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Influence of chemical reaction, radiation
and heat source on separation of binary
fluid mixture with Soret and Dufour effects
on MHD mixed convective flow past a
vertical plate

Krishnandan Verma*
Sanjit Basfor

Abstract

The motive of the current study is to analyse the consequences of
Soret, Dufour and thermal radiation on chemically reactive MHD
mixed convective flow on separation of binary fluid mixture. Nu-
merical techniques are applied to obtain the results by using Mat-
lab solver bvp4c. Results are acquired for velocity, temperature and
concentration distributions for various parameters and are portrayed
graphically.The study discloses some interesting results where differ-
ent parameters like Soret number, Dufour number, chemical reaction
parameter helps in restricting the temperature near the plate and at
the same time raising the lightweight ingredient’s concentration close
to the plate, ultimately assisting the separation process. Numerical
data are computed for coefficient of skin-friction coefficient, Local
Nusselt number as well as Sherwood number to analyse the effects
of dimensional shear stress at the surface of the plate, heat and mass
transmission process.

Keywords: Binary fluid mixture; bvp4c; Dufour effect; MHD; Soret
effect
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1 Introduction

Separation of the constituents of a mixture is important in the field of chemi-

cal engineering. Hydrocarbon mixtures are separated and analyzed by chemist in
laboratories whereas chemical engineers uses the process of distillation. Often it
is seen that some component, which is present in a binary fluid mixture in a very
small amount, is very important in engineering and industrial use. The isotope
of heavy water that is found in sea water is present in the ratio 1:5000. Though,
the amount of the isotope is negligible but in atomic power plant, it is used as a
coolant in nuclear reactor. Therefore, in a binary fluid composition the lightweight
or the fewer constituents that is contained in a small amount can have many prac-
tical uses.
In certain engineering areas, e.g. nuclear reactors and operations that involve met-
als in liquefied form, the necessity of the process involving detachment of fluid
mixtures play a remarkable role. In a given volume, the configuration of binary
fluid mixture is indicated by C', which represent concentration as the fraction of
the light weight and fewer ingredient’s mass to the entire fluid mixture’s mass,
and the configuration of the heavy weight and significant ingredient is indicated
by C' = 1 — C'. Separation process involving liquid mixture is affected by pres-
sure, temperature, and concentration gradients. The impact of pressure gradient
on the separation of the liquid mixture is very less as compared to temperature
gradient. Landau [1987] have given the expression for diffusion flux density as.

-

i = —pD(VC + K,Vp+ krVT) (1)

where D, k,D and krD represent diffusion coefficient, pressure diffusion coef-
ficient and thermal diffusion coefficient respectively. Many researchers studied
the separation process of binary fluid mixture on various geometries. Kim et al.
[2007] studied theoretically instabilities in binary nanofluids with Soret and Du-
four effects in convective conditions. Elhajjar et al. [2008] investigated the detach-
ment of the constituents of a binary liquid combination in a pervious environment
in a horizontal cavity using Rayleigh-Bernard configuration. Sharma and Singh
[2008] carried out analytical study on the detachment of binary fluid mixture with
Soret effect and baro-diffusion confined between two parallel disks. They found
that the lighter constituent of the fluid is concentrated near the rotating disks for
larger values of Reynolds number. Sharma and Singh [2010a] investigated sepa-
ration of constituents of binary fluid mixture under the existence of strong radial
magnetic field that was restricted in between two concentric cylinders rotating
about a fixed axis. Sharma and Singh [2010b] investigated analytically the disso-
ciation of binary fluid ingredients through a rotating disk with thermal diffusion
in a weak magnetic environment. They found that the detachment of the binary
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fluid ingredients was affected significantly by thermal diffusion and axial mag-
netic field. Sharma et al. [2014] studied numerically the consequences of Soret
and diffusion thermo effect on the operation of detachment of constituents of a
binary ingredient composition in pervious environment considering heat source
and chemical reaction. Cates and Tjhung [2018] investigated theoretically binary
fluid mixture with kinetics of phase separation and active emulsions.

Soret effect has an active role in the dissociation of binary fluid ingredients un-
der the influence of temperature difference in a convection free fluid mixture ac-
companied by the transfer of heat. Many works have been reported in literature
on Soret effect as well as its counter effect i.e. Dufour effect on heat and mass
transmission process. Chamkha and Khaled [2000] analysed thermal transmis-
sion on hydromagnetic hybrid nanofluid flow between two parallel plates where
one plate is stretchable while other is penetrable and both the plates and fluid ro-
tates simultaneously under Ohmic heating and thermal effects. Sharma and Aich
[2015] studied numerically thermal and mass transmission near stagnation point
of a circular cylinder on a free convective flow with radiation and thermal diffu-
sion effects. Ashraf et al. [2018] examined thermal and mass transmission past a
semi-infinite erect plate on convective flow with Soret and Dufour effects. Verma
et al. [2020a] probed numerically Soret and Dufour effects past a stretching sheet
on MHD chemically reacting fluid and discovered that the fluid concentration in-
creases near the sheet due to Soret effect while Dufour effect increases the fluid
temperature. Verma et al. [2020b] studied numerically the action of thermal and
mass transmission on MHD fluid flow in porous medium on Darcy-Forchheimer
model on a rotating infinite disk. Krishna et al. [2021] investigated MHD con-
vective heat generating/absorbing second grade rotating unsteady fluid flow past a
semi-infinite pervious surface with ion slip and Hall Effects. They found that the
ion slip and Hall parameter boosts the fluid velocity while the heat source param-
eter decreases the temperature profile. Other important research on heat and mass
transmission are reported by Sharma [2011], Bhattacharyya et al. [2014], Rashidi
etal. [2015], Reddy and Chamkha [2016], Ullah et al. [2017], Jain and Choudhary
[2018], Verma et al. [2021] and Verma and Sharma [2022].

The above list of literature reviews motivate us to investigate numerically the sep-
aration of the lightweight ingredient of the binary fluid in the existence of radia-
tion,heat source, Soret, Dufour and chemical effects over an upright plane surface
insertedin a porous medium with Darcy-Boussinesq model. The current work will
focus to examine the separation process numerically using bvp4c scheme, which
is an inbuilt solver in Matlab that uses finite difference code to obtain the ap-
proximate solution. Numerical method in solving the current problem will enable
us investigate the effects of different parameter deeply asbvp4c is able to obtain
the results will ease for all the parameters which is sometimes difficult to attain
by analytic method depending upon the complexity of the problem. The results
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Figure 1: Geometric configuration

will be demonstrated by graphs for various parameters representing the changes
in velocity, temperature and concentration of the fluid.

2 Construction of the Problem

Consider a stationary impenetrable vertical plate in a binary fluid mixture in a
semi-infinite porous medium in a two-dimensional system. The z-axis is along-
side the plate and y-axis perpendicular to it. The flow is steady and the fluid is
Newtonian. An unvarying magnetic field of strength H is exerted in a direction
normal to the plate. Let 7T;, be the constant wall temperature of the plate whereas
T is the ambient fluid temperature and 7, > T,. Let C be the light weight or
the fewer ingredient’s concentration of the binary fluid close to the surface and
(' outlying the plate.

The governing equation of the problem together with Boussinesq approximations
are given by:

%+%=a @)
NS Ugiy@;_%megmw—m+gﬁc<c—ooo>, )
u% N v% _ Dgz(j + l;’jf gZ, R (C = C). (5)

10



Inf. ch. react., rad. and H. source on sep. BFM Sr and Df effects

The border restrictions are
u=0v=0T="T,,—+———aty=0 (6)
Yy Y

u— Uy, T = T,,C — Cyasy — 0o @)

where v, g, Br, Be, K, ple, 0, T, 0, D, kr, cs, ¢, p, @, C, T}, and k; represent kine-
matic viscosity, coefficient of thermal expansion, coefficient of concentration ex-
pansion, permeability, magnetic permeability, electrical conductivity, fluid tem-
perature, thermal diffusivity, mass diffusion rate, heat diffusion ratio, concentra-
tion susceptibility, specific heat at constant pressure, density, heat source, con-
centration of the rarer constituent, mean fluid temperature and rate of chemical
reaction respectively.

Heat flow by radiation is expressed as,

do* OT*
3k* Oy

¢ =— ®)
where T4 =473 T — 3T

Introducing stream function ¢ given by u = g_zyp and v = aw , it is found that
equation (2) is automatically satisfied.
The dimensionless variables given below are introduced to reduce equations (2)-
(5) to non-dimensional form:

n=yy/ G ¥ = Vorluf(n).6(n) = 5= 6(n) = §=%

The non-dimensional form of (2)-(5) are .

1

" 4 MO+ N — 1+ M>)f'=0 9
4
(1+ §R>0H + Prft + Dy Pr¢" + Préf = 0, (10)
1
¢ + §Sc for + SrSch” — Sck.gp = 0. (11)
where, , ,
GT‘ - gﬁT(TU;;TOO)x 7Gm - gﬁcg;oom £l )\1 - ReZa AQ - Rgé’ Da - K Re - UC,)UOI’
v v w—1Loo Cw o g 62
Pr =2 Sc= 3, Sr= %{ff((g‘; Too)) D; = —fj:;((Tw goo)), M = (K pe Hy? )2,
i

k. = , R = 4‘22 and 0 = Q represents local Grashof number, local mod-
ified Grashof number, temperature buoyancy parameter, concentration buoyancy
parameter, local Darcy number, local Reynolds number, Prandtl number, Schmidt

number, Soret number, Dufour number, Magnetic parameter, Chemical reaction

11
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parameter, Radiation parameter and heat generation parameter respectively.
The dimensionless border restrictions are

f=0,f=060=1,¢+5cSr0 =0,at n =0, (12)

f'—=1,0—0,¢—0asn— oo (13)

Local skin-friction coefficient, Nusselt number and Sherwood number are equiv-
alent to f”(0), —6'(0) and ¢'(0) respectively in the current problem and their nu-
merical values are calculated to analyse the heat and mass transfer process.

3 Results and Discussion

Matlab inbuilt solver bvp4c has been used to solve equations (9)-(11) with
boundary restrictions (12) and (13). Numerical results are obtained for various
parameters in the form of graph and tables using Matlab solver bvp4c. For com-
putational purpose, the parameters are assigned the given values Sr = 0.4, Sc =
0.22,Pr = 0.71,A; = 1A = 0.1,Da = 0.5,Re = 400,M = 1,D; =
0.15, R = 0.5,6 = 0.2 and k. = 0.2. Numerical data of f”(0), —¢'(0) and ¢'(0)
are obtained for Sr, D, and M to gain some insight of skin friction coefficient,
thermal and mass transmission rate.

It is observed from Fig. 2 and Fig. 3 that the velocity and temperature of the fluid
decrease for larger values of Soret number. Soret number depends directly upon
(Ty — T ) and T,, > T.,,. Therefore, increase in Soret number increases the tem-
perature difference and hence heat diffuses away from the sheet which results in
lowering of fluid temperature. From Fig. 4, it is spotted that the hike in Soret num-
ber leads to accumulation of larger concentration of the rarer constituent nearby
the plate. The gathering of the light weight ingredient of the binary fluid is high
in between 0.5 < n < 3, so Soret effect contributes highly in the dissociation of
the binary ingredients of the fluid by limiting the temperature and increasing the
assemblage of the rarer constituent alongside the plate.

It is spotted from Fig. 5 and Fig. 6 that velocity as well as temperature decreases
with the growth in the values of Dufour number. Fig. 7 disclose us that the hike
in Dufour number decreases the concentration of the rarer constituent but the fig-
ure also informs us that the rarer constituent is accumulated near the surface i.e.,
1 < n < 3.5 thereby throwing the denser component away from surface of the
plate. Thus Dufour number helps in the dissociation of the binary ingredients of
the fluid.

The action of heat generation parameter on fluid velocity is illustrated in Fig. 8. It
is perceived that the rise in heat generation parameter augments the fluid velocity.
Heat generation parameter provides heat in the flow field because of which the

12
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temperature increases as seen in the Fig. 9. Due to addition of heat by heat gener-
ation effect, the molecules of the fluid get excited thereby increasing the velocity
of the binary fluid mixture. Fig. 10 reveals us that the rise in heat generation
parameter raises the concentration of the lightweight constituent but the increase
is quite negligible.

In Fig. 11 and Fig. 12. it is clearly perceived that temperature and concentration
rises with the hike in radiation parameter. The rarer constituent of the fluid are
concentrated near the plate i.e.,1 < 7 < 4, thus helping in the separation process.
The velocity and temperature profiles due to chemical reaction parameter, k. are
illustrated in Fig. 13 and Fig. 14. There is a minor decrement in fluid velocity and
temperature with the hike in the values of k.. From Fig. 15, it is perceived that the
concentration of the lightweight ingredient of the fluid hikes with the growth in the
values of k.. The rarer constituent is concentrated near the plate i.e.,1 < n < 4.5,
thereby throwing the denser component far away from the plate utimately aiding
the separation process.

-
ma
.|

ir i e e |
o e
08 f /;;:-:_,r 4
P Sr=04
e
0.6 | i S o S5 =
- i Sr=3
ol Sr=6
0.4 ;{/f
v Sr=9
L # i
027 Y
o/ : :
0 0.2 0.4 06 0.8 1 12 14 16 18 2
N —

Figure 2: Distribution of velocity due to Sr

4 Conclusions

The prime motive of the current study is to analyse Soret and Dufour effect-
salong with different parameters on the dissociation of the binary fluid mixture.
Industrial importance of separation of species of fluid mixture e.g., isotopes of
heavy water that is present in a negligible amount in sea is very useful in nuclear
reactor and so many researchers have reported several works on dissociation of

13
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Figure 4: Changes in concentration as a consequence of Sr
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Figure 12: Changes in concentration as a consequence of R
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Figure 14: Distribution temperature due to k..
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Figure 15: Distribution concentration due to k.

Table 1: Numerical data of f”(0), —6'(0) and ¢'(0) for Sr, Dy and M when Sc =
0.22, Pr = 0.71,\; = 1, Ay = 0.1, Da = 0.5, Re = 400, R = 0.5,6 = 0.2 and

k. =0.2.

Sr[ Dy [M] J0) [—6(0) | §0)
041015 | 1 | 1.7398 | 0.5946 | 0.0523
3 [015| 1 | 1.7885 | 0.6215 | 0.4102
6 015 1 | 1.8400 | 0.6542 | 0.8638
9 1015 1 | 1.9035 | 0.6880 | 1.3622
04 10.15| 1 | 1.7398 | 0.5936 | 0.0523
0.4 3 1 | 1.6073 | 0.6257 | 0.0551
04 6 1 | 1.4951 | 0.6742 | 0.0593
04| 10 1 | 1.2346 | 0.7298 | 0.0634
04 10.15| 1 | 1.7398 | 0.5946 | 0.0523
041015 | 4 | 1.7364 | 0.5950 | 0.0524
04 015 | 7 | 1.7304 | 0.5960 | 0.0524
04 |0.15| 10 | 1.7245 | 0.5977 | 0.0526
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the fluid species using many analytical methods that are complicated, lengthy and
time-consuming method used to obtain approximate solution. Numerical solu-
tion has provided a cost and time effective process to obtain the solution. The
following problem can also be solved using other numerical method apart from
bvp4c and can also be extended to different geometry like wedge, cone etc. The
problem can also be extended using nanoparticles to see the necessary changes in
heat transmission process which is an important future development of the current
work. In the present work numerical solution presents some interesting results
where different parametershelp in restricting the temperature and raising the rarer
ingredient’s concentrationnearby the plate that are highlighted below: 1. Heat
generation parameter increases the fluid velocity while increase in Soret number,
Dufour number and chemical reaction parameter decreases the fluid motion.

2. Temperature of the fluid decreases for increasing values of Soret number, Du-
four number and chemical reaction parameter while heat generation and radiation
parameter enhance the temperature of the fluid.

3. All the parameters help in raising the concentration of the lightweight ingre-
dient of the binary fluid mixture near the plate and thus helping in the separation
process by throwing the denser and heavier component away from the plate.

4. Soret number, Dufour number and magnetic parameter boost the heat transfer
as well as the mass transfer rate of the fluid. Soret number increases the skin fric-
tion coefficient and increase in magnetic parameter and Dufour number decrease
the skin friction coefficient.
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Abstract

Eccentricity of a vertex vis a maximum among the shortest distances
between the vertex v and all other vertices. A set Dis called eccentric
dominating if every vertex in its compliment has an eccentric ver-
tex in the set D.A dominating set is transversal if the intersection
of the set with all the minimum dominating sets is non-empty. In-
spired by both the concepts we introduce transversal eccentric domi-
nating(TED) set. An eccentric dominating set D is called a TED-set
if it intersects with every minimum eccentric dominating set D’. We
find the TED-number ;.4 (G) of family of graphs, theorems related
to their properties are stated and proved.
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1 Introduction

The classical queens problem in chess or the study of networks in electronics
domination finds its application everywhere and plays a pivotal role in modern
day science and technology. Domination is a vast arena in graph theory which is
just not limited to adjacency between vertices belonging to the dominating set and
its compliment. For a graph G(V, E), a set S C Vs said to be a dominating set,
if every vertex in V-S is adjacent to some vertex in S. The domination number vy
(G) of a graph G equals the minimum cardinality of an dominating set. There are
many different invariants of domination. The concept of transversal domination in
graphs was introduced by Nayaka S.R, Anwar Alwardi and Puttaswamy in 2018.
A dominating set Dwhich intersects every minimum dominating set in G is called
a transversal dominating set. The minimum cardinality of a transversal dominat-
ing set is called the transversal domination number denoted by ;4 (G). Geodesic
being the shortest distance between any two vertices. The concept of shortest path
has always intrigued the researchers in graph theory, operation research, computer
science and other fields.There are many different types of distances in graphs,
one such distance is eccentricity. The concept of eccentricity incorporated with a
dominating set yields an eccentric dominating set.Eccentric domination was intro-
duced by T. N. Janakiraman et al in 2010. The eccentricitye (v) of v is the distance
to a vertex farthest from v. Thus, e(v) = mazd(u,v) : u € V. For a vertex v, each
vertex at a distancee (v) from v is an eccentric vertex. Eccentric set of a vertex v
is defined as F(v) = u € (G) : d(u,v) = e(v). Aset D C V(G) is an eccentric
dominating set if D is a dominating set of G and for every v € V — D, there
exists at least one eccentric vertex of v in D. The eccentric domination number
Yea (G) of a graph G equals the minimum cardinality of an eccentric dominating
set. The main motive of this paper is to hybrid two different types of dominations
and define a new domination variant. Inspired by this idea we combine transver-
sal domination with eccentric domination. In this paper, we introduce transversal
eccentric domination and calculate the TED-number of different graphs. Results
related to TED-number of family of complete, star, path, cycle and wheel graphs
are discussed. The upper TED-set, upper TED-number, lower TED-set and lower
TED-number of different standard graphs are tabulated. For undefined terminolo-
gies refer the book graph theory by frank harary.

2 Transversal eccentric domination in graphs
Definition 2.1. An eccentric dominating(ED) set S C V(G) is called a transver-

sal eccentric dominating set(TED-set) if it intersects with every minimum ED-set

D'ie SO\ D' 0.
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Definition 2.2. A TED-set S is called a minimal TED-set if no proper subset of S
is TED-set.

Definition 2.3. The TED-number ~;.q4(G) of a graph G is the minimum cardinality
among the minimal TED-sets of G.

Definition 2.4. The upper TED-number T.4(G) of a graph G is the maximum
cardinality among the minimal TED-sets of G.

Example 2.1. .

1

AN

3 §4
©s ©6
Figure 2.1: Graph G

Consider the above example where the graph G consists of 6 vertices and 9
edges.
(i) The dominating sets are {1,902}, {91,903}, {91,904} {02, 05} {92, 06}
{93, 05} {93, 06}, {94, 95} {94, 06}
(ii) The minimum ED-sets are {p1, 02}, {©3, 95}, {94, ©6}-
(iii) The TED-sets are {1, ©s, 96 }, {92, ©3, 94 }-

Observation 2.1. For any graph G,
1. Y(G) € 7%a(G) < V1ea(G) < Tiea(G).
2. Yea(G) < nand Tieq(G) < n.
3. V(Q) is also a TED-set.
Theorem 2.1. For complete graph K,, Vieq(K,) =n, Vn > 2.

Proof: Let V(K,,) = {p1, 92, ... @n} Since deg(p;) =n — 1V, € V(K,)
the eccentric vertex of ; is given by F(p;) = V — {p;} and every single vertex
dominates all other vertices. Since every vertex p; € V forms an ED-set of the
form Dy = {p1}, Dy = {2}, D3 = {93}, ... D, = {pn}. The vertex set V' is
the only set which forms a TED-set, since V' (K,,)ND; # () wherei = 1,2,3,...n
and D, is any ED-set.
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Theorem 2.2. For star graph Sy, Yiea(Sn) =2 ¥ n > 3.

Proof: Let V' (S,,) = {p1,... i, .. pn} Where deg(p;) = n — 1 where p; is
the central vertex and deg(p;) = 1 where p; is a pendant vertex of star graph .S,,.
E(p;) =V — {pi} and E(p,;) =V — {p;, p,;}. The central vertex p; forms a
dominating set {¢;} but it is not an ED-set for any p; € V — D, E(p;) ¢ D.
But D = {g;, p;} forms an ED-set, then for S5 we have 3 ED-sets which forms
the minimum ED-sets and for any star graph S,,, V n > 4, we have (n — 1) ED-
sets which forms the minimum ED-sets D = {@;, ¢1}, D2 = {gi, 92}, D3 =
{0i, 03}, ... Dn = {@i, pn}. Any minimum ED-set D = {g;, p;} also forms a
TED-set, since D N {g;, p;} = {pi} # 0. Therefore Y1cq4(S,) =2 Vn > 3.

Theorem 2.3. For path graph P, Vieq(P,) = L"T“J +1,Vn>2

Proof: Let the vertices of P, be given by V(P,) = {1, 02, ... ¢on}. Every
path P, contains two pendant vertices {1, g, }. For any vertex p; € V(P,) the
eccentric vertex of @; is E(p;) = {1} or {p,} where n is even. If n is odd then
E(p;) = {p1} or {g,} butif p; is a vertex equidistant from both the pendant
vertices then ©; = @ni1, E(pni1) = {1, 0,}. For any path P, [Z] set of
vertices can dominate all the vertices of P,. Similarly a set D whose cardinality
1s L"THJ + 1 will eccentric dominate all the vertices of F,,. By the definition of
TED-set, a set D should intersect all the minimum ED-set. An ED-set D will
intersect all the minimum ED-sets. Therefore every minimum ED-set is a TED-

set. Therefore veq(P) = Ytea = LHTHJ +1

Theorem 2.4. For cycle graph C,, where n > 3
- D, forn =8
Vrea(Cn) = { (25 4+ 1, otherwise

Proof: Case(i): For Cs, the set D = {@;, 0, ok, 91} whose cardinality is
["TH} + 1 = 4 does not form a TED-set which is an exception from case(i).
Adding a vertex to D is of the form {g;, 0, Ok, @i, ©m } Whose cardinality is five
will increasing the cardinality of D. Here every vertex in V' (Cg) — D has an ec-
centric vertex in D and D is also dominating set which intersects all the minimum
dominating sets of Cg. Therefore 7;.4(Cs) = 5.

Case(ii): For a cycle graph C,,, if n is even and n # 8 then every vertex p; €
V(C,,) has a unique eccentric vertex ie, E(p;) = {p;|p; € V(Cy,)}. E(p;) is
at a distance of & edges from g; for an even cycle. If n is odd then every vertex
©; has two eccentric vertices. E(p;) = {0, o | 95, ox € V(Cp)}. E(p;) is at
a distance of |7 | edges from p; for odd cycle. Every single vertex p; can domi-
nate itself and two vertices adjacent to it. Therefore for any cycle C,,, [%5] set of
vertices forms the dominating set. Here we see that any set D = {p1, 02, ... 0:}
which has the cardinality of the form [2+] + 1 forms a dominating set as well
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as an ED-set. Since D whose cardinality is [21] + 1 intersects every minimum
, if n is even

[2]+1, ifnisodd

(Tl—l + 1.

ED-set of cardinality 7.4(C,,) = {
D forms a TED-set. Hence v;q(C},)

I
e
JR—
3 % |3

Theorem 2.5. For wheel graph W,, wheren > 4, a > 1
(W,) = 3, forn=(6a—1), (6a)or(6a+1)
Teed\ ) =4, form = (6a —2), (6a +2) or (6a + 3)

Proof: Case(i): If n = 6a — 1, 6a and 6a + 1, the wheel graphs are of the
form Wy, We, W, Wiy, Wi, Wi, Wiz, Wig, Wiy, ... Wea—1, Wea, Weat1. Let g,
be the central vertex of wheel graph, deg(p.) = n — 1. Therefore p. has n — 1
eccentric vertices, | F(p.)| = n— 1. Let @, be the non-central vertex, deg(p;) = 3.
Then closed neighbourhood of p; ie, N[gp;| = 4. Therefore p; has n — 4 eccentric
vertices, |E(p;)| = n—4. D = {p.} forms the only dominating set of cardinality
one, but not an ED-set. Other than W5 and W7 every other wheel graph has an
ED-set D = {gp., 9z, 9y} Where o, 0, 0, € V(W,,) forms an ED-set and for
every v € V(W,,) — D there exists a vertex @, @, or o, in D such that E(v) = .
or p, or p, and D = {p, 0., p,} forms a TED-set, since D intersects every
minimum ED-set. Therefore |D| = 3, vieq(W,,) = 3 for n = 6a — 1, 6a, 6a + 1.
Case(ii): If (6a — 2), (6a+ 2) and (6a + 3), then the wheel graphs are of the form
Wy, We, Wy, Wig, Wia, Wis, Wis, . .. Wea—2, Wear2, Weaqs. For Wy, ’Yted(Wz;) =
4. Since W, 1s K4 which is complete graph (by theorem-2.1). Similar to case(i), o,
is the central vertex of wheel graph and g, is the non-central vertex, |E(p.)| = n—
land |E(gp;)| = n—4. Similar to case(i) the only unique dominating set D = {p.}
whose cardinality is one does not form an ED-set. But a set D = {p., 0., 9y}
containing three vertices forms an ED-set, since every vertex g; € V(W,,) — D
has an eccentric vertex in D ie, E(p;) = @, 9z 0O ©,. But D = {p, s, 0y }
whose cardinality is three does not form a TED-set since it does not intersect
every minimum ED-set. But an addition of vertex g, to the same set gives us a set
D = {pc, 9s, 9y, ©- } Whose cardinality is four forms an ED-set and it intersects
every minimum ED-set of cardinality three, thus becoming TED-set. Therefore
Yiea(Wy) = 4 for n = (6a — 2), (6a + 2) and (6a + 3).

Proposition 2.1. For any graph G,

1. Yea(G) > [ 222,

2. ’Yted(G) > diaméG)-‘rl.

3. mea(G) < (2B,
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4. Yea(G) 2 (HA#@W-

5. %ea(G) < In+ A(G) — v/2q].

The transversal eccentric dominating set, ;.4(G), upper transversal ec-
centric dominating set and I';.;(G) of standard graphs are tabulated.

D - Minimum S - Upper
Graph Figure TED set. Yeed(G) TED set. iea(G)
D] = %ea(G) S| = I'tea(G)
1
Diamond
§2 3
graph {92, p3}. 2 {92, s} 2
4
1
Tetrahedral
araph {1,020, 08,04} | 4 | {01,02,08,04}. | 4
3 §4
1
{g)la@fi}v
Claw
graph 2 3 {p% g)3}7 2 {plv g)27 p4} 3
{93, 94}
§24
{p17@27@4}7 {[017@27@4}7
, , {91, 03, 94}, {91, 93, pa},
k1 62 b3 {@17937@6}7 {@17@37p6}>
(273)'K1ng {@17@47@5}7 {@17@4:@5}7
3 3
graph {91, 01, 96} {o1, 94, 96},
£4 £5 £6 {KJQ: 3, @6}7 {K)27 93, @6}7
{937941@6}7 {S’%ﬁ@%pﬁ}:
{93, 95, 96} {93, 95, 06}
{p17@2~,@5},
bn {@17@27@6}7
{91, 93, 95},
Antenna 2 {o1, 93, 96}
P T BB 3 01, 92, 3, . 4
graph g33 gJ4 {@17@47@5}7 {gl p2 @3 p4}
{91, 94, 96},
£5 £6 {917957@6}7
{@27@57@6}-
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D - Minimum S - Upper
Graph Figure TED set. Yted(G) TED set. Iea(G)
‘D| = ’Yted(G) |S‘ = Fted(G)
1
Paw o) {@17@3}7
s {92, 3} 2 {91, 92, pa}. 3
graph {93, pa}
o1 3y 84 f -
o o)
A 5 {K317@2:g33}7 {@17@27@3}7
Bull {917@27@4}7 {@hp%@‘l}?
h ©3 1 {@17@27@5}7 3 {@17927@5}7 3
grap
{@17@37@4}7 {@17@37@4}7
25 {92, 93, pa}- {2, 93, o4}
1 0o {@1»@27@4}7 {917927@4}7
{@17@27@5}7 {@1:@25@5}7
Butterfly 3 {o1, 93, 94}, {o1, 93, 04},
3 3
graph {@17@4:@5}7 {@17@47@5}7
o o {KJ27K337@5}7 {@27@37@5}7
4 5 {K327@4:@5}' {@27@47@5}'
91 §2
Banner o3 o1 {02, 05} 2 {92, 05} 2
graph b Bl ) 07O
()
1
{@17[@27@5}7
Fork 2 3 {KJM §4, gJ5}7 3 {Ph §92, 3, KJ4}7 4
graph {92, 93, 95}, {o1, 93, 91, 95}
{p27@4:g35}-
4 5
1
(3,2)-Tadpole 2 3 {91, 04}
§4 ’ ’ 2 01, 2, 93, O5 - 4
graph {p4, 05 1. {91, 02, 93, 95}
5
1
. ‘)3
Kite graph | &2 P4 {p2, pa}- 2 | {p1, 92, 03,95} 4
5
1
{5/317@4}7
(4,1)-Lollipop 3 {92, pa}
§2 §4 PR 2 .92, 903, 05} 4
graph {3, 904}, {1, 02, 05, 05}
{94795}'
2]
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D - Minimum S - Upper
Graph Figure TED set. Veed(G) TED set. Tiea(G)
|D| = 71ea(G) IS] = T'ea(G)
1
{Kh,@z,@a}, {@17@27@3}7
{o1, 04, 05}, {91,901, 05},
House s o {02, 03, pa}, 3 {92, 93, pu}, 3
graph ’ {92, 93,95}, {92, 93, 95},
{02, 04, 5}, {92, 91, 05},
4 5 {93, 94, 95} {93, 04, 95}
1
{@17 KJz}-,
House X {p1, 03},
graph 2 3 {p1, 94}, 2 {92, 03, 91, 95} 4
{ph PS}
4 5
(&} 2 {K)lag)%go-g}v {KJHKJ%K‘)S}‘,
{p1, 92, pa}, {p1, 92, pa},
Gem 3 §24 {91, 03, pa}, 3 {91, 93, Pu}, 3
graph {K)17@37§)5} {@17@37@5}7
; {(@7@37@4} {@27937@4}7
5
{92, 94, 95} {92, ps, 95}
£1
{Wl-, 2, @5};
Dar; §22 o §4 }g):_,’ psi 2 {(,Ol, 3, p4} 3
ra g 09, 24 § - ’
erap P2, 01 {KJ37§J47KJ5}~
5
1 §22
Cricket {K)g, @4}, {@1: 2, 94}:
graph {1, 05} ? 16,25, 95}, :
3 §4 2] R {3327937@5}"
§1
Pentatope 2 £
graphp @ {@11 §2, 673, §24, @5} 5 {@1-, §2, §93, 4, KJs}- 5
4 5
1
Johnson
solid 2 {p1, 92, 94, 95},
skeleton 12 {o1, o} 2 {92, 93, 1, 95} 4
graph
KJ4 A @5
1
3 {1, 93, 96},
Cross P2 §a {92, 03, 96}, 3 {01, 92, 93, 91, 95}, 5
graph 05 {93, 04, 96}, {91, 92, 01, 95, 96 }-
{93, 95, 96}
6
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D - Minimum S - Upper
Graph Figure TED set. Veed(G) TED set. Itea(GQ)
|D] = Ytea(G) 5] = Ttea(G)
1 §2
91, §925 5 15
3 p4 {gl P2 KE)} {@1:@37@4:@5}7
Net {@17 §92, K)G}v 3 {@ 03, 0 K)F} 4
graph ©5 {KJL §4, @6}7 {p? KJj p;h g);}j
{92, 93,96} e
£6
1
§2
Fish < {p2, 03},
3 ¥ ’ .
graph {03, 05} 2 {91, 92, 94, 95, 06 }- 5
5
6
1 P2
A ©3 04 {pl7p5>g)6}7 3 {K917§32>K93~,§347@5}~, 5
graph {92, 95, 96 }- {91, 92, 3, P4, 96 }-
©5 6
fn 62 {K’h §2, §)3}7
R {@27 3, §)4}7
graph £ §a {92, 3,05} 3 {91, 93, 91, 95, 96 }- 5
{@27 3, §)6}7
P56 {@27 5, K’6}~
91 §2 £3
4-polynomial m {01, 92, O3, O3, 06
93, . 2 ’ ’ 5
graph {5, a1} {01, 92, 94, 05, 96 }-
4 5 6
{01, 92, 93, 94}, {01, 92, 93, 94},
{91,902, 93, 05} {91, 02, 93, 05}
{91, 902, 903, 96} {01, 92, 93, 96}
{01, 92, 04, 95}, {91, 92, 91, 05}
{91, 02, 95, 96} {01, 92, 95, 96}
Octahedral {gjlv 3, 24, p()}? 4 {pla 93, 24, KJG}7 4
graph {KJI-,YQ&KJ&@G}? {@17@37@57@6}7
{91,904, 95, 96} {01, 94, 95, 96}
{@27@37@47@5}7 {@27@37@47@5}7
{@27@37@47@6}7 {@27@37@47@6}7
{KJQ-,sz,KJ:w@G}, {@27947@5796}7
{93, 91, 95, 96} {93, 94, 95, 96}

3 Conclusions

In this paper TED-set of a graph is defined. Theorems related to find the TED-
number of different family of graphs are stated and proved. The upper and lower
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D - Minimum S - Upper
Graph Figure TED set. Veed(G) TED set. [ea(G)
‘D| = ,Yted(G) |S| - Fted(G)
o1 {01, 92, 93, 96}
{01, 92, 01, 05},
3_prism {@1:@&@6}7 {pla@?n@47@5}7
3 4
graph m {@%@37@4}“ {@1a@3:@47@6}7
{@27 35 5, @6}7
s v {@27@47@57@6}'

TED-number along with their respective sets of different standard graphs are tab-
ulated. In future the comparative study of TED-set with eccentric dominating set
will be done. The properties of a TED-set related to graph operations such as
union, intersection, join and product of graphs will be explored.
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In this paper some coupled coincidence fixed point theorems are es-

tablished for the mappings under ¢- contraction in complete gener-

alized E- fuzzy metric spaces. Also give an example to validate the
theorem and present an application of this theorem to integral equa-

tions.

Keywords:Fuzzy metric space, G-metric space, F/-fuzzy metric space,
Complete E£-fuzzy metric space, coupled fixed point, coupled coinci-
dence point, ¢ map.

2020 AMS subject classifications: 03E72, 47H10, 54E20, 54H25. !

“Mathematics Department, St.Mary’s College, Thrissur, Kerala, India. sha-
hana.ar.res @smctsr.ac.in

fMathematics Department, St.Mary’s College, Thrissur, Kerala, India.
magie.jose @smctsr.ac.in
'Received on September 15, 2022. Accepted on December 15, 2022. Published on March 20,
2023. DOI: 10.23755/rm.v46i0.1055. ISSN: 1592-7415. eISSN: 2282-8214. ©Shahana A R et
al. This paper is published under the CC-BY licence agreement.

34



Shahana A R and Magie Jose

1 Introduction

L.A.Zadeh [1965] introduced fuzzy set theory. This concept was used in al-
most all branches of mathematics. George.A and P.Veeramani [1994] modified
the notion of fuzzy metric space proposed by O.Kramosil and J.Michalek [1975].
Many authors investigated the idea of contractive mappings and constructed fixed
point theorems on the basis of this fuzzy metric space.

The notion of Generalized metric space was investigated by Mustafa.Z and B.Sims
[2006]. Many researchers proved existence and uniqueness of fixed point of map-
pings under some contractions in G-metric space. The concept of coupled fixed
point for a function F' : X? — X was introduced by Bhaskar.T.G and Laksh-
mikantham.G.V [2006] and proved some coupled fixed point theorems in par-
tially ordered metric space. Also they presented some applications of this in the
existence and uniqueness of a solution of periodic boundary value problems. Lak-
shmikantham.V and Ciric.Lj. [2009] gave the concept of coupled coincidence and
coupled common fixed point for the mappings F' : X2 — X and g : X — X and
established some results. Sedghi et al. [2012] discussed a coupled fixed point the-
orem for contractions in fuzzy metric space and as a generalization of this result,
Xin-Qi-Hu [2011] established a common fixed point theorem for mapping under
¢— contraction in fuzzy metric space. Many authors have studied coupled fixed
point theorems in metric space, fuzzy metric space and G- metric space. Using
the concept of G-metric space, Sukanya.K.P and Jose [2017] proposed E-fuzzy
metric space and proved some fixed point theorems in this space.

The purpose of this paper is to establish coupled coincidence fixed point theorems
for the mappings under ¢- contraction in complete E-fuzzy metric space. Also
an example to illustrate the theorem is given and an application of this theorem to
integral equations is presented.

2 Preliminaries

Definition 2.1. B.Schweizer and A.Sklar [1983]: A binary operation * : [0,1]* —
[0, 1] is a continuous t-norm if it satisfies the following:

1. commutative and associative,
2. continuous,
3. tx1=tforallt€l0,1],

4. txs <t x5 whenevert <t ands < s forallt, s, t' s €|0,1].
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Definition 2.2. Sukanya.K.P and Jose [2017] Let X is an arbitrary set and * is
a continuous t-norm, a 3-tuple (X, E, x) is called E- fuzzy metric space if E is a
fuzzy set on X3 x (0, 00) satisfying the following:

1. E(a,B,7,t) > 0and E(a, «, 5,t) < E(a, 8,7,t) forall o, B,y € X with
v # B,

2. E(a,B,7,t) =1, forallt > 0 ifand only if « = 3 = 7,

3. E(a, B,7,t) = E(p(a, B,7),1) (symmetry), where p is a permutation func-
tion,

4. E(a,a,v,t) x E(a, B,7,s) < E(a, 8,7, t + s),
5. FEis continuous, Vo, B,v,a € X and t,s > 0.

Definition 2.3. Sukanya.K.P and Jose [2022] A sequence {c,} in (X, E, ) is
said to be converges to a point o € X if E(av,, o, a, 1) — 1 as n — oo.

Remark 2.1. Shahana.A.R and Jose [in press] A sequence {,} in (X, E, %) is
said to be a cauchy sequence if for each 0 < r < 1 andt > 0 there exists k € N
such that E(oy,, &y, oy, t) > 1 — 1 for each m,n > k.

Definition 2.4. Sukanya.K.P and Jose [2022] A complete E-fuzzy metric space is
the E- fuzzy metric space in which every cauchy sequence is convergent.

Remark 2.2. Shahana.A.R and Jose [in press] Let (X1, E1, *) and (X3, Es, %) be
E-fuzzy metric spaces. A function f : X1 — X5 is continuous at a point o € X,
if and only if every convergent sequence {c,} — «in Xy, {f(an)} — f(a)in
Xo.

Definition 2.5. Bhaskar.T.G and Lakshmikantham.G.V [2006] Let X be a nonempty
set, an element (a, 3) € X? is called a coupled fixed point of a mapping F :
X? - X if Fla,8) = aand F(B,a) = B.

Definition 2.6. Lakshmikantham.V and Ciric.Lj. [2009] Let X be a non empty set,
the element (a, 3) € X? is called a coupled coincidence point of the mappings
F:X? 5 Xandg: X — X if Fla,8) = gaand F(B3,a) = gp.

Definition 2.7. J.X.Fang [2009] An element o € X is called common fixed point
of the mappings F: X?> — X and g : X — X if F(a,a) = ga = a, then the F
and g.

Definition 2.8. Lakshmikantham.V and Ciric.Lj. [2009] The mappings I = X? —
X and g : X — X are said to be commutative if gF («, ) = F(ga, gf3).
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3 Coupled fixed point theorems in F-fuzzy metric
spaces

Let ¢ be the function , ¢ : (0,00) — (0, 00) such that ¢(t) < ¢ and for any
t >0, limy, o ¢™(t) = 0 for any t > 0. Some coupled fixed point theorems for
¢ contraction in complete £/— fuzzy metric space are established in this section.
In this paper we denote,

[E(a, 8,7, 1)]" = E(a, B,7,t) x E(a, 8,7,1) % ... x E(a, B,7,t) foralln € N.

n

Theorem 3.1. Let (X, E, x) be a complete E-Fuzzy metric space. Let F : X* —
X and g : X — X be mappings such that E(F(«, B), F(u,n), F(v,w), (t))

> E(g(a), 9(1), 9(7),t) = E(g(8), 9(n), g(w), 1), Vo, B, p,m, 7, w € X. Suppose
that F' and g satisfy the following:

* F(X?) € g(X)
* g is continuous and commutes with F’
Then there exists a unique o in X such that « = ga = F(«, ).

Proof. Since F(X?) C ¢(X), we can construct two sequences {ga,,} and

{9Bn} in X such that g(a,,11) = F(n, Bn)s 9(Bnt1) = F(Bn, an) ¥Yn > 0. For
any 0 < r < 1thereexistsal < s < lsuchthat (1 —s)* (1 —s)*..%x(1—s)>

(.

-~

k

(1—-r)VEk e N.

We have
lim E(a, §,7,8) =1 Vo, B,y € X (1)
—00

Thus,

forany ¢t > 0 and s > 0 there exists ¢y > 0 such that F(gag, gaq, gas, ty) > 1—s,
E(9607gﬁ17gﬁ27t0) > 1—SandE(gO[2,gOé1,gOé07t0) > 1_S’E(g/827gﬂl79607t0) >
1 — s. For a ¢ function there exists k € N such that ), ¢"(to) < & .

E(ga, gas, gas, ¢(to)) E(F(ao, Bo), F(ai, Br), Faz, B2), ¢(to))

> E(gOé(),gOél,gOég,to) *E(gﬁ()vgﬁhgﬁ?ato)'
Similarly,

E(gp1, 982,985, ¢(to)) = E(9Bo,9B1, 92, to) ¥ E(gan, gar, gas, to).

Now,
E(QOéz:gOé:s,gOM, ¢2(to)) E(F(Oébﬁl)a F(%ﬁz): F(&3753)> ¢2(t0))
E(gou, gag, gas, ¢(to)) * E(gB1, gB2, 9B, #(to))
[E(gao, gon, g, to)]* * [E(gfo, 951, 982, to)]-

VIV

Similarly,
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E(9527963agﬁ4a¢2(t0)) 2 [E(g/807g/3179527t0>}2
* [E(g(a0a9a179a27t0))]2‘
Continuing this, we get

E(ganv gliny1, gliny2, ¢n<t0)) Z [E(ga/()v glah ga, to)]Q

n—1

*[E(980, 981, P2, t0))]*" and
E(gBn: 911, 9Bns2, 6" (o)) = [E(950, 981, 9B, 10)*"
«[E(gao, gon, gas, to)|*"
In the same way,
E(g0tny2, g1, 90, 9" (t0)) > [E(gas, gou, gag, to)*" and

«[E(gBa, 951,980, t0))*"
E(9Bn+2, 9Bn+1, 9Bn, ¢ (to)) > [E (952,951,950,750)]
[ E(gow, gou, goo, to)]*
Form,n € N withm >n > kg
E(gum, 90, g0, t) > E(gani1, g0tm, g0, 5) * E(gQm, gni1, 90, 5)
> E(gan—l-l; gQim, gQin, Zl:_qf ¢k(t0)) * E(garm gliny1, gy, Z:f (bk(tO))

Z E(ganv gQiny1, gQiny, ¢n(t0)) * E(gan-l-la gQny2, §ny3, ganrl(tO)) *
* E(gQm—2, 9m_1, §0m, 9" 2(t0)) * E(gn12, 9ni1, gtn, 9" (to))
% E(g0uny3, g0ni2, gotmi1, 9" (to)) * ...

* B(g0m, §0m_1, GQm—2, 9™ %(t0))

> [E(gao,goq,gozz,to)]wl[ (980, 981, 9B, to)))*"

* [E(ga07ga17ga27t0)] [ (QBOagﬁl gy?ytO))Pn

... % [E(gaw, gon, ga, to) "

% [E(980, 981, 952, t))*"  * [E(gaa, gau, gao, to)?

% [E(952, 961,980, t0)]*" " * [E(gas, gan, gao, to)]*"
* [E
(

n—1

2m73

(gﬂ2796179607t072]_ ...k [E(gag, gar, gag, to)]
[E gﬁ?vQﬁhgﬂOatO)P

m— n 1(m+n74) m72"71(m+n74)

*
> [E(goo, gou, g2, t))? X * [E(gB0, 9B, g2, to)]? )
ﬁw‘i (m+n—4) ‘Qfmini (m+n—4)
[E(ga, go, g, to)]? B [E(gB2, 9B, 980, to)]? !

> =s)*(l—s)x..(1-5)

22(m—'n—\1§(m+n—4)

> (1—r7).

Thus {ga,, } is a cauchy sequence. Similarly we can show that {¢/,,} is a cauchy
sequence. Since E is a complete £- fuzzy metric space, we get {ga,, } converges
to some o € X and {¢03,} converges to some § € X. Thus lim,,_,o, F'(ay, 5,) =

lim,, 00 g(av,) = avand lim,, o0 F/(By, ) = lim,, o0 g(Bn) = B-

As g is continuous, we have {gga,,} converges to ga and {gg/3,,} converges to

gp.

Also since g and F' commute, we have
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E(ggani, F(a, B), F(a, B), 1) E(F(gan, gbn, F(a, B), F(a, ), )
E(F(gom, 98n), F(a, B), F(a, 3), 6(1))

E(ggom, ga, go, t) x E(ggBn, 958, 95, t).

Since F is continuous on its variable and letting n — oo, we get
E(ga, F(a, 8), F(a, B),t) = E(ga, gov, g, t) « E(g3, g3, 95, 1)

VIV

Hence E(ga, F(a, B), F(a, 5),t) = 1. Thatis F(a, 8) = ga.
Similarly we can show F'(/3, ) = g/3. Thus («, /3) is a coupled coincidence point
of Fand g.
Now, for any r > 0 there exists s > 0 such that
(A=s)x(1—=s)*..x(l-5)>(1-r)VkeN.
k

Using (1), for any ¢ > 0 and s > 0 there exists to > 0 such that F(ga, 3, 3,1ty) >
1 —sand E(g83, a, a,tg) > 1 — s. Since ¢™(tg) — 0 there exists k£ € N such that
O™ (tg) < tVn > k.

E(ga, g/Bn+17 anJrla ¢(t0))

E(F(a, ), F (B, on), F(Bn, an), ¢(to))

Z E(.ga?gﬁn?gﬁthO) * E(.gﬁag()érmgana tO)
Asn — oo

E(ga, B8, 8, ¢(to)) > E(ga, B, B, t0) * E(g8, o, a, to).
Similarly, E(g8,«,a,¢(ty)) > E(g98,a,a to)*E( a, B, B, o).
E(ga, 8,8, (t)) x E(gB8, a,a, ¢(t0)) > [E(ga, B, 8,t0)]* * [E(98, o, v, to) .

Continuing this process, we get, Vn € N
E(ga,ﬁ,ﬁ,gb”(to)) *E(gﬁ, (I,Oz7¢n(t0)) Z [E(gOé,ﬁ,/B,t())]Qn
* [E(gﬂvaaaatU)P

Z E(gavﬂ>ﬁa¢k(t0)> *E(gﬁ7aaa7¢k<t0))
> [Blga, B, 5,10)]*" * [E(98, a, o, 1))
> (I—s)x(1—s5)*..x(1—s)

-~

22k

Therefore

E(ga?/87/87t) *E(g/67 a7a7t)

> 1—r.
Thus for any r > 0, E(ga, 8, ,t) x E(g8, a, a,t) > 1 —r Vit > 0.
Therefor ga = 3 and g3 = . Now for any r > 0 there exists a s > 0 such that
(I1—s)x(1—s)*x..x(1—s)>(1—r)Vk e N.
*
Using (1), for any ¢t > 0 and s > 0 there exists ¢y > 0 such that E(«, 3,7,ty) >
1 — s. Since ¢™(ty) — 0 there exists k € N such that ¢"(ty) <t Vn > K.

E(gan+17 gﬁn—&-l, gﬁn—&-ly ¢(t0)) - E(F(am Bn)v F(ﬁna an)7 F(/Bm an)v ¢(t0))
> E(gan, 9Bn: 9Bn, to) * £ (9B, gtn, Tn, to)
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Asn — oo, E<a76767¢(t0>) > E(Oé,ﬁ,ﬁ,to) * E(B,Oé,a,t(]>
Continuing this process, we get

E(a, B,8,¢"(to)) > [E(a, B, B,to)]" * [E(B, o, i, )]

Thus
E(O.@ﬂ,ﬁ,t) Z E(a76767¢n(t0)
> [E(a, 3,5, 10)]" * [E(B, o, v, to)]"
> (I1—s)x(1—8)x...x(1—2s)
k

/

2
> 1-—r.
Hence for any r > 0, F(«, 3,5,t) > 1 — r Vt, implies & = 3, hence g(a) =
F(a,«) = a. Thus («, «) is the unique common coupled fixed point of F" and g.
That is F' and g have a unique common fixed point in X .0

Corolary 3.1. Let (X, E, %) be a complete E-Fuzzy metric space and F : X —
X be a mapping such that E(F(«, ), F(u,n), F(v,w),6(t)) > E(a, p,7,t) *
E(B,n,w,t) Vo, B,v,u,n,w € X and t > 0. Then there exists a unique o € X
such that o = F(a, «v).

Proof. Take g as the identity map in Theorem(3.1), we get the result. O

Corolary 3.2. Let (X, E, *) be a complete E-Fuzzy metric space and F : X? —
X be a mapping such that E(F(«, B), F(u,n), F(vy,w),kt) > E(a,p,,t) *
EB,nw,t) a,B,v,u,mw € X, 0 < k < 1landt > 0. Then there exists a
unique o € X such that o« = F(a, «).

Proof. Define ¢(t) = kt. Then by Corollary(3.1) we get the result. O

Example 3.1. Let X = [0,1]. Definetxs =tsVt,s € X and E : X — [0,1] as
B(a, B,7,t) = [eap()] ™" where G(a, 8,7) = o= B|+ |8~ 7]+ |y — al.
Let ¢(t) = L. Defineg: X — X asg(a) =aand F : X* = X as F(a, 3) = 22
Va,p € X.
Then there exists unique common fixed point of F' and g, by Theorem3.1.
G (@, ) Fljo 1), Flo,) = |5 — 1] + 48— 22 . P — o2
< s{la—pl+lp =+ |y —al) + (I8 —nl
"=l + b B}
< s1G(g9a, gp, gv) + G(9B, gn, gw)}
G(F(a,p), ), W) \T—
exp( (F(a,8) 5((5 n),F(y ))] 1
(£ G(g0,911,97)+ 5 G(9B.9n.9%) -1

E(F(a, B), F(p,m), F(v,w), ¢(t))

Y

[

lexp
6

[eIpG(ga,g#m)]—l % [ G(g@fn,gw)]—l

erp

>
— t
> E(ga, gp, g, t) * E(98, gn, gw, t).

It satisfies Theorem(3.1).
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Theorem 3.2. Let (X, E, %) be a complete E— fuzzy metric space and let F' :
X% = Xand g : X — X be mappings such that ¥V o, 3,7, ,n,w € X,

E(F(a, B), F(p,m), F(w,7), ¢(t)) > min{E(ge, gu, gw,t), E(g8, gn. g7, 1)} -
Assume that F(X?) C g(X) and g is continuous and commutes with F. Then

there exists unique o € X such that F(a, ) = g(a) = a.

Proof. The procedure of proof of this theorem is similar to that of theorem(3.1),
except for the implementation of the condition given in this statement. [

4 Application

This section presents the existence and uniqueness for the solution of the fol-
lowing integral equation by using the theoretical results discussed in the previous
section.

Let X = C([0,1]). Define £ : X® x (0,00) — (0,1] as F(a, 3,7,t') =
[exp((;(a#,ﬁ’ﬂ)]*l where G : X? — Ris G(«,8,7) = supeepoj|a(e) — Be)] +
supecio)|B(€) — v(€)| + supecpo1|v(€) — a(e)| and the t—norm * is ¢ x s = ts.
Then (X, E, %) is a complete F'— fuzzy metric space. Let ¢ : (0,00) — (0, 00)
be defined as ¢(t') = rt/,0 <r < land g : X — X as g(a) = a. Consider the
integral equation,

Fla, B)(€) = f(€) + fy (e, 6)h(0, a(6), B(6))dd, € € [0, 1]

with the following conditions

1. h:[0,1] x (0,00)? — (0,00) and f : [0,1] — (0, 00) are continuous.

2. there exists 0 < r < 1 such that |h(0, o, B)—h(d, pt, ) < r(la—pul+|8—n])
Va, 8, 1,m € (0,00) and V6 € [0, 1].

3. Ve, 6 € [0,1], SUpeeoufO €,0)dd < 1.

Then by Theorem(3.1) there exists an unique solution of the integral equation. For
G(F(c, B)(€), F(p,m)(€), F (v, w)(e))
= supeejo,]| F (e, 8)(€) = F(p,n)(€)] + supeejo,y | F (1, 1) (€) — F(7,w)(e)]

+ supeepo | F (7, w)(€) — Fla, B)(e)|

< supeco| fy k(e 66, a(8), B(8))dd — [y k(e, 6)h(5, u(8), n(5))ds|
+3up6€01]|f0 675) ( nu( )7 ( d5 f[) €
+8up€€01]|f0 75)h( ,7(5),&)( d5 f() Eaé)h(éaa(é)vﬂ(é))dﬂ

, B(0) = (6, 11(0),1(0)) }dd|

< supeep| fy k(. 5>{rh<a a(6)
1(8), 7(8)) — (8, 7(8),w(8))}dd|

+sup€€01]|f0 e, 0){|h(d,
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+ supecio ] Jy k(e 0){h(8,7(8),w(8)) — h(3, a(3), 5(5)) }do|

< supeeio] Jo ke, 8)ds {supla(e) — p(e)| + sup| B(e) = n(e)| + sup|u(e) = y(e)|
+sup|n(e) —w(e)[+suply(e)—ale)[+suplw(e)=F(e)|}

<r{G(a,u,v) + G(B,n,w)}. Then

E(F(a, B)(1), F(i.n)(8), F(7,0) (1), 6(t))) = [eap ST eDOL bRl -1
[e:UpT{G(O‘ 1:7)+G (B, w)}}f

> [exp e:z:pM]

> E(a, u,%t’) * E(8,m,w,t).
Hence it satisfies Theorem(3.1) Thus there exists unique o € C0, 1] as the solu-
tion of the given integral equation.

Vv

V

Tt
G(a uw)] [

5 Conclusions

In this work, coupled coincidence fixed point theorems for the mappings under
¢-contraction in complete E-fuzzy metric space are established and applied these
results to show the existence and uniqueness for the solution of the integral equa-
tions. These are the generalization of existing results in the literature of fuzzy
metric spaces. Using different types of contractive conditions, we can develop
coupled fixed point theorems in complete E-fuzzy metric spaces.
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Some new odd prime graphs
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Abstract

For a graph G, a bijection f is called an odd prime labeling , if f
from V to {1,3,5,....,2|V] — 1} for each edge uv in G the greatest
common divisor of the labels of end vertices (f(u), f(v)) is one. In
this paper we investigate the existence of odd prime labeling of some
new classes of graphs and we prove that the graphs such as the Z — P,
graph, Fish graph, Umbrella graph, Cocount tree , F'-tree, Y -tree and
Double Sunflower graph are odd prime graphs.
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1 Introduction

In this paper by a graph G = (V(G), E(G)) we mean a simple graph. For
graph theoretical terminologies we refer J .A.Bondy and U .S. R.Murthy [1976].

A graph labeling is an assignment of integers to the vertices or edges or
both subject to some constraints. For entire survey of graph labeling we refer
Gallian [2009]. The concept of prime labeling was introduced by Roger Etringer
and was studied further by many researchers Deretsky et al. [1991], Tout et al.
[1982].Meena and Vaithilingam [2013] proved that crown related graphs are prime
graphs. Meena and Naveen [2018] investigated about the prime labeling of graphs
related to bicyclic graphs. Prime labeling in the concept of graph operation was
discussed by Meena and Kavitha [2015]. The Existence of odd prime labeling for
some new classes of graph was discussed by Meena et al. [2021].

The notion of odd prime labeling was introduced by Prajapati and Shah
[2018] and they have proved many researchers. We give some families of odd
prime graphs and some necessary condition for a graph to be odd prime graph.

Motivated by this study, further studied by in this paper we investigate the
existence of odd prime labeling of some new classes of odd prime graphs.

Definition 1.1. Let G = (V(G), E(G)) be a graph. A bijection f : V(G) — Oy
is called an odd prime labeling if for each edge uv € E, greatest common divisor
(f(u), f(v))isl. A graph is called an odd prime graph if its admits odd prime

labeling.
Here Oy = {1,3,5,..2|V| —n}

Definition 1.2. Z — P, is a graph obtained from a pair of P, and P, of path of
length n in which the it" vertex of a path Py is joined with (i + 1) vertex of a
path Ps.

Definition 1.3. Fish graph is a graph obtained by attaching one of the vertex of
K3 to any one of the vertex of C,,.1t is denoted by C, QK.

Definition 1.4. For any integers m > 2, n > 1.An umbrella graph U(m,n) is the
graph obtained by identifying the end vertex of path P, with the central vertex of
a Fan graph F,,.

Definition 1.5. Coconut tree graph is obtained by identifying the central vertex of
K, with a pendant vertex of the path P,.

Definition 1.6. F'- tree on n + 2 vertices, denoted by F,, is obtained from a path
P, by attaching exactly two pendant vertices of the n — 1 and n'" vertex of P,.
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Definition 1.7. Y - tree on n + 1 vertices, denoted by Y, is obtained from a path
P, by attaching a pendant vertex of the n'" vertex of P,.

Definition 1.8. A double sunflower graph order n, denoted by DS'F,,, is a graph
obtained from the graph SF,, by intserting a new vertex C; on each edges a;a;1
and adding edges for each 1.

2 Main results

Theorem 2.1. Z — (P,) is an odd prime graph for all integers n > 3.

Proof. Let G = Z — (P,) be the graph

V(GQ) = {us,v;/1 <i<n}

E(G) = {(uiui1), (vivi) /1 < i < n— 17 U{(viti) /1 < i <n — 1}

Now |V (G)| =2nand |E(G)| =3(n-1)

Define a labeling f : V' — O, as follows

f(u;) =4i-5 forl1 <i:<n

f(v;) = 4i+1 forl1 <i<n

Clearly vertex labels are distinct.

