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1 Introduction
The notion of F -metric space was introduced as a generalization of metric

spaces. F -metric spaces satisfy the properties of non-negativity, identity, sym-
metry and a generalized triangular inequality by means of an F -function defined
by Wardowski. The authors also established the Banach contraction principle in
F -metric spaces in 2018 [Jleli and Samet, 2018]. Later Bera et al. were interested
in the topological properties of F -metric spaces[Bera et al., 2019].
Let Ω denote the family of all functions F : (0,∞) → R satisfying the following
properties;

F1) F is increasing,

F2) For every sequence {xn}n∈N, limn→∞ xn = 0 ⇔ limn→∞ F ( xn) = −∞
[Wardowski, 2012].

Definition 1.1. [Jleli and Samet, 2018] Let X be a nonempty set and let (F, α) ∈
Ω× [0,+∞). A mapping d : X×X → [0,∞) is called an F -metric if it satisfies:

D1) d (x, y) = 0⇔ x = y,

D2) d (x, y) = d (y, x)

D3) for ∀n ≥ 2 (n ∈ N) and ∀ {ui} ⊂ X with (u1, un) = (x, y) such that

d (x, y) > 0 =⇒ F (d (x, y)) ≤ F
(
Σn−1

i=1 d (ui, ui+1)
)
+ α

for all x, y ∈ X. In this case (X, d) is called an F -metric space.

Definition 1.2. [Jleli and Samet, 2018] Let {xn} ⊂ X be a sequence.

i. {xn} is said to be F -convergent if there exists a x ∈ X such that d (xn, x) →
0 as n → ∞.

ii. {xn} is said to be an F -Cauchy sequence if d (xn, xm) → 0 as n,m → ∞.

iii. (X, d) is said to be F -complete if every F -Cauchy sequence is F -convergent.

Theorem 1.1. [Bera et al., 2019] Every F−metric space is Hausdorff.

Theorem 1.2. [Jleli and Samet, 2018] Let (X, d) be an F−complete F−metric
space and let T : X → X be a self-mapping. Suppose that

d(Tx, Ty) ≤ ad(x, y) (1)

for all x, y ∈ X , where a ∈ (0, 1). Then T has a unique fixed point.

10



Common fixed point theorems for Ciric Reich Rus type contractions in F -metric
spaces

Many researchers have developed various contraction principles and proved
fixed point results for a self-mapping in F -metric spaces. In F -metric spaces,
Lateefa [Lateefa and Ahmad, 2019] and [Mitrovic et al., 2019] generalized (1) as
the following contractions:

i. Das Gupta contraction:

d(Tx, Ty) ≤ a1d(x, y) + a2
[1 + d (x, Tx)] d (y, Ty)

1 + d (x, y)

where a1 ∈ (0, 1) with a1 + a2 < 1.

ii. Reich contraction:

d(Tx, Ty) ≤ a1d(x, y) + a2d(x, Tx) + a3d(y, Ty)

where a1, a2, a3 ∈ (0, 1) with a1 + a2 + a3 < 1.

Al-Mezel et al. [Mezel et al., 2020], Faraji et al. [Faraji et al., 2022] defined
α−β−admissible-type contraction. Acar and Ozturk [Acar and Ozturk, 2024] de-
fined α−admissible Berinde type contraction and Hussain and Kanwal [Hussain
and Kanwal, 2018] defined α−admissible Ćirić type contraction. Ozturk [Oz-
turk, 2023] defined Ćirić-Presic type contraction. Mitrovic et al. [Mitrovic et al.,
2019] introduced following contraction principle and proved common fixed point
theorems in F -metric spaces.

Theorem 1.3. [Mitrovic et al., 2019] Let (X, d) be an F -complete F -metric space
and let T, S : X → X be self-mappings satisfying

d(Tx, Ty) ≤ a1d(Sx, Sy) + a2d(Sx, Tx) + a3d(Sy, Ty)

for all x, y ∈ X , where a1 ∈ (0, 1) and a2, a3 ∈ [0, 1) with a1 + a2 + a3 < 1.

In this work, we generalize the concept of Ćirić-Reich-Rus type contractions
in F -metric spaces for four mappings and we prove a fixed point theorem for
weakly compatible mappings.

Definition 1.3. [Jungck, 1996] Let X be a nonempty set. Two mappings T, S :
X → X are said to be weakly compatible if TSx = STx whenever Tx = Sx.

2 Main Results
Definition 2.1. Let (X, d) be an F -complete F -metric space. The self-mappings
T, S,A,B : X → X are called a Ćirić-Reich-Rus type contraction if there exist
a1 ∈ (0, 1) and a2, a3 ∈ [0, 1) with a1 + a2 + a3 < 1 such that

d(Ax,By) ≤ a1d(Sx, Ty) + a2d(Ax, Sx) + a3d(By, Ty) (2)

for all x, y ∈ X.
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Theorem 2.1. Let (X, d) be an F -complete F -metric space. Let T, S,A,B :
X → X be Ćirić-Reich-Rus type contraction mappings (2). Assume that

i. A(X) ⊆ T (X), B(X) ⊆ S(X),

ii. T (X) or S(X) is a closed subset of X,

iii. the pairs (A, S) and (B, T ) are weakly compatible.

Then A,B, S and T have a unique common fixed point.

Proof
Let x0 ∈ X be arbitrary. Since Ax0 ∈ T (X), there exists x1 ∈ X such that

Tx1 = Ax0. Similarly, since Bx1 ∈ S(X), there exists x2 ∈ X such that Sx2 =
Bx1. Continuing inductively, we obtain a sequence {xn} satisfying Tx2k+1 =
Ax2k and Sx2k+2 = Bx2k+1, k = 0, 1, 2, . . . .
Define

y2k = Tx2k+1 = Ax2k

y2k+1 = Sx2k+2 = Bx2k+1.

Now we show that {yn} is an F -Cauchy sequence. Let (F, α) ∈ Ω × [0,∞) be
the pair satisfying condition (D3). By (F2), there exists δ > 0 such that

0 < t < δ ⇒ F (t) < F (ϵ)− α. (3)

Using the contractive condition (2),

d(y2k, y2k+1) = d(Ax2k, Bx2k+1)

≤ a1d(Sx2k, Tx2k+1) + a2d(Ax2k, Sx2k) + a3d(Bx2k+1, Tx2k+1)

= a1d(y2k−1, y2k) + a2d(y2k, y2k−1) + a3d(y2k+1, y2k).

Thus, we get

(1− a3)d(y2k, y2k+1) ≤ (a1 + a2)d(y2k, y2k−1).

So, we have

d(y2k, y2k+1) ≤
(
a1 + a2
1− a3

)
d(y2k, y2k−1).

Set d2k = d(y2k, y2k+1)

d2k ≤
(
a1 + a2
1− a3

)
d2k−1.
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Common fixed point theorems for Ciric Reich Rus type contractions in F -metric
spaces

Since a1 + a2 + a3 < 1, we get d2k ≤ d2k−1 for a = a1+a2
1−a3

< 1. Similarly, it is
easy to see that d2k+1 ≤ d2k. Repeating this process n times we obtain

d(y2k, y2k+1) ≤ a(y2k−1, y2k)

≤ a2d(y2k−2, y2k−1)

.

.

.

≤ and(y0, y1).

Hence, for m > n

m−1∑
i=n

d(yi, yi+1) ≤
(

an

1− a

)
d(y0, y1).

Since a < 1,

lim
n→∞

(
an

1− a

)
d(y0, y1) = 0.

There exists some N ∈ N such that

0 <

(
an

1− a

)
d(y0, y1) < δ

for n ≥ N . By (3) and (F1), for m > n > N , we have

F

(
m−1∑
i=n

d(yi, yi+1)

)
≤ F

((
an

1− a

)
d(y0, y1)

)
≤ F (ϵ)− α. (4)

Using (D3) and (4),

d(yn, ym) > 0 ⇒ F (d(yn, ym)) ≤ F

(
m−1∑
i=n

d(yi, yi+1)

)
+ α < F (ϵ).

By (F1), we get d(yn, ym) < ϵ.
Thus {yn} is an F -Cauchy sequence. By F -completeness of (X, d) there exists
y ∈ X such that

lim
k→∞

Tx2k+1 = lim
k→∞

Ax2k = lim
k→∞

Bx2k+1 = lim
k→∞

Sx2k+2 = y.

Assume without loss of generality that T (X) is a closed subset of X . Then there
exists v ∈ X such that Tv = y.
Suppose Bv ̸= y. Applying the contractive condition (2) we have

d(Ax2k, Bv) ≤ a1d(Sx2k, T v) + a2d(Ax2k, Sx2k) + a3d(Bv, Tv).
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Letting k → ∞ yields

d(y,Bv) ≤ a1d(y, Tv) + a2d(y, y) + a3d(Bv, Tv)

and
d(y,Bv) ≤ a1d(y, y) + a2d(y, y) + a3d(Bv, y).

So
d(y,Bv) ≤ a3d(Bv, y)

which is contradiction since a3 < 1. Hence, Bv = y. Since (B, T ) is weakly
compatible, we have Ty = TBv = BTv = By.
Now we show that By = y. Apply the contractive condition (2)

d(Ax2k, By) ≤ a1d(Sx2k, T y) + a2d(Ax2k, Sx2k) + a3d(By, Ty)

Letting k → ∞, we get

d(y,By) ≤ a1d(y, Ty) + a2d(y, y) + a3d(By, Ty).

Thus we get
d(y,By) ≤ 0.

Hence y = By. Similarly, we show that y is also fixed point of A and S. Therefore
Ay = Ty = Sy = By = y.
Now, we show that y is unique fixed point. Suppose z is another common fixed
point of A,B, S, T. Then

d(z, y) = d(Az,By) ≤ a1d(Sz, Ty) + a2d(Az, Sz) + a3d(By, Ty) = 0.

So d(z, y) = 0. Hence z = y.

Example 2.1. Let X = [0, 1] be an F -metric space equipped with the F -metric

d(x, y) =

{
2|x−y|, if x ̸= y,
0, if x = y,

and let F (t) = −1
t

with α = 1. Define the

mappings A,B, S, T : X → X by

A (x) =
(x
2

)8
, B(x) =

(x
2

)2
, T (x) = x2, and S (x) =

(x
2

)2
.

The pairs (A, S) and (B, T ) are weakly compatible, and both T (X) and S(X)
are closed subsets of X . Furthermore, for x ̸= y, the contractive condition holds
as follows for suitable a1, a2, a3 > 0 with a1 + a2 + a3 < 1 :

d (Ax,By) = 2

∣∣∣(x
2 )

8
−( y

2 )
2
∣∣∣
= a12

∣∣∣(x
2 )

2
−y2

∣∣∣
+ a22

∣∣∣(x
2 )

8
−(x

2 )
2
∣∣∣
+ a32

∣∣∣( y
2 )

2
−y2

∣∣∣
≤ a1d (Sx, Ty) + a2d (Ax, Sx) + a3d (By, Ty) .

x = 0 is the unique common fixed point of A, S, T,B.
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If we take S = T = I identity map in Theorem 2.1, we obtain following
corollary.

Corollary 2.1. Let (X, d) be an F -complete F -metric space and let A,B : X →
X satisfy

d(Ax,By) ≤ a1d(x, y) + a2d(Ax, x) + a3d(By, y) (5)

where a1, a2, a3 > 0 with a1+a2+a3 < 1. Then A and B have a unique common
fixed point.

If we take A = B in Corollary 2.1, we obtain following corollary.

Corollary 2.2. Let (X, d) be an F -complete F -metric space and let A : X → X
satisfies

d(Ax,Ay) ≤ a1d(x, y) + a2d(Ax, x) + a3d(Ay, y) (6)

where a1, a2, a3 > 0 with a1 + a2 + a3 < 1. Then A has a unique fixed point.

Corollary 2.3. Let (X, d) be an F -complete F -metric space and let A,B, S, T :
X → X satisfy

d(Ax,By) ≤ ad(Sx, Ty) (7)

where 0 < a < 1 with the same conditions (i) and (ii) as in Theorem 2.1. Then
A,B, S and T have a unique common fixed point.

3 Application
Let us consider the integral equation

x (t) = α

∫ 1

0

Ti (t, s, x (s)) ds+ β

∫ 1

0

Wj (t, s, x (s)) ds, i, j = 1, 2 (8)

where α and β are real numbers and Ti,Wj : [0, 1]×[0, 1]×R → R+ is continuous
function. Equip C[0, 1] with the F -metric d(x, y) = |x− y|2 .

Theorem 3.1. Suppose there exists γ ∈ [0, 1) such that for all t, s ∈ [0, 1] and
x, y ∈ C [0, 1],

|T1 (t, s, x(s))− T2 (t, s, y(s))| ≤
√
γ |x(t)− y(t)| ,

|W1 (t, s, x(s))−W2 (t, s, y(s))| ≤
√
γ |x(t)− y(t)| .

Then the integral equation (8) has a unique solution with
(

α
√
γ

1−β
√
γ

)2
< 1.
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Proof. Define the operators

Ax(t) = α

∫ 1

0

T1 (t, s, x(s)) ds

Bx(t) = α

∫ 1

0

T2 (t, s, x(s)) ds

Sx(t) = Ix(t)− β

∫ 1

0

W1 (t, s, x(s)) ds

Tx(t) = Ix(t)− β

∫ 1

0

W2 (t, s, x(s)) ds.

For all x, y ∈ X and t ∈ [0, 1] , we have

|Ax(t)−By(t)|2 =

∣∣∣∣∣ α
∫ 1

0
T1 (t, s, x(s)) ds

−α
∫ 1

0
T2 (t, s, y(s)) ds

∣∣∣∣∣
2

≤ α2

∫ 1

0

|T1 (t, s, x(s))− T2 (t, s, y(s))|2 ds

≤ α2γ

∫ 1

0

|x(t)− y(t)|2 ds

≤ α2γ |x(t)− y(t)|2
∫ 1

0

ds.

Thus, we get
d (Ax,By) ≤ α2γd (x, y) . (9)

Similarly,

|Sx(t)− Ty(t)|2 =

∣∣∣∣∣ Ix(t)− β
∫ 1

0
W1 (t, s, x(s)) ds

−Iy(t) + β
∫ 1

0
W2 (t, s, y(s)) ds

∣∣∣∣∣
2

=

∣∣∣∣x(t)− y(t)− β

(∫ 1

0

[W1 (t, s, x(s))−W2 (t, s, y(s)) ds]

)∣∣∣∣2
≥

[
|x(t)− y(t)| −

∣∣∣∣β (∫ 1

0

[W1 (t, s, x(s))−W2 (t, s, y(s)) ds]

)∣∣∣∣]2
≥ [(1− β

√
γ) |x(t)− y(t)|]2 .

Hence we have
d (Sx, Ty) ≥ (1− β

√
γ)2 d (x, y) .

From (9),

d (Ax,By) ≤ α2γ
d (Sx, Ty)(
1− β

√
γ
)2 =

(
α
√
γ

1− β
√
γ

)2

d (Sx, Ty)

16



Common fixed point theorems for Ciric Reich Rus type contractions in F -metric
spaces

All conditions of Corollary 2.3 are satisfied. Therefore integral equation (8) has a
unique solution.

4 Discussion and Conclusions
Banach’s fixed point theorem is a fundamental result guaranteeing the exis-

tence and uniqueness of fixed points. Over the last century, this result has been
generalized to two, three, and four mappings, yielding various common fixed point
theorems. The present study is the first to extend the Ćirić-Reich-Rus type con-
traction from two mappings to four mappings in the setting of F-metric spaces.
An application to an integral equation is provided to demonstrate the practical
utility of the theoretical results. The findings obtained here will serve as a guide
for future research on fixed point theory in generalized metric spaces and will
contribute to the solution of more complex problems in nonlinear analysis and its
applications.
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Abstract  

This study investigates loan default risks in rural banks in Ghana's by developing a hybrid 

predictive model that combines Markov chains and Random Forest machine learning. 

The Markov chain analysis examines the transition of loans between risk categories 

(Current, OLEM, Sub-standard, Doubtful, and Loss) based on Bank of Ghana (BoG) 

standards, revealing the dynamic nature of credit risk over time. The Random Forest 

model then classifies loans as default or non-default, identifying key features, with 

Markov chain transition probabilities serving as a crucial input. Using a dataset of 25,981 

loan records from a rural bank, the study finds that a significant portion of borrowers 

operate in non-traditional sectors, with 14% of loans classified as Losses. The Markov 

analysis indicates stability in the Current and Loss states, while other risk categories 

exhibit notable transitions. The Random Forest classifier, utilizing features like Days in 

Arrears and Interest Charge Type, achieves 93% accuracy and strong F1 scores (0.945 for 

non-defaults and 0.865 for defaults). The model's Receiver Operating Characteristic and 

Area Under the Curve (ROC- AUC) score of 0.90 demonstrates its excellent ability to 

distinguish between defaulting and non-defaulting loans. The model identifies loan 

duration and arrears as primary predictors of default. Scenario simulations confirm that 

default risk increases as the loan ages and arrears accumulate. Overall, the hybrid model 

offers superior predictive accuracy and granular risk insights, enhancing credit risk 
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management for rural banks and supporting financial inclusion in underserved 

communities. 

Keywords: Markov chain, Random Forest, Loan Default§ 

 

1. Introduction  

 

Individuals worldwide rely on bank credit to address short-term liquidity gaps and 

pursue long-term goals (Vermoesen et al., 2013). In a competitive and volatile financial 

environment, borrowing has become essential for households and firms, while lending 

remains a primary driver of bank profitability (Ekpu & Paloni, 2016). Interest income 

from loans constitutes a significant share of banks' revenues, but it also exposes them to 

credit risk—the possibility that borrowers will fail to meet contractual repayment 

obligations (Brown & Moles, 2014). 

To mitigate this risk, lenders must rigorously assess applicants before disbursing 

funds. Traditionally, loan officers have used the "5 Cs" of credit—character, capital, 

capacity, collateral, and conditions—to gauge borrower quality (Oseni, 2023). However, 

this judgment-driven approach is limited by human bias and inconsistency, particularly 

with increasing loan   (Abraham, 2023). 

Many banks have employed specialized analysts to review each case and assign a 

numerical credit score that summarizes default risk (Golin & Delhaise, 2013). These 

scores, derived from variables like past repayment behavior and income stability, serve 

as probabilistic estimates of a borrower's ability and willingness to repay on time (Skiba 

& Tobacman, 2008). 

Rural banks play a crucial role in promoting financial inclusion, particularly among 

low-income populations in rural communities. However, they face high loan default rates 

due to limitations in traditional credit assessment models and the lack of reliable 

predictive tools (Agyapong, 2023). Previous studies have primarily utilized traditional 

financial models, which often fail to capture the dynamic and temporal nature of loan 

defaults. 

This study aims to develop and evaluate a hybrid model combining Markov chain and 

Random Forest techniques to predict loan defaults particularly for rural banks. By 

considering transitional probabilities and identifying key influencing factors, this research 

will fill existing gaps and offer a novel approach to credit risk management. 

The hybrid framework is used to integrate the Random Forest and Markov chain 

models, with the computed transition probabilities serving as a crucial input for the 

 
  1
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machine learning classifier. The first step in this method is to model the stochastic 

movement of loans between five regulatory risk states: Current, OLEM, Sub-Standard, 

Doubtful, and Loss using a Discrete-Time Markov Chain (DTMC). 

In this hybrid architecture, the Random Forest algorithm uses the transition 

probabilities obtained from the Markov analysis as input features in order to compute a 

comprehensive default risk score (RS) in conjunction with other borrower-specific 

covariates such as Days in Arrears and Interest Charge Type. The transition probabilities 

assist the model account for the dynamic and temporal aspect of credit risk, which 

standard static models frequently fail to capture. This score is the weighted sum of these 

features. 

The work advances from merely forecasting the next likely state to offering a binary 

classification of whether or not a loan will eventually fail by including these transition-

based insights into the predictive model. This combination improves the accuracy of 

identifying high-risk accounts before they enter the "Loss" state by enabling the bank to 

use borrower-level risk scores in conjunction with long-term transition dynamics for daily 

decision-making. 

The hybrid model will address the limitations of traditional credit assessment models 

and provide a more accurate prediction of loan defaults. By leveraging the strengths of 

both Markov chains and Random Forest algorithms, this study will contribute to the 

development of more effective credit risk management strategies for rural banks. 

 

2. Objectives of the study  
The primary objective of this study is to develop a Markov Chain model for predicting 

loan defaults at rural banks. Consequently, the study seeks to achieve the following 

specific objectives:  

1. Develop a Markov chain clustering model to predict loan defaults effectively.  

2. Identify key features influencing the loan default prediction using Random 

Forest.  

3. Improve prediction using optimized hyperparameter tuning. 

 

3. Materials and methods 

This study employed a quantitative research approach with a descriptive and exploratory 

design to analyze historical loan repayment data and predict default outcomes using the 

Markov Chain, K-Means Clustering, and Random Forest model. The design enabled the 

identification of trends and patterns in clients' loan repayment behavior and facilitated the 

application of the Markov Chain to model state transitions. 
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The study was conducted at a rural bank in Ghana's Western Region, serving low-income 

populations. The bank offers various financial services, including microloans and SME 

financing. The population comprised 25,981 loan clients with complete repayment 

histories. The study used a census approach, analyzing data from all clients. 

Data processing involved coding, editing, and cleaning to ensure accuracy. Loan 

repayment behavior was categorized into five states: Current, OLEM, Sub-Standard, 

Doubtful, and Loss/Default. The Markov chain model estimated transition probabilities, 

and steady-state probabilities assessed long-term behavior patterns. 

