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N. Rosen argument that “quantum
mechanics is not a complete theory,” I:
Basic methods

Ruggero Maria Santilli*

Abstract

In 1935, A. Einstein expressed his view, jointly with B. Podolsky and
N. Rosen, that “quantum mechanics is not a complete theory” (EPR
argument). Following decades of preparatory studies, R. M. Santilli
published in 1998 a paper showing that the objections against the
EPR argument are valid for point-like particles in vacuum (exterior
dynamical systems), but the same objections are inapplicable (rather
than being violated) for extended particles within hyperdense phys-
ical media (interior dynamical systems) because the latter systems ap-
pear to admit an identical classical counterpart when treated with
the isotopic branch of hadronic mathematics and mechanics. In a
more recent paper, Santilli has shown that quantum uncertainties of
extended particles appear to progressively tend to zero when in the
interior of hadrons, nuclei and stars, and appear to be identically null
at the limit of gravitational collapse, essentially along the EPR argu-
ment. In this first paper, we review, upgrade and specialize the basic
mathematical, physical and chemical methods for the study of the
EPR argument. In two subsequent papers, we review the above re-
sults and provide specific illustrations and applications.
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1. INTRODUCTION.
1.1. The EPR argument.

As it is well known, quantum mechanics does not admit classical preci-
sion in the measurement of the position or the mutual distance of particles
(Figure 1) in view of Heisenberg’s uncertainty principle and other physical
laws.

Albert Einstein did not accept this uncertainty as being final for all pos-
sible conditions existing in the universe and made his famous quote “God
does not play dice with the universe.”

More specifically, Einstein accepted quantum mechanics for atomic struc-
tures and other systems of point-like particles in vacuum (conditions known
as exterior dynamical problems), but believed that quantum mechanics is an
“incomplete theory,” in the sense that it could admit a “completion” into
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Figure 1: In this figure, we present a conceptual rendering of the sole representation of
particles permitted by the differential calculus underlying quantum mechanics, namely,
the representation as isolated points in empty space which particles, being dimensionless,
can only be at a distance, with ensuing EPR argument on the need for superluminal
interactions to explain quantum entanglement [1].

such a form to recover classical determinism at least under limit condi-
tions.

Einstein communicated his view to the post doctoral associates, B. Podol-
sky and N. Rosen at the Institute for Advanced Study, Princeton, NJ, and
all three together published in the 1935, May 15th issue of the Physical
Review, the paper entitled ”Can Quantum Mechanical Description of Physical
reality be Considered Complete?” which paper became known as the EPR
argument [1].

Soon after the appearance of paper [1], N. Bohr published paper [2] ex-
pressing a negative judgment on the possibility of “completing” quantum
mechanics along the EPR argument.

Bohr’s paper was followed by a variety of papers essentially support-
ing Bohr’s rejection of the EPR argument, among which we recall Bell’s
inequality [3] establishing that the SU(2) spin algebra does not admit limit
values with an identical classical counterpart.

We should also recall von Neumann theorem [4] achieving a rejection of
the EPR argument via the uniqueness of the eigenvalues of quantum me-
chanical Hermitean operators under unitary transforms.

The field became known as local realism and was centered on the rejec-
tion of the EPR argument on claims of lack of existence of hidden variables
A [5] in quantum mechanics (see the review [6] with a comprehensive litera-
ture).

Nowadays, the EPR argument is generally ignored in view of the wide-
spread belief that quantum mechanics is universally valid for whatever
conditions may exist in the universe without any scrutiny of the limita-
tions and/or insufficiencies of quantum mechanics in various fields re-
viewed in this section.
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Figure 2: A conceptual rendering of the main assumption of the apparent proofs [7] [8]
of the EPR argument [1], consisting in the representation of particles as extended, de-
formable and hyperdense in conditions of mutual overlapping with ensuing continuous
contact at a distance eliminating the need for superluminal interactions to explains quan-
tum entanglement. Despite its simplicity, the quantitative treatment of said view required
decades of studies due to the need for a “completion” of the mathematics underlying
quantum mechanics. Intriguingly, the “completion” here considered turned out to be of
isotopic/axiom-preserving type, thus being fully admitted by quantum mechanical axioms,
merely subjected to a realization broader than that of the Copenhagen school.

1.2. Apparent proofs of the EPR argument.

In Vol. 50, pages 177-190, 1998, of Acta Applicandae Mathematica, R. M.
Santilli published paper [7] entitled “Isorepresentation of the Lie-isotopic
SU(2) Algebra with Application to Nuclear Physics and Local Realism,”
which paper appears to confirm Einstein’s view on the existence of a “com-
pletion” of quantum mechanics into the isotopic branch of hadronic mechan-
ics, or isomechanics for short and a “completion” of quantum chemistry
into a form known as isochemistry. These “completions” are based on a
broadening of applied mathematics known as isomathematics and admit
progressive conditions of particles in the interior of hadrons, nuclei, stars
and black holes that appear to recover classical determinism.

The proof presented in paper [7] was done via the following three main
steps:

1.2.1. The proof that Bell’s inequality, von Neumann’s theorems and
other similar objections of the EPR argument [6] are indeed correct, but
under the generally tacit assumptions:

A) The point-like approximation of particles moving in vacuum (Fig-
ure 1);

B) The sole admission of Hamiltonian interactions [18];

C) The treatment of assumptions A and B via 20th century applied
mathematics, including Lie’s theory and the Newton-Leibnitz differential

9
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Figure 3: An illustration of the central objective for the proof of the EPR argument con-
sisting in the transition from the quantum mechanical representation of the Newtonian
notion of massive points moving in vacuum under linear, local and potential interac-
tions (top view), to the time invariant representation of extended particles moving within
physical media under linear and non-linear, local and non-local and potential as well as
non-potential interactions (bottom view).

calculus;

1.2.2. The proof that the above treatments are not applicable to Ein-
stein’s vision on the existence of a “completion” of quantum mechanics
based on the following assumptions:

A’) The representation of extended, therefore deformable and hyper-
dense particles under conditions of mutual penetration/entanglement known
(Figure 2) as occurring in the structure of hadrons, nuclei, stars and black
holes (systems known as interior dynamical problems);

B’) The emergence under condition A" of Hamiltonian as well as contact
non-Hamiltonian interactions of non-linear, non-local and non-potential
character;

C’) The treatment of assumptions A’ and B’ via isomathematics that, as
we shall see in Section 2, is based on:

i) The axiom-preserving isotopy ab = ab — axb = aTb of the associative
product ab between generic quantities a, b (numbers, functions, operators,
etc.), where 7' is a positive-definite quantity called the isotopic element rep-
resenting the dimension, deformability and density of particles;

ii) The ensuing axiom-preserving “completion” of Lie’s theory with
isotopic product [2}y] = x x y — y x © between Hermitean operators z, y;

iii) The reconstruction of the 20th century applied mathematics into a
form compatible with isoproduct axb, including most importantly the iso-
topic lifting of the Newton-Leibnitz differential calculus from its centuries

10
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Figure 4: A first illustration of the lack of “completion” of quantum mechanics beyond
scientific doubt is the time reversal invariance of the theory with equal probability for
events forward and backward in time. Such a time reversibility is acceptable for atomic
structures, particles in accelerators, crystals and other reversible systems, but it does not
allow a consistent physical or chemical representation of energy-releasing process, such
as the coal burning depicted in this figure. In fact, the time reversal image of coal burning
implies that smoke must reconstruct coal with evident violation of causality.

old definition at isolated points to its definition in the volumes of particles
represented by 7.

1.2.3. The proof that the Lie-isotopic SU(2) algebra with isoproduct
[27y] admits limit conditions with an identical classical counterpart.

More recently, R. M. Santilli completed the above proof in paper [8] by
showing that, under the above indicated conditions, the standard devia-
tions for coordinates Ar and momenta Ap appear to progressively tend to
zero for extended particles within hadrons, nuclei and stars, and appear
to be identically null for extended particles within the limit conditions in
the interior of gravitational collapse, essentially along Einstein’s vision.

It should be noted that the above proofs of the EPR argument are cen-
tered in the preservation of the basic axioms of quantum mechanics, only
submitted to their broadest possible realization.

It should be also noted that, under said broadest possible realization,
quantum axioms do admit an explicit and concrete realization of hidden vari-

ables embedded in the structure of the Lie-isotopic product [zly] = Ty —
yT'z, for instance, via realization 7' = Diag.(\, 1/)), DetT =1[7].
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1.3. Insufficiencies of quantum mechanics for irreversible pro-
cesses.

One of the insufficiencies of quantum mechanics well known since the
1930’s is the inability to represent physical or chemical energy releasing
processes, such as nuclear fusions, fuel combustion and other processes.

This is due to the fact that energy releasing processes are irreversible
over time (namely, the time reversal image of the processes violates causal-
ity), while quantum axioms were conceived for and remain solely appli-
cable to systems reversible over time (namely, the time reversal image of the
systems verifies causality), such as atomic structures, particles in accelera-
tors, crystals and other systems (Figure 4).

Itis hoped that the ongoing alarming deterioration of our environment,
with the consequential need for new clean energies, illustrate the need for
a “completion” of quantum mechanics for irreversible processes outlined
for completeness in Section 2.

It should be indicated that, except for the short presentation in Section
2, this and the following paper are solely devoted to the apparent proofs
of the EPR argument for reversible interior systems, while the study for
the broader irreversible interior systems is done elsewhere (see Refs. [9] to
[83]).

This is due to the fact that the objections against the EPR argument
were formulated for reversible exterior systems. Consequently, proofs [7]
and [8] studied in these papers were formulated for reversible interior sys-
tems.

1.4. Insufficiencies of quantum mechanics in particle physics.
Quantum mechanics is justly considered to be exactly valid for the structure
of the hydrogen atom because it achieved a numerically exact representa-
tion of all experimental data for the system considered.

It is hoped serious scholars will admit that quantum mechanics can-
not be considered as being exactly valid for particle physics because of
the known inability to achieve an exact representation of all experimental
data of any given family of particles, despite the admission of a number of
hypothetical neutrinos and other ad hoc conjectures.

Recall that, with the exception of electrons, protons and the hypothet-
ical neutrinos, all particles produced by contemporary accelerators are struc-
turally irreversible because unstable, thus being outside the capability of a full
representation via quantum mechanics (Section 1.3), e.g., because they require a
covering Lie-admissible (rather the Lie) treatment. [22] [23].

Additionally, quantum mechanics is completely inapplicable (rather
than violated) for the most fundamental synthesis in nature, that of the

12
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Neutron

Figure 5: A conceptual rendering of the synthesis of the neutron as a “compressed hydro-
gen atom” in the core of stars according to H. Rutherford [84], which synthesis cannot be
represented by quantum mechanics due to a mass excess and other reasons (see Section
1.4). By contrast, all characteristics of the neutron in said synthesis have been represented
at the non-relativistic and relativistic levels by the “completion” of 20th century applied
mathematics and physics studied in this paper (Refs. [85] [95]).

neutron from a proton and an electron as occurring in the core of stars
[84], with ensuing inapplicability to the synthesis of other particles, such
as that of the 7° meson from the positronium [17].

This is due to the fact that quantum mechanical axioms have been con-
ceived for the synthesis of particles in which the mass of the final state is
smaller than the sum of the masses of the original constituents, resulting in
the well known mass defect caused by negative potentials.

By contrast, the mass of the neutron £, = 939.565 MeV is 0.782 MeV
bigger than the sum of the masses of the proton E, = 938.272 MeV and of
the electron £, = 0.511 MeV, resulting in a mass excess requiring a posi-
tive potential for which Schrédinger, Dirac and other quantum mechanical
equations admit no physically meaningful solutions, with similar cases
occurring for the synthesis of other particles [17].

The inability by quantum mechanics to represent the fundamental syn-
thesis of the neutron in a star is ultimately due to the point-like character-
ization of particles since it is mathematically and physically impossible to
fuse together two point-like particles (the proton and the electron) into a
third point-like particle (the neutron).

In turn, this insufficiency identified the need for the representation of
hadrons as extended, deformable and hyperdense, which representation
is at the foundation of the EPR proof [7].

13
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Another insufficiency of quantum mechanics is its sole capability of
representing linear interactions (i.e., interactions linear in the wave func-
tion). By contrast, the sole known possibility of achieving a bound state
with excess mass is that via the admission of non-linear, generally non-
Hamiltonian interactions for extended particles in conditions of mutual
penetration/entanglement, as it is the case for the electron when totally
compressed inside the proton [16] [17].

In turn, non-linear interactions are crucial for the “completion of the
wavefunction” advocated by Einstein, Podolsky and Rosen [1] as we shall
see in Paper III of this series.

It is nowadays known that the above insufficiencies originate from the
theory at the foundation of quantum mechanics, Lie’s theory, because said
theory solely admits Hamiltonian linear interactions [19].

It is hoped that the above insufficiencies illustrate the significance of
the “completion” of Lie’s theory used for the proof of the EPR argument
[7].

In fact, only following the achievement of a “completion” of 20th cen-
tury mathematical and physical methods for extended, deformable and
hyperdense particles in interior dynamical conditions, Santiili achieved a
numerically exact representation of all— characteristic of the neutron in its
synthesis from a proton and an electron at the non-relativistic (Refs. [85]
to [87]), relativistic (Refs. [88] to [89]) and experimental (Refs. [90] to [95])
levels (see Sections 2, 3 and Paper II of this series).

1.5. Insufficiencies of quantum mechanics in nuclear physics.
There is no doubt that quantum mechanics has permitted historical achieve-
ments in nuclear physics.

However, quantum mechanics is only approximately valid in nuclear
physics because of the inability to achieve over the last century a repre-
sentation of the characteristics of the simplest nucleus, the deuteron, with
embarrassing deviations of the prediction of the theory from experimental
data for heavier nuclei, such as the Zirconium [59].

In Santilli’s view, the primary reason for the indicated insufficiency is
that the mathematics underlying quantum mechanics, with particular ref-
erence to the Newton-Leibnitz differential calculus, imply the conception of
nuclei as ideal spheres with isolated points in its interior (Figure 6) while
in the physical reality, nuclei are composed by extended and hyperdense
protons and neutrons in conditions of partial mutual penetration estab-
lished by the comparison of nuclear volumes with the constituent volumes
[59] (Figure 7).

The inability to represent nuclei as they are in the physical reality im-

14
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Figure 6: The mathematics underlying quantum mechanics is local-differential, thus
solely admitting a point-like approximation of particles. This figure illustrates the conse-
quential conception of nuclei as ideal spheres with isolated points in their interior with
ensuing insufficiencies beyond scientific doubt.

plies the inability to achieve an exact representation of nuclear magnetic
moments. In fact, the quantum mechanical representation of the anoma-
lous magnetic moment of the deuteron still misses 1 % despite all possible
relativistic or quark-based corrections.

Additionally, quantum mechanics misses much bigger percentages of
nuclear magnetic moments for heavier nuclei (as illustrated in Figure 8).

In turn, the inability to represent protons and neutrons as extended
charge distributions implies the inability to represent deformations under
strong nuclear forces, with related deformation of their angular momenta.

In fact, J. M. Blatt and V. F. Weisskopf state on page 31 of their treatise
in nuclear physics [96]: It is possible that the intrinsic magnetism of a nucleon
is different when it is in close proximity to another nucleon (Figure 9).

The representation of nucleons as extended, thus deformable and hy-
perdense charge distributions via the “completion of 20th century math-
ematics (Section 2) and physics (Section 3) has permitted the exact repre-
sentation of the anomalous magnetic moment of the deuteron [97], as well
as of heavier nuclei [98].

It should be noted that the representation of nuclear magnetic mo-
ments is presented in Ref. [7] as an illustration of the implications of the
proof of the EPR arguments for extended particles in interior conditions.

A second insufficiency of quantum mechanics in nuclear physics is the
lack of a consistent representation of nuclear spins despite efforts also con-
ducted for about one century.

15
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Figure 7: A conceptual rendering of nuclei as they occur in the physical reality, i.e., a col-
lection of extended and hyperdense protons and neutrons in conditions of partial mutual
penetration, with ensuing non-linear, non-local and non-potential interactions beyond any
dream of quantitative treatment via quantum mechanics.

Recall that the proton and the neutron have both spin 1/2 and that the
only stable bound state predicted by quantum mechanics between two
particles with spin 1/2 is the singlet with spin 0.

Therefore, quantum mechanics predicts that the deuteron in its ground
state must have spin 0, while experimental data establish that the deuteron
has spin 1.

In an attempt of salvaging quantum mechanics, the spin of the deuteron
is generally represented via a combination of excited orbital states which,
even though significant, does not represent the spin 1 of the deuteron in its
ground state.

The achievement of the synthesis of the neutron (Refs. [85] to [95]) has
permitted a resolution of the above impasse because the deuteron emerges
as being a three-body state composed by two protons and one exchange electron,
with ensuing spin 1 in the ground state [59].

Subsequent studies by A. A. Bhalekar and R. M. Santilli [100] based
on the “completion” of 20th century mathematical and physical methods
have achieved a representation of the spin of stable nuclei in their bound
state.

It should be finally noted that the biggest insufficiency of quantum me-
chanics in nuclear physics is given by the inability to achieve a consistent
representation of nuclear forces in one century of efforts.

This is due to the fact that the sole forces permitted by quantum me-
chanics are of potential, thus of action- at-a-distance type, which is solely
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Figure 8: A view of the experimental data of nuclear magnetic moments that cannot be
exactly represented by quantum mechanics. Similar insufficiencies exist for nuclear spins.
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Figure 9: A conceptual rendering of the deformability of protons and neutrons under
strong nuclear interactions predicted by J. M. Blatt and V. F. Weisskopf [96] as being the
origin of the inability by quantum mechanics to represent nuclear magnetic moments.
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Figure 10: This picture depicts the hydrogen molecule at absolute zero degree temper-
ature to illustrate the fact that, despite historical achievements, quantum mechanics and
chemistry have been unable to identify the force attracting identical electrons in valence
bonds, because the sole admitted forces are of potential-Coulomb type, thus implying a
repulsion in valence bonds with ensuing lack of a “complete” representation of molecular
structures [60].

possible, mathematical and physical conception for nuclei as ideal spheres
with point-like particles in their interior (Figure 6).

One of the most important applications of the new methods studied in
this work is that of representing nuclear forces as being non-linear, non-
local and non-potential forces due to the mutual penetration/entanglement
of the charge distribution of the hyperdense nucleons. The latter forces
have emerged as being strongly attractive thus allowing the first known
initiation of the understanding of the charge independence of nuclear forces
[59].

1.6. Insufficiencies of quantum mechanics in chemistry.

Without doubt, quantum mechanics and chemistry have permitted chem-
ical discoveries of historical proportions. Hence, the historical and scien-
tific value of quantum chemistry is out of question.

Yet, it is the fate of all theories to admit, with the advancement of scien-
tific knowledge, suitable coverings and this is the fate of quantum chem-
istry as well.

In fact, on strict scientific grounds quantum chemistry is only approxi-
mately valid in chemistry, thus admitting a suitable “completion,” because
of the inability in one century of efforts to achieve an exact representation
of molecular experimental data from first axiomatic principles without ad
hoc form factors and other adaptations.

Recall that quantum mechanics has achieved a numerically exact rep-
resentation of all experimental data of the hydrogen atom.

By contrast, when two hydrogen atoms are bonded into the hydrogen
molecule H,, quantum mechanics and chemistry still miss the represen-

18
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Figure 11: This picture depicts the hydrogen molecule at absolute zero degree tempera-
ture with the strongly attractive force between identical valence electrons permitted by the
representation of valence pairs as being composed by electrons with extended wavepack-
ets in conditions of mutual penetration/entanglement with ensuing non-linear, non-local
and non-potential interactions that result to be so strongly attractive [17] to overcome
repulsive Coulomb forces [60]. The mutual distance d of said valence pair approaches
Einstein’s classical determinism and achieves it fully when it is in the interior of black
holes [7].

tation of 1 % of the H, binding energy, which is not insignificant since it
corresponds to about 940 kcal /mole.

An in depth study of the impasse has shown that the above insuffi-
ciency is due to the inability by quantum mechanics and chemistry to represent
the attractive force between identical valence electrons in molecular bonds (Fig-
ure 10) because according to basic axioms, two identical valence electrons
must repel each other according to quantum mechanics and chemistry due to their
equal charge [60].

As it had been the case for other problems, the primary difficulty to
achieve an attractive force between identical valence electrons was of math-
ematical rather than of physical or chemical character, because quantum
mechanics and chemistry solely admit potential forces that, in this case,
can only be of repulsive Coulomb type.

By contrast, the sole possibility of resolving the impasse was the rep-
resentation of electrons as extended wavepackets, that when in conditions
of mutual penetration at 1 fm mutual distance, admit contact, non-linear,
non-local and non-potential interactions of Hulten type.

These new interactions result to be so strong to “absorb” repulsive
Coulomb forces resulting in the needed attraction [60] (Figure 11).

The new valence force was first identified in Table 5 of the 1978 paper
[17] as responsible for the birth of strong interactions in the synthesis of
the 7° meson from an electron and a positron.

In 1995, A. O. E. Animalu and R. M. Santilli published paper [101] es-
tablishing that the Hulten force of paper [17] is so strong to account for the
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bond of the two identical electrons in the Cooper pair of superconductiv-
ity.

A generalization of superconductivity based on the new methods was
then developed and it is today known as Animalu isosuperconductivity [102].

In 2000, R. M. Santilli and D. D. Shillady showed that valence electron
pairs with a strongly attractive force, called isoelectronia, permit numeri-
cally exact representations from first axiomatic principles of experimental
data on the hydrogen [103] and water [104] molecule, which representa-
tion had escaped quantum chemistry for about one century (see also re-
view [105]).

The achievement of a new model of molecular structures based on
the isoelectronium valence bond has permitted novel advances in larger
molecules whose study has been initiated by A. A. Bhalekar and R. M.
Santilli [106] with intriguing implications, e.g., possible improvements in
the combustion of fossil fuels based on a more accurate representation of
their molecular structure [53].

Additionally, Santilli and Shillady showed that perturbative series of the
resulting “completion” of quantum chemistry converge at least one thousand

times faster than the corresponding series of quantum chemistry (see Section
4.13).

1.7. Implications of the EPR argument.

It is hoped that the preceding sections have indicated the truly vast im-
plications for all quantitative sciences of Einstein’s view that “quantum
mechanics is not a complete theory” [1], thus warranting due scientific
process.

In this paper we outline the main aspects of the new mathematical
and physical methods underlying proof [7], with the understanding that
a technical knowledge can be solely achieved via a study of the original
literature.

The reader should be aware that the literature accumulated in half a
century of research in the field by numerous scientists is rather vast. Con-
sequently, in this paper we can only quote the most important original
contributions and provide comprehensive references for interested read-
ers.

2. LIE-ADMISSIBLE “COMPLETION” OF 20TH CENTURY
APPLIED MATHEMATICS.

2.1. Foreword.

R. M. Santilli never accepted quantum mechanics as a “complete” theory
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beginning with his graduate studies in physics at the University of Torino,
Italy, in the mid 1960’s because quantum axioms are invariant under time
reversal, due to the invariance under anti-Hermiticity of the Lie product
between Hermitean operators

[l‘,y] = _[l’,yﬁ, (1)

and other physical laws.

By recalling the fundamental character of Lie’s theory, it follows that
the mathematics (more than physical laws) underlying quantum mechan-
ics does not allow a consistent representation of nuclear fusions and other
physical or chemical energy releasing processes, due to their known irre-
versibility over time (Figure 4).

2.2. The historical teachings by Lagrange and Hamilton.

In view of the above lack of “completeness” of quantum mechanics, R.
M. Santilli initiated his Ph. D. studies with the reading of the original
works by J. L. Lagrange and studying his true analytic equations, those
with external terms [9]

d OL(r,v) OL(r,v)
dt  Ov or

as well as the true Hamilton’s equations, those with external terms [10]

= Fak (ta r, U)a (2)

dr __ OH(r,p)

dt op (3)

d OH (r,
d_i):_ (;Tp)+F(t,T,p)7

where the Lagrangian L and Hamiltonian // were used to represent con-
servative and potential, thus notoriously reversible forces, while the irre-
versibility of nature was represented with their external forces F.

2.3. The “No Reduction Theorem.”
The external terms have been truncated in the 20th century sciences on
claims that irreversible systems can be decomposed into their elementary
particle constituents at which level the validity of quantum mechanics is
fully recovered.

However, Santilli proved the following theorem as part of his Ph. D.

thesis (see Refs. [56] [25]).

THEOREM 2.3.1 (No reduction Theorem): A macroscopic time irreversible sys-
tem cannot be consistently decomposed into a finite number of quantum mechan-
ical particles and vice versa, a finite collection of quantum mechanical particles
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cannot reproduce a macroscopic irreversible system under the correspondence or
other principle.

Consequently, a serious study of irreversible systems requires a re-
turn to the true Lagrange’s and Hamilton’s equations, those with external
terms.

2.4. The inevitability of the Lie-admissible ‘“‘completion’ of 20th
century science.
As it is well known, the true Lagrange and Hamilton equations cannot be
assumed as a “completion” of 20th century sciences because they are not
derivable from a potential.

Additionally, the brackets of the time evolution of an observable () rep-
resented via Hamilton’s equations with external terms

& =QHF)=
4)

__ 0QoH OH 0Q 0Q
~ Or Op or Op + or F’

characterizes the triple system (Q, H, F') that, in view of the external terms,
violate the right scalar and associative axioms to characterize an algebra
as currently understood in mathematics.

In the absence of a consistent algebra in the brackets of the time evolu-
tion, it was not possible to achieve a “completion” of quantum mechanics
via a covering for irreversible systems.

Hence, Santilli was forced to seek the needed “completion” on alge-
braic grounds.

Following a year of research in the European mathematics libraries,
Santilli did his Ph. D. thesis in 1965 on the “completion” of Lie algebras
into A. A. Albert’s Lie-admissible and Jordan-admissible algebras [11] with
product [12]

(a,b) = pab — qba, (5)

later on known as (p, q)-deformations [13], where p, q,p + ¢ are non-null
scalars, and time irreversibility is assured for p # ¢ for which irreversib-
lity is ensured for p # ¢ by the property (z,y) # — (z,y)".

To achieve a first approximation of Hamilton’s equations with external
terms, Santilli introduced the following parametric Lie-admissible general-
ization of Hamilton’s equation [14] [15]

dr OH(r,p) dp _ OH(r,p)

_:p

dt op ' dt T ©
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with corresponding parametric Lie-admissible generalization of Heisenberg
equation for the time evolution of a Hermitean operator @) (for i = 1)

dQ

i = (Q.H) = pQH — gHQ. ™

As one can see, all dynamical equations are manifestly irreversible over
time, as desired.

2.5. Lie-admissible genomathematics and genomechanics.

In September 1977, Santilli joined the Department of Mathematics of Har-
vard University under DOE support during which stay he introduced
the most general known realization of irreversible Lie-admissible algebras
(see Refs. [16] to [23]) based on the generalization and differentiation of
the ordinary product ab of arbitrary quantities (numbers, functions, oper-
ators, etc.) into the ordered genomodular product to the right

a>b= aRb, (®)

and that to the left A
a <b=aSh, )

where R, S and R + S are positive-definite operators with an unrestricted
functional dependence on wavefunctions ¢(¢,r) and any other needed
variables.

The operators R and S were called genotopic element to the right and to the
left, respectively, where the prefix “geno” was suggested by Carla Santilli
in the Greek sense of “inducing a new structure” [16].

The new genomodular products permitted the construction of new
mathematics known as genomathematics to the right and to the left, [19] with
corresponding “completion” of quantum mechanics into an irreversible
covering known as genotopic branch of hadronic mechanics or genomechanics
for short [19] in which irreversible energy releasing processes are repre-
sented with ordered genomodular product to the right, as it is the case for
the geno-Schridinger equation or Schriodinger-Santilli genoequation [20]

H > =H(r,p)R(¢,..)¢ = EY, (10)

Irreversibility is then assured whenever the genotopic elements R and S
are not invariant under time reversal.

The time evolution of a Hermitean operator () is given by the Lie-
admissible generalization of Heisenberg equations, also known as Heisenberg-
Santilli genoequations (see, e.g., Ref. [107]) first introduced in Eqs. (4.15.34),
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page 746 of Ref. [17] (see the 2006 general treatment [24] and the 2016
update [25]) which can be written in the infinitesimal form

i =(QH) =Q<H-H>Q=
(11)
= QSH — HRQ

and the finite form
Q(t) = e"Q0)e ™. (12)

The representation of Lagrange’s and Hamilton’s external terms is pro-
vided by the difference R — S at both classical and operator levels [24].

2.6. Universality of Lie-admissible formulations.
The following simple realization of the genotopic elements

S=1, R=1-+K(@,00,..),
(13)
%9 = (Q.H) = [Q, H] + QK,

where K is a positive-definite operator representing non-Hamiltonian in-
teractions illustrates that the Lie-admissible generalization (11) of Heisen-
berg’s equations constitute an operator image of Hamilton’s equations
with external terms (3) [56].

The double infinity of possible realizations of the genotopic elements
R and S then allows Lie-admissible equations (11) to be “directly univer-
sal” for the representation of all possible (regular) non-linear, non-local
and non-Hamiltonian interactions in the sense of representing all of them
(“universality”) directly in the frame of the experimentalism without the
use of the transformation theory (“direct universality”) (for details, see
Ref. [24]).

It should be finally indicated that the original 1978 proposal [16] es-
tablished the universality of Lie-admissible algebras because the product
(A,B) = A < B— B > A admit as particular case the product of all
possible “algebras” as commonly understood in mathematics, including
Associative, Lie, Jordan, Lie-isotopic, Jordan-isotopic, alternative, super-
associative, super-Lie, super-Jordan, nilpotent, flexible and other possible
algebras.

2.7. Prediction of new clean nuclear fusions.
Scientific and industrial applications to search for new clean energies were
initiated in the late 1990’s only following the achievement of maturity in
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the mathematical and physical methods needed for the representation of
irreversible processes.

The first application was the conception of the new Intermediate Con-
trolled Nuclear Fusion (ICNF) of light, natural and stable elements into light,
natural and stable elements with smaller mass which occur without the
emission of harmful (e.g., neutron) radiations and without the release of
radioactive waste (see Ref. [26] to [32] for originating papers and Refs.
[33] to [40] for independent studies). Laboratory analyses [41] to [52] con-
firmed the existence oof ICNF at the particle levels, with the understanding
that the related industrial production of new clean energy require addi-
tional extensive research.

2.8. Prediction of a new clean combustion of fossil fuels.

To illustrate the implications of the lack of “completion” of quantum me-
chanics for energy releasing processes, we should note that the current
combustion of fossil fuels is essentially that at the dawn of our civiliza-
tion, because we essentially strike a spark and ignite the fuel with known
alarming environmental deterioration of our planet.

The achievement of the Lie-admissible representation of energy releas-
ing processes has permitted the first known conception and initiation of
tests for a new principle of combustion called HyperCombustion which is
based on the conventional combustion of carbon and oxygen dating back
to the dawn of our civilization, plus the novel synthesis of a limited num-
ber of nuclei C-12 and O-16 into Si-28 to achieve full combustion of fossil
fuels as well as a significant increase of energy output [53].

2.9. Literature on hadronic mathematics and mechanics.
Due to the prediction of new clean nuclear energies, the connection be-
tween irreversible mechanics and thermodynamics and other features, the
literature on the foundations of hadronic mechanics is rather vast.

Ref. [54] provides a summary of the formalism of hadronic mechanics.
Refs. [55] to [61] provide general presentations of hadronic mechanics.
Vol. I of Refs. [61] contains a comprehensive literature up to 2008 with an
upgrade to 2016 in Ref. [25].

Additional references are available in the reprint volumes [62] [63] and
in the proceedings of five Workshops on Lie-Admissible Algebras,, twenty
five Workshops on Hadronic Mechanics, and three international conferences
on the Lie-admissible treatment of Irreversible Processes whose references are
available from Ref. [61]. Representative independent papers are available
from Refs. [64] to [74] and independent monographs are available from
Refs. [75] to [83].
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3. LIE-ISOTOPIC “COMPLETION” OF 20TH CENTURY AP-
PLED MATHEMATICS.

3.1. Foreword.

As it is well known, the objections against the EPR argument (Section 1.1)
were formulated for isolated reversible systems of point particles in vacuum
with linear, local and Hamiltonian interactions called reversible exterior dynam-
ical problems.

Hence, the proof of the EPR argument had to study isolated reversible
systems of extended, therefore deformable and hyperdense particles in conditions
of mutual penetration/entanglement with ensuing linear and non-linear, local and
non-local and Hamiltonian as well as non-Hamiltonian internal interactions. The
latter systems are called reversible interior dynamical problems, and they oc-
cur in the structure of hadrons, nuclei, stars and black holes.

Despite their reversible character, the latter systems could not be stud-
ied with 20th century applied mathematics, including Lie’s theory, due to
its strictly Hamiltonian character. Reversible interior dynamical systems
could not be studied with Lie-admissible formulations due to their irre-
versible character. Hence, the needed new mathematics had to be built.

In this section, we review the foundations of the new mathematics
for the consistent representation of reversible interior dynamical systems
which was essentially constructed as a reversible particular case of univer-
sal Lie-admissible formulations.

3.2. Isoproduct.

In order to achieve a representation of the latter systems, Santilli intro-
duced in the original proposal [16] of 1978 the axiom-preserving particu-
lar case of genomathematics called isomathematics, which is characterized
by the genoproduct to the right being equal to that to the left, R = S = T,
resulting in the time-reversal invariant isoproduct, (first introduced in clas-
sical realization in Egs. (3.7.10), page 352 of Ref. [16], introduced in opera-
tor form in Eq. (4.15.46), page 751, Ref. [17] and then studied in details in
Ref. [19], Eq. (2), page 71 on)

axb=aTb, (14)

where T, called the isotopic element, is a function, matrix or operator solely
restricted to be positive-definite, but possesses otherwise an unrestricted
functional dependence on all needed local variables, such as: spacetime
coordinates x = (¢,r); linear momentum p; energy E; frequency v; den-
sity of the medium «; temperature 7; pressure 7; wavefunctions ©; their
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derivatives 0v; and any other needed variable

~

T=T(x,p,E,v,o,7,m,0,00,..) >0, (15)

where the prefix “iso” was also suggested by Carla Santilli in its Greek
meaning of preserving the axions.

The physical significant of isoproduct (14) is illustrated by nothing that
it allows “ab initio” a direct representation of extended, thus deformable and
hyperdense particles and their non-Hamiltonian interactions illustrated in Fig-
ure 3 (Section 1.4). This important task is achieved via simple realizations
of the isotopic element of the type (needed for the neutron synthesis from
the hydrogen studied in Section 2.4) [55] [56]

~

T = Diag.(

|~

1 1 1
’ 20 90 9
2 N3 1y

Je ', (16)
n

ng n

— o

with subsidiary conditions

n[L - nll/(x7p7 E7 V? a’ T7 7T7 ¢7 a/ll)? "‘) > 07 l’[’ - 1727 3’ 47

(17)
D(x,p, E,v,c, 7, m,20, 0, ...) > 0.