For each e = uv € E, if gcd(f(u), f(v)) =1

(i) e = uqug, ged(f(uq), fuz)) = ged(1,3) =1

(i) e = uuir 1, ged(f(w;), f(uip1)) =ged(4i —5,4i—1) =1 forl <i<mn
(ii)e = v;v;41, ged(f(v), f(Vig1)) = ged(di+1,4i+5) =1 forl <i<n
(iv) e = vuig1, ged(f(v;), f(uipr)) =ged(4i+ 1,40 —5) =1 forl1 <i<n
(V) e = Vp_10p, ged(f(vn-1)), f(vn) = ged(dn —3,4n — 1) =1 for1 <i<n
Thus f admits odd prime labeling on Z — (P,) and hence Z — (F,) is an odd
prime graph. [

11 u, 15 us 19_Us 23 Uy

Y

v_, 13 v, 177, v, Vs 25 v 29" v, 31 Vg

Figure 1: Z — (P,,) and its odd prime labeling

Theorem 2.2. Fish graph is an odd prime graph for n > 3.

Proof. Let G = C,,QK3 be the graph
V(G) ={u;/1 <i<n}U{(v1v9)}
B(G) = {(usui1)/1 < i < n— LUf (wun)} Ufurvi/1 < i < 2} U {(v1,02)}
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Now |V(G)|=n+2and |[E(G)|=n+3
Define a labeling f : V' — O, as follows.

flur) =1
f(v1) =3
f(va) =5

flu;)) =2i+3for2<i<mn

Clearly vertex labels are distinct.

For each e = uv € E, if ged(f(u), f(v)) =1

(i) e = vyvg, ged(f(v1), f(ve)) = gcd(3,5) =1

(i) e = uyvy, ged(f(uy), f(v1)) = ged(1,3) = 1for1 <i<n

(ii)e = uyva, ged(f(uy), f(ve)) = ged(1,5) = 1for1 <i<mn

(iv) e = usuitq, ged(f(w;), f(uitr) = ged(2 +3,2i +5) =1for2<i<n-—1
(V) e = uqug, ged(f(ur), f(ug) = ged(1, f(ug) =1

(Vi) e = ugty,, ged(f(ur), f(u,) = ged(1, f(u,) =1

Thus f admits odd prime labeling on C,,@K3 and hence Fish graph is an odd
prime graph. []

Figure 2: Fish graph C,, QK3 and its odd prime labeling

Theorem 2.3. The Umbrella graph U(m,n) is an odd prime graph.

Proof. Consider the umbrella graph U (m, n) with vertex set.

V(U(m,n)) ={z;y;/1 <i<m,1<i<n}

EU(m,n)) ={zxi41/1 <i<m—1}

U{zin /1 <i<mpU{yyi/l <i<n-—1}

Now |[V(U(m,n))|=m+nand |E(U(m,n))|=2m+n — 2

Define f : V — O,,1, as follows.

flz)=2i+1 forl1 <i<m

fly) =1

fly)=2(i+m)—1 for2<i<n

Clearly vertex labels are distinct. With this labeling for each e = wv € E, if

ged(f(u), f(v)) = 1.
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(i) e = x;wip1, ged(f (@), f(Tig ) ged(2i+1,2i43) =1 forl <i<m—1
(i) e = zyy1, ged(f(z;), f(y1)) = ged(2i +1,1) =1 forl1 <i<m
(e = y1y2, ged(f(y1), f(y2)) = ged(1,2m +3) =1

(iv) € = yiyir1, ged(f (yi), f (ym) ged(2(i +m) — 1,2(i +m) + 1) = 1 for
2<i1<n-1

as they are consecutive odd integers.

This f is a odd prime labeling on U (m, n) and hence it is an odd prime graph. [

219 v,

230,

250,

Figure 3: U(m,n) and its odd prime labeling

Theorem 2.4. Cocount tree C'T'(m,n) is an odd prime graph.

Proof. V(G) ={u;,v;/1 <i<m,1 <1i<n}andedge set

EG)={uvn /1l <i<m}U{vv/1 <i<n-—1}

Now |V (CT(m,n))|=m+nand |E(CT(m,n))|=m+n—1

Define a labeling f : V(G) — {1,3,5,...2m + 2n — 1} as follows

flu;)) =2(n+1i)—1forl1 <i<m

flv)=2i—1 forl1 <i<n

Clearly vertex labels are distinct.

For each e = uv € E, if gcd(f(u), f(v)) =1

(i) e = wvy, ged(f(u;), f(v1)) = ged(2(n+1) —1,1) =1 forl <i < n;

(ii) e = vvig1, ged(f(vy), f(vig1)) = ged(2i — 1,2i 4+ 1)=1 for1 < j <m — 1.
Thus f admits odd prime labeling on C'T'(m,n) and hence C'T'(m,n) is an odd
prime graph. ]
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u, u, U u, us  Uug u,
o/ _11@ 13 159 178 19 h1
19,

30,
50V,
70V,

Figure 4: CT(m,n) and its odd prime labeling

Theorem 2.5. Let G be the graph obtained by identifying a pendant vertex of P,
with a leaf of K ,, then G is an odd prime graph for all m and n.

Proof. V(G) ={u,u;,v;/1 <i<n,2<i<m} and the edge set

E(G) ={uv;/1 <i<n}U{vjuj41/2 <j<m—1} U{uvs}

Here u = v

Now |V (G)| =m+n and |[E(G)|=m+n—1

Define a labeling f : V(G) — {1,3,5,....2m + 2n — 1} as follows

flu)=1

flu)) =2i+1 forl1 <i<n

fvi))=2(n+1i)—1for2<i<n

Clearly the vertex labels are distinct.

For each e = uv € E if ged(f(u), f(v)) =1

(i) e = uw;, ged(f(u), f(u;)) =ged(1,2i+1) =1 forl <i <m;

(ii) e = uvq, ged(f(u), f(ve)) = gcd(1,2n+3) =1 for 1 < i < n;

(ii)e = v;vi41, ged(f(vi), f(vig1))= ged(2(n + 1) — 1,2(i +n) + 1) =1 for 2 <
1< n;

Thus f admits odd prime labeling on G and hence G is an odd prime graph.  [J
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Uy u,
U 5 9
3
11 13 15 17 19 21
® @ *——& ® ®
Vv, Vy v, Vs Ve v,

Figure 5: G and its odd prime labeling

Theorem 2.6. F'- tree F'P,, n > 3 is an odd prime graph.

Proof. Let V(G) ={u,v,v;, /1 <i<n-—1}

E(GQ) ={vviy1/1 <i <n—1}{uvg, vy }

be the vertex set and edge set of F'P,

Now |V(FP,)|=n+2and |[E(FP,)|=n+1

Define a labeling f : V(G) — {1, 3,5, ....2n + 3} as follows
flu)=3

flv)=1

f(v;)=2i+3for1 <i<n

Clearly vertex labels are distinct.

For each e = uv € E if ged(f(u), f(v))
(i) e = vuy, ged(f(v), f(v1)) = ged(1,5) =
(ie = uvq, ged(f(u), f(ve)) = ged(3,7) =1

(ii)e = v;v;41, ged(f(vi), f(vig1)) = ged(2i + 3,21 +5) =1

Thus f admits odd prime labeling on F'P,, and hence F'- tree F'P,, is an odd prime

1
1

graph. [
u v
3 1
15 13 11 9 7 5
*—eo—@ ®
Ve Vs v, Vy v, v

Figure 6: F P, and its odd prime labeling

Theorem 2.7. Y - tree is an odd prime graph.

Proof. Let V(G) ={uv;, /1 <i<n}
E(G) = {vvit1,vp—1u /1 < i < n — 1} be the vertex set and edge set of y-tree
Now |[V(G)|=n+1land |[E(G)|=n
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Define a labeling f : V(G) — {1,3,5,...2n + 1} as follows

f(u) =2n+1

f(v))=2i-1forl1 <i<n

Clearly vertex labels are distinct.

For each e = uv € E if ged(f(u), f(v)) =1

(i) e = uvy—1, ged(f(u), f(vp-1)) =ged(2n+1,2n —1) =1

(iil) e = vvir1, ged(f(vs), f(vip1)) =ged(2i —1,,2i+1) =1for1 <i<n-—1
Thus f admits odd prime labeling on Y-tree and hence Y- tree is an odd prime
graph. O]

Figure 7: Y -tree and its odd prime labeling

Theorem 2.8. For any natural numbers k > 3 graph DSF,, is an odd prime
graph.

Proof. The vertex set and edge set of DSF), of order K respectively are

V(DSF,)={lLi,m;n;/1 <i<k}

E(DSFE,) = {lim;, lin;, mng, miliq, lmg, leng, ing/1 < i <n—1}

Now |V(DSF,)| = 3k and |E(DSF,)| = 5k

Define a labeling f : V(DSF,) — {1,3,5,....6n — 1} as follows

flli)=6i—5 forl1 <i<n

f(m;) =6i—3 forl <i<n

f(ni))=6i—1 forl<i<n

Clearly all the vertex labels are distinct. With this labeling for each e = uwv € E

if ged(f(u), f(v)) =1

(i) e = l;my, ged(f(1;), f(m;)) = ged(6i — 5,60 — 3) =1 forl1 <i<n

(ii) e = l;ng, ged(f(1;), f(ni)) = ged(6i — 5,60 — 1) =1 forl<i<n

(iii) e = myn;, ged(f(my), f(n;) = ged(61 — 3,60 — 1) =1  for1 <i<n

(iv) e = mylig1, ged(f(my), f(liv1)) = ged(6i — 3,60 —5) =1for1 <i<n-—1

(V) e = myly, ged(f (mx), £ (L)) = ged(f(mu), f(l)) = 1

Thus f is a odd prime labeling on DSF}, and hence DSF}, is an odd prime graph.
]
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mg @

277 my

Figure 8: DSF,, and its odd prime labeling

3 Conclusions

Odd Prime labelings of various classes of graphs such as Z — P, graph, Fish
graph, Umbrella graph, Cocount tree, ['-tree, Y -tree and Double Sunflower graph
are investigated. To derive similar results for other graph families is an open area
of research.
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Abstract

A graph GG with p points is called a prime labeling , if it possible
to label the points = € V' with distinct labels f(z) from {1,2,....p}
in such a way that for each line e = uv ged (f(u), f(v)) = 1. In
this paper we prove that some classes of graphs related to H- super
subdivision of Y -tree are prime graphs.
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1 Introduction

In this paper, we consider finite, simple, undirected, nontrivial and connected
graphs G = (V(G), E(G)) where V, E is point set are line set . We refer Bondy
and Murthy Bondy and Murthy [1976].

A graph labeling is an assignment the number to the points are lines or both
subject to some constraints. For entire survey of graph labeling we refer Esakki-
ammal et al. [2016]. The idea of prime labeling was introduced by Roger Etringer
and studied by many authors Deretsky et al. [1991],Tout et al. [1982].

The super subdivision of graph was defined by Sethuraman and Selvaraju
in G.Sethuraman and P.Selvaraju [2001] and further studied by Esakkiammal
et.al.Esakkiammal et al. [2016]. S.Meena et.al. Meena and J.Naveen [2016].Prime
labeling of HSS of V-tree related graphs.

Definition 1.1. Ler G = (V(G), E(G)) be a graph with p points. A mapping
G:V(G) = {1,2,...,p} is known as prime labeling if for every line e = uv € E,
greatest common divisor (f(u) and f(v)) isl.

Definition 1.2. The tree on 6 points having two points of degree 3 is called a H-
graph. We consider a H-graph got by adding a line between even degree points
of two paths P, and Pj each of length two.

Definition 1.3. The graph H-super sub-division of the graph is denote HSS(G)
is the graph got from G by changing each line H-graph so that end point of e; are
replaced by end point in P, and end point Pj.

Definition 1.4. A V- tree V,, 1 (n > 2) is a graph got from the path Q,, by
appending an line to a point of path Q,, adjacent to an end point.

Definition 1.5. Let Y., 1 be a Y-tree (m > 2) with m + 2 points and m + 1 lines.
Let the points of V11 be vy,v9, 03, ..., V. The H- super subdivision of )-tree
HSES (Vims1) is constructed from V,, 1 by replacing each line by the H- graph.
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Figure 1: HSS(Y5.;)

2 Main results

Theorem 2.1. The graph HSS(Y,,+1) is a prime graph.

Proof:

Let G = HSS(Y,,+1) be the graph with point set

V(G) = {w, v,z y,w /1 < T <mPu{u,u” v, 2,0, Upq }

E(G) = {(wuv, vz, vy, wixg, xugq /1 < T <m} U{(ve, vu’, vz, xw}
Define a mapping G : V(HSS (V1) — {1,2,...5m +6})

f(uy) =51-4 forl1 <l<m+1

f(v) =513 for1 <1 <m [# 0(mod3)
f(v)= 51 2 for1 <!l <m [=0(mod3)
flz) = forl1<l<m
fly) = 51 2 for1 <l <m [ % 0(mod3)
f(y) =51-3 for1 <1 <m [=0(mod3)
f(w;) =51-1 for1 <l <m
F(v) = Sme)

f(z) =5(m+1)-2
f(u ’) 5(m+1)+1
f(u") = 5(m+1)-1
f(w) =5(m+1)-3

Clearly the point labels are different with this labeling foreache € E.
greatest common divisor (f(u) and f(v)) =
Thus G is a prime labeling. Hence HSS( m+1) is a prime graph.

56



S. Meena and G. Gajalakshmi
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Figure 2: HSS(Y5.;)

Theorem 2.2. The HSS (Vin11)QK, is a prime graph.

Proof:

Let G = HSS(Y,,+1)QK, be the graph with point set

VA(G) = {w, v, 0, 1, w1, 70, prs iy s, 0 /1T < L <my

U{u,u" r v, 2y, w, q, ', "} and the line set

E(G) = {(wvr, viyr, zry, vy, vgsl, wigr, yipr, v /1 <0< m}

U{(v'v, u't' vs, ve, xy, wit;, vz, u"t", xw, wq, r,r}

Define a mapping G : V(HSS (Vm+1)QKy — {1,2,...10(m + 1) + 1})

f(u;) =101-9 for1 <I1<m
f(v) =101-6 for1 <l <m-—1 [%0(mod3)
f(v) =101-7 for1 <l <m I = 0(mod3)
fly)=101-5  for1 <Il<m

f(w)=101-2  forl1<Il<m

f(t;) =101-8 forl<l<m

f(s1) =101-7 for1 <l <m-—1 1% 0(mod3)
f(s1) =101-6 forl<i<m I = 0(mod3)

f(x) =101-1 forl <l<m

f(r) =101 forl <l<m

flp)=101-4  for1<I<m

Fflg)=101-3  forl1<i<m

f(u') = 10m+8

f(u”) = 10m+5

f(v) =10m+9
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f(z) = 10m+4
f(q) = 10m+2
£(s) = 10(m+1)
f(y) = 10m+7
f(t") = 10(m+1)+1
F(t") = 10m+6
F(w) =10m+3
F(r) = 10m+1

Clearly the point labels are different with this labeling for each e € E.
greatest common divisor (f(u) and f(v)) = 1.

Thus G is a prime labeling.

Hence HSS (Y 11)QK is a prime graph.

61 U u" 56
1 t
2[1 129t 29! 291,
u, 10 ]y, 13 20 lu, 5 1930 fu, 33
1 5 s A ;
2 24 Sa
[ 11 21 31
3 v X, X 23 X3 Xy
4 9 14 19 ) £ 39 i m )
1,95 wes 1,815 18 7,025 28,935 w938 v, 945 W, 948
96 987  pel6 2,017 p.e2% 4,027 p,@36 4037 p;@46 %947

Figure 3: HSS(Vint1)QK,

Theorem 2.3. The HSS (Vyn11)Q2K, is prime graph.

Proof:

Let G = HSS (Vm+1)Q2K, be the graph with point set

V(g> = {'LL[, Ui, X1, Y1, Wi, T1, 71, P, 41, St tlapga Qllv 527 t;/l S l S m} U
{ula U’”7 rv,r,Y,w,ri, e, 411, 412, t,117 t/127 tlla t127 S11, 512, Un+1, tn—‘rlt;n+1}
and line set.

E(G) = {(wvy, vy, wity, visy, visy, yipu, yip},

VXL, Ty T, DWW, Wi, T /1 <D <m

U{ (v, wv,vs11, 0812, U th1, W'tio, vz, 2w, 27171, 2712, W,

Wq12, U1t 1 U1ty 1 }

Define a mapping

flur) =5
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w) = 151-14 for2<i<m+11l=1
w)=151-13  for2<l<m+1 [ = 0(mod2)
x;) = 151-1 forl1 <li<m

151-10 forl <[ <m

151-8 for1 <I<m [=1(mod2)
=151-7 for1<l<m [ = 0(mod2)
wy) = 151-4 for1 <i<m
) =151-2 forl1<i<m
) =151 forl1 <i<m
t;) = 151-13 for2<I<m+1

)

[ = 1(mod2)
t;) = 151-14 for2<!i<m+11

1
0(mod2)

1-7 for1 <!l <m [ =1(mod2)

51-6 forl1 <[ <m
=151-5 forl1 <l <m
= 15I-3 forl1 <l <m

S ~— —
I
—_—
WD
=T
85 =
+ N
[

N
+
(O8]

for2<l<m+1

S SR T T S TR SR S T S S SR S T S S T S S S S S S S S S S SR S R S S S S

r) =15m+4
7”11) = 15m+7
7”12) = 1549
q11) = 15m+5
q12) = 1546
1) = 15(m+1)-3
#,) = 15(m+1)-4
)
)
)

f(s12) = 15(m+1)+2

Clearly the point labels are different with this labeling for each e € F.
greatest common divisor (f(u) and f(v)) = 1.

Thus G is a prime labeling. Hence HSS(Y,,,+1)@Q2K5 is a prime graph.
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Figure 4: HSS(Y,,11) Q2K

Theorem 2.4. The HSS(Vin+1)Q(K3 U Ky) is a prime graph.

Proof:

Let G = HSS(Vn11)Q(K3 U K3) be the graph with point set

V(g> = {Ul, Ui, Z1, Yi, Sty 527 tl? t;a Zl7plvp27 wy, q, qZJ r, T27 kl7 kllv ll; l;

/]- S l S m} U {U, u/) v,%,Y,w, k7 q11, qila tlla t/127 r11,712,7, t/117 t/12) ta Z,
511,512, S, b1 thy 1 2m+1} and the line set.

E(G) = {wuv, viyr, iz, wity, wity, viky, vpsy, visy, yire, tit, $iSp, yipn, wip),
wyry, wiqy, vrwy, wiky, oly, 2ily, oy, ag, bl w1 <L < m}

U{vw, vs11, 819, W' 2, uw't1y, witig, w't, u't)y,

ult/127 vs,vx, Ul% xr, T, T2, TW, WK, W11, U)Qh, 1,712,411, 912,

811, 812, L11, 12, 1o, b1ty 1 U1t 1, U1ty 41, Unp1 Zng1 )}
Define a mapping G : V(HSES (V1) Q(K3 U Ky) — {1,2,....20(m + 1) + 3}
f(u;) =201-15 for1 <1l <m+1 [# 0(mod3)

f(uy) =201-17 for1 <l <m+1 = 0(mod3)
f(v) =201-13 for1 <i<m 1% 0(mod3)
f(v) =201-11 for1 <i<m [ =0(mod3)
f(z;) =201-1 for1 <l <m
f(y) =201-9 for1 <l <m
f(w;) =201-5 for1 <l <m
f(s) =201-11 for1<i<m
f(t;) =201-17 for1 <l <m+1 [ % 0(mod3)
f(t;) =201-16 for1 <l <m+1 [ =0(mod3)
f(t)) =201-16 for1 <l <m+1 [# 0(mod3)
f(t;) =201-15 for1 <l <m+1 [ =0(mod3)
f(z)=201-18 forl<li<m
f(pl)=2()18 for1<i<m
f(p)) = 201- for1 <l<m
f(ql):2014 for1 <l <m
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) =201-3 for1 <l <m
) =201-10 forl1 <l<m
) =201-6 for1<i<m

) =201-14 forl1 <l <m
) =201-12 forl1 <[ <m
=201 forl1 <[ <m
201+1 for1 <l <m
) =20(m+1)-1

=20(m+1)-5

e S S
N N
1]

th,) = 20(m+1)-4

t5) = 20(m+1)-3

t) =20(m+1)-6

z) =20(m+1)-2

s1) =20(m+1)+2

S9) =20(m+1)+3
f(s) =20(m+1)+4
Clearly the point labels are different with this labeling for each e € E.
greatest common divisor (f(u) and f(v)) = 1.
Thus G is a prime labeling.
Hence HSS (Vpm+1)Q(K3 U K) is a prime graph.

R TR TR TR TR TR S S T TR T T TR S S S T T T S S S S e
/\/\/‘\/‘\/\/—\r\/\/‘\/\r\/\/\/‘g;/\f\/\/\/\/\/\/\/\/\/\/\

Il

[\

=]

=

+

N

Figure 5: HSS (V1) Q(K3 U Ko)
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3 Conclusions

Prime labeling of #- Super Subdivision of - tree related graphs. HSS(V,+1),
HSES (V1) QKy, HES(Vii1)2Ks, HSS (Vn11)Q(K3 U K3) are prime graphs.
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IFG"-CS in intuitionistic fuzzy topological
spaces

Christy Jenifer J*
Kokilavani V 7

Abstract

The primary aim of this prospectus is to introduce and study the basic
properties of Intuitionistic fuzzy generalized #«-closed sets, Intu-
itionistic fuzzy generalized #a-open sets. Here we, compare the g
#a- closed sets with the existing closed sets with proper examples
given.

Keywords: IFS, IFT, IFG#aCS, IFG #aOS.
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1 Introduction

Earlier g alpha closed sets has been introduced in general topology, fuzzy
topology, supra topology, nano topology, we wish to introduce g #« in intuition-
istic fuzzy topological spaces. Following authors motivated me to further continue
my research in intuitionistic fuzzy topology. A. Zadeh A.Zadeh [1965] initiated
the concept of fuzzy sets in which the values are taken between 0 and 1. Fur-
ther Atanassov [1986] established the idea of IFS by generalizing fuzzy sets, here
similar to fuzzy topology values are taken between O and 1 but it is defined as
membership value and non-membership value. Later on IFTS was initiated using
the notion of IFSs which was proposed by Coker Coker [1997], using the mem-
bership and non-membership values it was applied in general topological axioms.
In continuation of above we initiate IFG 7« -closed sets and IFG alpha-open sets
and establish its characterization and find the weaker and stronger forms of topol-
ogy by comparing it to other existing sets and also find whether it satisfies the
topological axioms as union and finite intersection properties

2 Preliminaries
In this segment, few basic definitions and results are reviewed.

Definition 2.1. Thakur and Chaturvedi [2008]Let A be an IFS in (X,7), is pro-
posed to be IFGCS if cl(A) C U whenever A C U and U is an IFOS in X.

Similarly, IFaeGCS and IFGaCS Kalamani et al. [2012], , IFGSPCS Santhi
and Jayanthi [2010] , IFGSCS Santhi and Sakthivel [2009], IFGSRCS Anitha and
Mohana [2018], were introduced. With the help of above closed sets we, initiate
new set IFG*a- closed set.

3 IFG*a- closed sets

Definition 3.1. An IFS C in (X, 7) is proposed to be an IFG*a-closed set if
acl(C) C C, whenever C C U and U is an IFGOS in (E, 7). The family of
all IFG*aCS of an IFTS (E, ) is defined by IFG¥ aC(X).

Example 3.1. Consider E = {p, q}, T = {0, J, 1.} is IFT on E, in that J =<
e, (0.3,0.2),(0.5,0.6) >. In this the only a-open sets are 0., 1., J. At that point
IFS, C =< ¢,(0.1,0), (0.6,0.8) > an IFG*aCS in (E, 7).

Theorem 3.1. Every IFCS is IFG7 aCS, but reverse implication is not possible.
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Proof. ConsiderC is IFCS in (F, 7). Suppose an IFS, C' C U where U is IFGOS.
Considering acl(C) C ¢l(C) and C'is an IFCS in E, acl(C) C cl(C) = C C U
and U is IFGOS. That is acl(C) C U. Consequently C'is IFG#aCS in E. H

Example 3.2. Let E = {p, q} and let 7 = {0, J, 1.} is an IFT on E, where
J =<¢,(0.4,0.1),(0.5,0.6) >. Let C =< ¢,(0.3,0.1),(0.7,0.9) > be an IFS in
E. Here C is an IFG* aCS but not IFCS in (E, T).

Theorem 3.2. Every IFaCS is IFG* aCS but, reverse implication is not possible.

Proof. Consider Cis a I FaC'S in E. Suppose an IFS, C' C U, where U is IFGOS.
Considering C is IFaCS, « cl(C) = C. Hence acl(C') € U once C' C U, U is
IFGOS. Consequently IFG*aCS in E. O

Example 3.3. Let E = {p, q} and let T = {0, J, 1.} be IFT, we have J =<
e, (0.2,0.4),(0.6,0.5) >. Consider C =< ¢,(0.2,0.4),(0.6,0.5) > be an IFS on
E. Then C is IFG* aCS but not IFa CS in (E, 7).

Theorem 3.3. Every IFRCS is IFG* aCS but, reverse implication is not possible.

Proof. Consider C is an IFRCS. We know that C=cl(int(C)) using definition. This
signifies cl(C)=cl(int(C)). Consequently cl(C)=C. By which C is IFCS in E. C is
an IFG#aCS in E. O

Example 3.4. Consider E = {p, q}, 7 = {0, J, 1.} be IFT, we have J =<
e, (0.4,0.4),(0.5,0.5) >. Here an IFS,C =< ¢,(0.2,0.2),(0.7,0.8) > is an
IFG*aCS but not IFRCS in (E, 7).

Theorem 3.4. Every IFG* aCS is IFSGCS but, reverse implication is not possible.

Proof. Consider C an IFG#aCS. Suppose an IFS, C' C U where U is IFSO set.
Since, every IFSO set is IFGO set and C be an IFG#aCS. We have scl(C) C
acl(C) C U. Therefore C is IFSGCS. O

Example 3.5. Let E = {p, q} 7 = {0, J, 1.} be IFT we have J =< ¢,(0.5,0.7),
(0.6,0.7) >. Let C =< ¢,(0.5,0.6),(0.8,0.9) >. Then C is an IFSGCS but not
IFG*aCS in (E, T).

Theorem 3.5. Every IFG* «CS is IFGSCS but, reverse implication is not possible.

Proof. Consider C an IFG*aCS in (E, 7). Suppose an IFS, C C U where U
is IFOS. Since, every IFOS set is an IFGOS and A be an IFG#aCS. We have
scl(C) C acl(C) C U. Therefore, C is IFGSCS set.

]
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Example 3.6. Let E = {p, q}, 7 = {0, J, 1.} be IFT, we have J =< ¢,(0.1,0.2),
(0.6,0.6) >. Let, C =< ¢,(0,0.2),(0.9,0.6) >. Here C is an IFGSCS but not an
IFG*aCS.

Theorem 3.6. Every IFG* aCS is IFGSRCS in (E,T) but, reverse implication is
not possible.

Proof. Consider C an IFG#aCS in (E, 7). Suppose an IFS, C C U where U is an
IFROS. Since, every IFROS set is an IFGSROS and C be an IFG#«CS. We have
scl(C) C acl(C) C U. Therefore, C is IFGSRCS set. O

Example3.7. Let E={p, q}, 7={0., J, 1.}, here J] =< ¢,(0.3,0.6), (0.7,0.4) >.
Consider, C' =< ¢,(0.3,0.4), (0.7,0.6) >. Here C is an IFGSRCS but not an
IFG*aCS.

Remark 3.1. For any two IFG* aCS intersection is also IFG* aCS.

Proof. Consider C and D any two IFG#aCS. That is Iacl(C) C G. Once C C G
and G is IFGOS and is Iacl(D) C G whenever D C G and G is IFGOS.

Now, lacl(C C D) = Iacl(C) N Iacl(D) C G, where (C N D) C G and G is
IFGOS. Thus, intersection of any two IFG# a- closed set is IFG# aCS. O

Theorem 3.7. Let (E, 7) be IFTS. Then for every C C IFG* «CS(E) and for every
D € IFS(E), C C D C acl(C) implies D € IFG7 aCS(E).

Proof. Consider IFS D C U and U be ZFGOS, considering C' C D, C' C U and
C is IFG#aCS, acl(C) C U. By assumption, D C acl(C), a cl(D) C a cl(C) C
U. Consequently acl(D) C U. Thus C is IFG#aCS of E. O

Theorem 3.8. Consider E an IFTS. Then IFGO(E) = IFGC(E) if and only if every
IFS in E an IFG* o CS in E.

Proof. Necessity: Assume IFGO(E) = IFGC(E). Consider C' C G, G an IFGOS.
This signifies acl(C') C acl(G). Considering G an IFGOS in E, by assumption
G is IFGCS in E, acl(C) C G. This signifies acl(C) C G. Consequently C is
IFG#aCS in E.

Sufficiency: Assume, every IFS is IFG*aCS. Consider GE IFO(E), we have G€
IFGO(E) and so C' C G also G is IFOS in E, by assumption acl(C') C G. That
is Ge IFGC(E). Accordingly IFGO(E)C IFGCS(E). Consider Ce IFGC(E), we
have C*¢ is IFGOS in E. But IFGO(E)C IFGC(E). Consequently C° € IFGC(E).
Here Ce IFGO(E). Consequently IFGC(E)C IFGO(E). We know that IFGO(E) C
IFGC(E). [l

Theorem 3.9. Let C be IFG* aCS of E, then acl(C)-C contains no non-empty
IFGCS.
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Proof. Suppose C is IFG*aCS of E and consider F to be non-empty IFGCS of
E, and so F C acl(C)-C. We have A C E - F. Considering C is IFG#aCS and
E-F is IFGOS, and so acl(C') C E — F. This signifies ' C E — acl(C). Also
FC(E—adC)N(ac(C)—-C) C (E—ad(C))Nacl(C) = ¢. Consequently
F is empty. ]

Theorem 3.10. Let C C D C E and assume that C is IFG* aCS in E then C is
an IFG* aCS relative to D.

Proof. Here we have, C C D C E also C an IFG#aCS. Considering C C DN F
where F is IFGOS in E. Since C is an IFG*aCS in E, C' C F implies, acl(C) C
F. Tt follows that D N acl(C) € DN F = F. Thus C is an IFG#aCS relative to
D. ]

4 IFG"a-open sets

In this segment, we define and establish the idea of IFG* a —open sets (briefly
IFG*a0S) in IFTS and establish its characterizations.

Definition 4.1. A subset B of IFTS E is proposed to be an IFG* a-open if A¢ is
IFG* a-open set.

Theorem 4.1. Consider E an IFTS we have,
(i) . Every IF-open set is IFG* a.OS.
(ii) . Every I F,-open set is IFG* aOS.
(iii) . Every IFR-open set is IFG* 0.OS.
Proof. Proof is obvious O
Theorem 4.2. Let (E, 7)be the IFTS then,
(i) Every IFG* a-open set is IFSGOS.
(ii) Every IFG* a-open set is IFGSPOS.
(iii) Every IFG¥ a-open set is IFGSOS.
(iv) Every IFG* a-open set is IFGSROS.
Proof. Proof is obvious

Theorem 4.3. An IFS C of IFTS E is IFG*aOS on the condition that D C
aint(C') at any moment D is IFGCS in E also D C F.
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Proof. Necessity: Let C is IFG#*aOS in E. Consider D be IFGCS in E also
D C C. We have D¢ is IFGOS in E in this extent C° C D¢. Considering C° is
IFG#aCS, then acl(C¢) C D¢. So (acl(C))¢ C D¢. Consequently D C acl(C).
Sufficiency: Consider D C «aint(C') at any moment D is IFGCS also D C C.
We have C¢ C D¢ also D¢ an IFGOS. By assumption, (acl(C'))¢ C D¢ Therefore
C¢ is IFG*aCS of E. Consequently C is IFG* aOS. O

Theorem 4.4. Consider E an IFTS. We have for all C C IFG* «OS also probably
D € IFS(E), aint(C') C D C C signifies D€ IFG* aOS.

Proof. Here aint(C) C D C C implies C¢ C D® C (aint(C))°. Consider
D¢ C F also F is IFGOS in E. Considering C¢ C D¢, ¢ C F. Since C° is
IFG#aCS, acl(C¢) C F and so D¢ C (aint(C))¢ = acl(C¢). Consequently
acl(D°) C acl(C¢) C F. Accordingly D¢ is IFG#aCS in €. This signifies D is
IFG#aOS in E. Therefore D € IFG#aCS. O

5 Conclusions

Here we have derived a new concept of closed set called IFG #o CS. We
have proved that IFG#aCS is stronger than IFCS, IFCS, IFRCS. Also, IFGSCS,
IFSGCS and IFGSRCS is stronger than IFG#aCS. Further, it satisfies the inter-
section axiom but it does not satisfy union property. Thus we can conclude that
IFG#aCS does not form a topology. This concept can further be extended to
continuous functions, irresolute functions, various forms of continuous functions
such as completely continuous, perfectly continuous, contra continuous, almost
continuous, slightly continuous and spaces can be introduced which are normal
space and regular space, also connectedness can be described. Application can
be done based on membership and non-membership values and find the MCDM
problems.
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Odd prime labeling for some arrow related
graphs
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Abstract

In a graph G a mapping g is known as odd prime labeling , if g is a
bijection from Vto {1, 3,5, ...., 2|]V| — 1} satisfying the condition that
for each line xy in G the gcd of the labels of end points (g(x), g(y)) is
one. In this article we prove that some new arrow related graphs such
as A2, A2,A?, are all odd prime graphs. Also we prove that double
arrow graphs, DA? and DA? are odd prime graphs.
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1 Introduction

In this article by a graph G = (V(G), E(G)) we mean a simple graph. For
graph theoretical notations we refer J.A.Bondy and U .S. R.Murthy [1976] .

Graph labeling has been introduced in mid 1960. For entire survey of graph
labeling we refer Gallian [2015].

The concept of prime labeling was established by Roger Entringer and was
discussed in a article by Deretsky et al. [1991], Tout et al. [1982]. A graph G of
order p is known as prime graph if it’s points can be labeled with distinct positive
integers {1, 2,3, -, p} such that the labels of any two adjacent points are relatively
prime Meena and Vaithilingam [2013]. Meena and Kavitha [2014] investigated
prime labeling for some butterfly related graphs. Meena et al. [2021] investigated
odd prime labeling for some new classes of graph.

The notion of odd prime labeling was established by Prajapati and Shah [2018]
and many researchers. Arrow graph was introduced by Kaneria et al. [2015]. Mo-
tivated by this study, in this article investigate the existence of odd prime labeling
of some graphs related to arrow graphs.

Definition 1.1. Let H = (V(H), E(H)) be a graph. A bijection g : V(H) — Oy
is know as odd prime labeling if for each line xy € &, greatest common divisor
(9(x),9(y)) = 1. A graph is know as odd prime graph if its admits odd prime
labeling .

Definition 1.2. Let H, = (P, Q1) and Hy = (Py, Q2) be two graphs with

PrN P, = ¢. The cartesian product Hi X Hs is defined as a graph having
P =P x Pyand x = (x1,22) and y = (y1,y2) are adjacent if x1 = 1y, and
is adjacent to ys in Ho or xy is adjacent to vy, in Hy and x5 = yo. The cartesian
product of two paths P,, and P, denoted as P,, X P, is known as a grid graph on
nm points and 2nm — (n +m).

Definition 1.3. In rectangular grid P,, X P, on mn points the n points
V1,1,V2,1,V3,1.--Up,pn AN POINLS V1 py, V2 1y, V3 ... Uy, ATE called an superior points
from both the ends.

Definition 1.4. An arrow graph A; with width x and length y is got by connecting
a point v with superior points of P, X P, by new edges from one end.

Definition 1.5. A double arrow graph D Aj with width x and length y is got by
conecting two points v and w with superior points of P, X Py by v + x new edges
from both the end.
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2 Main Results

Theorem 2.1. AZ is an odd prime graph where y > 2.

Proof. LetG = Az be an arrow graph got by connecting a point g(ug) with
superior points of I’ x P, by new lines.
Let V(G) = {w/0 <1<y} U{u/l<I<y}
E(G) = {wu1/1 <1 <y—1} U{ugvr } U {uous}
U{vug/1 <l <y—1}U{wy/1 <1<y}
Now |V(G)| =2y+1 and |£(G)| =3y
Define a Mapping f : V — O, as follows
9(uo) =1
glu) =4l —1 forl1 <Il<y
g(v) =4l +1 for1 <[l <y
Clearly point labels are distinct.
For each e € F, if ged(g(u), g(v)) =1
(i) e = uouy, ged(g(uo), g(w;)) = ged(1,3) =1
(ii) e = uguy, ged(g(uo), g(vy)) = ged(1,5) =1
(iih)e = wyvy, ged(g(w), g(v)) = ged(4l — 1,41+ 1) =1
for 1 <1<y
(iv) e = w1, ged(g(wy), g(ue1))=ged(4l — 1,414+ 3) =1
for 1<I<y—1
(V) e = v, ged(g(v))), g(vi1) = ged(4l+ 1,4+ 5) =1
for 1<I<y-—1
Hence Az is an odd prime graph. 0

3ot T U 11 Us 15Uy 19 _Us 23 U

SV 9V, 137V 17 vs 21 vs 25 Ve

Figure 1: Arrow graph AZQI and its odd prime labeling

3 . .
Theorem 2.2. A7 is an odd prime graph where y > 2.

Proof. Let G = A3 be an arrow graph got by connecting a point g(u) with
superior points of P3 x P, by 3 new lines.

V(G) = {u, v, wy, /1 <1<y} U{uo}

E(G) = {wur1, v, wwi /1 < 1 <y — 1FU{vw,wu /1 <1<y}

U{uouy JU{ugvy JU{ugws }
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Now |[V(G)| =3y + land |E(G)| =5y — 1
Define a mapping f 1V — Oy, as follows

g(uo) =

g(ul)—6l—3 for1 <1<y, lisodd
g(u) =60 —1 for1 <[ <wy,liseven
g(vl)—6l—1 for1 <[ <y,lisodd
g(v) =6l — for1 <[ <y,liseven

g(w )—6l+1 for1 <1<y
Clearly all the point labels are distinct. With this labeling for each e = wv € E if

(i) e = uouy, ged(g(uo), g(ur)) = ged(1,3) =1 for 1 <<y
(ii) e = wowy, ged(g(ug), g(wy)) = ged(1,7) =1 for 1<i<y
(ii)e = ugvy, ged(g(ug), g(v1)) = ged(1,5) =1 for 1<[<y
(ivie = wuy, ged(g(uy), g(v) = ged(6l — 3,6l —1) =1  forl <1 <y

[ # 0(mod2)

Ve = wuy, ged(g(w), g(v)) = ged(6l — 3,60 — 1) = 1 forl <[ <y
[ = 0(mod2)

(vi)e = vy, ged(g(v), g(wy)) = ged(6l — 1,61+ 1) =1 forl <[ <y
[ # 0(mod2)

(vie = vy, ged(g(w), g(v)) = ged(6l — 1,60 —3) =1 forl <[ < y
[ = 0(mod2)

(viil)e = wuyi1, ged(g(wy), g(wi11)) = ged(6l — 3,60 —5) =1  for1 <[ <y
[ # 0(mod2)

(ix)e = w1, ged(g(wy), g(uy1)) = ged(6l — 1,614+ 3) =1 for1 <i<y

[ = 0(mod2)

(x)e = vl + 1, ged(g(vy), g(vi1)) = ged(6l — 3,60 — 1) =1  for1 <[l <y
[ = 0(mod2)

(xi) e = vl + 1, ged(g(vy), g(vis1)) = ged(6l — 1,61 —3) =1 for1 <1<y

[ # 0(mod2)

(xii) e = wywl + 1, ged(g(wy), g(wit1)) = ged(6l + 1,60+ 7) = 1for1 <[ <y

3 . .
Hence Aj is an odd prime graph . U
3 11U, 15U 23 Uy 27 Us 35 U 39_u, 47 u 51 u,
uol Slv, 9]V 171V, 21 v, 29| vs 331, 411 V7 45] Vg 53 vy

55w,

TOWe13Twy, 19wy 25wy 31wy 37 W 43 W 490 %
Figure 2: Arrow graph Ag and its odd prime labeling

Theorem 2.3. Az is an odd prime graph where y > 5.
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Proof. Let G = AZ be an arrow graph got by connecting a point v with superior
points P5 x P, by 5 new lines.

V(G) = {u,v,w /1 <1<y} UH{up}

E(G) = {wv, vw /1 <1 < yu{(wugys), (0igs), (W /1 <1<y —1}
Now |V(G)| = 5y + 1 and |E(G)| = 9y

Define a mapping f : V — O, as follows

9(ug) =1

g(u) =6l — for1 <[ <1, 1[isodd

g(ul)—6l—1 for1 <[ <1, [iseven

g(vl)—Gl—l forl1 <1<, 1isodd

g(v) =6l — for1 <1<, 1]iseven

g(w )—6l—|—1 for1 <<,

Clearly all the point labels are distinct. With this labeling for each e € E if
ged(g(w), g(v)) = 1

(i) e = uguy, ged(g(uo), g(uq)) = ged(1,3) =1

(ii) e = wowy11, ged(g(uo), g(uy1)) = ged(1,60 —3) =1  for1 <[ <y
(ii)e = wy, ged(g(w), g(v) = ged(6l — 3,60 — 1) =1 forl <l <y
[ # 0(mod2)

(iv) e = wuy, ged(g(w), g(v)) = ged(6l — 1,60 —3) = 1 forl1 <[ <y
[ = 0(mod2)

V) e = vy, ged(g(vy), g(wy)) = ged(6l — 1,61 +1) = 1 for 1 <1
[ # 0(mod2)

(vi) e = vwy, ged(g(v), g(wy)) = ged(6l — 3,60 +1) =1  forl <[ <y
[ = 0(mod2)

(vil) e = wuyr1, ged(g(w), g(usr)) = ged(6l — 3,60 +5) = 1for1 <1 <y
[ # 0(mod2)

(viii) e = w1, ged(g(wy), g(ugq)) = ged(6l — 1,60 —3) = 1for1 <1<y

[ = 0(mod2)

(ix) e = v, ged(g(v), g(vig1)) = ged(6l — 1,60 +3) = 1for1 <1 <y
[ # 0(mod2)

(x) e = vvi41, ged(g(vy), g(vi1)) = ged(6l — 3,60 +5) = 1forl <1 <y
[ = 0(mod2)

(xi) e = wywyi1, ged(g(wy), g(wiy1)) = ged(6l + 1,60 +7) =1for1 <1<y
Hence AZ is an odd prime graph . 0

IN
<
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1 gty

% v v % 29
5T 1 9‘ ) 17. 3 21' 4 N
s
W, w. w
Tot 13‘W2 191 3 25‘ 4 .3"4}1
s

Figure 3: Arrow graph Ag and its odd prime labeling

Theorem 2.4. DAZ is an odd prime graph where y > 2.

Proof. Let G = DAZ be a double arrow graph got by connecting two points u, v
with superior points from both the ends of P, x P, by 2+2 new lines.

Let V(G) = {wu/1 <1<y} U{v,v}

E(9) = {(wu1), (i), 1 <1<y — 1 U {ow/1 <1<y Ufov fu{vun }
U{uyvo pU{vyvo}

Now |V(G)| =2y+2 and |E(G)| = 3y+4

Define a mapping f : V — Oy, as follows

glv) =1

g(u;) =4l —1 for1 <i<y

g(v;) =41+ 1 for1 <[l<y
g(vo)=4y +3

Clearly point labels are distinct.

For every e = uwv € E, if ged(g(u), g(v))
(i) e = vur, ged(g(v), g(ur)) = ged(1,3)

1
1
(i) e = vvy, ged(g(v), g(vy1)) = gcd(l, 5)=1
(iii) e = wuiy1, ged(g(wy), g(ug))=ged(4l — 1,41+ 3) = 1for1 <1 <y —1
(iv) e = v, ged(g(v)), g(vigr) = ged(4l+ 1,41+ 5) =1for1 <1<y —1
(v) e = vy, ged(g(vy), g(w)) = ged(4l + 1,41 — 1) = 1 for1 <1<y
(vi) e = vyw, ged(g(vy), g(w)) = ged(dy + 1,4y +3) =1
(vid)e = uyw, ged(g(uy), g(w)) = ged(dy — 1,4y +3) =1
Hence DA? is an odd prime graph. O
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< ] >

Vi 13V 17 Vs 21 Vs

Figure 4: Arrow graph DA; and its odd prime labeling

Theorem 2.5. DA;; is an odd prime graph where y > 3.

Proof. LetD = DA?; be an arrow graph got by connecting two point set 1 and 2
with superior pointss from both the ends of P; X P, by 3+3 new lines.

V(G) = {w,v,w, /1 <1 <y}U{up}U{z}

E(9) = {wuig1, Vv, wwpp /1 < U<y — 1HU {wo, v /1 << yjU
{uouy, ugvr, ugwy, 2oty 200y, oWy}

Now |V(G)| =3y +2and |E(G)| =5y + 3

Define a mapping f : V — O, as follows

(
glu) =6l—3 forl <[ <wy,lisodd
g(u) =61 —1 for1 <1 <y,liseven
g(u) =60—1 for1 <1 <uy,lisodd
g(u)=60l—3 forl <Il<y,liseven
g(w)) =61+ 1 forl1 <1<y
g(z) =6y +3 forl<i<y
Clearly all the point values are different. With this labeling for each e € F if
(i) e = uguy, ged(g(uo), g(uq)) = ged(1,3) =1
(ii) e = ugvy, ged(g(uo), g(v1)) = ged(1,5) =1
(iii) e = ugwy, ged(g(up), g(wy) = ged(1,7) =1
(iv) e = wu, ged(g(w), g(v)) = ged(6l — 3,60 — 1) = 1 for 1 < [
[ # 0(mod2)
V) e = wuy, ged(g(w), g(vy)) = ged(6l — 1,60 —3) =1 for1 <1 <y 1
0(mod2);
(vi) e = vy, ged(g(v), g(wy)) = ged(6l — 1,61+ 1) =1 forl <1 <y
[ # 0(mod2)
(vii) e = vwy, ged(g(v), g(wy)) = ged(6l — 3,60 —1) =1 forl <[ <y
[ = 0(mod2);
(viii) e = w1, ged(g(w), g(wiv1)) = ged(6l — 3,60 +5) = 1for1 <1 <y—1
[ # 0(mod2);
(ix) e = wuyy1, ged(g(w), g(u1)) = ged(6l — 1,60 +3) =1for1 <1 <y—1
[ = 0(mod2);
Hence DA} is an odd prime graph . O
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<
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39t Uty 15 U 23 Ms 27 Us 35 U 39 U 47 ug
n 5]y, 9lv 17lv, 21y, 29lve 33lve 41l aslw |
0
Zl]
7w, 13%w, 197w, 25 W, 31wy 37 W 437w, 49% wg

Figure 5: Arrow graph D A3 and its odd prime labeling

3 Conclusions

The odd Prime labeling of various classes of graphs such as Az where y € N,
A3, A>, where y > 2 are odd prime graph and double arrow graphs DA? DA?
are proved. To derive similar results for other graph families is an open area of
research.
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Abstract

In this paper we discussed about some types of complex fuzzy graphs
which is the extension of fuzzy graph. As the membership value of el-
ements of fuzzy graph is in between 0 and 1. In complex fuzzy graph
it will be extended to unit circle of complex plane. Therefore we have
to consider the amplitude value as well as phase term value. We are
considering complex fuzzy graphs in polar forms. Some operations
on complex fuzzy graphs such as union, intersection, composition,
and Cartesian products are introduced.Some basic theorems with re-
spect to the above mentioned operations are proved with examples.
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1 Introduction

L.A.Zadeh [1965] gave the idea of fuzzy set which is similar to proba-
bility function. The idea of complex fuzzy set (CFS) was first given by Ramot
et al.|[2002]. Accordingly a CFS is an extension of the fuzzy set whose range
is extended from [0,1] to a disc of unit radius in complex plane. Xueling et al.
[2019]] introduced some basic operations on complex fuzzy set. They have devel-
oped a new algorithm in signals and system by using complex fuzzy sets. After
that some results have been given by P.Bhattacharya| [[1987] about fuzzy graphs.
Thirunavukarasu et al.| [2016] extended the fuzzy graph to complex fuzzy graph.
Fuzzy graph were narrated by Mordeson and Peng [[1994]]. Nagoorgani and Latha
[2015]] gave some operations such as cartesian product, conjuction, disjunction in
fuzzy graph. Shannon and Atanassov| [[1994]] defined intuitionistic fuzzy graphs.
After that many authors added their ideas to intuitionistic fuzzy graph. Naveed
et al. [2019]] introduced the complex intuitionistic fuzzy graphs with certain no-
tions of union, join and composition. For Crisp graph we can refer Graph theory
by |[Harary| [1969].

In this paper, we introduced some types of complex fuzzy graphs with exam-
ples. Also some operations on complex fuzzy graphs such as union, intersection,
composition and cartesian product with suitable examples.

2 Premilinaries

Definition 2.1. A complex fuzzy graph G. = (o, ju.) is defined on a graph G =
(V, E) is a pair of complex functions o. : V — r(2)e®®) p. : ECV xV —
R(e)e® such that j.(z1,2) = R(e)e™®, where R(e) < min{r(z1),r(z)}
and ¢(e) < min{0(z1),0(z2)} forall z1,z9 € V and 0 < r(z1),7(22) < 1,0 <
0(z1),0(z9) < 2.

Example 2.1. Consider the complex fuzzy graph G. = (o, li.)
where o, = {21/0.2¢'™, 25/0.5"57 23 /0.7},
e = {(21, 22) /0.1€™57 (21, 23) /0.1, (22, 23) /0.5}

Definition 2.2. A complex fuzzy graph G, = (G, Ti;) is said to be a complement
of CFG G. if

i) 0.(2) = 0.(2) and

ii) po(z1,2) = R(€)e©), where R(e) = min{r(z),7(z2)} — R(e) and

o(e) =min{0(z1),0(22)} — ¢(e),Vz1,20 € V.
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21(0.2€i7r)
61(0.1€i0'5ﬂ) A 62(01)
25(0.5¢0-57) 23(0.7)
Figure 1: Complex fuzzy graph

Example 2.2. Consider the example 2.1, The complement of a CFG given in the
figure 1 is given by
Te = {21/0.2€", 25 /0.5€"57 23 /0.7} , Tie = {(21,22)/0.1, (21, 23)/0.1}

Definition 2.3. The order p and size q of a CFG G, = (o, i) defined on G =
(V, E) are defined by

i3 0(2) i3 (o)
p= e w7 ig= X Rlene e

2€V e=(z;,2;)€E
where R(e) < min{r(z;),r(z;)} and ¢(e) < min{6(z),0(z;)} for all z;, z; €
V.

Example 2.3. Consider the example 2.1, the order of G, is p = 1.4¢-5™,
the size of G is ¢ = 0.7¢i0-5m

Definition 2.4. The degree of a vertex z; in a CFG G, = (o, ji.) defined on
i X ¢
G = (V,E) is defined by d(z;) = ST Rle). e e such that
e=(2;,2j)Ephe

pe(zi, 25) = R(e) . €, forall z; € o,.

Example 2.4. Consider the example 2.1, d(z1) = 0.2¢"5™; d(z5) = 0.6,
d(z5) = 0.6

Definition 2.5. A CFG is said to be complete for every pair of vertices ji.(z1, z2) =

R(e)e® where R(e) = min{r(z;),7(22)} and ¢(e) = min{0(z),0(22)} for
all z1,20 €V

Example 2.5. Let G. = (o, i) be a CFG,where
0. = {21/0.5e07 2,/0.8¢'", 23/0.6¢"" }
e = {(21, 22) /0.5 (21, 23) /0.5€10T™ (29, 23) /0.6 }

Definition 2.6. A CFG is regular if d(z;) = d(z;) for all z;, z; € o..

Definition 2.7. In a CFG G. = (0., pi.) for all z;, z; € o, the neighbourhood of
z; is defined by N (z;) = {z; € 0./(z,2j) € pe}
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Definition 2.8. A path P in a CFG G. = (0., i) is a sequence of distinct
vertices zy, 21,29, * -+ z2n € V (except possibly zoandz,) such that ji.(z;_1, z;)=
R(e;)e ) R(e;) > 0,¢(e;) > 0,4 = 1,2,...,n. Here n is called the length of
the path. The consecutive pairs are called edges of the path. The strength of the
path in a CFG is defined by ji.(z;_1, 2;) = min { R(e;)} e?™me(ei),
i=1,2,3,...,n. It is denoted by S(p).

Definition 2.9. The strength of connectedness between two vertices z; abd z;
which is defined as the maximum amplitude and maximum phase term values of
the strength of all paths between z; and z;. In symbol we denote it as u°(z;, z;) =
CON Ng. (2, 2;), p(2i,2;) = T(€)e™® 0 < T(e) < 1,0 < th(e) < 2, where
T (e) is maximum amplitude value of all paths between z; and z; and 1(e) is max-
imum phase term value of all paths between z; and z;.

For any arc (z;, z), if R(e) > T'(e) and ¢(e) > 1)(e) then the arc (z;, z;) is said
to be strong.

Definition 2.10. The strong degree of a vertex z in a CFG is defined by sum of
membership values of strongarcs incident at z ,and it is denoted by d(z).

Definition 2.11. The strong neighbourhood of z; in a CFG is defined by
Ny(zi)={z; € V/(z;, zj)is a strong arc}.

Definition 2.12. A CFG G. = (o, pt.) is said to be bipartite if the vertex o. can
be partitioned into two non-empty sets .1 and o.o such that p.(z;,z;) = 0 if
Riy Zj € 0.1 and Ziy Zj € Oc2.

Definition 2.13. A CFG G, = (o, jt.) is said to be complete bipartite if the vertex
0. can be partitioned into two non-empty sets 0.1 and 0.y such that ji.(2;, z;) =
R(e).e®), where R(e) = min {r(z;),7(2;)}, ¢(e) = min {0(z),0(z;)} for z; €

Oc1 and Zj € Oc2.

Definition 2.14. A vertex z; of a complex fuzzy graph G. = (0., i1 ) is said to be

an isolated vertex if pi.(z;, zj) = 0,Vz; € V —{z}, (i.e)N(%) =

3 Operations on complex fuzzy graph

In this section the operations union, intersection, composition and cartesian
product of CFGs are defined with examples. Some propositions based on the
above operations are stated and proved.

Definition 3.1. Let the two complex fuzzy graphs G., = (0¢,, lic,), and G, =
(Ceys fhey) defined on two graphs Gy = (Vi, E1) and Gy = (Va, Es) respectively.
Let G, be a pair of complex functions 0., : Vi — r(2)e"®) p, : B C
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Vi x Vi — Ri(e).€1®) such that p.(z1,2) = Ri(e)e®® where Ri(e) <
min {ry(z1), 7"1(22)} ,01(e) < min{0;(z), 91(,22)}. Also G, is a pair of com-
plex functions o, : Vo — 19(2)e2) .+ By C Vo x Vo — Ry(e).e'?2®)
such that (21, ) = Ry(e)e'®?®) where Ry(e) < min {ry(21),72(22)}, dae) <
min {0(21), 02(22)}. Then the union of two complex fuzzy graphs G, = (0. =
Oey U Opyy fhe = fey U piey) on G = (V =V U Vo, E = Ey U Ey) is defined as
follows

r1(2)e?) Yz € Viand z ¢ V;
(i) 0.(2) = (06,U0.,)(2) = < ro(2)e23) V2 € Voand 2 ¢ V3
max {ry(z), r2(2)} e EEG 2 e VN,

(ii) pe(21,22) = (Hey U phey ) (21, 22) =
Ry(e)e’?(9) Y (21, 25) € Ey and(z1, 25) & E»
Ro(€)e'®2() ¥ (21, 20) € By and (21, %) ¢ By
max { R, (e), Ry(e)} ermaxien(e)o2(e} (» 20) € By N Ey

Proposition 3.1. Prove that the union of two complex fuzzy graph is also a com-
plex fuzzy graph.

Proof. Let G., and G, be two CFGs, then the union G. = G, UG,, is discussed
in three different case. For vertices,

i) Suppose that z € V; and z ¢ V; then
(0e, U0e,)(2) = max {r(2),ry(z)} et max{f(2).02(2)}
= max {ry(z), 0} .e?max{f1(=).0}
=71(2).e1®) Vz € Viand z ¢ V3.

ii) Similarly we can prove, for z ¢ V} and z € 1}

iii) Suppose that z € V; N V5, then
(0, Uoe,)(2) = max {o,, qCQ} .
= max {r(2)e" ) .ry(2)e2(*)}
= max {r(2), ry(2)} .e? 012020} 2 € VN V.

For edges,

i) Suppose that (z1, 29) € F1, (21, 22) ¢ Eo
(IU“CI U ,UCQ)(Z1, 22) = max {:ucl(zlv 22) Heg (Zb ZQ)}
< max {min {ry(21), 71(22), min {ra(z1), r2(22) } }} .
i max{min{01 (21),01 (z2) },min{02(21),02 (22)}}
= max { Ry (e), Ro(e)} .eimax{61(e):62()}
= max { R (e), 0} .e?max{e1(e).0}
= 31(6)-€i¢1(6)av(zla ) € By, (21, %) ¢ B,

(&
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ii) Similarly, we can prove that, (21, 20) ¢ E1, (21, 22) € Es

iii) Suppose that (21, 29) € E1 N Ey
(Hey U pey ) (21, 22) = max {pie, (21, 22), phe (21, 22) }

< max {min {ry(z1),r1(29)} ,min{ra(z1), r2(22) } } .
et max{min{61(z1),01(22)},min{02(z1),02(z2)}}

= max {R;(e), Ro(e)} .etma{91(e)oe(2)} for (21, 20) € By N By
There fore the union of two CFGs is also a CFG. [

Example 3.1. Consider the two complex fuzzy graphs G., = (0¢,, ic,) and G, =
(Ocys 1hey) given below o, = {21/0.4€"37, 2, /0.7€"*™ | 23/0.5¢-27} |

ey = {(21,22)/0.4€057 (29, 23)/0.4¢" } and 0., = {21/0.5¢'™, 23/0.5e"1-47
24/0.8€™ p., = {(21,24)/0.4€™% (23, 24)/0.5¢"4™} Then the union G, =
(Ocy UOey = O¢y ey U ey, = pie) on G = (V3 U Vo, By U Ey) can be written
as

0. = {21/0.5e™, 25/0.7¢"*" 23/0.5e4™ 2, /0.8¢"*" }

e = {(21, 22) /0.4€™87 (21, 24) /0.4 (23, 24) /0.5e147 (29, 24)/0.4€"™ }

‘ 25(0.7¢%™) .
2 (0‘4620.87r) e e (0‘5611.27r)

0.4e%0-87 0.4e™™
Figure 2: G,

, 24(0.8¢7) ,
21(0.5¢™) o—————— o0 23(0.5¢17)
0.4¢0-67 (.5t Am

Figure 3: G,

21(0.5¢'™)
0467057 L i
29(0.7€%™) 24(0.8¢%™)
0.4e'™ 0.5et-47

Z3(0'5€i1.4ﬂ')
Figure 4: G, U G,

Remark 3.1. Union of two strong CFG need not be a strong CFG.
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Example 3.2. Consider the Strong CFGs G., = (0¢,, jie,) and G., = (0cy, fic,)
where 0., = {21/0.4e™™, 25/0.6¢™ }, pe, = {(21, 22)/0.4€"™ } and

0, = {21/0.86"27, 25/0.2¢"™}, 11e, = {(21, 22)/0.2"2"} then the union is given
by o, = {21/0.8¢™ 2,/0.6€"™}, pe = {(21, 22)/0.4€>7},

However this is not a strong CFG.