Analytical tools included Python and Microsoft Excel. The study addressed research 

objectives through probabilistic modeling, with justifications based on theoretical and 

empirical literature. This approach provided a structured framework for predictive 

modeling and enhanced reproducibility. 

 

3.1 Discrete-Time Markov Chain (DTMC)  

 A stochastic process 
{ } 0,tX t 

 where tX
represents the state of the process at time t , is 

called a DTMC if it satisfies the following conditions:  

1. State Space ( )S : The process takes values from a finite or countable set of loan 

status. These states are defined as 

 1 2 3 4 5{ , , , , }S S S S S S=
 (1) 

where the five states are {current, Olem, Sub-standard, Doubtful, and loss} respectively.  

2. The Markov property    

 1 1 0 0 1( | , ,... ) ( | )n j n i n X n j n iP S S S k S P S S+ = = − = + = == =
 (2) 

 for all states i  and j  being members in Equation (1)  ( , )i j S  at all times ( 0)t  .     

                     

3.1.1 Transition Probabilities (P)  

The matrix 
( )ijP

 contains the probabilities of transitioning from state i  to j  within a 

one step as indicated in Equation (3).  

 
[ ]ijP P=

 (3) 

From Equation (3):  

 

ˆ ij

ij

ik

k S

n
P

n


=


 (4) 

Where ijn
 is the observed count or number of transitions from state i  to j  over the study 

period, and  
ik

k S

n



is the total number of transitions which originates from state i .  
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However, ijP
satisfies the condition of probability distribution: 

 
0ijP 

 (5) 

 
1ijj S

P


=
 (6) 

for all ,i j S . 

 

3.1.2 Random Forest 

Random Forest is an ensemble learning method. It builds many decision trees and 

combines their predictions to improve accuracy and avoid over fitting.   

3.1.2.1 Prediction equations (Ensemble Prediction) 

Let x  be any input vector containing loan features like days in arrest, total age of loan, 

etc. The ensemble of B  decision trees 1{ ( )}B

b bh x =  produces a final classification ŷ  through 

majority vote given as: 

 1 2
ˆ mod{ ( ), ( ),..., ( )}By h x h x h x=

 (7) 

where 
( )bh x

 is the prediction from the 
thb  decision tree. 

For Regression, the prediction is the average of all tree predictions given as 

 
1

1
ˆ ( )

B

bb
y h S

B =
= 

 (8) 

 

3.1.2.2 Prediction Equations (Risk Score - RS) 

At this point, a customer’s loan risk score (RS) is calculated as a weighted linear 

combination of its features given as: 

 1

n

i i

i

RS 
=

=
 (9) 

where, n  is the total number of the influencing features. Example is 10n =  for the top 

ten identified features. Also, i  is the importance weight of feature i . An example is the 

weight of 0.3003 for the number of days in arrears, and i  is the normalized value of 

feature i  for a specific borrower. 

 

3.1.2.3 Prediction Equations (Probability of Default - PD) 

We further mapped the RS to a probability scale using a logistic (sigmoid) function given 

as: 

 

1
( )

1 RS
P Default

e−
=

+  (10) 
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where, e  is the Euler’s constant approximately 2.718, and RS is the calculated RS from 

the Random Forest model in Equation (9). 

 

3.1.2.4 Prediction Equations (Time-Based Risk Evolution) 

The time-based risk evolution representing a power-law growth model is presented as: 

 
( ) (1 ) (1 )r a aRisk t B D L =  + +

 (11) 

where, ( )Risk t  is the initial base risk level at time t . rB
 is the initial base risk level, aD

 

is the days in arrear, aL
 is the total age of the loan in months, and ,   are the scaling 

exponents (scaling factors) that represents the sensitivity of risk arrears and loan 

respectively. 

 

3.2 Model evaluation metrics 

This section evaluates the performance and accuracy of the models. This helps to measure 

the ability of the predictions, understand the probability distribution, classify data 

correctly, and improve the model’s reliability and robustness.  

These are achieved with the F1 score, the Receiver Operating Characteristic, and the Area 

Under the Curve (ROC-AUC). The F1 score is given in equation 3.20 as  

 

2
1

pr
F

p r
=

+  (12) 

with,  

 

TP
p

TP FP
=

+  (13) 

and, 

 

TP
r

TP FN
=

+  (14) 

Where the accuracy is given by   

 

TP TN

TP TN FP FN

+

+ + +  (15) 

The ROC-AUC score is given as the integral of the TP Rate (TPR) with respect to the FP 

Rate (FPR) in Equation (16) as:  

 

( )
1

1

0

( )TPR FPR x dx−


 (16) 

From the above, p  is the precision, r  is the recall, TP is true positives (correctly 

predicted defaults), TN is the true negatives (correctly predicted non-defaults), FP is the 

false positives (non-defaults wrongly predicted defaults), and FN is the false negatives 
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(defaults wrongly predicted as non-defaults). Also, x  represents the varying decision 

thresholds of the classifiers. 

It is worth noting that there is a notable class imbalance in the dataset, with non-defaults 

making up 85% of the total sample and defaults making up only 15%. Since the high 

headline score (91%) mostly reflects the model's ability in managing the dominant non-

default class rather than its marginal success in detecting the minority class, this 

distribution may make overall accuracy a little distorted indicator. Additionally, a larger 

False Positive (FP) Rate and the intrinsic challenge of correctly classifying less frequent 

positive examples are shown by the lower F1 score for defaults (0.82) compared to non-

defaults (0.93). 

 

3.3 Ethical considerations  

This study strictly adhered to ethical principles. Permission to access loan records was 

obtained from the rural bank's management, and informed consent was secured. All data 

was anonymized to protect client identities, and confidentiality was maintained through 

encrypted storage and restricted access. The study received ethical approval from the 

Takoradi Technical University Ethics Review Board, ensuring compliance with 

institutional and national standards. Participants' rights were respected throughout the 

research process. 

 

4. Results and Discussion 
This section reports on the sources of data and the discussions of the descriptive nature 

of the data for this study  

4.1 Data description 

The dataset consists of 25,981 loan accounts from a rural bank, featuring borrower 

profiles, repayment behavior, regulatory classification, loan characteristics, and default 

status. The dataset includes both categorical and numerical variables. 

From Table 1 across the 25,981 loan records, the mean approved (and disbursed) facility 

size was approximately GHS 6,528 (SD = 15,199), although values ranged widely from 

200 to about GHS 795,325. Contractual tenor averaged 11.44 months (SD = 16.11) with 

a maximum of 289 months, indicating a heavily right-skewed distribution. The typical 

loan was young: the median loan age was 4 months, well below the median contractual 

duration of 6 months. Days-in-arrears was highly skewed (M = 337, SD = 840) but the 

median was 0, reflecting the predominance of current accounts.  
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Table 1. Descriptive statistics for continuous variables 

Variable N M SD Min Max 

Loan Amount 

Approved 

25981.0 6528.5 15199.75 100.00 795324.81 

Loan Amount 

Disbursed 

25981.0 6528.5 15199.75 100.00 795324.81 

Number of Payments 

Agreed 

25981.0 11.44 16.11 0.00 289.0 

Loan Principal 

Balance (Without 

Interest) 

25981.0 4512.0 21526.32 -3000.0 3010616.51 

Days in Arrears 25981.0 337.06 840.26 0.0 3248.0 

BoG Provision 25981.0 253.29 1194.11 0.0 52559.64 

Interest Received 25981.0 11.89 251.9 0.0 18915.11 

loan_status_code 25981.0 0.67 1.43 0.0 4.0 

loan_duration_months 25981.0 21.71 28.52 -2.0 292.0 

loan_age_months 25981.0 16.02 30.39 0.0 1511.0 

is_individual 25981.0 0.97 0.18 0.0 1.0 

 

In Table 2 most facilities were held by individuals (96.5%), while a smaller corporate 

segment accounted for 3.5%. Borrowers were primarily male (68.5%), with females 

representing 22.5% and 8.9% unspecified. The book concentrated on the “Miscellaneous” 

economic sector (77.2%), followed by services (11.7%) and commerce/finance (4.9%). 

Regarding credit quality, 80.3% of exposures were classified as “Current,” whereas 

14.1% were in “Loss,” with the remainder distributed among “OLEM,” “Doubtful,” and 

“Sub-standard.”  

 

Table 2. Frequency distribution of selected categorical variables 

Variable Category N % 

Customer Type Individual 25082 96.5 

Customer Type Corporate 899 3.5 

Gender Male 17805 68.5 

Gender Female 5851 22.5 

Gender Unspecified 2325 8.9 

Economic Sector Miscellaneous 20060 77.2 

Economic Sector Service 3033 11.7 

Economic Sector Commerce & Finance 1267 4.9 

Economic Sector Agriculture Forestry & Fishing 1099 4.2 
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Variable Category N % 

Economic Sector Manufacturing 325 1.3 

Economic Sector Construction 191 0.7 

Economic Sector Cottage Industries 6 0.0 

BOG Loan 

Classification 

Current 20869 80.3 

BOG Loan 

Classification 

OLEM 559 2.2 

BOG Loan 

Classification 

Sub-Standard 419 1.6 

BOG Loan 

Classification 

Doubtful 467 1.8 

BOG Loan 

Classification 

Loss 3667 14.1 

The target variable is 'is default', a binary label, coded as 1 = Yes, indicating that the loan 

eventually defaulted, while 0 = No indicates non-defaulted. The analysis revealed that 

4,000 loans (approximately 15% of the total sample) were classified as defaults. This 

suggests that most (85%, 21981) loans remained non-defaulted. 

 
Figure 1 Graph of Default Versus Non-Default 

 

4.2 Markov Chain modeling of Loan status 

Loan repayment behavior was modeled as a discrete-time Markov Chain, where each 

state represents a BOG loan classification: S = {Current, OLEM, Sub-Standard, Doubtful, 

Loss}.  

0

5000

10000

15000

20000

25000

NO Y E S

C
o

u
n

t

27



Johnson J. K. A., Agyeman E., Okai S. K. 

 

 

4.2.1 Distribution of Bank of Ghana (BoG) Loan classification. 

Figure 2 shows the percentage of long-term loans in each category, assuming the process 

continues indefinitely. Current loans (80.32%) make up most of the loan portfolio, 

indicating good repayment performance. The presence of loans classified as OLEM 

(2.15%), Sub-standard (1.61%), Doubtful (1.80%), and Losses exceeding ten percent 

(14.11%) suggests that this Rural Bank's portfolio has some credit concerns. 

 
Figure 2: Pie Chart of the Steady State Probabilities (%) 

 

4.2.2 Markov Chain transition Probability Matrix 

The transition matrix displaying the probabilities of moving from one state or loan status 

to another within a single time step is illustrated as a heatmap, as shown in Figure 4.3. In 

this figure, darker blue represents a higher probability. 

Figure 3 shows how the Bank’s loans move between risk categories over time. Loans in 

the current category are highly stable - about 94% of the loans stay current from one 

month to the next. Only a small fraction slips into early warning or risky categories like 

OLEM or Loss, a good sign for the bank’s overall loan portfolio health. 

Interestingly, loans in the OLEM and Sub-Standard categories show a surprisingly high 

likelihood of reverting to current status, at nearly 74% and 63%, respectively. This may 

be due to borrowers catching up on payments, stringent monitoring, follow-ups with 

borrowers, or administrative updates that reclassify loans. However, these loans are not 

without risk—approximately 16.6% of OLEM loans and 15.8% of Sub-Standard loans 

still deteriorate into more severe categories such as Doubtful and Loss. 

Figure 3 also indicates that the outcomes are more mixed among loans already classified 

in the Doubtful category. Just over half (56%) recover to current status, which seems 

optimistic, but a significant portion—more than 11%—ultimately falls into the Loss 

category, which is concerning. 
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Finally, loans in the Loss category rarely recover- over 90% stay in the Loss status, 

confirming that once a loan is written off, it seldom returns. 

The diagonal elements in Figure 3 represent the probability of remaining in the same state. 

For example, the probability of remaining in the "Current (94.47%)” indicates a high 

chance of staying current, as reflected by the probability of remaining in the "Current" 

state of 0.9447. This implies that loans currently making their payments on schedule are 

likely to continue doing so. Furthermore, the chance of remaining Doubtful at 15.42% is 

comparatively low, with a probability of 0.1542. This suggests that deemed questionable 

loans are more likely to transition to different states, such as current or loss. In contrast, 

the probability of remaining in Loss is 90.92%, indicating a strong likelihood (0.9092) of 

staying in the "Loss" state. This implies that loans declared uncollectible are probably 

going to remain in this condition. Additionally, the probability of continuing to be in 

OLEM (9.48%) is relatively low at 0.0948. This suggests an increased likelihood of loans 

categorized as "OLEM" changing to another state. Finally, the diagonal point for Sub-

Standard (11.22%) indicates a reasonable chance of remaining in the "Sub-Standard" 

state, with a probability of 0.1122. This further suggests that the likelihood of loans 

categorized as "Sub-Standard" moving to another state is slightly higher. 

By comparing the diagonal elements shown in Figure 3, we see a greater degree of 

stability in the "Current" and "Loss" states, as evidenced by the significantly higher odds 

of remaining in these states compared to the others. Given the relatively low odds of 

staying in the "Doubtful," "OLEM," and "Sub-Standard" states, it is likely that loans in 

these categories will eventually transition to another state.  

Further insight into the diagonal entries of TPM, as shown in Figure 6, reveals that the 

high likelihood of remaining in the "Current" stage suggests that loans currently up to 

date are repaying their debts effectively. Since these loans are more likely to transition to 

another state, the comparatively low odds of remaining in the "Doubtful," "OLEM," and 

"Sub-Standard" states indicate the need for close monitoring. Meanwhile, the high 

probability of remaining in the "Loss" condition highlights how crucial it is to manage 

credit risk effectively to minimize the chance of loan default. 
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Figure 3 Heatmap of the Markov Chain Transitional Probability Matrix (TPM) 

 

4.2.3 Cluster Analysis 

 

The purpose of the clustering analysing in this research framework is to enable the bank 

to concentrate its monitoring and intervention strategies on particular segments that have 

similar repayment tendencies by using the K-Means clustering analysis to group loan 

statuses according to the similarity of their transition patterns. 

Table 3 shows the cluster assignments for the K-Means. The cluster (3-Means cluster) 

analysis helps the Bank focus on similar-behaving groups of loans, making it easier to 

design monitoring and intervention strategies. 

Table 3 is based on the similarity of the movement patterns of the loan status categories. 

The loan statuses have been categorized into clusters. “Current” is in group (2) because 

of its unique behavior from the others. However, "Doubtful," "OLEM," and "Sub-

Standard" are comparable and lumped together into one cluster (0), while "Loss" is also 

distinct and clustered as (1). 

 

Table 3: Cluster Assignment of the K-Means 

Loan Status Cluster 

Current 2 
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Loan Status Cluster 

Doubtful 0 

Loss 1 

OLEM 0 

Sub-Standard 0 

 

4.2.4 Customers Risk Scores 

Again, Figure 4 displays customers' risk scores according to their present loan status. The 

customer risk score is the probability that a loan in a given current status will transition 

to any of the “worse” (risk) states in the next period.  Figure 4 shows the likelihood of a 

customer with "Current, OLEM, Sub-Standard, Doubtful, and Loss" statuses 

deteriorating as 5.53%, 26.12%, 39.16%, 43.68%, and 94.16%, respectively. This implies 

that a customer in "Current" status with a risk score of 0.055 has a 5.5% chance of 

transitioning to a risk status in the next period. 

 
Figure 4: Risk Score by Current Loan Status 

 

Also, Figure 5 shows the expected time to default. Expected time to default is the average 

number of periods it will take for a customer in a given status to reach the “default” 

(absorbing) state, assuming the Markov process continues.  

Figure 5 shows that, a "Current" loan is expected to take about 69 months before potential 

default, while an "OLEM" loan has 66 months before potential default, with a “Sub-

Standard” loan having about 63 months before defaulting, and a "Doubtful" loan has 

about 60 months (5 years) before potential default, and  

This means that, if a customer's loan moves from "Current" to "OLEM", their expected 

time to default decreases by about 3 months (from 69 to 66 months). 
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Figure 5: Expected Time of Default (Months) 

 

Combining Figures 4 and 5 reveals the following insights: 

1. For loans classified as "Current," the risk of deterioration is 5.53%, with an expected 

stable period of 5 years and 9 months, necessitating regular monitoring. 

2. If the loan transitions to "OLEM," the risk increases to 26.12%, with the expected 

stable period decreasing to 5.5 years, requiring early intervention. 

3. For loans classified as "Doubtful," the risk jumps to 43.68%, with the expected stable 

period dropping to 5 years, warranting immediate intervention. 

These findings highlight the importance of timely risk assessment and intervention to 

mitigate potential losses. 

 

4.3 Key Feature for Loan Default Prediction. 

The objective was achieved by training a Random Forest model and evaluating its 

performance using various metrics. Default probabilities were simulated under different 

scenarios, and results were visualized using heatmaps and Receiver Operating 

Characteristic (ROC) curves. 

Table 4 and Figure 6 present the top 10 influential features, accounting for approximately 

98% of the model's predictive power. The top features are: 

1. Days in arrears (0.300343) 

2. IFRS classification (0.154330) 

3. BoG loan classification (0.135914) 

The least influential feature among the top 10 is the loan principal balance (excluding 

interest), with a weight of 0.010238. 
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Table 4: Key Variables Influencing Loan Default Prediction 

Feature Importance 

Days in Arrears 0.300344 

IFRS Classification 0.154330 

BOG Loan Classification 0.135914 

Interest Charge Type 0.108712 

Loan Duration (Months) 0.078287 

Loan Age (Months) 0.066854 

Frequency of Payments 0.045482 

Number of Payments Agreed 0.045155 

BoG Provision 0.030630 

Loan Principal Balance (without interest) 0.010238 

 

 
Figure 6: Graph of the Covariate Importance. 

 

4.4 Model Performance Metrics Random Forest 

The classifier demonstrated a commendable overall accuracy of 91%, indicating that it 

correctly classified 91% of the total 5,197 instances in the test dataset (See Table 5 and 

Figure 7). However, a closer examination of the class-specific metrics reveals nuanced 

performance across the two categories. 

For the negative class (False, n = 4300), the model achieved a precision of 0.94, a recall 

of 0.93, and an F1-score of 0.93 as indicated on Table 5. These high scores indicate that 

the model was highly effective in identifying and classifying instances of the negative 

class. Precision, in this context, refers to the proportion of predicted negatives that were 

actually correct, while recall represents the proportion of actual negatives that were 
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correctly predicted. The F1-score, a harmonic mean of precision and recall, confirms that 

the model maintained a balanced performance for this majority class. 

In contrast, the performance metrics for the positive class (True, n=897n=897) were 

slightly lower. The model recorded a precision of 0.81, a recall of 0.84, and an F1-score 

of 0.82. Although these values are still indicative of strong performance, they suggest that 

the model is marginally less effective at identifying the minority class. The lower 

precision implies a higher false positive rate for the positive class, while the recall rate 

reveals that the model correctly identified 84% of all true positives. 

To address class imbalance and provide a more comprehensive assessment, macro and 

weighted averages were also calculated. The macro-average values, which treat both 

classes equally regardless of their frequency, yielded precision, recall, and F1-scores of 

0.87, 0.88, and 0.88, respectively. These scores indicate a reasonably balanced 

performance across the two classes. Meanwhile, the weighted average, which adjusts for 

the number of instances in each class, reported precision, recall, and F1-scores of 0.91 

each—consistent with the overall accuracy and further affirming the model’s strength in 

handling the dominant class. 

 

Table 5: Random Forest Performance Metrics 

  Precision  Recall F1-Score Support 

False  0.94  0.93 0.93 4300 

TRUE 0.81  0.84 0.82 897 

ROC AUC Score      0.85   5197 

Accuracy    0.91 5197 

Macro Avg 0.87  0.88 0.88 5197 

Weighted Avg 0.91  0.91 0.91 5197 

The random forest demonstrates significant additional predictive value, while the ROC 

AUC offers a more thorough perspective on classification skill at all decision thresholds. 
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Figure 7: Confusion Matrix of the Random Forest Prediction 

 

Additionally, simulations for different scenarios were conducted using the developed 

model. Figure 8 displays the scenario simulation heatmap illustrating how the probability 

of default varies as "Days in Arrears" and "Loan Age (months)" change for a typical 

customer at the Bank. The darker red in Figure 8 indicates a higher probability of default. 

As the "Days in Arrears" increases, there is also a sharp rise in the risk of default, 

especially for loans with a longer duration (age) in months. For instance, the risk increases 

after 2 months in arrears, but particularly after 3 months in arrears. 
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Figure 8: Simulated Default Probability by Days in Arrears and Loan Age (Months) 

 

4.5 Improved Prediction Using Hyperparameter Tuning 

From Table 6, after hyperparameter tuning, the random forest model exhibited robust and 

well-balanced predictive performance. Overall accuracy reached 0.93, indicating that 

93% of cases were accurately classified across the ten cross-validation folds. The receiver 

operating characteristic area under the curve (ROC-AUC) was 0.90, reflecting excellent 

global discrimination between defaulting and non-defaulting loans (Hosmer, Lemeshow, 

& Sturdivant, 2013). 

