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Abstract In this paper some relations between finite geometric spaces and
cooperative games are considered. In particular by some recent results on blocking
sets we have new results on blocking coalitions. Finally we introduce a new research
field on the possible relations between quasi hypergroups and cooperative games.
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1. Cooper ative games

Let M ={1, 2, ..., n} beafinite non-empty set, called the set of players.
A function v: (M) - R such that:

(CL v(D) =0;
(C2) (superadditivity) VA, Be ¢(M), (ANB = &) = V(AUB) > V(A) + v(B);

is called characteristic function on M.
The pair (M, v) is caled cooperative game with n players and the subsets of M are
called coalitions.

For every Ae o (M) the number v(A) is the total gain that the players of A can have
certainly forming a coalition, independently on the actions of the players not
belonging to A. We assume the condition of “side payment”, that is in every
codition A any player can transfer an amount of his gain to another player
belonging to A and so it isimportant only the total gain of the coalition.

The condition (C2) is a consequence of the fact that the total gain obtained with an
dliance between two digoint coalitions is not inferior to the one without
cooperation.

We write v(i) to denote v({i}). By (C2) it follows that in a cooperative game (M, v)
we have v(M) > iy v(i). If v(M) > iy v(i) the game (M, v) is said to be
essential, if the equality holds (M, v) isinessential.

It is easy to prove that a cooperative gameis inessential if and only if:

(AD) (additivity) VA, Be o (M), (AnB =J) = (V(AUB) = v(A) + v(B))

and so there are no advantages by the cooperation.
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Two cooperative games (M, v) and (M, V'), with the same set of n players, are called
strategically equivalent, we write (M, v) ~ (M, V') if there exist n+1 real numbers
k>0 and ¢y, C,,..., C, Such that:

(SE) VAe p(M), V'(A) =K V(A) + 5. C.

We obtain the game (M, V') by the game (M, v) with an initia payment ¢, to any
player r and by multiplying the total gain of any coalition by the scale factor k. Then
we can assume the same strategies to solve (M, v) or (M, Vv').

Proposition 1.1. Let (M, v) a cooperative game. The system with n+1 equations and
n+1 unknownsk >0 and ¢, Cy,..., Cy:

(ES)  kv(M)+Ziwc=1  kv(i)+c=0,ieM

has determinant v(M) - .y V(i) and so has solutions if and only if (M, v) is
essential. Inthis case k = 1/(v(M) - Zicm V(i) and so k > 0.
The system:

(NES) kv(M) +Z.v G =0, kv(i)+¢=0,ieM
has not trivial solution if and only if v(M) - Z;.v v(i) = 0.

The relation ~ is an equivalence relation among the cooperative games with the
same set of players M. By proposition 1.1 we have that, for any equivalence class K
with respect to ~, we have a unique cooperative game (M, v)eK, called normal
element of K or normal form of the elements of K, such that v(i) = 0, VieM and
v(M)e{0, 1}. Precisaly, v(M) = 1 if the game is essentia and v(M) = 0 if it is
inessential. The inessential games are in the same equivalence class and the normal
form is such that v(A) = 0, VAe p(M). On the contrary, for n > 2, the essential
games arein different classes.

2. Simple cooper ative games and pr oj ective spaces
Let (M, v) be an essential cooperative game in normal form. Then v(i) = 0, VieM,
and v(M) = 1. We say that (M, v) isasimple gameif, VAe o (M), v(A){0, 1}.
By (C2), for any coalition A, if A°=M-A, we have three possibility:
(@ wv(A)=1 and V(A% =0;

(b) v(A)=0 and V(A% =1,
© V(A)=0 and V(A% = 0.
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The set A is called winning coalition if (a) holds and losing coalition if (b) holds. It
is evident that M is a winning coalition and the complement of a winning coalitionis
a losing codlition. So the number of winning coalitions is equal to the number of
losing coalitions. The set A is said to be a blocking coalition if (c) holds. If A isa
blocking coalition then aso A® is a blocking coalition. So, if there exist blocking
coalitions, their number is even.

We have the following:

Proposition 2.1 Let W be a subset of aset o (M), with M set of players. Then W is
the set of the winning coalitions of a simple cooperative game (M, v) if and only if
satisfy the following properties, called the “axioms of Shapley” (see[32], [34]):

(W1) MeWw;
(W2) VA, Be p(M), (AeW, AcB) = BeW,
(W3) VAep(M), AcW = A®zW.