Definition 3.2. Let the two complex fuzzy graphs G., = (0c,, e, ), and G., =
(Ceys lhey ) defined on two graphs Gy = (Vi El) and Gy = (Va, E3) respectively.
Let G, be a pair of complex functions ., : Vi — r1(2)e"®) pu, + B C
Vi x Vi — Ri(e).€*®) such that MC(Zl,ZQ) Ry(€)e’1©) where Ri(e) <
min {ry(z1),71(22)}, ¢1(e) < min {6;(z), Ql(zQ)}. Also G, is a pair of com-
plex functions o, : Vo — 19(2)€®3) o+ By C Vy x Vy — Ry(e).e2(©)
such that ji.(z1, ) = Ry(e)e’®*®) where Ry(e) < min {ry(21),72(22)}, da(e)
min {03(z1),02(z2)}. Then the intersection of two complex fuzzy graphs G,
(0 = 0y M Ty, fhe = ey N phey) is defined as follows

[ IA

(i) 0u(2) = (0o, N0y, (2) = min {ri(2),ry(2)} et G102} 2 c VNV,

(ii) :uc(zhz?) = (/Lcl N u62)<217 22) =
min {Rl(e), RQ(G)} eimin{m(e),qﬁz(e)}’ (2’1, 2’2) S E1 N Eg

0, otherwise

Proposition 3.2. Prove that the intersection of two complex fuzzy graphs is also
a complex fuzzy graph.

Proof. Let G, and G, be two complex fuzzy graphs, then

i) (0c, N0e,)(2) = min {ry(2), ra(2)} .e?min{01(2).02()}
ITtistrivial.

ii) For (21, 22) € F1 N Ey

(:uq N Ncg)(zlv Z2> = min {Mm (Zh Z2)7 Hey (Zlv 22>} € min{¢1().62(2)}
< min {min {ry(z1),r1(22)} , min {ra(z1), r2(22) } } .

el min{min{0i (z1),01(22)},min{62(z1),02(22)}}
= min {min {7y (z1),r2(21) } , min {7y (z2), 72(22) } } .

et min{min{61 (21),01(22)},min{02(21),02(22)} }
= min {Ry(z), R2(2)} .€! min{¢1(2),¢2(2)}

where Ry (2z) < min{ri(z1),72(21)}, Ra(z) < min{ry(z2),72(22)},

¢(z1) < min{01(z1),02(21)},

¢(22) < min {0(z1), 02(22)}

Hence the G., N G, is a CFG. ]
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Example 3.3. Consider the two complex fuzzy graphs G., = (0¢,, ;)

where 0., = {21/0.5¢7™ 2,/0.8, 23/0.7¢157} : pe, = {(21, 22)/0.5, (22, 23) /0.7}
and

G, = (Ocy, fley) Where 0., = {21/0.4€™7, 25 /0.6 2, /0.7 } ;

ey, = {(21,24)/0.4"™ (21, 29)/0.4€70-87}

Then the intersection of G., and G, on a pair G = (Vi NVa, E1 N Ey) is given by

V = {2/0.4¢" 2,/0.6} , E = {(21,22)/0.4} where V = ViNVy; E = E;NFEs.

Remark 3.2. Intersection of two strong CFGs is also a strong CFG.

Definition 3.3. Let the two complex fuzzy graphs G., = (0¢,, e, ), and G, =
(Ceys fhey) defined on two graphs Gy = (Vi El) and Gy = (Va, Ey) respectively.
Let G., be a pair of complex functions o., : Vi — ri(a)e®™@ pu, : B C
Vi x Vi — Ry(e).e®*®) such that uc(al,az) Ry(e)e(®) where Ry(e) <
min {ry(a1),m1(a2)}, $1(e) < min{0(ay1),0i(az)}. Also G, is a pair of com-
plex functions o, : Vo — ro(a)e’® @ ., + By C Vo x Vo — Ry(e).e'®2(®)
such that ji.(ay, az) = Ry(e)e’®?®) where Ry(e) < min {ry(ay), r2(as)}, ¢a(e) <
min {6s(ay),02(az)}. Then the composition of two complex fuzzy graphs is de-
fined as follows

(i) (0¢ 00c,)(a1,as) = min {ry(ay), ro(ag)} e™inor(a)02(a2)} g, g, € V =
VioVs

(a,52)) = min {r (), Ra(a)} i mn(0r(@)62(@)

(i) (fey © fie)((a; az),
a min {ry(ay), r2(b2)}; P2(a) < min{by(az),02(bs)},Va €

where Ry(a) <
Vi, (az,by) € Ey

08 Gt ) (1,0, (.0 = min (.l 10
whereRi(a) < min{ri(a1),r1(b1)};¢1(a) < min{bi(ar),0:(b1)},Va €
Vo, (a1,b1) € E4

(W) (MC1. 5 MCQ)((al? CL?)a (b17 b2)) = min {7"2(@2), TQ(b2)> Rl(a)} .
i min{f2(a2),02(b2). 1@} /g, by € Vo, ay # by, (a1,b1) € Eq, whereR;(a) <
min {ry(a1),71(b1)} ; ¢2(a) < min{01(as),0:1(b1)},

Proposition 3.3. Prove that the composition of two complex fuzzy graphs is also
a complex fuzzy graph.

Proof. Let G, and GG, be two CFGs then we prove that Gy o G is a CFG.

(i) (0¢ 0 0c) = (a1,a3) = min {Tl(al),rg(ag)}eimin{el(“l)ﬁ?(”)},Val,ag €
V. It is trivial.
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(i) (fte; © o) ((a, a2)(a, by)) = min {ry(a), Ry(a)} e ™n{fr(@)02(a)}
< min {r{(a), min {ro(as), r2(b2)} } €’ min{61(a),min{f2(az),62(b2)}}
= min {min {ry(a),r2(az)},min {ri(a), rs(b2)}} .
6i min{min{61(a),02(a2)},min{61(a),02(b2)}}
= min {r(ay), r(by)} e ™n{0@)000} "where r(a;) = min {r (a), r2(az)},
r(by) = min{ry(a),r2(by)},0(a;) = min {0 (a),bx(as)},
Q(bl) = min {91(@), 92(b2)} for all a € Vland(ag, bg) c EQ.

({ii) (f1e, © picy) (a1, b)(b1, b)) = min {Ry(a), ra(b) } et mn (@200}
< min {min {ry(a1),r1(b1)},ro(b)} et mindmin{01(a1).01(b1)}.02(b)}
= min {min {7 (ay),72(b)} , min {r(b1), r2(b)} }.
ei min{min{01 (a1),02(b) },min{61 (b1),02(b)}}
= min {r(ay), r(by)} e?™n{0(a2)002)} ‘where r(ay) = min {r(a;),r2(b)},
r(by) = min {ry(by),r2(b)},0(az) = min {h;(ay),0:(b)},
0(by) = min {0;(by),0(b)} forall b € V5 and (aq,b;) € Ej.

(IV) For all as, b2 € ‘/2, as 7é bg, (CLl, bl) S El
(Hey © pey)((ar, az), (br,b2)) = min{ra(az), r2(b2), Ri(a)} .
ei min{6f2(az2),02(b2),0(a)}

< min {ry(as), r2(bs), min {ry(ay),r1(by)}} .

Gi min{62(az2),02(b2),min{61(a1),01(b1)}}

= min {ry(as), ra(bs), 71 (ay), r1(by)} .e?min{02(a2).02(b2).01(a1) 01.(b1)}
= min {r(a), r(b)} .e?mn{0(a)6(0)}

where 7(a) = min {r(ay), r2(az)},r(b) = min {ry(by), r2(b2)}
Q(a) = min {01 (al), 02(&2)} y Q(b) = min {Ql(bl), 92(62)}

Hence G o G¢o is a CFG. [

Example 3.4. Consider the CFGs, G., = (0., , lic,)

where 0., = {21/0.4¢"7 25/0.6*"}; ., = {(21, 22)/0.4°"} and G., =
(Ocy, tey) Where 0o, = {23/0.5¢127 24/0.6e7} s 1o, = {(23,24)/0.5e7} .
Then the composition of G, and G, is given by G. = (0., ii.) where o, =
{2123/0.4€0™ 2124/0.4€™7 2525/0.5¢12T | 2924 /0.6 }

e = {(2123, 2124) /0.4€0T™ (2124, 2024) /0.4€705™ (2923, 2024) /0.5

(2123, 2223) /0.4€™°7 (2123, 2924) /0.4€"05™ (2124, 2923)/0.4057 }

Remark 3.3. The Composition of two strong CFG is need not be a strong CFG.
Definition 3.4. Let the two complex fuzzy graphs G., = (0¢,, ic,), and G, =
(Cey, ley) defined on two graphs Gy, = (Vi, Ey) and Gy = (Va, Ey) respectively.

Let G., be a pair of complex functions o., : Vi — r1(a)e®™@ ., : B C
Vi x Vi — Ry(e).e®) such that p.(a1,a;) = Ri(e)e’®(©) where R,(e) <
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min {ry(a1),r1(az2)}, ¢1(e) < min{0(a1),0i(a2)}. Also G, is a pair of com-
plex functions o, : Vo — r9(a)e’® @ ., : By C Vo x Vo — Ry(e).e'®2®)
such that ji.(ay, az) = Ry(e)e’®?® where Ry(e) < min {ry(ay), ma(az)}, da(e) <
min {92(&1), 92(&2)}.

Then the Cartesian product of two complex fuzzy graphs is defined as follows

(i) (0¢ X 0cy)(ar,a9) = min{ry(ay),ra(as)} emin{fr(ar),02(az2)} foray,a, €V

(i) (Hey X fiey)((a, a2), (a, b2)) = min {ri(a), Rz(a)
where Ry(a) < min{ry(as),ma(b2)}; d2(a) < {
Vi and (ag,by) € Ey

(iii) (pey X pey)((a1, @), (b1, @) = min {Ry(a), r2(a)
where Ri(a) < min{ri(ai),r1(b1)};¢2(a) < {
Vo and (ay,b1) € E4

} 6rn1n{91 ),¢2(a)}
Os(az), 02(by)} for all a €

} emin{6(a)02(a)
01(a1),01(by)} forall a €

Proposition 3.4. The cartesian product of two complex fuzzy graphs is also a
complex fuzzy graph.

Proof. Let G, and G, be two complex fuzzy graphs, then we prove that G.; x
G,y 1s a CFG.

() 0o, X 0o,(a1,as) = min {ri(ay), ro(ag)} .e?mntoilan02(e2))} g, qy € 1} x
V5. Tt is trivial, we have to verify the conditions only for £ x Ej

(i) (pte, X piey)((a, az), (a, b)) = min{ri(a), Ry(a)} .e'mnifr@).o2(@)}
< min {ry(a), min {rs(az), r2(by) } } et min{f1(a),min{2(az),02(b2)}}

= min {min {7 (a), r2(az2)}, min {ry(a), r2(b2)}} .

i min{min{61(a),02(a2)},min{1(a),62(b2) }}

= min {r(a,), (b))} .e?min{0(a1).0(b1)}

where (a;) = min {ry(a), r2(az)},r(b1) = min {ry(a), r2(b2)},
0(a1) = min {#;(a),05(az)},0(b1) = min{b;(a),O2(b2)}

forall a € V1, (as,be) € Ey

(iil) (fte, X fey)((ar, @), (b1, a)) = min {Ry(a), ry(a)} .e'mm{or(@) 620}
< min {min {r;(a;),r1(b1)},72(a)} .€ min{min{6: (a1),01(b1)},02(a)}
ar)

= min {min {7y (ay),r2(a)},min {ry(b1),r2)}} .
ei min{min{61 (a1),02(a)},min{6; (b1),02(a)}}

= min {r(ay), r(by)} .e?™in{0(a2).0(b2)}

where 7(ag) = min {ry(a1),r2(a)},7(bs) = min {r1(b1),r2(a)},
0(az) = min {0(ay),02(a)},0(by) = min{6,(by),02(a)}

forall a € V5, (ay,b) € Ey

Hence G.; x G,y is a CFG. [l
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Example 3.5. Let G, and G, be two complex fuzzy graphs.

0o, = {21/0.4™™ 2, /0.5 2} e = {(21, 22) /0.4

0e, = {23/0.5e07 2,/0.8¢"™, 25/0.4eTT,

fey = {(23,24)/0.4€""™ (24, 25) /0.4€"™ }. Then the cartesian product is given by
Oy X Oy = {2123/0.4¢07 2124/0.4€™, 2125 /0.4

2923/0.5€0 T 2524 /0.5 2025 /0.462" } 1o X pre, = {(2123, 2124)/0.4€707T
(2124, 2125)/0_4@1'”7 (2123, 2223)/0.46i0-77r7 (2223, 2224)/0'5€i0,77r7

(2224, 2225)/0.4€"™2™ (2124, 2224) /0.4€"™, (2125, 2025) /0.4€"2T }

‘ feilm ‘
21(0.4¢2m) o VAT 25(0.5¢12m)

Figure 5: G4

10.7m i
Z3(O.56i0'7ﬂ> .LL Z5(0.4€i1'7ﬂ)

24(0.8¢"™)
Figure 6: G,

(21, 23)(0 4610.77r) (21, 24).(.0'46”) (21, Z5)<0_4ei1.77r)
B 0.4 0.4e™
0.4e"7 0.4 0. 4eil27
i0.7r i
(29, 23)(0.5¢%0-Tm) 0.4e . | 0.4e |
(2’2, Z4)(O,5e”) (227 25)(0'46z1.27r)

Figure 7: G¢1 X Geo

Remark 3.4. Cartesian product of two strong CFG is also a strong CFG.

4 Conclusions

In this paper, we discussed about some operations on complex fuzzy graphs
such as union, intersection, composition and Cartesian product with examples.
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Complex fuzzy graph is an extension of a fuzzy graph. We are working to extend
the algorithms applied to complex fuzzy graphs are 1) Domination on complex
fuzzy graphs i1) Connectivity of complex fuzzy graphs and more operations on
Complex fuzzy graphs
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Positive labelled edges play a vital role in network analysis.The de-
gree of edges in signed graphs is introduced by giving importance to
positive edges incident on the end vertices of that edge. The concept
of Platt number of a graph, which is the sum of degrees of its edges, is
extended to signed graphs based on the degree defined. Bounds of de-
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1 Introduction

Graph Theory is a branch of Mathematics that is extensively used to math-
ematically model social science which is discussed in Harary and Norman [1953].
According to Cartwright and Harary, in the paper Cartwright and Harary [1956],
graphs can be used for representing relationships between persons whatever be
the nature of relationships. The social relationships between individuals in soci-
ety is not uniform. There may be a lot of variations in the type and intensity in the
relationships between individuals. Friendship, like etc. are examples of positive
relationships between two persons and enmity, indifference etc. are examples of
negative relationships between them. In Graph theory, positive labelled edges can
be used to represent the positive relationships and negative labelled edges can be
used to represent negative relationships. If there does not exist any kind of rela-
tionships between persons, it can be represented by non adjacent vertices. Such
graphs that are used to represent networks, especially in social science, are called
signed graphs by Harary et al. [1965]. From Acharya [1986], Zaslavsky [2012],
Anchuri and Magdon-Ismail [2012] and Tang et al. [2016] we can understand that
signed graphs are well studied in literature because of their easiness to represent
social systems in the real world.

A signed graph is a graph > (G, o) with underlying graph G(V, E') and sig-
nature function o : £ — {1,—1}. Degree of an edge in an unsigned graph is
the number of edges incident on the end vertices of that edge excluding it. De-
gree of an edge plays a vital role in networks such as communication networks,
transportation networks etc. as it indicates the influence of that edge(type of con-
nection) in that particular network. In Platt [1947] the concept of Platt number
is discussed and it is mainly intended to study molecular structures in Chemistry.
Several characterizations related to Platt number of various graphs representing
molecular structures are discussed in Belavadi and Mangam [2018]and Mahadevi
et al. [2018]. Here we study these concepts in signed graphs.

Information diffusion in social networks is widely studied in literature which
can be seen in Guille et al. [2013], Jalali et al. [2016] and Tselykh et al. [2020].
Various models also were proposed in literature to study information diffusion
and influence maximisation in social networks which was discussed in Rui et al.
[2018] and Li et al. [2019]. The motivation behind the study is that signed graphs
can be effectively used to represent social networks as depicted in Acharya [1985],
Gionis et al. [2020] and Sun et al. [2020]. Degree of an edge can be used to
interpret the strength of influence of that particular edge which represents the
specified relationship in the concerned network. Hence information diffusion is
possible through the edge with maximum degree. Platt number can also be used
to analyse the strength of connectedness of various networks.

In this paper, we extend the definition of degree of an edge and Platt number
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to signed graphs by giving more importance to positive labelled edges incident on
the end vertices of that edge. This is done because of the extensive importance of
positive edges in networks especially in social networks. Further, we find bounds
on degree of an edge and Platt number in signed graphs and certain classes of
signed graphs related to social networks. We then present some characerizations
on the Platt number of signed graphs. Finally we propose a model to analyse
networks based on degree of edges and Platt number.

2 Degree of an edge in a signed graph

In this section the definition of degree of an edge, discussed in Acharya
et al. [2009], is extended to signed graphs and also some of its characterizations
in signed graphs are investigated.

2.1 Definition

If xeV/, then positive degree of x is defined as the number of positive edges
incident at x and is denoted by d*(z) and negative degree of x is defined as the
number of negative edges incident at x and is denoted by d~ (). The degree of x
is denoted by d(z) and is given by d(z) = d*(z) +d~(z) in Acharya et al. [2009].

2.2 Definition(Degree of an edge)
Let Y (G, o) be a signed graph with underlying graph G(V, F) and signature

function 0 : £ — {1,—1}. Let xyeE where z,ycV. The degree of an edge is
defined as follows

ey

) dt (@) +dt(y) -1 ifo(xy) = +1
dley) = { dt(z) +d*(y) ifo(zy) =—1

2.3 Example

Consider the following signed graph.

93



Diviya K D and Anjaly Kishore

Signed graph

By the definition, d(zy) = 2, d(yz) = 1, d(zw) = 1, d(wz) = 1, d(zu) = 1
and d(uv) = 1.

2.4 Bounds on degree of an edge

Now, bounds on degree of an edge in certain classes of graphs are de-
termined. It is obvious that the lower bound of degree of an edge in any class of
graphs is 0. The upperbound of degree of an edge in certain classes of graphs are
given below

Class of graphs Upperbound of edge degree d(e)
P,-Path graph 3
C,-Cycle graph 3
W,,-Wheel graph n+1
K,,-Complete graph 2n —3
K, ,~Complete bipartite graph p+q—1
H,-Helm graph n+3
Sp-Sunflower graph n+4

Table 1: Upper Bound-Edge Degree

The following result is on the bounds of the degree of an edge in any signed
graph

Proposition 2.1. For a given signed graph > (G, o) with underlying graph G(V, E)
with ordern > 3,0 < d(e) <2n —3

Proof. Consider a connected signed graph > (G, o). By definition of degree of
an edge it is clear that d(e) > 0

In order to find the upperbound of degree of an edge consider an edge e = zy
where z and y are vertices of maximum degree i.e. n — 1 each and all edges on
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x and y are positive. In order to determine the maximum possible value of degree
of an edge we assume that e is labelled positive.

Nowd(e) =2(n—1)—1=2n—-3

Hence 0 < d(e) < 2n — 3 for any edge e in ) (G, o) O

3 Platt number of a signed graph

The concept of Platt number was discussed in Platt [1947] and it is defined
as the sum of degrees of edges of a graph as in Mahadevi et al. [2018]. Here we
extend the definition of Platt number to signed graphs.

Consider a signed graph > (G, o) where G(V, E) is the underlying graph and
o is the signature function. The Platt number of . is given by

FX) = Z d(xy) (2)

3.1 Example

Consider the graph given in example 2.3. Degree of edges are already calcu-
lated and its Platt number is given by
F(X) =d(zy) + d(yz) + d(zw) + d(wzx) + d(zu) + d(uwv) =7

4 Bounds on Platt number

In this section bounds on Platt number of certain graph classes are pro-
posed. From the defintion of Platt number itself it is clear that its lowerbound
is 0 and is attained in the graph in which all edges are labelled negative. The
upperbound of Platt number of certain graph classes are given below.

Class of graphs Upperbound of Platt number
P,-Path graph 3n — 5
C,-Cycle graph 3n
W,,-Wheel graph (n—1)(n+06)
K,,-Complete graph w
K, ,~Complete bipartite graph pq(p+q—1)
H,,-Helm graph n? + 14n
S,,-Sunflower graph(n > 5) n? + 25n

Table 2: Upperbound-Platt number
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Theorem 4.1. In a connected signed graph (G, o) with underlying graph G(V, E)
and ordern > 2, 0 < F(X) < w

Proof. For any signed graph > (G, o), F(¥X) > 0 since d(e) > 0 for any edge e
in 2.

Upperbound of the degree of an edge in a signed graph is 2n — 3 and the
maximum number of edges in a signed graph of order n is @ So consider
the maximum possible case which is the signed graph with maximum number of
edges for a given order n and with all edges are labelled positive. Here Platt num-
ber is w
Hence for any signed graph > (G, o)

n(n —1)(2n — 3)

0< F(3) < A

O

Remark 4.1. In the above theorem, the upper bound is attained by the complete
graph with all edges labelled positive.

Theorem 4.2. For a connected signed graph > (G, o) of size m > 2,
0< F(X) <m?
In particular if all edges are signed positive, then 3m — 2 < F(X) < m?

Proof. Tt is obvious that F'(X) > 0 for any connected signed graph Y. Now for
a connected graph of given size m > 2, Platt number takes its maximum value
in the case of a signed graph in which all edges are labelled positive and each
edge takes its maximum degree which is m. In this case F'(3) = m? Hence
0 < F(X) < m? for any connected signed graph > of size m > 2

In the case of a connected signed graph with all edges are labelled positive
and size m > 2, degree of an edge takes its least value 2 which is by the edges
of pendant vertices and for all other m — 2 edges the least value is 3. In this case
Platt number is 3m — 2.
Hence 3m — 2 < F(X) < m? for a connected signed graph of order m > 2 with
all edges labelled positive. [

Remark 4.2. In the above theorem,the upper bound is attained by the graph
K -1 with all edges labelled positive and lower bound is attained by the path
graph P,, with all edges labelled positive.

Theorem 4.3. For a signed tree T,, of order n > 3, 0 < F(T},)
particular if all edges are labelled positive, then 3n — 5 < F(T,,)

1)% In
1)%

(n
(n

<
<
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Proof. For a given signed tree on n vertces , the maximum degree for an edge is
n — 1 which is attained when all edges are labelled positive and the maximum
number of edges is n — 1. In this case the Platt number is maximum and is given
by (n —1)% Hence 0 < F(T,,) < (n — 1)? for any signed tree T}, of order n > 3.

When all edges are labelled positive, the minimum value of degree of an
edge in a tree is 2 and as in the above theorem it is taken by edges incident on
pendant vertices and for all other n — 3 edges, the minimum value is 3. In this
case Platt number is given by F'(T;,) = 3n—5. Hence 3n—5 < F(T,,) < (n—1)?
for any signed tree with all edges labelled positive. 0

Remark 4.3. In the above theorem also, when all edges are labelled positive the

upper bound is attained by the tree K, ,,_1 and lower bound is attained by the tree
P,.

5 Network analysis model using degree of edges and
Platt number

o +1 -1 0 +1 -1 0 +1 0 +1
+1 0 +1 -1 0 +1 0 -1 +1 +1
-1 +1 0 +1 +1 +1 -1 +1 +1 O
o -1 41 0 +1 0 +1 -1 41 +1
+ 0 +1 +41 0 +1 0 0 +1 0
-1 +1 +1 0 +1 0 +1 -1 0 +1
o 0 -1 +41 0 +1 0 -1 +1 0
+1 -1 41 -1 0 -1 -1 0 -1 -1
o +1 41 +41 +1 0 +1 -1 0 +1
+ +1 0 +1 0 +1 0 +1 +1 0

First we calculate degree of edges in order to analyse the network as degree of
an edge can be considered as a measure of the influence of that particular relation-
ship in the given network. Degree of edges are given in the following table. Note
that, since d(zy) = d(yz) we have filled the upper triangular part of the table.

As we have mentioned in the introductory part of this paper, degree of an edge
can be used to analyse social networks since degree of an edge indicates the in-
fluence of that particular relationship in the corresponding network. Information
diffusion in social networks is possible at its maximum through the edges, which
represent relationships, with maximum influence. So information diffusion is fast
through the edge with maximum degree. In this section we propose a model to
analyse a network and to find the most influential relationship in that network
through an example. Consider a classroom consisting of ten students. Suppose a
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Up | V2 | Ug | Vg | Us | Ug | U7 | Ug | Vg | V10
U1 8 | 10 819 6 8
Vg 10 | 10 9 8 [10| 9
U3 1010710 9 |9 |11
() 9 717110 9
Vs 9 10
Vg 718 9
U7 5) 8
() 8 7
Vg 10
V10

Table 3: Degree of edges of the network

teacher needs to identify the most influential student or relationship in the class
in order to implement new methods of teaching effectively in the class. First we
model that class using signed graphs. Edges with signature function o(e) = +1
represent the friendship between students and those with o(e) = —1 represent the
indifference between them and vertices without edges between them shows that
there is neither a friendship nor an indifference between them.

Consider the following adjacency matrix of that particular signed graph which
represents the above mentioned network of the class room.

From the above table it is clear that edge with maximum degree is v3vg and is
11. Hence we can conclude that the most influential relationship in this network
is between vs and vg. So in order to make communications in that class more
effective and fast or to implement new strategies effectively by the teacher it is
more desirable to communicate it with either v or vg.

Platt number of this graph is 287. We can compare different networks using
this Platt number as Platt number indicates the intensity of the connectedness
between individuals of that particular network. Moreover, by assigning degree of
edges to corresponding edges, signed graphs can be converted to weighted graphs
in which weight indicates the intensity of relationships between individuals.

6 Conclusions

In this paper the definition of degree of an edge and Platt number is extended
to signed graphs. Some characterizations of degree of an edge and Platt number
are proposed. A model to analyse networks based on the degree of edges and Platt
number is also proposed. Futher we intend to study Platt number in signed graphs
by applying certain graph operations which are relevant in social networks. We
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also intend to study networks by converting the corresponding signed graphs in to
weighted graphs.
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Algebraic coding theory using Pell equation
2 —8y* =1

Janaki G*
Gowri Shankari Af

Abstract

An interdisciplinary field with significant practical use is cryptogra-
phy. The difficulty of specific mathematical computing tasks affects
a public key cryptosystem’s security. The technique for coding and
decoding the messages was described in this work, utilising the so-
lutions of Pell equation 22 — 8y? = 1 and matrix Q% . It was noted
that messages can be turned into an even size that is then divided
into slabs. Considering the information security has become a more
serious issue in recent years, coding and decoding algorithms are es-
sential in order to improve information security. In this article, a new
matrix Q8* and a decryption system based on the solutions of the Pell
Equation 2% — 8y? = 1 are devised. The messages can be divided into
even-sized slabs during encryption. This algorithm will not only im-
prove information security but also has a high degree of accuracy.
Keywords: Pell equation; Encryption-decryption algorithm; Q%" ma-
trix; Cryptography
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1 Introduction

Currently, almost all current coding methods can be supported by number the-
ory Carmichael [1950], Disckson [1952], Trappe and Washington [2006]. Samuel
E.B. Morse, an American inventor, developed the first coding technique that used
just two symbols—a dot and a comma—to transmit the first cypher message in
1844 through an electric telegraph. He called it Morse code. Later, binary code
encoding improved as a more secure method for encrypting messages, and it is
still in use today Saranya and Janaki [2019], Janaki and Saranya [2020]. Binary
code encoding divides each coded word into blocks of ones and zeros. The twen-
tieth century saw important advancements in coding. It is common knowledge
that the Fibonacci sequences are defined as F'n + 1 = F'n + Fn — 1 with the
initial parameters FO=0and F1=1. The definition of the Fibonacci Q-matrix is
Q) = [(11@10)], and its nth power is of the form Carmichael [1950], Disckson
[1952], Trappe and Washington [2006]. Several approaches were used to study
the Fibonacci coding principle. For instance, utilising the key variability notion
in symmetric key algorithm and the Fibonacci Q-matrix, a novel method for safe
information transmission through communication channels was developed. By
using blocking matrices and Fibonacci numbers, a new cryptography algorithm
was recently described in Berges [1981], Gould [1981]. Using the help of the Pell
equation’s solutions 228y? = 1 that were found in Tas et al. [2018], Sumeyra et al.
[2019] and the new matrix Q8%*, we present new coding and decoding algorithms
in this work. Also, this method’s fundamental principle hinges on subdividing the
message into a 2x2 slab matrix. The security of information will be improved by
using this technology, which also has a high degree of accuracy in data transmis-
sion via communication channels Saranya and Janaki [2019], Janaki and Saranya
[2020].

The connection of recurrence for the Pell equation 22 — 8% = 1 is

Tnt1 = an + Syn
Yn+1 = T + Syn

Forn > 1, where z; = 3,y = 1.
It is noted that Q%" = (Ij 8Y; >

Yi i
The primary concept is to turn the messages into order 2 x 2 block matrices. The
number of blocks and letter positions must be determined based on this. Then
encrypted matrix P is obtained and Q®" utilized for decryption.
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2 Main results

2.1 Representations:

1. G— a message-to-be-sent matrix constituted by an even order.
2. G; — j™ block of G whose size is 2.
3. g— Number of slabs G; of G.

3if g>3
4. m = )
gif g>3

5. Dj - |G]|

6. (. — (gjl 9j2)
¢ gj3  gja

7. P— encrypted matrix defined by P = (dj g]'k)

ke{1,2,4}
8. g\m _ (d11 412
(Q ) (Q21 422
9. x— denotes the space between the words.
2.2 Assignment of alphabets:
A B C D E F G H I
m m+l | m+2 | m+3 | m+4 | m+5 | m+6 | m+7 | m+8
J K L M N O p Q R
m+9 | m+10 | m+11 | m+12 | m+13 | m+14 | m+15 | m+16 | m+17
S T U v W X Y Z *
m+18 | m+19 | m+20 | m+21 | m+22 | m+23 | m+24 | m+25 | m-1

2.3 Algorithm for encryption:

1. Create an even order matrix G for the provided message.
2. Separate G} into slabs of size 2 and calculate g.

3. Selecting m using g.
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4. Replace the alphabets with the provided numbers to get the elements of G.

6. Create P.

2.4 Algorithm for decryption:

Using P, one must find GG. The goal is to locate g;3 as P contains g;1, gj2, gja-
1. Identify (Q%")™

2. Identify its constituents as g;;’s.

3. Explore pj1 = q119j1 + q219j2

4. Explore pjo = qi2gj1 + G229;2

5. Solve D; = pj1(qi28; + q22954) — Pj2(q115; + q219;4) for s;.

Replace s; = g;3

S

Establish G

8. Establish G

2.5 Encryption decryption algorithm using (z,y) such that
22— 8y’ =1

The following are a few Pell equation 2> — 8y? = 1 solutions:

J (1] 23] 47 5 6 7 8
z; | 3] 1799|577 | 3363 | 19601 | 114243 | 665857
y; | 1| 6 |35 [204 | 1189 | 6930 | 40391 | 235416

Case (i): g=1

Example: 1 Take “ARMY” as the encrypted message.

o~ (4 1

Encryption:
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Here there is only one block so g = 1.

This implies m = 3.

Thus G1 = (135 gg) and so gi1 — 3,g12 = 20,913 = 15,914 = 27.

. Dy = —219

P=(-219 3 20 27)

Ys T3 35 99

= q11 = 99, q12 = 280, g21 = 35, g22 = 99.

Decryption:

Apply p;1 and pjo, one can get py; = 997 and pio = 2820.

Dy = p11(qu2s1 + q22914) — pr2(q1151 + ¢21914)
—219 = 997(28081 + 2673) — 2820(9981 + 945)
=51 =15

Thus giz3 = S1 = 15.

3 20
oG = (15 27) from P

MY
Case (ii): g=4

Hence G = (A R).

Example: 2 Take “AMOUNT RECEIVED” as the encrypted message.

Encryption:

G:

===
QN

SICE RS
* o~ S

Here there are four blocks so g = 4.

A M 0 U E C E I
'“Gl:(N T)’GF(* R)’G3:(V E)’G4:(D *)
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Thus G| = (

4 16
17 23)°
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-

—180 4 216 23

18 24
3 21

)7G3:

8 6 8 12
(25 8)’G4:(7 3)

Hence D) = —180, Dy = 306, Dy = —86, Dy = —60

p_ 306 18 24 21
1 -8 8 6 8
—-60 8 12 3
Decryption:
\wya wmg ) \204 577
= q11 = D77, q12 = 1632, q21 = 204, gog = HT7.
.". One can find,
P11 P12 P21 P22 P31 P32 Pa P42
5572 | 15760 | 15282 | 43224 | 5840 | 16518 | 7064 | 19980
On solving the equation
Dj = pji(qi28j + q22951) — pj2(q118; + ¢219ja),
one can get 51 = 17,59 = 3,83 = 25,54 = 7.
Thus g13 =1 = 17,903 = 82 = 3,933 =53 =25, qu3 = 54 = 7.
Thus,
4 16 18 24 8 6 8 12
G = <17 23) Ga = (3 21) G = (25 8> Ga= (7 3) from .
Hence
A M O U
N T x R
G = E C FE 1
V.iiE D =«
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3 Conclusions

The paper identifies a few particular cryptographic applications that can be
utilised to demonstrate and comprehend the fundamental idea of the Fibonacci Q
matrix. Fibonacci, often spelled Bonacci, Leonard of Pisa, or Leonardo Bigollo
Pisano, was an Italian mathematician who was born in the Republic of Pisa. He is
regarded as “the most talented Western mathematician of the Middle Ages” and
had a significant impact on number theory. Moreover, Pell’s equation refers to
any Diophantine equation of the type 2> — 8y? = 1, where n is a given positive
non-square integer and integer solutions are sought for x and y.

In this work, using the solutions of the Pell equationz? — 8y* = 1 and Q7" is
defined. This contributes to the decryption algorithm. In encryption, the message
must first be transformed into an even single matrix, then into slabs of size 2.
The fact that the entries Q" get bigger and bigger depends on the strict secrecy.
One may search the decryption algorithm for the solutions of other well-known
equations with the new matrix QP". On the basis of this scheme various more
algorithms can be developed.
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Bounds on fuzzy dominator chromatic
number of fuzzy soft bipartite graphs
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Abstract

An FSG G%(T,V) fuzzy’s soft dominator colouring (FSDC) is a suit-
able Fuzzy Soft Colouring (FSC) where every node of a colour group
is dominated by a vertex of GS(T,V). In the current work, we charac-
terize the sharp bounds for the Fuzzy Dominator Chromatic Number
(FDCN) of fuzzy soft bipartite graphs and we present limits on the
FDCN of fuzzy soft bipartite graph in terms of the v¢(G°(T,V)).
Furthermore, we classify fuzzy soft bipartite graphs into three classes
based on FDCN.

Keywords:Fuzzy Soft Bipartite Graph, Fuzzy dominator chromatic
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1 Introduction

Fuzzy soft graphs are a useful mathematical tool for simulating the ambigu-
ity of the actual world in view of parameters. Fuzzy soft graphs, which are of-
ten utilised in many different disciplines, including decision-making issues, com-
bine fuzzy soft sets and the graph model. Scheduling problems are just one of
many practical issues involving the allocation of scarce resources for which graph
colouring is used as a model. Graph colouring also has an important place in
discrete mathematics and combinatorial optimization.

To address ambiguous issues in the fields of engineering, social science, eco-
nomics, medical research, and environment, Molodstov [1999] created the idea of
soft set theory. Fuzzy soft sets, a blend of a fuzzy set and a soft set, were first
introduced by P.K. Maji and Biswas [2001]. Thumkara and George introduced
the idea of a soft graph in 2014. Rosenfeld first proposed the idea of fuzzy graph
theory in 1975. Fuzzy soft graphs were independently introduced in 2015 by Mo-
hinta and Samanta as well. Akram and Nawaz [2015] presented fuzzy soft graphs
and examined their operations as well as several other graph theoretical ideas.

Domination is a fast growing area of graph theory study, and the numerous
ways it is used to networks, distributed computers, social networks, and online
graphs helps to explain why there is more interest in this subject. The dominator
colouring problem in graphs was first described by Gera [2007]. An appropriate
colouring of a graph G with the extra characteristic that each vertex in the graph
dominates an entire class is known as a dominator colouring of G. The smallest
number of colour classes in a graph’s dominator colouring is known as the dom-
inator chromatic number. We want to reduce the number of colour categories. In
2007,Gera [2007] explored the dominator chromatic number for the hypercube
and more broadly for bipartite graphs. He also presented dominator colorings in
bipartite graphs. Chellali and Maffary [2012] studied dominator colorings in some
classes of graphs.

The idea of fuzzy dominator colouring in fuzzy graphs was created by Hussain
and Fathima [2015]. They investigated the fuzzy dominator chromatic number for
a number of fuzzy graphs and explored its boundaries. The FDCN of bipartite,
middle, and subdivision fuzzy graphs was created by Hussain and Fathima [2015],
and established its limits. Domination in fuzzy soft graphs was the subject of study
done by Hussain and Hussain [2017].

Fuzzy dominator coloring applied to fuzzy soft graph yields fuzzy soft dom-
inator coloring which concentrates on minimizing the number of color classes of
FSG. A Soft, Fuzzy Dominator FSG’s colouring should be done in such a way that
every node of a colour group is dominated by a vertex of G*(T', V). The proposed
method concentrates on strength of connectedness, strong arc and strong neighbor
of fuzzy soft bipartite graph in view of parameters from the existing method.
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Bounds on fuzzy dominator chromatic number of fuzzy soft bipartite graphs

In this paper, we introduced Bounds of Fuzzy Soft Bipartite Graphs with
Fuzzy Dominator Chromatic Number.

2 Preliminaries

Definition 2.1. Let R be a parameter set and T is a subset of R, Let V = {x1, x2, T3, -
-, xp } is a non-empty set. As well

(i) a: T — F(V) (V’s collection of all fuzzy subsets)
e 1 afe) = a.(say)

a. - V—[0,1]

(T,«) : Fuzzy Soft Vertex

(ii) B: T — F(Vx V) (Vx V’s collection of all fuzzy subsets)

e 4 p(e) = P (say)

Be s Vx V—10,1]

(T./3) : Fuzzy Soft Edge

followed by (T,a),(T, 8)) iff Be(z,y) < ac(z) A ae(y) for all e in T and this FSGs
are written by G° (T, V), it is referred to as a Fuzzy Soft Graph (FSG).
Additionally, a FSG is a parametrized family unit of fuzzy graphs.

Definition 2.2. A Path is intended to be a set of different points x1, 2o, - x, in
an FSG such that for all e in T and B, (x;_1, x;) > 0, foralli =1 to n.

Definition 2.3. If an FSG G°(T, V) contains more than I smallest arc,V e € T
it is referred to as a Fuzzy Soft Cycle.

Definition 2.4. A FSG G*(T,V) is supposed to be a fuzzy soft bipartite if the
node set V can be divided into 2 non-empty sets V° and Vy such that Vf and Vy

are fuzzy independent sets. These sets are called fuzzy bipartition of 'V, thus each
efficient arc of FSG has one end in V| and other end in Vi, ¥ e € T.

Definition 2.5. A fuzzy soft bipartite graph is Complete if for an individual node
V¢, each single node of Vi’ is an efficient neighbour, e € T

3 Fuzzy soft graphs with fuzzy dominator colouring

Definition 3.1. If 5.(x,y) = 5° (x,y), e € T iff the arc (x,y) in FSG is said to be a
strong arc, where 3° (x,y), e € T' is the maximum strength of all pathways among
x and y.

Definition 3.2. A Soft, Fuzzy Dominator a FSG’s colouring should be done in
such a way that every node of a colour group is dominated by a vertex of G*(T,V).
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Definition 3.3. In a FSDC of FSG, an FDCN is the least number of colour groups,
and it is denoted as X, (G3(T,V)),ecT

4 Bounds on fuzzy soft bipartite graphs with fuzzy
dominator chromatic number

Theorem 4.1. Let G°(T,V) be a connected fuzzy soft bipartite graph. Soon after
2< chd(GS(T, V)) < |5]+1, e € T and these limits are precise.

Proof. Take into account a connected fuzzy soft bipartite graph G°(T,V). Ev-

ery acceptable fuzzy soft colour must also be present in every fuzzy soft dominator
colour, X;(GS(T, V')) =2, Hussain and Farhana [2020], as a result chd(GS(T, V)
>2,ecT.
To acquire the upper bound, let V¢ and Vi be the 2 bipartite sets of G*(T,V) with
the condition |V?| < |Vi|. After that, allocate colours 1,2,...,|Vf| to the nodes of
Vi and colour |V| +1 to the nodes of Vy, is a least FSDC. Hence x§,(G*(T,V))
< |Vf| + Lsince |Vy| < | 5], which implies chd(GS(T, V)< |5]+1,ecTO

Definition 4.1. Consider a FSG G°(T,V) with n nodes. Connect each node of
GS(T,V) onto any one of the n isolated nodes, where n is the total number of nodes
in the FSG.The resultant graph is called Corona of G°(T,V) and is symbolized as
Cor(G®(T,V))= ((T,a1),(T, p1))where
af(u) = a.(u)u €V, ecT and
ae(u) = af(u)e (0,1], if u is isolated, ecT.
Bi(uv)= Be(u,v)€ E, ecT and

f(uv)=af(u) N\ ae(v), ifu € Vandv is isolated, ecT.

Remark:
1. Obviously Cor(G*(T,V)) is a FSG if G%(T,V) be a FSG.
2. If G5(T,V) has 'n’ nodes and ’e’ edges then Cor(G°(T,V)) has 2n nodes and
e+n edges.
3. Cor(G°(T,V)) has k+n strong arcs if the no. of strong nodes in G°(T,V) is 'k .
Now we discuss about the sharpness of lower bound and upper bound of Theo-
rem:4.1. Since the lower bound is sharp, it may be inferred that the entire fuzzy
soft bipartite graph’s FDCN is 2. The subsequent theorem proves the sharpness of
the upper bound.

Theorem 4.2. Having a 'n’-node fuzzy soft path G°(T,V) and n’ is the number of
nodes in cor(G®(T,V')). Then x5 ,(cor(G*(T,V)) = L%/J +1,ecT.

Proof. Consider a fuzzy soft path having vy,vs,...,v,, as nodes. Noticeably
G*(T,V) is a fuzzy soft bipartite graph, Hussain and Farhana [2020] and so
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Cor(G*(T,V)) is also a fuzzy soft bipartite graph. This implies every arc is a
strong arc in Cor(G*(T,V')). The number of nodes in G°(T,V) is n, then n’ = 2n
nodes in Cor(G*(T,V)).

At this instant, we have to colour the nodes of Cor(G*(T,V)). To obtain the
least fuzzy soft dominator colouring, every node in minimum dominating set be
full of distinctive colour. The nodes in G*(T,V)is strong adjoining to just one
node of Cor(G*(T,V)). This implies that every node of G*(T,V) is in a mini-
mum dominating set. Therefore v¢(Cor(G*(T,V)))=n, e€T.

Color 1,2,....n is distributed to the nodes of G°(T,V), and colour n + 1 is dis-
tributed to the left over nodes. This is the least FSDC of Cor(G*(T,V')). Hence
we prove x5,(Cor(G5(T,V))) = L%jﬂ, e € T which is the upper bound and it
is sharp.O
Now we prove that the values in the middle of 2 and L%’J + 1 can be achieved as
the FDCN of some fuzzy soft bipartite graphs of order n.

Theorem 4.3. Let k be an integer with 2 < k < |3 |+1, If so, a connected fuzzy
soft bipartite graph G°(T,V) with n- nodes and its FDCN is k.

Proof. Consider a fuzzy soft path P =((T,o;),(T,31)) with k > 2 nodes and it
is assumed as v1,vs,...05. Now put up a FSG from fuzzy soft path by extending k
nodes u;,us,...,uy, in order that u;v; € E,(1<i<k) and by adding n-2k nodes z; to
v (1<j<n-2k). We have n-2k > 1 and k >2, it follows that n >5, where
af(vy) =af(v;),e €T
Be(u,v) = B{(u,v), (u,v)e E,e €T
Be(uiv)= ae(u;) A ae(v)), forevery i, e € T.
Be(Vg, )= (Vi) A ae(x;), for every j,e € T.

Clearly, G*(T,V) is a fuzzy soft tree because there are no fuzzy soft cycles of
odd length, implying that it is a fuzzy soft bipartite graph, Hussain and Farhana
[2020]. At the moment, the sets {vy, v, ..., vx} and {uq, ug, ...ux_1, vy } have the
lowest dominance. As a result,y*(G*(T,V)) =k, e € T.

Since v¢(G*(T,V)) = k, we require no less than k distinctive colours for least
FSDC. Allocate colours 1,2,....k to v1,vs,...,u; respectively and k+1 more colour
O U, Uyeees Uy Ty T2yeensTm—ok. SO each node has k+1 colours offered in G°(T,V)
dominate no less than one colour group. At last, the colouring is least FSDC.

Alternatively, we allocate k unique colours to the nodes of the set
{uy,ug, ...ux_1, vy} then we have a FSDC of "k’ colours, since we can colour the
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remaining nodes using k colours. Thus x5,(G°(T,V)) =k e € T.O
We have a necessary condition for the upper bound.

Theorem 4.4. Define G°(T,V) a soft fuzzy bipartite graph with double-edged
(U,V). Following this, corona of G°(T,V) is a fuzzy soft bipartite graph whose
XGq S LWJ +1, e T where |cor(G°(T,V))| is the number of nodes in
cor(G(T,V)).

Proof. Assume a soft fuzzy bipartite graph with bipartition (U,V) and |U| +
|V'| = number of nodes in G°(T,V). Label G*(T,V)’ be the corona of G*(T,V).
Undoubtedly G*(T,V)’ is a fuzzy soft bipartite graph.

The points of soft fuzzy bipartite graph allocated with colours 1,2,...|V'| and
1+|V| to the left behind nodes, which is a FSDC of G*(T,V)’. Seeing as each node
of G°(T,V) dominate itself and the left over nodes dominates its nearest nodes.
This colouring is a least FSDC. This implies that each node in minimum dominat-
ing set gets an exclusive colour. Hence x%,(cor(G*(T,V))) = ijﬂ,
ec T.

5 Bounds on fuzzy dominator chromatic number in
terms of domination number

Theorem 5.1. Define a soft fuzzy bipartite graph GS(T,V). In that case v¢(G*(T,V))
< X5a(GA(T, V) 2+ 9°(GH(TY)), ec T.

Proof. Allow G°(T,V) to be a soft fuzzy bipartite graph and c to be the least
FESDC with colours 1,2,...,x5,(G*(T,V)). For every colour group of G*(T,V),
allow a,, be a point in the colour group n having 1 < n < chd(GS (T,V)),ee T.
We have to prove that S = {a,,:1 <n < x5,(G*(T,V)), e€ T’} is a dominating set.

By the definition of FSDC, all nodes of G*°(T,V) will dominate all nodes of
some colour class. Since S contains a node of each colour group, each node of
GS(T,V) dominate some node in S. As a result, S is a fuzzy dominating set, and
every least FSDC of G°(T,V) yields a fuzzy dominating set of G*(T,V). Hence
Y(GH(TV)) < x54(GP(T,V)), e T.

We must now validate the upper bound. Because the FCN of fuzzy soft bipar-
tite graph is 2, Hussain and Farhana [2020], we can colour the nodes of GS(T,V)
using 2 colours 1 and 2. Allot colours 3,4,...7°(G*(T,V))+2 to the nodes of S and
offer colours 1 and 2 to the lasting nodes of G*°(T,V) such that 2 strong adjoining
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nodes be given dissimilar colours. This colouring fall out in fuzzy soft dominator
colouring since it is an appropriate fuzzy soft colouring and each node in G*(T,V)
dominate all nodes of at least one colour group. Hence chd(GS (T,V)) <2+7°
(G5(T,V)), ec T.0

Observation:
Fuzzy Soft Bipartite Graphs G°(T,V) on the basis of the limits, may be divided
into three categories on x§,(G*(T,V)).
1. G5(T,V) is of CLASS 0 if chd(GS(T V) =v4G5(T,V)), ec T.
2. G5(T,V) is of CLASS 1 if xjcd(GS(T, V) =4G5(T,V)) + 1,ec T.
3. G%(T,V) is of CLASS 2 if X;id(GS(T V) =v4G5(T,V)) +2,ec T.

Example:CLASS 0
Consider a fuzzy soft path of k > 2 nodes. Now form a FSG as in Theorem:4.3.
Then FSG is of CLASS 0.
Example:CLASS 1
Consider a complete fuzzy soft bipartite graph K;,,. The FDCN of K4,, is two
and its Y¢(G°(T,V)) is one, therefore chd(GS(T, V)) = v4(G°(T,V)) + 1. Hence
G5(T,V) is of CLASS 1.
Example:CLASS 2
The fuzzy soft cycle of length n> 5 has FSDC [%]+2 and its v*(G°(T,V)) is [ %],
therefore X?d(GS (T,V)) =~v4G*(T,V)) + 2. Hence G°(T,V) is of CLASS 2.

6 Conclusions

In this work, we characterized the bounds on FDCN of fuzzy soft bipartite
graphs and also presented bounds in respect of v¢(G°(T,V)). Additionally, based
on the fuzzy dominator chromatic number (FDCN) that was found, the fuzzy soft
bipartite graphs are divided into three categories as fuzzy soft path in CLASS 0,
complete fuzzy soft bipartite graph in CLASS 1 and fuzzy soft cycle in CLASS 2.
We suggest this study on a few distinct classes of fuzzy soft graphs.
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In this paper, it has been proposed to use Pythagorean fuzzy sets
(PES), is an extensionof fuzzy sets (FSs), to address uncertainty in
practical decision— making problems. Then the Shortest Path Prob-
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1 Introduction

The pair of sets (V, E) that make up a graph are V, which represents the set of
vertices, and E, which represents the set of edges that connect the pair of vertices.
Numerous domains, including computer, social and natural research, among oth-
ers, use graph theory. Any mathematical, scientific, or engineering problem can
be represented as a graph. Leonard Euler first introduced the idea of graph theory
in the year 1736. In order to address the issue of the seven Konigsberge bridges
constructed across the Pregel River of Prussia, he produced the first graph. The
key factor contributing to graph theory’s explosive growth is its application across
a variety of disciplines. Even though graphs can be used to simulate events that
happen in real-world problems, graph theory became interesting. Graphs are use-
ful for studying these issues.

In the graphs are a very crucial model for networks. The SPPs are very useful
and are used in various areas, applications for the road network, transportation,
communication channel routing, and scheduling issues are a few examples. The
weights of the edges in the basic network issue are taken to be actual numbers.
After all, in most constructive applications, the bounds are generally not precise.
Therefore, they can be considered fuzzy numbers (FN) in the real world.

Zadeh, 1965 extracted the idea of a Fuzzy Set (FS) as a way to identify un-
certainty in 1965. As a generalisation of FSs, Zadeh introduced the idea of I - V
fuzzy sets (I-VES). Intuitionistic fuzzy sets (IFS), which Atanassov [1986] sug-
gested in 1986, look more exactly at uncertainty dimension and give the chance to
precisely model the issue based on the available data and consideration I-VFS was
introduced three years later by Atanassov and Gargov [1989]. Then the definition
of an I-V fuzzy graph (FG) was given by Kumar et al. [2009]. On Intuitionistic
fuzzy graph (IFGs), Mohamed and Ali [2018] defined several new applications.
Dubois and Prade [1980] were the first to investigate the SPP in an ambiguous and
unreliable surroundings. They claim that while the length of the shortest way may
be determined, the network may not contain a path that corresponds to it. Numer-
ous academics have looked into the SPP in literature, each in a different way. Lin
and Chen proposed the Fuzzy SP length in a network created using fuzzy linear
programming. Furthermore, Yao and Lin [2003] created two distinct fuzzy SP net-
work challenges, the first of which makes use of triangular fuzzy integers. Okada
[2004] proposed an algorithm to complete the degree of incident for each arc in
the network and introduce the similarity index among the sums of Fuzzy numbers
(FN) by taking into consideration interactivity with FNs. Kumar and Kaur [2011]
suggested one such approach for locating the SP in a network flow with imprecise
arc lengths. A based on model the idea of dynamic scripting was presented by
Karunambigai et al. [2007]et al. to locate the SP in IFGs. Additionally, Gani and
Jabarulla [2010] created a technique for finding the IFSP in a network.
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To handle the complex, imprecise, and ambiguity in challenges with effective
decision-making, Yager [2014] introduced the concept of the PFSs, as a generali-
sation of the IFS. The key feature of the PF model is that it relaxes the action that
the sum of its mem-ship degree and non-mem-ship degreei.e., (0.54+0.4 < 1) with
the squar sum of its mem-ship and non-mem-ship degree i.e., (0.6* + 0.72 < 1).
Following Yager [2013] invention of the PFS, Xu and Zhang [2014] granted the
mathematical form of the PFS as well as the concept of the PEN. Then the idea
of a PFGs was proposed by Naz et al. [2013]. As a generalisation of PFSs, pre-
sented the idea of I-VPF sets Xindong and Young [2016]. The idea of an I-VPFG
was suggested by Mohamed and Ali [2018]. In order to accomplish this, we first
offer a mathematical formulation for SP issues where contradiction costs of arcs
are expressed in terms of I-VPF numbers. Then, in order to construct a solution
algorithm, we present the optimality in I-VPF networks. To compare the costs of
several pathways, whose arc are expressed by I-VPF numbers, an improved score
function (SF) is employed.

In this study, we present a novel method for finding the SP using I-VPFSs.
Using the suggested approach, a decision maker can determine the SP and the SD
between each node and the SN. The following is how the study is structured. Sec
2 goes over some fundamental ideas such as I-VTPENSs, arithmetic operations,
and RFs. In sec 3, a algorithm for determining the SP and the SD in an I-VPFG is
proposed. Sec 4 contains an example of determining the SP and SD between the
SN and the DNs. The final section includes some closing remarks.

2 Preface

This chapter discusses some fundamental ideas, operations in mathematics,
and rank order functions for I-VTPFNs are covered.

Definition 2.1. (I-VPFS)Xindong and Young [2016]

An I-VPES A3, in the global set Z’ is defined by

Ap = (2,5 (1), Az (@) rx € Z

N

where jiz = [fiz, (). fix, (2)] € [0.1] and Az, = [AL (). A5, (m)]

2 . 2
[0, 1] are interval numbers satisfied as 0 < l,aglw (:c)} + [)‘E,;U (x)] < 1 for

separate element « € Z . For each I-VPFS A pandr € X ',

5, (0 = [Ty, @) @)

L

V=l o = B = [, ] =P, ] |
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is called the hesitancy interval of x to ﬁﬁ. For an I-VPFS A}s is defined the

pair <[[Lg}3 (x) g, (93)} > : < [5\;}5 (x), X;}w (x)D is called an I-VPFEN is
L L

denoted by A5 = < [[LgﬁL ) [Lg};U] > , < [)\g~ , )\gﬁv] >

5
Definition 2.2:- (Interval - valued Pythangorean fuzzy graph)Mohamed and Ali
[2018]

An I-VPFG with the underneath set v” is defined as a pair of G' = (P, Q)
where,

(i) In the functions i3 : v" — [0,1] and A5 : v — [0, 1] express the
degree of membership and nonmembership element of the 2’ € v”,

respectively, such that 0 < jis (z') + A5 (2/) < 1, Vo' € 0",

(ii) In the functions jig : E' C 0" xv" = [0,1], A5 : B/ Cv" x 0" —[0,1]
1s,

such that, )
0< i3, ((¢',9) + A% ((#',9) <1, ¥ (2!, ) € B,

e

e two I-VPTFNSs,

Definition 2.3 Kumar et al. [2015]

Let A5 = (@1, @3, @) |z, /i,
Py P

U
B = (5,65 ([, ]+ (i
Then defined as,

(1)
Zﬁ@éﬁ:<(\/ca2+liz,\/@2+b§2,\/c732+b§2)
\/<ﬂgﬁ)2 + (ﬂéﬁ)Q B ('&gﬁ)Q' <ﬂ§ﬁL>2

X \/(ﬂg}w)z + (/1'3“]5[,>2 - <ﬂgﬁU)2- (ﬂéw>2
<[ 0r,)- O, ) B) G )

\/>/<
o =
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Definition 2.4 (Score and accuracy functions) Garg [2016]
The SF and the AF of any I-VPTEN

A= <(a b,E) [ﬂgﬁL,[bgﬁU} . [AgﬁL,AgﬁUD
are defined as,

$(4) = 4, ()~ (5, )~ ()] 5 (7)€
[—1,1] and

1 (A) = 4 (1, )+ () (i, )+ ()] 2 (7)€
. 11]{.em/2\15k 2.5Kumar et al. [2015]

Let A5 and B3 be two I-VTPFVs the collection of real numbers. Then we
define a method of ranking is,

OIfS (;1\;3) >S5 (B}), then (2173) > (B:;), that is (2173) is sup to (B}),
denoted by (@) > (BVI;)

(i) 1 S (45) = S (Bs) and H (43) > H (Bp) then (45) > (Bj).
that is <;1;> is sup to (E;) denoted by <;1;> > <§;>

I-VTPF distance 2.6Mohamed and Ali [2018]

Let F be any connected I-VPFG. For any path {P DUy, U,y - ,ﬂ;} length of

P is described as the weights added together. (ﬁ//z those arcs in P, in which the

weight among two adjacent I-VTriPFNs vertices are .J (va’> =>" (V[//Z, ﬁ/;’ ).
any two nodes u,v € F, let pP= {é isau — v path, i = 1,2,3,...} The defini-

tion of the I-VTriPF distance is, /5 {u, v} = min {J (TDZ) - Pi=1,2,... 7n}.

3 Algorithm for SP

An algorithm is suggested in this section for the SP and SD of each node from
the source node (SN) Okada [2004].

The following steps for algorithm are defined by

Step - 1: Surmise Iz = [0,0,0];[0,0] [1, 1] and label the SN is,
0,0,05[0,0[1,1] J (G) = ——.

Step — 2: Calculate I5; = min{l5 © I /i € Gs()};7=2,3,...,n.

Step—3: A minimurri value appearing %rom step 2 and matching the unique
value of 7, the label node next j as I'Pvi(x). If the minimum value appears to be
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equal to one of the values of 7, then it indicates that there is just one remaining path
between the SN as well as the node jbecause the separation between all pathways
is I, choose any value for i.

§tep —4: The DN is denoted by [ B then the SD between the SN and the
DNis I g

Step — 5: The DN is now marked /. Check the marking of node ~ to find
the SP between the SN and the DN. Let it be /57, now check the marking of node
¢, and so on. Repeat the process until node 1. The SP can be found by combining
all nodes.

4 Numerical explanation

Consider an I-VPF — scaled graph, in Fig. 1, where the I-VTPFNs represents
the distance between any two vertices. The problem is find to the SD and the path
enclosed by SN and the DN in network.

Figure 1: I-VTPF directed graph..

The below (fig 1) network shall be formed in each edges to evaluate the I-
VTPEN as follows:

Explanation

Let node 7 is the DN is defined as, n = 7.