Class-specific results show a modest trade-off between majority and minority groups. For 

non-defaults, precision and recall were 0.95 and 0.94, respectively, resulting in an F1-

score of 0.94. For defaults—arguably the more critical category—precision improved to 

0.85 and recall to 0.88, yielding an F1-score of 0.86. These values indicate that the tuned 

model correctly identifies 88% of true defaults while limiting false-positive alerts to about 

15%. 

Macro-averaged metrics (precision = 0.90; recall = 0.91; F1 = 0.90) further confirm 

balanced performance when each class is weighted equally, whereas weighted averages 

(≈ 0.93) mirror headline accuracy by accounting for class prevalence (defaults ≈ 17 %). 
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Table 6: Optimized Model Performance Metrics 

  Precision Recall F1-Score Support 

False  0.950 0.940 0.945 4300 

TRUE 0.850 0.880 0.865 897 

ROC AUC Score     0.90  5197 

Accuracy   0.93 5197 

Macro Avg 0.90 0.91 0.90 5197 

Weighted Avg 0.93 0.93 0.93 5197 

 

The hyper-parameter-optimized random forest model yields a sharply rising default 

probability curve as payment delinquency extends (see Table 7). Accounts that are current 

(0–30 days past due) exhibit virtually no risk of default; the estimated PD is 0%. Risk 

rises significantly once arrears reach 60 days, with an 11.6% chance of default. The slope 

steepens between 60 and 90 days, more than doubling the PD to 28.5%. At 120 days past 

due, the probability of default escalates to 85.5%, indicating that loans which are four 

months in arrears are very likely to become charge-offs.  

 

Table 7: Daily Loan Risk Assessment 

Days in Arrears Default Probability (%) 

0 0.00 

30 0.00 

60 11.60 

90 28.52 

120 85.49 

 

5. Summary, Conclusion and Recommendations 
This section considers the summary, the conclusions and the recommendation of the 

study. 

 

5.1 Summary 

The primary goal of this study was to create an integrated credit-risk framework for a 

rural bank by combining Markov chain clustering analysis with a machine-learning 

classifier. The developed model from this study results indicated that (a) most loans 

stayed in the Current state or, once written off, remained in Loss; (b) intermediate states 

showed significant two-way mobility; and (c) a tuned random forest model achieved high 
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predictive accuracy (overall = 0.93, ROC AUC = 0.90) while identifying 88% of actual 

defaults. These findings support previous research suggesting that early-stage 

delinquency is highly useful for predicting defaults (e.g., Brown & Moles, 2021) and 

expand the literature by confirming this pattern in the context of a rural bank. 

The Markov results further showed that the expected time to default varies significantly 

by initial grade, decreasing from about 66 months for OLEM accounts to 63 months for 

Sub-Standard accounts. This gradient highlights the importance of detailed provisioning 

under IFRS 9, as lifetime expected credit losses differ greatly across BoG buckets. 

Additionally, scenario simulations based on the tuned random forest revealed a non-linear 

increase in default probability once arrears exceeded 60 days (PD = 11.6%) and nearly 

certain loss at 120 days (PD = 85.5%). These time-based insights stress that the best 

intervention window is before the 90-day mark, when default probability rises sharply. 

Additionally, we created a Markov-chain map that illustrates the progression of loans 

from “Current” to “Loss”. The developed model gives a realistic and practical guide for 

action. The model additionally provided a coherent, data-driven solution for rural bank 

credit management. 

The deductions made from the results of the developed model are; most loans are 

positioned at the secure extremes of the spectrum. These loans either remain healthy or, 

in cases of default, they become difficult to recover. The perilous zone is found in the 

middle. This implies that, around the two-month overdue threshold, the likelihood of 

complete default significantly increases. The model provided a framework that enhances 

the bank’s risk-management capability beyond conventional rule-of-thumb methods. This 

enables the manager to identify high-risk customers that had to be contacted over time 

without the manager relying on gut feelings. The model further unraveled that early 

outreach to customers, a payment plan offer, and a reminder through any form of 

communication sent 30 to 60 days past due are very crucial in the bank’s strategy to 

mitigate the risk of default by the customers. 

In addition, there are three indicators of concern in this study, which were the primary 

causes of default. These primary causes are, the days past due, the official IFRS stage, 

and the Bank of Ghana’s designated loan-quality classification. 

Finally, the model showed an accuracy level of 93%, indicating how efficient the model 

could be applied in the banking sector by capturing the long-term transition dynamics and 

the borrower-level risk scores, which are suitable for daily decision-making.  

 

5.2 Conclusions 

In this study, a hybrid Markov Chain and Random Forest model for loan default in rural 

banks in Ghana have been developed. Also, the feature importance of the model has been 

determined to be ten major variables including, days in arrears, IFRS classification, BoG 
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classification, interest charge type, etc. Finally, the hyperparameter tuning of the model 

has been established. 

 

5.3 Practical Implications 

From the outcomes of the study, the following are observed as the practical implications 

associated to the study. On provisioning; the transition-based expected-loss estimates 

help improve the accuracy of Stage 2 and Stage 3 classifications, lowering the chances of 

under- or over-reserving. Also, on the early-warning triggers; it was seen that the tuned 

classifier achieves 88% recall for defaults, enabling automated alerts when a borrower’s 

predicted PD exceeds a management-defined threshold (e.g., 20%). Moreover, on 

resource allocation; collection efforts can be tiered for low-touch reminders for 0–30 days 

overdue, personalized outreach at 31–59 days, and full workout escalation at 60 days or 

more. Finally, on pricing and product design; the study unraveled that, risk-based interest-

rate add-ons can be calibrated using point-in-time PDs generated by the random forest, 

promoting a more sustainable credit portfolio. 

 

5.4 Recommendations for Future Research 

Researchers might expand this work by (a) incorporating macroeconomic leading 

indicators into the feature set to enable macro scenario forecasting, (b) comparing the 

Markov–random forest hybrid with gradient boosting or deep learning alternatives, and 

(c) conducting a multi-bank study to evaluate model transferability across various rural 

institutions. Additionally, exploring explainable AI techniques (e.g., SHAP values) could 

help bridge the gap between model accuracy and regulatory transparency. 
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Abstract  

Cognitive bias are thought patterns that can lead to incorrect decisions and judgments. 

Recently, Large Language Models (LLMs) have been shown to be capable of processing 

and understanding language well. However, because they learn from human data, they 

may also pick up human bias. While several scholars have analyzed social bias in LLMs, 

cognitive bias have not been studied as thoroughly. The goal of this research is to analyze 

how Artificial Intelligence (AI) may be susceptible to a particular cognitive bias, the 

attractiveness bias, highlighting the consequences of using LLMs. This study adopts an 

exploratory, simulation-based approach: rather than analyzing real-world court data, it 

leverages a Large Language Model to generate a synthetic dataset of 500 defendant 

profiles and corresponding sentences under controlled conditions. This is a bias according 

to which people considered more attractive are viewed more positively than those 

considered less attractive. The use of AI in sensitive fields, such as the legal sector, where 

neutrality is essential, requires regulations that limit the risk of bias. However, the results 

show that AI technologies are susceptible to cognitive bias, highlighting a lack of clarity 

and robustness at key decision-making moments. 
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1. Introduction  
Personal choices are increasingly influenced by mental bias, cognitive shortcuts that 

often result in irrational decisions in interpreting reality [14]. It is believed that using AI 

to analyze data objectively can play a key role in addressing cognitive bias, rather than 

relying on a rational person. However, bias present in large language models (LLMs) 

have emerged as a serious and multifaceted problem, as they can reflect pre-existing 

human prejudices and social injustices [10]. These models can amplify such perceptual 

distortions. Bias can arise from various factors, including the sampling of training data, 

errors in algorithmic performance, and cognitive bias. The paper examines attractiveness 

bias within the justice system, focusing on its impact on criminal justice decisions. It 

highlights the general tendency of decision-makers to associate positive qualities with 

those they consider attractive, while identifying unsuitable qualities in those who do not 

conform to prevailing aesthetic standards [19]. This is due to our brain's tendency to 

simplify reality by classifying people into predefined patterns. In the justice system, for 

the same crime [13], individuals with a more attractive physical appearance have received 

more favorable treatment than those considered less attractive. Attractiveness bias is a 

form of the halo effect, a mental process that facilitates complex decisions through visual 

simplifications [4]. The article explores the psychological processes underlying this bias 

in the judicial process, particularly the impact on consistency that can arise from implicit 

bias, which can lead judges or jurors to be unconsciously influenced by irrelevant factors 

such as the physical appearance of the defendant. LLMs, having been trained on large 

text corpora, reflect the linguistic patterns found in the underlying data. Since human-

written texts often convey implicit bias related to physical appearance, AI algorithms also 

have the ability to assimilate and reproduce these associations [18]; that is, they replicate 

the linguistic and conceptual patterns present in the material on which they were trained. 

Indeed, despite lacking the ability to perceive visual beauty, they can learn, emulate, and 

reinforce unfair links between beauty and moral, legal, or social evaluations. This implies 

that, even in the absence of visual input, terms like "nice" or "scruffy" invoke learned 

bias, thereby influencing the interpretation of legal contracts, ethical assessments, or 

decision-making. Therefore, if data presents cognitive bias, AI absorbs and replicates 

them [11]. The result is a model that enhances cognitive bias rather than combating them. 

Thus, the consistency principle acts as a mental barrier, supporting the narrative that "the 

system is fair" or "the rules apply to everyone without distinction," even in the face of 

evidence to the contrary. This human tendency toward bias has crucial implications for 

artificial intelligence. The principle of coherence is one of the many ways in which the 

human mind seeks stability, but at the expense of truth. In the context of justice, it can 

legitimize glaring inequalities. In the context of artificial intelligence, it can blind us to 

the bias inherent in the systems we use daily [21]. This article presents an exploratory 

analysis of LLM-generated court sentencing data. The study is simulation-based: both the 

defendant profiles and the sentences are synthetically produced by a Large Language 

Model under controlled prompt conditions. Its aim is not to draw causal inferences from 

real-world judicial data, but rather to investigate whether systematic bias patterns emerge 

in LLM outputs when attractiveness-related information is introduced. An analysis of 500 

people in three judgment contexts (without information on physical appearance, labeled 
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"Attractive," and labeled "Unattractive") shows significant statistical bias. The findings 

indicate that any reference to a defendant’s physical attractiveness, regardless of whether 

it is framed positively or negatively, leads to significantly longer sentences compared to 

situations in which no information about appearance is provided. Although defendants 

described as “unattractive” receive the highest average sentences, the difference between 

the “attractive” and “unattractive” conditions does not reach statistical significance. This 

suggests that the principal source of bias lies in the mere salience of physical appearance 

rather than in its specific positive or negative connotation. Furthermore, the analyses 

identify prior criminal record as the most influential predictor of sentencing severity, 

confirming its central role in judicial decision-making. At the same time, the results reveal 

the presence of a significant gender bias, as male defendants consistently receive longer 

sentences than female defendants across all experimental conditions. The paper is 

structured as follows: Section 2 presents the state of the art of the main literature on the 

topic; Section 3 defines the methodology used; Section 4 reports the simulation using 

LLMs; Section 5 contains the results and discussions, as well as mitigation strategies and 

limitations; Section 6 concludes the paper. 

 

2. Literature review 

AI systems can unknowingly absorb bias in data, which can create potential 

disadvantages such as unfair treatment or unequal distribution of services. Furthermore, 

AI may fail to correctly interpret non-textual information, such as images or sounds. This 

can lead to incorrect decisions and unreliable results. Cognitive bias, particularly 

attractiveness bias, have been the subject of numerous studies in the field of rational 

decision-making, i.e., the decision-making process. However, the literature on the impact 

of cognitive bias on LLMs is essentially scarce. [9] conducted a study on the relationship 

between attractiveness and the halo effect called "What is beautiful is good." Sixty 

University of Minnesota students, half male and half female, participated in the 

experiment. Each subject was given three different photographs to examine: one of an 

attractive individual, one of an individual of average attractiveness, and one of an 

unattractive individual. Participants were asked to judge the subjects in each photograph 

by choosing from 27 different personality traits (including altruism, conventionality, self-

assertion, stability, emotionality, trustworthiness, extroversion, kindness, and sexual 

promiscuity). The results showed that the vast majority of participants believed that the 

most attractive individuals had more socially desirable personality traits than those who 

were either averagely attractive or unattractive. Participants also believed that attractive 

people generally led happier lives, had happier marriages, were better parents, and had 

more successful careers than those who were either unattractive or less attractive. [5] 

explore in their study the extent to which Artificial Persons (APs) generated by Large 

Linguistic Models (LLMs) may exhibit cognitive bias similar to those observed in 

humans. Their findings reveal that APs can replicate these bias, often exaggerating their 

effects and consequences; they behave as caricatures of human cognitive behavior. [16] 

in their study, using a set of representative small to medium sized LLMs covering 

different forms of bias, from physical characteristics to socioeconomic categories, 
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provide a unified benchmark assessment. The researchers propose five prompting 

approaches to perform the bias detection task on different aspects of bias. The results 

indicate that each of the selected LLMs exhibits one or more forms of bias. [10] introduce 

BiasBuster, a framework designed to uncover, assess, and mitigate cognitive bias in 

LLMs, particularly in high-stakes decision-making tasks. They develop a dataset 

containing 13,465 prompts to assess LLMs' decisions based on different cognitive bias 

and test several bias mitigation strategies. The analysis provides a comprehensive picture 

of the presence and effects of cognitive bias in commercial and open-source models. [6] 

in their research asked a series of LLMs to emulate or advise on people's decisions in 

realistic moral dilemmas. In collective action problems, the LLMs were found to be more 

altruistic than the participants. In moral dilemmas, the LLMs showed a stronger omission 

bias than the participants. The results suggest that uncritical reliance on LLMs' moral 

decisions and advice could amplify human bias and introduce potentially problematic 

bias. [17] propose a cognitive debiasing approach, self-adaptive cognitive debiasing 

(SACD), that improves the reliability of LLMs by iteratively refining prompts. The 

method follows three sequential steps - bias determination, bias analysis, and cognitive 

debiasing to iteratively mitigate potential cognitive bias in prompts. Experimental results 

on financial, healthcare, and legal decision-making tasks, using both closed-source and 

open-source LLMs, demonstrate that the proposed SACD method outperforms both state-

of-the-art rapid design methods and existing cognitive debiasing techniques in terms of 

average accuracy in both single- and multi-bias settings. [15] propose a framework based 

on behavioral economics theories to assess LLMs' decision-making behaviors. Using a 

multiple-choice experiment, they initially estimate the degree of risk preference, 

probability weighting, and loss aversion in a free-flowing setting for three commercial 

LLMs: ChatGPT-4.0-Turbo, Claude-3-Opus, and Gemini-1.0-pro. The results reveal that 

LLMs generally exhibit human like patterns, such as risk aversion and loss aversion, with 

a tendency to overweight small probabilities, but there is significant variation in the 

degree to which these behaviors are expressed across LLMs. 

 

3. Methodology 

The analysis is conducted on a dataset comprising 500 defendants, for each of whom 

a sentence is determined under three distinct experimental scenarios. To examine the data, 

several statistical procedures are employed, following the methodological approaches 

outlined by [2]. Descriptive statistics, including means and frequency counts, are first 

used to provide an overall summary of the dataset and to identify general patterns across 

the different conditions. Subsequently, paired t-tests are applied to compare sentencing 

outcomes for the same individuals across the three attractiveness conditions, such as the 

comparison between the baseline and the attractive condition. Independent t-tests, 

following the framework proposed by [20], are instead employed to evaluate differences 

in average sentence lengths between independent groups, for example between male and 

female defendants. Throughout the analysis, statistical significance is assessed using a 

conventional threshold of p < 0.05. 
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Since the study involves both within-subject and between-group comparisons, two 

forms of the t-test were employed. 

For paired comparisons - i.e., comparing sentence lengths assigned to the same 

defendants across different attractiveness conditions - the paired-samples t-statistic (𝑡𝑝) 

is computed as [12]: 

𝑡𝑝 =
𝑑̅ 

(𝑠𝑑 / √𝑛)
 

 

where 𝑑̅ is the mean of the within-subject differences 𝑑ᵢ =  𝑥𝑖,𝐴 − 𝑥𝑖,𝐵, 𝑠𝑑 is the standard 

deviation of those differences, and n is the number of paired observations. The degrees 

of freedom are 𝑑𝑓 =  𝑛 −  1. 

For independent-group comparisons - e.g., comparing sentence lengths between male 

and female defendants - the independent-samples t-statistic (ti) is computed using Welch's 

variant [20]: 

 

𝑡𝑖 = 
(𝑥 ₁ −  𝑥 ₂)

√(𝑠₁²/𝑛₁ +  𝑠₂²/𝑛₂)
  

 

where 𝑥 ₁ and 𝑥 ₂ are the group means, 𝑠₁² and 𝑠₂² are the group variances, and 𝑛₁ and 𝑛₂ 
are the respective sample sizes. This variant does not assume equal variances between 

groups. Degrees of freedom were estimated using the Welch-Satterthwaite 

approximation. All results are reported with standard deviations (SD) and 95% 

confidence intervals (CI) for the relevant mean differences. 

This t-statistic is then used to determine the p-value [12]. The p-value represents the 

probability of observing a result as extreme as, or more extreme than, the one obtained, 

assuming that no real difference exists between the groups [1]. A small p-value (typically 

< 0.05) indicates that the observed result is unlikely to have occurred by random chance 

alone; therefore, the difference is considered statistically significant. In contrast, a large 

p-value (≥ 0.05) suggests that the observed difference could reasonably be attributed to 

random variation, and the difference is therefore considered not statistically significant. 

 

 

4. Case study 

This section describes the simulation-based experimental design. All data analyzed in 

this study - both the defendant profiles and the corresponding sentences - are entirely 

generated by LLMs under controlled conditions. No real-world judicial data are used. Our 

goal was to explore whether systematic bias patterns emerge in LLM-generated 

sentencing when attractiveness information is introduced. We have generated 500 mock 

personalities using the following prompt against Gemini 2.5 PRO (version July 2025): 
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Criminal record (yes/no) 

Type of offense if there is a criminal record 

Personality 

Age 

Class 

Profession 

Level of education 

Marital status 

Hobby 

Sex 

Number of children 

 

This process created the file “criminalsInput.csv” which contains the 500 

personalities. Then we have used the colab script in 

“Python_Script_for_Sentencing_Analysis.ipynb” to generate and run 3 different prompts 

for each personality against the LLM “gemini-2.5-flash-lite-preview-06-17”. These 3 

prompts are almost the same, but with some key differences in the second part: the first 

prompt part explains to the LLM to impersonate a judge and gives information about the 

felony committed by the person. It is important to emphasize that the felony is exactly the 

same for all the 500 personalities. 

In the second part we have added personal information and request to provide 

suggested sentences in years. The only difference in the last part for the 3 prompts is that 

the first prompt does not indicate whether the defendant is attractive, the second one 

instead mentions that the defendant is attractive and the third prompt mentions that the 

defendant is not attractive. The people's information is conveyed with no gender or plural 

grammatical adjustments as if it is a preformatted form.  

 

5. Results and discussion  
Attractiveness 

The average sentence length differed between the three groups (Figure 1). The average 

sentence length in the "Basic Sentence (No Information)" condition was 2.63 years (SD 

= 0.78), compared to 2.71 years (SD = 0.72) in the "Attractive" condition and 2.74 years 

(SD = 0.72) in the "Unattractive" condition. 
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Figure 1. Overall impact of attractiveness information (n=500) 

Paired t-tests confirm that these increases are not random. The increase from the Baseline 

condition to the Attractive condition is statistically significant (𝑑̅  = 0.07 years, CI [0.003, 

0.141], t(499) = 2.05, p ≈ 0.041), while the increase from the Baseline condition to the 

Unattractive condition is highly significant (𝑑̅  = 0.11 years, CI [0.037, 0.179], t(499) = 

3.01, p ≈ 0.003). These results indicate that any mention of appearance leads to harsher 

judgments. Although labeling a defendant as "unattractive" resulted in a slightly higher 

average sentence than labeling the defendant as "attractive," this difference is not 

statistically significant (𝑑̅  = 0.04 years, CI [−0.034, 0.106], p ≈ 0.31). Since the 

confidence interval includes zero and the p-value is much greater than 0.05, we cannot 

conclude that there is a meaningful difference between the two labels. The primary source 

of bias therefore appears to arise from making attractiveness salient in the first place. 

Criminal record 

The analysis found that defendants with criminal records received longer overall 

sentences than those without. For defendants without a criminal record (n = 473), the 

average sentence was 2.56 years (SD = 0.66) in the Base condition, 2.64 years (SD = 

0.60) in the Attractive condition, and 2.68 years (SD = 0.63) in the Unattractive condition. 

Conversely, defendants with criminal records (n = 27) received significantly more severe 

overall sentences, with average sentences of 3.96 years (SD = 1.34) in the Base condition, 

3.85 years (SD = 1.38) in the Attractive condition, and 3.89 years (SD = 1.12) in the 

Unattractive condition. The presence of a criminal record was the most dominant factor 

influencing sentence length (Figure 2). An independent-samples t-test on the Baseline 

sentences confirms that this difference is highly significant (𝑥 ₁ −  𝑥 ₂ = 1.40 years, CI 

[0.870, 1.939], t(26.7) = 5.39, p < 0.0001). 
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Figure 2. Impact of criminal record and attractiveness on prison sentence 

 

Interestingly, for the 27 individuals with a criminal record, mentioning attractiveness did 

not increase the sentence, suggesting that a major aggravating factor can overshadow 

lesser bias. 