Proof. Let (M, v) be asimple cooperative game in normal form and let W be the set
of winning coalitions. Then (W1) and (W2) aretrivial and (W3) follows by (C2).

On the converse, let W be a subset of ¢ (M) satisfying the axioms of Shapley. We
put, for any Ae o (M), v(A) = 1if AeW and v(A) = 0 otherwise. The pair (M, v) is
asimple cooperative game and W is the set of winning coalitions.

By previous proposition, in the sequel we consider a simple cooperative game
indifferently asthe pair (M, v) or the pair (M, W).

All the properties of the losing coalitions are obtained from the ones of the winning
coalitions by replacing any coalition A with A® and — with o and vice versa.

We can prove the following:

Proposition 2.2 Let (M, W) be a simple cooperative game. A family ® of subsets of
M isthe set of blocking coalitions of (M, W) if and only if:

(BC) VXe®, VAW, XnA=D, X' "A=D.
Now we introduce some useful definitions.

Definition 2.1 Let M be anon empty set and let 3 be afamily of subsets of M.
We say that 3 has the “intersection property” if we have:

(IP) VA, BeJ, AnB = J.
We say that 3 hasthe “non-inclusion property” if we have:

(NI) VA, BeS, AnB® = & and A°~B = &.
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Definition 2.2 Let M be a non empty set and let ® and 3 be two families of subsets
of M. We say that “J is a generator of ®” or “® isthe closure of 3", and we write
@ =K(3), if

(GK) O ={Aecp(M): IBe3I / BCA}.

We say that “J isa minimal generator of ®” if 3 hasthe non-inclusion property and
isagenerator of @.

By (W3) it follows that, in a simple cooperative game (M, W), W sdtisfies the
intersection property. The following proposition shows that any family 3 of subsets
of M that has the intersection property generates the winning coalitions of a simple
cooperative game.

Proposition 2. 3 Let M be a n-set, whose elements are called players, and let 3 bea
family of subsets non-void of M satisfying the intersection property. Then if W is
the closure of 3, the pair (M, W) is a simple cooperative game with W set of
winning coalitions, called “the game generated by (M, 3)".

Proof. Let W be the closure of 3. Then (W1) and (W2) are evident. If AeW, then
there exists Be 3 such that ASB and so A°~B = . Then, YCe3J, A° don’t contains
C. Otherwise A° must contain C\B = &J, a contradiction. It follows that A°eW.

Now we examine some relations between the cooperative simple games and the
geometric spaces.

Definition 2. 3 A geometric space is a pair (M, A), with M a non-empty set, caled
the support and A a non-empty family of subsets of M. The elements of M are called
points and the ones of A are called blocks. If any block has at least two points and
any two blocks have at most one point in common (M, A) is called “space of lines’
and the blocks are called aso lines.

(M, A) is non-degenerate if there are at least two blocks.

Definition 2.4 A projective space is a geometric space (M, A) such that (see [7]):

(PS1) VP, QeM, P = Q, there is exactly one block containing { P, Q}, called the line
PQ;

(PS2) (Veblen-Young axiom) Let A, B, C, D four distinct points such that AB
intersects CD. Then AC intersects BD.

(PS3) Any line contains at least three points.

A non-degenerate projective space is a projective plane (or projective space with
dimension 2) if the axiom (PS2) is replaced by the stronger axiom:
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(PS2S) Two lines have at least a point in common.

If a non-degenerate projective space (M, A) is not a projective plane, for any A, B,
CeM, distinct and such that C not belongs to the line AB, we define “plane ABC”,
or “2-dimensional subspace ABC” of M, the union of the lines CX, with XeAB.
We say that (M, A) hasdimension 3 if:

(PSD3) A line and a plane have at least a point in common.

For recurrence we can consider projective spaces and subspaces with greater
dimensions.

If (M, A) is aprojective plane we have that A satisfies both the intersection property
and the non-inclusion property. So, by proposition 2.3, we have the following:

Proposition 2.4 Let (M, A) be afinite projective plane and let W be the closure of A.
Then (M, W) is a simple cooperative game, with W set of winner coalitions, and A is
aminimal generator of W.

If (M, A) is a projective space of dimension 3 or 4 the planes have both the
inter section property and the non-inclusion property. Then we have:

Proposition 2. 5 Let (M, A) be a finite projective n-dimensional space with ne{3,
4} and let A* be the set of all the planes of M.