Let us deal with the initial distance is df = [0,0,0];[0,0] [1,1] and the SN
[declared nod 1] as [[O, 0,0];1[0,0] [1,1],J (é) = ——], the values of g;’,;j =
2,3,4,5,6,7 can be assigned the network terminology:

Iteration — I Let taken away from fig.1 PN 2 is node 1, so place the values
from i = 1 & j = 2 appropriately in the St — 2 being the above algorithm.
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Edges I-VTPF distance

1—2110.3,0.5,0.5];[0.4,0.6] 0.6, 0.8]
1—4110.4,0.5,0.6];[0.5,0.6] [0.7,0.8]
2—-3110.3,0.5,0.7];[0.6,0.7] [0.6, 0.7]
2—-511[0.4,0.5,0.7];[0.4,0.6] [0.7,0.8]
3—41][0.3,0.5,0.6];[0.6,0.7] [0.7,0.7]
3—51[0.5,0.5,0.5];[0.5,0.6] [0.6,0.8]
4—6 {[04,0.5,0.6];[0.6,0.7][0.6,0.8]
5—6 | [0.5,0.6,0.5];[0.5,0.6] [0.6,0.8]
5—71104,0.5,0.7];[0.4,0.7] [0.7,0.7]
6—71][0.5,0.6,0.7];[0.5,0.7] [0.6,0.7]

Table 1: I-VTPENs edge weights

From the path for d"y is, d'y = mm{cﬁ ® &71/2}
— min {[0,0,0] ;[0,0][1,1] & [0.3,0.5,0.5] ; [0.4, 0.6] [0.6, 0.8]}

’, = min {[0.3,0.5,0.5] ; [0.4,0.6] [0.6,0.8]}

&'y = {[0.3,0.5,0.5] ;[0.4,0.6] [0.6,0.8]}

From the above calculation, there is a min that corresponds to node 1, and then
node 2 is considered to be {[0.3, 0.5,0.5] ; [0.4,0.6] [0.6,0.8] , .J (é) - 1}

Iteration — II The PN for node 3 is node 2, then the distance between the SN
and node 3 according to the above procedure is

d’N’g = [0.424264,0.707107,0.860233] ; [0.68, 0.820731] [0.36, 0.56]
and the node 3 is

{[0.424264, 0.707107,0.860233] ; [0.68, 0.820731] [0.36, 0.56] , J (é) - 2}

. Iteration — III The PN nodes for node 4 are nodes 1 and 3, then the value of
d" 4 is given,

A’y =min{d", & d' 14, d"s & d'}

0,0,0];[0,0] [L,1] & [0.4,0.5,0.6] ; [0.5,0.6] [0.7,0.8],
= min ¢ [0.424264,0.707107,0.860233] ; [0.68, 0.820731] [0.36, 0.56]
& [0.3,0.5,0.6] : [0.6,0.7] [0.7,0.7]
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i d [0.5,0.707107,0.781025] :[0.60828, 0.768375] [0.42, 0.64]
- [0.519645, 0.86602, 1.048809) ; [0.809899, 0.912968] [0.252, 0.396]

Applying the ranking method (based on the SF) results in the following value
for d”,.

[0.5,0.707107,0.781025] ; [0.60828, 0.768375] [0.42, 0.64]

and the term for c?'; is
{[0.5, 0.707107,0.781025] ; [0.60828, 0.768375] [0.42, 0.64] , J (G) — 1}.

Iteration — IV The PNs for node 5 are nodes 2 & 3, then the value of c?75 is

A5 =min{d"s & d' o5, d"s & d's3}

Using the rank order method, the value of c?'; 1s

d’5 = [0.5,0.707107, 0.860233] ; [0.542586, 0.768375] [0.42, 0.64]

(il\/; and the name for c?; 1S,
{[0.5,0.707107, 0.860233] ; [0.542586, 0.768375] [0.42, 0.64], J (é) _ 2}.
Iteration — V The PN nodes for node 6 are nodes 4 and 5, then the value of
c?'/ﬁ 18
d's = min{d"y & d's5,d"s ® "5}
Using the ranking approach, CEI\I/G value is
c% = [0.707107,0.92279, 0.994988] ; [0.686148, 0.858986] [0.252, 0.512] and

its label is _
{[0.707107,0.92279, 0.994988]; [0.686148, 0.858986][0.252, 0.512], J(G) =

5}.
} Iteration — VI The PN nodes for node 7 are nodes 5 and 6, then the value of
c?'; 18
(i"vﬁ :min{aﬁ)@(%,%GB%}
Using the ranking approach, C?l; value is
cﬂ = [0.640312,0.86602, 1.109028] ; [0.809919, 0.931328] [0.252, 0.448] and

its label is _
{[0.640312,0.86602, 1.109028] ; [0.809919, 0.931328] [0.252, 0.448)] , J (G) - 5}.

Path1 — 2 — 5 — 7 is determined to be the SP from the computations above,
and the distance between the SN and DN is
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[0.640312,0.86602, 1.109028] ; [0.809919, 0.931328] [0.252, 0.448].
The following table lists the SP taken by all nodes from the SN using the
suggested algorithm:

Node If,vj W
2 [0.3,0.5,0.5];[0.4,0.6] [0.6,0.8] 1—2
3 [0.424,0.707,0.860] ; [0.68, 0.821] [0.36, 0.56] 1—-2—3
4 [0.3,0.5,0.7];[0.6,0.7] [0.6, 0.7] 1—4
5 [0.5,0.707,0.860] ; [0.543,0.768] [0.42, 0.64] 1—-2—5
6 [0.707,0.923,0.995] ; [0.686, 0.859] [0.252, 0.512] 1—-5—6
7 [0.640, 0.866, 1.109] ; [0.809,0.931] [0.252,0.448] | 1 -2 —-5— 7

Table 2: SP and SD

where W = SP between the SN and the j™ node

5 Conclusions

In a SPP, the SD and I-VPESP provide useful information for making deci-
sions. The distance function, which aids in determining the SP, has been defined
for I-VTPFNs in this study. On a network with I-VTPF length, a new approach
for resolving the I-VPFSP issue has been suggested. The ranking of the paths is a
very helpful decision-making tool for selecting the best alternative path. The pro-
cess of determining the SP has been adequately explained. Furthermore, a used to
explain how the suggested algorithm can be implemented.
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1 Introduction

Fuzzy set is a analytical imitation to grips the exciting and insufficient details.
consider a differentiating that uncertainty is also independently, FS was contin-
ued to intuitionistic fuzzy set (IFS) by Atanassov and Gargov [1989]. If assigned
a membership value o and a non membership value 5 to the conditions, satis-
flying this results « + f < 1 and uncertainty elements, vy = 1 — a — . In
decision-making problems, the membership value 0.7 and non membership value
0.4 for some information, then IF fails in this situation because 0.7 + 0.4 > 1, but
(0.7)% + (0.4)? < 1. To overcome this situation, the notion of Pythagorean fuzzy
set (PFS) was satisfying the condition a® + 32 < 1. A PFS has more potential
as compared to IFS is solving decision-making problems. The Pythagorean fuzzy
number (PFG) was determinate by Zhang ( see S.Shahzadi and Akram [2020]).
Zhang provided the Pythagorean fuzzy weighted averaging operator.

The theory of IVFS was introduced by Zadeh [1965] as a perpetuation of fuzzy
sets. Because they present more adequate description for uncertainty, interval-
valued fuzzy sets more useful than conventional fuzzy sets. Soft set theory was
started by Molodstov [1999] for the parameterized point of view for uncertainty
modeling and soft computing. The iterpretation of IFSGs was given by Akram
[2011]. The explanation of novel intuitionistic fuzzy soft multiple — decision-
making methods of grips by Akram. Pythagorean fuzzy soft graphs with appli-
cations was proposed by S.Shahzadi and Akram [2020].The SIVPFSG is defined
and some results on SIVPFSG are studied. Also explore of their analysis.

2 Preliminaries

Definition 2.1. An IVFSG over the set Vis given by ordered 4 tuple € = (£*, X,Y, A)
such that

(i) A is of parameters.

(ii) (X, A) is an IVFSS over V.

(iii) (Y, A) is an IVFSS over E.

(iv) (X(e),Y (e)) is an IVFSG for all e € A.

That is,

ay (o ((pg)) < minfary ) (p), oy () and

af o, ((pg)) < min(ak ., (p), %, (q)) forall pg € E.

We denote & = (V,E) a crisp graph H(e) = (X(e),Y (e)) an IVFSG and

&= (&,X,Y,A) an IVFSG.

Definition 2.2. An IVFSG over the set V is defined to be a pair ¢ = (X,Y’) where
1) The conditions ax 'V — D|0,1] and Sx : V — D|0, 1] denote the degree of
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membership and non membership of the element p € V. such that
0<ax(p) + Ax(p) < 1¥(p.g) € V.

2) The conditions ay : E CV x V — DJ[0,1] and By : ECV xV — DJ0, 1]

defined by

oyl (0.) o 0 a0 and () > mas(a ) o)
q)) =z m

O‘)tU((Z% q)) < mm(a}U(maa}U(Q))a”dﬁl—tU((pa ) ax( )J’(_'U(p)7a;_(U(q))’
such that 0 < o5 (p, q) + Byu(p, q) < 1¥(p,q) € E.

We the notation pq for (p, q) an element of E.

Definition 2.3. An IVPFSG over the set V is given by € = (€*, X, Y, A) such that

1) The conditions ax : V. — D|0,1] and Bx : V — D|0,1] standered for the
degree of membership and non membership of the element p € V. such that

0 < ax(p,q) + Bx(p,q) < 19(p,q) € V.

2)(i) A is set of parameters
(ii) (X, A) is an IVPFSS over V.
(iii) (Y, A) is an IVPFSS over E.
(iv) (X (e),Y (e)) is an IVPFSG for all e € A.

The conditions &y : E CV x V — D[0,1]and By : EC V x V — D[0, 1]
defined by
oty ((p. ) < min(ay (), By (@) and B4 (9, ) > maz(BLy (), BLu(@),
oy o(p,9)) < min(axy (p), By (@) and By ((p,0)) > maz(By(p), By 0),
such that 0 < o3, (p. q) + F7y(p,q) < 1¥(p, q) € E.

3 Strong intervel-valued Pythagorean fuzzy Graphs

Definition 3.1. An SIVPFSG over the set V is given by € = (€*,X,Y, A) such
that

1) The conditions ax : V — D[0,1] and Sx : V' — D|0, 1] denote the degree of
membership and non membership of the element x € V. such that

0 < ax(p,q) + Bx(p,q) < 1¥(p,q) € V.

2)(i) A is set of parameters
(ii) (X, A) is an SIVPFSS over V.
(iii) (Y, A) is an SIVPFSS over E.
(iv) (X (e),Y (e)) is an SIVPFSG for all e € A.
The conditions &y : E CV x V — D[0,1]and By : ECV x V — D[0, 1]
defined by
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altU«pa q)) = mm(a}U(P)v ﬁ)JEU(Q)) and 5;5U((p> q)) = max(ﬁ;U(p)v 5)J?U(Q))’

ay 1 ((p;q)) = min(ay, (p), ax(q)) and By ((p, q)) = maz(ax ., (p), BxL(q)),
such that 0 < a3 (p, q) + B3y (p, q) < 1¥(p, q) € E.

Example 3.1. If * = (X,Y) is a simple graph with X = {a,b,c,d} and Y =
{ab,be, cd, ad}. Let A = {eq, es} be a parameter set and (X, A) be an SIVPFSS
V' determine

=

X1 (e) :{<a, [0.3,0.4][0.2,0.7]), (b, [0.2,0.5][0.3,0.7]), (¢, [0.1,0.6][0.2, 0.5]),
and(D[0.2,0.7][0.3,0.5])
Xo(e) :{<a, [0.2,0.7][0.3, 0.5}, (b[0.1,0.6][0.2, 0.5]), (¢, [0.3, 0.4][0.2, 0.7]>}
Take (Y, A) be an SIVPFSS E determine

Yi(e) :{<ab[0.2, 0.5][0.3,0.7]), (be[0.1,0.6][0.3,0.7]), (ad[0.2,0.7][0.3, 0.7]),
and(cd[0.1,0.6][0.3, 0.5])}
Ya(e) :{<ab[0.1, 0.5][0.4,0.6]), (bc[0.1,04][0.4, 0.8]), (ac[0.1,0.3][0.4, 0.8]>}

It is clearly seen that H(e;) = (X(e1),Y (e1)) and H(ey) = (X(e2),Y (e2))
are SIVPFSGs comparable to the parameters e, and e3 accordingly, by Figure 1.
Hence £ = (£*, X,Y, A) SIVPFSGs.

03,04][02,0.7] (0.2,05]{03,0.7] [02,0.77[0.3,05] (0.1, 0.6 (0.2, 0.3]

2 [02,05][03,07] b 20008 b

[02,07]03,07] [0.1,06][03,07] [03,04][03,07) 03.0402,07

¢ [01,06[03,05] ¢
[02,07[03,05]  [0.,06][02,03] [03,04][02,0.7)

Hie) Hie)

Figure 1: SIVPFSGs G.

Definition 3.2. If ¢, = (&, X1, Y1, A) and & = (&, Xo, Ys, B) be double SIVPF-
SGs of & = (X1,Y1) and & = (Xs,Y3) accordingly. The cross product of &, and
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éQ is denoted by él X 52 = (X1 x X5,Y] x Y5) and is defined by

1) (ax,r % ax,r)(p1,p2) = min(ax,.(p1), Bx.rn(p2)),

(xu X ax,u)(p1, p2) = min(ax,u(p1), ax,u(p2)),

(Bxiz X Bxyr) (1, p2) = min(Bx,.(p1), Bx.r(p2)),

(Bx,u % Bx,v)(P1,02) = maz(Bx,u(p1), Bxov(D2)), Vo1 € Vi,p2 € Va.
2) (aviL X ay,)(p, p2)(p, g2) = min(ay, L(p), v, (P2, ¢2)),

(ayvir X ay,u)(p, p2)(p; p2) = min(ay,u(p), avu (P2, 42)),

(Bviz X Byar)(p, p2)(p, @2) = maz(By, .(p), Brar (P2 ¢2)),
(Briv X Byov)(p; p2)(P; G2) = max(By,u(p), Byav (P2, ¢2))
3) (v X ayyr)(p1,7)(qr, 1) = min(ay,(p1q1), av,1(r)
(aviu X o) (p1,7)(qr, ) = min(ay,u(P1a1), ay,u (1)),
(Bviz % Byor)(p1,7)(q1,7) = max(By,(p1¢1), Byar(r)),
(Bviv X Byav) (01, 7) (a1, 1) = maz(By,u (p1¢1), Byav (1))

,Vp € Vi, p2qo € Eb.
),

,V?” € ‘/Qaplq1 S El-

Example 3.2. Let Consider a graph & = (X1,Y1) and & = (X2,Y2) be two
graphs such that X1 = {ay1,b1,c1,d1 }, Y1 = {a1by, c1dy } and Xo = {az, bs, 2, ds },
Yo = {agby, cady }. Let A = ey be a set of parameters and let (X1, A) and (Y1, A)
be two SIVPFSSs over X, and Y; accordingly, defined by

102,03][04, 0 01,04 (04,05 [0,04][02,0 %wmw
(! | A )
— —

[01,04],[04,08] (01,04, [07,06]
[02,06],[03,03] %MMM 103,07]04,03] %MMM
C\ | Cf )
— —
[01,03][04,06] (03,07, [04,06]
fie) H(e)

Figure 2: SIVPFSGs §~1 and 52.

Xife) ={(a1[0.2,0.5][0.4, 0.8]), (b1[0.1,0.4][0.4,0.5]), {e1[0.2,0.6][0.3,0.5]),
<mammmuam40@%

K@ﬁ:%mmmLQMDAOa%@mmlﬂﬂm&Oﬂ%
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[0.1,0.4] [0.2, 0.6] [0.3,0.3][0.4,0.5] [0.2, 0.4] [0.4, 0.6] [0.2,0.5][0.4,0.8]
a3, [0.1,0.4][0.4,0.6] ab, ad, [0.4,0.5][0.4,0.5] ac,
[0.2,0.4] [0.4,0.5] [0.3,0.3] [0.4,0.5] [0.4,0.7] [0.4, 0.6] [0.2,0.6] [0.4, 0.6]
ba, [0.1,04][0.7,03] bb, bd, [0.3.0.7][0.4,05] b,
[0.1,0.4] [0.4,0.5] [0.3,0.3][0.7,0.3] [0.3,0.7] [0.4, 0.5] [0.3,0.4] [0.4,0.5]
[0.1, 0.4] [0.4, 0.6] [0.1, 0.5] [0.4, 0.6] [0.1, 0.4] [0.4, 0.6] [0.1, 0.5] [0.4, 0.6]
da, [0.1,04][0.2,0.6] dc, dd, [0.1,0.5][0.4,0.6] dc,
[0.1,0.4] [0.4, 0.6] [0.3,0.3][0.7,0.3] [0.1, 0.4] [0.4, 0.6] [0.1, 0.6] [0.4, 0.6]
cd, [0.1,04][0.2,07] ¢, cd, [0.1,0.6][0.4,05] cc,
[0.1,0.4] [0.4, 0.5] [0.3,0.6] [0.4,0.5] [0.1,0.4] [0.4, 0.5] [0.3, 0.6] [0.4, 0.5]

Figure 3: Cross product of 51 and 52.

Take B = ey be a set of parameters and let (Xo, B) and (Y3, B) be two SIVPFSSs
over Xy and Y, accordingly, Find out

Xo(e) :{<a2[0.1, 0.4][0.2,0.6]), (52[0.3,0.3][0.7, 0.3]), {c[0.3, 0.7][0.4, 0.5)),
and(ds[0.3,0.4][0.1, 0.6]>}

Ya(e) :{<a2b2[0.1, 0.4][0.7,0.6]), {c2d:[0.3,0.7][0.4, 0.6])}

Clearly H(e;) = (X(e1),Y(e1)) and H(ey) = (X(ez)),Y (e2)) are SIVPFSGs.
Hence & = (&, X1,Y1,A) and & = (&, Xo,Ys, B) are SIVPFSGs & and &3,
accordingly, as shown in the Figure 2.

Definition 3.3. If &, = (£5, X1, Y1, A) and Gy = (&, X2, Ya, B) be two SIVPF-
SGs of € = (X1, Y1) and & = (X4, Y5) accordingly. The composition of & and
52 is standed by él o 52 = (X 0 X5, Y] oY5) and is defined by

1) (ax, 1 o ax,r)(p1, p2) = min(ax,L(p1), Bx,(p2)),

(xu 0 ax,u)(p1, p2) = min(ax,u(p1), ax,u(p2)),

(Bx,L © Bx,r)(P1,p2) = min(Bx, (1), Bx,r(p2)),

(Bx,v © Bxov) (1, p2) = maz(Bx,v(p1), Bx,u(p2)), Vo1 € Vi, p2 € Va.

2) (ayiz © ay,1) (P, p2) = min(ayL(p), v, (P2, ¢2)),

(aviv © ay,u) (P, p2) = min(ay,u(p), av,u(p2; ¢2)),

(Bviz © Brar) (ps g2) = maz(By,L(p), Byar (P2, ¢2)),

(Briv © Brov) (P, @2) = max(By,u(p), Brov (P2, 42)), Vo1 € Vi, p2Go € Eo.
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3) (ay, © ayyr)(p1, 1) (@1, 1) = min(ay, L (prqr), ay, (1)),
(ay,v © ay,r)(p1,7)(q1, ) = min(ay,u(p1q1), ay,u (1)),

(Byir © Byor) (p1,7)(q1,7) = max(By,L(p1q1), Byor(1)),

(Bviv © Byov) (1, 7)(q1, 1) = maz(By,v(p1¢1), Brov (1)), Vr € Va, prqi € En.
4) (ovi 1 0 oy, ) (1, P2) (1, 2) = min(ax,r(p2), ax,r, x, 1.(P1, ¢1)),

(ay,0 0 ayyu) (1, 7) (g1, ) = min(ax,u (p2), ax,u(42), vy (P, @1)),

(Byiz © Byyr) (1. 7) (g1, ) = maz(Bxyr(p2), Bxar (@), Byir(p1, q1)),

(/BY1U o 5Y2U)(p1; T)(Qh T) = max(ﬁXgU(pQ% ﬂXQU(QQ), Ble)(plapQ)((h, Q2))7
V(p1,p2)(q1,q2) € E° — E.

where E° = E U {(p1,p2)(q1, @2)|p1¢1 € Ev,p2 # @2}

Definition 3.4. Ler &, = (5, X1, Y1, A) and & = (€5, Xy, Ys, B) be two SIVPF-
SGs of & = (X1, Y1) and & = (X3, Y5s) accordingly. If & and & is standed by
51 U 52 = (G*, X, Y, AU B) where (X1 U X5,Y; UY5) and is replace

1) (i) (ax, 1 U ax,1)(p) = maz(ax,1)(p), ax,.)(p))ifp € ViNVa

(ax,v U ax,r)(p) = maz(ax,v)(p), ax,v)(p))ifp € ViN Ve

(ii) (Bx,. U Bx,1)(p) = maz(Bx,v)(p), Bx,r)(p))ifr € ViN Vs

(Bx,0 U Bx,v)(p) = maz(Bx,v)(p), Bx,v)(p))ifp € ViNVa

2) (i) (ayy 2 U ayy)(p, q) = maz(ax,(p, q), ax,0(p, q))if pg € EvN Es
(avio U av,r)(p, @) = max(ax,u(p, 0), ax,u(p, q))if pg € ExN By

(ii) (By, U Byar) (P, @) = max(Bx,(p), Bxr(@))if pg € By N E,

(Bviv U By,v)(p, @) = maz(Bx,u(p), Byu(q))if pq € By N Ey

Definition 3.5. Ler Gy = (&, X1, Y1, A) and & = (£, X, Ya, B) be two SIVPF-
SGs of & = (X1,Y1) and & = (X,,Ys) accordingly. If & and & is standed by
E1+ 6 = (&, X1,Y1, A+ B). Where € = (X1 + X, Y1 + Y) and is defined by
1) (ax,1 + ax,)(p) = (ax,r Uax,r))(p)

(ax,v + ax,v)(p) = (ax,u Uax,w)(p)if peliuls

(Bxir + Bxor)(p) = (Bxir U Bx,1) (P)

(Bx,v + Bx,v)(p) = (Bx,v U Bx,u)(0)if pe ViUV,

2)(aviL + av,n) (P @) = (i U ay,n) (p, q)

(aY1U + aYzU)(p7 Q) = (Oéle U aYzU)(pv Q)Zf pE El N E2

(6Y1L + 6Y2L)(p7 Q) - <BY1L ) /BYQL)(p7 Q)

(Byiv + Brov) (0, @) = (Bviv U Byev) (0, @)if  (p,q) € By N Es.

3 aviz + av,n) (P, q) = min(ax,£(p), ax,1(q))

(v + avo) (P, @) = min(ax,v(p), ax,v(q))

(Byr + Byar) (ps ¢) = maz(Bx,1.(p), Bx,1(q))

(Bviv + Brov)(p, @) = maz(Bx,u(p), Bx,v(q))if pg € E
Where E is the set of all edges joining the vertices of V, and V5.

Theorem 3.1. Iffl and 52 are SIVPFSGs, then so is 51 X fg.
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proof Let & = (67, X, Y1, A) and & = (&, X3, Y3, B) be two SIVPESGs of
simple graphs £ = (X1,Y7) and & = (X3, Y>) accordingly. for all e; € A and
es € B, there are some results. Let &; and & be SIVPFSGs

Let £ = {(p,p2)(p,q2)/p € Vi, p2q2 € Ea} U{(p1,7)(q1,7) /7 € Vo, p1qn € Er}.
Consider (p, p2)(p, ¢2) € E, we have

(ay, % aYQL)(p7p2)(p, G@2) = mm(&le(p), ay,1(p2q2))
=min(ax,.(p), ax,r(p2).ax,5(q2))
=min(min(ax,r(p), ax,r(p2))min(ax,.(p), ax,(q2)))

(yyz X ay,n) (P, p2) (P, @2) = min((ax,r X ax,r)(P,p2); (@x,1 X ax,1)(p, ¢2))
Similarly,
(aviv X avv) (P, p2) (P, g2) = min((ax,v X ax,v)(p, p2); (av;v X avu) (P, ¢2))
Now,
(Byviz % Bror) (P, p2) (P, @2) = maz((Bx,z X Bx,1)(Psp2), (Bxiz X Bx,r)(Ps 42))
Similarly,
(Bviv X Byv) (P, P2) (P, @2) = maz((Bx,v X Bx,v) (P, p2): (Bx,v X Bx,v) (P, 42))
Consider, (p1,)(q1,r) € E, we have

vy X avyn) (P, 7)(qu, 1) = min(ay, £(P1q1), (ax,L(r))
=min(ax,r(p1), ¥x,0(q1)-ax,1(r))

=min(min(cx,(p1), @x,r (1)) min(ax,r(y1), ax,n(r)))
(i X avyr)(p1,7) (a1, 7) = min((ax, L X ax,p)(p1,7), (ax, L X ax,r) (@1, 7))
Similarly,
(aviv X av,r) (p1,7) (g1, 7) = min((ex,u X ax,u) (P, 1), (axv X axe)(q,7))
Now,
(Byiz X Byiv)(p1, ) (@1, ) = max((Bx, L X Bxor)(P1,7), (Bxiz X Bxar) (a1, 7))
Similarly,

(Bviv X Byou)(p1,7)(q1, ) = maz((Bx,v X Bx,v)(P1,7), (Bx,v X Bxov)(q1,7))

Hence &; x & is an SIVPFSGs.

134



Strong interval — valued Pythagorean fuzzy soft graphs

Theorem 3.2. If &[] be SIVPFSGs &, and & of £ and & is an SIVPFSGs.
Proof Take (p, p2)(p, q2) € E, we get

(i © v, ) (P, p2)(P, 42)) = min((ax, L(p), av,1)(P2g2)
=min(ox,(p), ax,r(p2), ax,r(q2))
=min(min(oax,(p), ax,r(p2)), min(ax, .(p), ax,.(q)))

(yyz 0 ay,n)((p; p2)(p; g2) = min(ax, 1, © ax,n) (P, P2), (ax,1 © ax,L)(P; ¢2))-

Similarly,

(ay,v 0 ay,) (P, P2) (P, G2) = min(ax,v © ax,v)(p, p2), (ax,v © ax,u) (P, ¢2))

Consider (p1,7)(q1,7) € E,

(i 0 avyr)((p1,7)(q1, 7)) = min(aviL(p1, q1), ax,r(r))
=min(ax,L(p1), ax,0(q1), ¥x,r(r))
=min(min(ax,(p1), ax,n(r)), min(ax,.(q1), ax,o(r)))

(ayviz o ayyr)((p1,7)(q1, 7)) = min(ax,z o ax,r)(p1,7), (x, L © ax,r)((q1,7))
Similarly,

(ax,v 0 axu)((pr,7)(n, 7’) = min(ax,u © ax,w)(p1,7), (axvax,u) (g, 7))
Consider (p1,p2)(q1,¢2) €
(OéylL © aYQL)((Pl p2)(€l1> CI2)) = mm(OéXQL(pz), anL(QQ)a OéYIL(P1Q1))

=min(ax,r(p2), x,1(q2)), min(ax, £(p1), ax,r(q1))
=min(min(ax,(p1), ax,r(p2)), min(ax,.(q1), ax,(q2)))
(i © v, ) ((p1, p2)(q1, q2)) = min(ax,z © ax,1)(p1,p2), (x,L © ax,r1)

((q1,2))
Hence &, [£,] be SIVPFSG .
Theorem 3.3. If &, U &, be SIVPFSGs €1 and & of € and & is an SIVPFSGs.

Proof Take ¢, and & be the SIVPESGs of &; and &, accordingly. Since all
conditions for X;U X, are obviously satisfied. It is enough to verify the conditions
for Y U Y, Consider (p, q) € E; U Es. Then

max(ay,L(p, @), av,L(p; )
s ax,£(q)), (min(ax,.)(p), ax,1(q))
,ax,1(p)), (maz(ax, L(p); ax,r(q))))
(p), (ay,z U ayyr)(q))

min((ay, L U ay,1)(p), (aviz U ay,r)(q))-

(aviL Uay,n)(p,q) =
=max(min(ax,(p)
=min(max(ax,r(p)
=min((ay,r U ay,r)

q) =

(aY1L ) aYzL)(pa
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Similarly,

(v, U ayo) (P, q) = min((ay,o U ay,u)(p), (ayvio U ay,r)(q))
If (z,y) € Fy and (z,y) ¢ Es,

(o, U ayyr) (s q) =min((ay,n U iy, ) (p), (v U o) (q))
(avyv U avor) (p, @) =min((aviv U av,u) (p), (aviu U avyo)(g))-

If (p,q) € Esand (p,q) € Fi,

(i U ayyr) (0, @) =min((oy, U ayar) (p), (avir U o) (q))
(ay;v U ayo)(p, q) =min((ayv,u U av,o) (p), (v U avo)(q))-

Theorem 3.4. If &, + & be SIVPFSGs &, and & of & and & is an SIVPFSGs.

Proof Take fl + & be the SIVPESGs of &} and & accordingly. , it is enough
to find that &; + & = (X7 + Xs, Y7 + Y5) is an SIVPFSGs. Then Let (p,q) € E

(i + ayyr)(p; @) =min(ax, (p), ax,.(q))
=min((ax,r Uax,r)(p), ((ax,z Uax,r)(q)))
(aviz + av,n)(p, @) =min((ax, L + ax,1)(p), ((ax,z + ax,1)(q)))-

Similarly,

(ayyv + avo) (P, @) = min((ax,v + ax,u)(p), ((ax,v + ax,u)(q))).

4 Conclusions

Graph theory is a very helpful mathematical tool for tackling challenging is-
sues in a variety of disciplines. The IVPFSs model is appropriate for modeling
issues involving uncertainty and inconsistent data when human understanding and
evaluation are required. In contrast to IVFS models, IVIFS models, and, IVPFS
models provide systems with sensitivity, flexibility, and conformance. SIVPFSGs
are a novel idea that is introduced in this work. We also defined for the Cartesian
product as well as some information about its composition on SIVPFSGs. We
plan to use this data to create some algorithms and models shortly soon.
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1 Introduction

The work of Zadeh [1975] which interacted with ambiguity and imprecision
between absolute true and absolute false, is credited with giving rise to fuzzy
set theory. A fuzzy set’s possible values fall between [0,1]. Fuzzy set theory’s
astonishing discovery opened up new possibilities for handling uncertainty in a
variety of scientific and technological fields. Due to its use in engineering, com-
munication networks, computer sciences, and artificial intelligence, graph theory
Is swiftly becoming a mainstream topic in mathematics. Graphs and fuzzy graphs
are investigated. The idea of domination in fuzzy graphs was propounded by A.
Somasundaram and S. Somasundaram in 1998. Soft set and hybrid models are
used to deal with uncertainty based on parametrization tool. Soft set, fuzzy soft
sets are studied in 2011. The possibility of dominatiom#polar fuzzy graphs
was introduced by M. Akram et.al in 2017. Mohinta Sumit and Samanta.T.K.
[2015] proposed the thought of fuzzy soft graph. S. Ramkumar and R. Sridevi
[2021] presented their perceptionsim—polar soft fuzzy graphs. These concepts
motivate us to introduce dominationn— polar soft fuzzy graphs.

2 Dominating set, minimal dominating set, maximal
independent set inm — polar soft fuzzy graphs

In this papem-psf-graph denote:— polar soft fuzzy graph.

Definition 2.1. An edge in ann-psf-graphép?v = (G*, p, i, P)is defined as an
effective edge if

fre1(uv) = (pe1(u) A pez1(v))
Fean(uv) = (5ora(u) A pras(v))

fieTm (UV) = (PeTm(U) A Petm(V))

in ﬁp’v(e) Vee P andVu,v € V. In this case, vertex is called a neighbor
of v and conversely.N"(u) = {v € V/v is a neighbor of u} is called the
neighbourhood of;.

Definition 2.2. A vertexu € V in an m-psf-graphép,v = (G*, p, 11, P) is said to
be an isolated vertex if

fre1(uv) < (Peti(u) A pez1(v))
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Vo € V' \ {u} in Hpy () Vee P. so thatN"¥(u) = ¢. That means an isolated
vertex does not dominate any other vertexiny .

Example 2.1. Consider a3—psf-graph§py.

a1(0.8,0.7,0.9) a2(0.3,0.5,0.6) a1(0.7,0.5,0.8) a2(0.5,0.9,0.7)
.
(0.2,0.3,0.5) (0.4,0.2,0.6)
(0l1,0.5,0.4) (0.3, 0.4,0.6) (0.2,0.1,0.3 (0.5,0.5,0.7)
(0.2,0.4,0.5) (0.3,0.5,0.4)
@4(0.2,0.6,0.5) a3(0.6,0.4,0.9) @4(0.3,0.9,0.4) a3(0.7,0.5,0.8)
Hp v(e1) Hp v (e2)

Fig.1. Effective edges df— psf-graphGpy = {Hpy (e1), Hpy (e2)}.

In this exampleg,as andasa, are effective edges. Alst i (a,) = {¢},
NM(ay) = {az}, N"(a3) = {asas}, N"(as) = {as}. Herea, is an isolated
vertex.

Definition 2.3. Letépy = (G*, p, i, P) be anm-psf-graph. For any two vertices
u,v € V, we callu dominates in Gpy if

fiew1(wv) = (Pew1(w) A pew1(v))
ﬁer(uv> = (ﬁe':E?(u) N ﬁﬁ?g(@))

in Hpy (e) Vee P andVu,v € V.

Definition 2.4. Consider a subsef of V in an m— psf-graphép,v. The cardi-
nality of S is defined as,

|8 = Yep (s elw)) in Hpy (e) vee P
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Definition 2.5. A subsetS of V is called a dominating set of am-psf-graph
GPV if for every vertexu € V' \ S then3 v € S such thatu dominatesy in

Hpy(e) Yee P.The domination numbey(Gp,y) means the infimum cardinality
of all dominating setirtGpy andy(Gpy) = ming.y, > .cp(D_ued Pe(u)).

Definition 2.6. A dominating se8 is called a minimal dominating set ef-psf-
graphGpy = (G*, p, i1, P) ifforanya € S,S \ {a} is not a dominating set in
Hp7v<€) Vec P.

Definition 2.7. Lower and upper domination number ofﬂprpsf-graphép,v =

(G*, p, i1, P) is denoted by)/(épy') and F(@p,v), respectively, and defined by
infimum cardinality and supremum cardinality of all minimal dominating set of
thatm—psf-graph, respectively.

Example 2.2. Consider a3—psf-graphc~¥p,v.

a1(0.8,0.6,0.3)
a1(0.7,0.8,0.9)

(0.3,0.6,0.1)

(0.3,0.2,0.4)
a2(0.4,0.5,0.6) a3(0.3,0.2,0.6) a4(0.8,0.6,0.4) a2(0.2,0.4,0.8) a3(0:3,0.7,,0.1)  44(0.4,0.6,0.3)
= Hp, vy (e2)
Hp v (e1) ’
a1(0.6,0.8,0.4)
(0.3,0.6,0.4) (0.6,0.8,0.4)
(08,06,09N\ (06 07.023)
a2(0.3,0.6,0.7) a3(0.8,0.9,0.4) 04(0.6,0.7,0.3)

Hp v (e3)

Fig.2. Minimal dominating set of 3-psf-graph

In Fig.2. Here, the minimal dominating sets in each parameterized graph is
81 = {al,a4} '52 {&27614} 53 {a3}

Theorem 2.1. A dominating setS is minimal if and only if one of the below
mentioned criteria holds.

(1) NM(a) NS = ¢.
(2) There is a vertek € V \ S such thatN"¢(b) N S = {a}, for eacha € S.
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Proof. For a minimal dominating sef of a3— psf- graphépv, for every vertex
a eS8, 8\ {a}isnot dominating set and so théb € V'\ (S \ {a}) which is not
dominated by any vertex i§ \ {a} of HPV( ;) Ve € Pfori =1,2,...,n.If

a = bthenN"(a) C V\S = N"(a)NS = ¢in Hpy (e;) fori = 1,2,..., If
a # b, thenb is not dominated b\ {a} butis dominated b, i.e.,bis dominated
only by a in Sin Hpv(ez) ve, € Pfori =1,2,. . N™(b) NS = {a} in

Hpy(e;) Ve € Pfori=1,2,... n. Henceth(b) N § = {a} in 3—psf-graph
Gpy. N B
Conversely, letS holds one of the two given criterias. & is not minimal

dominating set inHpy (e;) Ve € Pfori = 1,2,...,n. ThenJa vertexa € S
such thatS \ {a} is a dominating set nHPV(eZ) fori = 1,2,...,n. Thusa is
domlnated by atleast one vertexdn\ {a} in Hpv(ez) fori =1, 2 ,n. Then
Nh(a) ¢ S\ {a} in Hpy(e;) fori = 1,2,...,n. Hence condltlon (1) does
not hold. Also, IfS \ {a} is a dominating set ”ﬁpv(€l) fori =1,2,.
Then every vertex in V' \ (8 \ {a}) is dominated by at least one vertex in
S\ {a} in Hpv(ez) fori = 1,2,...,n. SON™B) NS # {a} in Hpy(e;)
fori = 1,2,...,n. hence condltlon (2) does not hold. This leads tera& .

-, S must be a mlnlmal dominating set Hpv(@l) fori =1,2,...,n. HenceS

must be a minimal dominating set s psf- grathpy ]

Theorem 2.2.Let Gpy = ((P,7), (P,7i)) be a3—psf- graph without isolated
vertices. IfS is a minimal dominating set aﬂ’pv thenV \ Sisa dominating set
of Gpvv.

Proof. Let S be a minimal dominating set ande S. Sinceép,v has no isolated
verticesd a vertexb € N"(a) in Hpy (e;) Ve, € Pfori = 1,2, ..., n. Utilization
of the same content similar to the proof given for Theorem 2 1, we gebtimat
V\S. Thus every element & is dominated by some elementiof, S in Hpv(ez)

Ve, € Pfori=1,2,...,n. Consequently \ S is a dominating set CIEPV
[

Theorem 2.3. Superset of a dominating set@hv is a dominating set.

Proof. Assume thasS is a dominating set i@]{v. Then all the vertices if \ S
are adjacent to some element®in Hpy (e;) Ve, € Pfori = 1,2,...,n. Let
be V\S. ThenS U {b} is a dominating set, Since all the verticegin\ S) \

{b} adjacent to some elements&fU {b}. Sinceb is arbitrary, any superset of a
dominating set is a dominatirsgt. O

Remark 2.1. Subset of a dominating Setd?]p,v need not to be dominating set.
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Example 2.3. Consider a3—psf-graph.

a1(0.7,0.9,0.9) a4(0.6,0.7,0.8)

(0.6,0.7,0.8)
(0.4,0.3,0.2)

a5(0.6,0.9,0.8)
a2(0.4,0.3,0.2)

(0.6,0.8,0.8)
(0.4,0.3,0.2)

a6(0.7,0.8,0.9)

a7(0.6,0.7,0.9)
Hp v (e1)

a1(0.8,0.9,0.6) a4(0.3,0.4,0.6)

(0.3,0.4,0.6)
(0.4,0.3,0.5)

a5(0.6,0.7,0.8
a2(0.4,0.3,0.5) ( 0-8)
(0.6,0.6,0.8)
(0.6,0.6,0.8)

(0.4,0.3,0. (0.6,0.6,0.8)

a7(0.7,0.6,0.8) ag(0.9,0.6,0.8)
Hp v (e2)

Fig.3. 3-psf-graphs

Here each parameterized graplis- {as, as, a5} andSU{b} = {a1, as, as, a5}
S\ {b} = {aq,as}. Here{ay, as, as, a5} is a dominating set. Bdtas, a5} is not a
dominating set.

Definition 2.8. A setS C V of an m—psf-graphépy is called an independent
set if

fiew1(uv) < (pexi(u) A pex1(v))
freT2(uv) < (Pet2(u) A peta(v))

freTm (Uv) < (PeZm () A Petm(V))
in ﬁ]{v(e) Vec P and for allu,v € S.

Definition 2.9. An independent sé of anm— psf-graphépy = (G*,p, 1, P)is
said to be maximal independent set if for every veatexV' \ S, the setS U {u}
is not independent il .y (e) Vec P.
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Definition 2.10. Lower and upper independence number ofranpsf-graph

Gpyv = (G*,p,, P) is denoted by(Gpy) and I(Gpy ), respectively, and de-
fined by infimum cardinality and supremum cardinality among all the maximum

independent set of that—psf-graph, respectively.

Example 2.4. Consider a3—psf-graph§p,v.

a1(0.4,0.6,0.7)

a2(0.7,0.8,0.8)

(0.4,0.6,0.7)

(0.4,0.5,0.3

a1(0.5,0.6,0.8)

a2(0.7,0.9,0.9)

(0.5,0.6,0.8)

(0.4,0.1,0.3

(0.4,0.6}, 0.

(0.5, 0.6,

0.8)

(0.5,0.4,

0.6)

(0.5,0.4,0.6)

a3(0.7,0.6,0.8)

a4(0.5,0.4,0.6)

(0.6,0.4,0.8)

(0.6, 0.4,)0.

a3(0.8,0.6,0.9)

a4(0.6,0.4,0.8)

Hp y(e1) Hp v(e2)

a1(0.7,0.5,0.6) a5(0.6,0.9,0.4)

(0.6,0.5, 0.4)

(0.3,0.5,0.

(0.5,0.7,0.4)

(0.5,0.5), 0.

(0.5,0.6,0.4)

a3(0.5,0.6,0.4) a4(0.5,0.7,0.5)

Hp,y(e3)

Fig.4. Independent set of a 3-psf-graphs

In this example, Herga,, a3} is an independent set iy (¢;) Ve € P
for i = 1,2,3. Similarly, other independent sets in each parameterized graph is
{{as,a4},{as,as,as},{as,as},{a1,as4}}. The maximal independent set in each
parameterized graph {a;, a4}, {as, as, a4} }. Here{a,, a,} is @ maximal inde-
pendent set of? 5, with infimum cardinality and(Gp) = (3.2,3.2,4.0). Also
here{a,, as, a4} is maximal independent set 5fp,v with supremum cardinality
andI(Gpy) = (5.6,5.9,6.1).

Proposition 2.1.Forany3—psf-graprG~p7V = (G*, p, I, P),’}’(égv) < i(éP,V).
Example 2.5. Consider a3— psf-graph.
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1(0.9,0.7,0.3) a5(0.7,0.8,0.9) a1(0.6,0.9,0.7) a5(0.3,0.2,0.1)

(0.4,0.6,0.7) (0.3,0.2,0.1)

(0.5,0.6,0.3) (0.4,0.3,0.6)

a2(0.5,0.6, (. (0.4,0.3,0.6) a2(0.4,0.6, a4(0.4,0.3,0.8)

(0.4,0.3,0.6)
(0.4,0.3,0.6) (0.4,0.6,0\6)

a5(0.8,0.4,0.7) a3(0.7,0.9,0.6)

Hp v (e1) Hp vy (e2)

Fig.5. Independent set of a 3-psf-graphs

In Fig.5. that minimum dominating set of &-psf- grathpV is {az, a4}
and the maximal mdependent set@ﬁv is {a1, 0,3,&5} in Hpv(ez) Ve, € P for
i = 1,2. Also herey(Gpy) = (1.7,1.8,3.1) andZ(Gpv) = (4.0,3.9,3.3) in
Hpy(e;) Ve, € Pfori =1,2. Clearly,y(Gpy) < i(Gpy).

Theorem 2.4.A setS C V is a maximal independent set o8a psf-graphépy
if and only if it is independent and dominating set.

Proof. Assume thas is a maximal independent set@ﬁav Then for each vertex
a€V\S, thesetSU{a}is not independent set Hpy(e;) fori=1,2,.
In this manner for every vertex ¢ V \ S,then3 vertexb € S such thab dom-
inatesa in Hpv(ez)VeL € Pfori =1,2,...,n. HenceS is a dominating set in
pr(el)Vel € Pfori =1,2,...,n. ThereforeS is both mdependent and domi-
nating set inﬁp,v(ei) Ve € P for 1=1,2,...,n. Hences is both independent
and dominating set iﬁ?py

Conversely if we suppose thatis not maximal independent setﬁ’lpv(e,)
Ve, € Pfori=1,2,...,n. Thendavertexa € V \ S, such thatS U {a} isin-
dependent set. Thus theﬂeany vertexb in S which dominates: in Hpv(e,)
fori = 1,2,...,n. So S is not a domlnatlng set Ierv(eZ) Ve, € P for
i =1,2,...,n. WhICh — < to the choice ofS. AccordlnegS is a maximal
independent set ”ﬁ{P,V(ez) Ve, € Pfori = 1,2,...,n. HenceS is a maximal

independent set @f'py . O

Theorem 2.5.In a 3— psf-graph@py = ((P,n), (P, p)), every maximal inde-
pendent set is a minimal dominating set
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Proof. For a maximal independegt of épy. By Theorem 248 is dominating
set in(NJp,V. If we considerS being not minimal dominating set iﬁ’py(ei) Ve €

P fori = 1,2,...,n. Then3 atleast one vertex € S so thatS \ {a} is a
dominating set that mea®\ {a} dominated/\ (S{a}). Thus, there exists atleast
one vertex inS which dominates. This contradict our assumption. Therefcﬁ*e
is a minimal dominating set IHP,V(Q) Ve, € Pfori=1,2,...,n. HenceS is a
minimal dominating set in @y . O

3 Conclusions

The multiplicity of applications and vast range of domination parame-
ters that can be defined make domination theory research attractive. The terms
dominating set, independent set, dominance number etc. are used in this study
that proposed the:-polar soft fuzzy graphs, and several intriguing findings have
been demonstrated. In a similar situation, future studies can define and examine
additional domination parameters.

References

[1] M. I. Ali. A note on soft sets, rough sets and fuzzy soft ggiplied soft
computing ,11(2011), 3329-3332.

[2] A. Somasundaram and S. Somasundaf@omination in fuzzy graph-Pat-
tern Recognition Letter, 19 (9):77-95, 1998.

[3] Mohinto Sumit, T. K. SamantaAn Introduction to Fuzzy Soft GrapMath-
ematica Moravica, 2015, vol. 19, br. 3, str 35-48.

[4] M. Akram and B. DavvazCertain types of domination im— polar fuzzy
graphs.Journal of Multiple-Valued Logic and Soft Computing, 29 (6),2017.

[5] A. Rosenfeld, L. A. Zadeh, K. S. Fu, and M. Shimura. [EBskzy graphs in
Fuzzy sets and their Applicatiomscademic Press, New York 1975, 77-95.

[6] S. Ramkumar, R. Sridevi.Proper m—polar Soft fuzzy Graphs
Adv.Math.,Sci.J. 10(2021), No.4, 1845-1856.

146



Ratio Mathematica Volume 46, 2023

Anti Q-M-fuzzy normal subgroups

S.Palaniyandi *
R.Jahir Hussain"

Abstract

The fuzzy set has been applied in wide area by many researchers.
We define the concept of anti-homomorphism in Q-fuzzy subgroups
and Q-fuzzy normal subgroups and establish some result in this re-
search article and develop some theory of anti- homomorphism in
Q-fuzzy subgroups, normal subgroups and also extend results on Q-
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1 Introduction

According to Zadeh.L.A Rosenfeld [1971] was introduce fuzzy sets. It has
subsequently been employed in a variety of scientific domains, including engi-
neering, social science, medicine, and pure and applied mathematics. Rosenfeld
developed the concept of fuzzy subgroups Asaad [1991]. Biswas.R proposed anti-
fuzzy subgroups in Biswas [1990]. Solairaju.A and Nagarajan.R pioneered the
structure of Q-fuzzy groups Palaniappan and Muthuraj [2004]. Jacobson.N was
the first to use the words M-group and M-subgroup in Jacobson [1951]. In this
study, we present and discuss the concepts of group Q- M homomorphism, group
anti Q- M homomorphism, and anti Q- M-fuzzy normal subgroup of M-group.

2 Preliminaries

Definition 2.1. Let X # ¢. Let X is fuzzy 0 C 0 : X € [0, 1].

Definition 2.2. Zadeh [1965] A fuzzy C 6 < N.
It is satisfying the axioms,

(i) 6 (aB) = lower{f (a), 0 ()}
(ii) 0 (a™t) = 0(a),Va, B € N.

Definition 2.3. Biswas [1990]  Afuzzy C 0 of a group G is said to be anti
fuzzy C G if it is satisfying the following conditions,

(i) 6 (uv) <lower{f (u), 0 (v)}
(ii) 0 (u™') = O(u),Yu, v € G.

Definition 2.4. Biswas [1990] Let G: M and 0 C G. Then 0 is called M-fuzzy C
G ifVu € Gand m € M, then 0(mz) < 6(u)

Definition 2.5. Jacobson [1951] A Q-fuzzy set 0 is QQ — fuzzy < G if Vu,v €
G,and p € Q

(i) 0 (w, p) = lower{0 (u, p), 6 (v, p)}
(ii) 0 (u™", p) = 0(u, p)

Definition 2.6. Solairaju and Nagarajan [2009]  Let fuzzy A C X. Forte[0, 1] C
0 is denoted by [0, = {u € U : 05(u) > t}]

Definition 2.7. Sithar Selvam et al. [2014] A Q-fuzzy set 0 is called Q) < G if
Yu,v € G, and p € Q in anti Q fuzzy.
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(i) 0 (uv, p) < lower{f (u,p),0 (v, p)}
(i) O (u™',p) = 0 (u,p)

Definition 2.8. Sithar Selvam et al. [2014] An antifuzzy normal () < G. Then
G S 0of GifVr,y € Gand p € Q, O(uyz=", p) = 0(v, p).

3 Anti Q-M- fuzzy normal subgroups and its level
subsets

Definition 3.1. Let 0 be anti fuzzy Q) — M — < M — groupG, then 6 < M(G) if
Yu,v € G, p € Q,and m € M such that
0(m(uvut), p) = 0(m(v), p) (or) O(m(wv), p) = O(m(vu), p).

Definition 3.2. Ler 0 be anti fuzzy Q — M < M — groupG. For anyt € [0, 1], the
subset 0; is defined by 0, = {u € G,p € Q,m € MO(m(u),p) < t} and it is the
subset of 0.

Theorem 3.1. If 0 is a fuzzy Q — M — C of a M-group G, then 0 is an anti fuzzy
Q — M— < M — groupG iff the level subset 6,,t € [0, 1] is subgroup of M-group
G.

Proof. Let us assume that 6 is an anti fuzzy — QQ — M— < M — groupG.
The level subset 6, = {u € G,p € Q,m € MO(m(u),p) <t, te[0,1]}.
Let u,v € 6, then 6(mx, p) < t and §(my, p) <t

Now
0(m(uy™"), p) < upper{f((mu), p),0(m(v™"), p)}
= upper{ﬁ(mu, p)7 0<mv7 p>}
< upper{t,t}
Thus

O(m(uv™),p) <t

Hence zy~! € 6,. Therefore 6, < M(G).
Conversely, Let 6; be a subgroup of a M-group G.
Let u,v € 6;. Then 0(mu, p) < tand 6(mv, p) < t.
= O(m(uv™t),p) <t , Because{uv™"' € 6}
= upper{t,t}
= upper{f(mu, p), 0(mv, p) }
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Therefore

O(m(uv™"), p) < upper{#(mu, p),0(mv, p)}
Hence 6 is an anti fuzzy Q) < M — groupG. [

Definition 3.3. Let 6 be a anti fuzzy QQ — M < m — groupG. The set N(0) is
defined by N(0) = {a € GO(m(aua™t),p) = 6(m(u),p)} Vu € G and p € Q,
m € M. and it is called an anti fuzzy Q-M-normalizer of 0.

Theorem 3.2. If 0 is a fuzzy Q — M < M — groupG. Then 0 is an anti fuzzy
Q — M — fuzzy < M — groupG iff the level subsets 0,,t € [0,1] < M(G).

Proof. Let us assume that 0 < Q) — M — antifuzzynormalsubgroupofaM (G)
and the level subsets 6;,t € [0, 1] is a subgroup of a M-group G.

We take u € G and o € 6, then O(ma, p) <t

Now O(m(azxa™?), p) = 6(ma, p) < t.

Since 6 is an anti fuzzy normal Q-M < M (G), (m(uau—1),p) <t

Therefore uau™" € 6, hence 6, < M(G). O

Theorem 3.3. If 0 is an < Q) — M — antifuzzynormalsubgroupofaM (G)
Then

(i) N(8) < M(G).
(ii) 0 is an normal anti fuzzy -Q-M < iff N(0) = G.
(iii) 6 is an normal fuzzy anti — Q — M < N(0).

Proof. Let a, 3 € N(f). (i) Then O(m(aua=t),p) = O(mu,p)Vu € G,p €
Q,m € M and O(m(Bxp~1), p) = 0(mu, p)Vu € G, p € Q,m € M. Now

O(m(afu(aB)™),p) = O(m(apuB™ a™), p)

= 0(m(Buf™), p)
— O(mu, p)
Then we have, 0(m(afu(aB)™t), p) = 0(mu, p)
= af € N(0)
Therefore N (0) < M(G).
(i1) We know that

N6 C G, (D)

0 is an normal fuzzy anti-Q) — M < G.
Let a € G, then O(m(aua™'), p) = 0(mu,p)Vu € G,p € Q, m € M.
Then
a€eN(@)=GC N (2)

150



Anti Q-M-Fuzzy Normal Subgroups

From (1)&(2), we get

N@) =G

Conversely, assume that N () = G

We have, 0(m(axa™), p) = (mz, p)Va,z € G,p € Q,m € M.

Therefore 6 is an fuzzy normal anti ) — M < M(G).

(iii) Let 0 be an fuzzy normal anti ) — M < M

We take o € G, then we have

O(m(aua™'), p) = O(mu, p)Vu € G,p € Q,m € M.

Therefore o« € N(0) = G C N(0).

Hence 6 is an fuzzy normal anti ) — M < N(6) O

Theorem 3.4. Let 0 be an fuzzy normal anti Q — M < M(G), then hOh™" is also
an fuzzy normal anti Q — M < M(G)Vh e G, p€ Q, m € M.
Proof. Given 0 < M(G) < M(G)

(i)(hoh~") (m(wv), p) = O(m(h™ (uv)h), p)
O(m (b~ (ubh~10)h), p)
O(m((h™"uh)(h™"vh)), p)
upper{0(m(h~'uh), p),0(m(h~"vh), p)}
upper{hOh™" (mu, p), hOh™" (mv, p)}

IAINA

Yu,veG, peandm e M.
(i6)h0h™ (mu, p) = O(m(h~'uh), p)

VuveG,pe@,me M.
Therefore hOh~1 is an fuzzy anti Q — M < M(G). O

Theorem 3.5. Let 0 fuzzy antiQ) — M < M(QG), then hOh™" fuzzy antiQQ — M <
M(G),Yh e G, pe @ me M.

Proof. Given 0 is an anti-Q-M-fuzzy normal subgroup of M-group G.
Then hOh~! < G.
Now

hOR (m(uvu™), p) = O(m(h (uvut)R), p)
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Therefore hfh ™! is also an fuzzy normal anti Q — M < M(G). O

Theorem 3.6. The disjoint two fuzzy normal anti Q — M < M(G) is also an anti
fuzzy anti QQ — M < M(G)G.

Proof. Let a and (5 be two anti-Q-M-fuzzy subgroups of a M-group G.
Then

lower{a(m(uv™), p), B(m(uv™1), p)}
lower{upper{a(c(u), p),a(m(v™"), p)}
supper{(c(u), p), B(m(v™"), p) }}
lower{upper{a(cu, p),a(mv,p)},
upper{B(cu, p), B(mv, p)}}
upper{lower{a(cu, p),a(mv, p)},
lower{(cu, p), B(mv, p)}}

Therefore {(a/8)(c(uv™"), p)} < upper { (a)(cu. p), (af)(cv, p)}
Hence a3 is an fuzzy normal anti Q — M < M(G).

(aB)(m(uv™), p)

IN

IN

IN

e N

Theorem 3.7. If C and D are an anti fuzzy normal Q-M < M (G).Then AN B is
anti fuzzy normal Q-M < M (G).

Proof. For any z,y € G, q € Q, m € M We have

(CND)(m(zyz™),q) = upper{C(m(zyz~"),q), D(m(zyz~"),q)}
= upper{C(my, q), D(my, q)}
= (CND)(my,q)

Hence C'N is an anti fuzzy normal Q-M < M(G). O

4 Group Q-M- homomorphism and group anti Q-
M- homomorphism

Definition 4.1. The function f : G X Q — H x @ is homorphism group Q-M
(i) f : G — H is a homomorphism group and

(ii) f(m(uv),p) = (f(mv).f(mu),p) Y u,v € G,p € Q,m € M. where G and
H are M-groups.

Definition 4.2. The function f : G x Q — H x @ is anti homomorphism group
of O-M if
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(i) f: G — H is homomorphism group

(ii) f(m(uv),p) = (f(mx).f(mv),p) Yu,v € G,p € Q,m € M.

Theorem 4.1. If the function f : G x Q — H X Q) is a group anti Q-M-
homomorphism

(i) If 0 is an anti Q-M-fuzzy normal subgroup of H, then f~1(0) is an fuzzy normal
anti Q — M < M(G).

(ii) Iffis an epimorphism and 6 is an fuzzy normal anti Q — M < M (G) then f(6)
is an anti normal fuzzy Q-M < H. Where G and H are M-groups.

Proof. (i) Given the function f : G x Q — H x () is a group anti-Q-M-
homomorphism and 6 is an anti normal fuzzy Q-M < H.
For all u,v € G, p € Q,m € M we have,

FHO m(uvu™),p) = O(f(m(uvu™)), p)
= O(fm(u™").f(mw). f(mu), p)
= 0(f(mv),p)
= fH(mw,p)

Hence f~!(0) is an fuzzy normal anti Q — M < M(G).

(i) Given 6 is an fuzzy normal anti Q — M < M(G). Then f(0) is an anti
Q-M-fuzzy subgroup of H.
For any N, 5 € H, we have

FO)(m(aBR™), p) = infO(mv,p) = info(m(uvu™"), p)
flv) = aBa™t=inf(muv,p)
fu)=a, f(v)=06 = f(0)(mb,p) (Since f is an epimorphism)

Therefore f(#) is an fuzzy normal anti Q — M < H. O
Definition 4.3. Let A and B be two fuzzy anti () — M < M(G). The Product of A
and B is defined by AB(m(u), p) = infupper(A(muv, p),vz = u, B(mz,p))u €
G,pe@,me M.

Theorem 4.2. If A and B are fuzzy normal anti Q — M < M(G), then AB is an
fuzzy normal anti ) — M < G.
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Proof. Given A and B are two fuzzy normal anti Q — M < M(G).

(1) AB(m(uv), p) = infupper{A(m(uiy1),p), B(m(uzy2),p)}
where u = w1y, and v = Uzl
< inf upper{upper{ A(muy, p), A(muvi, p)},
upper{B(musg, p), B(muva, p)}}
upper{inf upper{ A(muy, p), A(mwv, p)},
inf upper{ B(mus, p), B(muva, p)} }
i.e., AB(m(uv), p) < wupper{AB(m(uiy1), p), AB(m(u2y2),p)}

IN

(ii) AB(m(u™),p) = infupper{(Bm(z""), p), A(m(v™), p)}
where(vz) ™t =u!
= infupper{B(mz, p), A(mv, p)}
= inf upper{A(mwv, p), B(mv, p)}
AB(mu, p).