 

Gender 

For female participants (n = 228), the average sentence was 2.51 years (SD = 0.61) in the 

Base condition, 2.57 years (SD = 0.59) in the Attractive condition, and 2.59 years (SD = 

0.58) in the Unattractive condition. For male participants (n = 272), the corresponding 

averages were higher across all conditions, with 2.74 years (SD = 0.88) in the Base 

condition, 2.82 years (SD = 0.80) in the Attractive condition, and 2.87 years (SD = 0.79) 

in the Unattractive condition. Males consistently received longer sentences than females. 

A Welch's independent-samples t-test on the Baseline sentences confirms this difference 

is highly statistically significant (𝑥 ₁ −  𝑥 ₂ = 0.23 years, CI [0.099, 0.362], t(482.8) = 3.44, 

p ≈ 0.001). 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3. Impact of gender and attractiveness on prison sentence 

48



Attractiveness bias in Artificial Intelligence systems 

 

 

Social class 

With regard to social class, participants in the lower middle class (n = 48) assigned mean 

sentences of 2.46 years (SD = 0.50) in the Base condition, 2.63 years (SD = 0.49) in the 

Attractive condition, and 2.60 years (SD = 0.49) in the Unattractive condition. 

Participants in the upper middle class (n = 77) produced mean sentences of 2.56 years 

(SD = 0.57) in the Base condition, 2.73 years (SD = 0.66) in the Attractive condition, and 

2.75 years (SD = 0.57) in the Unattractive condition. Those in the middle class (n = 228) 

assigned mean sentences of 2.57 years (SD = 0.68) in the Base condition, 2.63 years (SD 

= 0.56) in the Attractive condition, and 2.67 years (SD = 0.60) in the Unattractive 

condition. Participants in the working class (n = 82) showed higher overall sentencing, 

with mean values of 2.80 years (SD = 0.99) in the Base condition, 2.90 years (SD = 0.99) 

in the Attractive condition, and 2.90 years (SD = 0.92) in the Unattractive condition. 

Finally, participants in the upper class (n = 61) assigned mean sentences of 2.98 years 

(SD = 0.88) in the Base condition, 2.90 years (SD = 0.75) in the Attractive condition, and 

3.02 years (SD = 0.87) in the Unattractive condition. Social class presented a more 

complex interaction. The defendant count for the "Lower Class" was only one, making 

its result anecdotal (Figure 4). 

 

 

 

 

 

 

 

 

 

 

 
Figure 4. Impact of social class and attractiveness on prison sentence 

 

For most groups, sentences increased when attractiveness was mentioned. The 

"Upper Class" group showed a unique pattern where being labeled "attractive" was 

associated with a slight decrease in sentence length. Although this finding is interesting 

the p-value is 0.55 which makes this correlation not statistically significant. 

 

5.1 Mitigation strategy and limitations 
It remains unclear whether the biases observed in large language models (LLMs) 

primarily arise from pre-existing societal biases reflected in their training data, or whether 

they are instead largely the result of imperfections in the training process itself. Further 

research is therefore needed to clarify the extent to which each of these factors contributes 

to the biases exhibited by LLMs [3]. Also our research is based only on one type of felony 
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which may involve specific biases that do not generalize to other offenses. A limitation 

of our research is that we didn’t mention to the LLM the gender to impersonate while 

being a judge: further research could explore if the gender bias depends on the gender of 

the judge or on if the same/opposite gender is a factor also. Anyway as far as this paper 

results go, if the goal is to use LLMs to support judges, for example, it could be useful to 

omit some information like gender or attractiveness. Criminal record might be a legal 

legit factor which cannot be negated to the LLMs. 

If real judges share the same cultural bias as LLMs (which again is yet to be 

proved) would be hard to completely omit gender and attractiveness. It could make sense 

to explore a kind of trial where at least in the first iterations the gender/defendant's 

physical appearance is hidden (no face to face). 

Being exploratory and simulation-based, this study has several inherent 

limitations that should be acknowledged. First, all results are contingent on the specific 

LLM employed (Gemini 2.5 Flash Lite). Different models, trained on different corpora 

and with different architectures, may exhibit different bias patterns or magnitudes. The 

generalizability of the findings to other LLMs - whether commercial or open-source - 

remains an open question that future replication studies should address. Second, the 

outcomes may be sensitive to the specific prompt design used to elicit sentences. 

Variations in prompt wording, structure, or the order in which defendant attributes are 

presented could yield different results. Although the prompts were kept as neutral and 

uniform as possible, the absence of a systematic prompt sensitivity analysis means that 

the robustness of the observed bias across alternative prompt formulations has not been 

established. Third, this study relies entirely on synthetic LLM generated data and does 

not include any external or real-world validation. The bias patterns observed in simulated 

sentencing outputs may not directly mirror those present in actual judicial decisions. 

Consequently, the findings should be interpreted as evidence of bias tendencies within 

the LLM's output space, rather than as claims about real-world judicial behaviour. Future 

work could compare LLM generated sentencing patterns with empirical court data to 

assess the ecological validity of the simulation based approach adopted here. 

 

6 Conclusion 

The central finding of this study is that extraneous information, such as a defendant’s 

physical appearance, can produce statistically significant differences in sentencing 

outcomes within a fully simulated decision-making environment generated by a large 

language model (LLM), often resulting in harsher judgments. However, these effects are 

not uniform and appear to interact with other salient factors within the model’s 

internalised representations. In particular, prior criminal record emerges as the strongest 

determinant of sentencing severity in the simulated outputs, while a persistent gender-
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related effect is also observed, with male defendants receiving consistently higher 

sentences on average. The principal appearance related effect appears to be driven by the 

mere salience of attractiveness within the LLM’s decision context, as the contrast between 

“attractive” and “unattractive” labels does not yield a statistically significant difference 

in sentencing outcomes within the simulated framework. These results reflect patterns in 

model-generated outputs conditioned on the experimental prompts, and therefore 

constitute an analysis of bias manifestations in a simulated inference space rather than 

observations of human decision-making. Within this context, the findings nevertheless 

underscore the importance of procedural fairness, illustrating how cognitive like biases 

encoded in model behaviour may influence outputs in ways that diverge from normative 

principles of equal treatment and justice. From an ethical perspective, this is particularly 

relevant given the increasing consideration of AI systems for decision-support roles in 

high stakes domains such as the judiciary, where safeguards are required to mitigate the 

propagation of biased outputs. The evidence further suggests that, despite advances in 

model sophistication, LLMs remain vulnerable to bias-related distortions arising from 

their training data and generative mechanisms, highlighting limitations in their robustness 

when applied to structured evaluative tasks. Future research should extend this work by 

incorporating alternative model architectures, systematically varying prompt 

formulations, and validating simulated sentencing patterns against empirical judicial data 

in order to strengthen the robustness and external validity of the conclusions. 
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Abstract

Many real-world datasets exhibit complex features that classical life-
time models cannot adequately capture. This limitation highlights
the need for new distributions with greater flexibility in skewness and
kurtosis, as well as improved fit to observed data. In this study, we
introduce the Generalised M-Transformation Weibull (GMTW) dis-
tribution to meet these needs. We derive its fundamental statistical
properties, including the quantile function and reliability measures.
The GMTW distribution can represent diverse hazard rate shapes in-
cluding bathtub, unimodal, and monotone forms—making it highly
suitable for reliability studies. Parameters are estimated using the
maximum likelihood method, and the asymptotic properties of the
estimators are evaluated through extensive Monte Carlo simulations.
The model’s practical utility is shown using three datasets: industrial
reliability, glass fiber tensile strength, and bladder cancer remission
times. Likelihood Ratio Tests and goodness-of-fit criteria confirm that
the GMTW distribution provides competitive performance relative to
its related forms and other well-known lifetime distributions.
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1 Introduction

Reliability analysis is a key component in many fields including engineering,
medicine, and social sciences. The accuracy of any statistical inference greatly
depends on the suitability of the probability model that has been chosen to de-
scribe the underlying data. Over the years many models have been proposed to
describe lifetime data. The Weibull distribution, introduced by Weibull [1951],
has remained the most popular choice among the classical models. This is due to
its simplicity and flexibility in modelling data with monotone failure rate. How-
ever, many real world data exhibit non-monotone failure rates such as bathtub or
modified shapes. A typical example is the “bathtub” shape of failure patterns of
electronic components and human mortality. These data mostly show high infant
mortality (early life), a constant hazard during midlife, and an increasing hazard
due to wear out [Aarset, 1987]. This is when the standard Weibull distribution
fails. It is unable to capture these complex hazard behaviours due to its restricted
hazard rate function that is either increasing, decreasing, or constant.

Several researchers have proposed modifications and generalizations of the
Weibull distribution in order to overcome this limitation. The Transmuted Modi-
fied Weibull [Khan and King, 2013], the Exponentiated Weibull [Mudholkar and
Srivastava, 1993], and the Flexible Weibull [Bebbington et al., 2007] are notable
examples. More recently, a new aspect to lifetime distributions was introduced
by Kumar et al. [2017]. They proposed a rational transformation known as the
M-transformation that offered a significant improvement in modelling reliability
data by creating a geometric mixture of survival functions.

In spite of the success of the M-transformation, there is still the need for even
better flexibility to vary the sharpness of the bathtub curvature and control the
heaviness of the tails of the distribution. In this research, we propose the Gen-
eralised M-Transformation Weibull (GMTW) distribution which incorporates an
additional shape parameter α into the M-transformation framework. By providing
a more versatile structure, our proposed GMTW model is able to adapt to a wider
range of empirical data.

The structural foundation of the GMTW distribution is defined by its cumula-
tive distribution function (CDF), which incorporates the power-extended transfor-
mation into the baseline Weibull CDF F (x; k, λ), as follows:

Definition 1.1 (GMTW Distribution). The cumulative distribution function
(CDF) of the Generalised M-Transformation Weibull (GMTW) distribution is
given by:

G(x; k, λ, α) =
F (x)α + F (x)

1 + F (x)α
, x ≥ 0, k > 0, λ > 0, α > 0. (1)
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The corresponding probability density function (PDF) is obtained by differen-
tiation:

Proposition 1.1 (GMTW Density Function). The probability density function
(PDF) corresponding to Eq. (1) is expressed as:

g(x; k, λ, α) = f(x; k, λ) · 1 + αF (x)α−1 + (1− α)F (x)α

[1 + F (x)α]2
, x ≥ 0, (2)

where f(x; k, λ) is the baseline Weibull PDF. These two functions form the
mathematical core of the model. The additional shape parameter α modulates the
baseline density and hazard to accommodate a wide range of regimes, including
the critical bathtub, unimodal, and monotone shapes that are central to this study.

The remainder of this study is organized as follows: In Section 2, we define
the CDF, PDF, and hazard function of the GMTW distribution. Section 3 explores
the mathematical foundations and specific properties of the model, including the
quantile function and reliability measures. It follows with a detailed graphical
analysis to illustrate the flexibility of the distribution under varying parameter
configurations. Section 4 discusses the parameter estimation using the maximum
likelihood method and Section 5 presents a Monte Carlo simulation study to eval-
uate the asymptotic performance of the estimators. In Section 6, the practical
utility of the GMTW model is demonstrated through applications to three real-
world datasets from industrial, material, and biomedical fields. Finally, Section 7
provides the conclusion and a summary of the key findings of this study.

2 The Generalised M-Transformation Weibull
(GMTW) Distribution

In this section, we formally introduce the Generalised M-Transformation
Weibull distribution. The model is constructed by applying a generalized rational
transformation to a baseline Weibull distribution. This transformation preserves
the desirable properties of the Weibull while introducing an additional shape pa-
rameter that enables a much wider range of density and hazard shapes, including
bathtub, upside-down bathtub, unimodal, and monotone forms, making it particu-
larly suitable for modeling complex lifetime data.

2.1 Baseline Weibull Distribution
Let X be a non-negative continuous random variable following the two-

parameter Weibull distribution with shape parameter k > 0 and scale parameter
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λ > 0 [Weibull, 1951]. The cumulative distribution function (CDF) and probabil-
ity density function (PDF) are defined as

F (x; k, λ) = 1− exp

[
−
(x
λ

)k
]
, x ≥ 0, (3)

f(x; k, λ) =
k

λ

(x
λ

)k−1

exp

[
−
(x
λ

)k
]
, x ≥ 0. (4)

The corresponding survival function is

SW (x; k, λ) = exp

[
−
(x
λ

)k
]
, x ≥ 0. (5)

2.2 Transformation Function
We first define the transformation function T : [0, 1] → [0, 1] that generates

the proposed family:

Definition 2.1 (M-Transformation Function). The generalised M-transformation
function is defined as:

T (u;α) =
uα + u

1 + uα
, u ∈ [0, 1], α > 0. (6)

This function generalizes the classical M-transformation introduced by Kumar
et al. [2017], which corresponds to the special case α = 1:

T (u; 1) =
2u

1 + u
. (7)

The parameter α acts as a flexibility multiplier, allowing control over tail behavior,
skewness, and hazard curvature.

2.3 GMTW Cumulative Distribution Function
The CDF of the GMTW distribution is obtained by composing the transfor-

mation T with the baseline Weibull CDF:

G(x; k, λ, α) = T
(
F (x; k, λ);α

)
=

F (x)α + F (x)

1 + F (x)α
, x ≥ 0, k, λ, α > 0.

(8)
The support of the GMTW distribution is [0,∞), and the parameter space is
(k, λ, α) ∈ R3

+.
Substituting the explicit Weibull CDF (3) gives:

G(x; k, λ, α) =

[
1− exp

(
−(x/λ)k

)]α
+ 1− exp

(
−(x/λ)k

)
1 +

[
1− exp

(
−(x/λ)k

)]α . (9)
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2.4 Mathematical Validity of the GMTW Distribution
Proposition 2.1 (Validity of the GMTW Cumulative Distribution Function). The
function

G(x; k, λ, α) =
F (x)α + F (x)

1 + F (x)α
, x ≥ 0, k > 0, λ > 0, α > 0, (10)

where F (x) = 1−exp
[
−
(
x
λ

)k] is the baseline Weibull CDF, is a valid cumulative
distribution function for a continuous random variable on [0,∞).

Proof. We verify the four essential properties required for any continuous proba-
bility distribution on [0,∞):

1. Boundary Conditions: A valid CDF must satisfy:

lim
x→0+

G(x) = 0 and lim
x→∞

G(x) = 1.

As x → 0+, F (x) → 0+. Substituting:

G(x) → 0α + 0

1 + 0α
= 0.

As x → ∞, F (x) → 1−. Substituting:

G(x) → 1α + 1

1 + 1α
= 1.

Thus, the boundary conditions are satisfied.

2. Non-negativity: For all x ≥ 0, F (x) ∈ [0, 1]. The numerator F (x)α +
F (x) ≥ 0 and denominator 1 + F (x)α > 0, so G(x) ≥ 0.

3. Monotonicity (Non-decreasing): Since the baseline CDF F (x) is non-
decreasing, it suffices to show that the transformation T (u;α) is non-
decreasing on the interval [0, 1]. The derivative of the transformation is
given by:

T ′(u;α) =
1 + αuα−1 + (1− α)uα

(1 + uα)2
. (11)

The denominator is strictly positive for all u ∈ [0, 1]. To establish that
T ′(u;α) > 0 for u ∈ (0, 1), we examine the numerator, N(u) = 1 +
αuα−1+(1−α)uα, under two cases for the transformation parameter α > 0:
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• Case 1: 0 < α ≤ 1. In this scenario, (1−α) ≥ 0. Since all individual
terms (1, αuα−1, and (1−α)uα) are non-negative for u > 0, it follows
that N(u) > 0.

• Case 2: α > 1. We can rearrange the numerator as N(u) = 1 +
αuα−1 − (α− 1)uα. Factoring out terms, we observe:

N(u) = 1 + uα−1[α− (α− 1)u].

Since 0 < u < 1, the term (α − 1)u < (α − 1). Therefore, α − (α −
1)u > α − (α − 1) = 1. This ensures that the entire expression is
strictly greater than 1.

In both cases, N(u) > 0, confirming that T (u;α) is strictly increasing on
(0, 1). Consequently, the GMTW cumulative distribution function G(x) =
T (F (x);α) is non-decreasing for all x ≥ 0.

4. Right-continuity and Continuity: Both F (x) and T (u) are continuous on
their domains, so their composition G(x) is continuous on [0,∞), implying
right-continuity everywhere.

These properties confirm that G(x; k, λ, α) is a valid CDF for a continuous ran-
dom variable supported on [0,∞).

2.5 GMTW Probability Density Function
The PDF g(x; k, λ, α) is obtained by differentiating the CDF:

Proposition 2.2 (GMTW Probability Density Function). The probability density
function of the GMTW distribution is given by:

g(x) =
d

dx
G(x) = f(x; k, λ) · T ′(F (x; k, λ);α

)
, (12)

where the derivative of the transformation function is

T ′(u;α) =
1 + αuα−1 + (1− α)uα

(1 + uα)2
. (13)

Since G(x) is a valid cumulative distribution function (Proposition 2.1), its
derivative g(x) is necessarily a valid probability density function (non-negative
and integrates to 1). The detailed verification, using the change-of-variable tech-
nique, is provided in Appendix A.
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Substituting yields the explicit PDF:

g(x; k, λ, α) =
k

λ

(x
λ

)k−1

exp

[
−
(x
λ

)k
]

×
1 + α

[
1− exp

(
−(x/λ)k

)]α−1
+ (1− α)

[
1− exp

(
−(x/λ)k

)]α{
1 +

[
1− exp

(
−(x/λ)k

)]α}2 , x ≥ 0.

(14)

2.6 Survival and Hazard Functions
Definition 2.2 (Survival Function). The survival (reliability) function of the
GMTW distribution is

S(x; k, λ, α) = 1−G(x; k, λ, α) =
exp

[
−
(
x
λ

)k]
1 +

[
1− exp

(
−(x/λ)k

)]α , x ≥ 0. (15)

Definition 2.3 (Hazard Function). The hazard rate function (instantaneous failure
rate) of the GMTW distribution is

h(x; k, λ, α) =
g(x; k, λ, α)

S(x; k, λ, α)
= hW (x; k, λ) · 1 + αF (x)α−1 + (1− α)F (x)α

1 + F (x)α
,

(16)
where hW (x; k, λ) = k

λ

(
x
λ

)k−1 is the baseline Weibull hazard function.

The multiplicative distortion factor

D(u;α) =
1 + αuα−1 + (1− α)uα

1 + uα
, u = F (x) ∈ [0, 1]. (17)

is the flexibility multiplier responsible for the model’s enhanced ability to gen-
erate a wide variety of hazard shapes (monotone, bathtub, upside-down bathtub,
etc.) depending on the value of α. It is important to distinguish the transfor-
mation derivative T ′(u;α) in (13) (which features a squared denominator) from
this hazard multiplicative distortion factor D(u;α) (which features a single-power
denominator).

Lemma 2.1 (Asymptotic Behaviour of the Distortion Factor). For a fixed α > 0,
let D(u;α) denote the distortion factor defined in Equation (17). The boundary
behaviour of D(u;α) is characterised as follows:

1. Behaviour at the Origin (u → 0+):

lim
u→0+

D(u;α) =


+∞, 0 < α < 1,

2, α = 1,

1, α > 1.

(18)
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2. Behaviour at the Upper Boundary (u → 1−):

lim
u→1−

D(u;α) = 1 for all α > 0. (19)

3. Regularity: D(u;α) is strictly positive and continuous on the interval [0, 1),
and differentiable on (0, 1) for all α > 0.

Proof. Consider the expression for the distortion factor D(u;α).
(i) As u → 0+, the term uα vanishes for all α > 0. However, the term αuα−1

depends critically on the value of α. If 0 < α < 1, the exponent α− 1 is negative,
causing uα−1 → ∞ and consequently D(u;α) → ∞. If α = 1, then αuα−1 = 1,
yielding D(0; 1) = (1 + 1)/1 = 2. For the case where α > 1, the exponent is
positive, leading to uα−1 → 0, which results in D(0;α) = 1.

(ii) To examine the behaviour as u → 1−, we set u = 1 − ϵ where ϵ → 0+.
Utilising the Taylor expansions uα = 1−αϵ+o(ϵ) and uα−1 = 1−(α−1)ϵ+o(ϵ),
we substitute these into the numerator:

1+α[1−(α−1)ϵ]+(1−α)[1−αϵ]+o(ϵ) = 1+α−α(α−1)ϵ+1−α−α(1−α)ϵ+o(ϵ) = 2+o(ϵ).

The single-power denominator simplifies as (1 + uα) = (2 − αϵ + o(ϵ)). Thus,
the limit is:

lim
u→1−

D(u;α) =
2

2
= 1.

(iii) The properties of positivity, continuity, and differentiability follow di-
rectly from the algebraic structure of D(u;α) and the well-defined nature of the
power function uα on the open interval (0, 1).

Remark 2.1. This asymptotic analysis reveals that for any fixed α > 0, the hazard
function satisfies h(x) ∼ hW (x) as x → ∞. Furthermore, while G(x) → F (x)
pointwise as α → ∞, this convergence is non-uniform across the support. For any
fixed x, the hazard function h(x) converges smoothly to the baseline Weibull haz-
ard hW (x) as α → ∞, ensuring structural consistency with the nested baseline
distribution.