If W is the closure of A* then (M, W) is a simple cooperative game, with W set of
winner codlitions, and A* isaminimal generator of W.

Definition 2.5 Let (M, A) be a geometric space and let 3 be a family of subsets of
M. A subset X of M is called ablocking set with respect to 5 if.

(BS) VAES, XA # & and XA = .

If Cisasubset of M containing aAeJ, by (BS) we have: XNC = & and X°~C = &.
Then it follows the:

Proposition 2. 6 Let (M, A) be a geometric space, I3 be afamily of subsets of M and
@ be the closure of 3. Then X is ablocking set with respect to 3 if and only if itisa
blocking set with respect to @.

Some corollaries of the previous propositions are:
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Proposition 2. 7 Let (M, A) be a geometric space such that A has the intersection
property. Then the blocking sets with respect to A are the blocking coalitions of the
simple cooperative game (M, W), with W closure of A.

Proposition 2. 8 In afinite projective plane (M, A) the blocking sets with respect the
lines are the blocking coalitions of the simple cooperative game (M, W), with W
closure of A.

Proposition 2. 9 In afinite 3-dimensional or 4-dimensional projective space (M, A)
the blocking sets with respect the planes are the blocking coalitions of the simple
cooperative game (M, W), with W closure of A*, set of the planes.

The previous propositions show the importance of the research of blocking setsin a
finite projective space.

In particular we have the fundamental problemsto find:

(@) theminimal or maximal blocking sets;

(b) the spectrum of the minimal blocking sets, that is the set of all the possible
cardinalities of the minimal blocking coalitions;

(c) theminimal winning coalitions;

(d) thewinning coalitions containing blocking coalitions.

By (BS) it follows that the complement of a blocking set is aso a blocking set, so to
find the maximal blocking setsis equivalent to find the minimal ones.
Now we show some resultsin the particular case of projective planes.

It is well known that, in a non-degenerate finite projective plane, al the lines have
the same number of paints. If g+1 is such number, the projective plane is said to be
of order g and is noted n;. Moreover, the lines through a fixed point P are also g+1
and the points of ny are g + g + 1.

By (PS3) we have q > 2. It is well known (see [7], [17]) that there exists a
Desarguesian projective plane if and only if g is a prime or a power of a prime and
such planeis unique. The first value of q with non-Desarguesian planesisq = 9.

For small values of g we have:

e inm,thereare not blocking sets;

e inmnsthere are exactly two blocking sets;

e the blocking sets on n, and m5 are classified, respectively, in papers of
Berardi - Eugeni ([2]) and Berardi - Innamorati ([5]);

e the blocking sets on n; are classified in papers of Innamorati and Maturo
(see[23], [24], [25]). If k is the cardinality of a minimal blocking set on w7
we have 12<k<19. In particular there are, up to isomorphism, only two
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minimal blocking sets of order 12 and there is only a minimal blocking set
with 19 points.

In the general case there are the following results (Innamorati — Maturo, [23], [25]):

Proposition 2.10 Let S(qg) the spectrum of the minimal blocking sets in mg. Then, if
>4, S(q) 2 [29-1, 39-5]{30-3} and, if n, is Desarguesian, S(q) = [29-1, 39-3].

Proposition 2.11 A sufficient condition for the existence of a minimal blocking set
with 3g—4 points on a non-Desarguesian plane m is that my contains a proper
subplane of order two.

In [29] H. Newmann conjectured that any finite non-Desarguesian plane contains a
proper subplane of order two. By previous proposition, if the conjecture is true, we
have that also for the non-Desarguesian plane of order g there exists a blocking set
with 3q — 4 points.

3. Cooper ative games and finite geometric spaces

We introduce the following:

Definition 3.1 Let M be anon-void set and let ¥ and S be two families of subsets of
M. We say that “3J is a intersection-generator of ¥” or “¥ is the intersection-
closure of 37, and we write ¥ = IK(3), if

(IK) ¥ ={AecK(3): VBeT, AnB = J}.
Let (M, A) be a geometric space. If A has not the intersection property, and W* is
the closure of A, the pair (M, W*) is not a simple cooperative game because (W3) is

not valid. But we have the following proposition, that generalizes proposition 2.3:

Proposition 3.1 Let (M, A) be afinite geometric space and let W be the intersection-
closure of A. Then (M, W) isasimple cooperative game, called “the game generated
by (M, A)".