The isoproduct also allows a direct representation of nuclei as a collec-
tion of extended nucleons in conditions of mutual penetration/entanglement
as presented in Figure 7 and Section 1.5 with broader realizations of the
type (needed to represent nuclear magnetic moments and spins, or for
the achievement of an attractive force between identical valence electron
bonds in molecular structures) [57]

-----

(18)
k=1,2,...N, u=1,234.

In the above realizations of the isotopic element, n}, n3,n3, (called char-
acteristic quantities) represent the deformable semi-axes of the particle nor-
malized to the values n} = n3,= n3 = 1, for the sphere; ni represents
the density of the particle considered normalized to the value n, = 1 for
the vacuum; and I' represents non-linear, non-local and non-Hamiltonian
interactions caused by mutual penetrations/entanglement of particles.

The mathematical significance of basic assumption (14) is that it requires,
for consistency, a compatible “completion” of all aspects of 20th century

applied mathematics without any known exception.
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This program was initiated in the 1978 proposal [16], continued in the
1981 monograph [19] and completed in numerous works by various math-
ematicians (see the 1995 monograph [55] for a comprehensive presenta-
tion).

Regrettably we cannot provide a technical review of isomathematics
to prevent excessive length. Nevertheless, a rudimentary outline of the
main aspects of isomathematics appears to be recommendable for an un-
derstanding of proof [7] of the EPR argument.

3.3. Isonumbers.

As it is well known, physical theories are formulated over a field F'(n, x, 1)
of real, complex or quaternionic numbers n with product nm = n x m and
multiplicative unit 1. Said field remains invariant under the unitary time
evolution of quantum mechanics, thus allowing the prediction of the same
numerical values under the same conditions at different times.

But the time evolutions of hadronic mechanics, such as Egs. (11), are
non-unitary when formulated on conventional space over a conventional
field (not so for isomathematics as shown below).

This implies the loss over time of the multiplicative unit 1, and conse-
quently, of the entire numeric field, with ensuing lack of consistent exper-
imental verifications.

To resolve this impasse, Santilli had no other choice than that of rein-
specting the historical classification of numbers, by discovering in this way
that the abstract axioms of a numeric field do not necessarily restrict the multi-
plicative unit to be the number 1, and allow for unit an arbitrary positive-definite
quantity I provided that the multiplication is redefined for I verify the unit
axiom [107].

>

This lead to “completion” of numeric fields F'(n, x, 1 in}o isofields I (R, %, I
of isoreal, isocomplex, and isoquaternionic isonumbers n = nl with isounit
I=1/T >0, (19)
isoproduct (14), 71 x 7 = (nm)I, and isounit isoaxiom
I«xh=nxI=n, Va € F. (20)

Isofields are completed by compatible redefinitions of all numeric op-
erations, such as isoquotient, isosquare, isosquareroot, etc. [107].

It should be indicated that isofields verify all axioms of a field. Hence,
isonumbers are fully acceptable for experimental verifications [57].

Isofields are classified into those of the first kind (second kind) depending
on whether the isounit I is (is not) an element of the original field.
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In this paper, we shall solely consider isofields of the second kind since
the representation of extended particles and their non-Hamiltonian inter-
actions is achieved via the isounit or equivalently, the isotopic element.

Paper [107] has stimulated various studies in number theory, among
which we mention the study by C-Xu. Jiang [79], A. K. Aringazin [108], C.
Corda [109] and others.

3.4. Isofunctions.

As it is well known, a necessary condition for a variable to be measurable
is that it is an element of the base field, and the same holds for functions
of said variable.

The implementation of the same rule under isotopic “completion” stim-
ulated the construction of the isofunctional isoanalysis initiated by: J. V.
Kadeisvili [110][111]; A. K. Aringazin, D. A. Kirukhin and R. M. Santilli
[112]; Raul M. Falcon Ganfornina and Juan Nunez Valdes [80]; and others.

We here limit ourselves to indicate: the isotime t = tI,, isospace isocoor-
dinates # = r1,, and the isofunctions of isovariable,

f) =1[f(rD]L, 21)
such as the isoexponentiation
X = [XT)] = [[eTX). (22)

Similar expressions hold for virtually all conventional functions used
in applications [55].

3.5. Isospaces.
The initial construction of isomathematics [19] was formulated via con-
ventional vector or metric spaces over conventional fields.

The consistent need to formulate spaces over isofields triggered the
isotopic “completion” of metric spaces into isospaces whose study was ini-
tiated by the mathematician Gr. Tsagas and his school [113]. In turn, these
studies triggered the construction of the isotopology by R. M. Falcon Gan-
fornina and J. Nunez Valdes [114], yielding the first known topology for
the characterization of extended particles, known as the Tsagas, Sourlas,
Santilli, Ganfornina and Nunez (TSSGN) isotopology.

Let E(r,6,1) be the conventional Euclidean space with space coordi-
nates r = (z,y, z), metric 6 = Diag.(1,1,1), unit / = Diag(1,1,1) and
invariant

= (2" + ) (23)
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where one should note the trivial multiplication by 1 for compatibility
with the isotopic image studied below.

The representation isospace of the non-relativistic proof of the EPR ar-
gument is given by the infinite family of iso-Euclidean isospaces, E(#, A, I),,
first formulated in the 1978 Ref. [16] and treated in detail in Ref. [19], fi-
nalized in 1996 Ref. [115] and extensively treated in monograph [55].

For the simple realization of the isotopic element

iso-Euclidean isospaces E(#, A, I,.) are characterized by: the isocoordinates
7 = rl, the iso-Euclidean isometric A = (T'§I, and the isospace isounit I, =
1/T > 0 resulting in the iso-Euclidean isoinvariant

P2 = (1 % Djy % 7™) = (1787™) I, =
(25)

2 2 2 A
_’“_1”_27"_3)
R e

where we should recall that, for consistency, all scalar quantities have to
be elements of an isofield F. )

The above conditions require that: squares must be isosquares 7* =
7 % # = 72I; coordinates have to be isocoordinates # = rl.; to be iso-
matrices, isometrics must have the structure A=56 f,. ; and the elaboration
requires the use of the isotrigonometric isofunctions as well as of the isospher-
ical isocoordinates (see Ref. [55] for details).

Let M(xz,n,I) be the conventional Minkowski space with spacetime
coordinates » = (z!, 22 23 2 = ct), metric n = Diag.(1,1,1,—1), unit
I = Diag(1,1,1,1) and invariant

z? = (atna”)] =
(26)
= (2% + 23+ 23 — t*)1.

The isospace for relativistic treatments of extended particles is given
by the infinite family of iso-Minkowski spaces M (z, Q, fx) also known as
Minkowski-Santilli isospaces, (see e.g., Ref. [107]) first introduced in Ref.
[116] and then treated in details in Ref. [56].

Iso-Minkowskian isospaces are characterized by the isospace-time iso-
coordinates & = x1; isounit [ = 1/T, and isometric Q = HI, = (Tn)I, formu-
lated on the isoreal isonumbers R.

For the simple realization of the isotopic element

T = Diag(1/n,1/n3,1/n3,1/n3), 27)
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Figure 12: This picture illustrates the isodifferential calculus [115] via birds flying in
close formation without wing interferences, which can be best understood by assuming
that birds conceive themselves as a volume encompassing their wings, rather than a mass
concentrated in their center of gravity as it would be requested by the Newton-Leibnitz
differential calculus.

we have the infinite family of realizations of the isospace-time isoinvariant
22 = i x Q% 27 = (aPat) ] =
(28)

2 2 2 ~
— (%4 T3 4 %3 20_)
_(n%+ng+n§ tn2 I’

where the final multiplication by the isounit is again necessary for the in-
variant to be an isoscalar.

It should be noted that, in addition to the use of the isospherical isoco-
ordinates, data elaborations in the iso-Minkowskian isospace requires the
use of isohyperbolic isofunctions (see Ref. [56], Chapters 5 and 6).

Note also that invariant (30) is the most general possible symmetric
(non-singular) invariant in (3 + 1)-dimensions, thus including as particu-
lar cases all possible Minkowskian, Riemannian, Fynslerian and all other
geometries.

3.6. Isodifferential isocalculus.
Despite the above advances, numerical predictions of isomathematics lacked
the crucial property of invariance over time.

In addition, isomechanics and hadronic mechanics at large, were in-
complete due to the inability to formulate the isotopies and genotopies of
the linear and angular momenta (see next section).
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In order to resolve this impasses, Santilli had no other choice than that
of reinspecting the Newton-Leibnitz differential calculus, by discovering
in this way that, contrary to rather popular belief for four centuries, the
differential calculus depends on the multiplicative unit of the base field because,
when the unit depends on the variable of differentiation, said calculus has
to be “completed” into the infinite family of isodifferentials, e.g., of the iso-
coordinates 7, first formulated in memoir [115] submitted in 1995 and pub-
lished in 1996 and then treated in details in Refs. [55] [56]

It = Td[rI(r,..)] = dr +rTdl(r,..), (29)
with corresponding isoderivative [114]
o7() _ +0f(7)

or or

(30)

Following decades of searches, the discovery of the isodifferential iso-
calculus finally permitted the achievement of the invariance over time of
numerical predictions, the formulation of isolinear and genolinear mo-
menta and signaled the achievement of maturity for applications and ex-
perimental verifications (see Refs. [56] [57] for details).

All novel applications of isomathematics in physics, chemistry and
other fields, including the proof of the EPR argument [7], originate from
the extra term r7'dI(r,...) in isodifferential (29), which is absent in the
mathematics for point particles.

The covering character of the isodifferential isocalculus over the con-
ventional calculus is illustrated by the fact that whenever the isounit is
independent from the differentiation variable or it is a constant, the con-
ventional calculus is recovered uniquely and identically.

It should be indicated that the biggest difficulty in the use of the isodif-
ferential isocalculus is of conceptual, rather than of mathematical character,
because it requires the transition from the visualization of the calculus at
individual points to volumes (or surfaces) represented by the isotopic ele-
ment T’ (Figure 12).

By looking in retrospect, it appears nowadays evident that a “comple-
tion” of quantum mechanics for the representation of extended particles is
fundamentally inconsistent when formulated via the conventional differ-
ential calculus, because of its sole possible characterization of particles as
being point-like.

Consequently, the generalization of the differential calculus into a form
defined on volumes represented by 7T, rather than defined on coordinate
points r, is essential for a consistent representation of extended particles.
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Nineteen years following the discovery of the isodifferential isocalcu-
lus for extended particles, comprehensive studies in the field have been
conducted by the mathematician S. Georgiev in the series of six mono-
graphs [83] which consider the broadest possible formulation of the isod-
ifferential calculus, including the case of different isotopic elements for
different isovariables.

3.7. Lie-Santilli isotheory.

In Santilli’s view, the physically most important part of isomathematics
is given by the isotopic “completion” of the various branches of Lie’s the-
ory, today known as the Lie-Santilli isotheory, which was first formulated in
papers [16] [17] of 1978, systematically studied in monograph [19], final-
ized in Refs. [55] [56] of 1995 following the discovery of the isodifferential
calculus [115] and recently studied in paper [117].

In this section, we follow the presentation of Ref. [19] of 1981 upgraded
into a formulation on isospaces over isofields and elaborated via the isod-
ifferential isocalculus.

Let L be a n-dimensional Lie algebra with Hermitean generators X, k =
1,2, ...n defined on a conventional space over a conventional numeric field.
Then, the infinite family of isotopies L of L are characterized by the follow-
ing main theorems:

THEOREM 3.7.1 [19]: (Poincaré-Birkhoff-Witt-Santilli isotheorem): The iso-
cosets of the isounit and of the isostandard isomonomials

f, Xk, Xi*Xj,iSj, Xi*Xj*Xk,iSjSk,..., (31)

form an infinite dimensional isobasis of the universal enveloping isoassociative

~

isoalgebra E (L) (also called isoenvelope for short) of a Lie-Santilli isoalgebra
L.

The first illustration of the above theorem is given by isoexponential
isofunction (22) whose correct derivation requires infinite basis (31).

The appearance of the non-linear, non-local and non-potential isotopic
element T in the exponent illustrates the non-trivial character of the Lie-
Santilli isotheory.

THEOREM 3.7.2 [19]: (Lie-Santilli isoalgebras) The antisymmetric isoalgebras
L attached to the isoenveloping algebras E(L) verify the isocommutation rules
(32)
= C,Z(t, D, E7 W, T, wﬂ awa ) * Xka
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where the quantities C are called the structure quantities.

The above isocommutation rules show the axiom-preserving charac-
ter of the isotopies in view of their evident verification of the Lie axioms,
although via a broader realization.

The Lie-Santilli isotheory is called regular or irregular depending on
whether the structure quantities C’fj are isoscalars or isofunctions, respec-
tively.

This classification is important because as shown in the next section,
the regular Lie-Santilli isotheory can be constructed via a well defined
transform of corresponding Lie theory, while irregular Lie-Santilli isothe-
ories are truly new theories verifying Lie’s axioms without a known map
form the conventional formulation.

THEOREM 3.7.3 [19]: (Lie-Santilli isogroups) The isoexponentiated form G of
isocommutation rules (32) defined on an isospace S with local isocoordinates &
over an isofield F' with isounit I = 1 / T>0isa group mapping each element
& € S into a new element ' € S via the isotransformations

P =g(w)x%, 2,4 €S, welF, (33)
verifying the following isomodular isoaction to the right:

1) The isomap of g * S into S is isodifferentiable Vg € G;

2) I is the left and right isounit ofG

A

, Vg e G, (34)

I qg= x 1
3) The isomodular isoaction is isoassociative,
g1 % (Gox @) = (1% §o) x &, V41,00 € G (35)

4) In correspondence with every element §(w) € G with & € F there exists
the inverse element §(—) such that

3(0) = () * §(~w) = I (36)
5) The following composition laws are verified
gli) * g(a') = g(@') * g(w) = gl +a').vg € G, w e F; - (37)
with corresponding isomodular action to the left, and general expression

Q(UA)) — H é%*ﬁ’k*Xk *g<0) * H é—%*ﬁ)k*xk. (38)
k

k

34



Studies on the EPR argument, I: Basic methods

Nowadays, isomathematics is referred to as the infinite family of iso-
topies of 20th century applied mathematics, with particular reference to
the isotopies of Lie’s theory when formulated on isospaces over isofields
and elaborated via the isodifferential isocalculus. Isomathematics is then
classified into regular and irregular isomathematics depending on whether
the structure quantities C;; are isoscalars or isofunctions of local isovari-
ables, respectively.

It should be indicated that, the proof [7] of the EPR argument uses both
regular and irregular Lie-Santilli isoalgebras.

Since Lie’s theory is at the foundation of the axiomatic structure and
applications of quantum mechanics, the covering Lie-Santilli isotheory
predictably stimulated a number of independent contributions, such as
the studies by the mathematicians: D. S. Sourlas and Gr. T. Tsagas [76], J.
V. Kadeisvili [118], T. Vougiouklis [119] and papers quoted therein.

3.8. Simple construction of regular isomathematics.
A simple method for physicists has been identified in Ref. [120] of 1997
for the construction of regular isomathematics. The method consists of:
1) Selecting the desired representation of extended particles with non-
Hamiltonian interactions via isotopic elements T of type (16) or (18); 2)
Identifying a non-unitary transformation representing the selected isounit
[=1T

Ut =1, (39)
3) Subjecting the rotality of conventional applied mathematics to the above

nonunitary transform with no known exception, resulting in expressions
of the type

I —1=UIU'=1/T, (40)
n%ﬁ:UnUT:nUUT:nIA,nEF, 41
f(r) = f(7) = Uf(r)U", (42)

eA o UeAUt = [eT4 = (eAT)f, (43)

AB — U(AB)UT =
(44)
= (UAUTY(UUT)"(UBU') = A% B.

It should be indicated that the above transformations imply the possi-
bility of constructing the infinite family of Lie-Santilli isoalgebras via non-
unitary transforms of the considered Lie algebra. This is possible in view
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of the transformation of commutation rules into their covering isocommu-
tator forms, o
[A, B] = U[A, BJUT = [A;B]. (45)

This property is evidently important for the construction of the isorep-
resentation of regular isoalgebras used for physical and chemical applica-
tions.

Note that serious inconsistencies occur, at times without their detection by
non-experts, in the event only one single quantity or operation of 20th century
applied mathematics is not subjected to the above non-unitary map.

We should finally indicate that the proof of the EPR argument used in Ref.
[7] is of 'non-unitary’ character, thus implying that the physical conditions
for said proof are outside the class of equivalence of quantum mechanics.

3.9. Invariance of regular isomathematics.

An additional contribution of paper [120] is the proof that the dimension,
shape and density of extended particles and their non-Hamiltonian interactions
are represented by isomathematics in a form invariant over time.

Firstly, Ref. [120] showed that, following the construction of regular
isomathematics via non-unitary transformations (Section 2.2.8), isomath-
ematics is not invariant under additional non-unitary transforms, e.g., be-
cause of the lack of invariance of the basic isounit

I T'=wiwt£1, Wwt+1, (46)

with consequential physical inconsistencies since any structural change of
the isounit implies the transition to a different physical or chemical sys-
tem.

However, non-unitary transforms can always be identically rewritten
as isounitary isotransforms according to the rule [56]

wwt=1, w=wTr"? (47)
WWH=WxWh=WwtsWw =1, (48)

under which reformulation we have the following invariance of the isounit
of the isotopic element and of the isoproduct of regular isomathematics [120]

I 5T =WxIxWt=1, (49)

= AxB =ATH, (50)
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The invariance of the entire isomathematics follows. Note that the in-
variance is ensured by the invariant numeric values of the isounit and therefore,
of the isotopic element under isounitary isotransforms,

I=T=1, (51)
AxB=ATB — A« B = A'T'B'
(52)
—AxB = ATH
T T =T. (53)

By noting that, as shown in the next section, the time evolution of the
isotopic “completion” of quantum mechanics is an isounitary isotrans-
form, paper [120] established that isomechanics is an axiom-preserving ”com-
pletion” of quantum mechanics capable of representing extended particles under
Hamiltonian as well as non-Hamiltonian interactions in a form invariant over
time.

In closing, we should recall other generalizations of 20th century math-
ematics and their applications, such as the so-called deformations. These
generalizations are mathematically correct, but physically inconsistent be-
cause they violate causality laws (for brevity, see the Theorems of Inconsis-
tency of Non- Unitary Theories in Vol. I of Refs. [61]). These inconsistencies
arise from a structural generalization of Lie’s algebras and other quantum
laws when formulated on conventional spaces over conventional fields,
thus preventing their reformulation as isounitary theories.

Note that the invariance of isomathematics reviewed in this section im-
plies the verification of causality on isospaces over isofields in the same
way as quantum mechanics verify causality laws.

4. LIE-ISOTOPIC “COMPLETION” OF QUANTUM MECHAN-
ICS.

4.1. Foreword.

In this section, we review the foundation of the isotopic branch of hadronic
mechanics, also known as isomechanics, which is used in the proof of the
EPR argument [7].

An important difference between preceding works and the presenta-
tion in this section is that the previous works generally present isome-
chanics in its projection on conventional spaces over conventional fields.

By contrast, in this section we put the emphasis in the full formulation
of isomechanics, that on isospaces over isofields because important to il-
lustrate that, contrary to opposing view (Section 1.1), proof [7] of the EPR
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argument is fully compatible with quantum axioms, only subjected to a
broader realization.

Isomechanics was first introduced via isoproducts defined on conven-
tional spaces over conventional fields in the 1978 papers [16] [17] and in
the 1981 monograph [19]; it first achieved mathematical maturity in the
1996 memoir [115] thanks to the discovery of the isodifferential isocal-
culus; isomechanics was finally presented in a systematic way in mono-
graphs [55] [56] [57] with a 2016 upgrade in Section 2 of memoir [25].

Independent studies are available in Refs. [75] to [83]. A comprehen-
sive list of references up to 2008 is available in Vol. I of Refs. [61] while a
2016 upgrade is available in Ref. [25]. We regret the inability of reviewing
all important contributions on isomechanics to prevent an excessive length
and are forced to outline only the most salient structural contributions.

4.2. Iso-Newton isoequations.
As it is well known, the fundamental equations of mechanics are the his-
torical Newton’s equations, representing systems of point-particles with Ha-
miltonian (that is, variationally selfadjoint, SA [18]) and non-Hamiltonian
(variationally non selfadjoint, NSA [18]) forces [18] defined on a conven-
tional Euclidean space, E(r, §, ) over the field of real numbers R
mdfl—;’f — F2A(r,v) — FYSA(t,r,0) =0,
(54)
k=1,23, a=1,2,....N, N >2.

It is generally believed that Newton’s equations with non-conservative
forces can solely represent open, irreversible systems. In Ref. [19] Section
6.3, Page 236, Santilli introduced closed non-self-adjoint systems, which are
given by systems (54) violating the integrability conditions for their rep-
resentation via Lagrange’s or Hamilton’s equations, yet verifying all ten
conservation laws of Galileo relativity under the conditions

ZakFé\liSA = 07
Dot - FVSA =0, (55)
S TFYSA =0

which conditions are evidently applicable only for N > 2, since the case of
one particle N = 1 is trivial.

The fundamental equations of isomechanics are given by the isotopic
“completion” of Eqgs. (54) known as iso-Newton isoequations, which were
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tirst introduced in Ref. [115] immediately following the discovery of the
isodifferential isocalculus, and they are also known as Newton-Santilli isoe-
quations, (see, e.g., Refs. [107] [75] [81]) defined on iso-Euclidean isospaces
E(#,6,1) (Section 2.2.5) over isoreal isonumbers R (Section 2.2.3)

Mg * —r — FSA(7,0) = 0. (56)

A firstimportant feature of Egs. (56) is that of providing the first known
consistent representation of the actual shapes and dimensions of the parti-
cles considered via the isodifferential calculus, with realization of the iso-
topic element of type (16).

A second important feature of Eqs. (56) is that of representing all
potential-(SA) forces via conventional Newtonian forces F¥4(r,v) while
representing all non-potential-(NSA) forces via the isodifferential calcu-
lus.

This feature is treated in details in Ref. [115] and can be summarized
as follows.

Note that the basic isounit of Egs. (56) is the isovelocity isounit, I =1,
Assume for simplicity that the isotime is equal to the conventional time,

t=t1I,=1 (57)

Consequently, from isoderivative (30), we have

dd )
d; = L,do/di = dodt. (58)

Consider then the projection of Egs. (56) in the Euclidean space E(v, 6, )
and use the various rules of isomathematics (Section 2.2). Then Egs. (56)
can be written in the projected form (where all multiplications are conven-
tional),

(mI)T2wD _ psaf —

) (39)
= I[m% — F54) + mvT4 = 0.

By dividing the above equation with I > o, one obtains Newton’s equa-
tions with the following realizations of the NSA forces

~dl
FNSA(t r v) = mvTE. (60)
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In conclusion, the iso-Newton isoequations (56) embed all NSA forces into
the isoderivatives by therefore allowing the first known consistent operator image
of non-Hamiltonian forces studied in subsequent sections.

4.3. Iso-Lagrangian and iso-Hamiltonian isomechanics.
Iso-Newton isoequations (56) admit a representation in terms of the iso-
Lagrange isoequations first formulated in memoir [115] via the isodifferen-
tial calculus, thus being defined on an iso-Euclidean isospace over the iso-
real isofield o o

d OL(7,0)  OL(7,0)

i Oba, Of an
where [ = LI is an iso-Lagrangian, namely, a conventional Lagrangian
formulated on isospaces over isofields thus being multiplied by the isounit
to be an isoscalar.

Egs. (56) also admit the isocanonically isoequivalent isorepresentation
in terms of the iso-Hamilton equations first formulated in memoir [115] on
an isophase isospaces over an isoreal isofield and also known as Hamilton-
Santilli isoequations (see, e.g., Ref. [107])

=0, (61)

dig, _ OH(F.p)

dé ar
(62)

dpar. _ _ OH(7.p)

dt Ofar

where H = HI is the iso-Hamiltonian, that is, a conventional Hamiltonian
formulated on an isophase isospace over an isofield.
Note that iso-Hamiltonian isomechanics admits the following time evo-

lution for a quantity Q

o O0A OH  OH 9G
= [QH] = = — = AAQ, (63)
dt a'rak apak apak arak

where the brackets [(;H] constitute a classical realization of Lie-Santilli
isoalgebras.

4.4. Isovariational isoprinciple.

Another important feature of Egs. (56) is that of permitting the first known
representation of variationally non- selfadjoint/non-Hamiltonian systems
via an isovariational isoprinciple [115],

A A ~

A =46 / (Do * AP, — H x di) = 0, (64)

40



Studies on the EPR argument, I: Basic methods

which representation is notoriously impossible for NSA Newton’s equa-
tions, with the consequential lack of achievement of consistent operator
forms of nonconservative forces.

In view of the universality of Eqs. (56), the above isovariational iso-
principle is directly universal, that is, capable of representing all infinitely
possible, regular, time reversal invariant Newtonian systems (54) (“uni-
versality”) directly in the coordinates of the experimenter (“direct univer-
sality”).

4.5. Iso-Hamilton-Jacobi isoequations.

Much along conventional analytic procedures, it is easy to prove that iso-
variational isoprinciple (64) implies the following iso-Hamilton-Jacobi isoe-
quations also called Hamilton-Jacobi-Santilli isoequations [115] [25] that are
at the foundation of the isoquantization reviewed in the next section

-
aA—A + H =0, (65)
ot
DA
= pu =0, (66)

arak

)A
94 _,, 67)
apa/c

We should recall from Section 2.2.5 that isodynamical isoequations of
classical isomechanics require two different isofields, the first being the
isotime isofield with isounits I, and the second being the isovelocity isofield
with isounits 7,.

However, the direct universality is already achieved with the sole use
of the isovelocity isounit. Hence, the isotime isounit can be assumed to be
1 without any loss of direct universality.

For non-relativistic formulations, we shall use isotime in the isodynam-
ical equations for completeness, with the tacit understanding that, unless
otherwise specified, isotime will be assumed to be equal to the conven-
tional time.

As it will soon be evident, the Hamilton-Jacobi-Santilli isoequations
(65)-(67) are truly fundamental for the construction of operator isomechan-
ics, as well as for the proof of the EPR argument because said equations
have permitted:

1) The achievement from Egs. (65) of a unique and unambiguous map
of classical into operator isomechanics;

41



Ruggero Maria Santilli

2) The achievement from Egs. (66) of the first known operator form of
the isolinear isomomentum,;

3) The achievement, from Egs. (67) of an operator isomechanics whose
isowave Isofunctions solely depend on local isocoordinates v (7). This fea-
ture is necessary for a consistent isotopic “completion” of quantum me-
chanics since conventional wave functions ¢ (¢,7) do not depend on lin-
ear momenta p. Hence, any “completion” of quantum mechanics whose
wavefunctions also depend on linear momenta would not be an axiom-
preserving map.

It should be noted that, by comparison, the use of the Birkhoffian me-
chanics would imply broader Hamilton-Jacobi-Santilli isoequations (see
page 205 of Ref. [19]) with ‘wave functions” depending also on isomo-
menta, 1/3(5, 7, p), resulting in an operator mechanics beyond our current
knowledge for quantitative treatments.

4.6. Naive isoquantization.

As it is well known, the conventional “naive quantization” of Hamilto-
nian mechanics into quantum mechanics is based on the following map
generated by the conventional Hamilton-Jacobi equations

A= [(prda® — Hdt) —
(68)
— —thlogy(t,r),

that identifies Planck’s constant & = 1 as the fundamental unit of the the-
ory.

The isotopic lifting of the naive quantization, called naive isoquantiza-
tion (first identified by A. E. O. Animalu and R. M. Santilli in Ref. [121]),
characterizes the following map of (classical) iso-Hamiltonian mechanics
into (operator) isomechanics via Hamilton-Jacobi-Santilli isoequation (65)
(where the sum over the indices ak is omitted for simplicity)

A= ](ﬁ*aff— H x di) —
(69)
— —il Loglﬂ,
with the following fundamental identification of the isolinear isomomentum
from Eq. (66)
prrp = —ix 0, (70)
and the equally fundamental, independence of the isowavefunction from
the isolinear isomomentum from Eq. (67)

b =0, (71)
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where we use the notion of isolog loAgi/A} = Tlog ¢ (see [55]).

The above naive isoquantization identifies the central assumption of
isomechanics, namely, the map of Planck’s constant h into an integro-differential
operator, the isounit I ,

h— I(t,r,p, E, p, 71,01, ...) > 0. (72)

that, from Section 2.2.8, can be achieved via a non-unitary transform of
Plank’s constant selected in such a way to represent the desired systems,
e.g., as in model (16),

h=1 = h=URUT=UU!=1. (73)

The above transform is then restricted by the subsidiary condition that
isomechanics must recover quantum mechanics at mutual distances of
particles bigger than their size d

Limysajsl = 1. (74)

Therefore, the studies herein reported assume that isomechanics is solely
valid within the volume occupied by hadrons, nuclei or stars, while quan-
tum mechanics is assumed to be exactly valid everywhere else (Figure 13).

Note that the structure of the isotopic element (16) permits a smooth
transition from isomechanics to quantum mechanics.

The above condition means that, for the case of the structure of a hadron,
isomechanics is solely valid within a sphere with diameter d ~ 1fm =
1071 ¢n. For the case of the structure of the deuteron, isomechanics is
solely valid within a volume with diameter d ~ 2.50 fm; and the same
applies for nuclei, stars and black holes.

The main objective of the “completion” of Planck’s constant % into the
integro-differential isounit 7 is to represent the expected, generalized, en-
ergy exchanges of particles in interior dynamical conditions (as expected
for an electron in the core of a star), which exchanges cannot be the same as
those occurring when particles moves in vacuum due to the surrounding
pressures and other factors (see paper II for details).

4.7. Iso-Hilbert isospaces.

Another basic notion of isomechanics is its formulation on the iso-Hilbert
isospaces H, also called the Hilbert-Myung-Santilli isospace (HMS isospace)
because first introduced by H.C. Myung and R.M. Santilli in Ref. [122] of
1982 over a conventional field of complex numbers C and then formulated

on an isocomplex isofield C in Ref. [115].
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Quantum Mechanics

Isomechanics

Figure 13: An illustration of the central assumption according to which isomechanics
is solely valid within the volume occupied by hadrons, nuclei, stars or black holes, while
quantum mechanics is valid everywhere else thanks to the rapid convergence of isotopic
elements, such as Eq. (16), to the unit value 1.

HMS isospaces are characterized by (see Ref. [55] for details): isostates
Y, with isonormalization
< x i >=1, (75)

isoexpectation isovalues of an iso-Hermitean operator A,

SAS =< | x A x|t >, (76)

<

and basic isoidentity
&Is =1, (77)
where the “hat” denotes definition on isospace over isofields.
It should be recalled from Ref. [122] that the condition of iso-Hermiticity

coincides with that of Hermiticity. Therefore, all quantities that are observ-
able in quantum mechanics remain observable in isomechanics (see monograph

[56] for details).

4.8. Iso-Schrodinger isorepresentation.
Recall that the Schrodinger representation is crucially dependent on the
realization of the linear momentum in term of the differential calculus,

pY(t,r) = —ihd(t, ). (78)
Consequently, the “completion” of quantum mechanics mandated the

search for the “completion” of the differential calculus [115] to achieve a
consistent formulation of the linear momentum such as that of Eq. (70),
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that we rewrite in the more detailed form on the Hilbert-Myung-Santilli
isospace # over the isofield of isocomplex isonumbers 1calC' (with 7 = 1)

ﬁk * |Q@(£7 f‘) >= _% * éf‘khjj(fa f) >=
(79)
— —ilDu b, ) >,

where: # = rI are the isocoordinates on an iso-Euclidean isospace over
an isofield, from which one can derive the iso-Schridinger isoequation, also
called Schrodinger-Santilli isoequation [17] [115]

= H(r,p)T(t,r,p, 0,00, . )i, >) = (80)

where £ = ET is an isoeigenvalue defined on the isoreal isofield R, and E
is an ordinary eigenvalue defined on the field of real numbers.

The iso-Schrodinger isorepresentation is completed by the isocanonical
isocommutation rules, solely definable thanks to the isodifferential realiza-
tion (79) of the isolinear isomomentum [115]

[Fopsl[ >= 1% 0 |00 >= iy ;| >, [7i75][0 >= [pips]ld >= 0. (81)

Note that the characterization of extended particles at short mutual
distances requires the knowledge of two isoobservables, the conventional
Hamiltonian H for the representation of SA interactions and the isotopic
element 7' for the representation of dimension, shape, density and NSA
interactions.

On more technical grounds, Eqs. (80) are referred to as regular iso-
Schrodinger equations to emphasize, in the sense of Theorem 3.7.2, the fact
that they can be derived from the conventional Schrédinger equation via
non-unitary transformations. The broader irregular iso-Schrodinger equa-
tion which cannot be derived via non-unitary transformations due to the
addition of strong interactions, are studied in Paper II, Section 4.3., Egs.
(89).

4.9. Iso-Heisenberg isorepresentation.

Non-relativistic isomechanics is additionally based on the iso-Heisenberg
isoequations, also called Heisenberg-Santilli isoequations (first formulated in
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Eq. (4.15.49), page 752 of the 1978 paper [17] over conventional fields and
formulated via the full use of isomathematics in the 1996 memoir [115]),
here written for the iso infinitesimal isotime evolution of an iso-Hermitean
operator Q

%*%—?:[Qjﬁ]:Q*H—H*Q:

(82)
= QT(¢7 )[:[(T?p> o F[(T,p)T(l[), )Qa
and then in their isoexponentiated form
Q(f) — éH*f*% *Q(O) *é—i*f*ﬂ _
(83)

_ eHTtiQm)e—itTH

where we have used isoexponentiation (22).

Note the characterization of isoinfinitesimal isoequations (82) via the
Lie-Santilli isoalgebras (Theorem 3.7.2.) and the characterization of their
tinite form (83) via the Lie-Santilli isogroups (Theorem 3.7.3).

Note also that the Lie-isotopic equations (82) (83) are a particular case
of the broader Lie-admissible equations (11) (12), respectively.