AB(mv™',p) = AB(mv,p)

Hence AB is anti fuzzy normal Q-M < M (G). O

5 Conclusions

In this research article, we gave some results of anti Q-M-fuzzy normal
subgroup, Group Q-M homomorphism and Group anti Q-M homomorphism. This
article used to further research in fuzzy algebra.
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Abstract

A model for type-2 diabetic from obesity with two control variables
diet with physical activity and medication is formulated.The disease
free and endemic equilibrium points of the model are obtained. The
existence of optimal controls is verified through Pontryagainaximum
principle. The local stability is analyzed using Routh-Hurwitz cri-
teria. The global stability is studied using Lyapunov function. The
parameters are chosen based on the female population in India. The
aim of this research is to construct a model for type-2 diabetic from
obesity using parameters based on the female population in India. We
have introduced two control variables as diet with physical activity
and medication. The positive endemic equilibrium is obtained. The
local and global stability of the model are analyzed with some specific
conditions. Numerical simulations are carried out to exhibit the flow
of variables with controls. Our study mainly highlights the awareness
of metabolic risk by healthy diet, physical activities and medications.
Keywords: Obesity, Diabetic, Pontryagain’s maximum principle, Lya-
punov function, Stability.
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1 Introduction

Obesity and Diabetes are two epidemics that are wreaking havoc around the
world. Obesity puts you at a much increased chance of having diabetes through-
out the course of your life. Obesity is more than a cosmetic issue. It is a long-term
medical condition that can progress to diabetes. Obese people account for over
90 percent of people with type 2 diabetes which is characterised by the body’s
failure to regulate and control blood sugar levels. Obesity allows diabetes to take
up residence in the body. Obesity increases the risk of developing diabetes which
is characterised by an excess of glucose in the bloodstream. Obesity is linked to
a higher risk of non communicable diseases such as diabetes, heart disease and
hypertension. Obesity is one of the primary causes of early death and 4.7 million
deaths worldwide was recorded in 2017 due to obesity. The key to understanding
the link between obesity and diabetes is to look at insulin resistance. Physical in-
activity, overeating, heredity, medications and psychological factors are the most
prevalent causes of obesity. Type 2 diabetes has no known treatment however, it
can be in control. Inactivity, family history, high blood pressure and obese are
the most common causes of type 2 diabetics. Obesity reduction is a significant
objective for the treatment and prevention of type 2 diabetes. Many authors stud-
ied a mathematical models for obesity and diabetic. A Boutayed Boutayed et al.
[2010] developed a mathematical model for the burdern of diabetes and its com-
plications. Wiam Boutayeb et al. [2014] introduced a mathematical model for
the impact of obesity on predisposed people to type 2 diabetes. Nikhil Kumar
et al. [2017] studied a diabetsity an epidemic with its causes, prevention and con-
trol with special focus on dietary regime. Miguel A. Ortega Ortega et al. [2020]
illustrated a technique for type 2 diabetes mellitus associated with obesity. Ab-
delfatah Kouidere K.Abdelfatah et al. [2020] developed a mathematical model for
the dynamics of population of diabetics and its complications with effect of be-
havioral factors. Wellars Banzi et al. [2021] studied a mathematical model for
Glucose-Insulin System and test of abnormalities of type 2 diabetic patients. In
this paper, we formulated and anlaysed a mathematical model for type-2 diabetic
from obesity with control variables.

2 Formulation of model

The system of Ordinary Differential Equation represents the Obesity and Dia-
betic model as follows::
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as

22 ON —
o = wN = (B+p)s
dO
dD (1
o _ D
= a0 — (p+u+wv)
dR

E:(u—i—v)D%—uO—uR

With the initial conditions as S(t), O(t), D(t), R(t) > 0. Also 5, u,w, a, u,v >
0.

Where S(t),0(t), D(t), R(t) are the Susceptible, Infected by Obesity, In-
fected by Diabetic and Recovery state respectively and w - Average birth rate of
female, 1 - Average death rate of female, [ - Obesity rate , « - Diabetic rate, N ()
- Female Population. The control variables are u - Diet with Physical Activity and
v - Medication.

The following figure shows the considered Obesity and Diabetic model:

Figure 1: Obesity and Diabetic model

3 Equilibrium analysis

The steady states are G,(0,0,0,0), G1(S,0,0,0), Gg(g, 0,0, 0),Gs(S",0', D', 0)
and G4(S*,0*, D*, R*).
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Case(1): Go(0, 0,0, 0) exists always.
Case(2): In G1(S,0,0,0),
Let S be the positive solution of % =0

From (1),
— wN
S = 0
Brp
— wN
S = 0
Grp

.G1(5,0,0,0) = (555:0,0,0)

Case(3): In G»(S,0,0,0),
Let .S, O be the positive solutions of % = O,% =0.
From (1),

. wN
S = >0
(6+u)
~ BwN
0= >0
(B+pm)(a+p+u)
. G9(S,0,0,0) =G N
s T2 M s 2 ,8+u) (B+u)(atptu)’

Case(4): In G3(5',0', D', 0),

Let S, O" and D’ be the positive solutions of fl—f =09 =0

>t
From (1),

wlN

S =

(B+n)

BwN

0 =

(B+w)(a+p+u)

D afwN

(B+p)(a+p+u)(p+u+wv)

dD

> dt

-.G3(8',0',D',0) = (ﬂ BwN aBwN

G Frmaratu)’ (Bhm (atutu)(eruto)”

Case(5): For G4(S*, 0%, D*, R*),

From (1),
. 1
SN (5 + #)

_ 3
o= N((a+u+u)(6+u)
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> dt

)

=0

)

Let 5*, O*, D* and R* be the positive solutions of Cé—f =(,99 — (42

dt

_0 dR_O

> dt
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L of
b= N((@+M+U)(6+u)(u+u+v))

1

ey H af(u+v) . Bu )]
p\(a+p+u)(B+m(ptuto) (ot p+u)(B+p)

.. the diabesity equilibrium is given by

G4(S*,0*,D*, R")

= (WN (ﬁ) N <<a+ﬂ+ﬁu><ﬁ+“>> |

o ((a+u+u)(6afu>(u+u+v)> |

o E ((a+u+u(;(ﬁﬁ(zjr+u?)}()u+U+v) * <a+u+ﬁz><ﬁ+m>])

4 Pontryagain’s maximum principle

We compute the optimal controls of the control variables by using Pontrya-
gain’s maximum principle. We prove the following four properties :

I: The set of controls and state variables that correspond to them is non empty.

II: U is a closed and convex control set.

III: The state system’s R.H.S is bounded by a linear function in the state and
control variables.

IV: The integrand of the objective functional is convex on U and is bounded
below by ks + k1 |U|", with ky > 0, ko > 0,7 > 1.

To Prove I:
From (1),
Fo=pS—(a+ p+u)O
jo 2)
3=0a0 — (u+u+v)D
Fy=(u+v)D+u0 — pR
From (2)
|92 < 00, | 25| < 00,| 25| < o0, |25 < o0
b 2 D 2 R
i) <) <) < g <
g—ﬁf’ < 00, 3—193 <oo,iD3 < 00, 59_5 < 00
55| <00, |55 <oo,a—1;4 <00, || <0
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As it is continuous and bounded then there exist a unique solution of (1) by Exis-
tence and uniqueness theorem.

Hence, I is satisfied.

To prove II:

The control set is given by,

U={(u(t),v(t)/0<u<1,0<v<1,tel0,1]}

U is closed, from our definition.
Letu,v e U, a € [0,1]
Thenau + (1 —a)v >0
Asu<landv<1,
0<au+(l—-a)w<(1-a),foralluyveU
Hence II is satisfied.
To prove I1I:
From (2),

F, <wN
< BS —u0O
F;<a0—(u+v)D
Fy < (u+v)D+uO

It can be rewritten as follows:

000 0] [S 0
=/, g 0 0 0 |O -0 | |u
FOXU) <10 o o0 ol |p|l T | =D | |0

0 0 00 R D+0O

Which can be written as the linear combination of controls
|F(t, X, 0)] < |[m]| | X|+ 11D 4 O]l |u(t), v(t)|
< K [|X] + Ju(t),v(t)]]

As S,0,D are bounded and K is upper bound.
.. I is satisfied.

To Prove IV:
The control variables and state variables are non negative u, v € U.
u,v is convex and closed.
Then from (3),
wu? + wov?

J=AI(t) + 5
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> —AI(t) + %(tﬂ +v?)

= _k2 + kl(u7 U)Q

where w = wy +wo, k1 = 3.

Here ko >0,k >0andn=2>1

Hence IV is satisfied.

Hence there exists an optimal control variables which is found in the following
section.

5 Existence of optimal control

The objective functional is defined as in (2) as follows:

1 /T

J = mmA[(t) + 5 / (wluz + w2’1)2>dt 3)
0

Where Al(t) is the number of individuals, wq, wy are the weight parameters for the

cost of diet with physical activity and the cost of medication respectively.

From previous section, our system (1) converts into a problem of minimizing.

An Hamiltonian H is defined as,

2 2
H(S.0,D, R) = AI(t) + “5— + == + Xs (N — (3 + )S)
+Xo (BS — (a+ p+u)O) + Ap (O — (p+u+v)D)
+ A ((u+v)D +uO — pR) 4)

The adjoint system is given by

Bs = \g(B+ 1) — Aof

Lo = Nola+p+u) —arp — Agu
LD = \p(p+u+v) — Ap(u+0)
At = Arn

with the final condition Ag(r) = Aoy = Apr) =
The optimality is found from %—ZI =0 and %—f =0.
.". The optimal controls are,

u* = min (1, mazx (O, M)), v* = min (Lmax (07 M))

w1 w2

Ar(r)=0 for free problem.

Here u*, v* are positive when A\p > Ag and D(Ap — Ag) > OAg.
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6 Local stability

The Jacobian matrix for the system (1) is

—(B+ 1) 0 0
I6; —(a+p+u) 0 5)
0 a —(p+u+v)
0 u u—+wv
At the interior equlilibrium (5) becomes
— ;?N % , 0 0
—= 0 0
0
0 a -9 0 ©)
0 u utv — (u+v)}l§+u0
The characteristic equation of (6) is given by
-\ 0 0 0
A —25 )\ 0 0
0 o a0 )\ 0
0 u (u+v) —(“Jr”)# —A
1y (WN 85 aS w0 (utv))
A+ ( st ottt )
wNB  (u+v)DwN uwOwN wNa (u+v)DBS  uBS BasS?
"o "5k Tsr TD R "R DO
(u+v)asS uwOaS, , (u+v)awNDS upwN
A
R + RD N+ R R
(u+ v)awN N wNuO« N (u+v)aBS?  uaBS?
R RD RO RD
(u+v)afwNS  uafwNS
pumy 7
"% ‘Y & @
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Comparing (4) with S* + AS® + BS? + CS+ D =0
where
_wN BS aS w0 (u+vw)
A=t 5t o+t
_ wNp N (u+v)DwN  uOwN N wNa N (u+v)DBS
0 SR SR D R
N ufBS N BaS? N (u+v)asS N uOaS
R DO R RD ’
(u+v)awNDp N ufwN n wNpBaS N (u+v)awN
R R DO R
wNuO«o N (u+v)aBS? N ua3S?
RD RO RD
(u+v)afwNS N uafwN S

RO RD

B

C

D

Here A > 0;D > 0; AB—C > 0;C(AB—C)— A?D >(0when1— S > 0 and
the system (1) is locally stable by the Routh-Hurwitz criteria.

7 Global stability

We establish the Lyapunov function given below,

V(5,0,D,R) = ((S — 5" — S*lnﬁ) +1 ((o — 0" — o*znﬁ)

S* O
D R 3

Differentiate (8) with respect to t,
e R R L
St O ’dt D dt Rt
From the model equations (1),

W @y -39+ (CSD) (55— (@t w)0)

-I—(D ;D*) (a0 — (u+u+v)D)+ (R ;%R*

) ((u+v)D +uO — pR)

wlN BS

—5-5) (5 - Gm) +1u0-0) (T @ rutn)
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a0 (u~|—v)D—|—uO_,u)

+1(D — D) (3 - (u+u+v)) +l3<R—R*>( R

At (S*,0%, D*, R*), we have

dv WV wN BS BS*
= (5= 55— (N L0 -0 — (5]
a0  aO* . D+uO | (u+v)D* 4+ uO*
(D= D)5 = (S (R B [(+) (— o — ()
* 1 S 5
(S = 8 wN(5 = <) +h(0 = O)B(5 — )
o~ 0O O . D D o o
(D = D)a(5 = 52) + (R = R)[(u+0)(5 — 22) +u(f = 7))
Choosing [, = %, lh = é, I3 = (qulv)u
v . O-098 (8 & (D — D"«
PGl <s 5*) 5 (0*‘0*)+ a
0o O (R—R") ((utv)D D* (R— R*) D D
+ +—ul5 — =)
D D (u+v)u R R (u+v)u R R
wN(S—S*)2 1 . « 2 . %
=— 5 OO [SOO* — 5*0° — SO*2+ S*O*0]
2 )k * * )k * o 21y *
DD*[ODD D=0 OD2+DOD]—|—uRR*[DRR R*D* — R*2D
+ R*RD*] + [DR*R — R*D* — R*2D + R*RD*|

(u+v)RR*

(OD* —DO*) n R—-R" (DR* —RD*) n R—-R* (DR* —RD*)

DD+ U RR* U+ v RR*
:_“’N(SSS:S*) (S—Sg*—SO*?+S*)+(O—O£*+%O*+O>
+%(R_Dg )t ( D]§+DRF+R*)

42 < 0, whe *’O < *,5 < D*’R *’R

Here the system (1) is globally asymptotically stable by Lyapunov theorem.
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8 Numerical simulations

We have choose the values of parameters as w = 0.0234, 4 = 0.008, o =
0.2792, 8 = 0.23 based on a female population.
Figure (2) shows the flow of variables with control parameters. The obesity rate

250

Susceptible
Infected by Obesity
Infected by Diabetic
200 Recovery

150

100 =

Number of Individuals

10 12 14 16
Time

Figure 2: Obesity and Diabetic with control parameters

200

Susceplible

180 Infected by Obesity
Infected by Diabetic
160 Recovery 1

140 -

120

100

Number of Individuals

Figure 3: Obesity and Diabetic without control parameters

and diabetic rate are stable with high recovery rate with respect to time . Figure
(3) shows the flow of variables without control parameters. The diabetic rate is
high due to no recovery rate.

Figure (4) shows the flow of individuals of susceptible class for various values of
B. If B values are increasing, the number of individuals of susceptible class move

166



G. Gnana Priya, A.Sabarmathi and V.S.V. Naga Soundarya Lakshmi

100

beta=0.23 S
80 beta=0.27 - —— g
beta=0.33 —

BO

beta=0.38
beta=0.43

VO

&0 | P
50
40 |
30

20

Number of Individuals in Susceptible Class

10 [/ 5

Time

Figure 4: Flow of individuals in Susceptible Class for various values of 3

towards the infected by obesity class which becomes stable with respect to time.

alpha=0.2792 o —
16 alpha=0.3792 et &
alpha=0.4792 et ==

alpha=0.5792
alpha=0.6792

Number of Individuals in Infected by Obesity Class
=

Time

Figure 5: Infected by Obesity class for different values of o with control parame-
ters

Figure(5) and figure(6) show the flow of individuals of infected by obesity
class for various values of o with and without control parameters respectively. If
we use the control parameters by giving different values to «, then the number of
individuals in obesity class will be stable with respect to time. Otherwise it will
increase the diabetic rate. While comparing, figures (5) and (6) the obesity rate of
figure (5) is higher than the obesity rate of figure(6). So we can understand that
the obesity rate can be managed with control parameters. Which gives that the
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80

alpha=0.2792
alpha=0.3792 Pl
alpha=0.4792 —
alpha=0.5792 -

80 [ alpha=0.6792 ol =

50 30 o g
40 |
30 |
20 | |

10 R

Number of Individuals in Infected by Obesity Class

Time

Figure 6: Infected by Obesity class for different values of o without control pa-
rameters

obesity rate is controlled with the control parameters.

4.5 T T
alpha=0.2792
4 alpha=0.3792
alpha=0.4792
35| alpha=0.5792
alpha=0.6792

Number of Individuals in Infected by Diabetic Class

Time

Figure 7: Infected by Diabetic class for different values of o with control param-
eters

Figure(7) and figure(8) show the flow of individuals in infected by diabetic
class for various values of o with and without control parameters respectively. If
we use the control parameters by giving different values to «, then the number of
individuals in diabetic class will be stable with respect to time. Otherwise it will
reduce the recovery rate. While comparing, figures (7) and (8) the diabetic rate of
figure (7) is higher than the diabetic rate of figure(8). So we can understand that
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250

alpha=0.2792
alpha=0.3792
alpha=0.4792
alpha=0.5792
alpha=0.6792

N
Q
Q
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4]}

Q
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50

Number of Individuals in Infected by Diabetic Class

16

Figure 8: Infected by Diabetic class for different values of o without control pa-
rameters

the diabetic rate can be managed with control parameters. Which gives that the
diabetic rate is controlled with the control parameters.

Number of Individuals in Recovered Class

Figure 9: Recovered class for various values of control parameters

Figure(9) shows the flow of individuals in recovered state for the various values
of control parameters. We can observe the following cases:

Case 1 : The recovery rate increases when both the control parameters exist.
Case 2 : The recovery rate is slightly decrease when the control parameter diet
with physical activity is involved.

Casse 3 : The recovery rate decreases from case 2, when the control parameter
medication is involved.

Case 4 : There is no recovery rate, when no control parameters are involved.
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Hence, both the control parameters are required to control the obesity and
diabetic rates and to increase the recovery rate.

9 Conclusions

This paper presents a mathematical model for type 2 diabetic from obesity
with controls diet with physical activity and medication. By the Pontryagin’s
maximum principle, the optimal levels of two control variables are attained with
some specific conditions. An optimal control approach is proposed in order to re-
duce the burden of obesity to diabetic. The positive equilibrium points have been
found. The system is locally asymptotically stable with a condition on susceptible
population. The system is globally asymptotically state in the identified paramet-
ric domain. The numerical simulations show the effectiveness of proposed control
strategies. In the numerical simulations, we can observe that the flow of diabetic
state was dropped down, when the two control parameters are involved. We can
also observe that the obesity rate can be managed at moderate levels when the
controls parameters are at optimal levels. Hence the two introduced control pa-
rameters healthy diet with physical activity and medication are effectively reduce
the rates of obesity and diabetic and increase the recovery rate.
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Abstract

The fuzzy set has been applied in wide area by many researchers.
We define the concept of anti-homomorphism in Q-fuzzy subgroups
and Q-fuzzy normal subgroups and establish some result in this re-
search article and develop some theory of anti- homomorphism in
Q-fuzzy subgroups, normal subgroups and also extend results on Q-
fuzzy abelian subgroup and Q- fuzzy normal subgroup. Many re-
searchers have explored the fuzzy set extensively. We propose the
notion of anti-homomorphism in Q is fuzzy subgroups and normal
subgroups. It is establish some findings in this study article and build
the theory of anti-homomorphism in Q-fuzzy subgroups, normal sub-
groups. It is also extend results on Q-fuzzy abelian subgroup and
Q-fuzzy normal subgroup.

Keywords: Fuzzy, subgroup, Q-fuzzy, fuzzy abelian, fuzzy normal
subgroup, anti-homomorphism,.

AMS Subject Classification: 03E72, 03E75, 08A72 !

“PG and Research Department of Mathematics, Jamal Mohamed College (Autonomous), Af-
filiated to Bharathidasan University, Tiruchirappalli, Tamilnadu, India.; hssn_jhr@yahoo.com.
PG and Research Department of Mathematics, Jamal Mohamed College (Autonomous), Af-
filiated to Bharathidasan University, Tiruchirappalli, Tamilnadu, India.; palanijmc85 @ gmail.com.
'Received on September 15, 2022. Accepted on December 15, 2022. Published on March 20,
2023. DOI: 10.23755/rm.v46i0.1073. ISSN: 1592-7415. eISSN: 2282-8214. ©R.Jahir Hussain
et al. This paper is published under the CC-BY licence agreement.

172



R.Jahir Hussain and S.Palaniyandi

1 Introduction

Zadeh L.A. Zadeh [1965] introduced the fuzzy set concept. Numerous schol-
ars have used the fuzzy set in several different contexts. Fuzzy subgroups are
first discussed by Rosenfeld Rosenfeld [1971]. Biswas.R Biswas [1990] was in-
troduced, the anti-fuzzy subgroups. The novel structure of Q-fuzzy subgroups
was introduced by Solairaju.A and Nagarajan.R Solairaju and Nagarajan [2009].
Fuzzy subgroups and fuzzy homomorphisms were defined by Choudhury, F.P.,
Chakraborty, A. B, and Khare Choudhury et al. [ 1988] Sheik Anti-homomorphism
in fuzzy subgroups was defined by Abdullah A. and Jeyaraman K. Sheik Abdullah
and Jeyaraman [2010]. In this study, we demonstrate various results and define the
notion of anti-homomorphism in Q-fuzzy subgroups and fuzzy normal subgroups.

2 Preliminaries

Definition 2.1. Zadeh [1965] A function of fuzzy subset 6 # Sis 6 : S — |0, 1].

Definition 2.2. Rosenfeld [1971] A fuzzy subset 6 of a group J = J (fuzzy sub-
group) if it is satisfying the following conditions,

(i) 0(¢) > min{d (0), 0 (7)}

(ii) 6(07') = d(0), Vo, v €J.

Definition 2.3. Solairaju and Nagarajan [2009] A Q-fuzzy set 6 = J if V o,
gammaf € J,and Kk € Q)

(i) 6 (0v, k) > min{d (o, k), 0 (v, k)}
(ii) 0 (07", k) = 6 (0, K)

Definition 2.4. Zadeh [1965] v C S (fuzzy subset of a set) . For 3 € [0, 1], the
level subset of ¢ is defined by

bp=1{e€S: 0,(0)>p

Definition 2.5. Solairaju and Nagarajan [2009] v C S. For € [0, 1], the set
dg={ee S, keQ: d,(o0, k) > P}iscalleda ) Co.

Definition 2.6. Palaniappan and Muthuraj [2004] Consider 6 < J. The fuzzy
subgroup 0 is said to be fuzzy normal subgroup if § (o) = d (fe), Vo, v € J.

Definition 2.7. Palaniappan and Muthuraj [2004] A fuzzy subgroup ¢ of a group
J is a Q-fuzzy normal subgroup if § (0, k) = 6 (ve, k), Vvarrho v € J, and
Kk € Q.
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Definition 2.8. Choudhury et al. [1988] Let (J,, ®) and Jy, ) be the function
g : J1 — Jyis called a group homomorphism if g (0y) = g (0) .9(7), YV o, v € Ji.

Definition 2.9. Sheik Abdullah and Jeyaraman [2010] Let (J;, ®) and J, e)
be the function g : J; — Jy is called a group anti homomorphism if g (0y) =
9(7)-9(0). Vo, v €

Definition 2.10. Sheik Abdullah and Jeyaraman [2010] Let g : J, — J5 is called
anti automorphism if g (o) = g (f) .g(0) ¥V 0, v € J.

Definition 2.11. Sheik Abdullah and Jeyaraman [2010] The function 9 is a fuzzy
characteristic subgroup of a group J if § (h(0)) = 6(0).

3 Some results On Q -fuzzy subgroups in anti- ho-
momorphism

Theorem 3.1. Let g : J — J* be an anti-homomorphism, if §* is a Q<J*. Then
g M) isaQ < J
Proof. Lete, v € J. Then

971 (6") (07, )

6*(h (0, K))
= {9 (v, K).9(0, K)}

> min{d" (h (v, K)), 0"(h (0, K))}
= min{(h'0")(y, &), (B0 ) (e, K)} (1)
and
g () (e k) = 8 (h(e, K))
= 0°(h (o, k)
= g () (e, K) (2)
From (1) and (2), g7 !(6*)isaQ < J. N

Theorem 3.2. Ifdisa Q <J and g : S — S* is an anti-homomorphism, then
g 1(0) is a Q-fuzzy normal subgroup of S*.

Proof. For every o, v € S. We get,
g7 (0) (0, &) = d(h(o, w)
= g (v, 5), g(o. K)}
6(h(vo, )
g~ (9) (o, K)
Hence g7 1(6)isaQ <.J. O
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Theorem 3.3. A fuzzy characteristic subgroup of a Q < Q. It is a fuzzy normal
subgroup.

Proof. Given g is an anti automorphism of S. Forall o, v € S,and x € (). Then

g(oy) =g(7).9(0), foreverye, v € S

Now,

(07, k) = d(hov, k)
= o (f, x),9(0, K)}

Since ¢ is a characteristics Q <.S.

Then 6 (07, x) = 6{g (7, ), g (e, K)}
Since g is anti automorphism of S,

6 (07, k) = d(h(fe, K))
= 0(yo, k), forallo, v € S, andk € Q

¢ is a characteristics Q <S.
Hence ¢ isaQ <S. O

Definition 3.1. The Q-fuzzy subgroup 6 of a group S is called a () -fuzzy abelian
subgroup of Sif H={o€ S :6(0, k) =6 (i, kK)},Vo, v €S, andrk € Q.

Theorem 3.4. The commutative property satisfies all anti-homomorphism pre-
images of a Q-fuzzy commutative subgroup.

Proof. If isa @ <S.

To prove § is a Q=[S, 5]

Let us consider v is a () = [5*, S*] () fuzzy commutative subgroup of 5*).
Since § isa ) =[S*, S*]and v is ) = [S*, S*]

ThenV ={y € S* k €Q: v(y, k) =v(i*, k)}isa @ =[S* S*], where i* is
the identify element of S™.

LetT ={p € S,k €Q:0(0, k) =0 (i, k)} where i is the identify element
of S.

Take o, v € T this implies oy € T C S. Then

5(@77 /f) - 6(7’7 '%)
v (h (0, K))

I
=
>
=
Z

vi{g(v, k).9(o, K)} = v(i
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Since g (v, k).g (0, k) € V and V is abelian,

g(f, k) .g(e, k) = glo k).g(v, )
v(h(v, k).g(0, k) = v(h(o, k).9(7, K))
v(v(ve, k) = v(y(ov, K)), since gis anti — homomorphism.
0(0v, k) = 6(v0 K)
6(i, k) = d(v0 k)

e (vo, k) =6 (i, k), this implies fe € T'and k € Q.
Forallp, v € T, oy € Tandyp € T.
This implies oy = vo
T satisfies commutative. Therefore § satisfies commutative property. [

Theorem 3.5. Anti-homomorphism image of a Q) -fuzzy commutative subgroup is
also satisfies commutative level.

Proof. Let v be a () -fuzzy subgroup of S*.

To prove: v is a () -fuzzy commutative subgroup of S*.

Let g be an anti-homomorphism from S to S*.

Since § is a Q=[S, S].

Then 7" = {oinS, kK € Q : 6 (0, k) = 0 (4, K)} is an commutative () -fuzzy
subgroup of S* where ¢ is the identity element of S.

Let v be the () - fuzzy subgroup of 5*.

LetV ={ze€S5* k €Q:v(o, k) =0(i* r)} where i*is the identity element
S*.

Lete, yinV C S*

v(oy, k) = v(i", K)
Sup d (r, k) = Supd(r, k)
regtoy) , re€g (i)

6(ov, k) = 0(i, k)

Then ¢y € T and T is an commutative () - fuzzy subgroup.

(07,£) = (vo, K)

6 (0v,6) = d(ve, K)
Sup d(r, k) = Supd(r, k)
reg(en) , reg (o)

v(ev,k) = v(ve, k)

v(i*, k) = v(ve, k)
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That is v (07, k) = v (i*, k), this implies yo € V and k € Q.

Forallp, v €eV,oy €V

This implies yo € V and oy = vp.

Then V' = [S*, 5*] (commutative subgroup of 5*).

Therefore v = [5*, S*]. Where () fuzzy commutative subgroup of S5*. ]

4 Conclusions

Many results can be found from the research article. But, in this paper we
found few concepts of anti-homomorphism in Q-fuzzy subgroups. Further this
paper used to developing the concept of Q-fuzzy abelian subgroup. There are so
many concepts can be availed by future research work.
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Abstract

A mathematical model is investigated to analyze the biological inter-
actions between the immune system and SARS-CoV (within host).
Homotopy Perturbation Method is executed to obtain an analytical
solution to the non-linear system of ordinary differential equations.
Graphical illustration to these solutions is also presented. The reli-
ability and the simplicity of the aforementioned method is studied
through the comparison between the numerical and graphical results.
This comparison aids the better understanding of the disease dynam-
ics and also the establishment of probable strategies for the treatment
of COVID-19.
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1 Introduction

The World Health Organization declared the SARS-CoV as a potential threat
to the human society Sharma et al. [2020]Ramadan and Shaib [2019]Ouassou
et al. [2020]. Since then, researchers have been working really hard on various
strategies to control the disease Ahmed et al. [2020]Nie et al. [2020]. A key factor
to control the disease is by studying the disease severity and progression in the
host. However, the quantitative analysis of the growth kinetics of the virus has not
been able to study the severity in the host. It is therefore important to analyze the
interactions within the host between SARS-CoV and the immune system Du and
Yuan [2020]Hernandez-Vargas and Velasco-Hernandez [2020]Wang et al. [2020].
And this can be achieved by developing a mathematical model as they serve as a
tool for characterizing the disease dynamics and in the forecast of severity of the
disease. A mathematical model is therefore developed by S.M.E.K Chowdhury
et.al Chowdhury et al. [2022]in the context of immune surveillance. We study
this model analytically. The goal of our work is to derive a closed form analyti-
cal solution for the COVID-19 model for the susceptible, infected, recovered and
exposed. This is done by implementing the technique of Homotopy Perturbation
Method [HPM] He [1999]He [2004a]He [2004b]He [2004c] which is the cou-
pling of homotopy and perturbation technique. The derived analytical results are
beneficial in two fronts: first, it would contribute to a better comprehension of the
disease dynamics which assist in designing effective treatment strategies and sec-
ondly, would enable the scientist in modifying the COVID-19 model to study the
correlation between various model parameters and their impacts. This approach
in its implementation is novel to this non-linear system of COVID-19 model.

2 Model formulation

The mathematical framework of the developed model is built on the interplay
between the lymphocytes and virus particles within the host. Taking into account
this interaction the model is proposed as Chowdhury et al. [2022]

dE
E = ay — GQE - agEV (1)
dE! 4
dt = CL3EV — blE’Z (2)
d .
VB eV - —eVL (3)
dt
dN
— =d, — dyN 4
” 11— da 4)
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Parameters Physical Meaning
ay Regenration rate of epithelial cells
as Rate at which epithelial cells die
as Rate of infection of epithelial cells
by Rate at which the infected epithelial cells die
1 Production rate of virus from infected epithelial cells
Co Rate at which the virus dies
el Rate of proliferation of T-lymphocytes
€2 Rate at which the T-lymphocytes die
€3 Regeneration rate of T-lymphocytes
C3 Rate at which the Natural Killer cells kills the virus
dy External influx rate of Natural Killer cells
do Rate at which the Natural Killer cells die
Cy Rate at which the T-lymphocytes kills the virus
n Half saturation constant of T-lymphocytes

Table 1: Nomenclature

i—f:%—eﬂ/—l—eg ®)
Where denotes the count of susceptible epithelial cells E(t) , infected epithelial
cells E*(t), viral load V' (¢) , natural killer cells N (¢) and T-lymphocytes L(t) re-
spectively. The production rate of the virus is c¢; where as the infection rate is
denoted by a3 . the natural death rate of susceptible epithelial cells, infected ep-
ithelial cells, viral load , natural killer cells and T-lymphocytes are as, by1,c2,ds,e—2
respectively. a; denotes the regeneration rate of the epithelial cells. The degener-
ation of virus particles occur when they are interacted with natural killer cells and
T-lymphocytes at the rate d; and 43 respectively. The NK cell’s constant external
source is denoted as as . refers to the T-lymphocytes natural recruitment rate c, .
In the presence of virus particles, the T-lymphocytes proliferate at a rate n.

3 Homotopy perturbation method

Epidemiological modeling of the diseases using nonlinear dynamical equa-
tions gives deeper insights into the behavioral patterns and the transmission dy-
namics of the disease. As solutions to these non-linear problems are a bit more
complex, a substantial amount of work has been dedicated by researchers in de-
veloping a solution method to these models. Such methods include ADM , VIM ,
HAM , HPM He [1999]He [2004c]He [2005]Abbasbandy [2006]Rafei and Ganji
[2006]Y1ldirim and Ozis [2007]Sivasamy and Kumar [2021] etc. In this paper,
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we execute HPM in finding an analytical solution to the COVID-19 model. The
advantage of HPM over other method is its ability to reduce a complex non-linear
problem into a serious of linear equation and finding the solution the same.

3.1 Basic idea of homotopy perturbtion method [HPM]

Consider the following function
Do(u) — f(r) = 0,reQ (6)
with the boundary conditions as

ou
B,(u, %) =0,rel’ (7)

Where Dy is a general differential operator, By is a boundary operator, f(r) is a
known analytical function and I" is the boundary of the domain €2 . In general, the
operator [y can be divided into a linear part L and a non-linear part N. We can
rewrite the eqn (6) as

L(u) + N(u) = f(r) = 0 ®)

We now construct a homotopy as v(r,p) :— Q x [0,1] x R by the homotopy
technique which statisfies

H(v,p) = (1 = p)[L(v) — L(vo)] + p[Do — f(r)] = 0 )
H(v,p) = L(v) = L(vo) + p[N(v) — f(r)] = 0 (10)

Here p is the embedding parameter and belongs to the interval [0, 1] and the initial
approximation of eqn.(6) is uy which satisfies the boundary condition. Now,eqn
(9) and (10) leads to

H(v,0) = L(v) — L(ug) =0 (11)

H(v,1) =Dy — f(r)=0 (12)

Setting p=0 makes the eqns. (9) and (10) as linear and seeting p=1 makes them
non-linear.. This process is presented as L(v) — L(ug) = 0to Dy — f(r) = 0.
We use p, the embedding parameter as a small parameter and assume that the
solutions of eqns. (9) and (10) can be written as a power series in p:

v =1y + puy —l—p2112+... (13)
Fixing p=1 leads to the approximation of eqn (6) as
v = vy + pvy + pPug + ... (14)

This is the basic idea of the HPM.
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4 Analytical solution to the COVID-19 model using
homotopy perturbation method

dF dE
(1—p) <E:a1—a2E>—|—p(E:a1—a2E—a3EV> =0 (15)
dE' 7; dE i
(1_p)<dt +b1E>_p((dt —agEV—blE>— (16)
d d .
(1 — p) _V -+ CQV —|—p (-v = CleZ — CQV — —03VL =0 (17)
dt dt
dL dL e 1 LV
( p)(dt+€2 63)+p(<dt V) €2 +€3) 0 (18)

Supposing the approximate solutions of Eq. (1-5) have the form

E = Ey+ pE, +p*Ey + ... (19)
E'= E\+pEl + p*Es + ... (20)
V =Vo+pVi+pVo+ .. Q1)
L=1Ly+pLi +p?Ly+ ... (22)

Substituting the Eq. (15-18) respectively into Eq. (1-5)

1—p) (d(Eo +pE1d~tF P*Ey + ...)
(d(E0 +pEy + p?Ey + ...)

b dt
+as(Ey + pEL + p*Ey +..) Vo +pVi +p*Va +...) =0 (23)

—ay + ay(Ey + pEy + p*Ey + )) +

— a + CLQ(EO —I—pEl +p2E2 —f- )

d(ES + pE! 4+ p?E% + ...
(1 _p) ( ( 0 1dt 2 )
d(Ey + pE} + p*Ey + ...)

b dt

+ by (B + pE} + p*EYy + )) +

—a3(Ey + pEr + p* By + .. ) (Vo + pVi + p*Va + ...

— b (B +pEl+p*EL+..) =0 (24)
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_ 2
(1_p)(d(V—%—l—p£+pVg+...)
d(V =Vo+pVi +p*Vo + ...)
P ( i
—o(V=Vo+pVi +p* Vo +..)
—es(V=Vo+pVi +p Va4 . ) Lo+ pLy + p* Lo+ ...) =0 (25)

+co(V=Vy+pV3 +p2V2+...)> +

—c(Ey+ pE + p*FEy + ...)

2
(1-p) (d(LO —I—led—lt—p Lo+ ...)
dL  e(Lo+pLy +p°Lo + ..) (Vo + pVi + p*Va + ...)
p((E_ (n+ (Vo+pVi+p2Va+...))
—ey(Lo+pLy +p*Ly+...) +e3 =0 (26)

+ eo(Lo + pLy +p*Ly + ) = 63) +

Equating the terms of Eq (23-26) with the identical powers of p, we obtain

dE
P =2t aF—a; =0 27)
dt
dE! .
Pt B =0 (28)
AV,
pO:d—;Jrc%:o (29)
dL
po:d—to—i—egLo—e;g:O (30)
dE
_dtl +ay By + askogVy =0 €1y
dEi .
dtl —az3EgVo + b Ef =0 (32)
av; 4
d—tl — B — Vi 4 esVoLo = 0 (33)
dL €1LOVE)
— 00 L e L =0 34
& 1V + el (34)

Number of susceptible epithelial cells are given by

— . a1/ p(—az2tc2)t
aza Vet as(E; ag)Vze( )

Blt)=2 1+ (B, — Dyeoat —

a9 as as(as — ) Co
asa, Vie™®t  az(E; — &) Vet
— (35)
a2(a2 - 62) (&)
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Infected epithelial cells are given by

— a —ag—co)t
aza, Ve~ 2t a3<Ei_é)‘/i€( 2=c2)

Bi(t) = B(t)eh +

ag(bl — CQ) b1 — g — Co
asa; Vie "t a3(E; — §1)Vie™™! 36)
a2(61 — CQ) b1 — a9 — Cy

Viral load cells are given by

Ei —bit
V(t) = Vi(t)e ot + 220
Cgbl
+ (C3d1V¢ 0463‘/1‘)25 —eat | c3(Nj — §-)Viel~ (@areat
- e
do €2 do
e Ee—c2t c3(N; — ;’—;)Vge(*@)t
02(51 - 02) do
C Nz — 4 Lie(_(e2+cz)t C Nz — 4 Lie(_@)t
1 3( d2) _ 3( dg) (37)
€2 €2
Natural killer cells are given by
dy di\ i
Nit)=——|N;,— — 2 38
=3~ (M- @8)
T-lymphocytes cells are given by
- ,—cat e i — €3 ‘/;e(f(Z?Jre?)t
L(t) = & 4 (L, B)een y _Ca1Vic _allim )
€9 €9 es(n+ V) (—ca + €2) ca(n+V;)
‘/; —eat e Lz — 2 ‘/7:6(_32+52)t
B €zev;e i 1( 2) (39)
es(n 4+ Vi)(—co + e2) co(n+V;)

5 Numerical simulation

An analytical expression for the time-dependent non-linear COVID-19 model
is derived by executing the method of Homotopy Perturbation for the equations
(1-6). The numerical solutions to these equations are obtained using MATLAB
software. In order to check the efficiency of HPM in solving the COVID-19
model, comparison between the numerical and analytical results are carried out
which is illustrated in the figures 1-12.
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0 01 02 03 04 0.5 0.6 07 08 0.9 1
time t

Figure 1: Illustration of numerical and analytical results for the populations of
susceptible epithelial cells , infected epithelial cells , Viral Load , Natural Killer
Cells and T-lymphocytes against time t.

34 T T T T T T T

E, =2241,a, =0.02,a;, = 0.10,
32||c, = 0.24, ¢, = 5.36, V, = 0.061

susceptible epithelial cells E(t)

Figure 2: Illustration of analytical and graphical results for the population of sus-
ceptible against time t.
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32 T . T . T ' . . '
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E, = 22.41,V, = 0.061

30 21=6,1=0.15,2:=0.15 ]
'y
29F .
28F 1=8,2>=0.10,25=0.12 o
M

27 " .

a1=10,2,=0.02,23=0.10

susceptible epithelial cells E(t)

. f |
25 o
24 vfifﬂffﬁV\'lgqafﬂ; S |
23 S 4 L |
22 'l L 'l 1 . I | | |
0 0.1 02 0.3 04 0.5 06 07 0.8 v |
time t

Figure 3: Illustration of analytical and graphical results for the population of sus-

ceptible against time t.
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Figure 4: Illustration of analytical and graphical results for the population of sus-
ceptible against time t.
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30.5 T T T T T T T T T
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infected epithelial cells Ei(t)
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Figure 5: Illustration of analytical and graphical results for the population of sus-
ceptible against time t.
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Figure 6: Illustration of analytical and graphical results for the population of in-
fected epithelial against time t.
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31 T T T T T T T Ll L
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Figure 7: Illustration of analytical and graphical results for the population of in-
fected epithelial against time t.
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Figure 8: Illustration of analytical and graphical results for the population of nat-
ural killer cells against time t.
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Figure 9: Illustration of analytical and graphical results for the population of nat-
ural killer cells against time t.
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Figure 10: Illustration of analytical and graphical results for the population of T-
lymphocytes against time t.
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Figure 11: Illustration of analytical and graphical results for the population of T-

lymphocytes against time t.
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Figure 12: Illustration of analytical and graphical results for the population of T-
lymphocytes against time t.
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5.1 Results and discussion

Figure 1 illustrates the comparison between the analytical and numerical re-
sults for the populations of susceptible epithelial cells , infected epithelial cells
, Viral Load , Natural Killer Cells and T-lymphocytes against time t for the pa-
rameter values n = 0.1,d; = 5,a; = 10,ay = 0.02,a3 = 0.10,b; = 0.10,¢; =
0.24,c9 = 5.36,c3 = 0.231, ¢4 = 0.431,e; = 0.0041, e2 = 0.0796, e5 = 0.0146, dy =
0.02. Figure 2-4 presents the plot of susceptible epithelial cells against time t.
Figure 5-7 presents the plot of infected epithelial cells against time t. Figure 8-9
indicated the plot of Natural Killer Cells against time t. Figure 10-12 represents
the plot of T-lymphocytes against time t. Figure 2 depicts that the ratio of suscep-
tible cells increases with time as the regeneration rate increases. Figure 3 indi-
cates that the growth of epithelial cells is exponential when the rate of infection is
higher. Figure 4 presents that even when the death of the infected cells is higher
the growth of susceptible cells increases as there is an increase in the production
rate of infected cells. Figure 5 depicts that the there is a steady decline in the rate
of infected cells as the death rate of the infected cells increases. Figure 6 presents
that the rate of growth of infected cells decreases when the rate of infection of the
epithelial cells is lower and also a steady decline in the death rate of infected ep-
ithelial cells. Figure 7 indicates that the growth rate of the infected epithelial cells
also depends on the death rate of the virus. Figure 8 and 9 represents that rate of
natural killer cells increases in spite of the infection when there is an increase in
external influx. Figure 10-12 presents that proliferation rate, regeneration are and
the death rate of the T-lymphocytes has an impact on the growth of T-lymphocytes.

6 Conclusions

A theoretical model outling the interactions between the SARS-Cov and the
immune system within the host has been investigated by combining the functions
of NK cells and T-lymphocytes. Homotopy Perturbation method is executed to
solve the non-linear equations and a closed form analytical solution is obtained..
Graphical illustration of the analyical and numerical solution is performed. A
sound agreement between these results is noted. This comparison shows that HPM
is an effective approach for solving such models.
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generalized pre c- interior of a set such as nano generalized pre
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1 Introduction

The concept of generalized-semi closed sets to characterize the S-normality
axiom was introduced by S.P.Arya et.al. The semi-generalized mappings and
generalized-semi mappings were studied. In 2013 , Govindappa Navalagi investi-
gated some of the regularity axioms, normality axioms and continuous functions
through gs-open sets and sg-open sets. Also, Govindappa Navalagi continued
the study of gs-continuous and sg-continuous functions to introduce the new no-
tions like generalized semiclosure and generalized semi-interior operators. Lel-
lis Thivagar [1] obtained the notion of nano topology and he studied the various
forms of nano sets, their closures and interiors and their homeomorphisms Lellis
Thivagar et al introduced nano topological space with respect to a subset of a Uni-
verse which is defined in terms of approximations and boundary region. In this
paper, | have introduced the properties of nano generalized pre c-interior in a nano
topological space.

2 Preliminaries

Definition 2.1. /3] Let & be a non empty finite set of objects called the universe
and R be an equivalence relation on S named as indiscernibility relation. Then
S is divided into disjoint equivalence classes. Elements belonging to the same
equivalence class are said to be indiscernible with one another. The pair (3, R)
is said to be approximation space. Let X C . Then

(i) The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by

(R YR(R) = SuesR(z) : R(z) C R by 1m(R).
where R(R) denotes the equivalence class determined.

(ii) The upper approximation of X with respect to R is the set of all objects which
can be possibly classified as X with respect to R and it is denoted by Tp(R).
TR(R) = SeeaR(z) : R(z) AR # 0.

(iii) The boundary region of X with respect to R is the set of all objects which can
be classified neither as Y nor as not-X with respect to & and it is denoted

by B%(N)BQ(N) = T§R(N> - ’7§R(N)
Proposition 2.1. [3] If (3, R) is an approximation space and X, Y C J,then
Lop(R) © N C 7p(R)

2. 9m(9) = m(R) = ¢
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3. wm(U) =m(¥) =S

4. TRRUY) = m(R) Umn(Y)

5. m(RNY) C ) N7(Y)

6. YR(RUY) 2 yx(R) Uyn(Y)

7. m(RNY) = 3R) Nyp(Y)

8. yn(X) C (Y )andm(R) C mn(Y), whenever X C V.
9. (N%) = [yr(R)]‘andyn(R%) = [mm(N)]°
10. 7[mR(N)] = 1r[rr(R)] = Tr(N)

1. yr[ym(R)] = rlm(R)] = yn(R)

Definition 2.2. [1] Let & be the universe, & be an equivalence relation on & and
re(N) = {3, 0, 7w(N), Tr(N), Br(N)} where X C . Then rg(R) satisfies the
following axioms.

1. Sand ¢ € rp(R).
2. The union of all the elements of any sub-collection of rx(X) is in ri(N).

3. The intersection of the elements of any finite sub collection of rx(R) is in
re(X).Then rg(N) is a topology on J called the nano topology on & with
respect to X. The elements of r5(X) are called as nano open sets in & and
(S, rR(X)) is called as a nano topological space. The complement of the
nano open sets are called nano closed sets.

Definition 2.3. [1] If (3, rx(R)) is a nano topological space with respect to X,
where X C S and if A C S, then

1. The nano interior of A is defined as the union of all nano open subsets
contained in A and is denoted by Nint(A). That is Nint(A) is the largest
nano open subset of A .

2. The nano closure of A is defined as the intersection of all nano closed sets
containing A and is denoted by Ncl(A). That is Ncl(A) is the smallest
nano closed set containing A.

Definition 2.4. [2] A subset A of a nano topological space (3, rx(R)) is called
a nano generalized pre c-closed set (briefly N gpc—closed set) if Npcl(A) C G
whenever A C G and C' is nano c-set.

The complement of a N gpc—closed set is called N gpc—open set.
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Definition 2.5. [2] The Nano generalized pre c-interior of a set A in (3, rp(N)) is
defined as the union of all N gpc—open sets of U contained in A and it is denoted
by Ngpc—int(A). That is Ngpc —int(A) is the largest N gpc—open subset of A.

Definition 2.6. [2] The Nano generalized pre c-closure of a set A in (3, rp(R))
is defined as the intersection of all N gpc—closed sets of U containing A and it is
denoted by Ngpc — cl(A). That is Ngpc — cl(A) is the smallest N gpc—closed
superset of A in 1U.

Remark 2.1. /2]

1. A subset A of (3, rg(R)) is Ngpc—open if and ony if Ngpc — int(A) = A.

2. A subset A of (3, rx(R)) is Ngpc—closed if and only if N gpc — cl(A) = A.
Theorem 2.1. [2] Let A and B be subsets of (3, r(R)). Then

1. Ngpc —int(S) = S and Ngpc — int(p) = ¢.

2. Ngpc —int(A) C A.

3. If B is any N gpc—open set contained in A, then B C Ngpc — int(A).

4. If A C B then Ngpc —int(A) C Ngpc — int(B).

5. Ngpc — int(Ngpc — int(A)) = Ngpc — int(A).

Theorem 2.2. [2] If A and B are subsets of S, then the following statements are
true.

1. Ngpc —int(A) U Ngpc — int(B) C Ngpc — int(A U B).
2. Ngpc —int(AN B) = Ngpc — int(A) N Ngpc — int(B).
Theorem 2.3. [2] If A is a subset of (3, rp(R)), then Nint(A) C Ngpc—int(A).

Theorem 2.4. [2] For the subsets A and B of 3, the following statements are
true.

1. & — Ngpc —cl(A) C Ngpe — cl(S — A).

2. If Aiis Ngpc—closed then N gpc— cl(A) — Ngpc—cl(B) C Ngpc—cl(A—
B).
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3 Properties of nano generalized pre c-interior

In this section the nano generalized pre c-border and nano generalized pre c-
exterior of a set are defined in terms of nano generalized pre c-interior and some
of their properties are derived.

Definition 3.1. The nano generalized pre c-border of a set A in (3, rx(R)) is
defined as A — N gpc — int(A) and it is denoted by N gpc — Bd(A).

Definition 3.2. The nano generalized pre c-exterior of a set A in (3, rp(N)) is
defined as N gpc — int(S — A) and it is denoted by N gpc — ext(A).

Example 3.1. Ler & = {a,b,c,d} with /R = {{a},{b},{c,d}} and X =
{b,d}. Then re(R) = {3, ¢, {b},{c,d},{b,c,d}} is a nano topology on U with
respect to N. The complement of ro(R) is given by rc(X) = {U, ¢,{a}, {a, b},
{a,c,d}. Ngpc—closed sets are {¢,3,{a},{c},{d},

{a,b},{a,c},{a,d} ,{a,b,c}, {a,b,d},{a,c,d}. Ngpc—open sets are ,,
{0} ,{c},{d},{b,c},{b,d}, {a,b,c},{a,b,d}, {b,c,d}.

Here Ngpc — int({a}) = ¢, Ngpc — int({b}) = {b}, Ngpc — int({a,c,d}) =
{¢,d}, Ngpc — int({c,d}) = {c,d} and N gpc — int({a,b,d}) = {a,b,d}.

Then Ngpc — Bd({a}) = {a}, Ngpc — Bd({b}) = ¢,

Ngpc — Bd({a,b,d}) = ¢ and Ngpc — Bd({a,c,d}) = {a}.

Ngpc — ext({a}) = {b,c,d}, Ngpc — ext({b}) = {c,d}, Ngpc — ext({a,b}) =
{¢,d} and N gpc — ext({a,c,d}) = {b}.

Theorem 3.1. For a subset A of S the following statements hold.
1. Ngpc — Bd(¢) = Ngpc — Bd(S) = ¢.
2. Ngpc — Bd(A) C NBd(A).
3. A= Ngpc — int(A) U Ngpc — Bd(A).
4. Ngpc —int(A) N Ngpc — Bd(A) = ¢.
5. Ngpc —int(A) = A — Ngpc — Bd(A).
6. Ngpc —int(Ngpc — Bd(A)) = Ngpc — Bd(Ngpc —int(A)) = ¢.
7. Ais Ngpc—open if and only if N gpc — Bd(A) = ¢.
8. Ngpc — Bd(Ngpc — Bd(A)) = Ngpc — Bd(A).

Proof. 1. The proof is an immediate consequence of definition (3.1).
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2. Letx € Ngpc — Bd(A). = z € A — Ngpc — int(A). By theorem (2.3),
Nint(A) C Ngpc —int(A) = A — Ngpc — int(A) C A — Nint(A).
Hence x € A — Ngpc —int(A) =z € A — Nint(A).
= x € NBd(A). Therefore Ngpc — Bd(A) C NBd(A).

3. Ngpc—int(A)UNgpc—Bd(A) = Ngpc—int(A)U(A—Ngpc—int(A)) =
A.

4. Ngpc—int(A)NNgpc— Bd(A) = Ngpc—int(A)N(A— Ngpc—int(A)) =
0.

5. The proof directly follows from definition (3.1).

6. Letx € Ngpc—int(Ngpc— Bd(A)). Then x € Ngpc— Bd(A) as N gpc—
Bd(A) C A.
Also x € Ngpc — int(Ngpc — Bd(A)) C Ngpc — int(A)R.
Therefore z € Ngpc — int(A) N Ngpc — Bd(A) which is a contradiction
to (d).
Hence Ngpc — int(Ngpc — Bd(A)) = ¢.

7. By result (2.8), Ais Ngpc — open < Ngpc—int(A) = A< A— Ngpc —
int(A) = ¢
< Ngpc — Bd(A) = ¢. (by definition (3.1))

8. In definition (3.1) let A = Ngpc — Bd(A).
Then Ngpc— Bd(Ngpc— Bd(A)) = Ngpc— Bd(A)— Ngpc—int(Ngpc—
Bd(A)) = Ngpc — Bd(A) — ¢
= Ngpc — Bd(A). (Using (6)).

Theorem 3.2. For the subsets A and B of S the following statements hold.
1. Ngpc — ext(¢) = S and N gpe — ext(I) = ¢.
2. Next(A)Ngpc — ext(A).

If A C B then Ngpc — ext(B) C Ngpc — ext(A).

Ngpc — ext(A) is Ngpc—open.

Ngpc — ext(A) =S — Ngpe — cl(A).

S

A is Ngpc—closed if and only if N gpc — ext(A) = § — A.

7. Ngpc — ext(Ngpe — ext(A)) = Ngpc — int(Ngpe — cl(A))
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10.

11.

Ngpc — ext(Ngpe — ext(A)) = Ngpc — ext(Ngpe — int(¥ — A)) =
Ngpc — ext(S — Ngpe — cl(A)).

Ngpc — ext(AU B) C Ngpc — ext(A) U Ngpc — ext(B).

Ngpc — ext(AU B) = Ngpc — ext(A) N Ngpc — ext(B).

Ngpc — ext(A) N Ngpc — ext(B) C Ngpc — ext(AN B).

Proof. 1. The proof is immediate from definition (3.2).

2

3.

10.

. Next(A) C Ngpc — ext(A) follows from theorem (2.3).

If A C Bthen 3 — B C ¥ — A. By (iv) of theorem (2.2), Ngpc — int (S —
B) C Ngpc —int(S — A). Hence Ngpc — ext(B) C Ngpc — ext(A).

Consider N gpc — int(Ngpc —ext(A)) = Ngpc—int(N gpc —int(S— A))
= Ngpc — int(3 — A) = Ngpc — ext(A). (by (v) of theorem (2.9)) By
remark (2.1),

Ngpc — ext(A) is N gpc—open.

. Ngpc —ext(A) = Ngpc —int(S — A)
theorem (2.4)).

I — Ngpe — cl(A). (from (ii) of

By remark (2.1), A is Ngpc—closed < Ngpc—cl(A) = A < S— Ngpc—
cl(A) =8 —A— Ngpc —int(3— A)
=3 — A< Ngpe —ext(A) = — A

. In definition let A = Ngpc — ext(A).Then N gpc — ext(Ngpc — ext(A)) =
Ngpc — int(S — Ngpc — ext(A)
= Ngpc — int(Ngpc — cl(A)). (Using (5)).

. It follows from definition (3.2) and (5).

. We know that A C AU B and B C AU B. From (¢) Ngpc — ext(A U

B) C Ngpc — ext(B) and Ngpc — ext(AU B) C Ngpc — ext(B). Hence
Ngpc — ext(AU B) C Ngpc — ext(A) C Ngpc — ext(B).

Ngpc — ext(AU B) = Ngpc — int(S — (AU B)). (by definition (3.2))
= Ngpc —int((S — A) N (S — B)).

= Ngpc —int(¥ — A) N Ngpc — int(S — B). (by (ii) of theorem(2.4))
= Ngpc — ext(A) N Ngpc — ext(B).

Hence Ngpc — ext(AU B) = Ngpc — ext(A) N Ngpc — ext(B).
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11. We know that AN B C Aand AN B C B. From (c) Ngpc — ext(A) C
Ngpc — ext(AN B) and Ngpc — ext(B) C Ngpc — ext(A N B). Hence
Ngpc — ext(A) N Ngpc — ext(B) C Ngpc — ext(AN B).

O
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Transversal core of intuitionistic fuzzy
k-partite hypergraphs
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Abstract

In graph theory, a transversal is a set of vertices incident to every edge
in a graph but in Intuitionistic Fuzzy k-Partite Hypergraph(IFk-PHG),
the transversal is a hyperedge which cuts every hyperedges. In this
article, Intuitionistic Fuzzy Transversal(IFT), minimal IFT, locally
minimal IFT, IFTC(Intuitionistic Fuzzy Transversal Core) of IFk-
PHG has been defined. It has been proved that every IFk-PHG has
a nonempty IFT. Also few of the properties relating to the transversal
of IFk-PHG were discussed.
Keywords: IFT; minimal IFT; locally minimal IFT; IFTC of IFk-
PHG.
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1 Introduction

Euler was the first author who found graph theory in 1736. The Graph the-
oretical approach is widely used to solve numerous issues in different areas like
computer science, optimization, algebra and number theory. As an application
part, the concept of graph has been extended to hypergraph, an edge with more
than one or two vertices. An idea of graph and hypergraph was popularized by
Berge [1976] in 1976. Fuzzy graph and fuzzy hypergraph concepts are developed
by the authors in J.N.Mordeson and Nair [2000]. In K.T.Atanassov [1999], the
author wrote ideas of Intuitionistic Fuzzy Sets(IFS). According to K.T.Atanassov
[2002], K.T.Atanassov [2012], the researcher putforth ideas of intuitionistic fuzzy
relations and cartesian products are defined.

In Myithili and Keerthika [2020a], the authors proposed the notion of k-partite
hyperedges in IFHGs(Intuitionistic Fuzzy Hypergraphs). Certain operations like
Union, Intersection, Ringsum, Cartesian Product were discussed in Myithili and
Keerthika [2020b] . It has numerous application problems in decision-making. In
Myithili and Parvathi [2015], Myithili and Parvathi [2016], Myithili et al. [2014]
transversals and its properties on intuitionistic fuzzy directed hypergraphs were
discussed.

The authors in Goetschel [1995], Goetschel [1998], Goetschel et al. [1996]
initiated the concepts like fuzzy transversal and fuzzy coloring in fuzzy hyper-
graph. In this article an attempt has been made to analyze the transversal and its
related properties in IF5-PHGs.