Proof. (W1) is evident. If AeW and AcBcM, then VCeA, CnA=Z = CNB=J
and (W2) holds. If AW then there exists CeA: CcA and so CNA°=a and A°eW.

The game (M, W) generated by a geometric space (M, A) has two types of blocking
coalitions:

(T1) theblocking sets with respect A;
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(T2) the subsets of M containing at least a block and with intersection void with at
least a block.

The losing coalitions are the subsets Y of M non containing blocks and having
intersection void with at least a block.

Example 3.1 Let M be a n-set, whose elements are called players, and let 3 be a
family of subsets non-void of M, called companies.

By an economic point of view, we assume that a player belonging to a company has
a power of veto and a coalition containing a company has the control of such
company.

Then a winner coalition of the game generated by the geometric space (M, 3) has
the control of at least a company and a right of veto on all the companies, alosing
coalition don’t have a power of veto on at least one company and don’t control any
company. Finally a blocking coalition of type (T1) has veto for any company but
don't control anyone, and a blocking coalition of type (T2) control at least a
company but has not veto for al the companies.

We can construct a simple cooperative game by a finite geometric space (M, A) also
with a “geometric” procedure different from the one of proposition 3.1, by assigning
the set A* of minimal winner coalitions.

Precisely, we consider a set A* with the following properties:

(DS1) any AeA* isaunion of elements of A;
(DS2) any element of A iscontained in at least an element of A*;
(DS3)  A* hasthe intersection and non-inclusion properties;

and we assume W equal to the closure of A*.
We have the following:

Proposition 3.2 Let (M, A) be a finite geometric space and let A* be a family of
subsets of M satisfying (DSL1), (DS2) and (DS3). If W isthe closure of A* then:

(DW1) (M, W) isasimple cooperative game;
(DW2) theblocking sets of (M, A) are blocking coalitions of (M, W).

Proof. Property (DW1) follows by (DS3). Let X be ablocking set of (M, A). Then X
and X°® intersect any block and so, by (DS1), any element of A*. By proposition 2.7
it followsthat X is ablocking coalition of (M, W).

Proposition 2.5 is a particular case of the proposition 3.2. Another important
particular case is concerning the affine planes.
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Definition 3.2 A geometric space (M, A) is an affine plane if:

(AP1) Through any two distinct pointsthereis exactly one lineg;

(AP2) (Parallel axiom) If gisalineand Pisapoint outside g then there is exactly
one line through P that has no pointsin common with g;

(AP3) There exist three points that are not on a common line.

Let (M, A) be afinite affine plane. It is well known that all the lines have the same
number g > 2 of points. The plane is said to be of order ¢ and is noted ag. The
number of elements of o, is o and the lines through afixed point are g+1.

Let A* be a set whose elements are union of two non parallel lines and such that any
line of A is contained in at least one element of A*. We say that A* is “a set of
paired lines’. The set A* has the intersection and non-inclusion properties and so, by
proposition 3.2, we have the following:

Proposition 3.3 Let (M, A) be afinite affine plane and let A* be a set of paired lines.
If W is the closure of A* then (M, W) is a simple cooperative game. Moreover, the
blocking sets of (M, A) are blocking coalitions of (M, W).

In general we can obtain simple cooperative games from block designs, in particular
from Steiner systems.

Definition 3.3 Let t, k, v be natural numbers such that 2<k<v. A finite geometric
space (M, A) isa Seiner system with parameter t, k, v, noted S(t, k, v), if:

(SS1) Through any t distinct points there is exactly one block;
(SS2) Any block has exactly k points;
(SS3) M hasv points.

It is well known that necessary conditions for the existence of a S(t, k, v) is the
existence of natural positive numbersb,, re{0, 1, ..., t-1} such that:

by (k‘rj =(V_r], r=0,1, ..., t-1, (3.1)
t—r t—r

For any re{0, 1, ..., t-1}, b, is the number of blocks through r fixed points. In
particular b, is the number of all the blocks. For t = k the blocks are the subsets of M
with k elements and for k = v there is only a block. We say that S(t, k, v) is non-
degenerate if t<k<v.

For t=2 the blocks are called lines. If r isaline and P isa point not incident r, d=b-k
is the number of lines through P non intersecting r. If d = 0, (2, k, v) is a projective
plane and, if d = 1, it is an affine plane.