4.10. Iso-Klein-Gordon isoequation.

The relativistic isoequations of hadronic mechanics are characterized by

the iso-Casimir isoinvariants of the basic symmetry of the iso-Minkowski

isospace-time, the Lorentz-Poincaré-Santilli isosymmetry studied in paper II.
At this stage of our analysis, we merely consider the following isotopic

“completion” of the second order invariant of the Lorentz-Poincaré symme-

try formulated on iso-Minkowskian isospace M (7, Q, I over the isoreals R
(Section 2.5)

N

P2 =puxpt = (M *C)? = (mC)*, (84)
where
M =ml, (85)
is the isomass, and
C=ci=251 (86)
Ty

is the light isospeed from isoinvariant (26).
By using the isolinear isomomentum (79) isoinvariant (84) character-
izes the second order isoequation of isomechanics known as iso-Klein-Gordon
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isoequation [123]

= i (—if0,)T(—ild,)|[(7) >= @7
= 10,0, (&) >= [(mC)*1b(2) >,

also called Klein-Gordon-Santilli isoequation, first introduced with the isod-
ifferential isocalculus in Chapter 9 of Refs. [56] and in papers [123] [124],
(see also review [25]).

4.11. Iso-Dirac isoequation.

The first-order relativistic isoequation of hadronic mechanics is given by
the isolinearization [124] of isoinvariant (84) and it is called the iso-Dirac
isoequation, or Dirac-Santilli isoequation (see Refs. [115] [56] [123] [124])

[ % T, %, + M C|ih(7) >=

(88)
= (—iIn"4,0, + mC)|Y(z) >=0,
where the Dirac-Santilli isogamma isomatrices T = 41 are given by
w=a ()
Nk —6k 0 ’
89
A~ — L IQ><2 0 ( )
Va4 na 0 _12><2 )

where 6}, are the regular iso-Pauli isomatrices studied in Section 3.3 of paper
II, with anti-isocommutation rules

Ut = 3% + 315, = (90)
= 20

One should note that the anti isoanticommutators of the Dirac-Santilli
isogamma isomatrices yield the isometric 7),,, of the iso-Minkowski isospace-
time (Section 2.5).

Recall that the iso-Minkowski isospace-time includes as particular cases
all possible, non-singular, symmetric space-times, thus including the Rie-
mannian space-time reformulated with isomathematics. In fact, the iso-
Minkowskian isometric 7 admits as a particular case the Schwartzchild
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metric via the following simple realization of the isotopic element

Tkk: =1/(1—-2M/r),
91)
T44 =1- 2M/7“

Additionally, the iso-Minkowskian isometric admits the following com-
bination of the Schwartzchild metric for exterior gravitational problems
and that for interior problems (see, Eqs. (9.5.18) page 448, Ref. [56]

Tkk =1/(1- 2M/r)n2,
(92)
Ty = (1 —2M/r)/n2.

Consequently, the Dirac-Santilli isoequation with realization (91) of the
isotopic element permits the study of an electron in an exterior gravitational
field, while realization (92) permits the study of electrons in interior gravita-
tional fields.

Relativistic isoequations are far from being mere academic curiosities
because, as we shall see in paper II, they have provided the first and only
known relativistic representation of all characteristics of the neutron in its
synthesis from a proton and an electron [124], none of which characteristics
are representable via quantum mechanics. Additional advances permitted
by relativistic isomechanics will be indicated in paper II

More technically, Eq. (88) is referred to as regular iso-Dirac equations
to emphasize, in the sense of Theorem 3.7.2, the fact that they can be de-
rived from the conventional Dirac equation via non-unitary transforma-
tions. The broader irregular iso-Dirac equation which cannot be derived via
non-unitary transformations due to the addition of strong interactions, are
studied in Paper II, Section 4.4., Egs. (97).

4.12. Representation of non-linear interactions.
An important insufficiency of quantum mechanics is the inability to char-
acterize individual constituents under non-linear internal forces in view
of the inapplicability of the superposition principle.

In fact, the sole possible, quantum mechanical representation of non-
linear interactions is that via the Hamiltonian

H(r,p,,..)|(t,r) >= E|l)(t,r) >, (93)

under which the total state |¢)(¢,7) > does not admit a consistent decom-
position into the individual states.
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Figure 14: An illustration on the left of the divergence of the Dirac delta distribution at
its origin caused by the point-like approximation of particles, with ensuing divergencies
in quantum mechanics. An illustration on the right of the removal of said divergencies by
the Dirac-Myung-Santilli isodelta isofunction thanks to the representation of particles as
extended, with ensuing lack of divergencies in isomechanics.

Itis easy to see that this insufficiency is resolved by isomechanics thanks
to the embedding of all non-linear forces in the basic invariant of the the-
ory, the isounit (or isotopic element).

In fact, the Schrodinger-Santilli isoequation (80) can be explicitly writ-
ten

~ ~

Hx [t >= H(#,p)T (W, .| >= Elip >, (94)
and its total isostate verifies the factorization
=1y, k=1,2,..., N, (95)

called isosuperposition isoprinciple [56].

It is evident that factorization (94) allows the characterization of indi-
vidual constituents under non-linear internal interactions, thus permitting
new structural models of hadrons, nuclei, stars and black holes.

4.13. Isostrong isoconvergence.
In all applications to date, the basic isotopic element (16) resulted to have
a numeric value smaller than one

17 < 1. (96)

This feature has the important consequence that perturbative and other
series that are slowly convergent or divergent in quantum mechanics become
strongly convergent under their isotopic “completion” [56].

To illustrate this important feature, consider a divergent quantum me-
chanical series, such as the canonical series

A(w) = A(0) + (AH — HA)/1! + ... =—
97
— 00, w > 1.
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But the value of the isotopic element is much smaller than the parameter
w. Therefore, the isotopic “completion” of the above series

A(w) = A(0) + (ATH — HTA)/1! + ... —
(98)
— N < o0,

is strongly convergent.

Specific examples of convergence of isoperturbative isoseries much more
rapid than corresponding quantum mechanical series have been provided
in Refs. [103] [104] (see Section 1.6 for additional comments).

4.14. Removal of quantum divergencies.

As it is well known, the divergencies of quantum mechanics originate
from the singularity existing at the origin of the Dirac delta distribution (Fig-
ure 14) which divergence originates from the point-like approximation of
particles.

Another important feature of isomechanics is that of avoiding these
singularities as illustrated by the isotopic image of Dirac’s delta ”distribu-
tion”, known as Dirac-Myung-Santilli isodelta isofunction first introduced in
Ref. [122] (see also Nishioka’s studies [125] to [128])

S5(7) = / e x dl = / eF 7 qk. (99)

where we have used isoexponentials and isointegrals [56].

As illustrated in Figure 14, the appearance of the isotopic element in
the exponent of the integrant changes a sharp singularity at the originr = 0
into a bell-shaped function.

In summary, the singularities of quantum mechanics are ultimately due to
the point-like abstraction of particles or equivalently, to the formulation of the
differential calculus at isolated points. Whenever particles are represented with
their actual extended size, and the differential calculus is extended to formulations
over volumes, quantum singularities no longer hold.

4.15. Isoscattering isotheory.

Another important application of isomechanics is the isotopic “comple-
tion” of the conventional, potential, scattering theory into the covering
isoscattering isotheory studied by R. Mignani [129] to [131], A. K. Aringazin
and D. A. Kirukhin [132], A. O. E. Animalu and R. M. Santilli [133] and
others (see Chapter 12 of Ref. [56]).
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Figure 15: The left view illustrates the scattering of point-particles, with ensuing re-
alization of interactions via point-particle exchanges, that have been experimentally es-
tablished for electromagnetic interactions. The right view illustrates the scattering of
extended hadrons at high energy implying the presence of contact, non-linear, non-local
and non-potential interactions in the scattering region. These conditions imply the impos-
sibility of conventional particle exchanges evidently because of the extremely big density
of the scattering regions that may approach the density of black holes, thus requiring
broader scattering theories.

Regrettably, we cannot review these studies to avoid a prohibitive leng-
th. We limit ourselves to recall that the potential scattering theory was
originally conceived by Feynman and others for the electromagnetic inter-
actions of point-like particles in vacuum.

Its dominant notion is the characterization of interactions via the ex-
change of point-like particles.

The historical experimental verifications of the potential scattering the-
ory under the indicated conditions triggered its use for the scattering of
extended hadrons all the way to their recent very high energies.

The studies herein reported on the covering isoscattering isotheory
have indicated that the consistent representation of hadrons as extended,
therefore deformable and hyperdense, implies necessary revisions of hadron
physics beginning with a “completion” of its mathematical foundations,
then passing to the “completion” of quantum laws. These advances then
require, for consistency, the “completion” of the potential scattering theory
into a covering theory in which the hyperdense character of the scattering
region implies the presence of non-linear, non-local and non-potential ef-
fects preventing any consistent representation of interactions via the sole
exchanges of extended hadrons in favor of covering vistas (Figure 15).

It should be stressed that the isoscattering isotheory has a Lie-Santilli
algebraic structure, thus being solely applicable to time reversal invariant
collisions generally given by elastic scattering. The study of inelastic scat-
tering of extended hadrons at high energy requires the broader genoscatter-
ing genotheory with the covering Lie-admissible algebraic structure, which
broader theory cannot be considered here for brevity (see Refs. [56] [133]).
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To avoid major misconceptions, it should be indicated that the isoscat-
tering isotheory cannot change the numeric values of scattering angles, cross sec-
tions and other experimentally measured quantities. However, the isoscatter-
ing isotheory does require serious revisions of the theoretical interpretation
of measured quantities.

In closing, we should recall that rather vast studies have been con-
ducted on non-unitary scattering theories (see, e.g., Ref. [134] and papers
quoted therein).

As it is well known, these studies had to be abandoned because non-
unitary theories violate causality laws. By contrast, the isoscattering isothe-
ory is isounitary on the iso-Hilbert isospace over an isofield, thus restoring
causality (Section 2.9).

This occurrence illustrates again the importance of isomathematics for
the verification of the EPR argument and related applications.

4.16. Geno- and Iso-chemistry.

The Lie-admissible mathematical and physical methods of Section 2 have
allowed the “completion” of quantum chemistry into Lie-admissible hadronic
chemistry, also known as genochemistry [60], which is the first known chem-
ical formulation specifically built for the consistent treatment of chemical
reactions at large and energy releasing chemical processes in particular.

As it is well known but generally ignored, chemical reactions are gen-
erally irreversible over time, while quantum chemistry is strictly reversible.
Hence, the EPR argument on the “lack of completion of quantum mechan-
ics” does indeed apply to quantum chemistry.

In addition to a “completion” for chemical reactions, quantum chem-
istry needs an additional “completion,” this time, for the achievement of
an attractive force between the identical electrons of valence couplings in
molecular structures (Section 1.6).

Since isolated molecules existing in nature are stable, thus being re-
versible— over time, and so are their valence electron bonds, there was
the need of building the Lie-isotopic particularization of the Lie-admissible
hadronic chemistry which became known as isochemistry because based on
the isomathematics of Section 3.

Isochemistry did indeed achieve the first known attractive force be-
tween identical electrons in valence couplings [60] in a form permitting
the exact representation of experimental data on the hydrogen [103] and
the water [104] molecules.

As reviewed in details in Paper II, these studies essentially established
that the contact, non-potential interactions occurring in deep mutual penetra-
tion/entanglement of the wavepackets of particles (Figure 2) are strongly attrac-
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tive, thus being responsible for the neutron and other hadron syntheses (Section
1.4), as well as for the attractive force between identical electrons in valence pairs
(Section 1.6), thus illustrating the truly fundamental character of short range, con-
tact, non-potential interactions in the ultimate structure of nature.

S. CONCLUDING REMARKS.
In 1935, A. Einstein, B. Podolsky and N. Rosen presented the view that
quantum mechanics is not a complete theory [1].

Following decades of preparatory works, R. M. Santilli published in
1998 paper [7] that:

1) Confirmed the validity of the objections against the EPR argument
by Bohr [2], Bell [3], von Neumann [4] and others for point-particles in
vacuum under linear, local and potential /Hamiltoian interactions exterior
dynamical problems;

2) Proved the inapplicability (rather than the violation) of said objec-
tions for extended, thus deformable particles within hyperdense physical
media with ensuing linear and non-linear, local and non-local and poten-
tial as well as non-potential /non-Hamiltonian interactions expected in the
structure of hadrons, nuclei, stars and black holes (interior dynamical sys-
tems);

3) Proved the existence of hidden variables [5] for interior dynamical
systems when represented via the isotopic branch of hadronic mathemat-
ics and mechanics;

4) Achieved a consequential exact representation of nuclear magnetic
moments; and

5) Showed the apparent existence of identical classical counterparts for
extended particles in interior dynamical conditions.

More recently, Santilli completed the above proof in paper [8] by show-
ing that the standard deviations for coordinates Ar and momenta Ap ap-
pear to progressively tend to zero for extended particles within hadrons,
nuclei and stars, and appear to be identically null for extended particles
at the limit conditions in the interior of gravitational collapse, essentially
along Einstein’s vision.

In this paper, we have reviewed and upgraded the mathematical, phys-
ical and chemical methods used for proofs [7] [8], with particular reference
to the following aspects:

1) Review and upgrade the Lie-admissible and Lie-isotopic “comple-
tions” of 20th century applied mathematics for the representation of time
irreversible and reversible interior systems, respectively,, which “comple-
tions” were initiated by Santilli in 1978 [16] when at Harvard University
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with DOE support under the names of geno- and iso-mathematics, respec-
tively, and waere subsequently studied by various authors [55];

2) Review and upgrade the “completions” of quantum mechanics and
chemistry into the Lie-admissible and Lie-isotopic branches of hadronic
mechanics and chemistry that were also initiated by Santilli in 1978 [17]
under the names of genotopic and isotopic branches of hadronic mechanics
and chemistry, which “completions” were then studied by various authors
[56];

3) Review and upgrade the main aspect of the studies herein consid-
ered, namely, the “completions” of the Newton-Leibnitz differential cal-
culus into forms applicable to irreversible and reversible interior systems
of extended particles, which “completions” were initiated by Santilli in the
1996 paper [115] under the name of geno- and iso-differential isocalculus and
studied in details by S. Georgiev [83] and other mathematicians [55].

In a second paper of this series, we review and upgrade geno- and iso-
symmetries for interior systems and then review the apparent proofs [7] [8]
of the EPR argument.

In the third paper of this series, we study specific cases of interior dy-
namical systems in particle physics, nuclear physics and chemistry that
progressively approach classical determinism, and present applications to
new clean energies that are prohibited by quantum mechanics, yet fully
admitted by its “completion.”
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1. INTRODUCTION
1.1. The EPR argument.

As it is well known, Albert Einstein did not accept quantum mechanical
uncertainties as being final, for which reason he made his famous quote
“God does not play dice with the universe.”

More particularly, Einstein believed that “quantum mechanics is not a
complete theory,” in the sense that it could be broadened into such a form
to recover classical determinism at least under limit conditions.

Einstein communicated his views to B. Podolsky and N. Rosen and
they jointly published in 1935 the historical paper [1] that became known
as the EPR argument.

In view of the rather widespread belief that quantum mechanics is a fi-
nal theory valid for all conceivable conditions existing in the universe, ob-
jections against the EPR argument have been voiced by numerous schol-
ars, including by N. Bohr [2], ]J. S. Bell [3] [4], ]. von Neumann [5] and
others (see Ref. [6] for a review and comprehensive literature). The field
became known as local realism and included the dismissal of the EPR argu-
ment based on claims that quantum axioms do not admit hidden variables

A [7] [8].

1.2. Outline of Paper L.
This paper, and the preceding Ref. [9] (hereinafter referred to as Paper I),
are dedicated to the review and upgrade of decades of studies by math-
ematicians, physicists, and chemists (see Refs. [10] to [71] and papers
quoted therein) on the apparent proof of the EPR argument via the “com-
pletion,” also called isotopic lifting, of quantum mechanics into the axiom-
preserving hadronic mechanics (see the 1995 monographs [29] [30] [31] and
literature quoted therein).

More specifically, in Section I-1.1, we have outlined the EPR argument
[1] jointly with representative objections [2] to [6].

In Section I-1.2, we have outlined the apparent proof by R. M. Santilli
[10] (See also the detailed study in monograph [30], particularly Chapter 4
and Appendix 4C, page 166) that interior dynamical systems represented
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Figure 1: In this figure, we present a conceptual rendering of the tacit assumption un-
derlying the objections against the EPR argument [2] - [6], namely, the representation
of particles as being point-like because mandated by the Newton-Leibnitz differential cal-
culus underlying quantum mechanics, namely, the representation of particles as isolated
points in empty space. A first consequence is that, being dimensionless, particles can only
be at a distance, with ensuing Einstein’s argument on the need for superluminal inter-
actions to explain quantum entanglement [1]. A second consequence is that, being at a
distance, the sole possible interactions are of linear, local and potential type, under which
assumptions the objections against the EPR argument are indeed valid.

with hadronic mathematics and mechanics admit classical counterparts.

In the same Section I-1.2, we have outlined the apparent second proof
by Santilli [11] that classical determinism is progressively approached in
the interior of hadrons, nuclei, stars and gravitational collapse as predicted
by Einstein.

In support of the plausibility of the EPR argument, in the subsequent
Sections 1I-1.3 to I-1.7, we have outlined insufficiencies of quantum me-
chanics for time-irreversible processes, particle physics, nuclear physics,
chemistry, and other fields. We have also provided various references in-
dicating the apparent resolution of said insufficiencies by hadronic me-
chanics.

In Section 1I-2, we have outlined the Lie-admissible covering of Lie’s the-
ory [12] [13], with ensuing time-irreversible Lie-admissible brach of hadronic
mechanics, also known as genomechanics, [12] [14] allowing studies on the
compatibility of mechanics with thermodynamics, said compatibility be-
ing notoriously impossible for quantum mechanics.

Quantum mechanics and the objections against the EPR argument are
formulated for time-reversal invariant systems of exterior dynamical sys-
tems. Therefore, in preparation for the proof of the EPR argument stud-
ied in Section 3, we have outlined and upgraded in Section I-3 the time-
reversal invariant Lie-isotopic subclass of Lie-admissible mathematics, also
known as isomathematics, [15] [18] which is used for the representation of
time-reversible invariant interior dynamical systems.
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Figure 2: A conceptual rendering of the main assumption of the apparent proofs [10]
[11] of the EPR argument [1], is the representation of particles as extended, deformable
and hyperdense in conditions of mutual overlapping/entanglement with ensuing contin-
uous contact at a distance which eliminates the need for superluminal interactions to
explain quantum entanglement. A first implication is the need, for consistency, of gen-
eralizing Newton-Leibnitz differential calculus from its historical form solely definable
at isolated points, to a covering form definable in volumes [21]. Another implication is
the emergence of contact, non-linear, non-local and non-potential interactions that, being
not representable by Hamiltonians are Lagrangians, require a structural lifting of the Lie
algebra of quantum mechanics under which the objections against the EPR argument are
inapplicable (Section 3). Intriguingly, the “completions” here considered turned out to
be of isotopic/axiom-preserving type, thus being fully admitted by quantum mechanical
axioms, merely subjected to a realization broader than that of the Copenhagen school.
The apparent proofs of the EPR argument [10] [11] become an unavoidable consequence
of the indicated “completions” (Section 3).

In the same Section I-3, we have devoted particular attention to the
“completion” of conventional Hilbert spaces [19], numeric fields [20] and
Newton-Leibnitz differential calculus [21] into forms defined on volumes,
rather than points.

In the same Section I-1.3, we have provided particular attention to the
main methods for the proofs of the EPR argument, namely, the axiom-
preserving, isotopic lifting of Lie’s theory [26], today known as the Lie-Santilli
isotheory [38].

Finally, in Section I-4, we have outlined and upgraded the time-reversal
invariant isotopic branch of hadronic mechanics, also known as isomechanics
[30] which provides the dynamical foundations of the proofs of the EPR
argument [10] [11].

1.3. Basic assumptions.
The most dominant aspects underlying the studies here considered are:
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1) The validity of quantum mechanics for point-like particles in vac-
uum with ensuing linear, local and action-at-a-distance /potential interac-
tions (exterior dynamical problems) occurring in atomic structures, particles
in accelerators, crystals and numerous other systems in nature (Figure 1);

2) The “completion” of quantum mechanics into hadronic mechanics
for the representation of extended, therefore deformable and hyperdense
particles within physical media with ensuing, additional, non-linear, non-
local and contact/non-potential interactions (interior dynamical problems),
occurring in the structure of hadrons, nuclei and stars, with limit condi-
tions occurring in the interior of gravitational collapse where the inappli-
cability (rather than the violation) of quantum mechanics is already ac-
cepted by the majority of serious scholars (Figure 2, 3).

The central assumption of these studies is the axiom-preserving lifting
of the conventional associative product ab = a x b between all possible
quantum mechanical quantities (numbers, functions, matrices, etc.) into
the isoproduct [14] [26] (Section 3)

a*b:aTb, (D

where T, called the isotopic element, is restricted to be positive-definite,
T > 0, but possesses otherwise an unrestricted functional dependence on
all needed local variables.

Refs. [14] [26] constructed an axiom-preserving isotopy of the various
branches of Lie’s theory, resulting in a theory today known as the Lie-
Santilli isotheory [38] (Section 1-3.7) with isotopic lifting of lie algebras of
the type [10]

X/ X =Xi* X; — X;« X; = CE Xy i, =1,2,..,N. (2)

Following laborious efforts for the achievement of mathematical matu-
rity, Ref. [10] applied the Lie-Santilli isotheory to the isotopy SU(2) of the
SU(2) spin with three-dimensional isoalgebras of type (2) and introduced
the realization of hidden variables [7] [8] of the type

T = Diag.(1/\, ), DetT = 1. (3)

Ref. [10], therefore establishing that, contrary to objections [2] to [6],
the abstract axioms of quantum mechanics do indeed admit explicit and concrete
realizations of hidden variables.

The proof in Ref. [10] that interior systems admit identical classical
counterparts was consequential (Section 3).
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I

Figure 3: A conceptual rendering of the central notion used for the study of the EPR
argument, namely, a mathematically consistent representation invariant over time of ex-
tended, deformable and hyperdense particles in interior conditions, such as protons in
the interior of a star, thus being under the most general known (non-singular) non-linear,
non- local and non-potential interactions fully representable via the isotopic element of
isoproduct (1).

Isoproduct (1) also allows a direct and immediate representation of ex-
tended particles in conditions of mutual penetration with realizations of
the type (Figure 3) [33]

e

“4)

where n3,n3,n3, (called characteristic quantities) represent the deformable
semi-axes of the particle normalized to the values n} = 1,k = 1,2,3 for
the sphere; nj represents the densiry of the particle considered normal-
ized to the value ny, = 1 for the vacuum; and I' represents non-linear,
non-local and non-Hamiltonian interactions caused by mutual penetra-
tions/entanglement of particles.

The smaller than 1 absolute value of the isotopic element 7" occurring
in all known applications [26]-[36]

1T < 1, 5)
permitted Ref. [? ] to show that the standard deviations Ar and Ap appear to
progressively tend to zero with the increase of the density of the medium, and ap-
pear to achieve full classical determinism in the interior of gravitational collapse,
as originally conceived by Einstein.
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The initial construction of the isotopies of 20th century applied mathe-
matics with isoproduct (1) defined over conventional numeric fields F'(n, x
1) [26] turned out to be inconsistent because the underlying time evolution
is non-unitary, thus causing the lack of invariance over time of the tradi-
tional basic unit 1, with ensuing inapplicability over time of the entire field
F(n, x,1).

The above occurrence mandated the construction of isofields F (7, , I)
[20] [41](Section I-3.3) with basic isounit

I=1/T >0, (6)

and isonumbers i = nI equipped with isoproduct (1).

Ref. [20] essentially established that the abstract axioms of a numeric field
do not require that the multiplicative unit of the field be the trivial number 1, since
said unit can be an arbitrary quantity with an unrestricted functional dependence
on local variables, provided that said multiplicative unit is positive definite and
the field is lifted into a compatible form.

Despite all the above efforts, the ensuing isomathematics was still in-
applicable to the proof of the EPR argument because it lacked the crucial
invariance over time, namely, the prediction of the same interior dynamical
systems under the same conditions but at different times.

The above occurrence forced the construction of the covering of the
Newton-Leibnitz differential calculus into the covering isodifferential iso-
calculus [21] [44] (Section 1-3.6) with basic isodifferential (Figure 2) [? ]

A

It =Tdri(r,..)] =dr +rTdl(r,..), (7)

and corresponding isoderivative

(8)

In essence, Ref. [21] established the inapplicability of the conventional
differential calculus whenever the axioms of numeric fields admit mul-
tiplicative units with a dependence on the differentiation variable, with
ensuing inapplicability of quantum mechanics, as well as of the objections
against the EPR argument, for interior dynamical systems.

The “completion” of the differential calculus into an isotopic form com-
patible with basic isoproduct (1) finally allowed the achievement of invari-
ance over time (Section 1I-3.9), thus signaling the achievement of maturity
for the apparent proof of the EPR argument reviewed.
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Figure 4: In the l.h.s. of this picture, we present a conceptual rendering of the structure
of nuclei as ideal spheres with isolated point-like particles in their interior. This view is
an inevitable consequence of the elaboration of quantum mechanics via the conventional
differential calculus, resulting in rather serious insufficiencies in nuclear physics outlined
in Section 1I-1.5. In the rh.s. of this picture, we present a conceptual rendering of the
representation of nuclei as occurring in the physical reality, namely, as a collection of
extended, therefore deformable charge distributions in condition of partial mutual pene-
tration according to Eq. (4) of isomathematics and related isomechanics, thus permitting
the resolution of at least some of the insufficiencies of quantum mechanics in nuclear
physics reviewed in Section I-1.5.

In Section 2 of this paper, we complete the methodological needs by
outlining and upgrading the time-reversal invariant coverings of conven-
tional spacetime symmetries, known as isosymmetries, for systems of ex-
tended particles in interior conditions; in Section 3, we review and up-
grade the Lie-isotopic SU(2)-spin symmetry and related proofs [10] [11]
of the EPR argument.

A few comments on terminologies appear to be recommendable.

The word “completion” is used in these studies to honor the memory of
Albert Einstein and should not be intended to indicate “final” theories. In
fact, isomathematics and isomechanics admit coverings of Lie-admissible
character [12] (Section I-2) that, in turn, admits coverings of hyperstruc-
tural character [43], with additional coverings remaining possible in due
time.

The terms “non-Hamiltonian interactions” are intended to indicate in-
teractions that are not representable with a Hamiltonian, and are techni-
cally identified as interactions violating the integrability conditions for
the existence of a Hamiltonian, namely, the conditions of variational self-
adjointness [25].

When dealing with stable and isolated interior dynamical systems, the
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terms “non-conservative forces” are strictly referred to internal non-Hamil-
tonian exchanges verifying conditions (1-55) for the verification of the ten
conventional total conservation laws for the total energy, momentum, an-
gular momentum and the uniform motion of the center of mass.

The terms “physical media” refer to media composed by matter in its
various states, and are often referred to as hadronic media, in the sense that
the media are not composed by empty space, thus requiring the use of
hadronic mathematics and mechanics for their quantitative treatment.

The terms “extended particles” refer to: the wavepacket of elementary
particles such as the electron assumed to be of about 1 fm = 107'° em;
extended charge distributions for protons and neutrons when members of
a nuclear structure, also assumed to have a diameter of about 1 fm; and
stable nuclei when considering the structure of stars. Due to its crucial
significance for the structure of interior systems, a technical definition of
the notion of “extended particles” will be given in Section 3 via the notion
of isoparticle as isorepresentations of space-time isosymmetries.

2. ISOSYMMETRIES

2.1. Foreword.

In this section, we study the axiom-preserving “completion” (or isotopic
lifting) of conventional space-time symmetries, known as Lie-isotopic sym-
metries, or isosymmetries for short, which provide the invariance of stable
and isolated (thus time reversible) interior dynamical systems of extended
particles at mutual distances smaller than their size as occurring, e.g., in
nuclear structures (Figure 3).

Lie-isotopic symmetries were first introduced by Santilli in the 1978
Harvard University paper [13] as a particular case of the broader Lie-admi-
sible symmetries for irreversible, non-conservative systems [14]. Isosymme-
tries were then studied in various subsequent works quoted in this section.

The understanding of this section requires a knowledge of the Lie-
Santilli isotheory (Section 1-3.7), which was first formulated in monographs
[25] [26] over the field of real numbers. Isosymmetries were then formu-
lated in monographs [29] [30] with the full use of isomathematics, includ-
ing the use isofields [20] [41] and the isodifferential calculus [21] [44] (see
Refs. [38] [46] [47] [48] for works on the Lie-Santilli isotheory, and Ref. [45]
for a general review with applications and experimental verifications).

The assumption at the foundation of isosymmetries is the preservation
of the abstract axioms of 20th century space-time symmetries, and the mere con-
struction of their broadest possible realization permitted by isomathematics.

Consequently, criticisms of isosymmetries and their novel implications
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KEPLERIAN CENTER
LACK OF KEPLERIAN CENTER

Figure 5: The L.h.s. of this figure illustrates Keplerian systems for which space-time sym-
metries have been constructed, namely, exterior dynamical systems of point-like masses
orbiting in vacuum around a heavier point-like mass known as the Keplerian center. The
rh.s. of this figure illustrates interior systems for which isosymmetries have been built,
namely, systems of extended particles in conditions of mutual penetration without any
Keplerian center.

are de facto criticisms on 20th century space-time symmetries and their
implications

2.2. Inapplicability of Lie symmetries for interior systems.

A rather widespread view of 20th century physics is the lack of any differ-
ence between exterior and interior dynamical systems on grounds that the
latter can be reduced to their elementary constituents, by therefore recov-
ering exterior conditions.

The above view was disproved by R. M. Santilli in his Ph. D. thesis (see
the review in Ref. [30]) on numerous grounds, the first being the notori-
ous incompatibility of quantum mechanics with thermodynamics whose
resolution motivated the Lie-admissible generalization of Lie algebras and
related physical theories [29] [30].

The absence of structural differences between exterior and interior sys-
tems was dismissed more directly with the following [26] [28]:

NO REDUCTION THEOREM 2.2.1: A classical dynamical system with non-
conservative interior forces cannot be consistently reduced to a finite number of
isolated particles all in conservative conditions and, vice- versa, the latter system
cannot reproduce the former under the correspondence or other principles.

The first direct consequence of the above No Reduction Theorem is
the “inapplicability” (rather than the “violation”) for interior dynamical
systems of conventional space-time symmetries that have been proved to
be so effective for exterior dynamical systems.

Said inapplicability was also proved [loc. cit.] from the fact that the
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Galileo and the Lorentz-Poincaré symmetries can only provide a non-relativ-
istic and relativistic characterization, respectively, of Keplerian systems, name-
ly, systems of point-like masses orbiting in vacuum around a heavier mass
called the Keplerian nucleus [26].

However, interior dynamical systems do not admit a Keplerian struc-
ture because nuclei have no nuclei [33] and the same happens for hadrons,
stars and gravitational collapse (Figure 5).

It is then possible to prove, e.g., via the imprimitivity theorem, that the
lack of existence of a Keplerian structure implies the lack of exact validity
of conventional space-time symmetries [26] [30].

On more technical grounds, Lie’s theory is known to be solely applica-
ble to exterior systems of point-like particles in vacuum with ensuing sole
possible, linear, local and Hamiltonian interactions.

Experimental evidence on interior dynamical systems, e.g., on nuclear
volumes compared to the volumes of individual nucleons, establishes that
nuclei are composed of extended charge distributions in conditions of par-
tial mutual penetration/entanglement with the ensuing existence of ad-
ditional, non-linear, non-local and non-Hamiltonian interactions under
which Lie’s theory is inapplicable.

Hence, the transition of particles from exterior to interior conditions
implies the inapplicability of the SU(2)-spin symmetry with consequential
inapplicability of Bell’s inequality [3] and other objections against the EPR
argument [6] in favor of suitable covering vistas [10] [11].

In any case, the SU(2) symmetry, while unquestionable effective for
exterior dynamical systems, has been unable to provide a consistent rep-
resentation of the spin of particles and nuclei, thus warranting the search
for a suitable “completion.”

2.3. The fundamental theorem on isosymmetries.

The construction of isosymmetries requires the full use of isomathemat-
ics with particular reference to the Lie-Santilli isotheory formulated on
isospaces over isofield and elaborated via the isodifferential calculus (Sec-
tion 1-2.7).

Said construction can be done with the following theorem (for brevity,
see the proof in Section 1.2, Vol. I of Refs. [36]):

THEOREM 2.3.1: Let G be an N-dimensional Lie symmetry of the line element of
a k-dimensional metric or pseudo-metric space S(x, m, I) over a numeric field F
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with coordinates x, metric m over a numeric field F' with conventional unit I,
G: o =ANwzx, v=ANw)y, z,yeSs,
(«' =y )'ATmA@ — ) = (z — y)'m(z —y), ©
AT (w)mA(w) =m. w e F.

Then, all infinitely possible (non-singular) Lie-Santilli isotopies G of G on
isospace S (&, M, I) with isocoordinates

T =uxl, (10)
isometric
M =ml = (TFmy;), (11)
and isounit
P—1/7 >0, (12)

over an isofield F with isounit vI leave invariant the isoline element of the isospace
S(z, M, I):

~

G: ¥ =Aw)*z, §=Awb)x7, 2,95€89,
(@ — ) A ATk M A Ax (& — ) = (x —y)m(z —y), (13)
AF (@) % M x A(w) = M.

All infinitely possible so constructed isosymmetries G are locally isomorphic to
the original symmetry G.

The reader should note that, while a given Lie symmetry G is unique as
well known, there can be an infinite number of covering isosymmetries ¢
with generally different explicit forms o the isotransformations due to the
infinite number of possible isotopic elements representing the infinitely
different internal interactions of extended particles within physical media.

Note also that all possible isotopic images of a given Lie symmetry
can be explicitly and uniquely constructed via the sole knowledge of the
original Lie symmetry and of the isotopic element T' > 0, or of the isounit
I = 1/T, which property shall be hereon tacitly assumed.

2.4. Isospaces and isogeometries.
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As it is well known, the fundamental representation space of relativistic
space-time symmetries is the conventional Minkowski space M (x,n,I) for-
mulated on the field of real numbers R with coordinates = (2!, 22, 23 2% =
ct), metric n = Diag.(1,1,1,—1), unit I = Diag(1,1,1,1) and invariant

z? = (atna’)] =

(14)
= (23 + 2% + 23 — A1,

where the trivial multiplication by the conventional unit / = Diag.(1,1,1,1)
is done for compatibility with isomathematics.

The fundamental isospaces of space-time isosymmetries are given by
the infinite family of iso-Minkowski isospaces, also called Minkowski-Santilli
isospaces, M (&, I) formulated on the isofield of isoreal isonumbers R.
(Section 1-3.9), which isospaces were first introduced by R. M. Santilli in
Ref. [23] of 1983 and then treated in details in works [29] [30].