2 Symbolic representation

MNMV-membership and non-membership values
FSV-Finite set of vertices

FIFS-family of intuitionistic fuzzy subsets
IFH-intuitionistic fuzzy hyperedge

ONV-Open Neighborhood of the vertex

CNV-Closed Neighborhood of the vertex

N = (V,Z,7) - Intuitionistic fuzzy(IF) k-partite hypergraph with edge set =,
vertex set \VV and k-partite hyperedge v

h(X) - Height of IFk-PHG

Fi(X) - Fundamental sequence (FS) of IFk-PHG

c¢(X) - Core set(CS) of IFk-PHG

I, (R) - Induced fundamental sequence(IFS) of IFk-PHG
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N(@b) (g, b;)-level of IFk-PHG
(a;,b;) - Edge membership(EM) and non-membership values(ENMV)
JTZ(X) - minimal intuitionistic fuzzy transversal(MIFT) of IFk-PHG

3 Preliminaries

Definition 3.1. Myithili and Keerthika [2020a] The IFk-PHG X is an ordered
triple X = (V, =, 1) where,
oV =1{91,92,93 " ,gn} isa FSV,
o= ={5,52,23, - ,En}isa FIFS of V,
o Z; = {(9i,w;(9:),v5(95) - wi(g:), v(9i) = 0, wigi) +v(g:) < 1L 1< j<m,
o= #0,1<j<m,
o UJ;supp(Z;) =V, 1<j <m.
For all g; € = 3 k - disjoint sets ¢;, 1 = 1,2,--- , k and no two vertices in the
k
same set are adjacent such that =, = (| ¢¥; = ()
i=1
Definition 3.2. Myithili and Keerthika [2020a] Let an IFk-PHG be X = (V, =, ).
The height of IFk-PHG is defined by h(R) = {mazx(min(wy,;)), max(max(vy,;))}
foralll <i<mand1l < j <n.Also Wk, and Vi, are MNMV of the k-partite
hyperedge 1;;.

Definition 3.3. Myithili and Keerthika [2020a] Let X be an IFk-PHG. Suppose
Y €Y and 0 < 6, < 1. The (0,¢)-level is defined by (wj,wk)(‘s’g) ={g €
Vimin(wy, (9:) = 0, maz(vi, (9:)) < e}

Definition 3.4. Myithili and Keerthika [2020a] Let X be IFk-PHG, Rt = (\eibi Zaibi)
be the (a;, b;)-level of . The sequence of real numbers {ay, as, - ,ax;b1,ba, -+, by}
50 <a; <hy,(N)and0 < b; < h,(R), satisfies:

(i)Ifa, <6 <1&0 < e < by then % =),

(ll) IfOJH»l S ) S a;y bl S £ S bi+1 then wé,a = wai’bi,

(iii) @b o+ttt is fundamental sequence of IFk-PHG and it is denoted
as Fi,(N).

Definition 3.5. Myithili and Keerthika [2020a] Let c(R) = {Rov:br Na2b2 ... Nawbe}
be core set of N. The analogous set of (a;, b;)-level hypergraphs is N¥* C
Nazbz ... C N s said to be N-IFS and it is denoted by I},(R). The (ay, by,)-
level is known as support level of X. X% js known as the support of N.

Definition 3.6. Myithili and Keerthika [2020a] Let X = (V,Z,¢) &X' = (V',Z',¢")
are IFk-PHGs, X is known as partial IFk-PHG of X, if
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\// _ min (supp (wkij)) |wki]’ € 1/}/
max (supp (Vku)) | Vkij € 77/}/

the partial IFk-PHG generated by V' and is represented as ¥ C N. Also, if
R C N and X # X exists then X C N

Definition 3.7. Myithili and Keerthika [2020a] Let X be the IFk-PHG, ¢(R)
{Nah Nazba Lo Rabe) R s called as ordered if c(R) is ordered (i.e) N
Nazb2 ... C Nwbk  The IFk-PHG is known as simply ordered if {N%|i
1,2,--- , k} is simply ordered, (i.e) if it is ordered and if 1p € W¥+1.bir1\Raibi
then o ¢ Wb,

N

4 Main results

Definition 4.1. Consider an IFk-PHG X. An IFT .7 of IFk-PHG is an IF subset
of VV with T Wi¥w) N of Win) £ () for each o/ € 1) where 1); = min(wg,,) and
Yr = max (v, ) V1 <i<m, 1< j < n. Alsowy, and vy, is the MNMV of k'™
partition of j*" edge in i'" vertex.

Definition 4.2. A minimal IFT . for IFk-PHG be a transversal of X, which sat-
isfies the condition that if 71 C 7, then 7 is not IFT of N.

Note: The set of minimal IFT of IFk-PHG is denoted as 7 Z(R). Always T Z(R) #
0.

Example 4.1. An IFH (intuitionistic fuzzy hypergraph) with ' = { g1, 92, 93, 91, J5, g6, 97, Js }»
= ={=,5y, 3,24} has been considered.
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= 4(0.2,0.7)
,(0-4,0.4)
gH(u.'_J, 0.7 24(0:2,0.7) (0.3,06)

g(0.3,0.6)

1 -

/:,\€3(u.2,u.a}

0.3,0.6
g?'i
gEI:ﬂ.‘Lﬂ.'i} . £(0.5,0.2)
z,(0.2,0.7) =,(03,0.6)

Figure 1: Intuitionistic Fuzzy Hypergraph

Using the above figure we can construct an IFk-PHG X, with ) = {11, 19,13}
disjoint hyperedges which are represented below as incidence matrix

(1 () 3
o (0306 (©1) (01 )
| ©1) (04,04 (01
| ©1 0207  ©1)
al ©1  (©1) (03,06)
gl 04,04 ©1)  ©1)
a| 0.1 (0502 (1)
gr| 03.06) (0,1) (0,1
g\ 0.1 O (0207

The minimal IFT of IFk-PHG is attained as follows,
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71 T
g (03,06 (1) )

92| (0,1) (0,1)
gs| (0.2,0.7) (0.2,0.7)

04 (0,1) (0,1)
95 (0,1) (0,1)
96 (0,1) (0,1)
gr (0,1) (0.3, 0.6)

gs \ (0.2,0.7) (0.2,0.7) ]

The corresponding graph is shown below.

R IFk-PHG
Minimal Transversal 7,
Minimal Transversal 7,

v 1(0.3,0.6)
N

- -

Figure 2: N and minimal IFT of N

Definition 4.3. If .7 is an IFS with 7 ®%) as minimal IFT (MIFT) of (%)
for each (a;,b;) € (0,1) then 7 is called as locally minimal IFT (LMIFT) of
IFk-PHG. The set containing LMIFT of IFk-PHG is written as 7 %*(R)

Theorem 4.1. If 7 is an IFT of N\ then h(7) > h(v;) for ¢; € 9. Also, if T is
the minimal IFT of IFk-PHG, then
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h(7) = {max(min(w,)), max(maz(vy,)) | Wi, Vk,; € 0} = h(R).

Theorem 4.2. Every IFk-PHG has a nonempty IFT.
Note: Every IFT of IFk-PHG contains a MIFT.

Theorem 4.3. If 7' € TZ(X) and for every g € V, T (9) € Fi(R), then
F(TZR)) € FL(N).

Theorem 4.4. .7 % (X) is sectionally elementary.

Proof. Let Fy(TR(H)) = ai,as, -+ ,ag; by, by, -+  bp. Assume that
T € TR () and some §,¢ € (a;,b;) such that T(@b) < 7@ Since
TR = TR, I some o € TR(H) > %% = F%. Then
T C /%P implies the IFS V(g;) defined by

6,e) if x € o/ whi\ Favbi
V(gi) = 0,) 4f : \
o/ (g;) Otherwise

is an IFT of IFk-PHG. Here V < o7, implies the contradiction of minimality (CM)
of o7 .

Theorem 4.5. For every o € TR (R), o/ is a minimal IFT of N1,

Proof. For any IFk-PHG X = (V, =, 1)), consider a minimal IFT .7 of Ne1-1
such that .7 C &7/,
Define the IFS V/(g;) where

; a1,b1
Vig:) = (ag,be) if wng \ I
o (g;) Otherwise

By the above theorem, V is an IFT of IFk-PHG, CM of <7.

Definition 4.4. Let X be IFk-PHG. The Intuitionistic Fuzzy Transversal Core
(IFTC) of Nis X' = (V',Z', ") with the following condition that

(i) min TR(R) = min TRAN),

(ii) X' = Umin TR(N),

(iii) ¥ \ 1" is exactly the set containing vertices of R which does not belong to
TR (N),where ' is the remaining hyperedge set, after deleting hyperedges that
are correctly contained in another hyperedge.

The remarks of the statement is,

(i) For any IFk-PHG without spike hyperedges, 3 transversal core which are al-
ways unique.

(ii) The definition also holds good for IFk-PHGs with spike (a hyperedge with
single vertex) hyperedges.
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Definition 4.5. In IFk-PHG, the ONV g; is the set containing adjacent vertices of
g; except itself in a k-partite hyperedge and is denoted as Ny/(g;).

Example 4.2. Consider an IFk-PHG with N/ = {g1, 92, g3, 94, G5, 96, 97
= = {E1, 22, E3} where,

L= {01 (05,0.2) g5 (03,04, g5 0.
2 = {92 <03, 04> , g4 <02, 0. 5> , 05 <
o3 = {93 <067 03> , 96 <04, 0. 3> , g7 <
1 = {91 (0.5,0.2) , g4 (0.2,0.5) , g7 (0.

¥s = {g5(0.6,0.3) , g5 (0.3,0.4) }
Here g, and g; are the ONV g4 in 1.

1] [1] [1] [

’ ¢2 = {92 <037 04> » 96 <O4a 03>}’

Definition 4.6. In IFk-PHG, the CNV g; is the set containing adjacent vertices of
g; including the vertex in a k-partite hyperedge and is denoted as Ny[g;].

Example 4.3. From the above example it is clear that the Closed Neighborhood
of the vertex gs is g3 and gs in 3.

Theorem 4.6. In X, the following claims are related

(i) T is an IFT of IFk-PHG,

(ii) T ¥bing/ b £ (), for all IFH </ € 1 and every (a;, b;) with 0 < a; < hy,(R),
0<bh < h,,(N),

(iii) T %% is an IFT of %, for each (a;,b;) with0 < a; < 5,0 < b; < &.

Proof. From the definition, ”A minimal IFT .7 for IFk-PHG is a transversal
of W, which satisfies the property that if .77 C .7, then .77 is not an IFT of N” the
result is immediate.

Theorem 4.7. For a simple IFk-PHG, T % (T #(R)) = N.
Theorem 4.8. For any IFk-PHG, T % (7 #(X)) C N

Proof. From definition 4.4, 3 a X'(partial hypergraph) of a simple IFk-PHG
> TZN) = TZ(R). From Theorem 4.7, 7R (TRAZN)) = TR(TREX))
implies N C N,

Theorem 4.9. Let X be an IFk-PHG and suppose that 7 € TRZN). If X' C
supp(7) C N, then 3 a hyperedge of IFk-PHG <7, (a;,b;) € < represents the
MNMYV of o/ >

(l) (ai, bl) = h(:!Z{) = h(gai’bi) > O,

(i1) Tty N Gn(ery = N.

Proof. Let 0 < h(.7%") < 1 and ¢ be the set of all IF k-partite hyperedges
where h(7%%) > h(.7%") for each T € 1.
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Since 7% is an IFT of R%" and X' C 7%’ is nonempty. Further, for
each 7 € o', h(7) > h(7%b) > h(F %Y%) is true. Also, assume that .7 %" is the
MIFT, then for all 7 € v/, h(7) > h(Z7%%)and IR, # R withX, € Th(r) NV Th(r)-
Define an IFk£-PHG R; 5

T (U) whenever U # X',
Ny (U) = < min (W) /h() < W(T%%)), mazx (h()/h() < h(T b))

whenever U = N’

Hence X, is an IFT of IFk-PHG and 2 (R{"") < h(.Z%"), It does not meet the
basic requirement of .7 . For each 7 € ¢ satisfies the first part of the theorem 4.9
and has R, which is not in ® with X, € 75,(-) N (7). The procedure is repeated,
and the argument of (i) provides a contradiction and bringing close to the proof.

Theorem 4.10. Let X be an IFk-PHG. Then, 3.7 € T Z(R) withX' C supp(T) C
N, if and only if for o/ € 1) it meets the following requirements:

(l) (ai,bi) :h(JZ{>, )

(ii) The level cut (a;,b;) of h(</") is not a subhypergraph of the level cut (a;,b;)
of h(e), for all /" € 1 with h(<?") > h(<),

(iii) The level cut (a;, b;) of h(/) does not contain any other hyperedge of Ny,
where (a;, b;) denotes MNMV of < .

Proof. Necessary Part:
() Let 7 € ZRZR) and 0 < h(ZF*"%) < 1. Condition (i) is followed from
Theorem 4.9.
(ii) Suppose that for each o7 satisfying (i) 3 &' € 1 > h(«/') > h(</) and
A o'y S iy, then JU £ R, with U € o'y 0 Ty C Gigery N Thiar)
which differs from the concept of Theorem 4.9.
(iii) Assume for each o7 satisfying (i) and (ii) then 3 o' € 1) so that ) #
,Q/h(%) C (). Since ;z/h(ﬂ) # () and by (ii), we have h(=/') = h() =
(ai, bl)
If (aj,bj) = h(%,) and &/" € ¢ such that () 75 JZ/”h(ﬂy) C JZ//h(@,/) C Jth(LQ{).
The process is continued and the chain ends finitely, without loss of abstraction
assume (a;, b;) < h(/). But, 3U AN 35U € ,Q/h(d) N Ty © Dhiary N Tn(ar)s
which contradicts Theorem 4.9.
Sufficient Part:

Let o7 € 1 satisfy the condition (i), (ii) and (iii). By condition (i), the process
is trivial. By condition (ii) and (iii) 3 U € &’ h') \ () for every o/ e
> # o and h(&/') > h(&/). Let V., be the set of all vertices of R >
Ve N szh( o) = 0.

The initial sequence of transversals are constructed. So 7, C V for all s,
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1<s<7and7; C VUV, Hence, V; € 7; for each 7. The process is terminated
till it reaches a minimal IFT with (a;, b;) = h(&) = h(T %),

Theorem 4.11. Let X be an IFk-PHG with Fi,(X) = {ay,as,- -+ ,ax;b1,ba, -+ , by}
so that 0 < a; < hy,(N), 0 < b; < hy,(R). Also, X% C 7', be the elementary
IFk-PHG if and only if h(e/') = (as,b;) and supp(/') is a hyperedge of R,
Then T % (T X (R)) is the partial IFk-PHG of N,

Proof. From Theorem 4.5 and by the construction of minimal IFT, the (a;, b;)-
level hypergraph of .72 (R) is 7% (R"") which means that (.7 2(R))"" =
TR Let 7 belongs to .7 Z(T Z(R)). From Theorem 4.9, h(7(V;)) > 0,
this implies that 3 .7 € JZ(X) with h(7(V;)) = h(7). From Theorem 4.1,
h(7) = (maz(min(wy,;)), max(max(vy,;))) = h(R) for all minimal IFT 7.
Hence 7 is elementary with h(a;, b;). Since supp(7) = 7%, Theorem 4.5 suggest
that supp(7) is the minimal IFT of (7% (X)), It is obvious that supp(7) is a
hyperedge of N%:*. Hence 7 is a hyperedge of R%

Theorem 4.12. Let X be an IFk-PHG with N is a simple. Then T % (T R (H)) =

Proof. By the above theorem, 7% (7 # (X)) C N, Let 7 be an elemen-
tary with h(.7) = (a;,b;) and supp(t) € Nt By Theorem 4.11, supp(T)
is a minimal IFT of (7 Z(R))%?. Since each minimal IFT of 7 Z(R) is ele-
mentary by definition of minimal IFT the process ends at (a;, b;)-level and 7 €
Hence R%% C 7% (T %(X)) which implies R%* = TR(T Z(R)).

5 Conclusion

In this article, some interesting concepts like IFT, minimal IFT, locally mini-
mal IFT and IFTC of IFk-PHGs were discussed. It is important to note that IFTC
exists for both spike and non-spike intuitionistic fuzzy k-partite hyperedges. In
future, the authors planned to work on Robotics with multi-task concept as an
application part of IFk-PHG.
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1 Introduction

Since the initial introduction of fuzzy graphs by Rosenfeld [1975], a large
number of researchers have studied the subject. The notion of domination in
fuzzy graphs was first proposed by Somasundaram and Somasundaram [1998].
Somasundaram [2005], Gani and Chandrasekaran [2006], Manjusha and Sunitha
[2015], Bhutani and Sathikala [2016] also studied domination in fuzzy graphs.
Mordeson and Chang-Shyh [1994] developed operations of fuzzy graphs that are
comparable to those in crisp graphs.

Different variations of domination in fuzzy graphs found in literature do not
consider the situations where we need to take all the non-zero edges incident at a
vertex into consideration. These definitions use either the effective or the strong
edges of the fuzzy graph.But our model of fuzzy domination in fuzzy graphs
[2022] takes into account all the non-zeroedges incident at a vertex, even if they
are small in strength. Further most variations of domination in fuzzy graphs found
in literature do not considerthe fuzzy subsets of the vertex set, instead considered
the crisp subsets of the fuzzy vertex set.But while considering fuzzy graphs and
their subset problems it is more apt toconsider fuzzy subsets of the vertex set
than their crisp subsets. By taking all these into consideration we defined fz-
domination in fuzz graphs[2022].

We, Lekha and Parvathy [2022] developed fz-domination in fuzzy graphs,
which coincides with fractional domination in crisp graphs presented by Hedet-
niemi and Wimer [1987] and explored by Hedetniemi and Mynhardt [1990]. In
this article, we examine the effects of several graph operations on fz-domination.

For basic definitions, terminology and notation in fuzzy graphs we refer to
Mordeson and Nair [2000].

Definition 1.1. (Lekha and Parvathy [2022]). Given a fuzzy graph G = (V, , o),
a fuzzy subset 1’ of 1 is defined as an fz-dominating set of G, if for every v € V,

() + > (olw,0) A p' (@) = ().

A fuzzy subset ' is a minimal fz-dominating set, if ©” C 4 is not an fz-
dominating set.

Definition 1.2. (Lekha and Parvathy [2022]) Fuzzy domination number or fz-
domination number of G, denoted by 7.(G), is defined as

Y£:(G) = min {|1'] : ' is a minimal fz-dominating set of G}
Example 1.1. For F = (u, o) shown in Fig. 1,

H1 = {([E, 0'1)7 (yv 0'5)7 <Z> 02)}
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Mo = {(1:7 O6>7 (y7 0)7 <z7 06>}
H3 = {(Iv 0'4)’ (yv 0'2)7 (27 04)}
s = {(2,0.5), (5,0.1), (2,05}

are all minimal fz-dominating sets of F. p is a minimum fz-dominating set and
Vfz (f) =0.8.

(x,0.6) 0.5 (y,0.7) 0.4 (2,0.6)

Figure 1: Fuzzy graph, F

2 fz- domination in union of fuzzy graphs
Let G = (Vi, u1,01) and H = (Vo pio, 09). GUH = (V, u, o) where
V=ViuV

p(u) = pa(u) ifueVi\Vs
= us(u) ifuela\V
=y (u) V po(u) ifueVynisg
and

o(u,v) = o1(u,v) ifueVi\Vy,veVl
=oo(u,v) ifueV\V,vel,
= o1(u,v) Vos(u,v) ifu,velVinNVy
=0 otherwise

The following theorem gives a general upper bound for the fz-domination number
of union of two fuzzy graphs.

Theorem 2.1. For any two non- trivial fuzzy graphs G and H,

Vi(GUH) < 772(9) + 75 (H)
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Proof. Consider the fuzzy graphs G = (Vi, 1, 01) and H = (Va, g, 09). Let 1}
and 4, be the minimum fz-dominating sets of G and H respectively. Let the fuzzy
subset 1’ of V' be defined by
pu) = py(u) ifueVi\V,

= po(u) ifueVa\ i

= pi(w) V pp(u) ifueVinva
Now letv € V.
Case (i)
If v € V) \ V4, then

p(v) = p(v)
< (@) + 3 ol 0) A i (a))
= (v) + ZO’(QJ, v) A ().
Case (ii)
If v € V5 \ V4, then
p(v) = pa(v)
< (o) + 3 ol v) A piy(a))
= (v) + Za(m, v) A ().
Case (iii)
IfoeVinl,

pv) = (V) V pa(v)

< (i) + 3 onla0) A (0) v (o) + 3 oalir,v) A i) )

zeV] zeVa

S(u’l(v)\/u’z(v)H( Y (e o) Adh@) + Y (o2(z,0) A piy()

z€Vi\Va zeVo\V1

+ Y (@ev) Vou(e, ) A (@) V pa(e)))

zeViNVsy
< p(v) + 20(937@) A ().
eV
Thus 4/ is an fz-dominating set of G U H and p/(v) < py(v) + ph(v).
Hence |p/| < [pi| + |1h)-
Thus, 77-(G UH) < 77:(G) + 77 (H). =

216



On fz- domination number of fuzzy graphs

Remark 2.1. Obviously equality holds in the above theorem if the vertex sets of
G and H are disjoint. The following example shows that equality may hold even
if they are not disjoint. For the graphs in Fig. 2, v;,(G) = 0.5, vs.(H) = 0.6 and
Yr:(GUH) = 1.150 that v;.(GUH) = v7.(G) + v (H).

/(a,OA)
O 0.2 O 0.2 O O 0.3 0.3 O(b,0.4)
(u,0.5) (v,0.2) (w,0.2) (v,0.3) (w,0.3)
0.3
g (c,0.4)

H

(a,0.4)
0.3
(u,0.5) (v,0.3) (w,0.3)
0.
,0.4
GUH (c,0.4)

Figure 2: Fuzzy Graphs G, H and G U 'H

3 fz- domination in join of fuzzy graphs

Let G = (Vi, 1, 01) and H = (V&, o, 02) whose vertex sets are disjoint. The
join G + H is defined by G + H = (V, 1, 0) where V = V; U V4,

p(u) = pa(u) ifueVy
= po(u) ifuely
and
o(u,v) =o1(u,v) ifu,veW)
= o9(u,v) ifu,vely
=ty (u) A po(v) ifu € Vi and v € V4
Theorem 3.1. For any two non- trivial fuzzy graphs G and H whose vertex sets

are disjoint,

Y1:(G +H) < max{y.(G), 7. (H)}
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Proof. Let G = (Vi, p1,01) and H = (Va, ps, 02) be two fuzzy graphs such that
ViNVy = ¢. Let v4,(G) > 7¢.(H) and let 1) be a minimum fz-dominating set of
g.
Define 1/ C 1 by
f(u) = py(u) ifueg
=0 ifueH

Let m be such that m = max{ps(u);u € H}.
Now m < 7v¢.(H) < v¢.(G) implies that 1’ is an fz-dominating set of G + .
Hence,

’)/fz(g + %) < mam{f)/fz(g)’ f}/fz(H)}

]

In the following discussion M, m; and ms denote the maximum membership
value of a vertex in G + H, G and H respectively.

Observation 3.1. It is possible that

sz(g + H) < min{’yfz((.;,)a '7fz(H)}

For example, if M < v, (H) < v¢.(G), then 1/ C 1 defined by

W) = i) ifu e H
=0 ifucg

is an fz-dominating set of G + H and hence ~y;.(G +H) < v¢.(H). Here equality
occurs if M = v¢,(H). The following example shows that strict inequality can
also occur in this relation.

Example 3.1. Consider the fuzzy graphs G1, G, and G1 + G given in Fig.3.
Here v¢,(G1) = 1.6, v4.(G2) = 1, M = 0.8, v4.(G1 + Ga) = 0.9 so that

Yr2(G1 + G2) < 742(G2)

Observation 3.2. If vs.(H) < M < |u2

, then v, (G +H) = M.

Claim: Define iy O iy in H such that || = M. Then, 4 is an fz-dominating
set of G+H. Hence v, (G+H) < M. Also, since there is a vertex of membership
value M in G + H, we get v¢.(G + H) = M.

Observation 3.3. If m; < |us| and my < |y

, then ¢, (G + H) < my + mo.
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(u,0.8 (a,0.5)
(U,0.8) v,08)  (w,08)  (x0.8)
@i O, @& © 0.4 0.4
g1 (v.0.8 (b,0.5)
0.4 04
(3,0.5) (b,0.5)  (c,0.5) (d.0.5) (w,0.8) (©.05)
@ O @i ©
0.4 0.4
9 (x,0.8) (d,0.5)
G+ Go

Figure 3: Fuzzy Graphs G, G, and G; + G»

Claim: Define 1}y, C py in G such that |py| = mo and ply C s in H such that
|ph| = my. Now p' defined by

Wo(u) = py(u) fueg
= py(u) ifueH

is an fz- dominating set in G + H. Hence v¢,(G + H) < my + mo.
Observation 3.4. If |us| < M, then i/ C pin G + H defined by

p(u) = po(u) ifucH
= max{0, iy (u) — [p2l} fueg

is an fz- dominating set in G + H. Then, v;,(G + H) < v7.(G) — n|us| where n
is the number of vertices u € G having i1 (u) > |pal.

Observation 3.5. If v;.(H) < M < v4.(G), then (i C pin G + H defined by

W) = phlu) ifueH
— maz{0, 1 (u) = 17.(H)} ifueG

is an fz- dominating set in G + H. Then, v¢,(G +H) < v4.(G) — nys.(H) where
n is the number of vertices w € G having 1 (u) > v, (H).
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4 {z- domination in corona of fuzzy graphs

The corona of G = (Vi, p1, 01) and Ky = (u, pa(u)) is the fuzzy graph G o Iy
obtained by attaching a copy of K; to each vertex v; € V; such that o(v;, u;) =
p1(v;) A po(u;) where u; represents the vertex in the copy of K; corresponding to
v; € V4.

Observation 4.1. The following two results are obvious.
1. 75:(G 0 K1) > 77:(9)
2. 772(G 0 K1) = npa(u)

1/3 1/3

13 1

d,1) NN

1/3 1/3
Figure 4: Fuzzy graph G o K

Remark 4.1. The example below shows that equality may occur in observation
4.1(a).

Consider G o Ky in figure 4. 1/ = {(a,3),(b,3),(c,3),(d, 5)} is a minimum fz-
dominating set of G and v¢,(G) = %. i is an fz-dominating set of G o K1 also.
Therefore, v1.(G 0 K1) < § = 77.(G).

On the other hand from observation 4.1(a), v¢.(G o K1) > v7.(G).

Thus we get v5,(G o K1) = v7.(G).
Theorem 4.1. 7;.(G o K1) < 7£.(G) + nua(u) where n = |V3].

Proof. Let 1 be the fuzzy subset of G o Ky and 1) be a minimum fz-dominating
set of G. Let 1/ C u be such that

p () =p(v) ifven
= po(v) otherwise
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Then 4/ is an fz-dominating set of G o Ky and

|| = ] + nlps)
= 772(G) + npa(u)

Therefore v;,(G o K1) < 7£.(G) + nps(u) N

Theorem 4.2. If piz(u) > pq(v) for all v € Vi, then
V#2(G 0 K1) = npa(u)

Proof. Ttis clear that v, (G o ICy) > nua(u)
Consider i/ where

pWw)y=0 ifvel
= po(v) ifv=u
Then, 1 is fz-dominating set of G o K.

Therefore, v¢.(G o K1) < |1/ = npa(u).
Hence v¢,(G o K1) = npa(u) N

(UI,I/Z) (u231/2)

1/2
(’U,4,1/2) (“‘3:1/2)

Figure 5: G’ o K4

Remark 4.2. The condition ps(u) > pi(v) for all v € Vi is not necessary to get

Y72(G 0 Ky) = nps(u). For example, consider G' o K given in figure 5.

Here, pi5(u) < py(v) for all v € Vi. Now 74,(G o K1) > npus(u) implies that

Yp2(G' 0 K'y) > 2.

Also ' ={(a,3), (b, 3), (c,3),(d, 2)} is fz-dominating set of G' o K';.
= n

Hence v¢,(G' o K'1)
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5 {z- domination in Cartesian product

Let G = (Vi,u1,01) and Go = (Va, g, 09). The Cartesian product is the
fuzzy graph G10Gs = (V, i1 X pg, 01 X 09) where V.= 1; x V4,

(11 x p2)(a,b) = pa(a) A pa(b)

and
(01 X 02)((001752), ((12, bz)) = M1(611) A 02(51752) ifa; = ay

zol(al,ag)/\/@(bl) 1fb1 :b2
=0 otherwise

Theorem 5.1. For any two nontrivial fuzzy graphs G and H,

V=(GOH) < min{nyy=(G), myp(H)},

m, n are the number of vertices with nonzero membership values in G and H
respectively.

[3

Proof. Let G = (V4, 1, 01) and H = (V, 1o, 09) where

Vi = {(ur, pa(ur)), (uz, pa(u2)), ..., (s i1 (i )) }

and
Vo= {(U1>N2(U1))7 (U27 :U’2<U2))7 X3} (Um M2(UH))}
GOH = (V,p,0) where V=V x Vo, u(u,v) = py(u) A pz(v) and

o (s 0y), (W) ) = oa () if vy = )
!/
(2

= ag(vj,v;-) if u; =

=0 otherwise

Let G; denotes the fuzzy sub-graph of GOH induced by V; x v; C Vj x V. Then,
V(G;) = {(u1,vy), (uz,vj), .y (U, v5) }

g, vg) = gy (ui) A pa(vs) < pa(u;)
and
o (s 07), (u v7) ) = min{on (s, ), pa(vy)} < (s, )

Claim: +7.(G;) < 7.(G). Define i, on G as i (us, v;) = g (:) A pio(1)
Consider (u;,v;) € G;. ) is an fz-dominatng set of G implies that
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pua(u) < gy (ua) + 32, eq o1 (e, ui) A iy (ug).
Hence,

pa () A pa(v3) < g (ui) A pia(vg) + Y o (g, ) A il (k) A aa(v5)
ur€g

< pf(ui, v5) + Z o ((ur, vy), (ui, v;)) A p(ug, vg)
urE€G
That is,
p(us, v5) < g (u,vg) + Y (0 (ks v), (g, 0)) A (g, v5)
ur€EG
Thus we get u; is an fz- dominating set of G; for j = 1,2,...,n
Also || < || shows that v5.(G;) < 75.(G) forj = 1.2....;n
Hence
Vi-(GOH) < nvy.(9)
Similarly,
r)/fz(gDH) S m/Yfz(H)
Thus we get,
V5-(GOH) < min{nv;.(G), mvy.(H)}
O

In the previous theorem, equality might hold. For G,H and GOH given in
Fig. 6, v4.(G) = 0.2, v¢.(H) = 0.2 and 74,(GOH) = 0.4 so that v4,(GOH) =

0.2

GOH

Figure 6: Fuzzy graph G,H and GOH

V. G. Vizing presented the following conjecture regarding the Cartesian prod-
uct of crisp graphs in 1968.

v(GOH) > ~(G)y(H), forevery pair of finite crisp graphs G and H.
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Possibly the most significant unsolved issue in the field of domination the-
ory is Vizing’s conjecture. Here, we investigate the applicability of Vizing’s like
inequality to fz-dominantion in fuzzy graphs.

Vizing’s conjecture is said to be satisfied by a fuzzy graph G, if v;,(GOH) >
v#2(G)vs-(H) for every fuzzy graph H.

Definition 5.1. A fuzzy graph H = (V1, 1, 01) is known as a partial fuzzy sub-
graph of G = (V,u,0) induced by Vy if Vi C 'V, ui(u) = p(u) ifu € V4, 0
otherwise and o1 (u,v) = o(u,v) A p(u) A p(v) forallu,v € V.

Definition 5.2. The spanning fuzzy subgraph of G = (V, u, o) is the partial fuzzy
subgraph G' = (Vi, 1/, 0') where V.= V; and jn =

If G’ is a spanning fuzzy subgraph of the fuzzy graph G, then v;,(G') >

V£:(9))-
Theorem 5.2. If G satisfies Vizing’s Conjecture and G' is a spanning fuzzy sub-
graph of G such that v;,(G') = v.(G), then G' also satisfies Vizing’s Conjecture.
Proof. G'OH is a spanning fuzzy sub- graph of GOH for every fuzzy graph H.
Hence

V(G'OH) > 7.(GOH)
> 7fz(g)7fz(7{) = 7fz(g/)7fz<H)
O

The example below illustrates that in general this inequality does not hold for
fz-domination in fuzzy graphs.
Example 5.1. Consider the fuzzy graphs G = (Vi, 1, 01) and H = (Va, o, 02)
given in figure 7. For G, Vi = {(a,1),(b,1),(c,1)}, o1(a,b) = o1(b,c) =
L,o1(a,c) = 0. For H, Vo = {(u,1),(v,1),(w, 1)}, o2(u,v) = o2(v,w) =
1, 09(u, w) = 0. ) = {(a,0.8),(b,0.6), (¢,0.8)} is @ minimum fz-dominating set
of G.
Hence v¢,(G) = 2.2. Similarly v¢,(H) = 2.2

Now 1/ = {((a,u),0.6), ((a,v),0.4), ((a,w),0.6)}, ((b,u),0.4), ((b,v),0.2),
((b,w),0.4), ((¢,u),0.6), ((c,v),0.4), ((¢,w), 0.6) is a minimum fz-dominating set
of GOH. Hence ¢, (GOH) = 4.2

Here

Vr(GOH) < 7:(G)7s:(H)
There are fuzzy graphs for which

L 75 (GOM) < 77:(G)vs-(H)
2. v1:(GOH) = 77.(G)vs-(H)
3. ’Yfz(gDH) > 'Yfz(g)W/fZ(IH)
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0 02 o 02.g @) o, (@1 o, (@w1)
@1) (b,1) (c.1) ® 4 ®
g 0.2 0.2 0.2
b,v),1
(o) @— g, @ (bw.1)
0.2 0.2
0.2 0.2
© ® ® 0.2 0.2 0.2
(u,1) (v,1) (w,1)
(O] O O
H cwn) °? @) "2 (ew)
GOH

Figure 7: Fuzzy Graphs G, H and GOH

6 Conclusions

Graph operations are techniques for creating new graphs from ones that al-
ready exist, and they are crucial in the design and analysis of large networks. In
this article, we investigate various characteristics of the fz-domination number of
fuzzy graphs under the influence of some graph operations. It is possible to derive
bounds for the fz-domination number of the union, join, corona, and Cartesian
product of fuzzy graphs. Through examples, the sharpness of these bounds are
demonstrated and the factors that contribute to the sharpness are examined.
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Super fuzzy matrix of inverse in k" Order
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Abstract

In normal matrix and fuzzy matrix working well but sometimes fail
to work for classical model problems. Because, it is not satisfied the
consistency conditions and other parameter. Our proposed method to
satisfy the all condition including consistency and perform well com-
pared to the other existing models. Unexpected event modelling is a
affluent area of study in fuzzy matrix (FM) modelling. Every fuzzy
matrix may be shown as a multi-dimensional concept, but standard
matrices cannot achieve this without the proper scale. To solve this
issue, a certain kind of classical fuzzy matrix is required. In this study,
the idea of an inverse of a k-regular fuzzy matrix is introduced, and
some of its key characteristics are listed. As a result, the same regu-
larity indicator is used to describe a matrix. Investigation is also done
on the relationship between the regular, k-regular, and consistency of
fuzzy matrices powers.

Keywords: inverse; k-regular; super fuzzy matrix; Fuzzy matrix; reg-
ular
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1 Introduction

Each component of a matrix known as a boolean matrix has a value of O or
1. Basic values for a fuzzy matrix fall between [0, 1]. By Kim and Roush, the
idea of fuzzy matrix sections was introduced. In all auothers contributed signifi-
cantly to fuzzy matrix augmentation. Later, utilising modified regular inverses of
the coefficient matrix, Zheng and Wang developed the widely used m x n fuzzy
linear machine and the inconsistent fuzzy linear system. Using matrix-modified
common inverse theory, Abbasbandy .S and . M [2005] investigated the minimal
response of the overall twin fuzzy linear device. We provide a unique way for find-
ing the inverse of a fantastic fuzzy matrix by changing a well-known idea in this
research D and H [1978],P [1963], Ravi.J and et. al. [2022], Kandasamy W.B.V.
and llanthenral K. [2007], M.Z. and E.G [1994], M.G [1977], K and B [2006], B
and K [2006].
The super fuzzy matrix’s initial and core notions are covered in Section 2 along
with an illustration. The method of our suggested notion is presented in Section
3. The main findings, theorems, and numerical examples of super fuzzy inverse
matrices of order k are presented in Section 4, and the conclusion is derived in
Section 5.

2 Preliminaries

noindent The core concepts and notations of a super fuzzy matrix will be de-
scribed in this section. This article concentrates on the same old number ordering,
underlying maxmin (min max) operations, and fuzzy matrices in super (SFM)
with [0,1] support. By (SF)mxn and (SF)n, respectively, all fuzzy matrices in
super of order m x n and n x n are represented. Space created by the row (or) col-
umn is indicated by the letters R(A) or C(A) (A) , Kaufmann and Gupta [1985],
J.B [1983], .

Definition 2.1. Deepa.R and Sundararajan.P [2020] A matrix containing entries
that fall between [0, 1] is referred to as a fuzzy matrix. In the case of matrices, we
have a fuzzy related different matrix.

Definition 2.2. Deepa.R and Sundararajan.P [2020] Let us deem C fuzzy matrix
C= Cn Cn C
Co1 Cop Co3

The fuzzy submatrices C;; and Cs; have the same number of columns because
they are fuzzy submatrices, along with Ci5, Ci3, Coy, Cog, and Css. The fuzzy
matrices C13 and C23, as well as the fuzzy submatrices Ci5 and Cyo, all have
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equal columns. The second index of the fuzzy sub-matrices reveals this. The
number of rows in fuzzy submatrices Ci;, Cio, and C;3 is the same. There are
exactly the same number of rows in the Cs1, Cyy, and Cy3 fuzzy submatrices. as a
result, we currently possess C generic super fuzzy matrix.

Cn Ci... Cin
Cor Oy C M,
C=
B le Cm2 Cmn |
where C;;’s1i=1,2,...,mandj=1,2,...,n.

Definition 2.3. The modified regular inverse of matrix solution of a positive set of
equations can be found by altering the regular inverse of a non-singular matrix.
The modified regular inverse of any (potentially square) matrix with complex com-
ponents may be found using any method. It is used here and in other programmes
to immediately solve linear matrix issues as well as to get an expression for the
principal idempotent components of the matrix.

3 Methodology

The k** regular super fuzzy matrix is examined in this section.

Ci1 Ci12... Cin
c c c
21 22... m
Definition 3.1. Let C =
| Cm1 Cm2... Cmn ]

It is a matrix of fuzzy that is C* each a;; is 0< a;; <I. The exact strength of each
ingredient is examined here. It is the G-name. inverse’s.

-1—]{3011 1—]{3012... 1_k01n
1-— kCQl 1-— ]CCQQ__ 1—ke m

1 ke 1 — kepmo 1 — ke
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Here, k is the smallest positive integer (Based on Probability). It is possible to
multiply two fuzzy matrices without requiring that they both be fuzzy. Every entry
that is positive is changed to a 1, and every entry that is negative is changed to a
0 or a tendency toward zero.

Definition 3.2. The Properties of Super fuzzy matrix is,

(45" = 4
AxAF = AF,
(A+B)k= A* + B*,
(AA)F = NAF,
(BA)F= AFB*,

AA*=0 implies A=0.

Definition 3.3. The condition of the supper fuzzy matrix are given below,
AXA=A

XAX=X

(AX)F = AX

(XA)" = XA

XxkAk = X

XAA*=AF

BAFAAF=AF

X=XX*AF=XX*AFAY=XAY=XAA*Y*Y=AFY*Y=Y.

4 Result & application

The C* of super fuzzy matrix met all of the requirements for convergence.

Theorem 4.1. Let A be the inverse of the k by KRSFM (k regular super fuzzy
matrix), with non-zero rows representing the norm. If A meets the maximin con-
ditions for the matrix equation ASA=A for some super fuzzy matrix S, then C is k
regular.

Proof. The non-zero rows of the inverse of the KRSFM of C serve as the
standard basis in this case. If SB=Q, then Q’s rows are permutations of C’s rows.
Then, X is an idempotent of KRSFM, with the same row space as C and non-zero
Z rows functioning as a standard basis..

Since the standard foundation is different for each S, B=GQ.
Then
CSTC=SQSTSQ=SQQ=SQ=C*

230



Super fuzzy matrix of inverse in k'™ order

=CSC=C*.
So, C is k regular.

Theorem 4.2. Let C,D (SF)nxm and k=p be two inverse of p regular super fuzzy
matrix. If C is p regular, then we prove that

Hence Di* =) x;;A*.
=D=XCp

=D=XCC’C (since CC’C=Cp)
=D=DC’Cp

=D=CC’C

=D=CC’CY.

=D=CpC’D.

Theorem 4.3. For CE(SF),, and for any G~ €(SF ),,, if C*X=C*G~, where X is a
{1535} inverse of C then, G~ is a { 1,35} inverse of C.

Proof. Since X is a {1535}
=CFXC=C* and (CFX)"=C*X.
The Post is multiplied by A on both sides of C*X=C*G~ , C*G~C=C*XC=C*.
(C*GHT=(CFX)T=CkX=C*G~ .
Hence G~ is a {1%,3% }inverse of C.

Theorem 4.4. For CE(SF ),, X is a {17,3"} inverse of C and H™ is a {17,3"}
inverse of C then, C°’X=CPH".

Proof. Since X is a {1,3"} inverse of C.
=CPXC=C? and (C*X)T=CPX.
H™isa {17,3”} inverse of C,
=CH CP=CP and (CH™ )T =CH~ .
CPH =(C?PXC)H = (C*X)" (CH™ )=(C*X)" (CH™ )T =XT (CT »(H~ ! CT
= XT (CH~ c»)T =X"(C?)T=(CPX)T=CPX.

Theorem 4.5. For DE(SF),, if D™D is D right KRSFM and R(D?)CR(DTD)P then
D has a { 17,37} inverse. In particular for p=1, U=(D*D)~D" is a {1, 3} inverse
of D.

Proof. let (D”DY(DTD)~(D”D) = (D D)”
Since R(D?)CR((D”D)?),
DP=X(D?D)? for some X&(SF),, Dnd tape U=(D?D)~D?
DPUD=(D?)(UD)=(X(D"D)?)(D'D)"D*D)
=X((D"D)»(D"D)~ (D" D))
= X(DTD)P=(DP).
TDpe V=(D”D)~(D?)” .
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DPV=(DP)V

=X(D'D)*)((D"D)~(D")")

= X(D”D)"(D"D)~ (D' D)*D”
—X(D"D)"(D” D)~ (D D)(DT Dy~ X"

= X(D"D)"(DTD)— X"
—X(DTDY2r X7 =(X(DT D)2~ XT)T = (DPV)T .

Hence D has D {17,3" }inverse.

In particular for p=1,Y= (D"D) D7 is D {1, 3} inverse of D.

Theorem 4.6. Let CE(SF),, be a right KRSFM and R(CTC)*CR(C*) then CTC
has a {3% }inverse.

Proof. Since, C*XC=C*.
Since R((CTC)*)CR(C*), (CTC)*=ZC* for some Z&(SF ), and take Y=XC.
(CTC)FY=(ZCF)(XC)=Z(CFXC)=ZC*=(CT C)k=((CT C)*)*
=(C"O)*Y)"
Hence C* C has a {3%} inverse.

The findings for the other associated fuzzy matrices improve, and the theorem
is fulfilled. While some techniques (regular and inverse) meet some conditions,
our proposed KRSFM meets all of them (regular & inverse).

Example 4.1. Let us consider IKSFM

0.5 0.7 0.6
A= 03 0.2 0.2
04 03 0.1

The rows of A are separate and make up the foundation. IKSFPM is a form that

010
P=110 0
0 01
We know that APA=A. Now for IKSFM
0.1 04 0.2

R=103 04 0.2
0.3 0.1 0.1

There for RA=A. So g inverse of A sis

0.3 04 0.2
PR=| 0.1 04 0.2
0.3 0.1 0.1

232



Super fuzzy matrix of inverse in k'™ order

Which is satisfy the relation AXA=A.

<04,02> <04,0.5>
Example 4.2. Let A = [ <08, 01> <0304> and
B <0.6,02> <0.5,04>
"1 <0,701> <04,04>
For which B=BAT A holds.
Example 4.3. Let IKSFM is,
[ <08,02> <04,02> <0.3,0.2> ]
C=1]<0402> <04,02> <0.3,0.2>
| <0.6,02> <0.6,02> <038,02>
<0.8,02> <04,03> <02,02> ]
D=|<04,03> <04,02> <02,0.2>
| <04,02> <04,02> <0.6,0.2>
<0.7,02> <04,03> <0.3,0.3> ]
EF=|<0403> <04,02> <04,02>
| <04,02> <06,02> <038,02>

Be two of its g inverse of A.

<08,02> <04,02> <0.3,02>
<04,02> <04,02> <0.3,02>
<0.6,02> <0.6,02> <0.8,02>
Forth above X, CXC=C and XCX=X holds. So X is a semi inverse of the IKSFM.

Then X = CDE =

Example 4.4. Let us consider the symmetric IKSFM
a=| < 04,02> <04,0.5>
T 1 <08,01> <0.3,04>

Now, A? is,
o] <04,02> <04,05> <04,02> <04,05>
T 1 <08,01> <0.3,04> <08,01> <0.3,04>
[ <04,02> <04,05>
| <08,01> <0.3,04>
=A

The above matrix is symmetric and idempotent.
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Example 4.5. Let us consider the symmetric IKSFM

Ao | <0402> <04,05> } and
<08,01> <0.3,04>

B { <0.4,02> <04,05> 1
<0.8, 0> <0,04 >

Now, A? is,

§:[<0&02> <0¢05>][<04£2> <0&05>]
< 0.8, 0> <0,04 > < 0.8, 0> < 0,04 >

[ <04,02> <04,05>
1 <08,01> <0.3,04>
+B

The above matrix is not idempotent.

5 Conclusions

The main conclusions of the study may be presented in a short Conclusions
section, which may stand alone or form a subsection of a Discussion or Results.
In this paper, the inverse of the KRSFM is used to provide several innovative pro-
posals and theorems. The original machine is replaced with matrix coefficient A
by two distinct n m matrix equation systems. As a result, FM must resolve the is-
sue. The k-regular, the regularity of the fuzzy matrix powers, and the relationship
between each regular are all examples of regularities. Our approach addresses
any issues that need the inverse of k regular super fuzzy matrices. A appropriate
theorem is also shown. In the next essay, we will look at a variety of fundamen-
tal properties as well as computer vision applications. In our proposed classical
model to proved, it is a consistent. Also in future, we are trying this concept in
neural networking system and IOT.
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Some results on range labeling
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Abstract

Let G=(, ) be a graph with finite and simple . Let (G) and (G) be
the vertex set and edge set of G respectively. A Range labeling of a
graph G is an injective function. (G) — {1, 2....} such that the edge
labeling ax : (G) — {1,2.....} is defined by «[]= maximum value (
) - minimum Value (). A graph which admits such labeling is called a
range graph. In this paper the range labeling is introduced and range
labeling for a some trees as for star tree, spider tree and Banana tree
are calculated.
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1 Introduction

Graph labeling is an assignment of set of integers to the set of vertices, edges
or both based on certain conditions, In 1967 Rosa was first introduced the graph
labeling. A graph labeling are useful family of mathematical models applied in
many areas such as radar, missile guidance, radio frequency modulation and many
more. A graph labeling is one topic in graph theory. So many kind of graph
labeling among others: magic labeling, graceful labeling Afsana Ahmed munia
[2014], o - Edge magic labeling, 1- Edge magic labeling, mean labeling, and etc.
Every year and updated survey comes about various types of labeling by J. A.
Gallian. From the survey, various types of labeling analyzed and introduced a
new type of labeling called Range Labeling Moinin Al Aziz Md [2014]. In this
paper are to proof that some trees namely Star tree, Spider tree, and Banana tree
admit range labeling.

This article assumed for all graphs are finite and simple. The graph G = (¥, 1)
where W (G) set of vertices and 7(G) set of edges. A labeling is a most one of the
part of the graph theory, R.Uma [2012]. A labeling is the assignment of labels,
traditionary defined by integers to edges or vertices or both of vertices and edges
Moinin Al Aziz Md [2014].

The origin of labeling is Rosa by 1967. R. Jahir Hussain [2022] and Afsana
Ahmed munia [2014] was First developed Range labeling in 2022. The article
Range labeling apply for star trees, spider trees, Banana tress A. N.Mohamed
[2013].

2 Preliminary

Definition 2.1. R.Uma [2012] A graceful labeling of a graph G is a vertex label-
ing a : U — [0, m] such that « is injective and induced mapping

(1) = |a(Vy) — Vg1, for every U Wy € T(G).

Assigns different labels to different edges of G. The differences |a(Vy) —a(Wy11)|
is labeled weight of the edges V.V 1. A graph G is called graceful.

Definition 2.2. Let G = (U, 7) be a graph with n vertices. A bijection on « :

U — {1,3,6,10,15, ........ ”2;"} is called a range labeling if for each edge T is

distinct and T is defined by o* (1) = Maximum value (Vy., V.1 )— Minimum value
(Wky Whs1)-

Definition 2.3. A tree for 1-internal vertex and k edges is called star Sy, K that
appear to be complete by bipartite graph K, K.
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Definition 2.4. A Spider tree with atmost one vertex of degree greater than 2.

Definition 2.5. An (m,t)-Banana tree is a graph attained by attaching 1-edge of
all m copies of an t-star graph for a 1-root vertex is different from each stars.

3 Main results

Theorem 3.1. All star tree take a range labeling.

Proof. Let G = (W, 7), be a graph for ¥, is an interval vertex, 10 edges.
Consider, o : ¥ — {1,3,6,10,15, ........ niny
a*(7) = Maximum value (¥, ¥y, )— Minimum value (W, ¥y q)
a*(71) = Maximum value (¥, U5)— Minimum value (¥, U5)
if ¥, is a maximum value, W5 is a minimum value.
O[*(Tl) = (\I’l — \112)
= 1 1is an integer.
Suppose W5 is a maximum value, W, is a minimum value.
a*(m) = (Vg — Uy).
= 1 is an integer.
a*(19) = Maximum value (¥, U3)— Minimum value (¥, U3)
if ¥ is a maximum value, V3 is a minimum value.
Oé*<7'2> = (\Ill — \113)
= 1 is an integer.
Suppose W3 is a maximum value, W, is a minimum value.
Oé*(TQ) = (\1/3 — \Ifl)
= 11is an integer.
a*(19) = Maximum value (¥, Vo) — Minimum value (¥, ¥y)

if ¥, is a maximum value, ¥y, is a minimum value.

Oé*(Tg) = (\Pl — \Iflo).

= 11is an integer.
Suppose W1, is a maximum value, W, is a minimum value.
a*(1g) = (V19 — Wy).

= 1is an integer.
a*(719) = Maximum value (¥, ¥;;)— Minimum value (W, ¥q;)
if ¥, is a maximum value, ¥, is a minimum value.
O[*(Tlo) = <\I]1 — \I/H).

= 1 1is an integer.
Suppose W1, is a maximum value, W, is a minimum value.
a* () = (V13 — Uy).
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= 1is an integer.
Hence, Every star tree is a received range labeling

Therefore, Any star tree is a Range graph.

Example 3.1.

(&)
&)
()

saf a4 @

Fig.1. Range Labelling for star tree Sy.

Theorem 3.2. Every Spider tree take a range labeling.

Proof. Let G = (U, 7), be a graph.
Leto: U — {1,3,6,10,15,........ n’tn
A spider tree for atmost 1-node of degree greater than 2 and this node is said to
be section node and is denoted by W. A stage of a spider graph is a path from the
section node to edge of the tree. The edge is denoted by W, Uy, W3.

o*(7) = Maximum value (Vy, ¥y 1)— Minimum value (Wj, Wy 1)
o*(m) = Maximum value (¥, ¥;)— Minimum value (V,, ¥;)
if ¥ is a maximum value, ¥, is a minimum value.

Oé*(Tl) = (\IIO — \I]1>
= 1 is an integer.
Suppose W, is a maximum value, W is a minimum value.

CV*(Tl) = (\111 — \I/[))
= 1is an integer.
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a*(13) = Maximum value (¥, Us)— Minimum value (Ug, U5)
if Uy is a maximum value, ¥, is a minimum value.
Oé*<7'2) = (\IIO — \112)

= 11s an integer.
Suppose V5 is a maximum value, ¥ is a minimum value.
O[*(TQ) = (\I’Q — \I/())

= 11s an integer.
a*(13) = Maximum value (¥, ¥3)— Minimum value (Vg, U3)
if ¥, is a maximum value, W3 is a minimum value.
04*(7‘3) = (\I’O — \113)

= 11s an integer.
Suppose V3 is a maximum value, Vg is a minimum value.
Oé*<’7'3) = (\113 — \Ifo)

= 1 is an integer.
So, All spider tree accepted range labeling

Thus, Every spider tree is a range graph.

Example 3.2.

Fig.2. Range Labelling for Spider Tree.

a Fig.3. Range Labelling for Spider Tree.

Example 3.3.
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136 120 105

121 99 77
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Fig.1. Range Labelling for Banana tree B(3,5).

Theorem 3.3. All Banana tree take a range labeling.

Proof. Let G = (¥, 7), be a graph.
Leto: U — {1,3,6,10,15, ........ n4ny
B(3,5) is a Banana tree by attaching 1-edge of every 3 copies (¥, ¥y, U3) of

an 5—star (Uy., Wy., ¥3.) graph for 1-root vertex is different from every stars.
a* (1) = Maximum value (¥, ¥y 1 )— Minimum value (W, ¥y 1)
a*(71) = Maximum value (¥, U;)— Minimum value (¥, ¥;)
if ¥y is a maximum value, ¥4 is a minimum value.
a*(m) = (Vg — Uy).

= 11s an integer.
Suppose W, is a maximum value, W, is a minimum value.
a*(m) = (¥ — ¥y).

= 11s an integer.
a*(13) = Maximum value (¥, Us)— Minimum value (Ug, U5)
if ¥, is a maximum value, ¥ is a minimum value.
Oé*(TQ) = (\IJQ — \1]0)

= 11s an integer.
Suppose V¥ is a maximum value, ¥y is a minimum value.
a (1) = (Vg — Uy).

= 11s an integer.
a*(73) = Maximum value (¥, U3)— Minimum value (¥, U3)
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if ¥y is a maximum value, V3 is a minimum value.
Oé*<7'3) = (\Ijo - \113)
= 1is an integer.
Suppose W3 is a maximum value, ¥ is a minimum value.
O[*(T:g) = (\Ifg - \I/())
= 1 is an integer.
a*(74) = Maximum value (¥, U;;)— Minimum value (¥, Wy;)
if ¥; is a maximum value, Wq; is a minimum value.
() = (U1 — Uyy).
= 11is an integer.
Suppose W1, is a maximum value, W, is a minimum value.
Oé*(’7_4) = (\I]ll — \Ijl)
= 1 is an integer.
a*(77) = Maximum value (¥, ¥14)— Minimum value (¥, Wy,)

if ¥; is a maximum value, W4 is a minimum value.
a (1) = (V) — Uyy).
= 1 is an integer.
Suppose Wy, is a maximum value, W, is a minimum value.
a*(r7) = (Vg — W),
= 1 is an integer.
a*(1g) = Maximum value (¥o, Uy;)— Minimum value (o, Wy;)
if Wy is a maximum value, W4 is a minimum value.
Oé*<7'8> = (\PQ — \1121).
= 1 is an integer.
Suppose Vsy; is a maximum value, ¥, is a minimum value.
O[*(Ts) = (\1121 — \IJQ)
= 1 is an integer.
a*(711) = Maximum value (Vs, Woy)— Minimum value (Wy, Woy)

if ¥, is a maximum value, W5, is a minimum value.
Oé*(TU) = (\Ijg — \1124).
= 11s an integer.
Suppose Wy, is a maximum value, W5 is a minimum value.
a*(111) = (Uog — Uy).
= 11s an integer.
a*(712) = Maximum value (U3, ¥3;)— Minimum value (U3, ¥3)
if W5 is a maximum value, W3 is a minimum value.
a* (1) = (Vg — Uyy).
= 1is an integer.
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Suppose W3, is a maximum value, W3 is a minimum value.
Oé*(T12> = (‘1/31 — \113)
= 1 is an integer.
a*(715) = Maximum value (U3, ¥34)— Minimum value (U3, W3y)

if U3 is a maximum value, W34 is a minimum value.
Oé*(7'15> = (\113 — \1’34).

= 1 is an integer.
Suppose W34 is @ maximum value, U3 is a minimum value.
Oé*(7'15> = (\1134 — \Ifg)

= 1 is an integer.
Hence, Every Banana tree received range labeling.
Therefore, All Banana tree is a range labeling.

4 Conclusions

In this article discussed for some trees received range labeling, so this trees
star tree, spider tree, banana tree is also a range graph. Further more Analysis for
this labeling apply for some special graphs.
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Stability of domination in graphs
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Abstract

The stability of dominating sets in Graphs is introduced and stud-
ied, in this paper. Here D is a dominating set of Graph G. In this
paper the vertices of D and vertices of V' — D are called donors
and acceptors respectively. For a vertex u in D, let ¢)p(u) denote
the number |N(u) N (V — D)|. The donor instability or simply d-
instability d2 .(e) of an edge e connecting two donor vertices v and
w is |Yp(u) — ¥p(v)|. The d-instability of D, 1)4(D) is the sum of
d-instabilities of all edges connecting vertices in [). For a vertex u
notin D, let ¢p(u) denote the number | N (u) N D|. The Acceptor In-
stability or simply a-instability aZ ,(e) of an edge e connecting two
acceptor vertices u and v is |¢p(u) — ¢p(v)|. The a-instability of D,
¢q(D) is the sum of a-instabilities of all edges connecting vertices in
V' — D. The dominating set D is d-stable if ¢4(D) = 0 and a-stable
if (D) = 0. D is stable, if 14(D) = 0 and ¢,(D) = 0. Given a
non negative integer o, D is a-d-stable, if d” ,(e) < « for any edge
e connecting two donor vertices and D is a-a-stable, if a? ,(e) < «
for any edge e connecting two acceptor vertices. Here we study a-
stability number of graphs for non negative integer o.
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1 Introduction

Graphs considered here are the simple undirected graphs. The study of domi-

nation in graphs started in 1850 with a problem of finding the minimum number
of queens that are needed to place on a Chess board such that each field not occu-
pied by queen can be attacked by atleast one. In 1962, Ore was the first in pub-
lishing about domination in graphs. Many researchers including Ernie Cockayne,
Michael Henning have contributed much to this field. A beautiful survey of results
in domination is given in fundamentals of domination in graphs by W.Haynes et al.
[1998]. The theory of domination has applications in the study of facility location
problems, social networking and so on. Several types of domination number such
as perfect domination number, connected domination number, have been defined
and studied.
In this paper the elements of a dominating set are called donors and the other ver-
tices are called acceptors. A subset D of vertices in a social network graph with
the condition that each member in D dominates almost equally many members
in V — D, or that each member in V' — D is dominated by almost equally many
members in D, or both, plays a key role. This concept of equitable domination in
graphs was defined and studied by A. Anitha, S. Arumugam and Mustapha Chel-
lali. It is referred in the paper Anitha et al. [2011]. In social network problems
related to marketing, banking and others the instability affects the system when
adjacent acceptors are dominated by unequal number of donors or adjacent donors
dominates unequal number of acceptors. This situation become worse when the
instability is large. Motivated from this idea the concept of a-stability of domi-
nating sets is being introduced.

2 «-~d stable domination

Definition 2.1. Let D be a dominating set. For a vertex u in D let {p(u) =
|N(u) N (V — D)|. The donor instability or d-instability of an edge e connecting
two donor vertices u and v, dP .(e)= |vp(u) — ¥p(v)|. Let D C V, the d-
instability of D, is the sum of d-instabilities of all edges connecting vertices in D,

wd(D) = ZeEG[D] diDnst<e) .