We have the following:
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Proposition 3.4 Let (M, A) beaS(2, k, v) and let d = bi—k. Then:
e kdividesd-d*
e if rand sareincident lines, the number of lines not incident to rusis

o = d*d - (d*d)/k. (3.2)
Proof. By (3.1) we have:
v=(k+d)(k-1) +1, by = k*(2d-1)k+(d-1)*+(d-d?)/k. (3.3)

So by isinteger if and only if k divides d’d. If r and s are two incident lines for each
of the k points of r pass k+d-1 lines different from r, for each of the k-1 points of s
not belonging to r pass exactly d lines not intersecting r. So the number of lines
intersecting rusis & = k(k+d-1) + d(k-1) + 1= k* + (2d-1)k - d +1

It follows that the lines not intersecting rus are a. = by - & = d®-d + (d-d?)/k.

If d=0 (projective plane) or d=1 (affine plane) we have o=0. Then we assume d>1.
Let I[x] be the minimum integer not inferior to x. By previous proposition, we can
find a set p,s union of at most 1[(d*d)(k-1)/(2k)] = I[o/2] lines, such that any line of
S(2, k, v) intersects rusuprs. Then we have the following:

Proposition 3.5 Let (M, A) be a S(2, k, v) with d>1. For any pair (r, s) of incident
lines let p;s be the union of aminimal set L of lines such that L intersects al the lines
not incident to rus. Let A* be the family of the sets rusup,s, with r, seA. Then A*
satisfies (DS1), (DS2) and (DS3) and so generates a set W such that (M, W) is a
simple cooperative game. Therefore every element of A* is the union of at most
[o/2] + 2 lines.

Example 3.2 For k = 2, a §(2, k, V) is the trivial case of a graph complete with v
elements and d = v-3. Any element of A* is the union of exactly I[(d?d)/4] + 2 lines.
Forv=kaS(2, k, v) hasonly alineand d = 0.

Now we consider the non-degenerate Steiner systems with small values of d>1.

For d = 2, by proposition 3.4, is k =2 and so we don't have non-degenerate Steiner
systems.

For d = 3, k isadivisor of 6 different from 2. If k = 3 we have a §(2, 3, 13). It is
proved (see [17]) that there exists two non isomorphic S(2, 3, 13). In this case we
have o = 4 and the elements of A* are the union of at most 4 lines. If k = 6 we have
aS(2, 6, 46) and o = 5. Then there are at most 5 linesin any element of A*.
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6. Cooper ative games and hyper structures

In this paragraph we introduce some ideas on the possible relations between
cooperative games and some particular commutative weak associative quasi-
hypergroups, called “geometric hypergroupoids’. We think that it is a very
interesting argument of research.

Definition 4.1 Let M be a non-empty set and let o *(M) be the family of non-empty
subsets of M. A hyperoperation on M is afunction o: MxM — @ *(M), such that to
every ordered pair (x, y) of elements of M associates a non-empty subset of M,
noted xoy. The pair (M, o) is caled hypergroupoid with support M and
hyperoperation c.

If A and B are non-empty subsets of M, we put AcB = U{ach: acA, beB}.
Moreover, Va, beM, we put, acB = {a} 6B and Acb = Ac{b}.

Definition 4.2 A hypergroupoid (M, o) is said to be:

(S1) asemihypergroup, if VX, y, zeM, xo(yoz) = (Xoy)oz (associativity);
(QI) aquasihypergroup, if vxeM, xaM =M = Mox (riproducibility);
(HY) ahypergroup if it is both a semihypergroup and a quasihypergroup;
(CO) commutative, if VX, yeM, Xoy = yoX;

(WA) weak associative, if VX, Yy, zeM, xo(yoz) N (Xoy)oz = J;

(CL) closed, if VX, yeM, {X, y}cxoy;

(IP) idempotent, if YxeM, xox={x}.

Definition 4.3 We say that a hypergroupoid (M, o) is geometric if it is commutative,
closed and idempotent.

A geometric hypergroupoid (M, o) is said to be a join space if the following
incidence axiom holds:

(1A) Va, b, ¢, deM, (IxeM: aebox, cedoXx) = (JyeM: yeacdnboc).

Definition 4.4 Let (M, o) be a geometric hypergroupoid. A geometric space (M, A)
issaid to be “associated to (M, )" if A isthe set of the hyperproducts asb with azb.