Iso-Minkowskian isospaces are characterized by space-time isocoordi-
nates T = xf; isounit [ = 1/T, isometric

= (T, (15)

(where one should note the necessary structure of an isomatrix [29]), positive-
definite isotopic element (4) representing a system of extended particles in
interior dynamical conditions with a restricted functional dependence on
local quantities such as coordinates x, momenta p, energy £, frequency
v, density «, temperature 7, pressure pi, wavefunction 1, etc., under the
conditions

n, =nu(z,p, E,v, o, 7,m,0,09,...) >0, p=1,2,3,4, (16)
U(z,p, E,v,a, 7, 7,1, 00, ...) > 0, (17)
T=¢' <« 1. (18)

Iso-Minkowskian isospaces are characterized by the infinite family of
isoinvariants (I-28) with isotopic element (4) that, for the case of one single
extended particle can be written

32 = ik K O * 27 = (2] =
(19)

2 2 2 ~
— (%1 % 4 F 25_)

where the exponential exp—I" has been absorbed in the characteristic quan-
tities n,, and the final multiplication by the isounit is necessary for the
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isoinvariant to be an isoscalar, namely, an element of the isoreal isofield
[20] (Section I-3-5).

The following aspects treated in Paper I are important for the under-
standing of the apparent proof of the EPR argument:

1. The characteristic quantities n?, n2, n3, admit the first interpretation

as representing the deformable semi-axes of elementary or composite par-
ticles normalized to the values for the sphere n = n3,=nj =1,.

2. The characteristic quantity nj admit the first interpretation as repre-
senting the density of the hadronic medium normalized to the value ny =1
for the vacuum.

3. The function I' > 0 provides an invariant representation (Section
I-3-9) of all non-linear, non-local and non-Hamiltonian interactions.

4. Property (18) is verified for all applications of isosymmetries to date
[10] to [68].

5. The correct elaboration of iso-Minkowskian isospaces requires the
use of the isospherical and isohyperbolic isocoordinates (see Refs. [29] [30]).

6. Isoinvariant (19) provides a unified representation of both exterior
and interior gravitational problems. In fact, K. Schwartzchild wrote in
1916 mwo important papers, the first paper [49] on the exterior gravitational
problem which became world famous for its initiation of gravitational sin-
gularities, and the second paper [50] in the interior gravitational problem
which has been vastly ignored, except rare studies (such as that in Section
23.2, page 609, Ref. [52]). Such an oblivion is essentially due to the fact
that Schwartzchild’s second paper is not aligned with the widespread ten-
dency of reducing masses to point-like constituents, in which case all dif-
ferences between exterior and interior gravitational problems disappear
to the detriment of the depth of the gravitational analysis. Readers should
keep in mind the full parallelism between exterior and interior dynamical
problems for particles and gravitation.

7. The exterior gravitational interpretation of isoinvariant (19) is given by
the following identical representation of Schwartzchild’s exterior metric
[50]

Ty =1—"2 (20)

T =
RS T an .

The corresponding interior gravitational representation is given by the fol-
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lowing isotopy of Schwartzchild exterior metric

1 . 2M
A=y D= (=50 an

T

Thr =

In view of the arbitrariness of the functional dependence of the character-
istic quantities n,, it is easy to prove that Schwartzchild’s interior metric
[50] is a particular case of the much broader class of interior gravitational
models (21).

8. The geometry of the iso-Minkowskian isospaces, first presented by
Santilli in Ref. [24] under the name of iso-Minkowskian isogeometry, contains
the machinery of the Riemannian geometry (due to the dependence of the
isometric 7) on the local coordinates x), although such a machinery is for-
mulated for consistency over isofields [20] and elaborated via the isodiffer-
ential isocalculus [21] (Section I-3.5). Hence, the isominkowskian isogeometry
can unify exterior and interior problems for both particles and gravitation.

9. Recall that iso-Minkowskian isospaces are locally isomorphic to
the conventional Minkowski space (Refs. [23] [24] and Theorem 2.3.1).
Therefore, the iso-Minkowskian isogeometry has a null curvature. This is due
to the fact that, under isotopic lifting, the conventional Minkowski met-
ric n = Diag.(1,1,1,—1) is lifted into a coordinate-dependent isometric

~

T'(x)n = n(x) which is identical to any given Riemannian metric

~

n — i(x) =T(x)n = g(z). (22)

Jointly, the original unit of the Minkowski space I = Diag.(1,1,1,1) is
lifted by the inverse amount

I>0 — I(x)=1/T(x) >0, (23)

resulting in no actual curvature. The above features have suggested the
introduction of the new notion of isoflat isospace, referred to an isospace
that has null curvature when formulated on isofields, while recovering
conventional curvature when formulated on conventional fields. Read-
ers should be aware that the achievement of the universal symmetry of
(non-singular) Riemannian line elements studied in the next sections are
due precisely to the isoflatness of the iso-Minkowski isospace since no
such symmetry is possible for a convemtional Riemannian space, as well
known.

Recall that the fundamental representation space of symmetries in 3-
space dimensions is the conventional Euclidean space E(r, x, I with coor-
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dinates r = (z!, 2%, 2%), metric § = Diag.(1,1,1) and unit I = Diag.(1,1,1)
on the conventional field of real numbers.

Similarly, the fundamental representation space of isosymmetries in 3-
dimensions is the iso-Euclidean isospace E (7,6, I), also called Euclid-Santilli
isospace (Refs. [14] [26] [29] and Section I-3.5) which is the space compo-
nent of the iso-Minkowskian isospace. As such, the iso-Euclidean isospace
is hereon tacitly assumed to be known.

2.5. Lorentz-Poincaré-Santilli isosymmetries.

2.5.1. Main references. Following, and only following the construction
of the isotopies of Lie’s theory, Santilli conducted systematic studies on
the isotopies of the various aspects of the Lorentz-Poincaré symmetry for
the achievement of the universal invariance of spacetime isoinvariant (19),
including:

1) The classical isotopies SO(3.1) of the Lorentz symmetry SO(3.1) [53];

2) The operator isotopies SO(3.1) of the Lorentz symmetry SO(3.1)
[54];

3) The isotopies Sb(3) of the rotational symmetry SO(3) [55] [56] [57];

4) The isotopies SU(2) of the SU(2) spin symmetry [10] [58];

5) The isotopies P(3.1) of the Poincaré symmetry P(3.1) [59] [60], which
included the universal symmetry of (non-singular) Riemannian line ele-
ments;

6) The isotopies P(3.1) of the spinorial covering P(3.1) of the Poincaré
symmetry [61] [62];

7) The isotopies M (3.1) of the Minkowskian geometry M (3.1) [24].

A general presentation is available in the 1995 monographs [29] [30]
with the full use of isomathematics, including isofields and isodifferential
calculus, with upgrades in the 2008 monographs [36].

The resulting infinite family of isosymmetries SO(3.1) are known as the
Lorentz-Santilli (LS) isosymmetries while the broader isosymmetries P(3.1)
and 75(3.1) are known as Lorentz-Poincaré-Santilli isosymmetries (see Refs.
[37] [42] [45] and papers quoted therein).

Experimental verifications of LPS isosymmetries for interior dynamical
systems are available in monographs [31] and in Section 3 of the more
recent review [63].

In inspecting the subsequent sections, the reader should be aware of
the “direct universality” of the LPS isosymmetries for the considered infi-
nite family of interior dynamical systems [64], including the treatment of
exterior and interior, particle and gravitational problems (Section 4).
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2.5.2. Basic definitions. As it is well known, the conventional Lorentz-
Poincaré (LP) symmetry is the symmetry of line element (14) which we
rewrite in the form

(z—y)* = (@ = y")u (2" —y) =
=[(z1 —y1)* + (w2 — y2)* + (x3 — y3)? — (1 — t2)?cA)] I, (24)

n = Diag.(1,1,1,—c?),, I = Diag.(1,1,1,1),

where the exponential component exp—I" is again embedded for simplicity
in the characteristic quantities nu?.

The LPS isosymmetry is the universal symmetry of the isoline element
(19) in the iso-Minkowski isospace M (i,Q, I) over the isoreal isonumbers
R rewritten in the form

(& —9) = [(i““ — ) % Quu * (2 — gV)} -

- [xﬂ - yu)f/uu(‘ry - yy>] j =

_ [(x1—2y1)2 4 (902—23/2)2 + (x;;—§/3)2 _ (tl _ t2)22—§] [A7 (25)

n, =n,(z,v,a, E,d,w,T,¢,00,..) >0, I= 1/T > 0.

2.5.3. Isotransformations. By following Theorem 2.3.1, the isotransforma-
tions of the LPS isosymmetries can be written

~

& = Ab) * 2, (26)

where A () = A(w)1, resulting in generally non-linear isotransformations,
including isotranslations of the type

=i+ A, ., (27)
verifying the following property
At x i« A = ARAT. (28)
Under the condition of isomodularity

Det (A) = +1, (29)
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~ 0
we have the isoconnected LS isosymmetries SO (3.1) and the isoconnected LPS
isosymmetries P°(3.1).

Consider the conventional generators of the Poincaré symmetry

(Je) = (Jw), Pu,k=1,2,3,4,5,6, p,v=1,2,3,4. (30)

By keeping in mind isoexponentiation (I-16), the isotransformations of
Sb0(3.1) can be written [60]

3= (MR 5 gk (671 =

A A (31)
_ (eiJkka)x(e—iwkTJk) j)
and the isotranslations A(3.1) can be written
3 = (éiPuaM) * 3% (éfiPMau) —
(32)

= [ yae ) 1

It is evident that the above isotransformations do constitute Lie-Santilli
isogroups according to Theorem 1-2.7.3.

2.5.4. Isocommutation rules. As recalled earlier, the total quantities of an
isolated, stable, interior system must be conserved for consistency.

In order to represent this evidence, the Lie-Santilli isotheory was con-
structed [26] in such a way to preserve conventional generators, because
they represent total conservation laws, and isotopically lift their product.

By expanding the preceding finite isotransforms in terms of the isounit,
the LPS isoalgebra s0°(3.1) is characterized by the conventional generators
of the LP algebra and the isocommutation rules [30] [60] (here written in
their projection on conventional spaces over conventional fields)

Mw: aﬂ] =
= l(ﬁuaJﬁu - ﬁuajﬁv - ﬁVBJau + ﬁuﬁjow)a (33)

[J;AV:POJ - i(ﬁuapu - ﬁyapu)

(PP =0, (34)
= T = (TE1,).- (35)
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where one should note the appearance of the structure functions 7(x, p,-
E v,a,7,1,....), rather than the traditional structure constants (Theorem
1-2.7.2).

The presence of structure functions 7 in isocommutation rules (33)-(35),
Theorem 1-3.7.2 and the analysis of Section I-3.8 imply the following im-
portant property (Section I-3.8):

LEMMA 2.5.1: LPS isosymmetries cannot be derived via non-unitary transforma-
tions of the conventional LP symmetry.

Despite the above non-equivalence, the property 7' > 0, the topological

structure (+1,+1,+1, —1) of the isometric 7, = Tnand Theorem 2.3.1 imply
that:

LEMMA 2.5.2. All LPS isosymmetries are locally isomorphic to the conventional
LP symmetry.

Recall from Section I-1 that an important limitation of quantum me-
chanics for the study of the EPR argument is the inability to achieve a
consistent and effective treatment of non-linear interactions that are ex-
pected in the structure of hadrons, nuclei and stars. In Section 1-4.12, we
have shown that the isotopic “completion” of quantum mechanics into
hadronic mechanics does indeed allow a consistent and effective treatment
of non-linear interactions via their embedding in the isotopic element 7.

Due to the unrestricted functional dependence of the isotopic element
T and, therefore, of the isometric n = Tn, it is easy to see that the LPS
isosymmetries are indeed non-linear as a necessary condition to provide
the invariance of non-linear dynamical equations.

Note that isolinear isomomenta FA’# isocommute on isospaces over isofields,
but they do not commute on conventional spaces over conventional fields, Eqs.
(35), thus confirming that the LPS isosymmetry is isolinear, that is, linear on
isospaces over isofields but generally non-linear in their projection on conven-
tional spaces over conventional fields.

This important property can be illustrated by recalling the isolinear
isomomentum (I-79) on a Hilbert-Myung-Santilli isospace H with isostates
1 > over the isocomplex isonumbers C

Pyx | >= —ild, | > . (36)
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Isocommutators (35) on # over C can then be explicitly written
[Py, P | >= (P, % P, — B, % P,) % [t >=
= (=il8,)T(—=ild,) — (=il d,)T(—ild,)T ) >= (37)
= (i18,0, —i18,0,)| >= 0.

By contrast, the projection of the same isocommutators (35) on a con-
ventional Hilbert space H over the field of complex numbers C no longer
commutes,

[Lus PJI >= (BB, = BBl >=
(38)
— (=il8,)(—ild,) — (—ild,)(—ild,)|d > 0.

because, in general, (‘3,LIA #* E),,f , and this proves the isolinear character of
the isomomentum.

Besides a direct relevance for the structure of hadrons, nuclei and stars,
the above isolinearity has important implications, such as a new consistent
operator form of gravitation, a new grand unification and other advances
[35].

The presence of the structure functions in the isocommutation rules,
the capability to provide the invariance under non-linear interactions and
other features and applications outlined in Section 4 illustrate the non-
triviality of the Lie-Santilli isotheory.

2.5.5. Iso-Casimir Isoinvariants. The simple direct use of isocommutation
rules (33)-(35) establishes that the iso-Casimir-isoinvariants of p°0(3.1) are
given by [60]
C’l = f<<t7 T,p, E7 u? 7-7 w? aw? "') > 07
Cy = P?> = P, » P* = (4}, P*P")] =
= (Zk:1,2,3 HL%PIE - Z—ZPE)IA, (39)
Co = W2 = T, % Ve, T = Wi,
W, = Euapp * JOP % PP,
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Figure 6: It was generally believed in the 20th century physics that the rotational
symmetry is broken for ellipsoids. Santilli isorotational isosymmetry has restored
the exact character of the rotational symmetry for all possible (topology preserv-
ing) deformations of the sphere [30].

and they are at the foundation of classical and operator relativistic isome-
chanics (Section I-4) with deep implications for structure models of interior
dynamical systems [31].

2.5.6. Isorotations. By using isotransforms (32), the explicit form of the
isorotations Sb(?;), first derived in Refs. [55] [56], can be written in the
isoplane (#,' , #?) of iso-Euclidean isospaces E(#, A, I) over the isoreals R,
here formulated for simplicity in their projection on the conventional Eu-
clidean space (see Ref. [30] for the general case)

¥ = x' cos[f(ning) ] — xQZ—z sin[f(nyng) ™,
(40)
T xlz—% sin[f(nyn2) 1| + 2% cos[f(ning) 7.

It was generally believed in the 20th century that the SO(3) symmetry
is broken for ellipsoid deformations of the sphere. By contrast, as shown
by isotransforms (40) the SO(3) isosymmetry achieves the invariance of el-
lipsoids (Figure 6). But SO(3) and SO(3) are locally isomorphic (Theorem
2.3.1). We therefore have the following property [55] [56]:

LEMMA 2.5.3: The Lie-Santilli SD(S) isosymmetry restores the exact character
of the rotational symmetry for all ellipsoid deformations of the sphere.

This property is due to the fact that the mutation of the semiaxes of the
sphere occur jointly with the inverse, mutation of the related units, thus
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maintaining the perfect spherical shape in isospaces over isofields
Radius 1, — 1/n2, Unit 1 — na. 41)

Note the crucial role of isonumbers for the reconstruction of the ex-
act rotational symmetry because said reconstruction occurs thanks to the
isoinvariant by the isounit.

2.5.7. Lorentz-Santilli isotransforms. The infinite family of isoconnected

Lorentz-Santilli (LS) isotransforms s0° (3.1) on iso-Minkowskian isospaces
M(&,Q, 1) over the isoreals R, first derived by in Ref. [53] of 1983, can
be written in the (2*, 2*)-isoplane in their projection in the conventional 1
Minkowski space M (x,n, I), as follows (see Ref. [30] for the general case):

v =4 (2 — faat), (42)

/ ~

IA = /3/('1‘14 - Bﬂx3)7

where
Ug/ng 1

T

A significant aspect of Ref. [53] is the solution of the historical Lorentz
problem, namely, the invariance of locally varying speeds of light within
physical media

B =

(43)

c="= (44)
U2

In fact, Lorentz first attempted the invariance of the speed of light C' =
¢/ny, but had to restrict his study to the invariance of the constant speed
of light in vacuum ¢, due to insurmountable technical difficulties. Santilli
has shown that Lorentz’s difficulties were due to the use of Lie’s theory,
because, under the use of the covering Lie-Santilli isotheory, the invariance
of C' = ¢/n, was achieved in two pages of the 1983 letter [53].

A second significant aspect of Ref. [53] is the achievement of the first
invariant formulation of extended, thus deformable and hyperdense par-
ticles, as stated beginning with the title of the quoted paper.

It was generally believed in the 20th century that the Lorentz symmetry
SO°(3.1) is broken for locally varying speed of light within physical media
represented with the wiggly circle of Figure 7. Ref. [53] proved that the

isosymmetry 500(3.1) achieves the invariance of C' = ¢/n4. But SO°(3.1)
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X

Figure 7: It was generally believed in the 20th century physics that the Lorentz
symmetry is broken for locally varying speeds of light within physical media (here
represented with a wiggly light cone). The Lorentz-Santilli isosymmetry has re-
stored the exact validity of the Lorentz symmetry for interior dynamical problems
[53] [30].

and Sbo(S.l) are locally isomorphic, thus restoring the exact character of
the abstract axioms of the Lorentz for all possible values C' = ¢/ny,. We
therefore have the following important property [30]:

LEMMA 2.3.5: The Lie-Santilli SDO(S.l) isosymmetry restores the exact validity
of Lorentz’s axioms for locally varying speeds of light.

This property is due to the reconstruction of the exact light cone on
the iso-Minkowskian isospace over isofields with maximal causal value c,
called the light isocone,

2 =3+ =0, (45)
while its projection on the conventional Minkowski space over conven-
tional fields represents a locally varying speed

2 2
=B _pSi=o (46)

n3 n?
This property is due to the fact that the mutation of the #* and 2* iso-

coordinates occurs jointly with the inverse mutation of the corresponding
isounits, by therefore preserving the original perfect light cone with c as
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the maximal causal speed (see the 1966 monograph [30] for details)

ZL‘3—>%, ]3:1—>j3:7’l3
(47)

4 ~
x4:tC—>i—4:t£ 14:1—>I4:n4.

ng’

Another significant aspect of Ref. [53] is the achievement of the first
known invariance of non-linear, non-local and non-Hamiltonian interac-
tions thanks to their embedding in the characteristic n-quantities of the
isoinvariant (25).

2.5.8. Isotranslations. In view of their non-linearity, isotranslations in
four parameters a, can be written in their projection in the conventional
Minkowski space [30]

b =at+ AMa,x, . ), (48)
and can be written via a power series expansion of the general expression
Al =ak(n? 4+ a®n, * Pa) /11 + .. ), (49)

The understanding of the isotopic completion of 20th century space-
time symmetries requires the knowledge that, when properly written on
iso-Minkowskian isospace over isofields, isotranslations recover their con-
ventional form . [30].

2.5.9. Isodilatations. Santilli introduced in Ref. [60] a novel one-dimensional
isoinvariance denoted D which is given by the dilatation of the isometric
caused by its multiplication by as parameter w, while the isounit is jointly
subjected to the inverse dilatation

QO=nl — ©+Q=wnl’
(50)
I - I'= if ,
under which isoinvariant (25) remain manifestly unchanged.

In essence, the new symmetry originates from the fact that, for mathe-
matical consistency, isoinvariants must be elements of t isofields, thus hav-
ing structure (25), namely, isoinvariants must be given by a conventional
invariant multiplied by the isounit.

Ref. [60] showed that, by writing conventional invariants with the mul-
tiplication, in this case, by the trivial unit 1, the new dilatation symmetry
persists for conventional space-time symmetries,

1
n—n=wn 1 — 1==1. (51)
w
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The above properties imply the following:

LEMMA 2.5.5: The conventional Lorentz-Poincaré symmetry is eleven-dimensional
with structure

P°(3.1) = 50°(3.1) x A(3.1) x D, (52)

and, consequently, the Lorentz-Poincaré-Santilli isosymmetry is also eleven-dimen-
sional with the structure

PO(3.1) = $0°(3.1) x A(3.1) x D. (53)

The above seemingly trivial property has permitted Santilli the study
of a new grand unification of electroweak and gravitational interactions

based on the embedding of gravitation in the isotopic degree of freedom
of the theory [35].

2.5.10. Isoinversions. The isotopic “completion” of conventional inversions
has been studied in details in Refs. [30] and consists of the isotime isoinver-
sions

A~ A

= (tt)] (54)

plus the isospace isoinversions
wF = (m)] (55)

where 7 and 7 are conventional time and space inversions, respectively.

Despite their simplicity, Santilli has shown in Ref. [30] that not only
continuous, but also discrete space-time symmetries can be reconstructed as be-
ing exact on isospaces over isofields when assumed to be broken on conventional
spaces over conventional fields.

2.5.11. Isospinorial LPS isosymmetry. Recall that the spinorial covering
P°(3.1) of the connected component of the LP symmetry P°(3.1) is con-
structed via the use of the Dirac gamma matrices. In fact, the conventional
generators are realized via suitable combination of Dirac gamma matrices.

By following the same historical pattern, Santilli proposed in the 1995
communication [61] of the Joint Institute for Nuclear Research, Dubna, Rus-
sia (see also the subsequent paper [62] ) the following eleven-dimensional
isotopic “completion” P°(3.1) of P°(3.1)

P(3.1) = SL(2.C) « A(3.1) « D, (56)
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with realization of the generators in terms of the Dirac-Santilli isogamma
isomatrices I', = 4,1, Egs. (I-89),

A A N

SAL<20) . Rk = %Ekzwf‘z *Fj, Sk; =

A

f‘k*r4,

~ A~

AB.1): P, (57)
k=1,2,3,4,56, u=1,23 4.

The verification by the above isogenerators of isocommutation rules
(33)-(35) is an instructive exercise for the interested reader. The proof
that the Dirac-Santilli isoequations (I-88) transform isocovariantly under

PY(3.1) is equally instructive.

2.5.12. Galilean isosymmetries.
As it is well known, the Galileo symmetry G/(3.1) characterizes the non-
relativistic motion of point particles in vacuum, with consequential ab-
sence of resistive or non-potential forces (see the vertical line of Figure 8).
The isotopies of the Galileo symmetry are intended to characterize the
non-relativistic motion of extended particles within physical media, by
therefore experiencing resistive non-potential forces (see the wiggly line
of Figure 8).

The resulting infinite family of isosymmteries G/(3.1) are here called
Galilean isosymmetries to stress the preservation of the basic axioms of the
Galileo symmetry and the mere construction of the broadest possible real-
izations permitted by isomathematics.

The Lie-isotopic lifting of the Galileo symmetry were introduced by
Santilli in the 1978 paper [12] as a particular case of the covering Lie-
Admissible symmetries, also called genosymmetries, which are intended fo
characterize the time rate of variation of physical quantities.

The first direct study of Galilean isosymmetries was done in Section
5.3, pages 225 on, of the 1981 monograph [26] formulated over conven-
tional fields. These isotopies were then systematically studies and up-
graded in the two 1991 volumes [27] [28]. The formulation of Galilean
isosymmetries with the full use of isomathemaics was done in the 1995
monographs [29] [30] with a final study presented in Ref. [32].

The above studies attracted the attention of Abdus Salam, founder and
president of the International Center for Theoretical Physics (ICTP), Trieste,
Italy, who invited Santilli in 1991 to deliver at his Center a series of lectures
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Figure 8: This figure presents a conceptual rendering of the free fall of point-masses
in vacuum studied by Galileo (represented with a straight line), and the free fall of ex-
tended masses experiencing resistive forces from our atmosphere studied by Santilli (rep-
resented with a wiggling line) [26] [30] [37]. It is symptomatic to note that the achieve-
ment of the symmetry for extended masses required the construction of a covering of the
mathematics used for the point masses with particular reference to the generalization of
Newton-Leibnitz differential calculus, from its historical formulation for isolated point, to
a covering formulation for volumes [21].

in the isotopies of the Galileo symmetry and relativity, said invitation be-
ing apparently the last by Salam prior to his death.

During his visit at the ICTP, Santilli wrote papers [65] through [71]. The
notes from Santilli’s lectures were collected by A. K. Aringazin, A. Jannus-
sis, F. Lopez, M. Nishioka and B. Vel-janosky and published in volume [37]
of 1992.

This work is primarily intended for relativistic isosymmetries. Addi-
tionally, all primary applications require relativistic treatments. Therefore,
we regret to be unable to review Galilean isosymmetries to prevent a pro-
hibitive length.

Nevertheless, the reader should be aware that an introductory knowl-
edge of the Galilean isosymmetries is suggested, e.g., from the reading of
the ICTP papers [65] to [71].

3. APPARENT PROOFS OF THE EPR ARGUMENT

3.1. Foreword.

As it is well known, the conventional Pauli matrices o, k = 1,2, 3, are the
fundamental (also called adjoint), irreducible unitary representation of the
SU(2)-spin symmetry and play a crucial role for the objections against the
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EPR argument [2] - [6] .
In this section, we review the isotopic “completion
into isomatrices

1244

of Pauli’s matrices

S = o4l (58)

which constitute the isofundamental, isoirreducible, isounitary isorepre-
sentation of the Lie-Santilli SU(2) isosymmetry and play a crucial role
in the apparent proof of the EPR argument for extended particles within
physical media studied later on in this section.

By recalling that the SU(2) symmetry characterizes the spin of point-
particles in vacuum, the “completed SU(2) isosymmetry is intended to
characterize the spin of extended particles within hyperdense media called
hadronic spin, such as the spin of an electron in the core of a star.

The isotopic “completion” of Pauli’s matrices was introduced by San-
tilli in 1993 while visiting the Joint Institute for Nuclear Research, Dubna,
Russia [58]. Said “completion” was presented systematically in Refs. [29]
[30], used for the apparent proofs of the EPR argument [10] [11], and they
are nowadays known as the Pauli-Santilli isomatrices [45].

In particular, the preceding studies have shown that, unlike the case for
the SU(2) symmetry, the isotopic SU(2) isosymmetry admits an explicit
and concrete realization of hidden variables A [3] [4] via realizations of the
isotopic element of type 7" = Diag.(1.\, \) Eq. (3).

In this section, we shall review the construction of SU(2) isosymmetry
and of Pauli-Santilli isomatrices of regular and irregular type with hid-
den variables. We shall then use the methods acquired in this and in the
preceding paper [9], for the proof that interior dynamical systems represented
via isomathematics and isomechanics appear to admit identical classical counter-
parts [10] (Section 3.7), and to progressively approach the classical EPR deter-
minism [1] in the structure of hadrons, nuclei and stars, while achieving the EPR
determinism in the interior of gravitational collapse [11] (Section 3.8).

A first understanding of this section requires a knowledge of the Lie-
Santilli isotheory (Section 1-2.7) [26] [30] [38] [46] [47] [49]. A technical
understanding of this section requires a technical knowledge of hadronic
mechanics [29]- [31].

3.2. Pauli matrices.
As it is well known (see, e.g., Ref. [72]), the carrier space of the two-
dimensional group of special unitary transformations SU(2) is the two-
dimensional complex Euclidean space E(z, , I) with coordinates z = (z1, 22),
metric 0 = Diag.(1,1) and unit / = Diag/(1,1).

The two-dimensional, fundamental (also called adjoint), irreducible,
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unitary representation of the special unitary Lie algebra su(2) of the SU(2)-
spin symmetry is given by the celebrated Pauli matrices

0 1 0 —ad 1 0
w=(Vo) (2 ) m-(o %) o

with commutations rules
[O'Z‘, O'j] = 0,05 — 0;0; = i2€ijko-k7 (60)

and eigenvalues on a Hilbert space calH over the field of complex num-
bers C with basis |b >

0'2“) >= (0101+0202+0303)|b >= 3|b >, 61)
os3lb >= £1]b > .

Among the various properties of Pauli’s matrices, we should recall
their uniqueness in the sense that their expression is invariant under the
class of equivalence admitted by quantum mechanics, that under unitary
transformation.

We should also recall that Pauli’s matrices are also fundamental for
the structure of Dirac’s equation, Eq. (I-9) since they appear in the very
definition of Dirac’s gamma matrices, Eqs. (I-89).

3.3. Regular Pauli-Santilli isomatrices.

By following Ref. [58], the carrier isospace of the two-dimensional Lie-
Santilli isogroup of isospecial isounitary isotransformations SU(2) is the
isocomplex iso-Euclidean isospace E(2, A, I) with isocoordinates

2=z = (21, 22) = (21, 22)1; (62)

isounit and isotopic element

2
. (n3 0\ -
]—(0 n%)_l/T>O’ (63)
—2
S . nl 0
7= ( ' ngg;) (64)
isometric
A A ~ ~ n_2 O A~
A =Gl = ()] = ( o0 )J; (65)
0 ny
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positive-definite characteristic quantities n, with unrestricted functional
dependence on the variables for interior dynamical problems

ng =nk(z, 2, E, p,a, 7,00, 00,...) >0, k=12 (66)

and basic isoinvariant

~

ZAJZ' * Aij * ,%j = (Zi(siij)

~>

i o (67)
== (n—% + n_g)] .
By also following Refs. [29] [58], the isogroup of regular, isospecial,
isounitary, isotransformations SU(2) leaving invariant isoline element (67),
is characterized by the isotransforms

2 =U0)~z=U0)T%, (68)
verifying the following conditions [30]:
1. Isounitarity

~ A A A~ ~

U0)«UN0) = UT(0) « U) = I; (69)

2. Isogroup isoaxioms

PN ~

U(0y)  U(fy) = U(6, + 6,),

(70)
U@)«U(-0)=U(0)=1, k=1,2,3;
and
3. Isospecial isounitarity
IsoDetU(0) = I, Det(UT) = 1. (71)

The latter condition essentially restricts the isogroup SU(2) to its iso-

connected component SU 0(2) , which is hereon tacitly assumed.
The above conditions imply the local isomorphism

SU(2) =~ SU(2), (72)

and the following explicit realization in terms of isoexponential (I-22)

A ~

U(0) = WU (04)] = w0 = T, (7701,
A (73)
Uk(9k> = eiJkTek ,/{ = 1, 2, 3,
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where J;. represents the isogenerators of the Lie-Santilli isoalgebra su(2)
verifying the conditions

IsoTrJ, =0, Tr(J,T) =0, (74)
and the isocommutation rules
[JZ:J]] = ']z * Jj — Jj * Jl =
(75)
= JZTJJ — J]TJZ = Gijkjk'

Note that, in accordance with Theorem 1-2.7.2, the isorepresentations
here considered are called regular because they can be constructed via non-
unitary transformations of the conventional su(2) algebra, resulting in the
preservation of the conventional structure constants ejy.

However, as we shall see in the next section, the isotopies of the su(2)
algebra imply realizations called irregular that cannot be constructed via
non-unitary representations of su(2) [58], in which case the structure con-

stants €;;;, are replaced by structure functions with an arbitrary (non-singular)
functional dependence on local variables,

A

Cijk = Cijk(z, Z,E, V,Q,T,¢,a¢,...)j. (76)

As one can verify, su(2) admits the following iso-Casimir isoinvariant
jé = Ek jk * jk =

(77)

== leJI + jQTJQ + j3TJ3

The maximal set of isocommuting isooperators is then given by .J; and .J>.
By again following Ref. [58], in order to compute the explicit form of
the isorepresentations of su(2), we introduce the Hilbert-Myung-Santilli
isospace H[19] over the isofield of isocomplex isonumbers C [20] with d-
dimensional isobasis |b¢ > verifying isonormalization (I-75),
< b % |bf >=< b T|b¢ >= 1,
(78)
d=1,2,3,..N,, k=123
From the local isomorphism su(2) ~ su(2) we know that the isoeigen-
value equations have the structure

jk * |ZA?% >= bzli)g >,
J2 5 |0 >= Dbt (bt + W)|bd > (79)
W = DetT = 1/n2n2,

102



Studies on the EPR argument, I: Basic methods

where W = 1 for regular isorepresentation, otherwise W is an arbitrary
function of local quantities to be identified via subsidiary constraints from
the medium in which extended particles are immersed.

The explicit form of the isorepresentations of su(2) is then given by the
simple isotopy of the conventional case [72]

Jy = Ji £ Js,
(80)

(Jg)ij =< Bg| * jg * |[;Ckl > .

By continuing to follow Ref. [58], we now restrict our attention to the
two-dimensional isofundamental (isoadjoint) isorepresentation of su(2) oc-
curring for d = 2, in which case we assume

- 1
Ji = §6k, k=123, (81)

and select the basic isounitary isotransform according to Sections I-2.8 and
1-2.9
UUY = f(W) >0, W = Det.I =n?n2, (82)

where f (V) is a smooth function such that f(1) = 1.

By using the above procedure, we have the following regular Pauli-
Santilli isomatrices first introduced by Santilli in Ref. [58], Egs. (3.2) (Where
the isometric elements are denoted gy, = n; 2, k — 1,2,

S = 631,
R 0 n? R 0 —mng?
01 = (”177/2) (n2_2 (1) >7 02 = (n1n2) (m2—2 01 ), (83)

. ny > 0
03 = (nlng) ( 8 _n,2 .
1 >

with isocommutation rules

in which the 'regular’ character of the isomatrices is established by the
presence of the conventional (constant) structure constants.
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We then have the isoeigenvalues isoequations

A~ o ~ AR 1 )
03 * |b$n >= O'3T|b$n >= im’b%n >
6'2 = (Ulf&l + @T&JJgT&g)ﬂIA}%@ >= (85)
_q_1 |72
= 3zl >,

showing that the regular Pauli-Santilli isomatrices preserve the conven-
tional structure constants ¢;;;, of Pauli matrices, but exhibit structure (84)
with generalized isoeigenvalues containing two characteristic quantities
n3, ms.

It is evident that, under isounimodularity condition (71),

DetT =1, ny =1/ns, (86)

isomatrices (83) reduce to

s 0 ny? a0 —iny >
1 — n2—2 0 ) 2 — m2—2 0 9
-2
R n 0
03 = ( (2] _n1—2 ) )

by verifying conventional commutation rules (84) and conventional eigen-
values

(87)

Gy * D2, >= |2, >
(38)
0% % |02, >= 3|b%, > .
In order to search for additional realizations of regular Pauli-Santilli
isomatrices, we now assume the following non—unitary transform

U:(”1 0):UT, (89)

0 o

under which we have the following second realization of regular Pauli-
Santilli isomatrices

&k = UUkUT,
L 0  ning L 0  —mning
=\ e 0 ) 2T Vim0 ) (90)

5y = n? 0
0 —n2 )’
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It is an instructive exercise for the interested reader to verify that the
above isomatrices verify the isocommutation rules (84) and conventional
isoeigenvalue (99), namely, the second realization of the Pauli-Santilli isoma-
trices, Egs. (83), also admit conventional structure constants and eigenvalues de-
spite the degrees of freedom permitted by the two characteristic quantities n3, n3.