Definition 2.2. Let D be a dominating set. Given a non negative integer o, D
is an a-d-stable dominating set, if d ,(e) < « for any edge e connecting two
donor vertices. Cardinality of a minimum «o-d-stable dominating set is a-d-stable
domination number and it is denoted by 5 (G).

Definition 2.3. A dominating set D is d-stable if 14(D) = 0. Cardinality of a
minimum d-stable dominating set is d-stable domination number and it is denoted
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by 73(G).

Observation 2.1. If a > 3, then v(G) < v5(G) < +2(G).
O Uy Uy Uug

\ f h
Uy U2

J

O ug
Figure 1: Graph with 7(G) < 75(G) < 75(G)

Example 2.1. In Figure 1, D = {uy, us} is the minimum dominating set. \p(u;) =
4 and Yp(uy) = 2. And dP ,(uyuy) = 2. Hence D is a minimum 2-d-stable dom-
inating set. And for o > 2, 7$(G) = 2.

If S = {uy,uz,us}, Yp(uy) =3, Yp(ur) = 0and Yp(ug) = 0. None of them are

adjacent. Hence v}(G) = 7%(G) = 3.

Observation 2.2. Property of being a-d-stable dominating set is neither super-
hereditary nor hereditary.

Theorem 2.1. An a-d- stable dominating set D is a minimal o-d- stable domi-

nating set if and only if for each vertex v in D one of the following conditions
holds

1. v is an isolate of D.
2. v has a private neighbour v in V- — D.

3. There exist two adjacent vertices u, and us different from v in D, u, adja-
cent to v, us not adjacent to v and Yp(uy) = ¥p(ug) + a.

Proof. If an a-d- stable dominating set D is minimal, then D is an a-d- stable
dominating set and for each vertex v in D, D — {v} is not an a-d- stable domi-
nating set. This means that some vertex v in (V' — D) U {v} is not dominated by
D — {v} or there exist two adjacent vertices u; and us different from v in D with
[ (ur) — e (u2)] < abut [iop gy (1) — Vp gy (u2)] > @

Now if some vertex v in (V' — D) U {v} is not dominated by any vertex in
D — {v}, either u = v, means v is an isolate of D or u € V — D. If w is not
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dominated by D — {v}, then u is adjacent only to vertex v in D. ie, v has a private
neighbour uin V" — D.

If [Yp(ur) — ¢¥p(uz)| < @ and [Yp_jop(u1) — Yp_qup(u2)| > a, let a =
0, then ¢p(u1) = ¥p(uz) and [p_gu}(u1) — Yp_(u3(u2)| = a + 1. Assume
Yp_(u} (1) > Yp_guy(uz). Then u, is adjacent to v but u, is not adjacent to v
and ¢¥p(u1) = ¢¥p(uz) + a. If @ > 0, then assume ¢p(u;) > ¥p(usz). Then
Yo} (u1) —¥p_fvy(uz) = a+ 1. Then u, is adjacent to v but us is not adjacent
to v and ¢p(u1) = ¢p(us) + a.

Conversely, suppose that D is an a-d-stable dominating set and for each vertex
v € D, one of the three statements holds. We show that D is a minimal «-d-stable
dominating set. If D is not a minimal a-d-stable dominating set, then there exists a
vertex v € D such that D — {v} is an a-d-stable dominating set. Then each vertex
win (V —D)U{v} is adjacent with atleast one vertex in D — {v}. Then v is not an
isolate of D and condition 1 does not hold. And v has no private neighbour in V' —
D and condition 2 does not hold. D — {v} is an «-d-stable dominating set implies
for any two adjacent vertices u; and ug in D—{v}, ¥p_oy (1) =¥p—foy (u2) < a.
Hence condition 3 does not hold. Hence D is a minimal «-d-stable dominating
set. [

Observation 2.3. For non negative integer o, 75(G) =1 <= ~(G) = 1.

(%) . Us

U3

O v
Figure 2: Graph with v§(G) =1

Theorem 2.2. For a graph G and non negative integer o, 5,(G) > 73 (G).

Proof. Let S be a maximum independent set. Then, every vertex in V' — S is adja-
cent with atleast one vertex in S. Thus S is a dominating set. S is an independent
set. It follows that S is a d-stable dominating set. Hence, 5,(G) > ~$(G).For the
graph in figure 2, v$(G) = 2 = (,(G). Hence the bound is sharp. O

Theorem 2.3. If D is an a-d-stable dominating set of a graph G and v and v are
adjacent vertices in D with d(v) = d(u) +k+a«, k € ZT, then D contains atleast
k elements from (N [v] — Nlu)).
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Proof. If D is an «a-d-stable dominating set of a graph G and u and v are adjacent
vertices in D with d(v) = d(u) + k + «a, k € Z*, then |¢p(v) — ¥p(u)| < a.
Hence |N[v] N (V — D)| < |[Nfu| N (V — D)| + a. Thus, d(v) — d(u) <
|(N[v] = N[u]) N D| + «a.
Hence D contains atleast & elements from (N [v] — Nu]). O

Corolary 2.1. If D is a d-stable dominating set of a graph G and u and v are
adjacent vertices in D with d(v) > d(u), then D contains atleast d(v) — d(u)
elements from (N [v] — Nu]).

Corolary 2.2. If u is a pendant vertex adjacent to v, D is a d-stable dominating
set and u,v € D, then N|[v| C D.

Theorem 2.4. For any non negative integer (3, there exist graph G with v9(G) >
74(G) > 3(G) . > 74(G)

Proof. Take k = 3+ 1

Construct G as follows,

Step 1:- Let H be the complete graph with vertex set {a1, as, ...., aj }.

Step 2:- Let Al = {ai,l, Qi 2, ... amqu} for: = 1, 2, ey k.

Form G by joining each vertices in A; with a; in H fori =1,2... k.

Let D be a d-stable dominating set, B; = {a;, a; 1, @i 2, ..., ¢;;+1 } and C; = B;ND.
If a,,as € D withr < s then by corollary 2.1, D contains s —r elements from

A and hence by corollary 2.2, N{as] C D. Thus By C D. Thus C; = B; for all

1=1,2, .. k.
Hence D = V(G) orD = A1UA2UA3U ...... UAS_1UA5+1U ..... UAk_1UAkU

{as}. Hence we take D = A UAUA3U......UA; 1UA; 1 U.... .UA,_1UAU{as}.
Thus |C;| =i+ 1 for i # s and |C| = 1. Then,

D] = 243+ ..+ (s)+1+(s+2)+ ..+ (k+1)

_ (k+1)2(k+2) —(s+1).

Hence | D| is minimum when (HQ)QM —(s+1) is minimum. That is when s = k.
And D = AfUA, U A3 U ... U Ay_1 U{ax} will form a d- stable dominating

set with [D| = &) _ (4 ),

Hence 79(G) = —(k+2)2(k+1) —(k+1)= —(k)(;““).

Similarly,

e — G

(@) =

75(G> — (k*5+;)(k75) + B.
Figure 3 illustrates the graph with 19(G) > ~7}(G) > 73(G). O
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23

@ @22

a2 2

Figure 3: Graph with 79(G) > 7}(G) > 12(G)

3 «-a-stable domination

Definition 3.1. Let D be a dominating set. For a vertex u not in D, let ¢p(u)
= |N(u) N D|. The Acceptor Instability or a-instability of an edge e connecting
two acceptor vertices v and v is, a .(e) = |¢pp(u) — ¢p(v)|. The a-instability of

D, ¢4(D) is the sum of a-instabilities of all edges connecting vertices in V- — D,
¢a(D) = ZeeG[V—D] aps(e)-

Definition 3.2. Let D be a dominating set. Given a non negative integer «, D
is an a-a-stable dominating set, if aP ,(e) < « for any edge e connecting two
acceptor vertices. Cardinality of a minimum «-a-stable dominating set is a-a-

stable domination number and denoted by 3 (QG).

Definition 3.3. The dominating set D is a-stable if ¢,(D) = 0. Minimum cardi-
nality of an a-stable dominating set is a-stable domination number and denoted

by 73(G).

Observation 3.1. If o > 3, then v(G) < v¥(G) < 4(G)

— a

Example 3.1. In Figure 1, D = {uy, us} is the minimum dominating set. ¢p(uz) =
op(ug) = éplus) = ¢pl(ug) = ¢p(ur) = ¢plus) = 1. Hence D is a minimum
a-stable dominating set and v3(G) = 2 for all non negative integer .
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Observation 3.2. Property of being a-a-stable dominating set is neither super-
hereditary nor hereditary.

Theorem 3.1. An a-a- stable dominating set D is a minimal o-a- stable domi-
nating set if and only if for each vertex v in D one of the following conditions
holds

1. v is an isolate of D.
2. v has a private neighbour win V — D.

3. There exist two adjacent vertices uy, and uy in V-D, u, adjacent to v, us not
adjacent to v and ¢p(uz) = ¢p(uy) + a.

Proof. If an a-a- stable dominating set D is minimal then D is an a-a- sta-
ble dominating set and for each vertex v in D, D — {v} is not an a-a- stable
dominating set. This means that some vertex u in (V — D) U {v} is not domi-
nated by D — {v} or there exist two adjacent vertices u; and uy in V' — D with
[60(u1) — ép(uz)] < butép ) () — 6p-oy(uz)| > o

Now if some vertex w in (V — D)U{v} is not dominated by any vertex in D —{v},
either v = v, means v is an isolate of D or v € V' — D. If u is not dominated by
D — {v}, then w is adjacent only to vertex v in D. ie, v has a private neighbour u
inV —D.

If |¢p(u1) — ép(uz)] < a and |pp_(y(w1) — dp_(uy(u2)] > a, let a = 0,
then ¢p(u1) = ép(uz) and |dp_gu}(u1) — dp—u(u2)] = o + 1. Assume
ép—{u}(u2) > dp_gyy(u1). Then u, is adjacent to v but us is not adjacent to v
and ¢p(u2) = ¢p(ur) + a. If @ > 0, then assume ¢p(uz) > ¢p(uy). Then
¢p(u2) —op(ur) = cvand ¢p_yy(u2) — dp—_oy(u1) = a+ 1. Then uy is adjacent
to v but u, is not adjacent to v and ¢p(uz) = ¢p(ur) + .

Conversely, suppose that D is an a-a-stable dominating set and for each vertex
v € D, one of the three statements holds. We show that D is a minimal «-a-
stable dominating set. If D is not a minimal «-a-stable dominating set,then there
exists a vertex v € D such that D — {v} is an a-a-stable dominating set. Then
each vertex u in (V' — D) U {v} is adjacent with atleast one vertex in D — {v}.
Then v is not an isolate of D and condition 1 does not hold. And v has no pri-
vate neighbour in V' — D and condition 2 does not hold. If D — {v} is an a-a-
stable dominating set then for any adjacent vertices u; and us in (V' — D) U {v},
¢p—{v}(u2) — dp_fv}(u1) < . Hence condition 3 does not hold. Hence D is a
minimal a-a-stable dominating set. 0

Observation 3.3. For non negative integer o, 72 (G) =1 <= ~(G) =1

Theorem 3.2. Fora > 1,73(G) =2 <= ~(G) =2
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Proof. 1f v(G) = 2, then for a minimum dominating set D, |D| = 2
ID| =2 = ¢pv)=1 or ¢pv)=2 YveV-D
= |¢p(v1) — ¢p(v2)] < 1, Vo, v € V=D
= 7(G) =2

Conversely, if 7¢(G) = 2, then v(G) # 1. If D is a minimum «-a- stable domi-
nating set , then |D| = 2, and D is a dominating set. Thus, v(G) = 2 O

Theorem 3.3. For any graph G and non negative integer o, 72 (G) < 7,(G). And
this bound is sharp.

Proof. If D is a vp- set, then | N[v] N D| = 1, Vv € (V — D). Hence ¢p(v) = 1,
forall v € (V — D). And so D is an a-stable dominating set . Thus every
perfect dominating set is an a-stable dominating set . Hence, 75(G) < 7,(G).
For G = P, 7,(G) = n =7 (G). So we can see that the bound is sharp. O

b3.2

b272”

b2.2

b2’17’

Figure 4: Graph with 79(GQ) > 7X(G) > 42(G)
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Theorem 3.4. For any positive integer 3, there exist graph G with v°(G) >
YHG) > A2(G)...... > Y9(@).

Proof. Let k = 4+ 1. Construct G as follows
Step 1:Let H be the complete graph with vertex set {a1, as, ..., ax}
Step 2: For each i take i copies of P; with vertex set {bij,b; 4, 0:57} for j =
1,2,...,7 and join b; ; with a; for each j = 1,2, .
Let AJ = {byj, z],bm”} forj =1,2,...i andA = {az} U UJ {0
all i € {1,2, ... k}.
Let D be an a—stable dominating set. If a; € D then |A; N D| > i+ 1.
Let r be the smallest integer such that a, ¢ D. Then |A. N D| > r.
If s > randa, ¢ D, since j,,(ar,a;) = 0, V; € D for atmost r values of j.
And if there exist j for which b, ¢ D then by;, b,;” € D.
|[AsN D] > r+2(s—r)
= 2s—r>s+1
Hence,|D| > |AiND|+|A2ND|+|AsND|+ ...+ |A.—1 N D|+
|A, N D|+ |A, ;1N D|+ ...+ |A, N D|

> 243+ .4+ (r=1+)+r+(r+2)+...+(k+1).

= 1424+...+k+k—-1

= M (k-1
Thus, 7J(G) > &M 4 (f — 1).
And D' = {ay, ... ak 1 UUE {B, b, ...bl;} is an a-stable dominating set with
D) = H52 + (k- 1).
Hence, 70(G) < MED 4 (k — 1)
Thus, 72(G) = B8 4 (k — 1)

b;;” } for

2]7 'LJJ

Similarly,

7(G) = MR (k- 2)

26 = ’“(’”) +(k—3)

BE) = HED (k)

W(G) =

~ (G) _ k(k‘+1)

Figure 4 1llustrates the graph with 12(G) > 7}(G) > 72(G). O

4 «-stable domination

Definition 4.1. A dominating set D is stable, if 1q(D) = 0 and ¢,(D) = 0. Min-
imum cardinality of a stable dominating set is called stable domination number

and denoted by °(G).
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Definition 4.2. If a dominating set D is an a-d-stable dominating set and a-a -
stable dominating set, then D is called an a-stable dominating set and cardinality
of a minimum «-stable dominating set is defined as a-stable domination number

and denoted by v*(QG)

Observation 4.1. If a minimum « -a-stable dominating set is an a-d-stable dom-
inating set, then v*(G) = v2(QG). And if a minimum «o-d- stable dominating set is
an a-a- stable dominating set, then v*(G) = 7$(G).

Observation 4.2. If o > f3, then v(G) < v%(G) < 7%(G).

Definition 4.3. Minimum « so that v*(G) = ~(G) is called stable dominating
index and denoted by 1,4(G).

Example 4.1. In figure 1, the minimum d-stable dominating set {uy, ur, ug} is an
a-stable dominating set. Hence {uy,ur,ug} is a minimum stable dominating set
and y°(G) = 3.

A minimum 1-d-stable dominating set {u,,ur,ug} form a 1-a- stable dominating
set and hence {uy, uy, ug} is a minimum 1-stable dominating set and ' (G) = 3.

And minimum dominating set {uy,us} is a 2-a- stable dominating set and a 2-d-
stable dominating set. {uy,us} form a minimum 2-stable dominating set. Hence,
V(G = 2.

AndVa > 2, v(G) = 2 = y(G). Hence, I;4(G) = 2.

Compliment of a minimum «-stable dominating set need not be an «-stable
dominating set. In graph figure 1, {u, us, u3} is a minimum 1-stable dominating
set but its compliment is not a 1-stable dominating set.

Observation 4.3. Property of being a-stable dominating set is neither super-
hereditary nor hereditary.

Theorem 4.1. For any graph G and for any non-negative integer o, v(G) =
1 <= *(G) =1

Proof. If v(G) = 1, then the single vertex set {v} which dominates all vertices
of (G, is an a-d-stable dominating set and an «a-a-stable dominating set. Then
v*(G) = 1. Also any «a-stable dominating set is a dominating set. So, if v*(G)
1 then v(G) = 1.

Il

Lemma 4.1. For any graph G and for any non negative integer o, v*(Q)
n <— G=K,.

Proof. If G # K, there is atleast one vertex v with d(v) > 1. Then V — {v} is an
a-stable dominating set. This means that v*(G) < n — 1. Hence if v*(G) = n,
then G = K,,. If G = K,,, then v*(G) = n trivially. O
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Theorem 4.2. For a graph G with 6(G) > 1, v*(G) < n — 1.
Proof. From lemma 3.9 it is clear that v*(G) < n — 1. O]

Theorem 4.3. For any non negative integer o, v*(G) = v(G) for the following
Graphs

* Complete graph K,

Path P,

Cycle C,

Wheel graph W,
* Helm graph H,

Proof. In these graphs minimum dominating set [J, form an «-stable dominating
set. Hence «-stable domination number is same as its domination number. O]

Theorem 4.4. Let G and H be two graphs of order ny and ns , then for any
non-negative integer o,

* 72 (GOH) < min{niyg (H),n275(G)}
* 13(GOH) < min{ni1vg(H),n273(G)}
* Y(GOH) < min{ny*(H),n2v*(G)}.

Proof. Let Sy be a minimum «-a-stable dominating set of H. Let us see that
S = V(G) x Sy is an a-a-stable dominating set of GOH . If (u,v) € (V(G) x
V(H)) — S. Then (u,v) is adjacent to atleast one vertex in S. And if (uy,v;) €
(V(G) xV(H))— S and (uy,v3) € (V(G) x V(H))— S and (uq,v;) adjacent to
¢s(uy,v1) = H{(u,v) € S: (u1,v1)
adjacent to (u,v)}|
= H(u,v) € S:uy =u and v,
adjacent to v}U
(ug,v7). Then, {(u,v) € S:uy adjacent tou and
v = v}
= NH(u,v) € S:uy =uand v
adjacent tov}|

- ¢SH(U1)'
|ps(u1,v1) — ¢s(uz,v2)|
¢s(ug,v9) = ¢g, (v2). And = |¢s, (v1) — ¢s, (v2)  Hence S is an a-

< a.
a-stable dominating set of GLJH.
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Similarly, if S¢ is a minimum a-a-stable dominating set of G, then S x V(H)
is an a-a-stable dominating set of GL1H.
Thus, v*(GOH) < min{ny2(H),nav*(G)}.

Let Sy be a minimum «-d-stable dominating set of H. Let S = V(G) x Sy.
If (u,v) € (V(G) x V(H)) — S, then (u, v) is adjacent to atleast one vertex in S.
And if (uy,v,) € S and (ug, v2) € S and (uq,vq) adjacent to (ug, v2). Then,

wS(U’bUl)
= H(u,v) € (V(G) x V(H)) =S : (u,v1) adjacent to (u,v)}|
= H(u,v) € (V(G)xV(H))—S:u =u and vy adjacent to v}U
{(u,v) € (V(G) x V(H)) — S :uy adjacent to u and vy = v}|
= H(u,v) € (V(G)xV(H))—S:u; =u and vy adjacent to v}|

= gy (v1).
Similarly ¢g(ug, v2) = g, (vs).
Thus
s (ur,v1) — s(uz,v2)| = [thsy(v1) — sy (v2)

< o
Thus S is an a-d-stable dominating set of GO H.
Similarly, if S¢ is a minimum «-d-stable dominating set of G, S x V(H) is
an a-d-stable dominating set of GOH. Thus,

13 (GBH) < min{nyg (H), navg (G)}-

Hence, v*(GOH) < min{n1y*(H), noy*(G)}. O

Remark 4.1. The bound in theorem 3.12 is attained if G = K, and H = K;
because v*(K,0K,) = 2 = min{2y*(K,), ny*(K>)}.

Theorem 4.5. For any two graphs G and K and non negative integer o, a-stable
domination number of its corona, v*(GoK) = |V(G)].

Proof. Let {vy,va, .....,v,} be the vertices of G and {uq, us, ....u,, } be the ver-
tices of K. K; be the i'" copy K in GoK. To make sure that each vertex of
K; is dominated, we need atleast one vertex of K; or v;. Thus the dominat-
ing set contains atleast n vertices. Let D = {v, v, ....... ,Unt. Then each ver-
tex of V' — D is adjacent with exactly one vertex of D and each vertex of D
dominates exactly m vertices in V' — D. And so ¢p(v) = m, Yo € D and
¢p(v) = 1,Yv € V — D. Therefore, |¢pp(vi) — ¢p(ve)| = 0,YVv,v9 € V — D
and |¢p(v1) — ¢¥p(ve)| = 0,Vvy,v2 € D. And so D is a minimum a-stable
dominating set. Thus v*(GoK) = n = |V(G)]. O
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5 Conclusions

Motivated from this idea the concept of a-stability of dominating sets is being
introduced. The stability of dominating sets in Graphs is introduced and studied,
in this paper. In social network problems related to marketing, banking and oth-
ers the instability affects the system when adjacent acceptors are dominated by
unequal number of donors or adjacent donors dominates unequal number of ac-
ceptors. Several types of domination number have been defined and studied. This
situation become worse when the instability is large. Here we study a- stability
number of graphs for non negative integer «. Instability of domination in Graphs
the concept of stability of domination in Graphs are defined. The open problems
are Characterize the graphs with I;(G) = 0. Characterize the graphs for which
the compliment of minimum a-stable dominating set is an «a-stable dominating
set. Develop an algorithm to find the a-stable domination number of a graph. In
future we extended this topic.
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Abstract

Superior distance involves the path which travels through the closed
neighbourhood of both the vertices and the shortest path between
them. This unique distance led to the advent of superior dominating
sets and superior eccentric dominating sets. The former has a supe-
rior neighbourin its compliment for every vertex in itself and the latter
has a superior eccentric vertex in itself for every vertex in its compli-
ment. The domination polynomials disuss the idea of total number
of dominating sets and dominating sets of specific cardinality. This
inspired us to conceptualise the idea of superior eccentric domination
polynomial.In this paper, we introduce the superior eccentric dom-

ination polynomial SED(G,¢) = Zzﬁ:%ed(e) |sed(G,1)|¢! where
|sed(G, 1) is the number of all distinct superior eccentric dominating
sets with cardinality 1 and ~,.4(G) is superior eccentric domination
number. We find SED(G,) for family of wheel graphs and different
standard graphs. The correlation between the coefficients of differ-
ent SED polynomials are stated and proved. The motivation for this
paper is to find a domination polynomial using distance concept in
graphs. Eccentricity is a distance and eccentric dominating set was
already existing.

Keywords: Superior distance, superior eccentricity, superior eccen-
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1 Introduction

The shortest path between any two vertices is known as geodesic. The concept
of distance in graphs always yields to cater the needs of applications in technology.
There are many variants of distances in graphs. The shortest, longest, path involv-
ing degree of vertices and chords. Kathiresan et al. [2007] introduced the superior
distance in graphs. Let the path D,, = N[p| U N[q]. The shortest superior dis-
tance between p to q is dp(p, q). Superior eccentricity of e (p) = maz{dp(q, p) :
p,q € V} Superior neighbour of p is dp(p) = min{dp(p,q) : ¢ € V — {p}}.
A vertex p(q) is a superior neighbour of p if dp(p,q) = dp(p). The superior
distance involves the shortest path between two vertices which travels through all
their closed neighbourhoods.

Using the superior distance the same authors Kathiresan and Marimuthu [2008]
introduced the superior domination(SD-set).A set C V' is called a SD-set if every
vertex in S has superior neighbour in S-D. The SD-number is the cardinality of the
minimum SD-set, denoted by 7s.4(G). The superior eccentric vertex p is given by
dp (p,q) = ep(p). Here the adjacency between the vertices in S and its compli-
ment is not mandatory. Bhanumathi and Abhirami [2017] introduced the superior
eccentric domination(SED-set) in graphs. A set C V' is an SED-set if every vertex
in S-Dhas a superior eccentric vertex in S. The SED-number is the cardinality of
the minimum SED-set, denoted by vs.q(G). Along with being a superior domi-
nating set if the same set has a superior eccentric vertex in itself for every vertex
in the compliment of S then it becomes a superior eccentric dominating set. These
two conditions play a vital role in the formation of a SED-set. Alikhani and Peng
[2009] conceptualized the idea of domination polynomial, a domination polyno-
mial consists of a coefficients which gives the number of dominating sets and the
power of the variable denotes the cardinality of the dominating set which varies
between one and the vertex cardinality of graph. They discussed and proved cer-
tain properties which speaks of the corelation between the dominating sets.

The motivation for this paper is to find a domination polynomial using distance
concept in graphs. Eccentricity is a distance and eccentric dominating set was al-
ready existing. Inspired by this work Ismayil and Tejaskumar [2020] introduced
the eccentric domination polynomial. The eccentric dominating polynomial gives
the idea about the number of eccentric dominating sets with different cardinal-
ity and the symmetry in the coefficients of their polynomials werediscussed and
proved. Superior distance, superior eccentric domination existed but there was a
gap in the literature we did not have a formula which could find the total number
of SED in a graph or a SED of specific cardinality, henceforth the same authors
Ismayil and Tejaskumar extended the idea of domination polynomial to superior
eccentric domination polynomial. In this paper, we discuss the concept of superior
eccentric domination polynomial with an apt example, this concept was mainly in-
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troduced to find the total number of SED-sets of any graph. We found the formula
which yields a SED polynomial for the family of wheel graphswhich helps us to
easily find the total number of SED-sets of any cardinality at a given point of time
for a wheel graph.We obtain the formulas and discuss the corelation between the
coefficients of different SED polynomials. We tabulate the SED polynomials and
their roots of different standard graphs. For all the undefined terminologies refer
the book Graph Theory by Harary [2001].

2 Superior eccentric domination polynomial

Definition 2.1. The superior eccentric domination polynomial SED (G, ¢) =
Zf=vsed(G) |sed(G,1)|¢" where |sed(G, )| is the number of distinct superior ec-
centric dominating sets (SED-sets) with cardinality I, 5 € N and s.q(G) is supe-
rior eccentric domination number.

Example 2.1. .

3 4 5

Figure 1: Cricket graph

Vertex | Superior eccentricity | Superior eccentric vertex ep ()
1 2 2
2 2 £1
3 2 5
P4 6 91, 2, 03, P
5 2 O3

Here we see the cricket graph has a SED-set {4} of cardinality 1, {1, o4},
{02, 04}, {03, 02}, {91, 5} SED sets of cardinality 2, {01, 02, pa}, {91, 93, 01},
{01, 0105}, {92, 03, 01}, {92, 9014, 95}, {93, 94, 05} SED sets of cardinality 3,

{1, 02, 03, 04}, {01, 02, 00, 05}, {01, 03, 04, 05}, {02, 03, 1, 95} SED sets of
cardinality 4 and {1, 92, ©3, ©4, ©5 } SED sets of cardinality 5.

Therefore SED(G, ¢) = ¢° + 491 + 60> + 4¢2 + ¢.

259



Tejaskumar R and A Mohamed Ismayil

3 Superior eccentric domination polynomial of wheel
graph

Definition 3.1. Superior eccentric domination polynomial of a wheel graph W

is given by SED (W3, ¢) = Zlﬁ:%ed(wﬁ) |sed(Wg,1)|¢,! where |sed(Wps,1)| is the

number of distinct SED-sets with cardinality | and s.q(Wp) is SED-number of
wheel.

Observation 3.1. .
1. SED(Wg,¢) = (14 ¢)° — 1, for B = 4,5.
2. SED(Wp,¢) = (1 + ¢)P, for B = 6.
Theorem 3.1. For a wheel graph W of order 3,
1. |sed(Wp,1)| = |sed(Ws_1,l—1)|+|sed(Wps_1,1)| where | < B and 5 > T.
2. SED(W3,¢) = ¢ SED(Ws_1,¢) + SED(Wps_1, 9).
3. SED(Sg,0) = ¢ (¢+ 1)L, forall B > 7.
Proof: Let V (IW3) = {p1, 92, ... 05}

1. Since |sed(Wp,1)| =P~ C)_4, [sed(Wp,1 —1)| =2 C)_5 and
|S€d(W5_1, l)| =B-2 Cl—l- But 5710l_1 =6-2 Cl_g +672 Cl—l-
Therefore |sed(Ws, )| = |sed(Ws_1,1 — 1)| + |sed(Ws_1,1)].

2. By theorem-wheelT'HMO01 — (1) we have |sed(W3,1)| = |sed(Ws_1,1 —
)|+ |sed(Wps_1,1)|.

When! =1,
|sed(Wg,1)| = |sed(Wp_1,0)| + |sed(Wps_1,1)]
— 0, lsed(Wp )| = 6 [sed(Wa_1,0)] + 6, [sed(Wj_s, 1)
When ! = 2,
sed(Wa,2)| = [sed(Wa_y, 1] + [sed(Ws_1,2)
— 0 lsedWp2)| = 62 [sed(Wy,1)| + 6.2 [sed(Wp_1,2)],
When [ = 3,
|sed(Wg,3)] = |sed(Wp_1,2)| + |sed(Wps_1,3)]

— ¢3|S€d(Wﬁ,3>| = ¢3|sed(W5_2,1)]+¢3|sed(W5_1,3)|.
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When ! = 4,
[sed(Wa,4)] = |sed(Ws_1,3)| + |sed(Ws_1, 4)|
— ¢Msed(Ws,4)| = &*|sed(Wa_1,3)| + ¢ *|sed(Ws_1,4)].
Whenl =5 -1,

|sed(Wp, 5 — 1) = |sed(Ws_1, 5 — 2)]
+|sed(Ws_1, 8 — 1)
= " — 1sed(Ws, 8 —1)| = ¢P — 1]sed(Ws_1, 3 — 2)
+67 — 1sed(Ws 1, 5 1)|.

When [ = 3,

|sed(Wg, B)| = [sed(Wp—r, 5 = 1)| + |sed(Wp-1, B)]
= ¢7|sed(Wps, )| = ¢ |sed(Ws-1, 8 — 1) + ¢7|sed(Wj_1, 5)|.

Therefore ¢ [sed(Wg, 1)+ ¢ %|sed(Wp, 2)| + ¢ 3|sed(Wg, 3)| + ¢ *|sed(Wps, 4)| +
ek P sed(Wy, B — 1)] + 6 sed (W, 5)]

= lsed(Ws_1,0)| + |sed(Ws_1, 1)| +6 |sed(Ws_y, 1)|+62[sed (W 1, 2] +
O3]sed(Wy», 1] + 6 lsed(Wy_1,3)| + 6 *|sed(W_1,3)| + 6*sed(Ws_1, 1)
+ -+ ¢ P Ysed(Ws_1, B — 2)|

+ ¢ sed(Ws_1, 8 — 1) + ¢ P|sed(Wps_y1, 8 — 1)| + ¢ P|sed(Ws_y, ).

= ¢ |sed(Ws_1,0)| + ¢?[sed(Ws_1,1)| + ¢°|sed(Ws_2, 1) + ¢ sed(Wp_1, 3)|
+o o sed(Wsoy, B — 2)| + ¢7|sed(Wy—1, B — 1) + ¢ |sed(Ws_1, 1)|

+ ¢ %|sed(Wp_1,2)| + ¢3|sed(Ws_1,3)| + ¢*|sed(Ws_1,4)| + ...

+ 677 sed(Ws_1, 8 — 1)| + ¢ 7|sed(Wp_1, B)]

= ¢ [ [sed(Wps_1,1)| + ¢2|sed(Ws_1,2)| + ¢ 3|sed(Ws_1,3)]

+ ¢t sed(Ws_1,4)| + -+ + ¢ tsed(Ws_1, B — 1)|] + ¢ |sed(Ws_1, 1)

+ ¢2|86d(W5_1, 2)| + ¢3|S€d<Wg_1, 3)| + ¢4|86d(W5_1, 4)‘

+o+ 7 sed(Wpoy, B — 1)

Since |sed(Wps_1,0)| = |sed(Ws_1, 5)| = 0.

=& >0 [sed(Ws—y, D|o" + 5 [sed(Wpa, D)]o".

SED(Wg,¢) = ¢ SED(Wp-1,0) + SED(Ws_1,0).

1. By mathematical induction (MI).

261



Tejaskumar R and A Mohamed Ismayil

It is true for § = 7.

SED(Wp_1,¢) = ¢(¢ +1)""
¢ (¢ +1)°
= ¢(¢ +1)%(¢ +1)°
= T 4+60°+150° +200* +15¢° 4+ 602 + 1.

Assume it is true V N less than ',
SED(Ws,¢) = ¢(1+¢) PV =¢(1+¢)"?

For'8, SED(Ws,¢) = ¢ SED(Ws_1,¢)+SEDWs_1, )
usingtheorem — 3.1 — (2)
= ¢lo(o +1)"+0(p +1)°7
= o(p +1)7"
.. Proved V'/3'.

Table: |sed(W3, ()| is the number of superior eccentric dominating sets of
Wp with cardinality [ where 1 <[ < 15.

! 10 11 12 |13 | 14| 15

,_.
&)
w
~
)]
(@)}
]
o
\O

0

0|0

6 | 4 1

1010 5 1

5110| 10 5 1

6 | 15| 20 15 6 1

7121 35 35 21 7 1

8 128|156 | 70 56 28 8 1

9 36| 84 | 126 | 126 84 36 9 1
10 | 45| 120 | 210 | 252 | 210 | 120 | 45 10 1
1155|165 | 330 | 462 | 462 | 330 | 165 55 11 1
12 166 | 220 | 495 | 792 | 924 | 792 | 495 | 220 | 66 12 | 1
13|78 | 286 | 715 | 1287 | 1716 | 1716 | 1287 | 715 | 286 | 78 | 13| 1
14 | 91 | 364 | 1001 | 2002 | 3003 | 3423 | 3003 | 2002 | 1001 | 364 | 91 | 14 | 1

= = = = = = = = = Aol o

OB oo =] a0 Ny u| | W M| =

Theorem 3.2. The following properties for the co-efficients of SED(W 3, ¢ ) holds.
1. |sed(Wp,1)| = 1 forall B > 6.
2. |sed(Ws,B)| =1,V > 4.
3. |sed(Ws,8—-1)|=F—-1,V 5 >6.
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4. |sed(Ws, 5 —2)| = L2y 3 > ¢,

5. |sed(Ws, 8 — 3)| = E=UE2ED) 'y g > ¢

6. |sed(Ws, § — 4)] = L=DE=DE=61) 55 ¢
7. |sed(Wg, )| = |sed(Wg, 5 —1+1)|,V 8 > 6.

8. If SEDy = Y/, |sed(W;, 1)
VE>T.

, \V/B > 0, then SED/@) = Z(SEDﬁ_l),

9. SEDg =Total number of SED-sets in Wz = 2°~1,V 3 > 6.
Proof:

1. Let V(W3) = {@1, 02,93, ... 93} In a wheel graph W; all the vertices
form a superior neighbour of central vertex ¢, except itself. Therefore the
only set with single cardinality D = {g,} forms the superior eccentric
dominating set of wheel graph W3 where 3 > 6.

2. The vertex set V(W) forms the superior eccentric dominating set
|sed(Wpg, B)| = 1 forall § > 4.

3. ByMlIon'p".
For 5 = 6, |sed(Ws,6 — 1)| = |sed(Ws,5)| = 5.
Assume it is true V N less than '/,
For ', By theorem-3.1-(2) and 3.2-(2)

|sed(Wg, 5 —1)| = |[sed(Ws_1,5 —2)| + |sed(Wp_1,5 — 1)|
= (—-2)+1
— -1
. Proved V '/,
4. ByMlon'f.

For 5 = 6, |sed(Ws, 6 — 2)| = |sed(Ws,4)| = 10.
For =17, |sed(W7,7 — 2)| = |sed(W~,5)| = 15.
Assume it is true V N less than /3.
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For’(’, By theorem-3.1 and 3.2-(3)

|sed(Ws, 8 —2)] = |sedWs_1, 8 —3)| + [sed(Ws_1, 5 — 2)|
(B—2)(8—3)+2(8-2)
2
(B—=2)(8B-3+2)
2
(B-2)(8-1)
2

. Proved V 'J'.

5. ByMIon'f.
For 5 = 6, |sed(Ws, 6 — 3)| = |sed(Ws, 3)| = 10.
For =7, |sed(W7,7 — 3)| = |sed(Wr,4)| = 20.
Assume it is true V N less than '3,
For’(’, By theorem-3.1 and 3.2-(4)

|sed(Wg, 8 =3)] = |sedWs_1, 8 —4)| + [sed(Ws_1, 5 — 3)|
_ (B-2B-3B-19  (F-2(E-3)
6 2
_ (B=2(B-3)(B-1+3)
6
_ (B-1(B-2)(8-3)
6
. Proved V'3
6. ByMIon'f.

The result is true for § = 6, |sed(Ws, 6 — 4)| = |sed(Ws, 2)| = 5.
For =7, |sed(W7,7 — 4)| = |sed(Wr,3)| = 15.
Assume it is true V, N < £.
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For’(3’, By theorem-3.1 and 3.2-(5)

|sed(Wg,n —4)| = |sed(Wp_1, 8 — 5)| + |sed(Wps_1, 8 — 4)|
(B=2)B=3)B-4B =5

24
L B2 =93
_(B-2)(B=3)(B—4(B-5+4)
24
_(B-1)(B-2(B-3(B-4)
24

.. Proved V /3.

7. By Ml on’f". The result is true for § = 6.
|sed(Wg, 2)| = |sed(Ws,6 — 24 1)| = |sed(Ws,5)| =5
|sed(W+7,3)| = |sed(Wr, 7 — 3+ 1)| = |sed(Wr,4)| = 20.
Assume it is true V N less than ’3’. For ’’, by theorem-3.1 we have

|sed(Wg, )| = |sed(Ws_1, 1 — 1)| + |sed(Wp_1,1)|
= |sedWs_1,(B—1—(1—1)+1))]
| ed(Wp—1, (8 =1~ (1) + 1))
sed(Ws_1,(B—1—1+1+1))]
| ed(Ws-1,(B—1—1+1))

§

= [sed(Wp—1, (6 = 1+ 1))
+ |sed(Wsy, (8 = 1)
= [sed(Wp, (B =1+ 1))]

. Proved V '/,

8. SEDs = Y, |sed(Ws, D)
By theorem-3.1 we have

B8
SEDs; = Z[|sed(wﬁ,1,1—1)y+|sed(wﬂ,1,5)\]

B-1
= Z|sed Ws_1,1 |+Z|S€d W-1,1)|
=1 =1

= SEDB,l—i—SEDﬁ,l
SED; = 2(SEDj_;)
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9. ByMIon’f’. When 3 = 6,
SEDg = 2671 = 25 = 32.
SED; =271 =26 = 64.
Assume it is true V N less than '3,
SEDs_y = 28171 = 962

For'f,

SEDg =

. Proved V'3
Hence the theorem.

Remark 3.1. .

2[SEDs_1]
2[2°77]
21

from theorem — 3.2 — (8)

1. For any graph G 0 is one of the root of every SED(G, ¢).

2. A graph with more than 3 pendant vertices has at least 2 real roots.

SED(G, ¢) of different standard graphs and their roots are tabulated be-

low:
Superior eccentric
Graph Figure domination polynomial Roots
SED(G, ¢)
o ¢1=0,
Diamond ¢o = —0.4563,
§2 3 4 3 2
graph <> $7+497+5¢ b3 = — 17718 + 1.11514,
4 ¢4 =—17718 —1.1151:.
©1
¢1=0,
Tetrahedral 4 3 9 Yo = —2,
graph O +49° + 607+ 4¢ bam 114,
93 o $a=-1—i.
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Superior eccentric
Graph Figure domination polynomial Roots
SED(G, ¢)
pl ¢ 1= Oa
Paw 2 Py =—1,
©3 4 3 2
graph prtdentaette ¢3=—1,
4 b4=—1.
©1 2
»1 =0,
Banner ¢o = —2.4656,
3 §4 5 4 3 2
araph 07 HAGTH 50T+ 307 0 7672 + 0.79264,
05 b ¢4 = —0.7672 — 0.7926.
Superior eccentric
Graph Figure domination polynomial Roots
SED(G, )
©1
¢1=0,
Fork po=—1,
2 3 5 4 3 2
graph 07+ A7+ 597+ 29 ¢3=—1,
o 5 Oa=—2.
1 1 =0,
(3,2)-Tadpole 283 i s A 3 .o bo=—1,
graph PP+ I 49 ¢35 =—1,
95 p4=—2.
1 =0,
¢ = —0.378
1 +0.18774,
5 ¢3 = —0.378
Kite graph | §2 Pd° + 5% +6¢° +202 | —0.18774,
Py =—2.122
§5 +1.05381,
p5=—2.122
—1.053:.
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Superior eccentric

Graph Figure domination polynomial Roots
SED(G, ¢)
$1=0,
o1 ¢ = —0.3076
+0.31821,
¢35 =—0.3076
H .
g;‘;sf 0 03 ¢+ 564 + 663 —0.3182i,
¢4 =—2.1924
04 s +0.54793,
¢5=—2.1924
—0.5479;.
pl $1=0,
¢2 - _17
House X
h ©2 03 ¢°+50" +66° ¢3=—1,
grap ¢, = —0.382,
©4 ©5 ¢5 = —2.618.
1
¢1 - O,
Dart $o=—1,
QQ 04 5 4 4 6 3 2 )
graph 1% 07407 +60% +3¢ 3:—%—#?2,
5 i
1=0,
o1 ¢ = —0.691
Johnson +0.9511,
solid 5 . ) 93 =—0.691
¢+ 501+ 1003 + 1062 + 5¢ —0.951114,
skeleton 12
araph ¢4 =—1.809
04 . +0.58781,
¢5=—1.809
—0.5878;.
1 ©1
o @ o =0
Net 3 4 6 5 4 3 ¢2=—1,
graph ©s OT 307+ 307+ ¢ ¢3=—1,
= —1.
% i
©1 2 »1=0,
¢2 - _17
A 23 1 G0 +49° 469" +4¢°% + ¢ b5 =—1,
graph by = —1
5 %6 b5 = _1’
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Graph

Figure

Superior eccentric

domination polynomial

SED(G, ¢)

Roots

4-polynomial
graph 1

1 §2 3

NN/

4 s 6

¢6+4¢5 +4¢4

¢1 =0,
2= —2.

Antenna
graph

1

§92
£93 4
5 6

G0 +40° + 30 + ¢3

¢1 =0,
¢ =—1,
O3 =—2,
¢4 =—1.

Octahedral
graph

%
95 £

$% +6¢p° + 15¢% + 2003

+15¢2 + 66

¢1=0,
2= -2,
¢3 =—-0.5
+0.8667,
¢4=—0.5
—0.866¢7,
bs=—15
+0.8667,
bo=—15
—0.8661.

Cubical
graph

1 2

7 2

2

#% +8p7 + 28¢5 + 56¢°
+680 1 + 4802 + 1692

»1=0,
by = —0.6714
+0.57564,
¢3=—0.6714
—0.57561,
¢4 = —0.8352
+1.485441,
¢5 = —0.8352
—1.485441,
pe = —2.4934
+0.9097z,
—0.9097:.

Wagner
graph

£1
2 3
4 o
6 7
8

H8+8p7 + 2405
43205 + 1604

¢1 =0,
P2 = —2,
¢35 =—2,
G4 =—2,
o5 = —2.
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4 Conclusions

In this paper SED polynomial for a graph was defined. Formula to find the
SED polynomials of family of wheel graphs were stated and proved. Corelation
between the coefficients of SED polynomials were discussed. The SED polyno-
mial and its roots for different standard graphs are tabulated. In the course of
future work the graphs can be classified based on the roots of SED polynomials.
The similarproperties of coefficients based on similar roots for different standard
graphs can be discussed. The same concept can be extended to other domination
parameter.
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Linear predictor and autocorrelation for
noisy and delayed digital signal

G.Vinu Priya*
Jothilakshmi R"

Abstract

This paper deals with the association between the linear prediction
and digital signal modeling and ends up with the suitable ways to pre-
dict the signal by considering a stationary signal y,,. The linear pre-
diction of signal modeling based on the finite past and the solutions
are arrived in a recursive manner. Further we analyzed the wiener
filter along with spectral theorem and autocorrelation in terms ofpre-
dictive analysis. This estimates the gap function along with delay
and noise. The delayed signal’sproperties are analyzed like causal,
stability and applied these into optimum filtering. Finally the pre-
dicted error is compared with linear predictor and Wiener filter. Then
transfer function is applied to estimate the interval function and gap
function along with delay.

Keywords: Linear Predictor, Weiner filter, gapped function, de-
lay, autocorrelation, orthogonal.
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1 Introduction

Due to recent developments in Digital signal processing and communication
technology, and its subfields of spectrum estimation, real-time adaptive signal
processing and prediction algorithms comes into an attention of many researchers
Chen et al. [2006], Dogariu et al. [2021] and Gland and Oudjane [2003]. The uni-
fied extension of this digital signal processing is developed in terms of analysis
of geometrical point of view, linear estimator and applied various algorithms like
Gram-Schmidt orthogonalizations, lattice realizations and so on. Further these
concepts deals with the autoregressive extensions and singular autocorrelation
matrices and their sinusoidal representations Mao et al. [2017]. This motivates
us to proceed further with linear prediction Makhoul [1975] and Pituk [2004].

This paper is organized as follows. Section II focuses the linear prediction
and digital signal modeling Welch et al. [2006]. Section III applies the autore-
gressive models into the prediction coefficients. In section IV Linear Predictions
and Levinson’s Formula are applied in the random input signal. Finally, section V
concludes the paper.

2 Linear predictor

The linear prediction and digital signal modeling and ends up with the suitable
ways to predict the signal by considering a stationary signal y,,. This rules the
signal pattern as follows

Syy(2) = 0l B(2)B(27)en = (B(2)) = yn (1)

Here B(z) be any filter as bounded, ¢, be a sequence of noise term by spectral
factoring theorem. Let R, (k) be the autocorrelation of y,,:

Ryy(k) = Elyn + kyn)

This is used to predict the present value through the past values by using Y,,_; =
{yi, —00 < i < n—1}. If y1(n) = y,—1, then the linear prediction is identified
and compared with the optimum Wiener filtering and estimated the signal ¥ (n).
Now we identify Y;(z) = 27'Y(2) with the spectral value B(z). Now define the
optimum filter H(z) as

1 [UEB(z)B zfl)}
02B(z) B(z71) ’

€

H(z) =

2)
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Here B(z) be a causal and stable filter, and extend the causal and stale filter as
2B(z) is then
2B(2) = 2(biz ' + bz P+ bgz P )

The optimum filter H (z) is then

3)

Yo = (271) =1 (H(2)) = Gujua

This filter output is y; (n) and the consequent output is predicted by ¥, /,,—1. The
predicted error is defined as ¢,. In the figure 1, the indicator line separates the

| €n/n-1= €n

Yn | U

z 1 | 5> n/n-1
! Yn-1
I H(z)
input _ Wiener filter |
|‘_ part ’ part

Figure 1: Error Predictor through Wiener Filter

linear predictor part and Wiener filter part in the signal error prediction [2, 7].
Apply the reduction equation (1) in terms of the predicted error filter A(z) as,

o2
Syy(z) - A(z);l(z_l (4)
and
o2
A(Z)Syy(z) = Ve_l) (5)
this follows that
Sey(2) = A(2)Syy(2) (6)
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furthermore

Rey(k) Enyn k Z azR (7)

=0

which is recognized by the interval function [3]. Now construct €, from the or-
thogonal complementof Y,, | = y,,_x, k = 1,2, ..., and hence y,,_ is orthogonal
toall £ =1,2,.... Therefore, the equation (7) implies

oo

Rey(k) = Elenyn-i] = Y aiRyy(k — i) =0 ®)

=0

This result follows from the z-domain equation of (6) and interval function. Ap-
plying the symmetry property in (7) provided £ = 0 and we get
02 = Ele}] = Elenyn] = Ryy(0) + a1 Ry, (1) + asRyy (2) + ... 9)

€ n

Combined the equations (8) and (9),

o0

> aiRy,(k—i) = 025(k),k >0 (10)
i=0
This normal equation is extended with the parameters {a;, as, ...,0?} based

on the output signal? y,, and this is computed with R, (k).

3 Autoregressive models

In general, the prediction coefficients are infinite since the predictor is predi-
cated on the infinite past. When y,, is autoregressive, then the signal model B(z)
is defined as

1
B(z) = (1+arz7t +az72+ ...+ a,z7P) 1
This shows that the prediction filter is polynomial
AR)=14+az " +az 2+ ... +apz? (12)
The output function v, is defined for uncorrelated sequence ¢,,, we get
Yn + a1Yn—1 + Q2Yn—2 + .. + QpYn—p = € (13)
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further optimum prediction of y,, is written like

gn/nfl = _[alyn—l + aYp—o + ... + apyn—p] (14)

Here most effective prediction of y,, is calculated based on the past p samples. The
infinite set of equations (10) or (11) remains valid and the primary p + 1 samples
coefficients {1, a1, as, . . ., a, }are nonzero [8, 14]. These primary past samples are
a part of the equation (11) and these samples are enough to define the parameters

of {ay,as,...,a,;0%}:

[ Ry, (0) Ry, (1) Ry, (p) | [ 1] | 062 ]

Ry, (1) Ry, (0) o Ryy(p—1) ai 0

Ry, (2) Ry, (1) o Ry(p=2) | =] a | =0 (15)
| Ru) Bup-1) - Ry | |a] [0

These equations are solved efficiently through Levinson’s algorithm and this al-
gorithm needs O(p?) operations and O(p) memory locations. O(p?®) and O(p?)
which is necessary to calculate the inverse of the autocorrelation matrix 2.
The parameters {ai, as, ..., a,; 02} completely determines y,. By considering
z = ejw in the equation (5) we determine

o? o’
Sp() = —Ze = 4 d . 16
yy(w) |A(w)]? 11+ a1 + age=2% 4+ ... + apefjwp| (16)

The normal equations (16) build is used to approximate and estimates the param-
eters {ay, ag, . .., ay; 02}. There are many various ways to extract the estimates

€

and the parameters. Here are the few methods
1. Yule-Walker methodology
2. Variance methodology and
3. Burg’s methodology.

Autocorrelations Ry, (k) of equation (16) is wrriten based on the Yule-Walker
methodology, is

N—-1-k

1
Ryy(K) =< D Unskn (17)

n=0

The primary p + 1 changes are required in (16) as like p < N — 1 based on the
parameters {dy, ds, . . ., ,; 62 }. This represents the block of N samples and filter
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parameters (i.e. p + 1). To synthesize the random samples, variance 6> would be
generated and pass through the generator filter whose coefficients are calculated
like,
- 1 1
B(Z) = = = - . -
A(Z) N Haz=t 4 aez=2 4 +a,27P

(18)

i icti vi u
4 Linear predictions and Levinson’s Formula

In this section, we come accross that if the autoregressive random input sig-
nal is of order p, then the optimum linear predictor reduces to a predictor of or-
der p. A geometrical method to perceive this property could be extended in to
the projection of y,, onto the topological subspace based on the output signal
{Yn-i,1 < i < oo} and the same could be reduced based on past samples; i.e.
{Yn_i, 1 <i < p}. This generates the output function y,,.

Consider a stationary series (based on time) y,, with the autocorrelation func-
tion R(k) = E[yn+ryn). For any given p, the output function takes the following
new form Consider a stationary series (based on time) y, with the autocorrela-
tion function R(k) = E[yn+ryn). For any given p, the output function takes the
following new form

Jn = —[a1yn-1+ a2yn—2 + ... + apYn—p] (19)
The prediction coefficients are chosen to reduce the mean square error as

e = Ele?] (20)

n

where e,, is the predicted error and define e,, as follows

€n = Yn — fgn =UYn + A1Yn—1 + a2Yn—2 + ...+ ApYn—p (21)

Elenyyn—i| =0, (22)

By substituting (21) in the equation (22), we get p linear equations

P

p
> By gy-i] = Y R —j)a; =0 (23)
j=0

5=0
By (22), we found the reduced value as

02 = Eleqyy) (24)

€
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Equations (23) and (24) may be combined into the matrix equation like (p + 1) x
(p+1),

[ Ry, (0) Ry, (1) T Ry, (p) 1 ‘752

Ry, (1) Ry, (0) o Ry(p—1) ay 0

Ryy(2) Ry, (1) o Ry(p=2) | =] a|=|0 (25)
| Ru) Rup-1) - Ry | |e) |0

which is identical for equation (16) for the autoregressive case.

It was necessary to connect the order of the predictor associate with the previ-
ous one. Hence the lower order optimum predictors also are calculated. Consider
the gap function as

p p
gp(k) = E[(Z apiyn—i)yn—k] = apiR(k — Z) (26)
i=0 i=0
9p (k) I
(0
e ) Q'p(P $=1)

«———gap = p——»

x e o o o ok
3 -2 -1 0 1 2 3...p p+1

Figure 2: Gap conditions for the delay

These gap conditions are an equivalent because of the orthogonal equations
(22) which is illustrated in figure 2. Utilizing g, (k) construct a new function with
space g,+1(k) from the past p + 1 hence we get, g,(k) — ¢,(—k). A delay of
(p + 1) time can realigned and illustrated in the following figure. This shows the
minimum of p and choosen the parameter 7,,; and g,.;(k) adds an additional
delay which deviates the length p 4 1 are illustrated in the figure 3.

277



G.Vinu Priya and Jothilakshmi R

A gp('l‘J A gp“”‘l‘k)
0,(0) ,(0)

gpt1) ¢ B+l ’
[

I <—gap:p—>[
s > — - ' “ k

e 23 =2 ol 0T 3 210123 . plptl)(p2)

— gap=p —» [

Figure 3: Gap (delay) conditions for g, (k) and g,(p + 1 — k)

5 Conclusions

In this paper, linear prediction is predicted the present value through the past
values. The linear prediction of signal modeling related to finite past and the so-
lutions are arrived in a recursive manner. Further we analyzed the wiener filter
along with spectral theorem and autocorrelation in terms of predictive analysis.
This estimates the gap function along with delay and noise. There will be an in-
dicator line which separates the linear predictor part and Wiener filter part in the
signal error prediction. This normal equation is extended with the signal param-
eters based on the output signal y,, and this is computed with R, (k). Then the
infinite matrix equation is reduced to a finite form and, moreover, the R, (k) is
obviously measurable. Finally the predicted error is compared with linear pre-
dictor and Wiener filter. Then transfer function is applied to estimate the interval
function and gap function along with delay. Finally the gapped function g, (k) and
gp(p + 1 — k) possess the same value.
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Wheat crop yield forecasting using various
regression models

Shakila C V*
Khadar Babu SK ¥

Abstract

The prediction of crop yield, particularly paddy production is a chal-
lenging task and researchers are familiar with forecasting the paddy
yield using statistical methods, but they have struggled to do so with
greater accuracy for a variety of factors. Therefore, machine learning
methods such as Elastic Net, Ridge Regression, Lasso and Polyno-
mial Regression are demonstrated to predict and forecast the wheat
yield accurately for all India-level data. Assessment metrics such as
coefficient of determination (R2?), Root Mean Square Error (RMSE),
Mean Absolute Error (MAE), Mean Squared Error (MSE) and Mean
Absolute Percentage Error (MAPE) are used to evaluate the perfor-
mance of each developed model. Finally, while evaluating the predic-
tion accuracy using evaluation metrics, the performance of the Poly-
nomial Regression model is shown to be high when compared to other
models that are already accessible from various research in the litera-
ture.

Keywords: Elastic Net; Ridge Regression; Lasso Regression; Poly-
nomial Regression; Ordinary Least Squares; forecast
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1 Introduction

Agriculture has been the economic backbone of many nations. There are more
than 118.9 million farmers in India, and as the population expands, there will be
a demand for food. As a result, we need new methods to produce more food
products in a shorter amount of time. However, since agriculture is not a prof-
itable industry, not many people choose it as a career. Bhosale et al. [2018].
Agriculture has always been recognized as a vital and great culture that India has
traditionally practiced. In the past, people used the land where they lived and
made crop choices based on the local weather and conditions. However, due to
the greenhouse effect and changes in climatic conditions, farmers today cannot
predict when it will rain, snow, or whether there will be water available for their
crops, among other things. With this serious issues and demand, it is important
to estimate sustainable agricultural production using a system that can accurately
measure crop conditions, crop type, and yield. Freie et al. [1999].

There are a few approaches to dealing with constructing the suitable improve-
ment in the agricultural industry. There are several methods to approach these
issues by utilizing some of the most significant technological advancements. One
of the greatest and simplest technologies we can employ is Al-based and machine
learning prediction principles. Furthermore, recently developed machine learning
(ML) algorithms are more capable than statistical techniques to find yield estima-
tions.

Artificial neural networks, Decision trees, Regression analysis, Clustering,
Bayesian networks, Time series analysis, and Markov chain models are just a few
of the mathematical and statistical techniques used in machine learning (ML) ap-
proaches for crop prediction. Due to the availability of multiple data from various
sources to expose hidden information, the use of these machine learning tech-
niques in crop production demonstrates even more significant advantages.

2 Literature survey

Machine learning addresses problems when the relationship between informa-
tion and yield variables is uncertain or difficult to comprehend (Shaik et al. [1999]
and Veenadhari et al. [2014]). Unlike traditional measuring techniques, machine
learning explicitly displays the data whose trade-mark is beneficial to conduct
modeling of complex and non-linear practices, such as a capacity for crop output
forecasting (Praveen and Rama [2019] and Kumar et al. [2019]). Using super-
vised learning, the majority of machine learning algorithms are successfully used
to predict crop yields (Praveen et al. [2017] and RaviKumar et al. [2019]). The
preparation measures will continue until the model attained the desired level of

281



Wheat crop yield forecasting using various regression models

accuracy on the preparation data.

The majority of research in the past have developed statistical agricultural
production prediction models using multiple linear regressions (MLRs) (Rai et al.
[2013];Kumar et al. [2014]; Dhekale et al. [2014]).

Das et al. [2017] has studied about the Statistical approaches for feature selec-
tion or feature extraction, such as Least Absolute Shrinkage and Selection Op-
erator (LASSO), Stepwise Multiple Linear Regression (SMLR) or Elastic Net
(ENET) method, can be utilized to address these issues. Yousefi et al. [2015] dis-
cussed to forecast the output energy of rice production in Iran, several researchers
used the polynomial and radial basis function kernels of support vector regres-
sion (SVR). Paidipati et al. [2021] developed a model using SVR Approach with
Various Non-Linear Patterns for Forecasting Rice Cultivation in India.

There are few studies comparing the accuracy of feature selection, feature ex-
traction, and both approaches combined for agricultural yield forecasting. With
the following objectives: (i) to develop overall crop yield prediction models using
various multivariate models; and (ii) to assess the analytical performance of the
developed models, our study has found scope to develop and select a statistical
forecasting model for rice using various regression techniques for the India level.
Elastic Net Regression, Ridge Regression, Lasso Regression, and Polynomial Re-
gression are some of the techniques we employed to construct this work. There are
many comparable projects on the market, but what sets our project apart from the
competition is how we’ve integrated Python with machine learning to cut down
on the number of lines of code and production costs while still producing accurate
results (Pramod et al. [2019]; Tutun et al. [2016]).

3 Material and methods

3.1 Ridge regression

In Ridge regression p is a penalty term and that penalty function is equal to
the squared root of the coefficient. The square of the coefficients magnitude corre-
sponds to the L, term. To regulate that penalty term, we additionally incorporate
the coefficient . In this instance, if p is zero, the formula is the fundamental
OLS; however, if 1 is more than zero, a constraint will be added to the coefficient.
This constraint makes the quantity of the coefficient tend towards zero as we raise
the amount of . This results in a tradeoff between smaller variance and increased
bias.