Proposition 4.1 Let (M, A) be a space of lines. Then there exists only a geometric
hypergroupoid (M, ) with (M, A) associated geometric space. Precisely we have:

(GHA) VxeM, xox ={x}, VX, yeM, x=y, xoy istheline containing {x, y}.
Example 4.1 Let M be the support of a projective space and, for any x, yeM, with

X #Y, put xox = {x} and xoy equal to the line xy. The hypergroupoid (M, o) is
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geometric and is a hypergroup. It is also a join space. The incidence axiom is the
Veblen-Y oung axiom.

Example 4.2 Let M be the support of an Euclidean space and, for any x, yeM, with
X # Y, put xox = {x} and xcy equal to the segment xy. The hypergroupoid (M, o) is
geometric. It is a hypergroup and a join space, but not a space of lines, and the
incidence axiom is the Pasch axiom.

Example 4.3 Let M be the support of an affine space and, for any X, yeM, with x =
Y, put xox = {x} and xcy equa to the line xy. (M, o) is a geometric hypergroupoid
and a space of lines but not a hypergroup. The incidence property is not valid.

In the sequel we don’t distinguish from a geometric hypergroupoid and the
geometric space associated. By previous considerations we have that the concept of
geometric hypergroupoid generalizes the one of space of lines and so projective
spaces, affine spaces and Steiner systems S(2, k, v) are particular cases.

The space of lines that are hypergroups or join spaces, e. g. projective spaces, have
very interesting properties. Also join spaces that are not spaces of lines such as the
one of example 4.2, have important properties.

Let (M, o) be a geometric hypergroupoid. We call blocks of order 1 the singletons
{a}, acM, blocks of order 2 the hyperproducts acb with a=b and, for n>3, we call
blocks of order n the hyperproducts HoK, with H block of order h<n and K block of
order n-h, that are not blocks of order less than n.

A block of order n generalizes the concept of subspace of dimension n-1 of a space
of lines and so we can generalize the results of the previous paragraphs. We denote
by A, the set of hyperproducts of order n and by A, the set of hyperproducts of order
h<n. Moreover we put Ag = Uncn An. Then by a geometric hypergroupoid (M, o) we
obtain the geometric spaces (M, A,), with n belonging to a subset of N, finite if M is
finite. We have also the geometric spaces (M, A,), neNg. In particular A = A,.
Suppose M is a finite set of players. From each of the geometric spaces (M, A,),
n>1, we can obtain a cooperative game with particular properties dependent on the
algebraic structure of (M, ).

A possible economic interpretation of a block B of order nis as the set of the players
disposed to form a coalition because influenced by the set of players{ay, &, ..., a.}
that generates the block. If (M, &) is not a hypergroup such coalition depend on the
process of aggregation of the n players. Another possible interpretation of the block
B isasacompany controlled by { &, &, .., a}.

Finally, we think that many other economic interpretations and geometric properties
(e. g. blocking coalitions) depends on the algebraic structure of (M, &) and we intend
study these questionsin a very near paper.

68



Bibliography

[1] K. J. Arrow, Social Choose and Individual Values, J. Wiley and Sons, New
York, 1951, 2™ ed 1963.

[2] L. Berardi, F. Eugeni, Blocking sets in projective plane of order four, Ann. of
Discrete Math. 37 (1988), 43-50.

[3] L. Berardi, F. Eugeni, Blocking sets e Teoria dei Giochi, Atti Sem. Mat. Fis.
Univ. Modena 34 (1988), 165-196.

[4] L. Berardi, F. Eugeni, Blocking sets and game theory Il, Proc. “Blocking sets’,
Gissen, 1989, Springer.

[5] L. Berardi, S. Innamorati, Irreducible blocking sets in the projective plane of
order five, Atti Sem. Mat. Fis. Univ. Modena, 38 (1990), 293-311.

[6] A. Beutelspacher, Blocking sets and partial spreads in finite projective spaces,
Geom. Dedicata 9 (1980), 425-449.

[7] A. Beutelspacher, U. Rosenbaum, Projective Geometry, Cambridge University
Press, 1998

[8] M. Biliotti, G. Korchmaros, Transitive blocking sets in cyclic projective planes,
Mitt. Math. Sem. Giessen, 201, 35-38.