We now assume the following non-diagonal realization of the non-

unitary transform

0 nq
U= Jﬂ::(o ”2),

Ny 0 nq 0

O

UUt =1=1/T >0,

which characterizes the following third realization of the regular Pauli-
Santilli isomatrices

pS 0 ninog 5 0 —mlng
1 pu— = .
nino 0 ’ 2 m1ng 0 ’

G — —n? 0
P 0 nd )

It is easy to see that the above third realization of the regular Pauli-
Santilli isomatrices also verify conventional commutation rules (84) and
eigenvalues (88).

Note that, while Pauli’s matrices are invariant under unitary trans-
forms, there exist a number of Pauli-Santilli isomatrices each of which is
invariant under isounitary isotransforms (Section 1-3.9).

92)

3.4. Irregular Pauli-Santilli isomatrices.

3.4.1. Historical notes. One of the most fundamental, yet unresolved pro-
cesses in nature is the synthesis of the neutron from the hydrogen in the
core of stars, which is a pre-requisite for the production of light and, there-
fore, for the existence of life itself.

In this section, we would like to outline the main historical aspects on
the synthesis of the neutron and identify the open problems because truly
fundamental for the construction of the new mathematics needed for their
solution.

Recall that stars initiate their life as an aggregate of hydrogen and grow
via the accretion of hydrogen existing in interstellar spaces.

In 1910, H. Rutherford [73] conjectured that, when the pressure and
temperature at the core of the star reaches certain values, the hydrogen
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atom is “compressed” into a neutral particle n which is called the neutron
according to the reaction (see Section 1-4)

e +pt — n. (93)

Rutherford hypothesis was experimentally confirmed by J. Chadwick
in 1932 [74], and the neutron became part of scientific history.

Following the experimental verification that the neutron has the same
spin 1/2 of the electron and of the proton, in an attempt at maintaining
the conservation of the angular momentum, E. Fermi [75] suggested that
the synthesis of the neutron occurs with the emission of a hypothetical,
massless and chargeless particle v with spin 1/2 which he called the neu-
trino (meaning “little neutron” in Italian), according to the reaction widely
accepted by the scientific communioty for about one century

e +pt = n+w. (94)

After joining Harvard University in September 1977 under DOE sup-
port, R. M. Santilli [15]-[17] noted that, despite the salvaging of space-time
symmetries and related conservation laws, reaction (93) is not compatible
with quantum mechanical laws because the rest energy of the neutron E,
is 0.782 MeV bigger than the sum of the rest energies of the proton E, and
of the electron FE,,

E, = 938.272 MeV, E, = 0511 MeV, E, =939.565 MeV,
95)
E,— (E,+ E.) = 0.782 MeV > 0.

Therefore, Santilli presented a number of arguments according to which
the synthesis of the neutron is clear evidence of Einstein’s view on the lack
of “completion” of quantum mechanics (see Einstein’s name in the title
of the 1981 paper [17] released from the Department of Mathematics of
Harvard University). Subsequently, Santilli achieved in Ref. [76] (see the
independent review [? ] the non-relativistic representation of all charac-
teristics of the neutron in its synthesis from the hydrogen representation,
with a relativistic representation subsequently achieved in Ref. [62] (see
the independent review in ref. [45]).

The technically most difficult problem of the above representation was
the identification of the spin-orbit coupling for the electron when totally
immersed inside the proton which was first solved non-relativistically in
Ref. [76] and relativistically in Ref. [62] (see the review in Ref. [30], Chap-
ter 6 in particular).
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Figure 9: To illustrate some of isosymmetries for interior systems, in the left we show the
conversion of linear momentum into angular momentum for the case of photons causing
the rotation of a small propeller in a vacuum chamber. In the right, we show the opposite
conversion of angular momentum into linear momentum, as it is the case for the sling
shot. The left view illustrates that the neutrino hypothesis is not necessary for the syn-
thesis of the neutron when particles are represented as being extended. The right view
illustrates that the emission of an antineutrino is not necessary in the neutron decay be-
cause the internal angular momentum of the electron can be converted into its external
linear momentum without any violation of physical laws.

Recall that quantum mechanics has an excellent consistency for bound
states with negative potentials causing a mass defect. Santilli’s first argument
is that a representation of experimental data (95) via quantum mechanics is
impossible because it would require a positive potential capable of produc-
ing a mass excess, which features imply the loss of physical consistency of
Schrodinger equation for bound states (and not for free particles with posi-
tive kinetic energy) because the indicial equation of Schrédinger equation
admits no consistent solutions for positive potential energies, (see Section
I-4).

The inability of Dirac’s and other quantum mechanical equations for
the representation of experimental data (95) then followed.

Various conjectures, aimed at maintaining for the neutron structure the
theory so effective for the hydrogen atom, were proved not to be consis-
tent. For instance, the hypothesis that the missing energy of 0.782 MeV
is provided by the star via a relative energy between the electron and the
proton had to be dismissed because the cross section e — p at 0.782 MeV is
essentially null, thus preventing any fusion between the electron and the
proton.

Similarly, the hypothesis that the missing energy is provided by the
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antineutrino v via reactions of the type
e +v+pt — n, (96)

had to be equally abandoned because the cross section between neutrinos
or antineutrinos and individual particles is identically null.

As it is well known, the neutrino hypothesis is necessary for the quan-
tum mechanical treatment of synthesis (94), namely, for the point-like char-
acterization of the proton, the electron and the neutron. Ref. [17] indicated
that the neutrino hypothesis cannot any longer be consistently applied
for the neutron synthesis whenever particles are represented as being ex-
tended.

Independently from that, there exist no known conventional possibil-
ity of identifying the energy needed for the creation of the neutrino since
synthesis (94) already misses 0.782 MeV for the synthesis of the neutron.

Another argument of Ref. [17] is that the conservation of the angular
momentum is necessary for the synthesis of bound states with a Keplerian
center under the validity of conventional space-time symmetries, such as
for the synthesis of the hydrogen atom form an electron and a proton.

However, said conservation is no longer necessary for bound states at
short distances without a Keplerian center, since in that case we have the
validity of space-time isosymmetries for which the angular momentum
can be transformed into linear momentum and vice-versa without any vi-
olation of physical laws (see Section 2.2 and Figure 9).

But the neutron has no Keplerian center, with the consequential lack of
applicability of the Lorentz-Poincaré symmetry, and the ensuing lack of
necessary conservation of the angular momentum in favor of alternative
hypotheses.

In view of the above (and other) insufficiencies of the neutrino hypoth-
esis, Santilli suggested in Ref. [78] the introduction in the Lh.s. (rather
than the r.h.s.) of the synthesis of the mass-less, charge-less and spin-less
particle called the etherino and denoted with the symbol a (from the Latin
aether)

pTH+a+te — n, (97)

whose scope is to represent the delivery of the missing 0.782 MeV to the
neutron.

An intriguing aspect is that the etherino hypothesis can be shown to be
compatible with the experimental data of the so-called “neutrino experiments,” of
course, under the condition of abandoning point-like abstractions of hadrons and
representing them as they are in the physical reality, i.e., extended, deformable
and hyperdense.
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By recalling that there is no known consistent way of accounting for
the missing 0.782 MeV as originating from the star, Ref. [? | submitted the
hypothesis that the missing energy may originate from the ether as a uni-
versal medium of extremely high energy density for the characterization
and propagation of particles and electromagnetic waves.

However, it should be stressed that the etherino is not intended to be a
particle, but to be an “impulse” representing the mechanism of supplying the
missing 0.782 MeV for the neutron, the origin of the missing energy from the
ether being only one among other possibilities.

In view of the above insufficiencies of quantum mechanics for the syn-
thesis of the neutron, Santilli initiated in Refs. [15] - [17] the search for a
“completion” of quantum mechanics into hadronic mechanics with partic-
ular reference to the “completion”of Lie’s theory at large, and the SU(2)-
spin symmetry in particular, for the characterization of the spin of the elec-
tron when “compressed” inside the hyperdense proton.

It should also be recalled that, during the same period, Santilli con-
ducted a post Ph. D. Seminar Course at the Lyman Laboratory of Physics
of Harvard University with a technical treatment of the insufficiency of
quantum mechanics for the neutron synthesis via the conditions of vari-
ational self-adjointness for the existence of a Lagrangian or a Hamiltonian.
This Seminar Course was eventually published by Springer-Verlag in mono-
graphs [25] [26] whose primary aim is the first known presentation of
the axiom-preserving Lie-Santilli isotheory and the axiom-inducing Lie-
Santilli genotheory.

In fact, possible representations of experimental data (95) for the neu-
tron synthesis violate the conditions of variational self-adjointness, thus
mandating the search for a covering theory.

The subsequent 1995 papers [55] [56] [58] achieved the regular iso-
topies SU(2) of the spin symmetry (reviewed in the preceding section).

However, regular isotopies of the SU(2) spin symmetry are insufficient for
the neutron synthesis because it requires alterations (called mutations) of conven-
tional eigenvalues that can be solely represented via irregular isorepresentations.

The irregular isorepresentations of the SU(2)-spin symmetry were iden-
tified, apparently for the first time, by Santilli in the 1990 paper [78] and
used to achieve the non-relativistic representation of all characteristics of
the neutron in its synthesis from the hydrogen.

In the 1995 paper [62], Santilli presented a relativistic study of SU(2)
as an isosubalgebra of the irregular isospinorial covering of the Lorentz-
Poincaré symmetry (Section 2.5.11) and used the results to achieve a rela-
tivistic representation of the neutron synthesis.
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The indicated irregular representations of the SU(2)-spin symmetry
were then instrumental for the apparent confirmations of the EPR argu-
ment in Refs.[10] [11] reviewed in this section.

3.4.2. Non-relativistic formulation. The first irregular isotopies of Pauli’s
matrices, today known as irregular Pauli-Santilli isomatrices [45], have been
introduced in Egs. (2.32) of Ref. [78] via the use of the isorepresentations
of SU(2) worked out in the preceding papers [55] [56], and are given by

. (0 -m . ([ 0 —im
A=\, 0 )27 Uin, 0 )

(98)
2
A 1 ny 0
with irregular isocommutation rules
1
n1n9
and isoeigenvalues
03 * |7jL >= :l:nllng |1AL >,
(100)

62 x| >= (= +2)|i > .

nin2 *ninz

It is easy to see that, when the hyperdense medium surrounding the
immersed particle is homogeneous and isotropic, the characteristics quan-
tities can be normalized to the values n; = ny, = nsz = 1, in which case
isoeigenvalues (100) are conventional. We therefore have the following

LEMMA 3.1: Irregular isorepresentations of the Lie-Santilli isosymmetry su(2)
represent the inhomogeneity and anisotropy of media in which extended particles
are immersed.

Among a number of additional irregular Pauli-Santilli isomatrices with
isotopic element 7" in Eq. (64) we quote Egs. (3.2) of Ref. [10]

5 = nn 0 ny? 5 — nn 0 —in?
a1 = - by = .
1 M2\ -2 g ) 02 AT 0 ;

-2
A U 0
03 = NN 0 n=2 |-
—T
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with irregular isocommutation rules

1
[6:,0;] = Qin - Ok, (102)
12

and isoeigenvalues

1

(3'3 * |1AL >= 4+
ning

@ >,
(103)

62 % |t >= 3@\& >,

The above isorepresentation appears to be significant when the medium
causes a proportional alteration/mutation of both the third component as
well as the total value of the spin of a particle having the value 1/2 in
vacuum.

Another example of irregular Pauli-Santilli isomatrices is given by Egs.

(3.7) of Ref. [10]
A 0 Mo ~ 0 —ing
A=\, 0 ) 2" Uing 0 )

(104)
by= (M
3 — O _ng )
with irregular isocommutation rules
PPN :2.1 ~ [AAA]:Q.A
[01702] Zn%n% g3, 02,03 1071,
(105)
[03,01] = 210,
and mutated isoeigenvalues
03 % |2AL >= :i:|’[L >,
) (106)
62 x| >= 2|0 > .
ning

The above isorepresentation may be useful when the anisotropy and
inhomogeneity of the medium maintain the spin value 1/2 along the third
axis, yet they are such to deform the remaining components.

Additional example of irregular Pauli-Santilli isomatrices are available
from Refs. [10] and [58], and can be readily constructed by interested read-
ers.
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3.4.3. Relativistic formulation. Consider the iso-Minkowskian isospace
M (%,9Q, I) with isometric

~ ~

Q:ﬁ , n=1m,

>

T = Diag.(:-5, 25, L, L), (107)

S
S

my, =m,(r,p, E,v,a,7,m,1,...) > 0. p=1,2,3,4,

where the new characteristic quantities m, have been introduced to avoid
confusion with the previously used symbols n,,.

The relativistic formulation of the irregular isorepresentation of SU(2)
were derived, apparently for the first time, in Egs. (6.4c)-(6.4d) of Ref. [62],

and can be written .
Ji = 561@3‘%‘ * Vi (108)

where 4 are the regular Dirac-Santilli isomatrices (I-89), i.e.,

(0 &
’Yk_mk _a-k 0 )

A _ L ]2)(2 O
Va4 = ma 0 _[2><2 )

and 6y, are the regular Pauli-Santilli isomatrices.

The irregular character of isorepresentation (108) is established by the
presence of structure functions in the isocommutation rules, Eqgs, (6.4c) of
Ref. [62],

(109)

. 1
[JinJ;] = eijk:m_zjk, (110)

and in the irregular isoeigenvalues

J3*|77E >= j:% L |QZJ >,

mima

(111)

2 ) > 11 1 1 )
Jrxly >= Z(mﬂnz T mams m:sm1)‘¢ >
that, as shown in Ref. [62], permit a relativistic representation of the spin
of the neutron in its synthesis from the hydrogen.
Again one should note that, when the medium is homogeneous and
isotropic, isoeigenvalues (101) are conventional.
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Note that the assumption of mutated spin for an extended particle
within a hyperdense medium implies the inapplicability (rather than the vi-
olation) of the Fermi-Dirac statistics, Pauli’s exclusion principle and other quan-
tum mechanical laws with the understanding that said mutations are inter-
nal, thus solely testable under external strong interactions, as indicated be-
ginning with the title of Harvard’s 1978 paper [15].

3.5. Isotopies of hadronic spin and angular momentum.

3.5.1. Historical notes. An electron orbiting in vacuum around the pro-
ton in the hydrogen atom experiences no resistive forces, thus verifying
known symmetries and conservation laws.

When the same electron has been “compressed” inside the proton ac-
cording to Rutherford [73], Santilli [78] argued that the sole possible an-
gular moment is that permitted by constraints exercised on the electron by
the internal medium.

Since the electron is about 2, 000 times lighter than the proton, the most
stable configuration is that for which the electron is “constrained” to orbit with
a value of the angular momentum equal to the proton spin, since any different
configuration would imply big resistive forces (Figure 9).

Needless to say, fractional angular momenta are anathema for the quan-
tum mechanical description of point-particles in vacuum.

However, the angular momentum of extended particles immersed within
hyperdense hadronic media can acquire values other than integers, de-
pending on the local physical conditions of the medium surrounding the
particle, such as pressure, density, anisotropy, inhomogeneity, etc.

The first known quantitative study of constrained angular momenta of ex-
tended particles within hyperdense hadronic media was done at the non-
relativistic level by Santilli in Ref. [78] of 1990 following the preceding
isotopies of the rotational symmetry, Refs. [55] [56]. The study was then
extended to the relativistic level in Ref. [62] of 1990.

These studies are crucial for quantitative representations of the synthe-
sis of hadrons providing apparent verifications of the EPR argument, and
can be summarized as follows.

3.5.2. Non-relativistic representation. Recall the central assumption of isosym-
metries according to which conventional generators are preserved (be-
cause representing conventional total conservation laws), and only their
product is lifted into the isotopic form (1) (to represent the extended char-
acter of the particles and their non-Hamiltonian interactions).

Hence, the definition of the isoangular isomomentum, also called hadronic
angular momentum, on an iso-Euclidean isospace is the same as that of
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quantum mechanics
Ly = €T x Pj = €ijkTiP;, (112)

although it is defined on a Hilbert-Myung-Santilli isospace H with isostates
W > on an isocomplex isofield C, with isolinear isomomentum Egs, (I-79),
and isocommutation rules are then given by Egs. (I-81).

It is then easy to verify the following isocommutation rules for the
hadronic angular isomomentum, Egs. (2.22b) [78]

[Li,L;] = ile;jp Ly, (113)

where, as one can see, the characteristics of the medium, represented by

the isounit /, enter directly in the isocommutation rules.
The use of the isosperical isoharmonic isofunctions (see page 240 of Ref.
[30] for details)

Yim(0,0) = UY (0, 0)Ut = T~Yin (0, 9),
(114)
UUt=1=1/T #1,

where Y, (6, ¢ are the conventional spherical harmonic functions, yields
the following isoeigenvalues, Egs. (2.25), Ref. [78],

L2 5 Vi (0, 8) = T0(1C +1)Yin(0, 6). (115)

m=0/0—1,..,—0 m=1223, ..

where one can see again the mutation of the eigenvalues caused by the
surrounding medium.

Applications to particle physics then require specific realizations of the
isounit , such as the simple assumption of expressions (4) used in Ref.
[78] A

p= 1| ==~ "], (116)

where p is a function of all possible or otherwise needed local variables of
the medium.

3.5.3. Isotopies of non-relativistic spin-orbit coupling. As one can see, isoeigen-
values (115) do not allow a representation of the constrained hadronic an-
gular momentum of the electron when compressed inside the proton (Fig-
ure 9).

114



Studies on the EPR argument, I: Basic methods

In view of this insufficiency, Santilli conducted in Ref. [76] (see Also
Ref. [30], Chapter 6) a study of the eigenvalues of the combined spin and
angular momentum of the electron in the indicated interior conditions.

We consider then the fotal hadronic momentum

Jiot = Le®Js, (117

with corresponding basis [Y&i > and isoexpectation values, Eqs. (2.34),
Ref. [78],

Js 10|V &t >= (p(0) £ ™)V &1 >

nin2

T2, [Y&u>= (pl+ =) (pl £ = + 1)V >

nin2 nin2

(118)
0=0,1,2,3,... s=011,3

27020

ml)=0,0—1,...,—L, m(s)=s,s—1,...,—s.

Following a laborious journey initiated in 1977, isoeigenvalues (118)
finally permitted Santilli to achieve the desired solution for / = 1 and
s = 1, Eq. (2.36), Ref. [78],

1

n 2 N9 ’
for which the total hadronic angular momentum of the electron in the synthesis
of the neutron is identically null, J,,; = 0, and the spin of the neutron coincides
with that of the proton.

More detailed studies pertaining to electric and magnetic dipoles ex-
cluded the alternative J = 1 of eigenvalues (118), as well as total hadronic
angular momenta of the electron other than zero.

The preceding studies permitted a quantitative non-relativistic repre-
sentation of the spin of the neutron in its synthesis from the hydrogen
atom. A representation of the remaining characteristics of the neutron
(mass, radius, charge, dipole moments, etc.) is reviewed in Section 4.5.

(119)

3.5.4. Isotopies of relativistic spin-orbit couplings. The hadronic spin S =
ST is a realization of the SU(2) isosubalgebra of P(3.1) with generators
(57), while the hadronic angular momentum L = LI is a realization of the
isorotational SO(3) isosubalgebra. Their relativistic formulation on iso-
Minkowskian isospace (107) has been first derived in Eqs. (6.4a) (6.4b),
Ref. [62] and are given by

Sk = 2€5i7i * Y;,
(120)

Ly = €kijTi * Py,
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where 7, are the Dirac-Santilli isomatrices.
We then have the irregularisocommutation rules

[Sz‘:Sj] = sz’jm%gku

(121)
[Li:Lj] = eijkmsza
and isoeigenvalues, Eqgs, (6.4d) Ref. [62]
5'3 * ‘Q; >= :I:m11m2 ’& >,
2 ih >= (my*my?® +my*my® +my*my?)| >,
(122)

ig * |zﬂ >= imlmg\zﬂ >,

L2 % WA) >= (m?m3 + m3am3 + m%m%)w > .

The most salient difference between relativistic isoeigenvalues (122)
and their non-relativistic counterparts (155) is that the former admit frac-
tional hadronic angular momenta while the latter do not.

In fact, for the following values admitted by a homogeneous and isotropic

medium [62]

1
mp =mg=mg = E, (123)
isoeigenvalues (122) become
Ss % W >= i%h/? >,
S xlip >= 3 >,
(124)

Lae1d = £}i6 >
LPxl >= 34 > .

Consequently, isoeigenvalues (122) permit a quantitative representation of
the hadronic angular momentum of the electron as being constrained to be equal
to the proton spin [61] [62] (Figure zzzz).

In this case too, the total hadronic angular momentum of the electron
is null because the only stable hadronic spin-orbit coupling is in singlet,
and the spin of the electron can be assumed in first good approximation
not to be mutated since the electron is about 2, 000-times lighter than the

proton.
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Hadronic spins, hadronic angular momenta and hadronic spin-orbit
couplings were studied in detail Chapter 6 of Ref. [30] resulting in Lemma
6.12.1 here reproduced without proof:

LEMMA 3.2: When immersed within hadrons or nuclei with spin 1/2, an ele-
mentary particle having spin 1/2 in vacuum can only have a null total hadronic
angular momentum.

As we shall see in Section 4.6, the above configuration of the synthesis
of the neutron from the hydrogen is an apparent verification of the EPR
argument.

3.6. Realization of hidden variables.

As recalled in Section 1.1, the conventional quantum mechanical realiza-
tion of the Lie symmetry SU(2) does not allow a consistent representation
of hidden variables \ [3] [4].

It is easy to see that, despite the local isomorphism SU(2) ~ SU(2), the
Lie-Santilli isosymmetry SU(2) does indeed allow explicit and concrete
realizations of hidden variables thanks to the degree of freedom permitted
by the isotopic element (1) in the structure of the Lie-Santilli isoproduct (2)
with realizations of the isotopic element of type (3).

In this section, we review the explicit and concrete realization of regular
hidden variables, namely, realizations that can be derived via non-unitary
transforms of the Lie algebra su(2), and then review irregular hidden vari-
ables, namely, realizations that do not admit such a simple derivation.

Regular and irregular realizations of hidden variables have been first
identified by Santilli in Ref. [58] of 1993, and then used for the proof of the
EPR argument [10] reviewed in Section 3.7.

Realizations of regular hidden variables are easily provided by Pauli-
Santilli isomatrices (83) with the identifications

n? =\, n3= Ay, (125)
yielding the desired realization, Egs. (3.9), Ref. [58],

R 0 A R 0 —i!
01 = (>\1)\2) <)\—1 (1) >7 09 = ()\1)\2) <i>\_1 01 >7
2 2

(126)
. A0
03 = ()\1)\2) ( (2) _)\1—1)
verifying isocommutation rules
[62‘:[71'] = iGijk&ky (127)
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and isoeigenvalue isoequations

(3'3 * |[; >= j:(/\lAg)VA) >

(128)
6% = 3()\1)\2)2‘b > .
We consider now the particular case of Eq. (3), i.e.,
DetT =1, n?=1/n2 =\, (129)
derivable via the basic non-unitary transformation
A Ao
— -1 _
T=(UU") —(0 )\). (130)
In this case, isomatrices (83) become (Egs. (3.9) of [58])
. 0 At . 0 —it
M= (A 0 ) (N = (u 0 )
(131)

G3(\) = ( é _g_l ) |

It is an instructive exercise for the interested reader to verify that the
above realization of the regular Pauli-Santilli isomatrices verifies isocom-
mutation rules with the same stricture constants of the SU(2) algebra

and admit conventional eigenvalues

G3(\) * |b >= £|b >
(133)

Consequently, we have the following property [58]:

LEMMA 3.3. Regular Pauli-Santilli isomatrices provide an explicit and concrete
realization of regular hidden variables directly in the spin 1/2 algebra.

Note that, besides being positive-definite, hidden variables have an un-
restricted functional dependence on all needed local variables, Egs. (66).

An example of irregular hidden variables is provided by the SU(2)
component of the spinorial covering of the Lorentz-Poincaré-Santilli isosym-
metry.
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To illustrate this realization, introduce three additional hidden vari-
ables for the characterization of isospace (107)

My = Ay, p=1,2,34. (134)

Realization (108) then implies the following irregular Dirac-Santilli isoma-

trices
R 0  or(A
%W:i<—@ %)»

A — L [2><2 0
Y4 ma 0 _IQXQ )

where 6, are the regular or irregular Pauli-Santilli isomatrices, with isocom-
mutation rules

(135)

1

[Si()‘):sj(/\)] = €ijk ¥

Sks (136)

and isoeigenvalues

Sk | >= A >,

(137)

2 o ~— L(_ 1 1 1 )
S x ’w = Z(ﬁ1)\2 + V2223 + \Ag)xlﬂw =

Consequently, we have the following property [62]

LEMMA 3.4: The axioms of Dirac’s equation admit up to five generally different,
regular or irregular hidden variables.

Additional realizations of irregular hidden variables can be found in
Egs. (3.11) of Ref. [58] or can be easily derived from the preceding realiza-
tion of the Pauli-Santilli isomatrices.

3.7. Apparent admission of classical counterparts.

As it is well known, Bell’s inequality [3] [4], von Neumann’s theorem [5],
and the theory of local realism at large (see review [6] with a comprehen-
sive literature) are generally assumed to be evidence of the impossibility
of “completing” quantum mechanics into a broader theory, with ensuing
rejection of the EPR argument [1].

Following decades of preparatory works reviewed in Paper I [9] and in
the preceding sections of this paper, Santilli proved in Ref. [10] of 1998 (see
also the detailed study in Ref. [30], particularly Chapter 4 and Appendix
4C, page 166) that:
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1) Bell’s inequality, von Neumann’s theorem and related studies are
indeed valid, but under the racit assumption of representing particles as
being point-like, with ensuing sole admission of linear, local and potential
interactions (exterior dynamical problems).

2) Bell’s inequality, von Neumann'’s theorem and related studies are in-
applicable (rather than being violated) for extended particles within phys-
ical media, due to the presence of additional non-liner, non-local and non-
potential interactions (interior dynamical systems).

3) The latter systems represented with the axiom-preserving “comple-
tion” of 20th century applied mathematics into isomathematics and the en-
suing “completion” of quantum mechanics into hadronic mechanics [29]-
[31] verify Statement 2 and admit well defined classical counterparts.

To review the preceding advances, consider two quantum mechanical
particles with spin 1/2 denoted 1 and 2 which verify the SU(2) spin sym-
metry.

Assume that, as a result of some interaction, the two particles have
antiparallel spins represented in the Hilbert space H over the field of com-
plex numbers C. The total state in calH is then given by

1
|Sl_2 >= —(|Sl¢ > ><|Sg¢ > —|Su > X|SQT >), (138)
V2

with conventional | normalization
< 31,2|51,2 >=1, (139)

where x is the conventional associative product.

Let a1, b, and a9, by be unit vectors along the z-axis of a conventional
Euclidean space E(r, 6, ) for particle 1 and 2, respectively. Introduce the
quantum mechanical probability

P(al,bl) =< S1_2|(0'1 X Cbl) X (0'2 & b1)|51_2 >=—a; ® bl, (140)

where ® is the conventional scalar product.
Then, Bell’s inequality can be written [4] (see Ref. [6] for numerous
equivalent formulations)

Dgé\l/[l = Max]P(al,bl) — P(al,bg) + P(&Q,bl) + P(GQ, bg)’ S 2, (141)

and implies the following property:

LEMMA 3.5: Particles in vacuum verifying the Lie symmetry SU(2) admit no
classical counterparts.
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PROOF: The classical counterpart of Bell’s inequality is given by
D§lassical — Mazlay @ by — ay ® by| + |ag @ by + ay @ by| = 2v/2.  (142)

But the quantum mechanical value of Dg% is always smaller than its
classical counterpart D§jassical,

Dgli < DSfassical, (143)

by therefore establishing the impossibility for an SU(2)-invariant system
to admit identical classical images. Q. E. D.

Santilli [10] has shown that inequality (141) is inapplicable for the same
particles when they are in interior dynamical conditions, e.g., when they
are in the core of a star, or at the limit, when they are in the interior of a
gravitational collapse.

Considers two extended particles also denoted 1 and 2. Suppose that
said particles verify the regular SU(2) isosymmetry with spin 1/2 (Section
3.3), thus implying the elaboration via isomathematics (Section I-3) and
the verification of the isotopic branch of hadronic mechanics (Section I-4).

Suppose that the two extended particles with spin 1/2 are character-
ized by the following isotopic elements:

Particle 1: Ty = Diag(A,1/A1),
(144)
Particle 2 : Ty = Diag(Ae, 1/\2),

with realization (83) of the Pauli-Santilli isomatrices.

Suppose that, due to preceding interactions, the two extended particles
are in single overlapping/entanglement thus having opposite spins.

Let I, and I, be the isounits for particles 1 and 2, respectively. The
systems of the assumed two isoparticles is then characterized by the total
isounit

. A 1 1
Itot211><]2:A = = —.
T Ty x Ty

In this case, the total isostate on the Hilbert-Myung-Santilli isospace #
[19] over the isofield of isocomplex isonumbers calC' [20] is given by

(145)

A 1 ~ A R .
|51,2 >= _<|SlT > X‘Sgi > —|Su > X|SQT >). (146)

V2

The lack of validity of inequality (141) for irregular isorepresentations
of SU(2) is evident (e.g., because of the anomalous spin isoeigenvalues)
and, as such, it is ignored.
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A significant aspect of Ref. [10] is the proof of the inapplicability of
inequality (141), not only for regular isorepresentation of SU(2), but also
when such isorepresentations are isounimodular, Eqs. (144).

Let aq, by, az, by be unit vectors along the z-axis of an iso-Euclidean isospace.
Introduce the isoprobability (Eq. (32.39), page 99, Ref. [30])

P(a,b) =< S1_o| * (Z181a) X (238020)|S1_5 > Ly =
(147)
=< S19| % (61 ®a) X (62 ®b)|S1-2 > L0,

with isonormalization (here referred to individual diagonal elements of
isotopic elements and isounits)

< 5'172’ * |5'172 >=< g172|Ttot|’§172 >= jtot (148)

where: x is the total isoproduct; ®;, k = 1,2, is the isoscalar isoproduct;
and we have used simplifications of the type

f]l®1a = (&1j1)(f1®)a = 6’1 X a. (149)

An isotopy of the conventional case yields the following isobasis, Eq.
(6.5) of Ref. [10],

1 —1/2 0 —1/2
(GBI REAICH)

The appropriate use of products and isoproducts then yield expression
(5.6) Ref. [10], i.e.,

< §1—2|Tt0t(51 ®1 a) X (02 @9 b)ﬁot|g1—2 >=
(151)
= —azb, — ayb, — T(MA + AT Ag)asb..

The continuation of the isotopy of the conventional case, yields the
main result, Eq. (5.8) of Ref. [10], which provides the following isotopic
“completion” of Bell’s inequality,

Dﬁ% = D]\I{[][\z/[xjtot =
Max|P(ay,by) — P(ay, by) + Plag, by) + P(as, by)| = (152)
= RO+ AT X2) DR o,
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with consequential:

LEMMA 3.6. Extended particles within physical media that are invariant under
the Lie-Santilli isosymmetry SU(2) admit identical classical counterparts.

PROOF: Isoinequality (141) establishes the lack of universal validity of
Bell’s inequality (128) because the factor $(\A;' + A7 A2) can have val-
ues bigger than one, thus implying
paM -~ DY (153)
Consider then a classical iso-Euclidean isospace F(7,, ) representing
motion of classical extended particles 1 and 2 within physical media [30]
with isometric elements

A A A 1
01 =1, do =1, 033 = §(>\1)\2_1 + /\1_1)\2) =2, (154)
in which case
Dio, = htDipasse, (155)

by therefore establishing that systems of extended particles within phys-
ical media verifying the SU(2) isosymmetry admits an identical classical
counterpart along the EPR argument. Q.E.D.

It is an instructive exercise for the interested reader to prove that the
above lemma also holds for different isorenormalizations, e.g., Eqs. (171)
of next section, with the understanding that different isorenormalizations
imply different isobasis and different hidden variable terms in Egs. (151).

Note the crucial role of hidden variables for the proof of Lemma 3.6.
It is an instructive exercise for interested readers to prove that Lemma 3.6
holds for any other regular, isounimodular isorepresentation of the iso-
topic SU(2) symmetry in terms of hidden variables presented in Section
3.3.

The proof of the lack of applicability of von Neumann’s theorem [5]
for extended particles in interior conditions is elementary. Recall that von
Neumann'’s theorem is based on the uniqueness of the eigenvalues £ of a
Hermitean operator H, H|i) >= E|¢ > under unitary transformation on
H,

UH|yp > U =UE[Y >U" = EU|ly > U', UU'=U'U =1, (156)

under the tacit assumption of point particles in vacuum.
By contrast, when the same particles is in interior conditions, it is sub-
jected to an infinite number of different physical different interactions with
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the medium represented by the isotopic element 7' with ensuing isoeigen-
value equation (Section 1-4), [9],

abel L H x [z >= HT|i)s >= Ej|psis >, (157)

thus establishing that a given quantum mechanical operator H represent-
ing the energy of an extended particle in interior conditions has an infinite
number of generally different isoeigenvalues E; depending on the infinite
number of different interior conditions.

Note that, for each given 7' the isoeigenvalue E; is invariant under
isounitary isotransformations (Section I-3-9).

3.8. Apparent admission of classical determinism.

Consider a point-like particle in empty space represented in the 3-dimensi-
onal Euclidean space E(r, d, I), where r represents coordinates, § = Diag.-
(1,1,1) represents the Euclidean metric and I = Diag.(1, 1,1, ) represents
the space unit.

Let the operator representation of said point-like particle be done in a
Hilbert space H over the field of complex numbers C with states ¢(r) and
familiar normalization

400

<PMI(r) >= [ $)(r)dr = 1. (158)
As it is well known, the primary objections against the EPR argument
[2]- [6] were based on Heisenberg uncertainty principle according to which
the position r and the momentum p of said particle cannot both be measured
exactly at the same time.
By introducing the standard deviations Ar and Ap, the uncertainty prin-
ciple is generally written in the form

1
ArAp > §h’ (159)

which is easily derivable via the vacuum expectation value of the canoni-
cal commutation rule

1 1
ArAp > |Z<W [, p] W>’:§h- (160)
Standard deviations have the known form (see, e.g., Ref. [79]) with

h=1
Ar = /< p()|[r — (<) 7 [b(r) >)PR(r) >,

(161)

Ap = /<4 p— (< v) plp) > (p) >,
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where 1(r) and v(p) are the wavefunctions in coordinate and momentum
spaces, respectively.

We consider now an extended particle, this time, in interior condi-
tions, e.g., in the core of a star, classically represented by the iso-Euclidean
isospace E(#,0, 1) with isounit = 1/T > 0, isocoordinates # = 1, isomet-
ric

A

6 =16, (162)

and isotopic element (4)) under conditions (5).