2.7 Special Cases and Limiting Behaviour
The GMTW distribution family is characterized by its ability to encompass or

approach several well-known models depending on the value of the transformation
parameter α. When α = 1, the model simplifies to the M-Weibull distribution
introduced by Kumar et al. [2017], where the cumulative distribution function
is given by G(x; k, λ, 1) = 2F (x)/(1 + F (x)). This specific case represents a
balanced rational transformation of the baseline Weibull distribution.
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As the transformation parameter increases, the GMTW distribution recov-
ers the baseline model. Specifically, as α → ∞, the transformation function
T (u;α) approaches the identity function for all u ∈ [0, 1). Consequently, the
GMTW distribution converges to the standard Weibull distribution, such that
limα→∞ G(x; k, λ, α) = F (x; k, λ). This property demonstrates that the GMTW
distribution can be viewed as a flexible extension that generalizes the classic
Weibull framework.

Finally, it is essential to define the domain of validity to ensure the GMTW
remains a proper lifetime model. As α → 0+, the transformation approaches
the limiting form G(x) → 1+F (x)

2
, which implies G(0+) = 1/2. This limiting

case represents a defective distribution with a significant point mass at the ori-
gin, a characteristic common in zero-inflated phenomena. To ensure the model
remains non-defective and assigns no probability mass to the origin (G(0) = 0),
we strictly define the parameter space as α ∈ (0,∞). Under this constraint,
limx→0+ G(x; k, λ, α) = 0 for all α > 0, confirming the properness of the distri-
bution across its intended functional domain.

2.8 Identifiability
The property of identifiability is fundamental for the validity of maximum

likelihood estimation, ensuring that distinct parameter values correspond to dis-
tinct probability distributions.

Theorem 2.1 (Identifiability of the GMTW Distribution). The GMTW distribution
family is identifiable; that is, if for all x ≥ 0,

G(x; k, λ, α) = G(x; k∗, λ∗, α∗), (20)

then the parameter vectors are identical: (k, λ, α) = (k∗, λ∗, α∗).

Proof. Suppose there exist two parameter vectors θ = (k, λ, α) and θ∗ =
(k∗, λ∗, α∗) such that the cumulative distribution functions coincide for all x ≥ 0:

T (F (x; k, λ);α) = T (F (x; k∗, λ∗);α∗), (21)

where T (u;α) = uα+u
1+uα is the rational transformation defined in Equation (6) and

F (x; k, λ) is the baseline Weibull CDF. We establish equality in three logical
stages.

Step 1: Identification of baseline parameters k and λ Consider the asymp-
totic behavior of the survival function Ḡ(x) = 1−G(x) as x → ∞. As u → 1−,
let u = 1− ϵ. A Taylor expansion of the transformation around u = 1 yields:

T (1− ϵ;α) =
(1− ϵ)α + (1− ϵ)

1 + (1− ϵ)α
=

1− αϵ+ 1− ϵ+O(ϵ2)

1 + 1− αϵ+O(ϵ2)
= 1− 1

2
ϵ+O(ϵ2).
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Thus, 1 − T (u;α) ∼ 1
2
(1 − u) as u → 1−. Applying this to the GMTW survival

function as x → ∞:

1−G(x; θ) ∼ 1

2
e−(x/λ)k and 1−G(x; θ∗) ∼ 1

2
e−(x/λ∗)k

∗

.

The equality in (21) implies that 1
2
e−(x/λ)k = 1

2
e−(x/λ∗)k

∗
for all sufficiently large

x. Taking the natural logarithm twice of both sides yields:

k(ln x− lnλ) = k∗(ln x− lnλ∗).

Since this linear identity in lnx must hold for a continuum of values, the coeffi-
cients must be identical, forcing k = k∗ and λ = λ∗.

Step 2: Identification of the transformation parameter α With the baseline
parameters identified, we have F (x; k, λ) = F (x; k∗, λ∗). Let u = F (x) ∈ (0, 1).
Equation (21) simplifies to:

T (u;α) = T (u;α∗) for all u ∈ (0, 1). (22)

To show α = α∗, we examine the partial derivative of T (u;α) with respect to α:

∂T (u;α)

∂α
=

uα(1− u) lnu

(1 + uα)2
.

Since lnu < 0 for u ∈ (0, 1) and all other terms are positive, we have ∂T
∂α

< 0.
This implies that T (u;α) is a strictly decreasing function of α. Since the mapping
α 7→ T (u;α) is continuous and strictly decreasing on (0,∞) for each fixed u ∈
(0, 1), equality for all u implies α = α∗.

Conclusion Since k = k∗, λ = λ∗, and α = α∗, the parameter vectors are
identical. Thus, the GMTW distribution family is identifiable.

3 Statistical Properties
In this section, we derive and discuss the main statistical properties of the

Generalised M-Transformation Weibull (GMTW) distribution. These include the
raw moments (with a series expansion for computation), the quantile function and
associated robust shape measures, the behaviour of the hazard rate function, order
statistics, and limiting behaviours under different parameter regimes.
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3.1 Raw Moments and Moment-Generating Function
Definition 3.1 (Raw Moments). The r-th raw moment of a GMTW random vari-
able X is given by

µ′
r = E[Xr] =

∫ ∞

0

xr g(x; k, λ, α) dx, r > −1. (23)

Using the substitution u = F (x; k, λ), so du = f(x) dx and x = λ[− ln(1 −
u)]1/k, we obtain the integral representation

µ′
r = λr

∫ 1

0

[− ln(1− u)]r/k · 1 + αuα−1 + (1− α)uα

(1 + uα)2
du. (24)

This integral has no closed form in general, but it is numerically tractable using
adaptive quadrature. To facilitate numerical evaluation, especially for large r or
high precision, we expand the denominator using the generalized binomial series
[Gradshteyn and Ryzhik, 2014], valid for |uα| < 1, which holds almost every-
where on [0, 1):

(1 + uα)−2 =
∞∑
j=0

(−1)j(j + 1)ujα. (25)

Substituting this expansion into (24) yields a series representation:

µ′
r = λr

∞∑
j=0

(−1)j(j+1)

∫ 1

0

[− ln(1−u)]r/k
[
1+αuα−1+(1−α)uα

]
ujα du. (26)

Each integral in the sum can be evaluated numerically or, in special cases, related
to known forms involving the gamma function.

Definition 3.2 (Moment-Generating Function). The moment-generating function
(MGF), M(t) = E[etX ], is given by

M(t) =

∫ 1

0

exp
{
tλ[− ln(1− u)]1/k

}
· 1 + αuα−1 + (1− α)uα

(1 + uα)2
du. (27)

The existence of the MGF depends on the shape parameter k as follows:

1. For k > 1, the MGF exists for all real t.

2. For k = 1, the MGF exists only for t below some positive threshold.

3. For 0 < k < 1, the MGF does not exist for any t > 0.
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When the MGF fails to exist for positive t, the distribution is instead characterised
by its raw moments or its characteristic function.

Once the first four raw moments (µ′
1, µ

′
2, µ

′
3, µ

′
4) are obtained, the higher cen-

tral moments and shape descriptors are computed using the standard relationships:

• Variance: σ2 = µ′
2 − (µ′

1)
2

• Skewness: γ1 =
µ′
3−3µ′

1µ
′
2+2(µ′

1)
3

σ3

• Kurtosis: β2 =
µ′
4−4µ′

1µ
′
3+6(µ′

1)
2µ′

2−3(µ′
1)

4

σ4

3.2 Quantile Function and Robust Shape Measures
Definition 3.3 (Quantile Function). The quantile function, Q(p) = G−1(p) for
p ∈ (0, 1), is derived by inverting the cumulative distribution function. Setting
G(Q(p)) = p leads to the following relation:

vα + v

1 + vα
= p, where v = F (Q(p)). (28)

Equation (28) is a nonlinear equation that does not admit a closed-form solu-
tion for v in terms of elementary functions. However, given that G(v) is strictly
monotonic for α > 0, a unique solution for v can be efficiently obtained us-
ing numerical root-finding algorithms such as the Newton-Raphson or bisection
methods. Once v is determined numerically, the quantile is obtained by applying
the inverse of the baseline Weibull CDF defined in Equation (3):

Q(p) = F−1(v) = λ [− ln(1− v)]1/k . (29)

The quantile function facilitates the derivation of robust shape measures that
do not depend on the existence of higher-order moments. These diagnostics are
particularly valuable when the GMTW distribution exhibits heavy-tailed behavior
or when moments are algebraically complex [Hyndman and Fan, 1996]:

Definition 3.4 (Bowley’s Skewness Coefficient). A robust measure of asymmetry
based on quartiles as proposed in [Bowley, 1920]:

S =
Q(3/4)− 2Q(1/2) +Q(1/4)

Q(3/4)−Q(1/4)
. (30)

Definition 3.5 (Moors’ Kurtosis Coefficient). A robust alternative to Pearson’s
kurtosis that utilizes octiles to describe the concentration of probability in the
tails and center [Moors, 1988]:

K =
Q(7/8)−Q(5/8) +Q(3/8)−Q(1/8)

Q(6/8)−Q(2/8)
. (31)
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These quantile-based measures provide stable diagnostics for the distribution’s
shape and are insensitive to the influence of extreme outliers, ensuring reliable
characterization across the GMTW parameter space.

3.3 Behaviour of the Hazard Function
The hazard rate function h(x) is a critical measure in reliability analysis, rep-

resenting the instantaneous failure rate at time x. The GMTW distribution offers
significant flexibility in this regard, as established by the following structural de-
composition.

Theorem 3.1 (Decomposition of the Hazard Function). The hazard rate function
of the GMTW distribution can be expressed as the product of the baseline Weibull
hazard and a rational distortion factor:

h(x; k, λ, α) = hW (x; k, λ) ·D(F (x; k, λ);α), (32)

where hW (x; k, λ) = k
λ

(
x
λ

)k−1 is the baseline Weibull hazard, and the distortion
factor D(u;α) is defined as in (17).

Remark 3.1 (Hazard Shape Classification and Mechanisms). The geometric pro-
file of h(x) is governed by the competing rates of change between the mono-
tone baseline Weibull hazard and the distortion factor D(u;α). As established in
Lemma 2.1, the distortion factor exhibits distinct monotonicity properties based
on the value of α. Specifically, for α > 1, D(u;α) is strictly increasing in u, pro-
viding an upward adjustment to the baseline hazard. Conversely, when α = 1, the
factor D(u; 1) = 2/(1 + u)2 is strictly decreasing. In the case where 0 < α < 1,
D(u;α) is strictly decreasing in u and diverges as u → 0+, creating a significant
initial multiplier that decays rapidly.

The interaction of these components allows the GMTW distribution to encom-
pass a wide variety of hazard shapes. A monotone increasing hazard typically
occurs when both components are non-decreasing (k ≥ 1 and α ≥ 1), or when
k > 1 and α < 1 if the growth of the baseline Weibull hazard eventually dom-
inates the initial decay of the distortion factor. A monotone decreasing hazard
is predominantly observed when k ≤ 1 and α = 1, or when both the baseline
and the distortion factor are decreasing (k ≤ 1 and 0 < α ≤ 1). Furthermore,
a unimodal or upside-down bathtub hazard arises when an increasing distortion
factor (α > 1) initially dominates a decreasing baseline (k < 1), creating a peak
before the eventual decline.

Of particular interest is the ability of the model to achieve a bathtub or U-
shaped profile through two distinct structural pathways. Under Mechanism I, a
decreasing baseline (k < 1) is combined with an increasing distortion factor

67



Generalised M-Transformation Weibull Distribution

(α > 1). In this scenario, the initial hazard is high due to the Weibull shape,
decreases, and is eventually forced upward by the rational transformation. Under
Mechanism II, which is frequently observed in Aarset-type data, an increasing
baseline (k > 1) is combined with a small transformation parameter (0 < α < 1).
Here, the distortion factor creates an artificial ”burn-in” period of high mortality
that decays rapidly, while the underlying increasing Weibull baseline eventually
asserts dominance to produce the U-shape.

A rigorous analytical characterisation involves the derivative of the log-
hazard, η(x) = lnh(x):

η′(x) =
h′
W (x)

hW (x)
+

D′(F (x);α)

D(F (x);α)
· f(x). (33)

The sign of η′(x) determines the local monotonicity of the hazard, where bath-
tub shapes correspond to a single sign change of η′(x) from negative to posi-
tive. Given that the conditions for such transitions depend on k and α in a non-
separable, non-linear manner, a closed-form parametric partition of all possible
shapes is analytically formidable. Consequently, we rely on numerical explo-
ration and the empirical evidence from real-world applications to demonstrate
this structural flexibility.

3.4 Order Statistics
Proposition 3.1 (Order Statistics PDF). Let X1, X2, . . . , Xn be a random sample
from the GMTW distribution. The PDF of the i-th order statistic X(i:n) is

g(i:n)(x) =
n!

(i− 1)!(n− i)!
g(x; k, λ, α) [G(x; k, λ, α)]i−1

× [1−G(x; k, λ, α)]n−i,

x ≥ 0. (34)

This expression is fundamental in reliability engineering for analyzing k-out-
of-n systems, where the i-th failure time is of interest [David and Nagaraja, 2003].

3.5 Graphical Analysis of the GMTW Model
In this subsection, we visually explore the flexibility of the Generalised M-

Transformation Weibull (GMTW) distribution through two sensitivity analyses.
Figure 1 illustrates the influence of the transformation parameter α, while Figure 2
demonstrates how the model responds to changes in the baseline shape parameter
k.

The influence of the transformation parameter α is explored in Figure 1, which
displays the PDF g(x), survival function S(x), and hazard function h(x) for vary-
ing values of α while keeping k = 0.8 and λ = 1 constant. The density plots
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Figure 1: GMTW Sensitivity to Shape Parameter α (Fixed k = 0.8, λ = 1)
showing PDF, survival, and hazard functions.

reveal strong right skewness at lower α values. However, as α increases from 0.5
to 5.0, a clear mode suppression effect occurs near the origin, causing the prob-
ability mass to shift toward heavier tails. This demonstrates that α effectively
controls tail heaviness without the need to alter the baseline Weibull parameters.
Similarly, the survival curves exhibit clear stochastic ordering, where the probabil-
ity P (X > x) increases alongside α for any fixed x > 0. This property positions
α as a useful reliability booster within the transformation framework.

Perhaps the strongest evidence of the model’s utility is found in the hazard
function h(x). While the baseline Weibull with k = 0.8 produces a strictly de-
creasing hazard, the GMTW with a larger α, such as 5.0, develops a pronounced
bathtub like profile. This involves a sharp early decrease followed by a stable re-
gion, allowing the model to effectively capture both infant mortality and useful
life phases in a single framework. While α > 1 typically facilitates the classic
bathtub profile, values of α < 1 effectively modulate the early life hazard and tail
weight, demonstrating that the GMTW transformation remains robust even when
the transformation parameter is small.

Figure 2: GMTW Interaction with Baseline Shape k (Fixed α = 2.0, λ = 1)
showing PDF, survival, and hazard functions.

The interplay between the transformation and the baseline Weibull shape pa-
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rameter k is further examined in Figure 2 with α fixed at 2.0. The resulting PDF
transitions from a highly skewed, exponential like form when k is small to a nearly
symmetric, bell shaped density as k reaches 3.5. This confirms the ability of the
GMTW to approximate a broad family of distributions, including Normal like and
Rayleigh like behaviors, while retaining its analytical tractability.

A striking feature in the survival plot is the intersection of all curves near
x ≈ 1.0, which corresponds to the baseline characteristic life where the CDF is
approximately 0.632. This shows that the transformation preserves certain intrin-
sic baseline properties while modulating dispersion and shape. Furthermore, the
hazard plot illustrates the capacity of the GMTW to cover all major reliability
profiles. This includes a decreasing hazard for early life failures when k = 0.5,
a unimodal rise then fall behaviour when k = 1.0 which is useful for modeling
post treatment risk peaks in medical survival data, and an increasing hazard for
k ≥ 2.0 to represent the wear out phase typical of mechanical aging processes.

3.6 Comparison with Existing Weibull Generalizations

The GMTW distribution is specifically engineered to overcome structural lim-
itations inherent in widely-used Weibull extensions, such as the Exponentiated
Weibull (EW) and its nested predecessor, the M-Weibull. By employing a rational
transformation rather than a simple power transformation, the model achieves a
unique balance between mathematical parsimony and functional flexibility.

3.6.1 Tail Behaviour and Rational Flexibility

The Exponentiated Weibull (EW) achieves its flexibility by raising the baseline
CDF to a power α. While computationally simple, this power transformation
creates a global shift that often couples the behavior of the tails too closely with
the mode of the distribution. This coupling can lead to a lack of precision when
modeling data with sharp peaks or heavy tails.

In contrast, the GMTW utilizes a rational transformation of the baseline F (x),
where the denominator (1 + uα) provides an effective mechanism for surgical ad-
justments to the distribution’s curvature. As demonstrated in our analysis of the
Glass Fibers data, this rational structure allows the model to capture the sharp de-
cay in the upper tail of material strength data more effectively than the global shift
of the EW model. This structural advantage is formally confirmed by the Likeli-
hood Ratio Test, which yielded a highly significant result (p = 0.0047), indicating
that the rational α parameter provides a statistically significant improvement for
modeling high-precision material datasets.
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3.6.2 Hazard Flexibility: The Acute Bathtub Shape

A primary motivation for the GMTW is its ability to model the “acute” bathtub
hazard rates characteristic of modern industrial components. In the EW model,
the bathtub shape is often relatively shallow, resulting in a gradual and sometimes
inaccurate transition from the infant mortality phase to the stable useful-life phase.

The rational architecture of the GMTW allows the hazard function to remain
stable for a longer duration before exhibiting a sharp rise during the wear-out
phase. This mathematical property explains the GMTW’s competitive perfor-
mance in the Aarset reliability dataset, where it achieved a statistically adequate
K-S p-value of 0.0705 compared to the EW (p = 0.0518) and the rejected Weibull
baseline (p = 0.0421). The LRT statistic of 38.11 provides further robust evidence
that the GMTW’s specific curvature is a significant improvement over monotone
or simpler bathtub models.

3.6.3 Parsimony and Numerical Stability

While many generalizations achieve flexibility by adding fourth or fifth param-
eters, the GMTW remains a parsimonious three-parameter model. By utilizing a
rational function rather than nested power transformations, the GMTW avoids the
“flat likelihood” surfaces that often lead to optimization failure in more complex
extensions.

This structural stability is confirmed by our 1,000-replication Monte Carlo
study, which demonstrated consistent convergence of the α parameter even under
complex bathtub configurations. The model thus offers a reliable alternative for
researchers who require the flexibility of a generalized distribution without the
computational instability often associated with over-parameterized models.

Table 1: Structural Comparison: GMTW vs. Exponentiated Weibull (EW)

Feature Exponentiated Weibull (EW) GMTW (Proposed)

Transformation Power: F (x)α Rational: uα+u
1+uα

Bathtub Curvature Shallow/Gradual Deep/Acute
Tail Control Global Power Shift Localized Rational Adjustment
Statistical Inference Power Transformation LRT-Validated Transformation

4 Parameter Estimation
In this section, we develop the Maximum Likelihood Estimation (MLE)

framework for the parameters of the Generalised M-Transformation Weibull
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(GMTW) distribution. We derive the log-likelihood functions for both complete
(uncensored) and right-censored data, and discuss the numerical optimisation
strategy employed to obtain the parameter estimates.

4.1 Likelihood Function (Uncensored Case)
Suppose we observe an independent and identically distributed (i.i.d.) sample

x1, x2, . . . , xn from the GMTW distribution with parameter vector θ = (k, λ, α)⊤.
From the definition of the PDF in Section 2, the likelihood function is given by:

L(θ) =
n∏

i=1

g(xi; k, λ, α) =
n∏

i=1

f(xi; k, λ)T
′(F (xi; k, λ);α), (35)

where f(xi; k, λ) and F (xi; k, λ) are the baseline Weibull PDF and CDF, respec-
tively, and T ′(u;α) is the derivative of the transformation function:

T ′(u;α) =
1 + αuα−1 + (1− α)uα

(1 + uα)2
. (36)

The log-likelihood function, ℓ(θ) = lnL(θ), is expressed as:

ℓ(θ) =
n∑

i=1

ln f(xi; k, λ) +
n∑

i=1

lnT ′(F (xi; k, λ);α). (37)

By expanding the terms, we obtain:

ℓ(θ) = n ln(k)− nk ln(λ) + (k − 1)
n∑

i=1

ln(xi)−
n∑

i=1

(xi

λ

)k

+
n∑

i=1

ln
(
1 + αFα−1

i + (1− α)Fα
i

)
− 2

n∑
i=1

ln (1 + Fα
i ) ,

(38)

where Fi = 1 − exp[−(xi/λ)
k]. The MLEs θ̂ = (k̂, λ̂, α̂)⊤ are obtained by

maximising ℓ(θ) with respect to the parameter vector. This is equivalent to solving
the score equations ∇ℓ(θ) = 0. Due to the rational structure of the transformation,
these equations are highly non-linear and lack closed-form solutions, necessitating
iterative numerical methods.

4.2 Right-Censored Likelihood
In reliability and survival studies, observations are frequently subject to right-

censoring. For each individual i, let ti denote the observed time and δi be the
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censoring indicator (δi = 1 if the event is observed, and δi = 0 if the observation
is right-censored). The contribution of the i-th observation to the likelihood is
Li(θ) = [g(ti; θ)]

δi [S(ti; θ)]
1−δi . The full log-likelihood for right-censored data

is:

ℓ(θ) =
n∑

i=1

[δi ln g(ti; θ) + (1− δi) lnS(ti; θ)] . (39)

Recalling the GMTW survival function S(t; θ) = SW (t)
1+FW (t)α

and the relationship

g(t; θ) = hW (t)SW (t)T ′(FW (t);α), (40)

where hW (t) and SW (t) are the baseline Weibull hazard and survival functions
respectively, the log-likelihood becomes:

ℓ(θ) =
n∑

i=1

lnSW (ti)+
n∑

i=1

δi lnhW (ti)+
n∑

i=1

δi lnT
′(Fi;α)−

n∑
i=1

(1−δi) ln(1+Fα
i ).

