H, and for a
positive integer n we denote for H™ the set of n-tuples over H (for more see
[1]).

Recall that for a positive integer n a n-ary hyperoperation [ on H is a
function g : H® — P*(H). We say that n is the arity of 8. A subset S
of H is closed under the n-ary hyperoperation (3 if (z1,...,z,) € S™ implies
that B(x1,...,2,) € S. A nullary hyperoperation on H is just an element of
P*(H); i.e. a nonvoid subset of H.

A hyperalgebra H = (H,(8;,| ¢ € I)) (which is called hyperalgebraic system
or a multialgebra ) is the set H with together a collection (5;,| i € I) of
hyperoperations on H.
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A subset S of a hyperalgebra H=(H, (/3;,: i € I)) is a subhyperalgebra of H if S
is closed under each hyperoperation f3;, for all i € I, that is 5;(a4, ..., a,,) C S,
whenever (aq, ...,a,,) € S™. The type of H is the map from [ into the set
N* of nonnegative integers assigning to each ¢ € [ the arity of 3;. Two
hyperalgebras of the same type are called similar hyperalgrbras.

For n > 0 we extend an n-ary hyperoperation 3 on H to an n-ary operation
B on P*(H) by setting for all Ay, ..., A, € P*(H)

B(A1, ..., An) = U{B(ar,...;an)|a; € Aj(i =1,...,n)}

It is easy to see that (P*(H), (B3, : i € I)) is an algebra of the same type of
H.

Definition 1.1 Let H=(H, (3; : i € I)) and H=(H, (5,
similar hyperalgebras. A map h from H into H is called a
(i) A homomorphism if for every i € I and all (ay,...,a,,) € H™ we have
that

i € 1)) be two

h(ﬁi((ala LERE) &m)) g Bi(h(&1>7 ) h(am))f
(17) a good homomorphism if for every i € I and all (ay,...,a,,) € H™ we
have that

h(Bi((a1, ..., an,)) = B;(h(a1), ..., h(ay,)).
Definition 1.2 Let H be a nonempty set. A fuzzy subset i of H is a function
p:H—[0,1].

Definition 1.3 A fuzzy n-ary hyperoperation f" on S is a map f" : S X

- x S — F*(5), which associated a nonzero fuzzy subset f™(ay,...,a,)
with any n-tuple (aq,...,a,) of elements of S. The couple (S, ™) is called
a fuzzy n-ary hypergroupoid. A fuzzy nullary hyperoperation on S is just an
element of F*(S); i.e. a nonzero fuzzy subset of S.

Definition 1.4 Let H be a nonempty set and for every i € I, 3; be a fuzzy
n;-ary hyperoperation on H, Then H=(H,(3; : i € I)) is called fuzzy hyper-
algebra, where (n; 1 i € 1) is type of this fuzzy hyperalgebra.

Definition 1.5 If jiq, ..., jt,, be n; nonzero fuzzy subsets of a fuzzy huperal-
gebra H=(H, (B; : i € 1)), we define for allt € H

ﬂi(ula--'aﬂm)(t) = \/ (Ml(xl)/\/\ﬂm(xnz)/\ﬁl(xh?xm)(t))

Finally, for nonempty subsets Ay,..., A,, of H, set A = A3 x ... x A,,.
Then for allt € H

ﬁk(‘qlv s 7Ank>(t) = \/(al ~~~~~ ank)GA(ﬁk(ah s 7ank)<t>)'
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For nonempty subset A of H, xa denote the characteristic function of A .
Note that, if f: Hi — Hs is a map and a € Hy, then f(Xa) = Xf(a)-

Definition 1.6 Let H = (H,(5;:i € I)) and H' = (H', (8} : 1 € I)) be two
fuzzy hyperalgebras with the same type, and f: H — H' be a map. We say
that f is a homomorphism of fuzzy hyperalgebras if for every i € I and every
ai,...,a,, € H we have

f(ﬁi(ah s 7am‘)) S ﬁ;(f(al)a te 7f<anz))

Let H=(H,(B; : i € I)) be a fuzzy hyperalgebra then, the set of the
nonzero fuzzy subsets of H denoted by F*(H ), can be organized as a universal
algebra with the operations;

(%1500, JEH™
for every i € I, py,...,pu,, € F*(H) and t € H. We denote this algebra by
F*(H).