For simplicity, we assume that the extended particle has no Hamilto-
nian interactions due to the dominance of the latter interactions over the
former.

Consequently, we can represent the extended particle in the isospace #
over the isofield C and introduce the time independent isoplanewave [18]

P(7) = () =
A A (163)
_ ]\7* (é%*k*f)f _ N(eszf)j

Y

where N = N1 is an isonormalization isoscalar, k = kI is the isowavenumber,
and the isoexponentiation is given by Eq. (I-22) [26].
The corresponding representation in isomomentum isospace is given
by
D(p) = M x &7, (164)

where M = MT is an isonormalization isoscalar and 7 = n1 is the isowave-
number in isomomentum isospace.
The isopropability isofunction is then given by (Ref. [30] page 99)

P =< x> =< ()| T [d(#) > I, (165)

that, written in terms of isointegrals (Ref. [29] page 354), becomes

[T % () * di =
(166)
= [T () (dr + rTdl),

where one should keep in mind that the isodifferential di* given by Egs.
(I-29).
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The isoexpectation isovalues of a Hermitean operator () are then given
by [30]

x Qx> =< ()] x Qx [() >=
= [0 % Qx () di = (167)
= [0 QU(r)dr,

with corresponding expressions for the isoexpectation isovalues in isomo-
mentum isospace.

Santilli then introduced apparently for the first time in Ref. [11] the
isotopic operator

T=TI=1, (168)

that, despite its seemingly irrelevant value, is indeed the correct operator
formulation of the isotopic element for the “completion” of the isoproduct
from its scalar form (1) to the isoscalar form

Y=hxi=nxTxi= nl (169)

In Sections 3.6, 3.7, we have shown that the Lie-Santilli isosymmetry

SU(2) admits an explicit and concrete realization of hidden variables that

allowed the construction of identical classical counterparts for interior dy-
namical systems.

Ref. [11] introduced the isoexpectation isovalue of the isotopic opera-
tor

n

ST # |3 =< ()|« T *|b(7) > I

(170)
= [73 0@ T (r)dr,
and assumed the isonormalization (again, intended for diagonal matrix
elements)
xT x> =
(171)
= [T =T
Consider then the isostandard isodeviation for isocoordinates A7 = Arl
and isomomenta Ap = Apl, where Ar and Ap are the standard deviations
in our space.
By using isocanonical isocommutation rules (I-81), we obtain the ex-
pression

(172)
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One should note the replacement of the symbol > in Eq. (160) with the
symbol ~ in Eq. (172). This is due to the fact that the historical arguments
applying for a point-like particle in vacuum no longer apply for an inte-
rior system because the pressure exercised by the medium on the particle
(Figure 4) reduce the lower limit of Eq. (160) to the approximate value of
Eq. (172).

Under the above assumptions, by eliminating the common isounit ,
Ref. [11] achieved the desired result here called isodeterministic isoprinciple

=L < ()| T [#p) T|(F) >= (173)

where the property ArAp < 1 follows from the fact that the isotopic
element 7" has values smaller than 1 in the fitting of all experimental data
dealing with hadronic media such as hadrons, nuclei and stars, and null
value for gravitational collapse [31].

In the event Eq. (35), page 14 of Ref. [11] should be compatible with
Eq. (173) above, it is sufficient to turn into a comma the sign = in the right
of the central expression of Eq. (35), or absorb the factor 1/2 of Eq. (173)
into the isorenormalization.

In this way, thanks to a laborious scientific journey initiated at Harvard
University in late 1977, and thanks to contributions by numerous mathe-
maticians, theoreticians and experimentalists, Santilli reached the follow-
ing verification of the EPR argument [11]:

LEMMA 3.7 (ISODETERMINISTIC PRINCIPLE): The isostandard isodeviations
for isocoordinates Ar and isomomenta Ap, as well as their product, progressively
approach classical determinism for extended particles in the interior of hadrons,
nuclei, and stars, and achieve classical determinism at the extreme densities in
the interior of gravitational collapse.

PROOF: Define the isostandard isodeviations via the following isotopy
of quantum mechanical expressions (161) (where we ignore the common
multiplication by the isounit)

(174)
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where the differentiation between the isotopic elements for isocoordinates
and isomomenta is ignored for simplicity. But the isotopic element repre-
sents the interactions of the particle with the physical medium and tends
toward null values for gravitational collapse, Egs. (I-91) (I-92). Therefore,
isosquare in expression (171) implies the expressions

~

Ar =T < GO 7= < $F)| %7 % [$(7) >21(7) >,
(175)

Ap = \JT < ()| [— < $(p)| » p [6(p) >P1(5) >,

that approach indeed null value under the indicated limit conditions of
gravitational collapse
Limg_ Ar =0,
(176)
Lim;_,Ap = 0,

Q.E.D.

3.9. Apparent removal of quantum divergencies.
Recall from Section 1-4.13 that, under condition (I-96), corresponding to
condition (173), there is a rapid convergence of isoseries (I-97), as well
as the removal of the singularity of Dirac’s delta distribution, Eq. (I-98)
(Figure 1-14).

The above properties can be now formalized according to the follow-
ing:

COROLLARY 3.7.1. Einstein’s determinism according to Lemma 3.7 implies the
removal of quantum mechanical divergencies.

PROOF. Lemma 3.7 is based on values of the isotopic element 7" being
smaller than 1, which values imply in turn the rapid convergence of per-
turbative series without divergencies (Section 1-4-13).
Q.E.D.

The removal of quantum divergencies, that have been cause of contro-
versies for about one century, illustrates the far reaching implications of
Einstein’s determinism for interior dynamical systems.

3. CONCLUDING REMARKS.

Following the study of basic methods in Paper I, in this paper we have
provided an apparent confirmation of proofs [10] [11] of the EPR argument
[1] for extended, thus deformable particles within hyperdense media with
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ensuing linear and non-linear, local and non-local and potential as well as
non-potential/non-Hamiltonian interactions.

This study has been conducted via the use of isomathematics and isome-
chanics admitting a conventional Hamiltonian H or Lagrangian L for the
invariant representation of linear, local and potential interactions, plus the
isotopic element 7" of isoproducts A x B = ATB, Eq. (1), for the invariant
representation of non-linear, non-local and non-Hamiltonian interactions.

Following the outline and upgrade of isosymmetries for time-reversal
invariant interior systems (Section 3), we have apparently confirmed the
proof of Ref. [10] according to which extended particles in interior dynam-
ical conditions admit identical classical counterpart.

We have then apparently confirmed the proof of Ref. [11] according
to which extended particles progressively approach classical determinism
when in the interior of hadrons, nuclei and stars, and achieve full deter-
minism at the limit of gravitational collapse, essentially as predicted by A.
Einstein, B. Podolsky and N. Rosen [1].

To illustrate the far reaching implications of what appears to be Ein-
stein’s most important legacy, we have shown for the first time that the re-
covering of Einstein’s determinism for interior conditions appears to im-
ply the removal of quantum divergencies due to the rapid convergence
of the isoseries of hadronic mechanics, the removal of the singularity in
Dirac’s delta distribution and other features.

A number of illustrations and novel applications in mathematics, physics
and chemistry are presented in the forthcoming Paper III.
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1. INTRODUCTION.
1.1. The EPR argument.

As it is well known, Albert Einstein did not accept quantum mechanical
uncertainties as being final, for which reason he made his famous quote
“God does not play dice with the universe.”

Einstein communicated his views to B. Podolsky and N. Rosen and
they jointly published in 1935 the historical paper [1] that became known
as the EPR argument.

Objections against the EPR argument have been voiced by numerous
scholars, including by N. Bohr [2], J. S. Bell [3] [4], ]. von Neumann [5] and
others (see Ref. [6] for a review and comprehensive literature).

The field became known as local realism and included the dismissal of
the EPR argument based on claims that quantum axioms do not admit
hidden variables \ [7] [8].

1.2. Outline of preceding works.
Following various preparatory works, in Ref. [9] of 1998, R. M. Santilli:

1) Assumed the validity of quantum mechanics, with consequential
validity of the objections against the EPR argument [2] - [6], for point-
like particles in empty space under linear, local and potential interactions
(exterior dynamical problems);

2) Proved the inapplicability (and not their violation) of said objections
for the broader class of extended, deformable and hyperdense particles
within physical media under the most general known linear and non-
linear, local and non-local and potential as well as non-potential interac-
tions (interior dynamical problems); and

3) Provided the apparent proof that interior dynamical systems admit clas-
sical counterparts in full accordance with the EPR argument via the repre-
sentation of interior systems with of isomathematics also called isotopoic
branch of hadronic mathematics, and isomechanics, also called isotopic branch
of hadronic mechanics.

In the 2019 paper [10], Santilli provided the apparent proof that Ein-
stein’s determinism is progressively approached in the interior of hadrons, nuclei
and stars and it is fully achieved in the interior of gravitational collapse.

In Ref. [11], herein referred to as Paper I, we provided a review of
isomathematics and isomechanics.

In the subsequent Ref. [12], hereinafter referred as Paper II, we pro-
vided a review of isosymmetries, with particular reference to the isotopies
of the spin and rotational symmetries, and provided an apparent confir-
mation of the proofs [9] and [10] of the EPR argument.
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Figure 1: In this figure, we present the so-called Schmidt limits essentially representing
the deviations of experimental data on nuclear magnetic moments from the predictions of
quantum mechanics. In Santilli’s view [11], this occurrence is clear evidence on the need
for a “completion” of quantum mechanics along Einstein’s legacy [1], beginning with
a “completion” of applied mathematics into a form suitable to represent extended and
deformable nucleons according to the founders of nuclear physics, such as E. Fermi [13]
and V. F. Weisskopf who states in page 31 of his treatise in nuclear physics with J. M. Blatt
[14]: “ it is possible that the intrinsic magnetism of a nucleon is different when it is in
close proximity to another nucleon. ” For penetrating appraisals of the insufficiencies of
20th century science, one should also see K. R. Popper [15]. J. Dunning-Davies [16], J.
Horgan [17] and others. In this paper, we outline and update the achievement by hadronic
mathematics and mechanics of exact representations of nuclear experimental data along
the indicated historical legacies, and point out important implications for much needed
new, clean energies and fuels (Sections 2.6.5, 2.7.3, 2.8.3).

In this third and final paper of this series: we present apparent exper-
imental verifications of the EPR argument in physics and chemistry; we
outline expected industrial applications; and identify the most salient im-
plications of the EPR argument.

1.3. Basic notions.
The basic assumptions underlying the apparent proofs of the EPR argu-
ment are the following::

1) The axiom-preserving lifting of the conventional associative product
ab = a x b between all possible quantum mechanical quantities (numbers,
functions, matrices, etc.) into the isoproduct, first introduced in the 1978
Harvard university paper [18] (see also Refs. [19] to [23])

axb=aTb, (1)

where T, called the isotopic element, is restricted to be positive-definite,
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T > 0, but possesses otherwise an unrestricted functional dependence on
all needed local variables, including wavefunctions and their derivatives.

20th century applied mathematics and quantum mechanics are refor-
mulated in an axiom-preserving, thus isotopic form, via isoproduct (1)
(Paper I and Section 1I-2).

3) The axiom-preserving isotopy of the various branches of Lie’s the-
ory, first achieved by Santilli in Refs. [18] [23] and are today known as the
Lie-Santilli isotheory [24] (Section I-3.7) with Lie-Santilli algebras of the type
[9]

(X X] = Xix X; — X; % X; = Cl Xy 0,5 =1,2,..., N. (2)

and ensuing systematic isotopy of space-time and internal symmetries
(Section 1I-2).
3) Immediate explicit and concrete realizations of “hidden variables”
[7] [8] of the type
T = Diag.(1/\, ), DetT = 1. (3)

Ref. [9], therefore establishing that, contrary to objections [2] to [6],
the abstract axioms of quantum mechanics do indeed admit explicit and concrete
realizations of hidden variables.

4) Representation of extended particles in conditions of mutual pene-
tration via realizations of the isotopic element T of isoproduct (1) of the
type [25]

~nDiag.(—, =+, L)e T,

2 2 572 5 2
Tk Mok’ M3k " Mg

T =Ty

4)
k=1,2,...N, u=1,234,

where n?,n3,n3, (called characteristic quantities) represent the deformable
semi-axes of the particle normalized to the values n} = 1,k = 1,2,3 for
the sphere; nj represents the density of the particle considered normal-
ized to the value ny, = 1 for the vacuum; and I' represents non-linear,
non-local and non-Hamiltonian interactions caused by mutual penetra-
tions/entanglement of particles.

In particular, the isotopic element 7" has resulted to have numeric val-
ues smaller than 1 in all known applications [23]-

T <1, (5)

which property permitted Ref. [10] to show that the standard deviations Ar
and Ap progressively tend to zero with the increase of the density of the medium
of interior problems.

5) Isosymmetries do not preserve over time the basic unit 1 of conven-
tional numeric fields F(n, x,1) with consequential lack of experimental
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verifications. This occurrence mandated Santilli to formulate isomathe:
matics on isofields F'(n,*, 1) [26] [27](Section 1-3.3) with isonumbers n = nl
equipped with isoproduct (1) and basic isounit

P—17T>o, (©6)

which remains numerically invariant under isosymmetries as necessary
for consistency (Sections 1-3.8, I-3.9 and 1II-2).

5) Recall that the Newton-Leibnitz differential calculus provides the
ultimate characterization of the point-like character of particles admitted
by quantum mechanics due to the known feature that said calculus can be
solely defined as a finite number of isolated points.

This occurrence mandated Santilli to construct the covering of the Newton-
Leibnitz differential calculus into the isodifferential isocalculus (Section I-
3.6) with basic isodifferential [28] [29]

A

It =Tdri(r,..)] =dr +rTdl(r,..), (7)
and corresponding isoderivative
0f(r) _ ;01(7)

oF or

8)

which are defined on volumes represented by the isotopic element 7', rather
than points.

Recall that Bell’s inequality [3] D%, does not admit a classical counter-
part D¢ because always smaller than the classical counterpart,

DEoy < Dess, )

In Ref. [9], Egs. (5.8), page 189, proved that, thanks to the existence in
hadronic mechanics of hidden variables of type (3), the corresponding in-
equality in hadronic mechanics (hm), D"™ is bigger than Bell’s inequality,
and always admits a classical counterpart

Dhm = DCZ&SS, (10)

resulting in the following:

LEMMA 11-3.6 (EXISTENCE OF CLASSICAL COUNTERPART). Extended par-
ticles within physical media that are invariant under the Lie-Santilli isosymmetry
SU(2) admit identical classical counterparts.
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The main result of Ref. [10], Egs. (35), page 14,

ArQp = 1 < (F)] * [7p] * [(7) >=

~

= 3| <OT 7] T1(7) >= (11
J23 o TR dr =T < 1,
verifying Einstein’s determinism, was expressed with the following;:

LEMMA 11-3.7 (EINSTEIN DETERMINISM): The isostandard isodeviations for
isocoordinates Ar and isomomenta Ap, as well as their product, progressively
approach classical determinism for extended particles in the interior of hadrons,
nuclei and stars, and achieve classical determinism at the extreme densities in the
interior of gravitational collapse.

By recalling that isoperturbative series of hadronic mechanics has based
on isoproduct (1) (Section 1-4),

A(0) = I+ (ATH — HTA)/1!1 + ........ (12)

and that 7' < 1 from Lemma I1-3.7, the following consequential property
was introduced, apparently for the first time in Paper II:

COROLLARY 3.7.1 (LACK OF DIVERGENCIES) Einstein’s determinism accord-
ing to Lemma I1-3.7 implies the lack of quantum mechanical divergencies in hadronic
mechanics.

It should be indicated that the technical understanding of the verifi-
cations and applications presented in this paper require a knowledge of
isomathematics and isomechanics.

2. VERIFICATIONS AND APPLICATIONS.

2.1. Foreword.

Being dimensionless, Newtonian massive points cannot experience resistive or
contact force of any type. By recalling that Newton’s equation have been
the foundations of physics for the past four centuries, 20th century main-
stream particle physics has been developed without the notion of resistive
force, with ensuing lack of treatment of the pressure exercised by a medium
on a particle in its interior, contrary to clear evidence that a proton in the
core of a star is exposed to extremely big pressures (Figure 1).
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In this section, we shall illustrate the fact that, once admitted, the pres-
sure exercised on extended particles characterizes in their interior charac-
terizes standard deviations Ar and Ap that, being constrained by said pres-
sure, verify the isodeterministic principle of Lemma II-3.7 as well as the
rapid convergence of isoperturbative series according to Corollary II-3.7.1,
by progressively approaching classical determinism with the increase of
the pressure, up to the apparent achievement of classical determinism for
the interior of gravitational collapse as predicted by Einstein, Podolsky
and Rosen [1].

A physically important notion emerging from the examples provided
below is that the EPR argument appears to be verified by strong interactions be-
cause, as indicated by Santilli in the 1978 paper [19], contact non-Hamilton-
ian interactions responsible for the synthesis of the neutron and other
hadrons are short range, strongly attractive, charge independent and non-
Hamiltonian (technically identified as variationally non-selfadjoint interac-
tions [22]), thus providing a conceivable, first known, explicit and concrete
representation of strong interactions.

The models outlined in this section were first proposed by Santilli in
Ref. [19] in their time irreversible form, as requested for decaying bound
states, thus being elaborated with Lie-admissible genomathematics, in which
case, the need for a “completion” of quantum mechanics is beyond scien-
tific doubt (Section I-1.3).

However, the objections against the EPR argument [2] - [6] have been
formulated for conventional quantum axioms, thus implying the sole con-
sideration of time-reversal invariant states. In this section, we illustrate
the need for a “completion” of quantum mechanics also for time-reversal
invariant systems of extended particles in interior conditions.

Therefore, unstable strongly interacting particles (hadrons) are hereon
studied for such a small period of time to allow their time-reversal invari-
ant approximation.

2.2. Particles under pressure.

One of the simplest illustrations of Lemma II-3.7 is given by a particle in
the center of a star, thus being under extreme pressures 7 from the sur-
rounding hadronic medium in all radial directions (Figure 1).

By ignoring particle reactions in first approximation, the conditions
here considered can be rudimentarily represented for very short periods
of time by assuming that the function I' > 0 in the exponent of the iso-
topic element (4) is linearly dependent on the pressure 7, resulting in a
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iPiig

Figure 2: In this figure, we present a conceptual rendering of the central notion used
for the verification of the EPR argument, namely, the pressure experienced by extended
particles immersed in hyperdense media, such as a proton in the core of a star, which
pressure evidently restricts uncertainties in favor of Einstein’s determinism (Lemma II-
3.7). Note that the notion of pressure does not exist in 20th century physics due to the
approximation of particles as being point-like.

realization of the isotopic element of the simple type
T=e"" <1, [=e™">1, (13)

where w is a positive constant.
Isodeterministic principle (11) for the considered particle is then given

by
1
Ardpm ge™ < 1, (14)
and tends to null values for diverging pressures.

The above example illustrates the consistency of isorenormalization (II-
171) because a constant isotopic element verifies the isonormalization

2O T () > T =
=T <d@F)| [(7) > 1 = (15)
=< ()] [(F) >,

but not necessarily other isorenormalizations.

Note that we have considered an individual extended particle immersed
in a hadronic medium, rather than the bound state of extended particles
in condition of mutual penetration that are studied in the next sections.
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Consequently, isotopic element (14) represents a subsidiary constraint on
standard deviations caused, as indicated, by the pressure of the surrounding
hadronic medium on the particle considered.

It is easy to see that, since I'(7) > 0, more complex functional depen-
dence on the pressure 7 continue to verify Lemma II-3.7 as well as Corol-
lary II-3.7.1.

2.3. Non-relativistic hadronic bound states.

As recalled in Paper I, the dynamical equations of quantum mechanics,
such as the Schrodinger and the Dirac equation, are characterized by the
conventional differential calculus which can solely be defined at a finite
set of isolated points on a given representation space. Consequently, quan-
tum mechanical bound states are solely possible for point-like constituents
under linear, local and potential interactions (technically identified as vari-
ationally self-adjoint interactions [22]). This it is the case for the familiar
Schrodinger equation for the bound state of two point-like particles of
mass m with Coulomb potential V' (r) in a Euclidean space E(r,d, ) for-
mulated on a Hilbert space H over the field of complex numbers C

i2y(t,r) = Hy(t,r) = [%Ekpkpk - V(T)} U(t,r) =
— [ (=ihde)(=ihidk) — V()] (t,r) = (16)
_ [_;ﬁAT - V(r)} W(t,r) = Bp(t,r).

By contrast, hadronic bound states are bound states of extended particles
at mutual distances smaller or equal to the hadronic horizon (Figure 1-13)

R=- ~ 1072 em. (17)

S =

In such a region, bound states verify hadronic mechanics, can be rep-
resented with isomathematics (Section I-3) and isomechanics (Section I-4)
for the case of time-reversal invariant bound states (such as the deuteron),
or genomathematics and genomechanics for time irreversible bound states
(such as all hadrons produced in particle physics laboratories).

By using the methods outlined in Paper I and in the preceding sections,
when assumed to be stable in first approximation (thus being time reversal
invariant), hadronic bound states are characterized by the following main
features:
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1) The bound states occur between isoparticles, namely, isoirreducible,
isounitary isorepresentations of the isospinorial covering of the Galileo-
Santilli isosymmetry G for non-relativistic treatments (Sections I1-2.5.1 and
11-3.9) or of the Lorentz-Poincaré-Santilli isosymmetry P for relativistic
treatments (Sections 11-2.5.11 and II-3.9) represented by hadronic mechan-
ics including the verification of Einstein’s determinism (Lemma II-3.7) and
the absence of divergencies (Corollary II-3.7.1).

2) The representation of the extended character of the isoparticles is
done with isoproduct (1) and isotopic element (4), resulting in iso-Schrédin-
ger equations of type (I-80), while the deep mutual penetration of the
wavepackets and/or charge distributions of isoparticles generates novel
non-linear, non-local and non-potential interactions represented by the ex-
ponent of the the isotopic element (4) and other means. Note that the latter
interactions are short range, strongly attractive, charge independent, and
non-Hamiltonian according to all studies conducted to date in the field,
thus allowing an initial yet explicit and concrete realization of strong in-
teractions [19].

3) By recalling that isosymmetries G and P are all irregular realizations
of the Lie-Santilli isotheory (Sections I-2.7 and 1I-2.5.4), a necessary condi-
tion for the invariance of hadronic dynamical equations under isosymme-
tries is that contact interactions cannot be derived via non-unitary trans-
forms of quantum mechanical potentials, thus being basically new interac-
tions. The physically equivalent property is that, as it is well known, strong
interaction cannot be derived via non-unitary or other known transformations of
electromagnetic interactions, thus confirming the necessary use of the irreg-
ular Lie-Santilli isotheory and hadronic dynamical equations.

The notion of hadronic bound states was proposed, apparently for the
tirst time, by Santilli in the 1978 Ref. [19] and was extensively studied
hereafter in various works by various authors (see the 2001 monograph
[30], the 2011 review [31], and papers quoted therein).

It is important to review the derivation of the basic non-relativistic and
relativistic isoequations for hadronic bound states to show their apparent
verification of the isodeterministic principle of Lemma 3.7.

The fundamental non-relativistic, irregular isoequation of a time-reversal
invariant hadronic bound state of two isoparticles of mass m at mutual dis-
tances of the order of the hadronic horizon R = 107! ¢m in an iso-Euclidean
isospace E(7, 6, I) formulated on a Hilbert-Myung-Santilli isospace # over
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the isofield of isocomplex isonumbers C can be written

~

20 7) = [(1) % Spnx pu £ V() = 8(0)] #9E,7) =
= [(/m) S Tod  V(7) ~ S()] b(d,7) = (18)
E * @L(tAv f) = EIZ)(ﬂ 72)7

where V(#) = V(#)I; S()) = S(1))I represents the novel short range,
strongly attractive force; the value —V(#) occurs for bound states with
opposite charge (as it is the case for the synthesis of hadrons reviewed
below); the value +V (#) occurs for isoparticles with the same charge (as
occurring for valence electron bonds reviewed below); and one should
note that isoeigenvalues can always be reduced to conventional eigenval-
ues, thus allowing experimental verifications.

Due to the large representational capabilities of isoequations (182), we
use the following simplifying assumptions:

1) The isotime is equal to the conventional time, t = tft =1, ft =1,

2) Being extremely small, the orbits of the isoparticles are assumed to
be nearly constant circles, thus implying that the n; characteristic quan-
tities of then isotopic element (4) can be normalized to the sphere, n;, =
1, k=1,2,3;

3) The isotopic element is assumed to be given by the exponential term
of Eq. (4) with realizations of the non-linear, non-local and non-potential
interactions of the type (Eq. (4.7), page 170 Ref. [30])

~

T=el =N/ 1 — Ny/o, (19)
where ) behaves like the solution of quantum equation (180),
V() = Wie™, (20)

and ¢ behaves like the solution of the hadronic equation expected to be of
the type

~ (1——br)
v We(l—e | 21)
where W, and W, are positive normalization constants.
We therefore have the following explicit form of the isotopic element

e—br efbr

(1—etr)/r’

W

T=e¢ 7Gxl —W (22)
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exhibiting the Hulten potential

(23)

directly in the exponent of the isotopic element, where IV is normalization
constants.

It should be recalled that Santilli suggested the use of the Hulten po-
tential in the 1978 paper [19], Eq. (5.1.6), page 833, as an initial yet explicit
and concrete representation of strong interactions.

Under the above assumptions, isotopic element (186) verifies the cen-
tral condition for the validity of the isodeterministic principle as well as
the rapid convergence of isoperturbative series inside the hadronic hori-
zon (Lemma II-3.7 and Corollary II-3.7.1), in a way fully compatible with
the validity of conventional uncertainties as well as divergence of pertur-
bative series outside said horizon

7] < 1,
(24)
Lim,srT = 1.

The use of the isolinear isomomentum (I-79), the projection of isody-
namical equation (II-182) into our Euclidean space can be written in the
form first derived in Eq. (5.1.9), page 833, Ref [19]

|

i80(t ) = [LSupox o £V E = Wil | it r) =

Q

= [LSu(=il0)(-il0) £ WE — Worss ] g = (29)

br

= [-2a 2 VE - Wit ] bitr) = Bd(t,r),

where: W] and W, are renormalization constants; E is the binding energy
of the hadronic bound state; the total energy E,, is given by

Etot - E1 + E2 + —E, (26)

where Ej, k = 1,2 are the total energies of particles 1 and 2, respectively,

and
B m
m = ﬁ 27
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The nonrelativistic expression of the mean-life of the hadronic bound
state can be derived via an isotopy of the quantum mechanical form, yield-
ing the expression (Ref. [19], Eq. (5.1.13), page 835)

k=12 (28)

The angular component of Egs. (85) has been studied in detail in Ref.
[33] via the isospherical isoharmonics.

The radial component of the non-relativistic, irregular, hadronic isoe-
quation for the characterization of the total energy E;,, mean life 7 and
charge radius R of a time-reversal invariant hadronic bound state can be
written (Ref. [19], Egs. (5.1.40, page 835)

L(Lr2d) + m(E £ Wier + Warsts)| =0,

r2

Bioyw=E+E—-LE m=7%

12

(29)

— 7 o’E
Tl =2 (0) P, k= 1,2,

R=b7",

where the last two equations are subsidiary constraints on the first two.

The analytic solution of the above equations has been studied in detail
in Section 5, Ref. [19], including boundary conditions requested by the
subsidiary constraints, and we cannot review it here for brevity. We merely
limit ourselves to the indication that said analytic solution was reduced to
the solution of the following two algebraic equations on the parameters &
and k; (Ref. [19], Eq. (5.1.32), page 840)

kilky = (k2 = 1)°] = 3. Bt R,

2c
(30)
(k2e=1)® _ 9x109 R
k1 3mc T
It is now important to evaluate the numeric value of the binding en-
ergy E in Eq. (198). For this purpose, we recall that the Hulten potential
behaves like the Coulomb potential at short distances

1
Vhp%K;, (31)

where K is a positive constant. Consequently, the Hulten potential can ab-
sorb the Coulomb potential resulting in a short range strongly attractive force
irrespective of whether the Coulomb force is attractive or repulsive.
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The radial equation can then be reduced in first approximation to the
expression (Eq. (5.1.14a), page 836, Ref. [19])

1

d ) d —br
2

€
)+ m(E + Wor——)| =0, (32)

and its energy spectrum results to be the typical finite spectrum of the Hul-

ten potential
1

Bipl = (ko = )%, n=1,2.3,. (33)

An important feature of hadronic bound states is that, since we can
ignore Coulomb interactions and solely assume contact interactions repre-
sented with the exponent of the isotopic element (4), the value of the binding
energy I is expected to be small or null,

1 1

This is due to the fact that contact interactions do not carry potential en-
ergy (this is classically the case for a balloon moved by winds in our atmo-
sphere).

Therefore, the Hulten potential for consistent hadronic bound states is ex-
pected to admit one single energy level, the ground state since all possible ex-
cited states imply radial distances bigger than the hadronic horizon R,
with consequential recovering of quantum mechanics.

In particular, property (34) is solely possible for the following values of
the k-[arameters

|El =

ky > 0, ky > 1. (35)

The absence of a spectrum of energies was called in Section 5 of Ref.
[19] the hadronic suppression of quantum mechanical energy spectra in order
to differentiate the quantum mechanical classification of hadrons into families
(which is characterized by energy spectra) from the structure of individual
hadrons of a given classification family (which is expected to require different
constituents for different particles due to the general difference of sponta-
neous decays with the lowest mode).

2.4. Relativistic hadronic bound states.
The relativistic counterpart of Eqs. (25) was identified, apparently for the
tirst time, in Refs. [35] [36] and was formulated in the isoproduct of a real-
valued iso-Minkowski isospace for orbital motions and a complex valued
iso-Euclidean isospace for the hadronic spin

~

Stot - MCACa 777 forb) * R(i& fspin)a (36)
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resulting in the following irregular extension of the Dirac-Santilli isoequation
(I-88) ,
[ %Dy %0, + M+ C — \A/hp]@f)(i) =
(37)
= <_Z.jﬁm/’?uau +mC — Vhp)qjj(‘%) = 07

where S = ST, orb Tepresents strong interactions, and the Dirac-Santilli isogamma
isomatrices I = 41 are given by

%zA(O @)
Tk —0, 0 ’
T 0 -l )’

where 7}, are the irregular Pauli-Santilli isomatrices studied in Section II-3.4
with the following anti-isocommutation rules

ot = wTju + %15, = (39)
= 2Nuw-

where 1) is the isometric of the orbital iso-Minkowskian isospace.
2.5. Einstein’s determinism in the structure of mesons.

2.5.1. Insufficiencies of quark conjectures. While the classification of hadro-
ns into families has received a rather large consensus since its initiation
by M. Gell-Mann in the 1960’s [75], the conjecture that the hypothetical
quarks are the actual physical constituents of hadrons has been controver-
sial since its inception. These problematic aspects were reviewed in detail
in the 1979 paper [20] (written at the Department of Mathematics of Har-
vard University under DOE support), and can be summarized as follows:

1) The quantum mechanical classification of point-like particles per-
mitted by the SU(3) model and, more recently, by the standard model, has
indeed achieved a satisfactory classification of hadrons into families.

2) Quarks are purely mathematical representations of a purely math-
ematical unitary symmetry defined on a purely mathematical complex-
valued internal space and, as such, quarks cannot be the actual physical
constituents of hadrons for numerous insufficiencies or sheer inconsisten-
cies, such as:

2A) By recalling that quarks have to be point-like as a necessary con-
dition to maintain the validity of quantum mechanics in the interior of
hadrons, the ensuing conception of the hyperdense hadrons as ideal spheres
with point-particles in their interior is not realistic;
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2B) Quarks cannot be physical particles in our spacetime, and the same
holds for their masses, because they cannot be defined as unitary irre-
ducible representations of the Lorentz-Poincaré symmetry (Section 3.9);

2C) Quarks cannot be rigorously confined inside hadrons (i.e,. con-
fined with a rigorously proved, identically null probability of tunnel ef-
tect) due to the uncertainty principle;

2D) Quarks have not been directly detected under collisions at the ex-
tremely high energies achieved at CERN and at other particle physics lab-
oratories;

2E) The wavepackets of all particles are of the same order of magnitude
of the size of all hadrons. Hence, the hyperdense character of hadrons
is due to the total mutual penetration of the wavepackets of their con-
stituents, resulting in non-linear, non-local and non-Hamiltonian internal
interactions under which the SU(3) and other symmetries cannot be con-
sistently defined (Sections 3, 4).

3) History has thought that the study of atoms (as well as of other nat-
ural systems) required two different yet compatible models, one for the
classification of atoms into family, and a different model for the structure
of each atom of a given classification family. Particularly significant is the
fact that the classification of atoms could be achieved via the use of pre-
existing mathematics, while the structure of atoms required new mathematics,
such as the Hilbert spaces, that are unnecessary for the classification of
atoms.

In order to resolve the insufficiencies of the conjecture that quarks are
physical particles, Santilli [20] suggested to follow the teaching of the his-
tory of science, and study hadrons via two different models, the standard
model for the classification of hadrons and a different, yet compatible,
model for the structure of individual hadrons of a given classification mul-
tiplet.

In particular, the classification of hadrons can be effectively done via
quantum mechanics because individual hadrons can be well approximated
as being point-like particles in vacuum. By contrast, the structure of hadrons
requires a necessary “completion” of quantum mechanics into a covering
theory suggested beginning with the title of Ref. [20] in view of the un-
avoidable, internal, non-linear, non-local, and non-potential interactions.

2.5.2. Hadronic structure model of mesons. A primary aim of papers [18]
[19] [20] and monographs [22] [23] of 1978-1979 was the “completion”
of quantum mechanics (qm) into the covering hadronic mechanics (hm)
for the specific intent of achieving a representation of all characteristics
of mesons as hadronic bound states of actual, massive, physical particles
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Figure 3: A reproduction of Table 1, page 429, Ref. [20] used to identify the physical
constituents of mesons in the massive particles produced free in the spontaneous decays,

generally those with the lowest mode.

The “completion” of quantum mechanics into

hadronic mechanics then becomes recommendable for any quantitative treatment of the

indicated structure model.
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s=1 K° K*
s=0 T 7t
¢g=1
s=-1
K~ K
g=-1 g=0

Figure 4: An illustration of the compatibility between the hadronic structure model of
mesons, Eqs. (40)-(45), with physical constituents and the conventional SU(3) classi-
fication. This compatibility is achieved via the identification of the isounits or isotopic
elements per each meson, Eq. (46), and their use as the hyperunit of the SU(?)) hyper-
symmetry in view of its local isomorphism to the conventional symmetry.

produced free in the spontaneous decays , generally those with the lowest
mode illustrated in Table 1, page 429, Ref. [20] (reproduced in Figure 2).