(41)
To achieve a fully consistent expression, we substitute the definition of the trans-
formation derivative:

lnT ′(Fi;α) = ln(1 + αFα−1
i + (1− α)Fα

i )− 2 ln(1 + Fα
i ), (42)

into the third term of the summation:

ℓ(θ) =
n∑

i=1

lnSW (ti) +
n∑

i=1

δi lnhW (ti) +
n∑

i=1

δi
[
ln(1 + αFα−1

i + (1− α)Fα
i )− 2 ln(1 + Fα

i )
]

−
n∑

i=1

(1− δi) ln(1 + Fα
i ).

(43)
By collecting the terms involving ln(1 + Fα

i ), specifically combining −2δi and
−(1− δi), we obtain the final consolidated log-likelihood:

ℓ(θ) =
n∑

i=1

lnSW (ti) +
n∑

i=1

δi lnhW (ti) +
n∑

i=1

δi ln
(
1 + αFα−1

i + (1− α)Fα
i

)
−

n∑
i=1

(1 + δi) ln (1 + Fα
i ) .

(44)
This refined expression ensures that the rational denominator (1 + Fα

i ) is ac-
counted for with the correct multiplicity, specifically a factor of two for failures
(δi = 1) and a factor of one for censored observations (δi = 0), thereby maintain-
ing mathematical rigour.
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4.3 Numerical Optimisation and Inference
The log-likelihood surfaces for the GMTW distribution can be complex, par-

ticularly in regimes with bathtub-shaped hazards. We implement the Limited-
memory Broyden–Fletcher–Goldfarb–Shanno with box constraints (L-BFGS-B)
algorithm [Nocedal and Wright, 2006] to find θ̂. This algorithm is well-suited for
the required parameter constraints: k, λ > 0 and α ≥ ϵ, where ϵ = 10−6 is a small
positive constant used to maintain the properness of the distribution.

Starting values for the iteration are determined using a heuristic approach:
k(0) = 1.0, λ(0) is set to the sample mean, and α(0) = 1.0. All computations are
performed in Python using the SciPy library [Virtanen and Others, 2020].

Theorem 4.1 (Asymptotic Properties). Under standard regularity conditions, the
MLE θ̂ is consistent and asymptotically normal:

√
n(θ̂ − θ)

d−→ N3(0, I
−1(θ)), (45)

where I(θ) is the expected Fisher information matrix. The variance–covariance
matrix is estimated via the inverse of the observed information matrix J(θ̂) =
−[∂2ℓ(θ)/∂θr∂θs]θ=θ̂.

Asymptotic (1 − γ)100% confidence intervals for each parameter θj are con-

structed as θ̂j ± zγ/2

√
V̂ar(θ̂j). These intervals complement the parametric boot-

strap results discussed in the simulation study.

5 Simulation Study
In this section, we evaluate the finite-sample performance of the maximum

likelihood estimators (MLEs) for the Generalised M-Transformation Weibull
(GMTW) distribution through a Monte Carlo simulation study. The primary ob-
jective of this analysis is to empirically verify the properties of the estimators,
specifically focusing on their consistency, efficiency, and the reliability of the in-
terval estimation for the parameter vector θ = (k, λ, α)⊤.

5.1 Simulation Design and Hazard Profiles
To evaluate the finite-sample performance of the maximum likelihood esti-

mators (MLEs), we conduct an extensive Monte Carlo simulation study. Syn-
thetic datasets are generated by inverting the GMTW quantile function, a process
that involves numerically solving the non-linear transformation equations using a
high-precision hybrid of golden-section search and bisection algorithms to ensure
numerical stability.
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The simulation is designed around two distinct parameter configurations that
represent the most prevalent failure regimes in reliability engineering and survival
analysis. These configurations are chosen to test the model’s ability to recover
true parameters under both non-monotone and monotone hazard structures:

• Set I (Bathtub Hazard): θ0 = (k = 0.9, λ = 50.0, α = 8.0). This con-
figuration characterizes ”acute” bathtub mortality, representing systems that
experience a significant infant mortality phase followed by a stable period
and a sharp wear-out phase.

• Set II (Increasing Hazard): θ0 = (k = 1.5, λ = 50.0, α = 2.0). This set
reflects an increasing failure rate (IFR) typical of mechanical components
that degrade steadily over their operational lifespan.

Figure 3: Hazard rate functions for the parameter configurations used in the Monte
Carlo study: (left) Set I exhibiting a non-monotone bathtub profile and (right) Set
II showing a monotone increasing profile.

The theoretical hazard profiles for these sets are visualized in Figure 3, con-
firming the GMTW’s capacity to manifest diverse failure dynamics through its
rational transformation. The simulation covers a broad spectrum of sample sizes,
n ∈ {25, 50, 100, 200, 500, 1000}, to assess asymptotic convergence. To ensure
robustness against small-sample variability, we perform N = 1, 000 independent
Monte Carlo replications for each scenario. Within each replication, a parametric
bootstrap procedure consisting of B = 250 resamples is employed to construct
95% percentile confidence intervals. This approach is particularly suited to the
GMTW’s rational structure, providing more reliable coverage probabilities in fi-
nite samples than standard asymptotic approximations.
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5.2 Evaluation Criteria

The performance of the MLEs is assessed using four statistical metrics. The
Average Estimate (AE) provides the mean value of the estimates across all repli-
cations. The Bias measures the average deviation of the estimates from the true
parameter value (Bias = θ̄ − θ0). Precision is evaluated through the Root Mean
Squared Error (RMSE), which captures both the variance and the bias of the esti-
mators. Finally, the Coverage Probability (CP) is calculated as the proportion of
replications where the 95% bootstrap confidence interval contains the true param-
eter value.

5.3 Results and Discussion

The results of the simulation study are documented in Table 2. The data indi-
cate that the GMTW estimators generally exhibit the expected asymptotic proper-
ties, though some parameters show sensitivity depending on the hazard regime.

Table 2: Simulation results for the GMTW distribution (N = 1000): AE, Bias,
RMSE, and CP.

Set I: (0.9, 50, 8) Set II: (1.5, 50, 2)

Param n AE Bias RMSE CP AE Bias RMSE CP

k

25 0.9745 0.0745 0.1894 0.856 1.6649 0.1649 0.3898 0.876
50 0.9416 0.0416 0.1235 0.883 1.5857 0.0857 0.2373 0.925
100 0.9224 0.0224 0.0806 0.914 1.5581 0.0581 0.1755 0.951
200 0.9135 0.0135 0.0558 0.918 1.5395 0.0395 0.1383 0.964
500 0.9079 0.0079 0.0347 0.932 1.5253 0.0253 0.0946 0.975
1000 0.9040 0.0040 0.0255 0.925 1.5177 0.0177 0.0766 0.976

λ

25 52.4494 2.4494 11.8726 0.947 48.2908 -1.7092 8.2538 0.888
50 52.4568 2.4568 8.8733 0.928 48.3551 -1.6449 6.3022 0.894
100 52.5444 2.5444 6.5487 0.899 48.9426 -1.0574 5.0697 0.904
200 52.4867 2.4867 4.8781 0.829 49.1896 -0.8104 4.1976 0.886
500 52.2512 2.2512 3.6872 0.687 49.6271 -0.3729 3.0924 0.887
1000 51.8677 1.8677 2.9809 0.614 49.9058 -0.0942 2.3321 0.939

α

25 11.2097 3.2097 10.2269 0.854 6.9665 4.9665 11.5547 0.830
50 9.6537 1.6537 7.9682 0.895 6.4637 4.4637 10.6508 0.818
100 8.2684 0.2684 4.9592 0.950 4.6647 2.6647 8.0092 0.876
200 7.7667 -0.2333 3.1205 0.966 4.1057 2.1057 7.0508 0.857
500 7.6427 -0.3573 2.3916 0.924 3.0677 1.0677 4.6018 0.874
1000 7.5043 -0.4957 2.0013 0.791 2.5050 0.5050 3.8755 0.932
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As the sample size n increases, we observe a systematic reduction in Bias and
RMSE for most parameters. For instance, in Set II, the RMSE for the transfor-
mation parameter α decreases from 11.55 at n = 25 to 3.87 at n = 1000. The
shape parameter k demonstrates the highest stability, with the Bias approaching
zero as n reaches 1000. These empirical patterns are consistent with the general
convergence properties of maximum likelihood estimators.

The simulation results reveal important differences between point and inter-
val estimation under acute bathtub shapes (Set I). While the maximum likelihood
point estimators show good asymptotic consistency as sample size increases, the
interval estimates are less reliable in strong bathtub regimes. Even at n = 1000,
the empirical coverage probabilities for λ (0.614) and α (0.791) remain substan-
tially below the nominal 95% level. This phenomenon is associated with strong
parameter collinearity and an ill-conditioned likelihood surface. Our diagnostic
analysis at n = 1000 revealed a high average condition number of the observed
information matrix (exceeding 104) and a strong negative correlation (ρ ≈ −0.82)
between λ̂ and α̂.

In conclusion, while the point estimators demonstrate acceptable conver-
gence, interval estimation for the transformation and scale parameters under non-
monotone hazard shapes requires caution. Standard Wald-type confidence inter-
vals may not be reliable in moderate samples for bathtub configurations, suggest-
ing the need for alternative methods such as profile likelihood or more intensive
resampling techniques to achieve nominal coverage.

6 Applications
In this section, we demonstrate the practical utility and versatility of the pro-

posed Generalised M-Transformation Weibull (GMTW) distribution. We eval-
uate the model’s performance across three distinct domains: industrial relia-
bility, material science, and biomedical survival analysis. Performance is as-
sessed using a hierarchy of goodness-of-fit measures, including Log-Likelihood
(ℓ), Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC),
and the Kolmogorov-Smirnov (K-S) statistic. Furthermore, the transformation
parameter α is formally evaluated through Likelihood Ratio Tests (LRT) against
nested baseline models to check its statistical necessity.

6.1 Application 1: Industrial Reliability (Aarset Data)
The first dataset consists of the failure times of 50 industrial devices [Aarset,

1987]. This dataset is a classic benchmark for testing a model’s ability to capture
the “bathtub” hazard rate—a scenario where items fail early due to defects, sta-
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bilize during mid-life, and fail again due to wear-out. The estimate α̂ = 0.1859
highlights the model’s ability to effectively capture the specific hazard curvature
of the Aarset reliability data through a generalized transformation.

The TTT plot in Figure 4 provides the initial diagnostic. The curve starts
with a convex shape and transitions into a concave shape. This clear S-shape
indicates a bathtub hazard pattern. Standard models like the Weibull struggle here
as they assume a monotone hazard; however, the GMTW is designed to follow
this specific physical trajectory by “bending” its hazard function to mirror the
observed failure rate transitions.

Figure 4: TTT plot for the Aarset dataset indicating a bathtub-shaped hazard.

The comparative results are presented in Table 3. The GMTW distribution
achieves the highest Log-Likelihood (ℓ = −224.55) and the lowest AIC (455.10),
significantly outperforming both the Exponentiated Weibull and the baseline mod-
els. Notably, while the M-Weibull (p = 0.0220) and Weibull (p = 0.0421) are
rejected at the 5% significance level by the Kolmogorov-Smirnov (K-S) test, the
GMTW model provides a statistically adequate fit (p = 0.0705).
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Table 3: Parameter Estimates and Goodness-of-Fit Statistics for the Aarset Data

Model k̂ λ̂ α̂ ℓ AIC BIC K-S p-value

GMTW 3.4816 69.7980 0.1859 -224.55 455.10 460.83 0.1793 0.0705
Exp-Weibull 3.1430 92.8352 0.2135 -231.58 469.17 474.90 0.1875 0.0518
M-Weibull 1.0180 68.3282 1.0000 -243.60 491.20 495.03 0.2085 0.0220
Weibull 0.9490 44.9122 — -241.00 486.00 489.83 0.1928 0.0421
Lognormal 1.7481 21.7363 — -252.82 509.65 513.47 0.2214 0.0124

To formally assess the significance of the generalization, we conducted a Like-
lihood Ratio Test (LRT) comparing the GMTW against the nested M-Weibull
model (H0 : α = 1). The test statistic Λ = 38.1062 yields an asymptotic p-value
of 6.70× 10−10 using the standard χ2

1 reference distribution, as α = 1 constitutes
an interior point of the open parameter space. The result remains highly signifi-
cant (p < 0.001), providing evidence that the transformation parameter α yields a
statistically significant improvement in the characterisation of this failure data.

Figure 5: Histogram and fitted distribu-
tions (Aarset).

Figure 6: Empirical CDF and fitted dis-
tributions (Aarset).

The visual evidence in Figure 5 is compelling. The Aarset data exhibits a bi-
modal density profile, with an initial peak from early failures and a subsequent
rise representing wear-out failures. While standard models like the Log-normal
smooth over this mid-life period, the GMTW model (solid red line) accurately
captures the density trough and the secondary peak. Furthermore, Figure 6 illus-
trates that the GMTW follows the stepped empirical CDF most closely, partic-
ularly in the late-life failure stage (t > 60) where competitive models like the
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Exponentiated Weibull tend to diverge from the empirical trajectory.

6.2 Application 2: Material Science (Glass Fibers Data)

The second application involves 63 observations of the tensile strength of glass
fibers [Smith and Naylor, 1987]. Unlike the Aarset data, material strength usually
follows an Increasing Failure Rate (IFR), where the likelihood of breakage in-
creases as stress or cumulative fatigue accumulates.

The TTT plot in Figure 7 is strictly concave, which is the classic signature
of an IFR. In this context, the model’s primary task is to accurately characterise
the sharp peak of the distribution and the thickness of the tail where the highest-
strength fibers are.

Figure 7: TTT plot for the Glass Fiber dataset showing an IFR shape.

The comparative results are presented in Table 4. The GMTW distribu-
tion achieves the highest Log-Likelihood (ℓ = −13.54) and the lowest AIC
(33.09), outperforming the standard Weibull (AIC = 34.60) and the Exponen-
tiated Weibull (AIC = 35.50). The estimate α̂ = 4.4455 indicates that the gen-
eralised transformation significantly adjusts the curvature to match the empirical
peak. The K-S test p-value of 0.1618 indicates that the GMTW provides a robust
statistical fit to the observed data.
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Table 4: Parameter Estimates and Goodness-of-Fit Statistics for Glass Fibers Data

Model k̂ λ̂ α̂ ℓ AIC BIC K-S p-value

GMTW 5.5146 1.6590 4.4455 -13.54 33.09 39.52 0.1386 0.1618
Exp-Weibull 7.3202 1.7209 0.6657 -14.75 35.50 41.93 0.1451 0.1276
Weibull 5.7776 1.6291 — -15.30 34.60 38.89 0.1512 0.1009
M-Weibull 6.5025 1.7481 1.0000 -16.91 37.82 42.10 0.1607 0.0690
Lognormal 0.2581 1.4645 — -28.10 60.21 64.50 0.2305 0.0020

To evaluate the significance of the generalised transformation, a Likelihood
Ratio Test (LRT) was conducted against the nested M-Weibull model (H0 : α =
1). The test statistic Λ = 6.74 yields an asymptotic p-value of 0.0094 using
the standard uncorrected χ2

1 reference distribution, since α = 1 is treated as an
interior parameter node within the open domain. Since p < 0.01, we reject the
null hypothesis at the 1% significance level. This indicates that the inclusion of the
α parameter is statistically justified and improves the fit for modeling the tensile
strength of glass fibers.

Figure 8: Histogram and fitted distribu-
tions (Glass Fibers).

Figure 9: Empirical CDF and fitted dis-
tributions (Glass Fibers).

The visual fit in Figures 8 and 9 illustrates the precision of the proposed model.
As shown in the histogram, the GMTW model (solid red line) more effectively
captures the high density of observations at the mode (x ≈ 1.6) compared to
baseline distributions, which tend to under-represent the peak. Furthermore, the
fitted CDF shows that the GMTW maintains the closest alignment with the em-
pirical stepped function across the entire range of tensile strengths. This therefore
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justifies its use in high-precision material reliability assessments.

6.3 Application 3: Biomedical Survival (Bladder Cancer Data)

The final dataset tracks the remission times of 128 bladder cancer patients
[Lee and Wang, 2003]. Clinical data of this type is challenging to model because
it typically features heavy tails, where some patients remain in remission for a
long duration, and a complex hazard rate.

The TTT plot in Figure 10 shows a curve that is initially concave but begins
to level out and cross the diagonal. This suggests a unimodal or increasingly
complex hazard. In medical terms, this represents an initial period of fluctuating
risk of relapse that eventually stabilizes as remission time increases.

Figure 10: TTT plot for the Bladder Cancer dataset indicating a unimodal hazard.

The comparative results for the bladder cancer remission data are summa-
rized in Table 5. While the Exponentiated Weibull yields a marginally lower AIC
(827.36), the GMTW distribution achieves an excellent Kolmogorov-Smirnov fit
(p = 0.8649), indicating that the model is statistically indistinguishable from the
empirical distribution. As illustrated in Figures 11 and 12, the GMTW effectively
captures the sharp frequency of early remissions while accurately modeling the
long-term survival tail.
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Table 5: Parameter Estimates and Goodness-of-Fit Statistics for Bladder Cancer
Data

Model k̂ λ̂ α̂ ℓ AIC BIC K-S p-value

GMTW 1.0634 12.1323 1.8155 -411.10 828.20 836.76 0.0518 0.8649
Exp-Weibull 0.6544 3.3458 2.7960 -410.68 827.36 835.92 0.0450 0.9472
Weibull 1.0478 9.5607 — -414.09 832.17 837.88 0.0700 0.5337
M-Weibull 1.2111 13.9770 1.0000 -412.64 829.27 834.98 0.0638 0.6502
Lognormal 1.0731 5.7745 — -415.09 834.19 839.89 0.0617 0.6904

To assess the necessity of the generalized transformation for this biomedical
application, we conducted a Likelihood Ratio Test comparing the GMTW to the
M-Weibull model. The LRT statistic is Λ = 3.0724. Using the standard χ2

1 ref-
erence distribution, the p-value is 0.0796. We therefore fail to reject H0 : α = 1
at the 5% level. While the GMTW model provides a highly competitive fit, the
additional parameter does not yield a statistically significant improvement over
the M-Weibull for this biomedical dataset.

Figure 11: Histogram and fitted distri-
butions (Cancer).

Figure 12: Empirical CDF and fitted
distributions (Cancer).

Overall, the GMTW distribution performs well on this biomedical dataset,
providing a competitive fit that is visually and empirically comparable to the Ex-
ponentiated Weibull model.

Across three distinct domains (industrial reliability, material science, and clin-
ical survival), the GMTW distribution demonstrates consistent robustness and
competitive fitting capabilities. In the first two applications, the Likelihood Ratio
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Tests (LRT) demonstrate that the transformation parameter α is highly significant
statistically (p < 0.001 for the Aarset data and p < 0.01 for the Glass Fiber
data), indicating that this generalization provides useful additional flexibility un-
der sharp bathtub and increasing failure rate profiles. These findings indicate that
the GMTW distribution is very adaptable without being overly complicated. By
capturing complex bathtub-shaped, increasing, and unimodal hazard rates without
requiring high-dimensional parameter spaces, the model serves as a flexible and
reliable alternative to traditional power-transformed and exponentiated models in
diverse scientific research contexts.

7 Conclusion
This study was motivated by the need for a more versatile family of probabil-

ity distributions capable of capturing the complex hazard structures frequently
encountered in empirical data. In this paper, we introduced the Generalized
M-Transformation of Weibull (GMTW) distribution, providing a comprehensive
derivation of its structural characteristics, quantile function, and reliability prop-
erties. By utilizing a rational transformation mechanism, the proposed framework
extends the traditional Weibull baseline into a flexible and robust methodology for
survival analysis and reliability engineering.

model parameters were estimated via the method of maximum likelihood. Our
extensive 1,000-replication Monte Carlo simulation study demanded that the es-
timators exhibit desirable asymptotic behaviour, exhibiting decreasing bias and
mean squared error across both monotone and non-monotone hazard regimes. The
application of the parametric bootstrap for interval estimation provided accept-
able interval estimation properties under large sample sizes. While the transfor-
mation parameter α can induce strong parameter collinearity and ill-conditioned
likelihood surfaces under acute bathtub profiles (leading to localised small-sample
instability and localised under-coverage for the scale and transformation param-
eters as revealed by our focused numerical diagnostic), the point estimators still
converge reliably to the true parameter values when sample sizes are sufficiently
large.

The practical utility of this distribution was validated through applications
to three distinct empirical datasets representing industrial reliability, material
science, and biomedical survival. In each case, the GMTW yielded highly
competitive performance against established benchmarks, achieving excellent
Kolmogorov–Smirnov fit characteristics across all profiles. For the industrial fail-
ure and material strength scenarios, formal Likelihood Ratio Tests confirmed that
the structural transformation parameter α delivers a statistically significant im-
provement over nested baseline models, thereby justifying the additional param-
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eterisation. Although the parameter extension did not reach conventional signif-
icance thresholds for the clinical dataset, the overall empirical results (supported
by Total Time on Test profiles and fitted density overlays) underscore the model’s
capacity to seamlessly replicate diverse bathtub, increasing, and unimodal failure
behaviours.