In [3] Gratzer presents the algebra of the term functions of a universal
algebra. If we consider an algebra B=(B, (f3; : i € I)) we call n—ary term
functions on B (n € N) those and only those functions from B™ into B, which
can be obtained by applying (i) and (ii) from bellow for finitely many times:
(i) the functions el : B — B, e(x1,...,2,) = x;, i =1,...,n are n—ary
term functions on B;

(ii) if p1, ..., pn, are n—ary term functions on B, then 5;(p1,...,py,) : B" —
B?

Bi(p1y -y ) (@1, xn) = Bilpr(xe, ..oy xn), oo Dn, (1, ..., xy,)) is also a
n—ary term function on B.

We can observe that (ii) organize the set of n—ary term functions over B
(P™)(B)) as a universal algebra, denoted by B™ (B).

If H is a fuzzy hyperalgebra then for any n € N, we can construct the algebra
of n—ary term functions on F*(H), denoted by B™ (F*(H)) = (P™ (F*(H)), (3; :
iel)).

2  On the Direct Product of Fuzzy Hyperal-
gebras

Proposition 2.1 Let H=(H, (5; : i € I)) and B=(B, (5; : i € 1)) are fuzzy
hyperalgebras of the same type, h : H — B a fuzzy homomorphism and
p € PM(F(H)). Then for all a,...,a, € H we have h(p(Xay;- -, Xa,)) C

p(h'<Xal)7 ety h(Xan))
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Proof. The prove is by induction over the steps of construction of a
term.

Remark 2.1 Ifh: H — B be fuzzy good homomorphism then
hp(Xars - -+ Xan)) = P(M(Xar), - - -, P(Xan))-

Remark 2.2 We can easily construct the category of the fuzzy hyperalgebras
of the same type, where the morphisms are considered to be the fuzzy ho-
momorphisms and the composition of two morphisms is the usual mapping
composition and we will denote it by FHA

Definition 2.1 Let ¢,p € P™(F(H)). The n—ary (strong) identity p = q
is said to be satisfied on a fuzzy hyperalgebra H if

P(Xars - -+ Xan) = 4(Xays - - - Xan)
for all ay,...,a, € H. We can also consider that a weak identity p N q # &
1s said to be satisfied on a fuzzy hyperalgebra H of

p(Xa17"'7X(ln)/\q<Xal7"'7Xan) >O
forall ay,...,a, € H.

Definition 2.2 Let ((Hy, (BF :i € 1)),k € K) be an indexed family of fuzzy
hyperalgebras with the same type. The direct product [ [, o, Hi is a fuzzy hy-
peralgebra with univers Uye e Hy, and for everyi € I and (a)rerc, - - -, (@) )kek
Hyex Hy, :

B (@brercs - (@ ner) (t)ren = N\ B (aks- - ai)(t)

keK

Theorem 2.1 The fuzzy hyperalgebra ], . Hi constructed this way, to-
gether with the canonical projections, is the product of the fuzzy hyperalgebras
(Hy, k € K) in the category FHA.

Proof. For any fuzzy hyperalgebra (B, (82 :i € I)) and for any family
of fuzzy hyperalgebra homomorphisms (o : B — Hy|k € K) there is only
one homomorphism « : B — Ilcx Hy such that o = ﬁ,ﬁ{ o« for any k € K.
Indeed, there exists only one mapping « such that the diagram is commuta-

tive.

Mger H
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This mapping is defined by «(b) = (ag(b))rex. Now we have to do is to
verify that « is fuzzy hyperalgebra homomorphism. If we consider i € [
and by,...,b,. € B, (ty)vex € Upex Hy then if r € o™ ((tx)rex) we have
a(r) = (ty)rex and a(r) = (ax(r))kek, hence Vk € Kt = ag(r), it means
that Vk € K;r € a;'(t), therefore Vk € K;a Y ((t)rer) C ' (tg). We
have