The above view suggested the following new structure models for the
octet of mesons:

70 = (67, hm, (40)
= = (7% &) m, 41)
K = (7% 7% hm, 42)
K* = (7°,7%)hm, (43)
Ks = (77,7 ) im, (44)
Ky = (K7, 7" )hm: (45)

In the above models, the role of positrons as physical constituents of
mesons provides the first known numerical representation of their very
short meanlives, while all other characteristics are numerically represented
via the hadronic bound states of Sections 2.3 and 2.4.

Structure models (40) - (45) are incompatible with quantum mechan-
ics because the rest energy of all particles are bigger than the sum of the
rest energies of the constituents (thus requiring positive binding energies,
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with ensuing mass excesses that are anathema for quantum mechanics as
discussed in Section 1.3), and for other reasons.

Necessary conditions to prevent misrepresentations is that models (40)
- (45) are treated with hadronic mechanics and their constituents are isopar-
ticles and anti-isoparticles (Section 1I-3.9) hereon denoted with an upper
tilde.

Therefore, the elementary constituents of the 7° in Eq.(40) are one iso-
electron ¢~ and one isopositron ¢* (called eletons in Ref. [19]); the constituents
of the 7* , Eq. (51) are one iso-meson 7° and one isoelectron or isopositron;
etc.

Following their emission in the spontaneous via isotunnel effects (i.e.,
tunnel effects in the iso-Hilbert isospace), the isoconstituents assume con-
ventional quantum mechanical characteristics plus possible secondary ef-
fects with the emissions of massless particles.

Note that all models (40)-(45) either are or can be reduced to two-body
hadronic bound states, thus admitting analytic solutions in their representa-
tion via Egs. (29). Note also that models (40)-(45) have a kind of bootstrap
structures, since a given meson appears in the structure of heavier mesons.

Note additionally that models (40)-(45) imply the increase of the number
of “elementary” constituents with the increase of the rest energy. In fact, the
7 has only two elementary constituents while K, has eight elementary
constituents.

Note finally that the role of isopositrons as actual physical constituents
of mesons provides the only known mechanism via particle-antiparticle
annihilation for the quantitative representation of the very small mean-lives
of mesons, by keeping in mind that the rest energy of electron-positron
bound states is positive in our world and negative in the antimatter world
(Section 2.5.3).

Since different structure models are characterized by numerically dif-
ferent isounits, the compatibility of the above hadronic structure model of
mesons with their classification is readily achieved at the higher level of
the hyperstructural branch of hadronic mechanics [33] [37], with the following
total multi-valued hyperunit

jtot - {j7r07 Aﬂ'i7fK07jKi7jK57jKL}‘ (46)

2.5.3. Positive energy of particle-antiparticle bound states. The positive total
energy of particle-antiparticle hadronic bound states has been studied in
detail in monograph [38] (see, e.g., Section 2.3.14, page 131), and in various
additional works, including all historical references.
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Figure 5: A reproduction of “gear model used in Section 5, page 852, Ref. [19] to
illustrate the strongly attractive character of contact non-Hamiltonian forces when the
constituents are in singlet coupling and their strongly repulsive character when in triplet
couplings.

We cannot possibly review here the underlying isodual theory of antimat-
ter; but an indication of the following main notions appears recommend-
able to avoid basic misconceptions.

Recall that negative energies violate causality, for which reason P. A. M.
Dirac was forced to work out his “hole theory.”

Santilli resolved the problem of causality by referring all physical quan-
tities, thus including energies, to isodual units defined on isodual fields with a
‘'negative’ unit.

Hence, the terms “negative energy of antiparticles” have no meaning
in the field here considered, because the correct statement is “negative en-
ergies of antiparticles measured to negative units of energy.”

Within the above setting, Ref. [38], Eqs. (2.3.77), page 131, shows that
the total energy of a particle-antiparticle bound state is positive when measured
in our world (with positive units) and negative when measured in the antimatter
word (with negative units).

The above property is truly fundamental for a consistent quantitative
representation of all characteristics of unstable particles.

In fact, the presence of antiparticles in the structure of mesons and (un-
stable) baryons, first proposed by Santilli in 1978 [19], appears to be the
most plausible origin of the extreme instability of mesons and (unstable)
baryons with mean lives such as 7 = 107'% s or less, with no equally effec-
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tive or plausible alternative known to this day.

2.5.4. Hadronic structure model of the 7° meson. The characteristics of the
7 meson are:

1. Rest energy £ = 134.96MeV/,

2) Mean-life 7 = 0.828 x 10716 s,

3) Charge radius R = 10~"* em,

4) Null charge and spin.
5) Null electric and magnetic moments,
6) Negative parity; and
7) Primary decay
™ =5+, 98.85%. (47)

The above characteristics are all numerically represented by hadronic
bound state (29) ) as a “compressed” form of the positronium (Pos), re-
sulting in hadronic bound state (40) of one isoelectron and one isopositron
(Ref. [19], Section 5, page 828 on)

Pos = (e_,e+)qm — 7= (e, e nm, (48)

with hadronic structure equations

() + m(E £ Wiek + W) =0,

r2

Eiot = B~ + Ee+ — E =135 MeV m = 3

(49)
T =21\ 2 (0) 2 = 107165
R=b1=10"Bcm=1 fm,
and numeric solution
ki =034, ky=1+4.27x 1072 (50)

verifying conditions (35) as expected.

In appraising representation (48), the reader should keep in mind the
assumption of Section 2.3 of ‘constrained, nearly constant and circular orbits
of the constituents” under which the isounit can be considered independent
from local coordinates.

The above results confirm all expectations indicated in preceding sec-
tions, namely,

1) Hadronic spectrum (33) admits one and only one energy level, the
70, since all excited states are those of the positronium;
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7T ° MESON
L.

5

M ?

Figure 6: A conceptual rendering of the structure model of the ©° meson as a hadronic
bound state of one isoelectron ¢~ and one isopositron €V in singlet coupling with un-
mutated spins s1 = —so2 = 1/2 and orbital hadronic momentum in the ground state
Li_o = 0. The dashed area represents the contact, non-linear, non-local and non-
potential interactions responsible for the bound state that, being not representable with
a Hamiltonian H, are representable via the isotopic element T in the iso-Schrodinger
equation H x 1[1 = HT’(ZJ = Ezﬂ
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|1 LEPTONS
A

Figure 7: To achieve compatibility with the standard model, it is generally believed that
muons are elementary particles in contrast with the experimental evidence that they are
naturally unstable with various decay modes (51) that strongly suggest a composite struc-
ture. In this figure, we present a conceptual rendering of the structure of the ™ leptons
predicted by hadronic mechanics as a three-body of elementary isoconstituents identified
in the muon decay with the lowest mode. The weak interaction character of the parti-
cles is derived from a weak hadronic bound state essentially given by the overlapping of
the classical radius of the constituents indicated by dashed ellipses. By recalling that all
three constituents have a point-like charge, the dimension d of the charge radius of the
two peripheral constituents is purely nominal.
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2) The presence of the antiparticle é* in the 7° structure (40) explains
its very short mean-life as well as its main decay (47);

3) Isodeterministic conditions (11) are verified by model (40), as a result
of which standard deviations Ar and Ap have individual values smaller
than one (Lemma II-3.7) and the isoperturbation series have no diver-
gences (Corollary I1-3.7.1).

2.5.5. Hadronic structure model of the remaining mesons. Recall the main
characteristics of the muons u* are:

1) Rest energy 105, 658 MeV;

2) Charge radius R = 107"% em;

3) Mean-life 7 = 2.19703 x 107 % s;

4) Spin 1/2 and elementary charge;

5) Spontaneous decay

put —e v+,

pE e 4,
D
pt = e + 2y,

pt = e” +et et

For the intent of achieving compatibility with the standard model, the
p* leptons are considered to be “elementary particles.” Santilli [19] cannot
accept such a view because in contrast with the experimental evidence that
the muons are naturally unstable particles with decays (51).

Therefore, Ref. [19], Section 5, proposed the structure model of the
muons with the physical constituents identified by the decay mode (51)
with the smallest mode < 10 x 107'2 (Figure 5)

p= (e, e e m (52)

The birth of weak interactions was suggested as being due to a weak
form of wave-overlapping essentially that of the classical size of the con-
stituents

Rex =228 x 10713 ¢m, (53)
which said weak contact interactions can be quantitatively represented by
hadronic mechanics via an isotopic element 7' with values close to 1.

A main aspect is that there is the birth of strong interactions in model

(52) because we do not have a wave-overlapping inside the hadronic hori-
zon, as it is the case for the 7°.
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77 * MESONS
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Figure 8: A conceptual rendering of the structure of the 7+ mesons as a three-body
hadronic bound states (57) of elementary isoparticles which can be interpreted as a “com-
pressed i lepton” (Figure 6). Note that individual pairs of isoconstituents are coupled
in singlet as necessary for consistency. Note also that the isoconstituents have a point-like
charge structure. Therefore, the charge diameter of the structure is given by the distance
between the centers of the two peripheral isoconstituents.
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It is easy to see that model (52) can represent the muon spin 1/2 and
decay (51) with the lowest mode as a tunnel effect of the constituents.

The remaining characteristics can be represented via a direct analytic
solution of model (52) as a restricted three-body problem.

Ref. [19] suggested the approximation of the model into a two-body
structure with weakly bounded constituents and the structure equations

L(Lr L)+ m(E £ Wiet + War= )| =0,

Etot = E100 Mev + Eei — E, =105 MeV m = ImQ (54)
1= 27T/\2|1[J(O)|2% =10"%s

R = bfl — 10713 cm’
admitting the following values for the the k-parameters
ki =0.93, ky=1+847 x 1072, (55)

that also verify conditions (35).
The main characteristics of the 7 mesons are:
1) Rest energy 139.570 MeV;
2) Charge radius R = 107'° em;
3) Mean-life 7 = 2.603 x 1078 s;
4) Spin J = 0 and elementary charge;
5) Decay with lowest mode < 3.2 x 1077)

a7t e +et et 4ot (56)

The above characteristics are all represented by the hadronic structure
model of the 7* mesons first proposed in Section 5, Ref. [19]

™ = (67,65, 6 m ~ (7%, 65 ) hm, (57)

for which, unlike the case of the muons, the constituents are elementary
isoparticles in condition of deep mutual penetration inside the hadronic

horizon (Figure 7).
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Figure 9: In this figure we show: 1) At the top left a picture of the Directional Neu-
tron Source (DNS) developed by Santilli at Thunder Energies Corporation, now Hadronic
Technologies Corporation [39] which synthesizes on demand neutral and negatively
charged hadrons from a hydrogen gas with preferred directionality, energy and flux; 2) At
the top right a typical case of neutron CPS; 3) At the bottom left a conceptual rendering of
the ionization of the hydrogen gas by the electric arc during its activation and the proper
axial alignment of the proton and electron with opposite charge and magnetic polarities;
and 4) At the bottom right a conceptual rendering of the “compression” of the electron
inside the proton by the electric arc during its disconnection.
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The rest energy, mean-life and charge radius of the 7* are readily rep-
resented by model (57) with the hadronic structure equations

Lt ) 4 m(E £ Wiet + Wyr=h)] =

Eip = Ezs + Ezx — E =139 MeV, m:%

(58)
7L =222 (0) 222 = 2,603 x 1078 5,
R=b"1t=10"1cm,
admitting solutions for the k-parameters
ky=0.34, ky=1+3.67x1077, (59)

that again verify conditions (35).

The main recent advance since the above 1978 proposal [19] is the
achievement of a consistent representation of the total angular momentum
J = 0 of the 7* meson thanks to the irregular SU(2) isosymmetry (Section
3.5). In essence, when the three isoparticles are all compressed inside the
hadronic horizon, the orbital motion of the two peripheral isoconstituents
L,_, is constrained, for stability, to be equal to the spin S;+ of the cen-
tral isoparticle, thus having value L;_5 = Sgeex = 1/2 with total angular
momentum (Sections II-3.4 and II-3.5, Section II-3.5.3 in particular).

Jiot =81+ 852+ 83+ Lo =—1/2+1/2-1/2-1/2=0. (60)

Note that model (57) can be interpreted as a form of “compressed muons”
(52) (see Figures 6 and 7). The orbital motion of the peripheral electrons
is unrestricted in model (52), yielding a total angular momentum 1/2. By
contrast, the peripheral isoelectrons and isopositron in model (57) are con-
strained to orbit inside the central isoelectron or isopositron, thus being forced
to have the orbital value equal to the spin of the isoparticle. In fact, or-
bital values different than 1/2 would imply extreme resistive forces with
ensuing excessive instabilities.

In Santilli’s view, an important aspect of model (57) is its apparent ver-
ification of the isodeterminism of Lemma II-3.7 as well as of the lack of di-
vergencies in the isoperturbation seres (Corollary I1-3.7.1) due to the small
value of the isotopic element assured by values (59).

Interested readers can verify that values (35) remain verified under the
use of more accurate experimental values for the characteristics of muons
and mesons.
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Figure 10: A conceptual rendering of the structure of a particle called the neutroid
n = (eﬂp*)hm, Eq. (61), with spin J = 1, charge radius R = 10713 em, mass essen-
tially that of the proton and mean-life of the order of 5 s which has been undetected in all
experiments to date [I-90]-[1-95] by neutron detectors, yet has caused nuclear transmu-
tations typical of neutron irradiation. The bound state is created by the extremely strong,
r — p Coulomb attraction which is of the order of 104 N plus weak contact interactions
implying ignorable mutations of the electron and the proton. The e — p singlet coupling
and the orbital motion in the ground state imply the spin J = 1 explaining the lack of de-
tection of neutroids by neutron detectors. Note that the neutroid is impossible for quantum
mechanics.

It is an instructive exercise for the interested reader to work out the
hadronic structure models of the remaining mesons, Egs. (42)-(45) show-
ing the increase of the k; value and the decrease of the k; value with the
increase of the rest energy (see Section 6.2 of Ref. [31] for an independent
review).

2.6. Einstein’s determinism in the structure of baryons.

2.6.1. Structure of the neutroid. Stars initiate their lives as being com-
posed of hydrogen; they grow in time via the accretion of interstellar-
intergalactic hydrogen; and eventually reach such pressures and tempera-
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tures in their core to synthesize the neutron as a “compressed” hydrogen
atom according to H. Rutherford [40].

A main aspect of the studies herein considered is that, in Santilli’s view
[20], the synthesis of the neutron from the hydrogen in the core of stars is
one of the best illustrations of the validity of the EPR argument [1] because
said synthesis cannot be represented with quantum mechanics for various
technical reasons reviewed in Section I-1, in denial of the experimental
evidence that, having opposite charges, the proton and the electron at mutual
distances of 10~'3 cm are attracted to each other with a Coulomb force of about
230 N (See Egq, (107) for its calculation). Such an attractive force is so big for
particle standards to dismiss as inapplicable any theory unable of producing a
bound state under such an anormous attractive force.

Consequently, Santilli dedicated decades of mathematical, theoretical,
experimental and industrial research on the neutron synthesis due to its
truly fundamental character for all quantitative sciences (see Refs. (I-85]
to [[-95] and independent reviews [31] [41]).

Besides a number of preceding attempts without neutron detection, the
tirst indirect experimental detection of the synthesis of the neutron from
the hydrogen was initiated by in the 1960’s by Don Carlo Borghi [76], con-
firmed in subsequent tests [I-90] - [I-95], and routinely verifiable with the
Directional Neutron Source developed by Hadronic Technologies Corpo-
ration [39] (Figure 8), indicate the existence of an unstable, neutral, inter-
mediate state called neutroid (denoted with the symbol 72) which is uniden-
tified by neutron detectors, while causing nuclear transmutations typically
triggered by neutron irradiation.

Hadronic mechanics suggests the following representation of the struc-
ture of the neutroid (Figure 9)

it = (&, Y, 1)

consisting of an isoelectron é~ with spin s; = 1/2 in singlet contact cou-
pling with a standard proton p* with spin s, = 1/2 and orbital motion
L,_5 = 0 in the ground state.

These assumptions suggest the following predicted features of the neu-
troid:

1) Rest energy estimated to be about 940 MeV/,

2) Mean-life estimated to be of atleast 7 =5 s,

3) Charge radius estimated to be of about R ~ 1073 ¢m,

4) Spin predicted to be J = 0, and

5) Spontaneous decay

n—e +p (62)

169



Ruggero Maria Santilli

NEUTRON
A
Sp

LI

IERHENN]

Electron

N Proton

Figure 11: A conceptual rendering of the structure of the neutron as “compressed* hy-
drogen atoms in the core of stars according to H. Rutherford [40]. When the proton is
represented as an extended particle, there is the emergence of a constrained orbital mo-
tion of the electron inside the proton verifying the isodeterminism of Lemma 3.7, which
allows the first known exact representation of all the characteristics of the neutron at the
nonrelativistic [42] and relativistic [36] levels without need for the neutrino hypothesis.
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The above features can be represented with hadronic bound state (29)
specialized to the indicated values

L(d%ﬂd%) +m(E £ W1§ + W2%)] =0,

r2

Ey = E: + E, — E = 940 MeV

(63)
Tl =2\ (0) P =5 s
R=b"1=10"13cm,
with values of the k-parameters
ki~1, ky~141075, (64)

verifying the crucial condition (35).

Once absorbed by a stable nucleus N (A, Z, J), the neutroid is trans-
formed by strong interactions into a neutron plus secondary emissions,
resulting in a generally untabulated unstable nucleus N (A + 1,7, J +1/2)
that decays into stable nuclei plus radiations.

The spin 0 of the neutroid explains the impossibility of its detection via
conventional neutron detectors.

The decay of the nucleus N(A+1, Z, J+1/2) explains the triggering by
undetectable particles of conventional nuclear transmutations normally
triggered by neutron irradiations.

Hadronic bound state (61) is clearly impossible for quantum mechan-
ics, but readily possible for hadronic mechanics via structure model (29)
due to the combination of strongly attractive Coulomb and contact forces
at mutual distances of the order of 107! ¢m with isotopic elements of the
simple type (19) verifying isodeterministic Lemma II-3.7. and the rapid
convergence of isoperturbation series of Corollary II-3.7.1.

2.6.2. Nonrelativistic representation of the neutron synthesis. We consider
now the synthesis of the neutron on demand from a hydrogen gas in the
needed directionality, (low) energy and CPS.

Such a synthesis has been first achieved by the Directional Neutron
Source (DNS) developed by Santilli at Thunder Energies Corporation, now
Hadronic Technologies Corporation [39].

Recall that, when seen in an oscilloscope set for milliseconds, electric
arcs between carbon electrodes, are continuously connected and discon-
nected to seek the shortest distance for the discharge.
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With reference to Figure 9, the electric arc ionizes the hydrogen gas
during its connection and creates an axial alignment along a magnetic line
of electrons and protons with opposite charge and magnetic polarities.

By contrast, during their disconnection electric arcs “compress” the
electron inside the proton by synthesizing in this way the neutron in a way
crucially dependent on the shape of the arc, its power and other factors.

With reference to Figure 11, when compressed inside the hyperdense
proton, the much lighter electron is “constrained” to have an orbital mo-
tion equal to the proton spin so as to avoid extreme resistive forces with
ensuing high instabilities.

Note that the neutroid (figure 10) appears to be an unavoidable inter-
mediate step prior to the full synthesis of the neutron (Figure 11).

The well known main characteristics of the neutron are the following:
1) Rest energy 939.565 MeV;

2) Charge radius R = 1.73 x 107"% em;

3) Mean-life 7 = 881 s(about 15 m);

4) Spin 1/2;
5) Charge ;0
6) Anomalous magnetic moment y,, = — 1.9%;0 and null electric dipole
moment;
7) Decay
n — pt4e +i. (65)

The nonrelativistic representation of a/l— characteristics of the neutron
in its synthesis from the hydrogen was first achieved by Santilli in the 1990
paper [43] via hadronic bound state

no= (&5 hm, (66)

where one should note that, unlike the case of the neutroid (61), both the
electron and the proton are mutated into isoparticles.

Note also that model (66) represents a compressed neutroid in a way
much similar to the structure of the 7* mesons as compressed muons , u*
(Section 2.5.4).

The representation of the rest energy, charge radius, mean-life, charge,
parity and tunnel effect decay of the neutron have been first achieved in
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Ref. [43] Egs. (2.19), page 521, via hadronic two-body bound state

r2

L(dr2dy 4 p(B+ WS + W21ij—'iL)] =0,

B = E:+ E; — E =939 MeV

(67)
77t = 2\ 2| (0)[2 e = 881 s (about15m)
R=0b"1=10"1cm,

with values of the k-parameters
ki =26, ko =1+0.81 x 1078, (68)

verifying conditions (35) for the validity of isodeterminism inside the neu-
tron and the validity of conventional uncertainties in its outside.

The representation of the spin 1/2 of the neutron was also achieved for
the first time in Ref. [43], Eqs. (2.22)-(2.37), thanks to the appearance of
a constrained orbital motion of the isoelectron when totally “compressed”
inside the proton (which orbital motion is completely non-existent for quan-
tum mechanics).

The representation of the spin 1/2 is additionally permitted by the iso-
topies of spin-orbit couplings (see Chapter 6, page 209 on, Ref. [33], for a
detailed treatment), which the hadronic angular momentum of the isoelec-
tron is constrained to be equal to the spin of the isoproton, as a necessary
condition to avoid big instabilities according to Eqgs. (il-118) under con-
straint (II-119). Hence, J}}, = s, + s + L. = 1/2, namely, the spin of the
neutron coincides with that of the proton.

Recall the following experimental values of magnetic moments in nu-

clear units iy = 5
P

pe? = —1.91 iy

pp? = 2.7 iy (69)

p

P =1 pup=>5x 107 py,

where one can see that the magnetic moment of the neutron is “anoma-
lous” because outside the prediction of quantum mechanics both in its
direction and numeric value.

The first known exact representation of the anomalous magnetic mo-
ment of the neutron was achieved in Ref. [43], Egs. (2.39)-(2.41), page 526,
via the novel contribution of the internal orbital motion of the isoelectron.
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By noting from values (233) that the magnetic moment of the electron
is very small for nuclear standard, thus being ignorable in first approx-
imation, the main assumption of Ref. [43] is that the magnetic moment of
the neutron of model (66) is given by the magnetic moment of the proton plus the
orbital magnetic moment ot the isoelectron inside the proton.

Note that said contribution is completely absent in quantum mechanics
due to its point-like approximation of particles as being point-like when at
mutual distances smaller than their charge diameter.

Note that the electron is negatively charged and, consequently, the con-
tribution to the magnetic moment of the neutron from its rotation inside
the proton in the direction of the proton spin is negative, thus providing the
tirst known representation of the anomalous direction of the neutron mag-
netic moment.

Calculations done in Ref. [43] for the magnetic moment of the isoelec-
tron orbiting inside the proton yield the value u2™ ~ —4.6 p1y, by therefore
reaching the first known representation of the anomalous value of the neu-
tron magnetic moment (Eqgs. (2.40), page 526, Ref. [43], see also Ref. [31],
Section 6.3.D and paper [41], Section 4, page 41)

fn = pp + &0+ A

R g g = (70)

exrp

=27Tpuny —4.6 uy = —1.91 pun = pi*P.

Note that the negative sign of the neutron magnetic moment can be consid-
ered as direct evidence of the presence of an electron in singlet internal coupling
in the proton, since no other known particle besides the electron can provide
the internal, rather large contribution ;2"* = —4.6 .

In Santilli’s view, the inability by quantum mechanics to represent both the
anomalous direction and value of the neutron magnetic moment constitutes an
additional evidence beyond scientific doubt supporting Einstein’s vision on the
lack of “completion” of quantum mechanics.

Furthermore, the impossibility for quantum mechanics to characterize the
motion of the electron compressed inside the proton, constitutes evidence that the
most important “completion” of quantum mechanics needed to represent exper-
imental values is the characterization of particles with their actual shape and
density.

The parity and null value of the electric dipole moment were repre-
sented via a isotopy of conventional lines.

For historical comments on the birth of the neutrino hypothesis in quan-
tum mechanics [13] and its possible replacement with the etherino hypoth-
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esis [42] in hadronic mechanics, one may consult Section 1I-3.4.1 on Irreg-
ular Pauli-Santilli isomatrices.

The reader should keep in mind that the neutron is naturally unsta-
ble (when isolated). Consequently, the synthesis of the neutron is a time-
irreversible process. It then follows that the Lie-isotopic isomechanical
treatment presented in this section is an approximation of the broader
treatment via the covering Lie-admissible genomechanics outlined in Sec-
tion 1-2 (see Refs. [32] [33] for extensive treatments).

With reference to the geno-Schrodinger and geno-Heisenberg equa-
tions (I-10) and (I-11), respectively, the genomechanical treatment can be
studied via the extension of isotopic element (19) into a time-dependent
form characterizing the genotopic elements for motions forward and back-
ward in time.

2.6.3. Relativistic representation of the neutron synthesis. The relativistic
representation of all characteristics of the neutron in synthesis (66) was
tirst achieved by Santilli in Refs. [35] [36] (see independent review [31],
Section 6.3, page 342 on) via the isosymmetry of the irregular Dirac-Santilli
isoequation (37), namely, the isotopy P(3.1) of the spinorial covering of the
Poincaré symmetry (Section 2.5.11) and can be outlined as follows.

Recall that the non-potential hadronic representation of strong interac-
tions via the isotopic element (1) (Section 2.3) implies the “absorption” of
the Coulomb potential by the Hulten potential, as essentially implied by
the charge independence of strong interactions.

This feature permits to ignore Coulomb binding energies in first ap-
proximation, resulting in a weakly bounded relativistic hadronic structure
of the neutron, namely, a state with a small binding energy typical of all
non-potential interactions.

Consider first synthesis (61) of the neutroid, and assume its represen-
tation in the iso-Minkowski isospace M (%7, I ) with isospacetime (II-19).
Assume in first approximation that the proton is perfectly spherical for
which ny = ny = ng = 1 and assume that the density of the region of
neutroid-proton overlapping is close to that of the vacuum, thus implying
the value ny, = 1. These assumptions imply the simplified isometric

i = Diag.(1,1,1,-1)e™®, K > 0. (71)

The relativistic version of the synthesis (61) with the representation of
all characteristics of the neutroid then follows via a simply isotopy of the
relativistic treatment of the hydrogen atom.

In the transition to the relativistic treatment of the structure of the neu-
tron, Eq. (66), the isoproton cannot any longer be assumed to be perfectly
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spherical and the density of the overlapping region becomes dominant,
resulting in values of the characteristic quantitiesn, # 1, u=1,2,3,4.

In Refs. [35] [36], Santilli assumes that the value of the characteristic
quantity n, representing the density of the neutron is equal to the density
of the proton-antiproton fireball of the Bose-Einstein correlation [46] [47],
resulting in the values

1
ny =062, by=— =162 (72)
4

where by = 1/n, is the notation used in Ref. [36].

The Lorentz-Santilli isotransforms (II-42) then imply the following isore
normalization of the rest energy of the electron, namely a renormalization
caused by non-potential interactions (Ref. [36], Egs. (7.1), page 191)

2
E.=me = 0511 MeV — B =m,— = 1.341 MeV.  (73)
Ny

As one can see, the above isorenormalization removes the problem of
the missing 0.782 MeV energy in the neutron synthesis when represented
on the iso-Minkowskian isospace over an isofield, thus rendering consis-
tent the needed isorelativistic isoequations.

It should be stressed that the above isorenormalization continues to be
based on the etherino mechanism for the delivery of the missing energy to
the neutron [42].

The relativistic representation of the spin of the neutron in synthesis
(66) was first achieved in Refs. [35] [36]. Recall from Figure 10 that the
spin 5; of isoelectron is opposite to the spin S, of the isoproton. The rel-
ativistic spin-orbit coupling implies the constraint that the orbital angular
momentum L, of the isoelectron inside the isoproton be equal to the iso-
proton spin,

Ly =5,. (74)

The above identity is manifestly impossible for the spinorial covering
of the Poincaré symmetry P(3.1) and relativistic quantum mechanics, but
it is indeed possible for the covering isosymmetry P(3.1). In fact, with
reference to Section 1I-3.5.3, Egs. (II-122), identity (II- 241) implies the con-
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Figure 12: An illustration of the compatibility of the quantum mechanical SU (3)
and subsequent classifications of baryons unto families, and the structure of individual
baryons as a hadronic bound state with physical constituents generally emitted free in
the spontaneous decays with the lowest mode, Eqs. (241). Said compatibility is achieved
via the multi-valued hyperunit characterized by the isounits or isotopic elements of the
individual baryons, Eqs. (242), and its use to build the hyperstructural image of the ap-
plicable Lie symmetry that turns out to be locally isomorphic to the original symmetry
due to the positive-definite character of the isounit.

ditions (Ref. [36], Egs. (7.2), page 192)

f/3 * |Q[} >= :I:n1n2|1ﬂ >=

:5’3*|1&>:% . |1/A}>7

ninz

(75)
L?x i) >= (ning + n3nj + ninf)[i) >=
= S| >= 0y ® +nPng® 4 ng®n ) >,
admitting the simple solution
n; = \/% = 0.706,
(76)

V=1 =v2=1415 k=123,

where b2 = 1/n? in the notation of Ref. [36].

The relativistic representation of the anomalous magnetic moment of
the neutron was also achieved for the first time in Ref. [36], Eqs. (7.4),
page 192. The representation is again permitted by the contribution from
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the orbital motion of the isoelectron inside the isoproton, and it is given
by non-relativistic expression (234) with a more accurate representation of
the orbital contribution.

It should be indicated that the non-relativistic and relativistic structure
models of the neutron outlined in this section are mere approximation of a
much more complex reality in which all characteristics of the constituents
are mutated, thus including the charge.

2.6.4. Remaining baryons. A central requirement for the consistency of
model (66) is that the excited states of the neutron are the conventional states of
the hydrogen atom. This illustrates again the hadronic suppression of quan-
tum mechanical energy spectra, since the latter are typical for the classifi-
cation, rather than the structure of hadrons.

By recalling the condition that the number of elementary constituents
of hadrons increases with the increase of the rest energy, the hadronic
structure of the remaining baryons is reducible to two isoparticle struc-
tures derived from the spontaneous decays generally those with the low-
est mode, much along the structure of mesons [21] (see [31], Section 6.3.],
page 366 for an independent review)

pT (938 MeV') = stable,
n(940 MeV) = (p*, € ) hm,
A(1115 MeV) = (P, 77 ) s

YH(1189 MeV) = (5", 7°) him,
(77)
$0(1192 MeV) = (7, ) m,

Y1197 MeV) = (7, 7 ) im,
30(1314 MeV) = (A, 7°,

=-(1321 MeV) = (A, 77 ) am,

by keeping in mind that numerous alternative internal exchanges of isopar-
ticles do indeed occur while keeping constant the total characteristics.

It is an instructive exercise for the interested reader to see that all the
above models verify condition (II-199) on the lack of hadronic excited
states, as well as conditions (II-188) for the validity of isodeterministic
Lemma II-3.7 and related rapid convergence of isoseries.

178



Studies on the EPR argument, I: Basic methods

PROTOID
A
Sp
Neutron
Electron
Electron
( L 55 i
Ses

Figure 13: A conceptual rendering of the protoid as weakly bounded electron and neutron
in singlet contact coupling, resulting in a negatively charged hadron with spin S = 0 with
intriguing applications.

The compatibility of hadronic structure models (77) with the SU(3)-
color or more recent classifications is achieved at the hyperstructural level
[33] [37] with the following ordered hyperunit [21] (Figure 11)

Lot = {Lp, I, In, Iyt I, I, Iz0, Iz } (78)

Said compatibility is ultimately due to the positive-definiteness of the
individual isounits that, in turn, implies the local isomorphism between
the hypersymmetry SU(3) and the conventional SU(3) symmetry.

2.6.5. Industrial applications. There is no doubt that the “completion” of
quantum mechanics is, by far, Einstein’s most important legacy because of
its basic implications for mathematics, physics, chemistry and other quan-
titative sciences, with expected industrial applications generally beyond
our expectation at this writing.

As an illustration, we outline in this section the industrial applica-
tions expected from the technology underlying the synthesis of the neu-
tron from the hydrogen which technology has been possible thanks to the
“completion” of quantum into hadronic mechanics.

Besides the synthesis of neutroids (Figure 10) and neutrons (11), the
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Directional Neutron Source (DNS) [39] (Figure 9) permits the study of the
synthesis of a negatively charged, strongly interacting particles [48] (patent
pending) with rest energy of about 940 MeV, spin 0, charge radius R =
1 fm, and mean-life of about 3 s which is called the protoid, and denoted
p1 (Figure 13).

Recall that contact non-Hamiltonian interactions solely depend on wave-
overlapping, thus being charge independent. The protoid is predicted to
be given by a singlet coupling of an electron essentially at contact with
a neutron, thus yielding total angular momentum 0, with the following
structure model:

]A)l = (GI,HT)hm. (79)

Hadronic mechanics predicts a second negatively charged proton called
pseudo-proton, and denoted p,, with essentially the same rest energy, charge
radius and mean-life of the neutroid but with spin 1 (Figure 14).

Recall that an electric arc submerged within a hydrogen gas creates a
plasma in its surrounding comprising: protons, electrons, neutrons and
valence electron pairs in singlet couplings known as isoelectronia with rest
energy of about 1 MeV, null spin and magnetic moment, and a mean-life
expected to be of the order of 1 s or fractions thereof (Section 2.8.3).

Following the synthesis of the neutron via the “compression” of an
electron inside the proton (Section 2.6.2), the pseudo-proton is predicted
to be generated by a “compression” of an electron, this time, inside the
neutron, or equivalently, by the “compression” of an isoelectronium inside
the proton, with structure model

ﬁ? = (é7 ﬁ)hm ~ [ﬁ7 (éﬁ_7 él)]hm (80)

The spin §; = 1 is due to the sum of the proton spin S, = 1/2 plus
the constrained orbital motion of the electron pair along the proton spin
LLQ = 1/2

Recall that protons are repelled by nuclei. Hence, the industrially sig-
nificant feature of negatively charged hadrons is that they are attracted by
nuclei, thus initiating a basically new approach toward the controlled nu-
clear fusions that resolves the extremely large Coulomb repulsion that has
opposed nuclear fusions to date.

In view of the above features, the technologies that can be developed
with the DNS are the following;:

1. The detection of fissionable nuclear material that can be concealed
in suitcases, containers or underground, since the neutron irradiation of
tissionable material under controlled directionality, energy and flux, trig-
gers the decay of some of the nuclei with a shower of clearly detectable
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Figure 14: A conceptual rendering of the pseudo-proton created by the “compression”
of an electron, this time, inside a neutron, or equivalently, of a valence electron pair in
singlet coupling, resulting in a negatively charged hadron with spin 1.
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radiations. By comparison, most nuclear material are detected as ordinary
metals under currently available X-ray, microwave and other scans.