Despite its high degree of flexibility, the GMTW model is currently limited
to continuous support and relies on numerical optimization routines for parameter
estimation. Future research will focus on developing discrete extensions of this
transformation framework and exploring Bayesian estimation paradigms to incor-
porate prior information, which may stabilise interval estimation within small-
sample regimes. In summary, the GMTW distribution offers a mathematically
elegant and parsimonious alternative for investigators seeking to model complex
lifetime phenomena with high precision.

A Validity of the GMTW Probability Density Func-
tion

To establish that the function g(x; k, λ, α) defined in Equation (14) is a math-
ematically sound probability density function (PDF), we verify that it satisfies the
two fundamental axioms: g(x) ≥ 0 for all x ≥ 0 and

∫∞
0

g(x) dx = 1.

Proof of Non-negativity The baseline Weibull density is defined as f(x; k, λ) >
0 for all x > 0. According to the framework for generated families of distributions
established by [Alzaatreh et al., 2013], the validity of the resulting density depends
on the monotonicity of the transformation function. From our derivation of the
derivative T ′(u;α) in Equation (13):

T ′(u;α) =
1 + αuα−1 + (1− α)uα

(1 + uα)2

It is evident that T ′(u;α) > 0 for all u ∈ (0, 1) and α > 0. Since g(x; k, λ, α)
is the product of two positive components, f(x; k, λ) and T ′(F (x; k, λ);α), it
follows that:

g(x; k, λ, α) > 0, ∀x ∈ (0,∞).

At the boundary x = 0, the density g(0) is either zero or a finite non-negative
limit, which is consistent with the requirements for a continuous distribution on
the half-line.
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Proof of the Unit-Area Property Following the probability integral transfor-
mation method, we evaluate the total area under the curve:

I =

∫ ∞

0

g(x; k, λ, α) dx =

∫ ∞

0

f(x; k, λ) · T ′(F (x; k, λ);α) dx.

We apply the change of variable u = F (x; k, λ) = 1 − exp
[
−(x/λ)k

]
. The

differential is du = f(x; k, λ) dx. As x → 0+, u → 0, and as x → ∞, u → 1.
Substituting these into the integral yields:

I =

∫ 1

0

T ′(u;α) du.

By the Fundamental Theorem of Calculus, this simplifies to the evaluation of the
transformation function at its boundaries:

I =
[
T (u;α)

]1
0
= T (1;α)− T (0;α).

Applying the limits from Definition 2.1:

T (1;α) =
1α + 1

1 + 1α
= 1, and T (0;α) =

0α + 0

1 + 0α
= 0.

Thus, I = 1− 0 = 1, confirming that the GMTW distribution integrates to unity.
This completes the proof of validity.
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Abstract 

The increasing sophistication of unsolicited and malicious email creates a need for spam-

detection methods able to identify context-dependent and linguistically complex patterns that 

may evade conventional filters. This study compares two approaches to spam classification: 

Bidirectional Encoder Representations from Transformers (BERT) and Self-Organizing Maps 

(SOM). Generalization is assessed on five publicly available email benchmarks with different 

sizes and class distributions. For each dataset, thirty independent train-test partitions are 

generated; preprocessing, class balancing, model fitting, and REVAC hyperparameter tuning are 

performed using training data only. Performance on previously unseen test partitions is evaluated 

using precision, recall, accuracy, and F1-score. Both approaches provide effective classification, 

but BERT consistently outperforms SOM across all five datasets. The results support the value 

of contextual, sequence-aware representations for sophisticated spam patterns and underline the 

importance of rigorous, leakage-free evaluation when comparing spam-detection models. 
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1. Introduction  

 

Email is one of the most widely used forms of digital communication because of its accessibility, 

low cost, and ability to support the rapid exchange of information. For this reason, it represents 

a major vector for unwanted and potentially malicious content, including unsolicited commercial 

messages, phishing attempts, fraudulent communications, and malware distribution. Therefore, 

spam represents both a nuisance to users/organizations and a relevant cybersecurity challenge. 

In particular, phishing and other forms of deceptive email can exploit users' behavior and 

linguistic expectations to obtain sensitive information, facilitate unauthorized access, or 

distribute malicious content. The scale and diversity of these threats make the reliable automatic 

identification of unwanted messages an important problem in both information security and 

artificial intelligence. 

Spam detection can be formulated as a binary classification problem in which incoming 

messages are assigned to one of two classes: legitimate email (ham) or spam. The effectiveness 

of a spam detection system depends on its ability to identify linguistic, structural, and semantic 

characteristics that distinguish the two afore mentioned classes. Early approaches to email 

filtering relied extensively on manually defined rules, keyword matching, and statistical 

representations of message content: although such approaches can be effective for relatively 

simple forms of spam, their performance may deteriorate when messages employ obfuscated 

terminology, synonyms, deliberately altered spelling, deceptive hyperlinks, or context-

dependent language; moreover, the increasing sophistication of spam campaigns makes it 

difficult to define a static set of rules capable of adapting to the continuously changing 

characteristics of unwanted email. 

The afore mentioned limitations have motivated the adoption of machine-learning and 

natural language processing (NLP) techniques for spam classification: rather than relying 

exclusively on predefined rules, machine-learning approaches can learn discriminative patterns 

directly from collections of labelled or unlabelled email messages. Conventional machine-

learning methods, however, often depend on manually engineered textual representations, such 

as term-frequency or TF-IDF features, which may provide only limited information about the 

contextual relationships among words. More recent developments in NLP, particularly 

transformer-based architectures, have substantially expanded the ability of machine-learning 

models to represent natural language. 

Among these developments, Bidirectional Encoder Representations from Transformers 

(BERT) has become an important architecture for contextual language representation: BERT 

uses transformer-based self-attention mechanisms to construct representations of tokens by 

considering their surrounding context in both directions [4]. In this framework, the representation 

assigned to a word depends not only on the word itself but also on the linguistic context in which 

it occurs. This property is particularly relevant to spam detection because the distinction between 

legitimate and unwanted messages may depend on subtle combinations of words, phrases, 

semantic relationships, and contextual cues that cannot be adequately captured by keyword-

based methods. Previous studies have demonstrated the potential of BERT and related deep-

learning architectures for email spam detection [2,5,8], suggesting that contextual language 

representations can provide substantial improvements over traditional approaches. 

At the same time, neural approaches can provide complementary perspectives on the 

organization of textual data. Self-Organizing Maps (SOMs) are unsupervised neural-network 

models that project high-dimensional observations onto a lower-dimensional topological map 

while preserving, to some extent, relationships among observations in the original feature space 
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[13,14]. In a spam-detection setting, SOMs can be used to organize email representations 

according to their similarity and subsequently associate regions of the resulting map with spam 

or ham through a post-training classification procedure. Unlike BERT, SOMs do not explicitly 

model sequential linguistic context or contextual dependencies between tokens. Nevertheless, 

their ability to represent the structure of high-dimensional data and provide an interpretable 

visual organization makes them an interesting benchmark against which contextual transformer-

based models can be compared. 

The comparison between BERT and SOM is therefore relevant because the two approaches 

embody substantially different principles of representation and learning. BERT explicitly 

exploits contextual and sequential information through self-attention and supervised fine-tuning, 

whereas SOM organizes observations according to distances within a predefined feature space 

through unsupervised learning. Comparing these paradigms on the same spam-classification 

problem provides an opportunity to assess whether the additional contextual information 

captured by transformer-based representations translates into more consistent predictive 

performance across heterogeneous email benchmarks. 

A further issue concerns the reliability of performance estimates in empirical spam-

classification studies. Reported classification results can be strongly influenced by the choice of 

training and test partitions, class imbalance, pre-processing procedures, and hyperparameter 

configurations. In particular, evaluating a model on data that have also data pre-processing, 

model selection, or parameter optimization can result in information leakage and consequently 

lead to overly optimistic estimates of predictive performance. A robust evaluation procedure 

should therefore ensure that all data-dependent operations are performed exclusively on the 

training portion of each experiment, while the corresponding test observations remain 

completely unseen until final evaluation. 

In this study, we address these issues through a systematic comparison of BERT and SOM 

for spam email classification: five publicly available email benchmarks are considered, 

providing heterogeneous sets of data in terms of corpus size and spam-to-ham ratios. To assess 

the robustness of the results, the experiments are repeated over thirty independent train-test 

partitions for each set of data. Within each partition, pre-processing, class balancing, model 

selection, and parameter estimation are performed using only the training data, while the final 

performance is measured exclusively on the corresponding held-out test set. Class imbalance is 

addressed through the Synthetic Minority Over-sampling Technique (SMOTE) [23], applied 

only to the training partition, thereby preserving the original composition of the test data. 

An additional methodological contribution is the use of Relevance Estimation and VAlue 

Calibration (REVAC) [26] for hyperparameter optimization. REVAC provides a systematic 

parameter-tuning framework that can be applied to different classes of algorithms. In the present 

study, it is used to optimize the relevant hyperparameters of both BERT and SOM, allowing the 

two approaches to be evaluated under a structured and comparable optimization procedure rather 

than relying exclusively on manually selected parameter values. 

The main objective of the study is therefore to determine whether the contextual 

representations provided by BERT offer a consistent advantage over the topological, distance-

based representation of SOM in spam email classification, while simultaneously examining the 

robustness of this comparison across multiple sets of data and train-test partitions. Model 

performance is evaluated using precision, recall, accuracy, and F1-score, and paired statistical 

comparisons are performed across the common train-test partitions to determine whether 

observed differences between the two approaches are statistically significant. 
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The contribution of this work is threefold. First, it provides an empirical comparison between 

a contextual transformer-based classifier and an unsupervised topological neural model within 

the same spam-detection framework. Second, it adopts a repeated, leakage-aware experimental 

protocol across five heterogeneous public sets of data, providing a more robust assessment of 

generalization than evaluations based on a single train-test partition. Third, it investigates the use 

of REVAC as a common hyperparameter optimization framework for substantially different 

learning architectures. The resulting analysis provides evidence concerning both the predictive 

advantages of contextual language modeling and the applicability of systematic parameter 

optimization to spam-classification problems. 

The remainder of the paper is organized as follows. Section 2 introduces the BERT, SOM, 

and REVAC methodologies employed in the study. Section 3 describes the sets of data and pre-

processing procedures, including the experimental pipeline used to prevent information leakage. 

Section 4 presents and discusses the empirical results and statistical comparisons. Finally, 

Section 5 summarizes the main findings, discusses their implications, and outlines directions for 

future research. 
 

 

 

2. Methods 

In what follows we are introducing the main components of our experimental approach: the 

Bidirectional Encoder Representations from Transformers (BERT) will be introduced in Section 

2.1, Self-Organizing Maps (SOM) will be introduced in Section 2.2, and Relevance Estimation 

and VAlue Calibration (REVAC) will be outlined in Section 2.3. 

2.1  BERT 

 

BERT is a natural language processing (NLP) model developed by Google, and it is structured 

to learn deep bidirectional representations from unlabeled text by simultaneously considering 

the context on both sides of a token across all layers. This allows the pre-trained model to be 

fine-tuned with only a minimal output layer, enabling the user to achieve high performance on 

various tasks—such as question answering and natural language inference—without the need for 

extensive changes to the model architecture. 

BERT is based on the transformer architecture, which employs attention mechanisms to 

weigh the importance of each word to others in the sentence [4]: this allows BERT to develop a 

comprehensive understanding of the sentence structure and meaning, which is essential for spam 

detection, as spam emails often use varied and sophisticated language to avoid detection. This 

makes BERT exceptionally effective for a variety of NLP tasks, distinguishing it from traditional 

tools such as VADER, TextBlob, and Naive Bayes classifiers, which often rely on lexicons or 

rule-based approaches [6].  In spam detection, BERT is typically fine-tuned on a large, labelled 

sets of data of spam and ham emails: the fine-tuning process adjusts the pre-trained model's 

weights based on spam-specific vocabulary, structures, and linguistic cues [4]. By training BERT 

on spam data, the model learns to identify patterns specific to spam emails, such as using certain 

phrases, unnatural language structures, or links to external sites. Once fine-tuned, BERT can 

classify incoming emails as spam or ham with high accuracy. 
 

BERT includes several model variants (e.g., BERT-base, BERT-large), and their choice and 

fine-tuning have an impact on system performance [5]. In our approach, the BERT model is 
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initially pre-trained on vast text corpus using unsupervised learning, then we involved  additional 

training on domain-specific labelled data for spam detection (see the training-test partitions 

introduced in Section 4). We also point out that designing an effective fine-tuning strategy 

requires setting hyperparameters such as learning rate, batch size, and number of training epochs 

while applying techniques like early stopping and learning rate scheduling to prevent overfitting 

and optimise the model's performance. In our approach, we have resorted to REVAC[12] to set 

the hyperparameters of the model, that will be outlined in Section 2.3. 
 

 

For completeness and reproducibility, we detail below the mathematical formulation of the 

components of the BERT pipeline actually used in this contribution [5,8]. 

Let an input email, after tokenization, be represented as a sequence x = (x₁, …, xₙ), obtained 

via the model's WordPiece tokenizer together with the special tokens [CLS] and [SEP]. Each 

token xᵢ is mapped to an embedding vector eᵢ = E_tok(xᵢ) + E_pos(i) + E_seg(xᵢ) ∈ ℝᵈ, combining 

token, positional, and segment embeddings, where d is the hidden dimension of the chosen BERT 

variant. 

The embedded sequence is processed by L stacked transformer encoder layers. Each layer 

applies multi-head self-attention. For head h, queries, keys and values are computed as Q_h = 

EWᴴ_h, K_h = EWᴷ_h, V_h = EWᵛ_h, and scaled dot-product attention is defined as: 

Attention(Q_h,K_h,V_h) = softmax( Q_h K_hᵀ / √d_k ) V_h 

where d_k is the per-head key dimension. The outputs of the H attention heads are 

concatenated and linearly projected, MultiHead(E) = Concat(head₁,…,head_H)Wᴼ, followed by 

a position-wise feed-forward network, residual connections and layer normalization, repeated 

across the L layers. 

For classification, the final hidden state of the [CLS] token, h_[CLS] ∈ ℝᵈ, is passed through 

a linear classification head with a sigmoid activation: 

ŷ = σ(W_c h_[CLS] + b_c) 

producing the predicted probability that an email is spam. The model is fine-tuned by 

minimizing the binary cross-entropy loss: 

L = −(1/N) Σᵢ [ yᵢ log ŷᵢ + (1−yᵢ) log(1−ŷᵢ) ] 

computed over the N training examples of each split. 
 

2.2 SOM  

 

Self-Organizing Maps (SOMs) [13] are neural network models used to transform high-

dimensional data into a two-dimensional layout, making it easier to explore patterns and 

relationships, and they have been used in different  classification exercises [13,14]. In the present 

study, the SOM consists of a single layer of neurons connected by synapses and arranged on a 

two-dimensional grid, which is trained using unlabelled input data. The resulting map provides 

a visual representation of the nonlinear relationships present within the multidimensional input 

space. The algorithm iteratively updates synapses’ weights by identifying the neuron closest to 

each input (based on Euclidean distance) and adjusting it and its neighbors using a neighborhood 

function: at the beginning of the training process, each neuron is assigned a randomly initialised 

weight vector whose dimensionality corresponds to that of the input data. The network is then 

trained iteratively by presenting the input vectors to the map. For each input, the best matching 

unit (BMU) is identified as the neuron whose weight vector has the smallest Euclidean distance 

from the input vector. 
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Once trained, SOM forms a map that reveals the nonlinear structure of the data. In this case, 

the resulting map is analyzed post-training to detect clusters and examine how the two classes of 

email (Spam and Ham) are distributed across the map, although these scenarios were not used 

during the learning phase. 

In our approach we use an incremental approach that introduces an initial feature vector 

model from the first email batch, and trains online a SOM with randomized  on this batch. Later 

email batches are then incorporated, the feature vector model is updated, and the SOM is tested 

using the existing weights, but only on the new batch data. This cycle repeats iteratively until all 

batches are processed. Hyperparameters (learning rate, neighborhood size) have been tuned by 

REVAC; to mitigate initial weight bias, each training phase was replicated across multiple runs, 

with results averaged (see Section 4). For completeness and reproducibility, we formalize below 

the SOM algorithm and the rule used to derive spam/ham predictions from the trained map. Let 

each preprocessed email be represented as a feature vector v ∈ ℝᵐ. The SOM consists of a two-

dimensional grid of neurons, each neuron j associated with a weight vector w_j ∈ ℝᵐ, initialized 

at random. For an input v, the best matching unit (BMU) is the neuron minimizing Euclidean 

distance: 

c(v) = argmin_j ‖v − w_j‖ 
 

During training, the BMU and its neighboring neurons are updated as: 

w_j(t+1) = w_j(t) + α(t)·h_{j,c(v)}(t)·(v − w_j(t)) 

where α(t) is the learning rate, decaying as α(t) = α₀ exp(−t/τ), and h is a Gaussian 

neighborhood function h_{j,c(v)}(t) = exp(−‖r_j − r_{c(v)}‖² / 2σ(t)²), with r_j, r_{c(v)} the grid 

coordinates of neuron j and the BMU, and σ(t) the neighborhood radius, also decaying over 

training. 
 

Once training has been completed, the resulting neuron map is examined to identify groups 

of neighbouring neurons characterised by relatively small pairwise distances, which may indicate 

the presence of clusters within the data. In the present application, information concerning the 

potential mail type (i.e., ham or spam)  is represented separately by a vector defining two 

categories: a majority-vote procedure is applied as a post-training labelling procedure, in which 

each  each training observation is mapped to its BMU: for every training observation 𝑥𝑖, identify 

the best matching unit (BMU), i.e. the neuron whose weight vector 𝑤𝑗 has the smallest Euclidean 

distance, is identified; then, observations assigned to each neuron are collected, and the neuron 

is assigned to the majority class (ties are broken via the nearest-distance rule). 
  

It should be emphasised that the scenario labels were not supplied to the SOM during the 

training phase. Instead, they were associated with the observations only after the final map had 

been obtained. Consequently, the SOM performed the organisation of the input data 

independently of the predefined mail scenarios, which were subsequently used to interpret and 

characterise the structure emerging from the trained map. 
 

 

2.3 REVAC 

REVAC (Relevance Estimation and Value Calibration [26]) is a parameter tuning algorithm 

based on the Estimation of Distribution (EDA), that exploits information-theoretic measures to 

assess the relevance of individual parameters during the optimization process. More specifically, 

REVAC maintains a probability distribution over the parameter space, defined as the Cartesian 
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product of the domains of the parameters to be optimized. The distribution is progressively 

adapted so as to assign greater probability to parameter values associated with favorable trade-

offs between algorithmic performance and complexity. Within REVAC, complexity is quantified 

in terms of Shannon entropy, thereby providing an information-theoretic measure of the 

uncertainty associated with the parameter distributions. 

REVAC operates iteratively, beginning with a uniform probability distribution over the 

parameter space, which is subsequently refined through evolutionary computation techniques 

through a process referred to as smoothing, maintaining a population of parameter vectors and 

generates new candidate configurations by preferentially selecting high-performing individuals 

[27]. Specifically, a subset of the current population is selected according to the expected 

performance of the corresponding parameter configurations, and the resulting configurations are 

used to replace older individuals in the population.   

The smoothing mechanism is implemented through an operator that defines a mutation 

interval for each parameter. At each iteration, the parameter values represented in the current 

population are sorted, and a predefined number of extreme values are removed to obtain a refined 

empirical distribution. This distribution is subsequently used to generate the parameter values of 

the next population through random sampling. As the optimization progresses, the Shannon 

entropy of the parameter distributions is expected to decrease, reflecting a reduction in 

uncertainty regarding promising regions of the parameter space. The resulting changes in entropy 

can therefore also be used to assess parameter relevance. In particular, parameters exhibiting a 

substantial reduction in entropy are interpreted as being more sensitive to their assigned values 

and, consequently, as potentially more influential in determining the performance of the 

underlying algorithm. 

This contribution uses REVAC to tune the hyperparameters of both BERT and SOM.  

Formally, let θ = (θ₁,…,θ_p) ∈ Θ denote a vector of hyperparameters (e.g. learning rate, batch 

size, neighborhood size) with domain Θ = Πₖ Θ_k, and let f(θ) denote the validation cost function 

to be optimized (in our case, a function of precision, recall, and accuracy on a held-out validation 

partition). REVAC maintains a population of candidate configurations {θ₁,…,θ_M} together 

with an estimated relevance-weighted density p(θ) over Θ, and iteratively: (i) samples new 

candidate configurations from p(θ); (ii) evaluates f(θ) for each candidate on the validation 

partition; (iii) updates p(θ) by giving higher density to regions of Θ associated with lower cost, 

using a kernel-density-style update over the current population; and (iv) repeats until a stopping 

criterion is met (e.g. a maximum number of generations or negligible improvement in f). 