BP0tk =\ (BP (b1 b)) (1)

rea ((tk)rek)
< \/ ﬁZBa)lv?bm))(S) :ak(ﬁz‘B(bh”'vbm))(tk)

seay, ! (t))

then
a(BE(br, .- b)) (ti)kerx <\ ar(BP (b, ... bw,)) (1)
< /\ B (aw(br), -, awlba)(tr) = B (abr), ..., a(bn,)) (t)ker

keK
Which finishes the proof.0

Proposition 2.2 For everyn € N, p € PO (F(H)) and (a})rex, - - -, (@) rex,
we have

p(X(allc)keK’ SR 7X(a2)keK>(tk)k€K = /\ p(Xaia SR 7Xaﬁ)<tk)
keK

Proof. We will use the steps of construction of a term.
i.lffp=-el(j=1,2,...,n) then

p(X(allc)keK7 cee 7X(aZ)keK>(tk>k€K - e'ZL(X(allc)keKa s 7X(aZ)keK)(tk)k€K
= X))o (tk)rek
= N ehxa- s Xap) (t)
keK
= /\ p(Xallca s 7Xa2)(tk)
keK

2. Suppose that the statement has been proved for py,...,p,, and that
p=0i(p1,...,pn,). Then we have
p(X(allc)keK’ RN 7X(a2)kek.)(tk)k€[( = 6i<p17 R ’pni)(X(allc)keK’ B ’X(QZ)keK)(tk)kEK
= ﬁi(pl(X(a}C)keK, - ,X(ag)keK), - ’pni(X(ai)keK’ o ’X(az‘)keK))(tk)keK

- \/ [pl (X(alle)keK’ e ’X(az)keK)(si’)kEK/\' : '/\p”i(X(a}g)keK’ te ’X(aZ)keK)
(Si)keK ----- (Szi)keK
(51 )ker A Bi((sp)rescs - -5 (85 wer) (b ) ke k]
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= \/ [\ pr(Xats - Xap)( A P (Xl Xap) (57 A

St keK (8 ki)kGK keK keK

/\ ﬁz Sk> R SZZ>(tk)]

keK
= /\[ \/ pl(X{z}c77X¢1Z)(Sllc)/\/\pnz(Xa}ca7XGZ)<821>/\52(811'67787]?:1)(7%)]

keK (szlc)keK,--w(SZi)keK

= /\ 61‘(]91()((1,167 B 7Xaz>7 o 7pni<Xa,1€7 SR 7Xa2))(tk)

keK

= A Bilprs- P (Xt - Xap) ()
keK

= /\ p(Xa,i? Ce 7Xag)(tk)-
keK

which finishes the proof of the proposition.O

Theorem 2.2 If ((Hy, (8F :i € 1)),k € K) be an indezed family of fuzzy hy-
peralgebras with the same type I such that pNq # @ is satisfied on each fuzzy
hyperalgebra Hy, then is also satisfied on the fuzzy hyperalgebra [], o, Hy.

Proof. Let p,q € P™(F*(H)) and suppose that p N q # @ is satisfied
on each fuzzy hyperalgebra Hj. This means that for all £ € K and for any
ay,...,ay € Hy we have p(Xai, e 7XGZ)AQ<X¢1,1€’ -y Xar) > 0. By proposition
3.7 , we conclude that

p(X(ai)keK’ e ’X(“Z)keK) AT (X X(@a e ’X(“Z)keK) -
/\p 7"'7Xa2)/\/\Q(Xakﬂ"anZ)
keK

/\ Xak "'7XaZ)AQ(Xai7""XaZ)>>O
eK

and the proof is finished.O

Theorem 2.3 If ((Hy, (8F :i € 1)),k € K) be an indezed family of fuzzy hy-
peralgebras with the same type I such that p = q is satisfied on each fuzzy hy-
peralgebra Hy, then p = q is also satisfied on the fuzzy hyperalgebra [ ], o, Hi.

Proof. Let p,q € P™(F*(H)) and suppose that p = ¢ is satisfied on
each fuzzy hyperalgebra Hj. This means that for all £ € K and for any
a,...,ay € Hy we have p(Xa}C, o Xar) = q(Xa}c, .-+ Xar). By proposition
3.7 , we conclude that

P(X(a) g X per) = /\ POXat s Xap)
keK

= /\ Q<Xallca ce 7Xa};)

keK
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=T (X@hger - Xla) ger)
and the proof is finished.O
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