Lp = arg.ming (Y — a* X[|* + p = [|af?) .

where p is regularization penalty.
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Because it never reaches a coefficient of zero but only minimises it, ridge
regression lowers a model’s complexity without lowering the number of variables.
As a result, this model is unable to achieve feature reduction.

3.2 Lasso regression

Least Absolute Shrinkage and Selection Operator is short for lasso regression.
It extends the cost function’s penalty term. The whole sum of the coefficients is
represented by this phrase. When the value of the coefficients increases from 0 to
1, this term penalises, causing the model to lower the value of variables in order to
minimise loss. While lasso regression usually makes the value of the coefficient
to absolute zero, ridge regression never does.

Liasso = arg.ming (||[Y — a* X||> + p = [|af|1) .

With various data types, Lasso occasionally has difficulties.If the number of pre-
dictors (p) is more than the number of observations, Lasso will choose at most n
predictors as non-zero even if all of the predictors are significant (n). The LASSO
regression method chooses one of the highly collinear variables at random when
there are two or more, which is bad for data interpretation.

3.3 Elastic net

To address the drawbacks of Ridge and Lasso regression, ? formed an elastic
net regression. In general, ridge regression performs best with highly correlated
variables, whereas Lasso regression performs well with less correlated variables.
However, there are many models that represent a significant number of variables
but lack information on attributes like correlation. Ridge regressions and Lasso
are not very helpful in these circumstances. To get away from this problem, the
function is estimated using ENR since it takes into account the consequences of
both Lasso and Ridge regressions. L, and L, norms can be used to define the
Lasso and ridge regression penalties, respectively. For accurate prediction, ENR
take into account the L; and L, penalties by the following equations.

1 1
Lgngr = arg. mogn Z(Y; —aX;)* + B Z || + 32 Zak2‘
i k=1 k=1

where | Li|| = B' 3, |arland||Ly| = beta® > ,_, aje. Ly is sum of the
weights and L» is the sum of the square of the weights.
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3.4 Polynomial regression

In polynomial regression, a kind of linear regression, the relationship between
the random variable x and the dependent variables y is represented as a n*"-degree
polynomial. Polynomial regression is used to fit a nonlinear relationship between
the value of x and the corresponding dependent mean of y, denoted by the notation
E(ylx).

Here is a polynomial regression model’s general equation.

L =59+ 8121 + S2212 + S9213 + ... + s, 211

Some correlations may be curvy, according to a researcher’s hypothesis. Such
scenarios will undoubtedly have a polynomial term. The assumption in common
multiple linear regression analysis is that every independent variable is indepen-
dent of every other independent variable. In the case of polynomial regression
models, this assumption is incorrect.

3.5 Model validation
3.5.1 Mean absolute percentage error (MAPE)

To determine the mean absolute percentage error (MAPE), the absolute error
for each period is subtracted from predicted values then as follows the procedures.

100 <~ | Predicted; — Actual,
MAPE = — : -
n Z Actual;

4 Results and discussion

4.1 Dataset

Directorate Of Economics and Statistics Department of Agricultural and Farm-
ers Welfare, and Government of India provided the time series data of wheat yield
at India level (1966 to 2017). The research used characteristics like Area Un-
der Cultivation (Thousand / Hectares), Production (Thousand / Tons), and Yield
(KG / Hectare) to evaluate data from all of India. Elastic Net, Ridge Regression,
Lasso Regression, and Polynomial Regression were constructed and compared to
determine the best-fit model.

4.2 Overview of wheat parameter statistics

The Elastic Net, Ridge Regression, Lasso Regression, and Polynomial Re-
gression models were separately applied to the wheat yield data to investigate
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Table 1: Statistical Measures

Measures | Elastic Net Lasso Ridge Polynomial
Regression Regression Regression | Regression
R? 0.9252 0.9252 0.9252 0.9688

MSE 38964456.45 | 40910114.34 | 42898765.78 | 17083450.77
RMSE 5996.1034 6396.1015 6876.3675 4133.2131
MAE 4894.87 5194.88 5794.86 3302.65
MAPE 20.435 55.405 69.203 8.232

their connection, and the effectiveness of each model was evaluated using MSE,
R?, and MAPE.

All India Level wheat production vs Area (1966-2017)

ﬂﬂﬂﬂﬂ

o
—
|

—— Area | 000 Hectares) Production

Figure 1: All India Level wheat production vs Area (1966-2017)

Figure 1shows that the all-India level wheat production wise Area. The stronger
correlation and the error higher form will be regarded as the most effective method
for predicting agricultural production (kg/acre). The statistical approach’s results
are shown in the first case R? values were verified among all the particular regres-
sion models (Table 1).
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4.3 Regression models

Numerous research showed that machine learning techniques could forecast
wheat production. For a consistent wheat yield, it is necessary to increase predic-
tion accuracy. To ensure a consistent wheat production, it is necessary to improve
prediction accuracy. The accuracy of the suggested Elastic Net Regression, Ridge
Regression, Lasso Regression, and Polynomial Regression for wheat yield pre-
diction is assessed using the R2, RMSE, MAE, MSE, and MAPE metrics, as was
previously stated.

Elastic Net Regression (ENR)

60000

Zo o885 8388335385583949349495
faoRsraRRRA8388z25885888:5822493
9888800809 RRRRRRRRARRRRARRRRAR

-1

Elastic Net Regression

Figure 2: Forecasting using Elastic Net Regression

Analysising the data by using Elastic Net Regression, we have got the val-
ues of R?, MSE, RMSE, MAE, and MAPE of around 0.9252, 38964456.45,
5996.1034, 4894.87, and 20.435, respectively, the forecasting utilizing elastic net
regression 1s shown in Fig.2 Here 92% of data are used to fit the model.

Fig. 3 shows the Forecasting using the Ridge regression, which is evalua-
tion metrics with values of R?, MSE, RMSE, MAE, and MAPE of about 0.9252,
42898765.78, 6876.3675, 5794.86 and 69.203 respectively. Here 92% of data are
used to fit the model. And the MAPE values is 69.2 which large in model fitting.

By using Lasso Regression model the values of k2, MSE, RMSE, MAE, and
MAPE of around 0.9251, 40910114.34, 6396.10, 5194.88 and 55.405, respec-
tively, the forecasting utilizing Lasso regression is shown in Fig 4. Here also 92%
of data are used to fit the model. But the MAPE values are huge as 55% for the
model fit.

In Fig. 5 forecasting the wheat yield data with Polynomial regression, esti-
mate the R?, MSE, RMSE, MAE, and MAPE of around is 0.9687, 17083450.77,
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Ridge Regression (RR)

......

—— Production

Figure 3: Forecasting using Ridge Regression

Lasso Regression (LR)

““““““

——Production = Las0 Regression

Figure 4: Forecasting using Lasso Regression

4133.213, 3302.674 and 8.23 respectively. Comparing the all above various mea-
sure value the R? is 96% data using to fit the model. Mean-while, the MAPE
values is 8.23 which is highly acceptably accurate level.

Fig. 6 shows the forecasting of India-wide level wheat crop production using
various regression models. The accuracy of the Polynomial regression model ex-
hibits superior scale than other chosen machine learning models, as like regression
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Polynomial Regression (PR)

N

—— Production  —— Poynomial Regression

Figure 5: Forecasting using Polynomial Regression

Wheat Yield Forecast

e ProGUCtion e Elastic Net Regression Ridge Regression LasmoRegremsion  emmPolynomial Regression

Figure 6: Forecasting using Various Regression Models.

models.

5 Conclusions

Statistical and machine learning methods are used to predict agricultural yield.
The statistical analysis of various Regression approaches and machine learning,
specifically Elastic Net Regression, Ridge Regression, Lasso Regression, and
Polynomial Regression are among the techniques that are evaluated to acquire
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higher accurate crop yield forecast. To evaluate the level of accuracy of the var-
1ous methods, model performance measures are updated. The main findings are
drawn from the results seen:

o Assessment metrics such as coefficient of determination (R?), Root Mean
Square Error (RMSE), Mean Absolute Error (MAE), Mean Squared Error
(MSE) and Mean Absolute Percentage Error (MAPE) are used to evaluate
the performance of each developed model.

* The obtained study showed that the Polynomial Regression method pro-
duces superior evaluation metrics with values of R2, MSE, RMSE, MAE,
and MAPE of about 0.9687, 17083450.77, 4133.21, 3302.67, and 8.2326
respectively.

» The R? metrics of the Polynomial regression is 4.498 percent better than
other existing models from other regression models.

* Hence, its improved performance metrics, the suggested machine learning
algorithm in particular, Polynomial Regression reduces the risk factor for
Wheat yield.
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BIBO stability and decomposition analysis
of signals and system with convolution
techniques
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Abstract

In this paper control system’s stability is arrived based on Bounded
Input Bounded Output (BIBO) when bounded input is given in the
form of discrete values. The control system allows the state estima-
tion constraints to reach the convergence even when fluctuations in
the parameters of the input system occur. To overcome this DTFT
(Discrete Time Fourier Transform) is used when the signal is com-
pletely absolutely summable. Stability of the LTI (Linear time invari-
ant) system is showed and is depending on the absolute summable of
their impulse response. Simultaneously for continuous signal the sta-
bility occurs if it is absolutely integrable. In addition to that the linear-
ity and time-invariance properties are discussed. This provide a new
way to decompose the periodic signals into Fourier series by convolv-
ing the fundamental signals. Continuous and discrete time signals are
focused in this paper to get linear time invariant system (LTI) through
complex exponentials. Finally filtering techniques were used to elim-
inate the noisy frequency component in a signal.
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1 Introduction

Difference equations are described the evolution of applied mathematics phe-
nomenon of latest technology from artificial intelligence to IoT. Higher order
difference equations and time invariant systems are focusing more real world
problems in the diverse fields like communication technology Srinivasan et al.
[2022]. When we classify these difference equations, each category of classifi-
cation are solving specific engineering and technological problems R.P.Agarwal
[2000], Thamvichai and T.Bose [2002]. Various methodologies are used to re-
solve error reduction and quality enhancement techniques. In such cases ana-
lytical solutions are possible to address particular specified problems Kayar and
KaymakgalanBistritz [2022].

To analyze these difference equations finite difference methods can be uti-
lized. In particular when the errors are magnified, then the difference equations
will be unstable and for smaller components these equation guarantees the stabil-
ity Camouzis and Ladas [2008], Liul et al. [2022]. When the larger components
are involved, tri-diagonal system (based on Crank-Nicolson Method) will be com-
pared with other explicit and implicit methods with higher derivatives Camouziss
and G.Ladas [2010], Liu [2008].

Time Delay is one of the reasons for instability which appears in dynamical
systems such as biological systems, chemical systems, communication systems,
nuclear systems, electrical systems, etc., and it is one of the key performances
in these systems Bose [1995], Kaczorek [2011], Oppenheim et al. [2009]. As the
signal is impulsive, it goes to infinity at any time and hence, the system is unstable
even when an input is bounded but an output is infinite.

Bounded Signal is a signal which is having a finite value at all instants of time.
In general a signal is bounded if it has finite value M > 0, and the signal does not
exceed M, i.e. |y(n)| < M,Vn € Z for discrete-time signals.

This paper is structured as follows: Section II provides the fundamental con-
cepts of LTI systems in time as well as frequency domain. The systems represents
through linear time invariant difference equations are discussed in section III. Sec-
tion IV dealt with the development of Fourier series in difference equations with
time dependent variable. Section V depicts the Filtering Techniques Related to
LTI systems that change the shape of the input signal. Finally section VI con-
cludes the paper.
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2 LTI systems

2.1 Time domain conditions

Theorem 2.1.1 (Sufficient condition) : The BIBO stability of discrete time LTI
system and its impulse response is absolutely summablei.e. - _ |h[n]| < co.
Proof :Consider the following By convolution,

ylnl = > hlklxln — k] )
Then
lyln]l = | > hln — Kla[k]] (2)

Applying triangular inequality

ylall = llzllss Y IRIK] 3)

n=—oo

Therefore h[n] is absolutely summable.
Theorem 2.1.2 (sufficient condition of continuous time) : The BIBO stability
of continuous time LTLis [~ |A(t)|dt < oco.

Proof : Consider the output function
w0l =1 [ alt=TIh()aT @
< /OO M|r(T)|dT
= M/OO |h(T)|dT 5)

Hence the proof.

2.2 LTI systems - frequency domain conditions

Discrete Time signal
In general, for BIBO stability a unit circle in the Z-plane must contain all the
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poles of a system. The condition for stability can be obtained by the above time

domain condition
> (nnl[ = > |hln]lle "

n=—oo n=—0oo

Continuous Time signal In the continuous case, Laplace transform must include
the imaginary axis. For BIBO stability s-plane must contain all the poles of a
system. The condition for stability can be obtained by the above condition

/ " ()i = / () et ®)

—00 o0

- / Rt )

o0

where s = 0 + jw and Re(s) =0 =0

In addition to above condition, the continuous time signals is convergence if it
encounter the following Dirichlet conditions

« if the interval is finite then z is of bounded variation ,

« for all finite number of points, x is continuous, if the interval is finite.

These conditions are satisfied by the periodic interval. Assume that

[e.9] . 1
Y=ty ®

m=0

where |a| < 1. On multiplying 1 — @ both side we get

o

Zam—aZmzomamzl
m=0

a® = 1, since |a| < 1, the sums converge. As an example, if h(t) = a'u(t) for
every t € R, where a > 0. Since the integral is infinite if ¢ > 1, it is unstable and
itis finite if 0 < a < 1, and thus

o -1
/ aldt = —
0 Ina

Therefore, if 0 < a < 1, the system becomes stable.
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3 Representation of systems via LTI difference equa-
tions

The output form of difference equation of discrete time system is defined like
Haung and P. M.Knopf [2012]

y[n] = y[n — 1] + x[n|
If the system h[n] is LTI system then
yln] = x[n] * hin] 9

In causal system, the impulse response is zero for all ¢ < 0,n < 0 in both
discrete and continuous system respectively Alzabut et al. [2021], Oppenheim
et al. [2009], Thamvichai and T.Bose [2002]. For example consider the following
system,

yli) = Suln — 1] = 2l

If 2[n] = ¢ [n], then we have

yl0] =1
y[1] = %
y[2] = i
yln] = (3)"
Then ]
hin] = (5)" uln]

4 Development of Fourier series in different equa-
tions
In this section we calculate the transform signals through Fourier series Hu

[2011], Bistritz [2004]. We consider some simple transformations with time vari-
able. The ouput function y(t) is
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The input signal z(t) = coswyt, where wy > 0, and then

x(t) = lejwot — 1e‘jwot
2 2
Filtering is used to modify or eliminate some frequency components in the discrete

signals. Consider
1

H(e™) = (1 — ael=iw)

Now define y(t) as
1
y(t) = e(_“t)/ e Tdr
0

y(0) = {1~ el

Here z(7) and h(t — 7) does not overlap, and hence y(t) = 0.

5 Conclusions

This paper analyzed the stability of the BIBO system in time as well as fre-
quency domain. Based on the state of time domain, a linear time invariant system
is stable only if its impulse response is absolutely stable. In addition, it is focused
the decomposition of signals into LTI system through suitable examples. The de-
velopment of these techniques has been used in implementation of time-varying
convolution filters. The signals are convolved to produce the linear time invariant
system and non overlapping systems.

References

J. Alzabut, M.Bohner, and S. Grace. Oscillation of nonlinear third-order differ-

ence equations with mixed neutral terms. Adv. Difference Equ, 2021:1-18,
2021.

Y. Bistritz. Testing stability of 2-d discrete systems by a set of real 1-d stability
tests,. IEEE Transactions on Circuits and Systems I,, 51:1312 — 1320, 2004.

T. Bose. Stability of 2-d state-space system with overflow and quantization. /EEE
Transactions on Circuits and Systems I1I,, 42:432-434, 1995.

E. Camouzis and G. Ladas. Dynamics of third order rational difference equations
with open problems and conjectures,. Chapman and Hall CRC, Boca Raton,
FL,, 2008.

296



BIBO stability analysis of signals and system

E. Camouziss and G.Ladas. Global results on rational systems in the plane. Part
I, Journal of Difference and Applications,, 16(8):975-1013, 2010.

Y. Haung and P. M.Knopf. Global convergence properties of first order homoge-
neous system of rational difference equations,. Journal of Difference Equations
and Applications,, 18:1683 — 1707, 2012.

D. Hu. New stability tests of positive standard and fractional linear systems. Cir-
cuits and Systems, 2(4):261-268, 2011.

T. Kaczorek. New stability tests of positive standard and fractional linear systems.
Circuits and Systems, 2(4):261-268, 2011.

Z. Kayar and B. KaymakcalanBistritz. Applications of the novel diamond alpha
hardy—copson type dynamic inequalities to half linear difference equations,.
Journal of Difference Equations and Applications,, 28:457 — 484, 2022.

T. Liu. Stability analysis of linear 2-d systems. Signal Processing,, 3(4):2078 —
2084, 2008.

Z. Liul, L.Jiang, and R.Qu. A machine-learning based fault diagnosis method
with adaptive secondary sampling for multiphase drive systems. IEEE transac-
tions on power electronics,, 2022.

A. Oppenheim, R. W.Schaffer, and PHI. Oscillation of nonlinear third-order dif-
ference equations with mixed neutral terms. Discrete Time Signal Processing,
2009.

R.P.Agarwal. Difference Equations and Inequalities. Marcel Dekker,, New
York,NY, USA, 2nd Edition,, 2000.

R. Srinivasan, R.Graef, and E. Thandapani. Asymptotic behaviour of semi-
canonical third-order functional difference equations. Journal of Difference
Equations and Applications,, 28(4):547 =560, 2022.

R. Thamvichai and T.Bose. Stability of 2-d periodically shift variant filters,. IEEE
Transactions on Circuits and Systems II,, 49:61 — 64, 2002.

297



Ratio Mathematica Volume 46, 2023

Intuitionistic Robust fuzzy matrix for the
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Abstract

The mathematical model given here attempts to improve precision
in the diagnosis of stress, anxiety, and hypertension using Intuition-
istic robust fuzzy matrix (IRFM). In practice, the imprecise nature
of medical documentation and the uncertainty of patient information
frequently do not provide the appropriate level of confidence in the
diagnosis. To that purpose, a novel method based on distinct fuzzy
matrices and fuzzy relations is devised, which makes use of the ca-
pabilities of fuzzy logic in describing, understanding, and exploiting
facts and information that are unclear and lack clarity. With the assis-
tance of 30 doctors, a medical knowledge base is created during the
procedure. The model obtained 95.55%t accuracy in the diagnosis,
demonstrating its utility.
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Intuitionistics.

2020 AMS subject classifications: 03B52, 62F35, 70H30, 20N25 !

“District Institute of Education and Training, Perambalur, Tamil Nadu, India. revathirame-
sha@gmail.com.
TDepartment of Mathematics, Arignar Anna Govt. Arts College, Namakkal. Tamilnadu, India.
ponsundar03 @ gmail.com.
'Received on September 15, 2022. Accepted on December 15, 2022. Published on March 20,
2023. DOI: 10.23755/rm.v46i0.1087. ISSN: 1592-7415. eISSN: 2282-8214. ©K.Revathi et al.
This paper is published under the CC-BY licence agreement.

298



K.Revathi and P.Sundararajan

1 Introduction

The computer scientist Zadeh was the first to utilize fuzzy logic as a scientific no-
tion. Medicine is one subject where the use of fuzzy logic was recognized as early
as the mid-1970s. The ambiguity encountered during the illness diagnostic pro-
cess has repeatedly been the subject of application of fuzzy set theory in this sec-
tor. The greatest and most helpful explanations of clinical symptoms frequently
include language concepts that are inevitably ambiguousAdlassing [1986].

Fuzzy mathematics seeks to derive exact meaning from erroneous information by
capturing ambiguity in real life. It is a valuable tool for decision-making sys-
tems. Using the fuzzy set paradigm, several ways have been created to imitate
medical diagnostic procedures. The basic principle behind a medical diagnosis
is to associate a patient’s symptoms or signals with potential illnesses based on
the expert’s medical knowledge. According to Sanchez [1979], Meenakshi and
M [2011], Elizabeth and Sujatha.L. [2013], Ravi.J [2022] and Raich and Dalal
[2009] is approach demonstrates the doctor’s medical skill as a blurry association
between symptoms and illnesses. The method to medical diagnostics by employ-
ing an interval-valued fuzzy matrix as a representation. The another approach of
medical diagnosis by utilising a triangular fuzzy membership matrix representa-
tion. Saravanan and Prasanna [2016] presented a fuzzy matrices application for
use in medicine that utilised the idea network and concept matrices. Raich and
Dalal [2009] employed fuzzy matrices for the first time in diabetes research.

In this study, we employed IRFM to improve medical diagnostic accuracy Klir
and Yuan [1995]. This mathematical model produces diagnoses based on the ex-
pertise and experience of the 30 doctors. We created a differentiating strategy for
studying indication relationships for diagnosis, which can be described as non-
symptom indication non-occurrence indication conformability indication Gupta
[1976]. Our method is reasonably accurate, as evidenced by a 95% confidence
between the genuine diagnoses supplied by physicians and the diagnostic conclu-
sion produced by our algorithm.

2 Research method

This section shows the consists of the following elements:

2.1 Medical terms:

The expertise of physicians is depicted as a hazy relationship between symptoms
and illnesses. There are two kinds of hazy relationships between symptoms and
diseases:
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(1). An incidence relation r;

It describes the possibility or proclivity of a symptom manifesting when a specific
condition is present, i.e., how frequently does the symptom I occur with disease
p-

(ii). A comfortability relation r;
It denotes how well the symptoms differentiate between diseases, or how strongly
symptom I verifies disease j.

The distinction between occurrence and conformability is significant because,
whereas a symptom is present in many diseases, its occurrence and conforma-
bility differ depending on the condition.The above-mentioned correlations were
discovered using medical records from an expert.

2.2 Intuitionistic robust fuzzy matrices (IRFM)

Then the membership function of A and B is defined as,

. {max [min (aij (r1) + oj (7“1))} maz {mm (Sz‘j (r) + s (7“2))] }

2 2
If s;; (r2) = s;x (r2) = 0 for all Lj,k then,

ARB = {max [mm (”” (r1) J; Isk (7’1))] ,0}

X aq + b1 a/2+b2 as + bg an+bn
ARB = .

Let D represent a grouping of specific illnesses, S represent a grouping of symp-
toms, and P represent a grouping of persons in need of a diagnosis. According to
the fuzzy relation rs(p, s) (where pm, sn) membership grades, the set PS is sup-
posed to indicate the degree to which the symptom s is present in the patient p.
On the set S, D, the fuzzy relation ri (s, d) = ri (m, n) is defined, where sS, dD
denotes the recurrence frequency of symptoms s with sickness d. The same set
defines the fuzzy relation rj, which shows how strongly a symptom (s) predicts
the presence of an illness (d). A fuzzy relation rj is also formed on the same set,
where 77 (p, d)= r2(n,p) denotes the strength with which a symptom (s) supports
the occurrence of an illness (d). Using relations rs, ri, and rj, the following four
alternative indicator relations supplied on set PxD are computed:
(i).Relationship between the two r; = r, B r;

(i1).Conformability indication relation o = r, B r;

300



K.Revathi and P.Sundararajan

_ , . 4 4
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(ii1). Non-occurrence Occurrence indication relation indication relation r3 =
rs B (1—1;)
(iv). Non-symptom indication relation 74 = r; B (1 — r;)
The max-min product of fuzzy matrices is used to compose fuzzy relations.
Example 1
Let D= {dl, dg}, S= {Sl, So, Sg}, P= {pl, pg}
Letr/ = rs B ri So for every i=1, 2 and j= 1, 2, r;(pi, dj) = max{min{ Rs(p;, s),
r1(s, dj) } }seS
Example 2
Letry(p;,d;) = max{min{0.2,0.1}/2, min{0.4,0.7}/2, min{0.1,0.2}/2} = max{0.05,
0.2, 0.15} = 0.2. Similarly, ry(p;, d;) for every i and j. Hence, we get Other indi-
cation relations are calculated in the same way.

2.3 Hypertension overview

A blood pressure reading of 120/80 mmHg or less is considered normal. You may
aim to keep your blood pressure in a healthy range every day, regardless of your
age. One of the most dangerous elements of high blood pressure is that you may
be unaware of it. In reality, one-third of persons with high blood pressure are
unaware of their condition. This is because indications of high blood pressure are
uncommon until blood pressure is quite high. Regular blood pressure checks are
the best way to discover if your blood pressure is too high. You may also moni-
tor your blood pressure at home. This is especially important if someone in your
family has high blood pressure. I regularly suffer from headaches. Headaches
and nosebleeds are not always signs of high blood pressure. This is feasible when
blood pressure increases above 180/120, as it does during a hypertensive crisis.
2.3.1 There are two kinds of hypertension.
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(i). The primary (essential) hypertension The most patient instances of high
blood pressure have no known cause. Primary (essential) hypertension is a form
of high blood pressure that appears gradually over time.
(ii). Secondary hypertension Some people develop high blood pressure as a re-
sult of a more serious condition. Secondary hypertension, a more severe variant
of primary hypertension, is a kind of high blood pressure that develops suddenly.
Secondary hypertension can be caused by a variety of medical conditions and
medications, including obstructive sleep apnea, kidney disease, adrenal cancer,
and thyroid problems. Since birth, your body has had certain blood vessel anoma-
lies. Drugs include birth control pills, allergy and cold treatments, decongestants,
over-the-counter pain relievers, and some prescription prescriptions. Illicit drugs
include amphetamines and cocaine.
Disease 1: Heart attack or stroke or Heart failure.
Atherosclerosis, or artery hardening and thickening, can lead to heart attacks,
strokes, and other complications. To pump blood against the increased pressure
in your veins, your heart must work harder. As a result, the walls of the heart’s
pumping chamber thicken (left ventricular hypertrophy) (left ventricular hypertro-
phy). Heart failure may occur if the developing muscle is unable to pump enough
blood to meet your body’s demands.
Disease 2: Aneurysm is a weakening and narrowing of the blood arteries in
your kidneys.

High blood pressure can weaken and bulge your blood vessels, resulting in an
aneurysm. A ruptured aneurysm can endanger one’s life.
Disease 3: Eye blood vessel enlargement, constriction, or rupture; metabolic
syndrome; memory or cognitive problems; dementia
As aresult, several organs may be unable to operate effectively. This might result
in vision loss. This syndrome is characterised by a larger waist, greater triglyc-
eride levels, lower HDL cholesterol (the “good” cholesterol), higher blood pres-
sure, and higher insulin levels. All of these disorders raise your chances of ac-
quiring diabetes, heart disease, or stroke. Uncontrolled high blood pressure may
impair your ability to think, remember, and learn. Patients with high blood pres-
sure have difficulty grasping and recalling their ideas. One type of dementia is
caused by clogged or restricted arteries, which limit the quantity of blood that can
reach the brain. A stroke can cause vascular dementia by cutting off blood supply
to the brain.
2.3.2 Symptoms of Severe High Blood Pressure
If your blood pressure is really high, you should be aware of the following symp-
toms:

Symptom S;: Severe headaches

Symptom S,: Nosebleed

Symptom S;: Fatigue or confusion
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Symptom S,: Vision problems

Symptom S;: Chest pain

Symptom Sg4: Difficulty breathing

Symptom S;: Irregular heartbeat

Symptom Ss: Blood in the urine

Symptom Sy: Pounding in your chest, neck, or ears.

People sometimes feel that other symptoms may be related to high blood pressure,
however it is possible that they are not:

Symptom S,,: Dizziness

Symptom S;;: Nervousness

Symptom S;,: Sweating

Symptom S,3: Trouble sleeping

Symptom S,,: Facial flushing

S represents the collection of all symptoms.
S=(Sl,52,83,S4,S5,56,57,88,89,510,511,812,813,814}

Let D represent the whole collection of illnesses, D=(d;,ds,d3 }.

Let P represent the precise universal set of all Patients, D=(p;,p2,ps }

3 Experimental study

As a case study, we picked a serious condition with three types of symptoms,
such as hypertension. These ailments were chosen because, according to WHO
(World Health Organization) figures, they are the most frequent in India. Ac-
cording to WHO data from 2016, the adult prevalence of hypertension in India is
24%. Following the selection of the three illnesses, we chose 14 symptoms that
are commonly found in people with those ailments.Then, with the help of medical
specialists, we constructed a medical knowledge base. We looked at the preva-
lence of a symptom in a linked sickness and the confirmation of a disease from a
connected symptom as we built the database.The phrase ”symptom emergence in
the setting of the associated sickness” is related to the question "How frequently
does a symptom appear in the presence of a disease?” When a certain sickness is
present, the average or frequency of symptom presentation is high. It alludes to
the question, ”To what degree do symptoms strongly confirm disease d?”” A symp-
tom’s discriminating power in confirming the presence of an illness is defined by
its ability to confirm the presence of a disease based on its own observations.
We distributed blank charts (Appendix) to 30 randomly selected specialist doctors
in Namakkal district, Tamilnadu, India, in order to build a knowledge base that
includes the presence of a symptom in the linked illness and confirmation of a
disease based on a specific symptom. We asked the clinicians to keep track of
how many patients with the relevant disease exhibited each symptom out of 100.
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For example, if a doctor checks 100 diabetic patients and finds “’severe thirst” in
80 of them, he or she must document 90 cases of excessive thirst in hypertension.
To determine the presence of a disease, we asked the doctors to specify the per-
centage of the time that they detect the relevant symptom in the patient. These
statistics should be multiplied by 100 such that they fall between [0, 1] and in-
dicate an 80% chance of anaemia. As shown in table 1, we calculated the mean
of the information obtained to estimate the data’s central tendency. We awarded
membership ratings to each of the 14 fuzzification symptoms based on the severity
or frequency of the patient’s condition. The following are the grades:

Table 1: A patient’s symptoms according to their frequency or intensity

Sr. | Symptom Cont.sever€ont.mild | Occa. | Rare| No
No.

1. | Severe headaches 1.0 0.75 0.50 0.25 | 0.00
2. | Nosebleed 1.0 0.75 0.50 0.25 | 0.00
3. | Fatigue or confusion 1.0 0.75 0.50 0.25 | 0.00
4. | Vision problems 1.0 0.75 0.50 0.25 | 0.00
5. | Chest pain 1.0 0.75 0.50 0.25 | 0.00
6. | Difficulty breathing 1.0 0.75 0.50 0.25 | 0.00
7. | Irregular heartbeat 1.0 0.75 0.50 0.25 | 0.00
8. | Blood in the urine 1.0 0.75 0.50 0.25 | 0.00
9. | Pounding in your chest, | 1.0 0.75 0.50 0.25 | 0.00

neck, or ears.

10. | Dizziness 1.0 0.75 0.50 0.25 | 0.00
11. | Nervousness 1.0 0.75 0.50 0.25 | 0.00
12. | Sweating 1.0 0.75 0.50 0.25 | 0.00
13. | Trouble sleeping 1.0 0.75 0.50 0.25 | 0.00
14. | Facial flushing 1.0 0.75 0.50 0.25 | 0.00

D denotes “disease 1, disease 2, disease 3,” and S denotes ’set of 14 symptoms,
sl, s2,..., s14.”” Our diagnostic technique will be demonstrated using three hypo-
thetical instances. As a result, P = py, p2, and p3, and we’ve built a fuzzy relation
rs on the set PS in which membership grades r (p, s) (where pp, sS reflect the
severity or frequency of symptoms identified in these three people) suggest:

Table 2: Expert knowledge-base obtained in a robust manner
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SSr. | Symptom Disease Disease 2 Disease 3
No. 1

i ] i ] i j
1. Severe headaches 0.16 | 0.07 | 0.50 | 0.37 | 0.51 |0.41
2. Nosebleed 0.20 | 0.10 [ 0.89 | 0.80 | 0.09 | 0.05
3. Fatigue or confusion 0.86 | 0.74 | 0.08 | 0.05 |0.05 |0.07
4. Vision problems 047 | 0.36 | 0.17 | 0.11 | 0.07 | 0.03
5. Chest pain 039 | 038 | 0.16 |0.11 |0.08 |0.09
6. Difficulty breathing 0.02 | 002 (049 |0.37 |0.80 |0.70
7. Irregular heartbeat 052045025 |0.19 |037 |0.27
8. Blood in the urine 0.16 | 0.07 | 0.50 | 0.37 | 0.51 |0.41
0. Pounding in your chest, | 0.71 | 0.64 | 0.85 | 0.75 | 0.33 | 0.22

neck or ears.

10. Dizziness 0.17 { 0.19 | 0.52 | 043 [0.03 |0.00
11. Nervousness 0.79 | 0.66 | 0.60 | 0.54 |0.13 | 0.79
12. Sweating 0.19 | 0.15 1039 |0.27 |0.04 |0.03
13. Trouble sleeping 034 | 0.24 | 0.61 | 0.64 | 0.10 | 0.07
14. Facial flushing 0.15 | 0.05 | 0.55 |0.54 |0.04 |0.02

Note: i = Occurrence of a symptom & j =Confirmation of a disease
Table 3: The presence of a disease is confirmed by the symptoms

Sr. No. | SYMPTOMS P, P, P

1. Severe headaches 0.51 | 0.15 | 0.00
2. Nosebleed 1.00 | 0.00 |0.51
3. Fatigue or confusion 0.15 | 1.00 | 1.00
4. Vision problems 0.00 |0.15 |0.51
5. Chest pain 1.00 | 0.51 | 0.00
6. Difficulty breathing 0.00 | 1.00 | 0.26
7. Irregular heartbeat 0.00 | 0.00 | 0.00
8. Blood in the urine 0.00 |0.15 |0.51
9. Pounding in your chest, neck, | 0.51 0.26 1.00

or ears.

10. Dizziness 0.15 | 0.00 | 0.00
11. Nervousness 1.00 | 0.00 | 0.51
12. Sweating 0.26 | 0.00 | 0.00
13. Trouble sleeping 0.51 | 0.00 | 1.00
14. Facial flushing 1.00 | 0.51 | 0.15
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R1 = Rs ° Ri R2 =Rs ° Rj
D D Dy Db D D

p1| 0.51 0.50 0.16 p (057 052 038
Ri= o] 010 008 002 R= 0 loss 036 o083
p:| 0.08 037 008 ps | 0.82 0589 053

R3=R;* (1-R)

D, D; D
pr| 065 066 076
p2| 076 0.66 0.65
pi| 065 076 0.65

Table 4: The existence of illness is confirmed by the symptoms ‘d’

SSr. Symptom r; r;
No.
Disease Disease Disease Disease Disease Diseast
1 2 3 1 2 3

1. Severe headachgs0.16 0.50 | 0.51 0.07 0.37 0.41
Nosebleed 0.20 0.89 0.09 0.10 0.80 0.05

3. Fatigue orcon- | 0.86 | 0.08 | 0.07 |0.74 |0.05 | 0.05
fusion

4. Vision prob- | 047 | 0.17 |0.07 |036 |0.11 |0.03
lems

5. Chest pain 039 |0.16 |[0.09 |038 |0.11 0.08

6. Difficulty 002 049 |080 |0.02 |037 |0.70
breathing

7. Irregular heart- | 0.52 | 025 [ 037 |045 |0.19 |0.27
beat

8. Blood in the | 0.16 | 0.50 | 0.51 0.07 037 |041
urine

9. Pounding in | 0.71 0.85 0.33 064 |0.75 0.22
your chest,
neck, or ears.

10. Dizziness 0.19 | 052 |0.03 0.17 043 0. 00

11. Nervousness 0.79 0.60 0.79 0.66 0.54 0.13

12. Sweating 0.19 |039 |0.04 |O0.15 0.27 |0.03

13. Trouble sleep- | 0.34 | 0.64 | 0.10 | 0.24 | 0.61 0.07
ing

14. Facial flushing | 0.15 0.55 0.04 | 0.05 0.54 | 0.02

Using the relations R, R;, and R;, we developed four alternative indicator rela-

tions, namely Ry, Ry, R3, and R,.

306



K.Revathi and P.Sundararajan

We may get a number of diagnostic conclusions from these four indicator as-
sociations. For example, if (p, d) = 1, we can validate patient p’s diagnosis of
disease d. Despite the fact that none of our four patients had this condition, it ap-
pears to suggest that disease d; is strongly confirmed for patient p1, sickness ds is
highly confirmed for patient ps, and disease d* has a 90% probability of occurring
for patient p,.

Using the standards described above, we may conclude that patient p1 has high
blood pressure, patient p3 has hypertension, and patient p2 has anaemia and mild
hypertension. We utilised our programme to diagnose 50 cases using this method,
and we compared our findings to physician diagnoses. In 43 of 50 instances of
diabetes, anaemia, and hypertension, our diagnosis and the doctors’ diagnosis
were identical. The degree of accuracy of the model may be calculated as follows:
Finding of Accuracy = [(The number of accurate data)/ (The number of total
data)]*100

= (86/90)*100 = 95.55%

As a consequence, the Chi-square test, often known as the ”goodness of fit test,”
was used to check that our mathematical model was statistically sound. Before
utilising the Chi-square test, we assumed that the medical professionals’ diag-
noses were completely correct.

H\: The medical professionals’ and our diagnoses are identical.

H,: Our diagnosis differs from that of the physicians.

Aceptance level () = 0.05 & DF= 2 at Critical value= 5.991
Table 5: Contingency Table for Chi- square test

Observed Expected
Stress 50 50
Anxiety 47 50
Hypertension 46 50

The Chi-square test calculation formula is as follows: x?= % [(O — E)? /E]
where O is observed frequency, E is expected frequency.

1. where E is the expected frequency and O is the actual frequency

2. Using the contingency table, we calculated the chi-square (??) as follows:
(x?) as ,

X2 = ((50-50)%/50) + ((47-50)%/50) + (46-50)%/50)
=0.50.
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Because 0.50 is greater than 5.991, or the 2" critical value, the null hypothesis
HO is accepted. We got to the conclusion that the physicians’ and our diagnosis
are similar.

4 Conclusions

Fuzzy logic can be used to improve the precision and verification of medical di-
agnosis. The diagnosis offered by the “max-min” composition of fuzzy relations
built using the "mean” of the physicians’ data matches to the physicians’ diagno-
sis. According to the chi-square test, which measures dependability, the proposed
mathematical model gets a reliability score of 95.55%. This study’s innovative
technique tries to quantify the core principle behind the diagnostic procedure.
This technique distinguishes itself by thoroughly investigating the connections
between the indicators, particularly the “non-symptom indication-non-occurrence
indication-conformability indication.”

This method of preserving specialised information allows patients and general
practitioners to access it. While it does not replace a doctor’s diagnosis, it does
help to reinforce it. The diagnostic implications of this mathematical model might
be considered as a second opinion to the doctor’s diagnosis. This mathematical
approach is mostly employed to improve diagnostic accuracy.

The main flaw of the proposed mathematical model is that it will be off-target if
a patient supplies incorrect inputs, resulting in incorrect diagnostic findings. As
more doctor data is collected, software and an Android app will be created in the
future. The development of new algorithms to improve accuracy is one of the fu-
ture goals.

In recent trends they are given for 95 percent of accurate results. But our
proposed concept given more than 95 percent accuracy compared to other existing
model. Also our proposed method performed all direction (3600). In future work
we are trying to write the coding with the help of Python and analyze the data for
the betterment of the concept.
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In order to resolve the fuzzy linear programming problem, the fuzzy
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1 Introduction

Fuzzy set theory has aided mathematical modelling and control theory. Un-
solved decision-making problems can be applied in real-world situations using a
variety of techniques. The fuzzy set theory developed by A. et al. [2012] has pre-
sented in 1965. Fuzzy linear programming was first established in 1997 by Tanaka
and Asai [1984], and fuzzy numbers were published in Dubois [1983]. A function
was proposed by Hsieh [1999] to cope with fuzzy arithmetical operations. Using a
technique that divides, adds, and multiplies fuzzy integers in addition to subtract-
ing and adding them. The fuzzy linear programming problem, as formulated by
Mahadevi et al. [2009], A. and Yogarani [2021] and Fiacco and V. [1990] Zimmer-
mann [1978] likewise has a duality. The process of defuzzifying involves convert-
ing fuzzy values into clear crispvalues. Since a few years ago, these techniques
have been thoroughly researched and applied in fuzzy systems Mahadevi et al.
[2006]. A representative value from a given set, according to some characters,
was the main objective of these processes. The defuzzification method establishes
a link between all fuzzy sets and all real numbers. Given the high cost ofan in-
feasible solution, Moengin and Parwadi [2011] et al. Fiacco and Anthony [1976]
developed the exponential barrier function technique. The fuzzy exponential bar-
rier approach is a different way to solve fuzzy linear programming problems. The
fuzzy exponential barrier technique includes a fuzzy objective function that spec-
ifies a severe penalty for violating the fuzzy requirements in order to approximate
fuzzy constraints. a fuzzy barrier function in fuzziness optimization problems that
has a value that grows exponentially with the separation from the viable zone. The
fuzzy exponential barrier parameter, a positive decreasing parameter used in this
process, establishes how close to the original fuzzy unconstrained problem is. In
section 2 of this study, some fundamental ideas of fuzzy set theory and the alge-
braic operation of triangular fuzzy numbers are provided. A fuzzy exponential
barrier technique is used to build an algorithm in section 3 to tackle the problem
of fuzzy linear programming problem. Section 4 includes an example.

2 Preliminaries

2.1 : Fuzzy Set N

If M = {(z,pear(x)) : @ € M, ugz(x) € [0,1]} defines a fuzzy set M The pair
(z, pi37(2) )that makes up the membership function has two elements: x, which is
a member of the classical set ) ,and the p57(x) belongs to the interval [0,1].

2.2 : Triangular fuzzy number .
The triangular fuzzy number is the fuzzy set M = (M, My, M3), M; < M, <
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M3 € R, if the membership function of M is defined by

—M
oo M <y <M

Hir(y) = S et Ma <y < My
0, otherwise
3 : Fuzzy exponential barrier method
Primal-dual of the fuzzy linear programming problems
max Z = f4(7)
subject to M;y > Nk,j =1,2.
Where M; € R™", f j € R", N, € R™

F'= (1, fao f3), N = (n1, 2, 13) (D
min Z = N()
MI(Z) < f,My=M{ € R NI, [t = f,
We may consider the rank of the matrix //; without losing generality. The tri-
angular fuzzy number is used to specify the fuzzy components in the preceding
problem. Consider that every problem has at least one feasible solution (1)
The fuzzy exponential barrier function is considered by
E(y,v) : R — Rfor every scalar § > 0 as follows.

E@,y) = '@ -7 B0 @)
i=1

Consider E : R® — (—00,00) is a function given by
Bi(y) =M,y — N < 0, M;y — N = 0forallj,
M;y — N, > 0, My — Ny % 0forallj.

3.1 : Fuzzy exponential barrier lemma

This lemma is based on the local and global behaviour of the unconstraintsmaxi-
mizer of the fuzzy exponential barrier function. Statement: An exponential barrier
parameter 7" is a fuzzy sequence that increased in size. The fuzzy linear program-
ming problems and fuzzy exponential barrier function then for each k condition
are below.

(0).E@ A > E(7F, ")
(i) E(@" < E(F*)
(iid). f1(7*) = FH@)
()-F17) < E@F %) < F1 @)
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Proof :
. =~ T~ k41 _ A7 T~
(0) B A =1 @) — oMY ePOLTTEND) > ()
i=1
k (B(M;5*—Ny))
NG
=1
= E@", /")
Ft i~k k1 Ny) ~k+1 k+1 B(M;gF+t—Ny))
(ZZ t kz (B(M;y' k) S f Ze iy & (3)
=1
ﬁ(g’fﬂ) k+1 Ze(ﬁ(M ST -N) < fyk‘ze(ﬁ 7*—Ni)) (4)
=1 =1

The inequalities adding (3) and (4), we get

7kie ]y_

=1
m m
~k+1 E (B (M i/vk*Nk)) ~k+1 § B (MgRH —Ni))
=1 =1

+ P )= Do TN @)
L FG) - P

m

T~ k kN
(UG 4+t Y 0050

=1
m

RS (0L -R)

=1
m

i=1

s Z B (MGT =Ny,

However (f(7") + f'(7**1)) — (f{(@*!) + J'(a*)) = 0.

Then (fyk+fyk+1)/yk Z?il 6(5k(M]gkfﬁk)) Z (fyk+fyk+1) Zm 1 e(ﬁlﬂ_l(M]gk*ﬁk))

1=
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Since 6% < 5L E(gFTY) > E(3F).
(#ii). From the proof of (i), it can be obtained that

ft@k) — kS e(B(M; 7+ ~Ny)) > ft@kﬂ) D cBOMFFH1—Ny))
E(g*) < E(F**). Then f1(7**) > fU (7).

(4v). From the proof of (#7) " eBOLT=NE) < >y ePAGT"~Ni) FH @) >
FHa.

m

F@) = FLF) — A D ePOLT =80 = B(F4%) > F(gh).

i=1

3.2 : A Fuzzy exponential barrier convergence theorem

Suppose that the fuzzy linear programming problem and the fuzzy exponential

barrier functions are both continuous functions. In a fuzzy linear programming

problem, an increasing series of positive fuzzy exponential barrier parameters k is

necessary such that {y*} — 0o,k — oo to § of zthere is an optimal solution. If

the limit pointxis within the boundaries of the range of yof z, then it exists.
Proof :

Let 7 be a limit point of {7*}

~k ~ =t~ kN Th
E@F 7 = fiIk) —F Y @M =N < fg)
lim f(7*) = fi(§), lim PO —N) <
k—o0 k—o0

From the lemma 3.2 (iv) we get,

lim B3 = f(y")
y is feasible.
3.2 fuzzy exponential barrier function algorithm
1. Acknowledge the fuzzy objective function and constraints of the problem and
repharse the problem standard forms to reflect them. write maxz = f*(y). Sub-

jectto M;i* — Ny < 0.

2.The fuzzy exponential barrier function defined by
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~ — o~ o~ _Nk:_~
E@,7) = f{@) —v ) M=),
=1

3.3. Maxinequality constraints with the fuzzy exponential barrier functions

~ — o~ ~ ‘~k7~
max E(7,7) = f/(7) =7 Y ePMT N,
=1

4 First-order needed conditions for optimality v — oo, which are used to find
the best solution to the specified fuzzy linear programming problems.

5Find E(7*,7%) = max,>o E(7,7), then minimize 7* and v = 1,k =
1,2,...... , k = I then stop.
Alternatively, cancontinue to step 5.
The fuzzy exponential barrier approach employs the same procedure as the earlier
algorithm for the dual fuzzy linear programming problems.

4. Numerical example The primal fuzzy linear programming problem

min 7 = (3.75,4,4.25)7; + (2.75, 3, 3.25)7»
2% + 37 > (5.75,6,6.25),
A1 + o > (3.75,4,4.25).

Solution : Figure 1: Finding an infeasible solution for primal fuzzy linear pro-
gramming problem Using the fuzzy exponential barrier function algorithm we get,
The fuzzy exponential barrier method is given by

E(f.7) = ((3.75,4,4.25)f; + (2.75,3,3.25)fp — v »_ e B0’

i=1

According to this strategy, you can convert fuzzy linear programming problems
into a standard form of unconstrained problems.

N 1.2104 _ 1.3951
71 = (0.45,0.8,1.15) — 7> = (0.0727,0.6, 1.1273) —
¢!
_0.0060 N 0.0180
7 = ——— + (0.35,0.60,0.85), Z» = (0.9518,1.60, 2.25) + ,
v v
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For different values of 77, j — oo the optimal values of 7 (7), 72(~) are calcu-

barrier method

lated as listed in Tables (1) and (2) we get,
Tablel: Primal fuzzy linear programming problem solution(7)

No | &%

i

Y2

10

(0.3290,0.6790,1.0290)

(-0.0668,0.4605,0.9878)

102

(0.4379,0.7879,1.1379)

(0.0587,0.5860,1.1133)

103

(0.4488,0.7988,1.1488)

(0.0713,0.5986,1.1259)

10*

(0.4499,0.7999,1.1499)

(0.0726,0.5999,1.1272)

N KW =

10° (0.45,0.8,1.15) (0.0727,0.6,1.1273)

Table 2: Dual fuzzy linear programming problem solution(7)
No | +/ Y1 Y2

10 | (0.3506,0.6006,0.8506) | (0.9518,1.6018,2.2518)

10% | (0.3501,0.6001,0.8501) | (0.9502,1.6002,2.2502)

10% | (0.3500,0.600,0.8500) | (0.9500,1.600,2.2500)

10* | (0.3500,0.600,0.8500) | (0.9500,1.600,2.2500)

10° | (0.3500,0.600,0.8500) | (0.9500,1.600,2.2500)

N B~ WIN| =

The optimal value of the given problem (1) can be obtained by

71 = (0.45,0.8,1.15), 7 = (0.0727,0.6,1.1273), min Z = (2.9908, 7.2, 11.4092).

The corresponding given problem of the optimal values for x, x5 are to be ob-
tained by

7 = (0.35,0.6,0.85), T = (0.95, 1.6, 2.25), max 7 = (4.25,7.2,10.15).

3 Conclusions

This article outlines a method for solving the primal-dual fuzzy linear pro-
gramming problem more effectively by combining the fuzzy exponential barrier
function and the fuzzy exponential barrier parameter.The table for the primal-dual
problem demonstrates how quickly the best solution can be reached using the
fuzzy exponential barrier primal-dual algorithm we developed when the Fuzzy
Exponential barrier parameter is used.
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1+y°_2>(3.75,4,4.25)

297.1+3Y_2>(5.75,6,6.25)

Figure 1: Finding an infeasible solution for primal fuzzy linear programming
problem
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Abstract

The idea of fuzzy graphs is crucial for dealing with uncertainty in
day-to-day living situations. In this work, we have a present a work
fuzzy graph associates with robustness model that’s easy, flexible, and
simple. With this model, we have a tendency to address the exami-
nation planning downside below uncertainty supported. Randomness
and unclearness are two very separate types of uncertainty in knowl-
edge. This study bridges resilient fuzzy graphs and addresses every
type of uncertainty in higher cognitive processes. In this paper we in-
troduce a type of fuzzy graph relating with robustness is called robust
fuzzy graph and some of its properties. Robust fuzzy graph becomes
a best tool in evidence theory for calculating belief functions, plausi-
bility functions, spanning functions etc.
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1 Introduction

Graphs are commonly thought to be nothing more than relational representations.
A graph can be used to express information about item connections. Edges rep-
resent connections, whereas vertices represent things. It is common to need to
develop a “fuzzy graph model” when the description of an object, its relation-
ships, or both are imprecise.

Particularly in the fields of cluster analysis, neural networks, computer networks,
pattern recognition, decision making, and professional systems, the use of fuzzy
connections is pervasive and essential. Every one of them has a fuzzy graph as its
fundamental mathematical structure.

A graph is a symmetric binary relation on a nonempty set V, as we are well aware.
A fuzzy graph is a symmetric binary fuzzy relation on a fuzzy subset. In 1973,
A.Kaufmann [1965] initially proposed the idea of a fuzzy graph, which was based
on Zadeh’s fuzzy relations Zadeh [1980], Zadeh [1968]. Goguen is recognised
with creating the idea of fuzzy graphs and taking into account fuzzy relations on
fuzzy sets in 1968, however. Ravi.J et.al.,Ravi [2022] discovered several connec-
tion notions in fuzzy graphs at the same time.

There are few high-quality papers on fuzzy graphs. According to our data, a
strength-associated degreed fuzzy graph and a degreed fuzzy graph have never
been combined in a programming task. The works M. Blue and Puckett [2002]
and D.E.Goldberg [1989], address programming flaws A.Lim and Wang [2005],
Sunitha [2001], Sunitha and Vijayakumar [2002],Wang and Xu [2013]and Y "a™nez
and Ramirez [2003] contain works on fuzzy graph colouring.The structure of the
paper is presented below. The section 2 briefly reviews a few essential definitions
of fuzzy graphs. Section 3 describes the resilient fuzzy graph model and Section
4 concludes our discussion.

2 Preliminaries

Definition 2.1. The two functions: Q — [0,1] and : Q x Q — [0,1] and a non-
empty set V. such that the fuzzy graph G = (Q) is formed for each x, y in V by p(.)
< u(.) A u(.). Fuzzy edge set and fuzzy vertex set for G are represented by and,
respectively.

Definition 2.2. Let G = (u,p) to have p* = (u, v, w) and x. Let (u,v) = 0.2, (v, w)
=0.2, (w,x) =0.3, (x, u) = 0.5, and (u, w) = 0.4..
Due to the presence of the two weakest arcs in G, arcs (u, v) and (v, w), C1 = u, v,
w, X, u is a fuzzy cycle, but C2 = u, w, x, u is not..

Definition 2.3. Assume that the graph G=(u,p) has more fuzziness. The word
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”connectedness strength” refers to the total strength of all paths linking two ver-
tices, x and y, and is denoted by the sign CONNg (.). The strongest x-y route is
one in which P = CONNg (.)..

Definition 2.4. This is a definition of a mathematical objectlf CONN(.) > 0 for
each pair of (.) in p* an f-graph G = (.) is connected. When G is not present,
components are maximally connected fuzzy graphs. If G is linked, any two vertices

can be connected by a route. The arc (x,y) of a fuzzy graph G is considered normal
ifand only if (.) = CONNg(.) >O0.

Definition 2.5. Based on judgments of plausibility and belief, the evidence hy-
pothesis is developed. The function Bel.: (.) — [0,1] represents a belief measure
for a finite universal set X such that Bel(.) =0, Bel(.) =1, and Bel(.); Bel(.;) - jk
Bel(.,.) +..+ (-1)n+1j Bel(.) C X.. According to the data that is now available,
Bel understands for each A(.) the degree of confidence that a certain member of
(.) belongs to the set A. Belief measures are superadditive when (.) is infinite and
continuous above..

Definition 2.6. A plausibility measure is a function Pr: (.) — [0,1] such that Pl
(.) =0, Pr(.) =1, and P7(.) < >° () —>.< (U )+.+ (-1)"7> () C X

Definition 2.7. A function m:(.)—[0,1] that has the properties m(.)=0 and m(.)=1
characterises belief and plausibility measurements. The term “basic probability
assignment” refers to this function..

The value m(.) for each A indicates the strength of the argument that a specific
member of (.), whose categorization in terms of relevant attributes is lacking, be-
longs to the set A(.)..

3 Robust fuzzy graph (RFG)

The k*" regular super fuzzy matrix is examined in this section.

Definition 3.1. Let {X} and A Q# P(.) and two functions m: Q— [0,1] and :
QxQ— [0,1] A,BE Q, (.) € 0, whenever A CB and (.) =m(.) m are present,
constitute a resilient fuzzy graph (.). Also > .€Q (.)=1. RFG is represented by the
formula G=(.) where m is referred to as the assignment function and is referred
to as the edge function.

Definition 3.2. Ifn(.) m(.) for all A and (.) (.) for all (.) such that the FG, H=(.)
is referred to as a partial RFG of G=(. ). If PV, n(.) = m(.), (.) = (.) for any (.)
such that the FG, H=(.) is referred to as a RFG of G = (.) induced by P.
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Definition 3.3. The vertex in a RFG which is adjacent from every other vertex is
called complete vertex.

Definition 3.4. Consider the robust fuzzy matrix MG=(.) of G= (.), where mAB=
() ()S(.) Oh i -

The matrix MC" such that MC" =M™ where k is a positive integer is called
the evidence reachability matrix of G denoted by Rg=(r4p).

Definition 3.5. Two vertices A and B of a RFG is said to be mutually disconnected
if there is neither an edge (.,.) nor (.,.).

The vertices A and B are mutually disconnected. The Belief and plausibility. The
measures of a complete vertex are always one.

Theorem 3.1. Fuzzy graphs (FG) include robust fuzzy graphs (RFG).
Proof. Proof is evident from the definition of RFG.

Theorem 3.2. Number of vertices of a RFG corresponding to a crispest X with n
elements is, 2n-1.

Proof. Let G = (m,)be the RFG. Then by the definition, V= ()\ ¢ is the vertex
set and vertices is 2n -1.

Theorem 3.3. Number of edges of a robust fuzzy graph corresponding to a crisp
set with n elements is

O =1) 1+ "4 —2)) o+ +n.

Proof. Proof is the consequence of set theory.
Let us start with singleton sets. Every vertex corresponding to singleton sets is
adjacent to all the vertices corresponding to their supersets - 2-element sets, 3-
element sets etc.
{}={lLm},{lm,n},{Lm,n,0}........
This can be done in Y ~*( — 1) = nCn-1
So the total cases corresponding to singleton sets is (Z_l( —1)_1
The vertices corresponding to 2-element sets is adjacent to all vertices correspond-
ing to all vertices corresponding to their super sets - 3-element sets, 4-element sets
etc.

{.}={lm},{lLm,n},{l,m,n,0}......... O
Theorem 3.4. Robust fuzzy graph is complete.

Proof. A complete fuzzy graph (CFG) is a FG, G=(.) such that §(.)=m(.)A
m(.) for all (.,.). So by definition every RFG is complete.O

Theorem 3.5. There does not exist an edge (.), such that 6 (.) =1 in a RFG, G=(.).
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Proof. If possible, suppose that there exist an edge (.) such that ¢ (.) =1
= m(.)=m(.)=1 by the definition of RFG.
= > (.)#1, a contradiction.O

Theorem 3.6. The partial RFs and RF's of an RFG need not be a RFG

Proof. For a partial RFG and RFG, > () equal to 1.
ButY ()< 1.O

Theorem 3.7. The partial RFs of an RFG is an RFG if and only if m(.) = n(.) for
all A and 7(.,.) =6 (.,.) for all (.).

Proof. By definition > () = 1.
Let H=(.) be a partial RFs of G.
For a partial RFs, H=(n, 7) of G=(.), n(.) < m(.) for all A and 7(.,.) < (.,.).
But > () # 1if n(.) < m(.).So n(.) = m(.) for all A which implies 7(.,.) =9 (.,.)
for all (.,.).
Converse is obvious.O

Theorem 3.8. Maximum length of a path P in a RFG with n vertices is n-1.

Proof. Consider a RFG with n vertices AO,Al,.An. Start from an arbitrary
vertex Ai. Since there are only n-1 vertices remaining, choose a vertex Aj such
that p(Ai,Aj) >0, AiCAj, i # .Similarly choose a vertex Ar from the remaining n-
2 such that p(Aj,Ar) >0, AjCAr, and so on. Since there are only n distinct vertices
the process must terminate at a vertex Ap such that,
p(Ap-1,Ap) >0, Ap-1CAp, p< n.

We get the sequence Ai,Aj,—-Ap which is of length less than n and equal to n-1
only if every vertex is ordered by the relation C. O

Theorem 3.9. RFG does not contain cycles and so fuzzy cycles.

Proof. Since in a RFG G = (.), for all (.,) € V, (.,.) € 6 whenever (.)C (.) there
will not be an edge (.,.) and so a cycle.O

Theorem 3.10. The RFG is always disconnected.

Proof. For X= {.,.} there does not exist a path between x and y.O

4 Conclusions
In this paper we introduce new type of fuzzy graph called robust fuzzy graph.

We find some of its properties like completeness, paths, connectivity etc. We
also present fuzzy graph’s application in robust theory for finding belief measure
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plausibility measure etc in uncertain situations. We can calculate belief measure
using RFG as Bel(.) =m(.) + >_ (), (., .) is an edge; where m(.) is the degree
of the vertex (.) in RFG. Our proposed method RFG perform is well even it
is uncertainty situation. In future this concept is applying in computer vision
concept.
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