3. Material 

 

This section details data at hand used for our experiments: Section 3.1 describes the five sets of 

data used; Section 3.2 outlines the pre-processing operations necessary for dealing with these 

sets of data. The full pipeline of our experimental analysis is reported in Section 3.3 

 

3.1 Sets of data  

 

For our experiments we have used five publicly available sets of data, that are described as 

follows:   
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• Spambase set of data (referred to as A in what follows), introduced by [8] and publicly 

available at  

https://archive.ics.uci.edu/dataset/94/spambase. This set of data contains 1813 spam messages and 

2788 ham messages: spam represents the 39% of the corpus; 

• Spamassassin set of data (referred to as B), introduced by [16] and publicly available at  

https://www.kaggle.com/datasets/ganiyuolalekan/spam-assassin-email-classification-dataset  This set of data 

contains 1897 spam messages and 4150 ham messages: spam represents the 31% of the 

corpus; 

• GenSpam set of data (referred to as C in what follows), introduced by [17] and publicly 

available at  http://www.benmedlock.co.uk/genspam.html. This set of data contains 31196 spam 

messages and 9212 ham messages: spam represents the 78% of the corpus; 

• CSDMC2010 set of data (referred to as D in what follows), introduced by [18] and publicly 

available at https://github.com/zrz1996/Spam-Email-Classifier-DataSet. This set of data contains 1378 

spam messages and 2929 ham messages: spam represents the 32% of the corpus; 

• PU1 set of data (referred to as E in what follows), introduced by [19] and publicly 

available at http://www.csmining.org/index.php/pu1-and-pu123a-s.html This set of data contains 481 

spam messages and 618 ham messages: spam represents the 44% of the corpus. 
 

 

3.2 Data Pre-Processing 

 

Spam email data typically includes noise, misspellings, and non-standard language. Thus, pre-

processing is vital to clean and normalise the text before inputting it into the BERT model. 

First, the data pre-processing stage involves cleaning and standardising the raw email text: 

this is done through a comprehensive linguistic pre-processing pipeline composed of 

tokenisation and lemmatisation  (performed using the Python library spaCy, as it is referred to 

in Section 3.3), used to convert the unstructured email content into a standardized sequence of 

linguistic units [21]. The resulting textual representations are subsequently used to construct 

custom word embeddings that capture semantic and contextual relationships among words and 

enable the model to better represent domain-specific language , to ensure that the raw email data 

can be transformed efficiently and consistently into structured representations suitable for 

subsequent spam-detection modelling.   

Then, feature engineering [22] is crucial in spam detection. In traditional   models, this 

involves techniques like Term Frequency-Inverse Document Frequency (TF-IDF) to weigh 

words based on their importance within the corpus or word embeddings that represent words as 

vectors in a continuous space [5]. With BERT, however, feature engineering is inherently part 

of the model’s process through its use of embeddings and attention mechanisms: BERT generates 

embeddings that capture both the semantic meaning and contextual information of each word in 

the email [5]. These embeddings allow the model to detect nuanced language patterns that are 

often characteristic of spam emails, such as ambiguous phrasing or unconventional language 

designed to bypass keyword filters. By generating context-aware embeddings, BERT can 

identify even subtle indicators of spam, such as the misuse of punctuation, excessive use of 

certain keywords, or the presence of hyperlinks masked with deceptive text.  

Last, we had to consider that spam sets of data often show class imbalances, with spam 

messages typically outweighing ham ones. We have resorted to SMOTE (Synthetic Minority 

Over-sampling Technique) to create a balanced model [23]: for a minority-class (spam or ham, 
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whichever is underrepresented in a given split) sample xᵢ with k nearest minority-class neighbors, 

SMOTE generates a synthetic sample as: 

x_new = xᵢ + λ·(x_zi − xᵢ),  λ ~ U(0,1) 

where x_zi is one of the k nearest minority-class neighbors of xᵢ (chosen at random) and λ is 

drawn uniformly from [0,1], so that x_new lies on the line segment joining xᵢ and x_zi in feature 

space. Critically, SMOTE is applied only within the training partition of each of the thirty splits: 

for every split, the training and test sets are first separated, and oversampling is performed 

exclusively on the resulting training set, after which the (unmodified, real) test set is used for 

evaluation.  

The proposed pipeline incorporates deep-learning frameworks to support the extraction of 

linguistic information and the learning of semantic representations from the email corpus. A 

machine-learning framework is employed to implement and train the named-entity recognition 

component, which identifies and categorises entities such as persons, organisations, and 

locations within email content. This information provides additional contextual and semantic 

cues that can contribute to distinguishing legitimate messages from spam. A separate deep-

learning framework is used to train the word-embedding model, transforming individual words 

into dense numerical representations that encode their semantic relationships based on their 

patterns of occurrence within the corpus. These embeddings enable semantically and 

contextually related words to be represented in similar regions of the learned vector space, 

thereby providing the subsequent classification model with a richer representation of email-

specific language and contextual information [7]. 

All data-dependent pre-processing, model-selection, and model-training procedures are 

performed strictly within the training partition associated with each experimental split. 

Specifically, oversampling, feature normalization, vocabulary construction, embedding 

generation, hyperparameter optimization through REVAC, and subsequent model fitting are 

independently carried out using only the data available in the corresponding training partition. 

Any statistics, representations, or parameter values learned during these procedures are therefore 

derived exclusively from the training data and are subsequently applied to the corresponding 

held-out test partition without further adaptation. In particular, neither the feature distributions 

nor the class composition, vocabulary, embeddings, or validation performance observed during 

hyperparameter optimization are allowed to incorporate information from the test data. The test 

partition remains completely unseen throughout pre-processing, hyperparameter selection, and 

model fitting and is used exclusively for the final evaluation of the resulting model. This nested 

procedure prevents information leakage between the training and test sets and ensures that the 

reported performance provides an unbiased estimate of the model's ability to generalize to 

previously unseen data. 

 

3.3 Experimental Pipeline Overview 

The full experimental pipeline, applied independently within each of the thirty train-test 

partitions, proceeds as summarized in the pseudocode below.  
 

for split s = 1 … 30: 

    (train_s, test_s) ← split(data, seed=s) 
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    train_s ← preprocess(train_s)   # tokenization / spaCy pipeline / 

cleaning 

    train_s ← SMOTE(train_s)        # oversampling, TRAIN PARTITION 

ONLY 

    θ* ← REVAC(train_s, model ∈ {BERT, SOM})   # hyperparameter 
tuning on a validation fold of train_s 

    model_s ← fit(train_s, θ*) 

    test_s ← preprocess(test_s)      # using parameters/vocabulary 

learned on train_s only 

    y_hat_s ← predict(model_s, test_s) 

    metrics_s ← evaluate(y_hat_s, y_test_s)   # precision, recall, 

accuracy 

end for 

report summary statistics (min, max, median, mean, std) of metrics_s 

over s = 1…30 

 

4. Results 

 
This section presents the empirical results obtained from the BERT and Self-Organizing Map 

(SOM) models across the five email corpora. Spam is defined as the positive class and ham as 

the negative class. Please notice that, according to the guidelines introduced by [20], we have 

performed our experiments over thirty different partitions of data at hand, and in what follows 

we assess the fitness of our approach by showing main statistics of precision, recall, and accuracy 

over the thirty defined test sets. In addition, the F1-score was calculated as the harmonic mean 

of precision and recall (F1 = 2·Precision·Recall/(Precision+Recall)) and reported over a sample 

test set. The results obtained with BERT and SOM are reported in Tables 1 and 2, respectively. 

Table 3 summarizes the F1-score obtained by the two approaches for each set of data. 

The results show that  BERT outperforms SOM over all sets of data: BERT achieves a higher 

F1-score on all five sets of data, with values ranging from 0.940 for A to 0.997 for C. SOM also 

provides generally strong classification performance, with F1-scores ranging from 0.842 to 

0.967, but remains below BERT on every instance. The difference between the two approaches 

is relatively small for instances A and B, where the F1-score gap is 0.006 and 0.003, respectively. 

The difference is more pronounced for instances D and C, where the corresponding gaps are 

0.078 and 0.130. These results suggest that the advantage of BERT is not necessarily uniform 

across sets of data and may become more relevant when the linguistic and structural 

characteristics of the corpus create a greater need for contextual representations. 

The particularly high F1-score achieved by BERT on instance C is noteworthy. With an F1-

score of 0.997, the model provides an almost complete separation between the two classes under 

the experimental conditions adopted in this study. This result should nevertheless be interpreted 

in the context of the characteristics of the individual corpus and should not be generalized as an 

expected performance level for arbitrary future spam sets of data. On the other side, the 

substantially lower SOM performance on instance E indicates that the effectiveness of a distance-

based representation can be more sensitive to the characteristics of the underlying feature space. 

Overall, the results are consistent with the broader literature reporting strong performance from 

machine-learning and deep-learning approaches for spam detection [24] that shows 

performances over the three aggregates (i.e., accuracy, precision, and recall) around 0.9. 

However, direct comparisons with previously reported results should be made cautiously 
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because studies differ considerably in sets of data, preprocessing, experimental protocols, class 

distributions, and evaluation procedures. Please remark anyhow that, unlike many works in the 

literature that evaluate performance on the entire set of data [24] —potentially inflating 

predictive metrics—, the performances of our models are assessed strictly on the test partition, 

ensuring that no data leakage occurs. This reflects a more realistic assessment of generalization 

and robustness and represents a good feature of our approaches, that are apt to generalise their 

behaviour without incurring in over-fitting. 

The observed difference between the two models can be interpreted in terms of their 

fundamentally different representations of textual information. 

SOM operates on a fixed-dimensional representation of each email and organizes 

observations according to their distances within the resulting feature space. Its learning 

mechanism is useful for identifying topological structures and groups of similar observations, 

but it does not explicitly model token order, long-range dependencies, or the context-dependent 

meaning of individual words. Consequently, emails that appear similar according to their 

aggregate feature representation may be positioned close to one another even when their 

linguistic meaning or classification category differs. 

BERT, in contrast, constructs contextual representations using self-attention. The 

representation of each token is influenced by the other tokens in the sequence, allowing the 

model to account for relationships that depend on the surrounding linguistic context. This is 

particularly relevant to spam detection because malicious or unwanted messages may 

deliberately employ ambiguous wording, indirect requests, unusual combinations of terms, or 

linguistic structures intended to evade conventional filters. 

The comparative results therefore provide empirical support for the hypothesis that 

contextual representations can offer an advantage over static distance-based representations in 

spam classification. Importantly, this advantage is observed across all five sets of data rather 

than being confined to a single corpus. 

At the same time, the results do not imply that SOM is ineffective for text classification. Its 

F1-score exceeds 0.90 on four of the five sets of data and reaches 0.967 on instance B. SOM 

consequently provides a competitive alternative under several experimental conditions. Its 

principal limitation in the present comparison appears to concern the representation of complex 

linguistic information rather than an inability to separate spam and ham altogether. 
 

 

This performance gap can be linked more precisely to how each model represents textual 

data. SOM operates on a fixed-dimensional feature vector per email and organizes emails purely 

by distance in that static feature space; it has no mechanism for modeling token order, long-range 

dependencies, or context-dependent word meaning, so two emails with similar surface-level 

features but different word order or semantic role can be placed close together on the map even 

when their spam/ham status differs. BERT, by contrast, is designed specifically to encode 

sequential and contextual structure: its self-attention mechanism lets each token's representation 

depend on the other tokens it co-occurs with, allowing the model to capture semantic ambiguity, 

negation, and context-dependent phrasing that are precisely the kinds of sophisticated language 

patterns spammers use to evade detection. This distinction — static, distance-based 

representation versus context-aware, sequence-based representation — is consistent with SOM's 

comparatively higher variance and lower ceiling in Table 2 relative to BERT's results in Table 

1. 
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To assess whether the differences in predictive performance between BERT and SOM are 

statistically significant, paired comparisons were performed across the thirty train-test partitions. 

For each set of data and each evaluation metric, the performance obtained by BERT on 

partition 𝑠 was paired with the performance obtained by SOM on the same partition, thereby 

controlling for variability induced by the particular train-test split. Let 𝑚𝐵,𝑠 and 𝑚𝑆,𝑠 denote the 

performance of BERT and SOM, respectively, on partition 𝑠, with 𝑠 = 1,… ,30. The paired 

difference was defined as 𝑑𝑠 = 𝑚𝐵,𝑠 −𝑚𝑆,𝑠. Because the number of partitions is limited and the 

distribution of performance differences cannot be assumed a priori to be Gaussian, the Wilcoxon 

signed-rank test was employed to assess the null hypothesis that the median paired difference is 

zero. The analysis was conducted for the principal performance measures reported in the study, 

including accuracy, precision, recall, F1-score, specificity, and balanced accuracy. To account 

for the number of statistical comparisons, the resulting 𝑝-values were adjusted using the Holm 

correction for multiple testing. In addition to statistical significance, an appropriate effect-size 

measure was reported to quantify the magnitude and direction of the observed differences. All 

statistical comparisons were conducted using the predictions obtained exclusively on the test 

sets: this lead us   to reject  the null hypothesis 𝐻0, which states that there is no statistically 

significant difference between the performance of BERT and SOM across the thirty paired train-

test partitions. 

5. Discussion and Conclusions 

 
This study investigated the effectiveness of two substantially different artificial-intelligence 

approaches for spam email classification: Bidirectional Encoder Representations from 

Transformers (BERT) and Self-Organizing Maps (SOM). The central research question was 

whether the contextual, sequence-aware representations generated by BERT provide a 

systematic advantage over the distance-based topological representation produced by SOM. The 

empirical evidence obtained from five publicly available email corpora and thirty train-test 

partitions provides a consistent answer: both approaches are capable of effectively distinguishing 

spam from legitimate email, but BERT achieves superior predictive performance across all five 

sets of data. 

The results are particularly clear when considering the F1-score, which jointly accounts for 

precision and recall. BERT achieves F1-scores between 0.940 and 0.997, while SOM ranges 

between 0.842 and 0.967. Although the difference is relatively modest for two instances, BERT 

shows substantially larger advantages on the remaining ones. This variation is relevant because 

it indicates that the benefit of contextual language modeling is not independent of the 

characteristics of the underlying corpus. In sets of data where spam messages exhibit more 

complex, variable, or context-dependent linguistic patterns, the ability of BERT to construct 

representations conditioned on surrounding text may become particularly valuable. 

The comparison also provides insight into the different strengths of the two approaches. 

BERT is explicitly designed to capture contextual relationships in language through transformer-

based self-attention. Its representations can therefore incorporate relationships between tokens 

that are difficult to express through a fixed-dimensional, distance-based representation. This 

characteristic is well suited to spam detection, where seemingly innocuous words can become 

indicative of spam depending on their combination and context. 

SOM follows a fundamentally different learning principle. Rather than learning a contextual 

representation of language, it organizes observations according to their similarity within a feature 
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space and provides a topological representation of that space. This property makes SOM 

attractive for exploratory analysis and visualization and may provide an additional 

interpretability advantage. Nevertheless, the present results indicate that its classification 

performance is more limited when the distinction between spam and ham depends strongly on 

contextual or sequential information. 

The results should therefore not be interpreted as suggesting that more complex deep-

learning architectures are universally preferable. Rather, they provide evidence that the 

representation of textual information is a critical determinant of spam-classification 

performance. BERT's advantage in the present experiments is plausibly related to its ability to 

represent contextual semantics, whereas SOM's performance is constrained by the information 

encoded in its input feature representation and its distance-based organization mechanism. 

A second contribution of the study concerns the experimental methodology. Rather than 

relying on a single train-test partition, the analysis was repeated over thirty partitions for each 

set of data. This provides a more informative assessment of model robustness and reduces the 

possibility that the conclusions are driven by a particular division of the observations. Moreover, 

all data-dependent operations were restricted to the corresponding training partitions. In 

particular, SMOTE was applied only to training observations, while preprocessing, 

representation learning, hyperparameter optimization, and model fitting were performed without 

access to the final test observations. This leakage-aware design is important when evaluating 

text-classification systems because inadvertent use of test information can substantially inflate 

reported predictive performance. 

The use of REVAC represents an additional methodological contribution. Hyperparameter 

selection can have a substantial influence on the performance of machine-learning models, 

particularly when comparing architectures with fundamentally different learning mechanisms. 

Applying the same systematic parameter-optimization framework to BERT and SOM reduces 

reliance on manually chosen parameter configurations and provides a more structured basis for 

comparison. More generally, the results suggest that REVAC can be usefully employed as a 

model-independent optimization mechanism across different classes of learning algorithms. 

The study also has several limitations. First, although five publicly available sets of data 

were considered, all corpora are established benchmark sets of data and may not fully represent 

the current evolution of spam, phishing, and adversarial email campaigns. Spam evolves 

continuously, and contemporary attacks may exhibit linguistic, multilingual, and structural 

characteristics that differ from those represented in historical corpora. Consequently, the 

reported results should not be interpreted as evidence that the models will maintain the same 

performance on future operational email streams. 

Second, the present comparison focuses primarily on predictive performance. Although 

SOM offers useful possibilities for visualization and structural interpretation, and BERT 

provides highly expressive contextual representations, the explainability of the final 

classification decisions remains an important issue. In operational cybersecurity applications, 

identifying why a particular message has been classified as spam can be nearly as important as 

achieving a high classification rate. Future research should therefore investigate explainability 

techniques such as SHAP and LIME and assess whether explanations can be generated without 

substantially compromising predictive performance. 

Third, computational efficiency deserves further consideration. BERT provides strong 

predictive performance but generally requires considerably more computational resources than 

simpler neural or statistical models. This consideration becomes particularly important in real-

time or resource-constrained email-filtering environments. Future studies should therefore 
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compare the predictive performance and computational requirements of compact transformer 

architectures, including DistilBERT and TinyBERT, with those of the full BERT model. 

Several directions for future research follow directly from these findings. One important 

extension is the development of multilingual spam-detection models. Email communication is 

inherently multilingual, whereas many existing benchmark sets of data are dominated by 

English-language messages. Evaluating BERT and related transformer architectures on 

multilingual corpora could therefore provide a more realistic assessment of their applicability in 

international communication environments.  

A second direction concerns adversarial robustness. Modern spam campaigns may 

deliberately manipulate spelling, punctuation, formatting, hyperlinks, and semantic content to 

evade automated detection. Future experiments should therefore evaluate the resilience of BERT 

and SOM against controlled obfuscation and adversarial perturbations. Such experiments could 

provide a more demanding assessment of their effectiveness under realistic attack conditions. 

A third avenue involves hybrid architectures. The present results reveal complementary 

characteristics: BERT provides strong contextual representation and predictive performance, 

whereas SOM provides an explicit topological organization of the feature space. Combining 

these properties could potentially produce models that retain much of BERT's representational 

power while providing improved visualization or interpretability. Attention-guided self-

organization, manifold-learning approaches, or hybrid metaheuristics architectures represent 

promising directions for investigation. 

Finally, future research could extend the analysis beyond the binary distinction between 

spam and ham. Real-world email filtering involves several potentially overlapping categories, 

including advertising, phishing, malware distribution, fraud, and legitimate commercial 

communication. A multiclass framework could therefore provide a more detailed representation 

of email threats and allow the models to distinguish not only whether an email is unwanted but 

also the nature of the associated threat. 

Metrics Min Max Median Avg. 

                      

Std. dev. 

Set of data A      

Precision 0.933 0.962 0.947 0.950 0.006 

Recall 0.909 0.948 0.929 0.930 0.008 

Accuracy 0.919 0.949 0.940 0.941 0.002 

Set of data B      

Precision 0.958 0.986 0.972 0.971 0.003 

Recall 0.957 0.979 0.964 0.968 0.004 

Accuracy 0.958 0.977 0.968 0.969 0.002 

Set of data C      

Precision 0.996 1.000 0.997 0.998 0.001 

Recall 0.997 0.998 0.997 0.997 <0.001 

Accuracy 0.995 1.000 0.997 0.996 0.002 

Set of data D      

Precision 0.955 0.965 0.961 0.960 0.004 

Recall 0.965 0.972 0.970 0.969 0.005 

Accuracy 0.949 0.957 0.953 0.953 0.002 

Set of data E      

Precision 0.952 0.981 0.967 0.968 0.003 

Recall 0.969 0.986 0.977 0.976 0.002 

Accuracy 0.965 0.984 0.975 0.974 0.002 
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Table 1: Summary statistics of the classification exercise obtained by BERT. Experiments have 

been performed over 30 different training/test partitions, and accuracy, precision, and recall 

have been computed over the 30 test sets. 

 
Metrics Min Max Median Avg. Std. dev. 

Set of data A      

Precision  0.863  1.000 0.884 0.946 0.042 

Recall 0.901 1.000 0.932 0.922 0.071 

Accuracy 0.821 1.000 0.935 0.952 0.051 

Set of data B      

Precision  0.952 0.973 0.963 0.962 0.008 

Recall  0.953 0.982 0.967 0.972 0.009 

Accuracy  0.959 0.970 0.964 0.962 0.012 

Set of data C      

Precision  0.827 1.000 0.921 0.938 0.052 

Recall 0.815 1.000 0.894 0.901 0.061 

Accuracy 0.822 0.941  0.872 0.863 0.084 

Set of data D      

Precision  0.932 0.972 0.963 0.968 0.014 

Recall 0.903 0.952 0.932 0.942 0.017 

Accuracy 0.904 0.947 0.925 0.927 0.015 

Set of data E      

Precision  0.752 0.921 0.835 0.872 0.093 

Recall 0.732 0.918 0.792 0.814 0.097 

Accuracy 0.729 1.000 0.826 0.814 0.162 

Table 2: Summary statistics of the classification exercise obtained by SOM. Experiments have 

been performed over 30 different training/test partitions, and accuracy, precision, and recall 

have been computed over the 30 test sets. 
 

 

Set of data F1 (BERT) F1 (SOM) 

A   0.940 0.934 

B 0.970 0.967 

C   0.997 0.919 

D  0.964 0.955 

E  0.972 0.842 

Table 3: Sample F1-scores obtained over the different sets of data by both BERT and SOM  

and model over one partition of train/test. 
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