[9] A. Blokhuis, Blocking setsin Desarguesian planes, Proc. Int. Conf. Comb. "Paul
Erdosis Eighty", Bolyai Soc. Math. Studies, (1993), 1-20.

[10] A. Blokhuis, A. E. Brower, Blocking sets in Desarguesian projective planes,
Bull. London Math. Soc. 18 (1986), 132-134.

[11] A. E. Brouwer, H. A. Wilbrink, Blocking setsin trandation planes, J. Geom. 19
(1982), 200.

[12] A. A. Bruen, Baer subplanes and blocking sets, Bull. Amer. Math. Soc. 76
(1970) 342-344.

[13] A. A. Bruen, Blocking sets in projective planes, SIAM J. Appl. Math. 21
(1971), 380-392.

[14] A. A. Bruen, J. A. Thas, Blocking sets, Geom. Dedicata 6 (1977), 193-203.

[15] E. Burger, Introduzione alla teoria dei giochi, Franco Angeli editore, 1967

[16] P.J.Cameron, Four lectures on finite geometry, in Finite geometries, editors C.
A. Baker, L.M.Batten, Lecture Notes in Pure and Appl. Math. 103, M.Dekker, New
York, 1985, 27-63.

[17] M. Cerasoli, F. Eugeni, M. Protasi, Introduzione alla Matematica Discreta,
Zanichelli, Bologna, 1988

[18] G. Gambarelli, G. Pederzoli, Metodi di decisione, Hoepli, 1992

[19] J. W. P. Hirschfeld, Projective geometries over finite fields, Clarendon Press,
Oxford, 1979.

[20] T. Hilles, T. Szonyi, F. Wettl, Blocking sets and maximal strong representative
systems in finite projective planes, Mitt. Math. Sem.Giessen 201 (1991), 97-107.
[21] A. J. Hoffman, M. Richardson, Block design games, Canad. J. Math. 13 (1961),
110-128

[22] S. Innamorati, Sulle coalizioni in teoria dei giochi, Ratio Math. 2 (1991), 139-
150

69



[23] S. Innamorati, A. Maturo, On irreducible blocking sets in projective planes,
Ratio Math. 2, (1991), 151-155.

[24] S. Innamorati, A. Maturo, On blocking sets of smallest cardinality in the
projective plane of order seven, Combinatorics '88, Mediterranean Press, Cosenza,
Italy, 1991, 79-96.

[25] S. Innamorati, A. Maturo, The spectrum of minimal blocking sets, Discrete
Mathematics, 208/209 (1999) 339-347

[26] S. Innamorati, F. Zuanni, Minimum blocking configurations, J. Geom. 55
(1996) 86-98.

[27] S. Innamorati, The non-existence of certain large minimal blocking sets, Mitt.
Math. Sem. Giessen, to appear.

[28] M. Li Calzi, Teoria dei giochi, Etas Libri 1995

[29] H. Neumann, On some finite non-Desarguesian planes, Arch. Math., 6 (1955),
36-40.

[30] G. Oven, Game Theory, Academic Press, New Y ork, 1982

[31] T. G. Ostrom, F. A. Sherk, Finite projective planes with affine subplanes,
Canad. Math. Bull. 7 (1964), 549-560.

[32] M. Richardson, On finite projective games, Proc. Amer. Math. Soc., 7 (1956),
458-465

[33] J. Rosenmuller, Some topics of cooperative game theory, in Modern Applied
Math., North Holland, 1982

[34] L. S. Shapley, Smple Games - An outline of the theory, Rand Corporation P-
series Report, 1962

[35] G. P. Szego, G. Gambarelli, Discontinuos solutions in n-persons Games, in
“New quantitative techniques for Economic Analisys’. Accademic Press, 1982

[36] J. Singer, A theoremin finite geometry and some application to number theory,
Trans. Amer. Math. Soc. 43 (1938), 377-385.

[37] T. Szonyi, Note on existence of large minimal blocking sets in Galois planes,
Combinatorica 12 (1992), 227-235.

[38] G. Tadlini, On blocking sets in finite projective and affine spaces, Ann. of
Discrete Math. 37 (1988), 433-450.

[39] G. Tdlini, Geometrie di incidenza e matroidi, IAC Roma, Quad. Serie IlI-
N.127 (1981), 433-450.

[40] J. Von Neumann, O. Morgenstern, Theory of games and economic behaviour,
Princeton, 1947

70