2. The detection of the presence and concentration of precious metals in
mining operations, since the neutron irradiation, for instance, of the walls
of mining tunnel triggers known nuclear transmutations with the emis-
sion of sharp, clearly detectable photons, while statistical data identify the
concentration.

3. The control of large metal welds in civilian and military naval con-
struction, which control is rendered particularly effective by the easy mo-
bility of the DNS.

4. Cancer treatments via pseudo-proton irradiation which is expected
to be less invasive and more localized than currently available proton irra-
diation since, in the former case, pseudo-protons are attracted by cancerous
nuclei, while, in the latter case, protons are repelled.

5. Initiation of the much overdue research and development toward
the recycling of nuclear waste via its stimulated decay while delivering
energy, which recycling is possible in a number of ways, including the irra-
diation of nuclear waste pellets with a sufficiently intense pseudo-proton
flux resulting in a deficiency of the nuclear charge Z for a given atomic
number A and ensuing decay.

Note that the above applications are possible thanks to the mean-life of
DNS synthesized particle of the order of seconds or fractions thereof, which are
quite large for particle standard.

By comparison, negatively charged strongly interacting particles syn-
thesized in contemporary physics laboratory with mean-lives of the order
of 107 s or so have no known industrial or medical applications.

2.7. Einstein’s determinism in nuclear structures.

2.7.1. Historical notes. As it is well known, nuclei were first assumed to
be bound states of protons and electrons under their mutual Coulomb
attraction which force, being inversely proportional to the square of the
distance, is extremely big at nuclear distances.

This assumption was soon dismissed because it was considered in-
consistent with quantum mechanics and unable to represent experimental
data.

Consequently, nuclei were assumed to be bound states of protons and
neutrons under a strong nuclear force that remains unknown to this day.

In reality, nuclei provide additional, rather clear evidence on the “lack
of completeness” of quantum mechanics beyond scientific doubt, due to
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the well known inability by quantum mechanics to achieve an exact rep-
resentation of nuclear experimental data.

As an illustration, in about one century of efforts and the use of large
public funds, quantum mechanics has been unable to achieve a represen-
tation of the characteristics of the simplest nucleus, the deuteron, with em-
barrassing deviations between the prediction of the theory and the exper-
imental data for heavier nuclei such as the Zirconium [25] (see also K. R.
Popper [15], J. Dunning-Davies [16], ]. Horgan [17] and quoted literature):

1. Quantum mechanics has been unable to represent the spin J = 1 of
the deuteron in its ground state L = 0. This is due to the fact that the sole
stable quantum mechanical bound state of two particles with spin 1/2 is
the singlet state, in which case the spin of the deuteron should be J = 0.
For the intent of preserving the validity of quantum mechanics in nuclear
physics, the spin J = 1 of the deuteron is represented via the assumption
of a combination of excited orbital spaces, L = 0, 1,2 contrary to the evidence
that isolated deuterons are in their ground state, with the consequential
inability to represent the deuteron positive parity P = (1)L — 0, and
other insufficiencies.

2. Quantum mechanics has been unable to achieve an exact represen-
tation of the deuteron magnetic moment, because the representation of
about 1% of the experimental value is still missing despite all possible
relativistic (as well as quark-inspired) corrections, with large deviations
occurring for heavier nuclei.

3. Quantum mechanics has been unable to represent the stability of the
deuteron, since neutrons are well know to be naturally unstable, thus man-
dating a quantitative representation of the mechanism turning the neutron
into a permanently stable particle when bonded to a proton.

4. Quantum mechanics has been unable to represent the proton-neutron
exchange in the deuteron structure.

5. Quantum mechanics has been unable to achieve an explicit and con-
crete representation of the attractive strong nuclear force bonding together
the proton and the neutron. Due to the intent of preserving the exact va-
lidity of quantum mechanics in nuclear physics, with the consequential
sole representation of strong interactions via a potential in a Hamiltonian,
the representation of strong nuclear forces has been attempted by adding
potentials in the Hamiltonian, up to fifty additive potentials (sic) without
the achievement of the needed representation of experimental data.

In a variety of works outlined in these papers (see monograph [25] and
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Figure 15: The “gear model” used by Santilli [25], page 180, to illustrate the prediction
from the spin Jp = 1 that the deuteron is a three-body hadronic bound state of one
isoelectron and two isoprotons, with the individual couplings p — e and e — p being in
singlet as necessary for stability. The spin Jp = 1 is then achieved from the “constrained
angular momentum” of the bound state studied in Sections 11-3.5.3 and 11-3.5.4.

papers quoted therein), Santilli has expressed the view that the “comple-
tion” of quantum into hadronic mechanics permits the apparent resolution
of the above insufficiencies or sheer inconsistencies via a return to the orig-
inal conception of nuclei as bound state of electrons and protons, although
under non-linear, non-local and non-potential interactions caused by deep
mutual overlapping.

2.7.2. Deuteron three-body model. Following the achievement of math-
ematical, theoretical, experimental and industrial advances in structure
model (66) of the neutron as a hadronic bound state of one isoelectron
and one isoproton, Santilli proposed in Section IV of Ref. [25], page 143
on (see also independent reviews [31] and [49]), the structure model of the
deuteron D as a restricted three-body hadronic bound state of two isoprotons and
one isoelectron (Figures 13, 14) which can be reduced in first approximation
to a two-body hadronic bound state of one isoproton and one isoneutron

Ref. [25] then presented various arguments showing that model (81)
apparently resolves quantum mechanical insufficiencies (1 - 5) of the pre-
ceding section.

The analysis of model (81) was conducted in the 1999 monograph [25]
following the publication in 1998 of the first proof of the EPR argument [9],
as well as its detailed study in the 1995 monograph [33], Chapter 4, partic-
ularly Appendix 4C, page 166. Therefore, Santilli was aware that, unlike
the case for atomic structures, deuteron model (81) does admit a classical
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counterpart (Section II-3.7) due to the inapplicability of Bell’s inequality
(9) [3] in favor of isoidentity (10).

However, at the time of writing the 1999 monograph [25], Santilli was
unaware of the additional apparent proof of the progressive validity of
Einstein’s determinism in the interior of hadrons, nuclei and stars [10],
and its apparent full achievement in the interior of gravitational collapse.

It is, therefore, important to review the main aspects of model (81) to
indicate, apparently for the first time, its verification of Einstein’s deter-
minism we have called isodeterministic according to Lemma II-3.7 and
Corollary 1I-3.7.1, and verify the apparent resolution of historical prob-
lems (1 - 5) of the preceding section.

1. NONRELATIVISTIC REPRESENTATION OF THE SPIN Jp = 1 IN THE GROUND
STATE Lp = 0. With reference to Figure 24, model (81) includes five angular
momenta: 1) The parallel spins S; and S; of the isoprotons; 2) The angular
momentum L,_, of the two isoprotons; 3) The spin of the isoelectron Ss;
and 4) The angular momentum L3 of the isoelectron inside one of the two
isoprotons.

Recall that, according to experimental data on nuclear dimensions, the
isoproton and the isoneutron are expected to have a diameter of 1.73 fm,
while the diameter of the deuteron is 4, 26 fm.

Consequently, the two isoprotons are separated by about 0.886 fm. In
model (81), this space is occupied by the isoelectron acting like a “gluon”
of the two isoprotons, while permitting their triplet alignment necessary
for the spin Jp = 1.

In fact, the isoelectron is in the singlet coupling with each of the two
isoprotons necessary for stability according to hadronic mechanics (Figure
14).

Recall also that, in semiclassical approximation, the wavepacket of the
electron is of the order of 2.2 fm.

The above data provide not only a considerable synchronicity in model
(81), but also a rather strong bond caused by the nuclear forces, the Coulomb
attraction between the isoelectron and the isoprotons, as well as the strong
attractive force originating from deep wave-overlapping in singlet cou-
pling.

Recall finally that the diameter of the horizon for the full applicability
of hadronic mechanics has been selected in Paper [tobe d = 2x 107! em =
2 fm, while the deuteron is about double that size.

The above data on dimensions suggest the use of the following isosym-
metries for the characterization of the angular momentum and spin of the
deuteron:
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Use the regular isosymmetries O(3) and SU (2) for the characterization of the
angular momentum and spin outside the hadronic horizon. We are here refer-
ring to isosymmetries which can be constructed via a non-unitary trans-
form of the corresponding Lie symmetries, thus preserving conventional
eigenvalues for angular momentum and spin (Section I-3.8 and 1-3.9).

Use the irrreegular isosymmetries 0(3) and SU(2) for the characterization of
the angular momentum and spin inside the hadronic horizon. We are here refer-
ring to isosymmetries which cannot be constructed via non-unitary trans-
forms o the corresponding Lie symmetries, by therefore having anomalous
values of the angular momentum and spin (Section II-3.4).

It is then easy to see that the diameter D = 2.59 fm of the orbital mo-
tion of the two isoprotons is close to, but bigger than the hadronic horizon

d = 2 fm. We can therefore see the regular isorotational symmetry O3) ad-
mitting conventional angular momentum eigenvalues with ground state
Ll_g = 0.

By contrast we have to use the irregular O(3) isosymmetry for the ro-
tation of the isoelectron in the interior of the isoproton, resulting in the
constrained value L3 = 1/2 for the neutron (Sections 2.6.2 and 2.6.3).

In this way, Ref. [25] achieved the first known representation of the
spin of the deuteron in its true ground state according to values:

Jp=51+Ss+S3+Li_o+ Lz =
(82)

==-4 = —

+0+3=1

N[ —=
DN |
N[

By comparing the hadronic structure model of the neutron, Figure 10,
and that of the deuteron, Figure 15, it is evident that the isoelectron is
entirely compressed inside the isoproton in the former case, but only par-
tially compressed in the latter case.

This occurrence is expected due to the presence in model (81) of the sec-
ond isoproton with ensuing strongly attractive Coulomb force responsible
for the partial extraction of the isoelectron from the isoproton, although
this possibility has not been investigated to date.

Similarly, structure (81) appears to be particularly suited for the rep-
resentation of the proton-neutron exchange in the deuteron structure, al-
though this possibility has also not been subjected to a quantitative study
to our best knowledge.

2. RELATIVISTIC REPRESENTATION OF THE SPIN Jp = 1IN THE GROUND STATE
Lp = 0. Ref. [25] was written following the 1995 publication of Elements

186



Studies on the EPR argument, I: Basic methods

of Hadronic Mechanics, Vols. 1[32] and II [33]. Therefore, Ref. [25] studied
model (81) with the entire sue of said Volumes whose knowledge, partic-
ularly that reviewed in Section II-3, is herein tacitly assumed.

The study of model (81) was done in Ref. [25], Section IV-2.3.4, page
161, via the use of the irregular iso-Dirac equation (II-201) defined on iso-
semi-product (II-200) of an iso-Minkowskian space M (z,7, forb) for the rel-
ativistic description of the hadronic orbital motion, multiplied by a three-
dimensional complex-valued isounitary isospace for the characterization
of the hadronic spin E (2,7, I spin-

It should be recalled that, in principle, all conventional intrinsic char-
acteristics of the proton and the electron, including their charges, are ex-
pected to be mutated when said particles are in conditions of total mu-
tual penetration. These mutations are quantitatively represented by the
Lorentz-Poincaré-Santilli isosymmetry of the irregular iso-Dirac equation
(Section 1I-2.5.11) and its irregular Pauli-Santilli isomatrices (Section II-
3.4).

However, Ref. [25], Section 2.3.5, page 162, has shown that, for the
case of the deuteron (but not necessarily so for heavier nuclei), the spins
and changes of the isoprotons and of the isoelectron can be assumed in
tirst approximation to have conventional values. In this case, the sole mu-
tations achieving the representation of experimental data of the deuteron
are those for shapes and constrained angular momenta.

The first known relativistic representation of the spin Jp = 1 of the
deuteron in its ground state L — 0 was achieved in Ref. [25], Section 3.5.6,
thanks to constrained spin-orbit coupling inside the isoneutron of model
(81).

The latter coupling has been reviewed at the non-relativistic level in
Section I1-3.5.3 and at the relativistic level in Section II-3.5.4, see in par-
ticular Egs. (II-118), (II-119), with a detailed description available in Ref.
[33], Chapter 6.

The resulting relativistic characterization of hadronic angular momenta
and spins is given by

Ska = Ekij/?ioc *’?jom o = ﬁ17ﬁ27 éa
(83)

Lk,plpr = €kijTipl—p2 * Pjpl—p2,

where 7, are the irregular Dirac-Santilli isomatrices.
We then have the irregular isocommutation rules Ref. [36], Egs. (6.4),
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Figure 16: A conceptual rendering of the deuteron model (91) illustrating the represen-
tation for the first time of spin Jp = 1 with angular momentum Lp = 0, where: the
two isoprotons have the charge diameter Dy = 1.73 fm, the deuteron has the charge
diameter Dp = 4.26 fm;, the interspace between the isoprotons is then of 0.86 fm; the
isoelectron has a point-like charge, the hadronic diameter ng = 1 fm, and a semi-
classical wavepacket with Dgl = 2.2 fm. The above data illustrate the stability of model
(81) with the central isoelectron allowing the isoprotons in the triplet coupling needed to
achieve the spin Jp = 1 in the true ground state (Figure 14). The doughnuts around the
two isoprotons are used to represent the proton-neutron exchange forces.
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page 190, A
[Si.0sSjal = 2€kijm3,Skas
(84)
[Lig—2,Lj1-2] = €ijpmiy _oLri—2,
and isoeigenvalues, Egs, [36], Egs. (6.4d), page 190,
s 1) >= ot ip >,

miaMm2a

) - -2, —2 -2 -2 -2 —2\|.7
Sa * ’w >= (mlamZQ + m2am3a + m3o¢m1a)’w >7
Lsi_o%* |t >=tmy1_9mo;_o|th >,

L%1 —2x | >= (m%,1—2m%,1—2 + m%,1—2m§,1—2 + m§,1_2m%’1_2)|¢ >
(85)
Under the assumption that the hadronic medium in the interior of the
proton is homogeneous, we can assume the values [36]

Miqg = M11-2 = Mg = M21-2 = M3q =M31-2 = —= = 0.842, (86)

V2

under which the isoeigenvalues become
Ssa % [ >=£3]¢p >,

2 5 | >= 3[4 >,
(87)
Lij_ox|tp >= i%w >,

ﬁ%—z*w >= %W} >

It then follows that the total angular momentum of the isoneutron is
given by
1 1 1

, 1
Jo= S S LY =S+ 5 -5 =5 (88)

The total value of the deuteron spin Jp = 1 in its ground state Lp =
0 then follows from the fact indicated above that the orbital diameter is
bigger than the hadronic horizon.

3. REPRESENTATION OF THE DEUTERON REST ENERGY, STABILITY AND SIZE.
The hadronic representation of the rest energy, stability and charge radius
of the deuteron were first achieved in Ref. [25], Eqs. (5.2.16), page 179,
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via the use of structural equations (29) (see also independent reviews [31],
[49])

L%(d%ﬂd%) + (B £ Wier + Wort25)| =0,

Eiw = By + By — E=1875.7T MeV, m = 3

(89)
= 2 (0) PR = oo,
R=b1=213x10"Bcm =213 fm,
with solutions for the k-parameters
ki =1 ky=2.5. (90)
The total mass/rest energy of the deuteron is then given by
Mp = M, + M, — E = 1875.7 MeV, O

where the binding energy is given by £/ = 2.2 MeV.

Value (90) should be compared to the corresponding values for the neu-
tron, Egs. (69). As one can see, values (90) verify conditions (35) on the
validity of the isodeterminism of Lemma II-3.7 as well as with the increase
of the rapid convergence of isopperturbative series of Corollary II-3.7.1.

Note that, according to our assumption, values (81) verify the crucial
condition (35) for the lack of existence of excited states, because excited
states would imply the existing of the deuteron constituents out of the
hadronic horizon with its consequential disintegration.

Note also that the stability of the deuteron is intrinsic in model (81)
since the deuteron is reduced to the only known, massive, permanently
stable particles existing in the universe, the proton and the electron.

Needless to say, the above representation should be considered as a
tirst approximation, with a number of improvements being possible such
as the inclusion of Coulomb interactions with possible excited states within
the hadronic horizon.

4. REPRESENTATION OF THE DEUTERON MAGNETIC MOMENT. As it is well
known, the experimental value of the deuteron magnetic moment is given
by [13] [14]
5 = 0.857 . (92)
For the quantum mechanical ground state with L, = 0, in case consis-
tent, one would obtains
1

pm = 5(95 +¢5) = 2.792 — 1.913 = 0.879 py, (93)
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(where the ¢’s are tabulated g-factors), by therefore missing about 3% of
experimental value (256), which deviation cannot be entirely resolved via
relativistic or other corrections.

The first, exact, non-relativistic representation of the deuteron mag-
netic moment was achieved by Santilli for the approximate two-body ver-
sion of model (81) in paper [50] of 1994 (written at the Joint Institute for
Nuclear Research, Dubna, Russia) under the sole assumption that the charge
distributions of protons and neutrons are deformed under strong nuclear
forces, resulting in a corresponding mutation of their intrinsic magnetic
moment as predicted by E. Fermi [13], ].M. Blatt and V. F. Weisskopf [14],
and other founders of nuclear physics (see their recollection in Ref. [25],
page 158-159, Section IV-2.3.1, under the title The Historical Hypothesis).

Santilli achieved the first, exact, relativistic representation of magnetic
moment of the two-body deuteron model in paper [51] of 1996 via the use
of the iso-Dirac equation.

The 1998 Ref. [25], Section IV-2.3.6, page 163, presents the first known
exact representation of the deuteron magnetic moment for the full three-
body model (81).

It is important to review and upgrade the latter representation to show
its compatibility with Einstein’s determinism according to Lemma II-3.7
and rapid convergence according to Corollary I1-3.7.1.

Assume, in first approximation, that the isoparticles of model (81) have
the same spheroidal shape with semiaxes n?, n3, n3 under the condition
of preserving the volume of the original particles assumed for simplicity
to be normalized to 1

ni xn3 xn3=1. (94)

Represents with n} the density of the two isoprotons (denoted with the
subindeces 1 and 2), resulting in the isotopic element for the two isopro-
tons

Ty = Diag.(n?,n2,n3,n?). (95)

Then, the Lorentz-Santilli isotransforms (II-42) imply the following mu-
tation of the intrinsic magnetic moment of the proton (see Ref. [36], page
190 for a detailed derivation with the notation b, = 1/n,, p=1,2,3,4)

ng ,,49m

M(ﬂg — ﬂimg = a1z = 3w,
(96)
9= 139
Recall that the isoprotons have Spin S; 5 = 1/2and Lp = 0.

In order to compute the magnetic moment of the three-body model
(81), we first compute the intrinsic and orbital contributions of the isoprotons
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via a simple isotopy of the corresponding quantum mechanical expression
[45]

~hm __

M =
S < VsS4 AGED)IV (L, S) >= 97)

= s i I+ 1) = L(L+ 1) + S(S +1),], k= pl,72,
where Y}, 5 are the isospherical isoharmonics (Ref. [33], Section 6.4, page
240) and Ji, = Sk, + Li, k = 1,2 is the total angular momentum.

Simple calculations show that, for L;, = 0 and p;™? = 2.79 py, expres-
sion (261) yields the value

~hm

Mg =
(98)
300 = 30k = 142.79 .

To compute the intrinsic and orbital contribution from the isoelectron, we
recall from Eq. (69) that its intrinsic value is ignorable in first approxima-
tion, the sole expected contribution being that from its constrained orbital
motion inside the proton.

By recalling that the electron has a point-like charge which cannot be
mutated by isotopies, then the density of the electron remains the conven-
tional one for the vacuum with ny; = 1.

Under the approximation that the deformation of the isoelectron is the
same as those of the two isoprotons, we have the mutation of the value
(70) for the neutron,

1
Heorb = ——He = ——4.6 UN- (99)
ns n

The quantum mechanical magnetic moment of the three-body model
(81) of the deuteron, in case consistent, would be given by

wh = 2p, + pre = 2 x 2.79 — 4.6 pun = 0.98uy, (100)
D p

thus lacking an exact representation of value (92) because in excess for
about 8%.

By comparison, the magnetic moment for model (81) according to hadronic
mechanics is given by

| 1
phm = o™ = 578 — — 4.6 uy = 0.857 uy. (101)
ns ns ns ns
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By assuming the value ns = 0.62 from the density of the proton-antipro-
ton fireball in the Bose-Einstein correlation [46] [47], we can write the
hadronic representation of the deuteron magnetic moment

.62 . 4.
Up = M _ _6 = 0.857 fuw, (102)
ns ns
which is verified for
ns = 1.20. (103)

The use of the volume-preserving condition (94) then yields the re-
maining ellipsoidal values

The above values imply that the shape deformation of the deuteron
constituents caused by the internal strong nuclear force turns charge dis-
tributions and /or wavepackets from a spherical to a prolate spheroidal el-
lipsoid with semiaxes

ni =n3 =0.83, ni=1.44, (105)

which prolate deformation was predicted by all preceding works by San-
tilli in the field.

Note that the magnetic moment of the deuteron is represented exactly not
only in its value, but also in its sign, that of being parallel to the spins of the
isoprotons.

It then follows that representation (101) can be construed as evidence on
the presence of two protons with parallel spins inside the deuteron, which pres-
ence mandates three-body model (81) with a central exchanged electron
for stability (Figures 14, 15).

Note also that the prolate deformation of shape is necessary because
the quantum mechanical expression (93) is in excess of experimental value
(92). By comparison, an oblate deformation would increase said excess
value due to the increase of the rotating charge distribution at the equator.

Almost needless to say, representation (101) is intended to illustrate the
capability by hadronic mechanics to achieve an exact representation of the
deuteron magnetic moment.

A number of improvement of representation (101) are possible, among
which we mention a more accurate value of the density n, of the proton, a
more accurate value of the orbital contribution of the isoelectron due to its
geometric difference with that for the neutron indicated above, and other
improvements.
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Figure 17: An illustration of the negatively charged pseudo-deuteron predicted by
hadronic mechanics via the use of a deuterium gas in the Directional Neutron Source of
Figure 8. Due to its negative charge, the pseudo-deuteron can potentially initiate a basi-
cally new type of nuclear fusions, here called hyperfusions, based on the natural attraction
of the pseudo-deuteron by natural deuteron resulting in the helium without production of
harmful radiations or release of radioactive waste.
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5. REPRESENTATION OF NUCLEAR FORCES. Hadronic structure model
(81) achieves the first known explicit concrete representation of strong nu-
clear forces thanks to the structural lifting of the mathematics underlying
quantum mechanics into the covering isomathematics.

Such a generalization resulted to be necessary due to the non-Hamilto-
nian character of strong interactions, with particular reference to the gen-
eralization of the associative product into isoproduct (1) and the represen-
tation of strong nuclear forces via isotopic element (4), with ensuing lifting
of the Schrodinger equation, from its historical form Hvy = Ev), into the
isotopic form

~ ~

Hxv=Hrp)T(W,.. ) = Ei. (106)

6. REDUCTION OF STABLE NUCLEI TO ISOELECTRONS AND ISOPRO-
TONS. The reduction of neutrons to isoprotons and isoelectrons clearly
implies the possible reduction of all stable matter in the universe to the
only known, massive and stable particles, protons and electrons [52].

This important possibility has been confirmed by the reduction of the
deuteron to isoprotons and isoelectrons [25], and it is under study by A.
A. Bhalekar and R. M. Santilli [54].

2.7.3. Industrial applications. In Section I-1.4 we have indicated the societal
duty of seeking basically new forms of clean energies, while continuing
research along conventional lines.

This is due to the inability of identifying industrially viable nuclear
fusions in about three quarters of a century and the investment of billions
of dollars of public funds.

Recall that the primary obstacle opposing the achievement of the con-
trolled nuclear fusion of two deuterons D(1, 2, 1) into the Helium He(2.4.0)
is the extreme repulsive Coulomb force between nuclei that, the distance of
1 fm = 107! m needed to activate strong nuclear forces is given by

M

F=k

ﬁwl 3]

(107)
—19)2
= (8.99 x 10°)95Ai 2 = 230 N,
which force is extremely large for nuclear standards.

As it is well known, the efforts done to date for overcoming such a large
repulsive force have been the use of high energies resulting, as expected,
in uncontrollable instabilities at the initiation of the fusion itself.

Another problem that has prevented the achievement of the controlled
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Figure 18: An illustration of the helium nucleus as predicted by hadronic mechanics and
consisting of four isoprotons and two isoelectrons. Note that the illustration depicts the
conventional conception of the Helium as being composed by two protons and two neu-
trons, with the sole replacement of the neutrons with their physical constituents permitted
by hadronic mechanics, the proton and the electron. Note finally that the uncertainties of
the constituents of the helium follow Einstein’s determinism per Lemma II-3.7 and Corol-
lary 11-3.7.1.
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fusion of deuterons into helium is the need for their singlet coupling
D(1,2,1)) + D(1,2,14) — He(2,4,0), (108)

which is of extremely difficult engineering realization at low energies, and
virtually impossible at high energies, resulting in nuclear fusions that can
at best be at random.

For additional technical requirements needed to achieve the fusion of
deuterons into helium, interested readers may consult the hadronic laws
for nuclear fusions, which have been systematically studied in Ref. [25],
Chapter 4 and Section 4.2, page 188, in particular.

The Directional Neutron Source (DNS, Figure 8) is produced and sold
by Thunder Energies Corporation, now called Hadronic Technologies Cor-
poration, for the synthesis of neutrons (Section 2.6.3) and pseudo-protons
(Section 2.6.5) from a commercially available hydrogen gas.

However, the same DNS is produced for the use, without any mod-
ification, of a commercially available deuterium gas as a basic feedstock,
in which case, hadronic mechanics predicts the synthesis of a negatively
charged deuteron called pseudo-deuteron [48] (patent pending) which is pre-
dicted to have a structure of the type (Figure 17)

~

D = [pr, (é;,é;),m)}hm. (109)

The mechanism for the synthesis of the pseudo-deuteron (which we
write with nuclear symbols D(—1,2,1)) from a deuterium gas stems from
the main feature of the DNS, that of actually “compressing” electrons in
the interior hadrons (Figure 9) thanks to a specially conceived electric arc
and other engineering features. Consequently, pseudo-deuteria are ex-
pected to be synthesized in the DNF operating on deuterium gas, follow-
ing molecular separation with the ensuing presence of valence electron
pairs called isoelectronia (Section 2.8.2 and Figure 20), of course, in a way
dependent on power, pressure, flow, and other factors.

Preliminary calculations via hadronic mechanics indicate that the pseudo-
deuteron should have a mean-life of the order of a second, thus being suf-
ficient for industrial applications.

The importance of the research under consideration is that, contrary
to current trends, pseudo-deuterons are attracted, rather than being repelled by
natural deuterons.

This basic feature provides plausible means to search for basically new
nuclear fusions called hyper-fusions, here referred to fusions of natural, pos-
itively charged nuclei and synthesized negatively charged nuclei, such as

197



Ruggero Maria Santilli

the hyper-fusion of a pseudo-deuteron and a deuteron into the helium

D(—1,2,14) + D(1,2,1) — He(2,4,0) + 2¢”, (110)
where the singlet coupling is naturally achieved because the pseudo-deute-
ron has not only the charge, but also the magnetic moment opposite that
of the natural deuteron.

The energy expected to be released by each hyperfusion (110) is given

by
AE = Ey, — (Ep + Ep) == 23.8 MeV = 3.81 x 10712 J, (111)

and occurs without any emission of harmful radiation (since electrons can be
stopped with a metal shield), and without the release of radioactive waste.

As an illustration, the possible achievement of the rather realistic num-
ber of 10'® controlled fusions (110) per hour would yield the significant
release of about 10° J of clean energy per hour without harmful radiations
or waste.

In regard to the possible achievement of controlled hyper-fusions, we
should mention that the DNS is considered in this section for the mere
intent of achieving experimental measurements on the sole existence of
pseudo-deuterons. Their production in the needed number and energy,
and the hadronic reactor needed for the utilization of the produced heat,
evidently require specialized equipment under proper funding.

By recalling that conventional nuclear fusions have requested billions
of dollars of investments of public funds without any industrially viable
result to date, readers should be warned against any expectation prior to
the investment of equally large funds

2.8. Einstein’s determinism in molecular structures.

2.8.1. Insufficiencies of quantum chemistry. There is no doubt that quan-
tum chemistry has permitted truly historical advances in the 20th century.
However, as it is the case for nuclear physics, serious scholars are expected
to admit that quantum chemistry cannot be exactly valid for chemical struc-
tures and processes because of a number of insufficiencies, such as [30] (for
dissident views, see also Refs. [15] [16] [17]):

1. Even though possessing excellent practical values, the quantum chem-
ical notion of valence is a ‘'nomenclature’ without quantitative treatment because,
due to their equal charge, the Schrodinger equation predicts that valence electron
pairs ’repel’ (rather than attract) each other, due to the necessary sign + of
the Coulomb potential in the equation for the electron pair

2 2
i%@/z(t, r) = {—%AT + 67} U(t 7). (112)
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¢
o¢

Figure 19: Lectures in hadronic chemistry are generally initiated by showing a ball in
representation of a hydrogen atom with the recollection that quantum mechanics achieved
an exact representation of all its experimental data. The speaker then shows two joined
balls representing a hydrogen molecule, with the recollection that, this time, quantum
mechanics and chemistry have not achieved an exact representation of molecular data.
The reason indicated for this dichotomy is that mutual distances in the atomic structure,
that are of the order of 10=8 c¢m, are such to allow an effective point-like approximation
of the constituents. By contrast, mutual distances for valence electron pairs in molecular
structures, which are of the order of 10713 c¢m, are smaller than the size of the electron
wavepackets, which is of about 2.2 x 10~'3 em, thus prohibiting an effective point-like
approximation of particles in favor of the representation of their actual size and as well
as of the ensuing contact non-potential interactions due to deep wave overlapping.

In particular, the repulsive force between the two identical valence electrons
has the extremely big value of 230 NV at mutual distances of 1 fm, Eq. (107),
with repulsive values remaining big at atomic distances. Consequently,
quantum chemistry misses a quantitative model of molecular structures.

2. According to quantum chemistry (see, e.g., Ref. [55]), valence elec-
tron bonds between two atoms are created by the overlap of atomic or-
bitals. Even though approximately valid, such a model is “incomplete”
because, due to the point-like approximation of the electrons, said orbitals
remain mostly independent, thus allowing their polarizations under a suf-
ficiently strong electric or magnetic field, with the consequential predic-
tion that substances are generally ferromagnetic.

3. Quantum mechanics has achieved an exact representation of all ex-
perimental data of the hydrogen atom H, but in the transition to the hydro-
gen molecule H, = H — H (where — represents valence bond), quantum
mechanics and chemistry still miss 1 % of the H, binding energy which
corresponds to the rather significant value of 950 BT'U.

4. Quantum chemistry still misses to this day the quantitative identi-
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Figure 20: According to the basic principles of quantum mechanics and chemistry, elec-
tron valence pairs in molecular structures should “repel” (rather than “attract”) each
other with a force of the order of 230 N, Eq. (107), which is extremely big for particle
standards. Hadronic mathematics, mechanics and chemistry have achieved an attractive
force between valence electron pairs so strong to turn them into a quasi-stable particle
called the isoelectronium [30], that allowed the first known achievement of exact repre-
sentation of experimental data on the hydrogen [52 ] and water [53 ] molecules that are not
possible with quantum chemistry. In Santilli’s view, the impossibility in quantum chem-
istry to achieve an attractive force between valence electron pairs as occurring in nature,
is additional evidence supporting the need for the “completion” of quantum principles
into covering vistas according to Einstein’s legacy.
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tication of the attractive force bonding together neutral, dielectric and dia-
magnetic molecules in their liquid state, with ensuing lack of quantitative
representation of the liquid state for fuels.

5. The basic axioms of quantum chemistry are reversible over time.
Consequently, quantum chemistry is structurally unable to provide an ex-
act representation of combustion, as well as all energy-releasing processes
with ensuing implications for the solution of problems of large societal
values, such as the improvement of fossil fuel combustion.

We cannot possibly review in this paper the ongoing process toward
the solution of the above insufficiencies of quantum chemistry via the cov-
ering hadronic chemistry [30]. Nevertheless, we believe it is important to
indicate the main evidence supporting the validity for molecular struc-
tures of the “completion” of quantum chemistry into a suitable covering
theory according to Einstein-Podolsky-Rosen argument [1].

Insufficiencies (1 - 5) above are known to chemists, as attested by the
widespread distribution of works in the field by Santilli and other scholars.
For this reason, said insufficiencies are referred to as the best kept secrets in
the best Ph. D. courses in chemistry around the world.

2.8.2. Attractive force in valence electron bonds. Recall that in the 1978 pa-
per [19], Santilli: 1) Identified the non-potential, strongly attractive force
created by the deep overlapping of the wavepackets of particles in sin-
glet coupling; 2) Constructed the foundations of hadronic mechanics with
particular reference to the iso-Schrdodinger equation for quantitative treat-
ments of non-potential interactions; and 3) Applied the emerging new
methods to achieve an exact representation of all characteristics of mesons
as bound states of electrons and positrons (Sections 2.5.3 to 2.5.5).

In the 1995 paper [95], A. O. E. Animalu and R. M. Santilli showed that
the indicated non-potential force is essentially charge independent since it
remains strongly attractive also for electron-electron pairs in superconduc-
tivity thanks to the “absorption” of the Coulomb potential by the Hulten
potential irrespective of its sign, Eq. (5.1.15), page 836, Ref. [19] (reviewed
in Eq. (31) above).

Thanks to the “completion” of quantum into hadronic chemistry (hc),
in the 2001 monograph [30] Santilli worked out a new notion of valence
bonds, today known as strong valence bond, which consists of valence iso-
electron pairs, known as isoelectronium and denoted Z, with a fully iden-
tified attractive force with the structure (see the independent reviews [31]
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[96] [97])

I: (éTaéi)hc- (113)

The achievement of the attractive force between the identical valence
electrons, apparently done for the first time in Ref. [30], Chapter 4, is de-
scribed in detail in Section 2.3, and it is essentially based on the “comple-
tion” of all products into isoproducts (1) with consequential “completion”
of the local Newton’s differential calculus into the non-local isodifferential
calculus (7) (8), resulting in the iso-Schrédinger equation

i29(t,r) = [-%Aﬁ%} Wt r) —

= iUl r) = |~EA 4+ 2| T, b r) & (114)

with a strong attraction characterized by the Hulten potential.

In Santilli’s view, the achievement of an attractive force in valence electron
pairs via the "completion” of the quantum wavefunction 1 (t, r) into the hadronic
isowavefunction z/;(t, 1) is a strong confirmation of the final statement by Einstein,
Podolski and Rosen [1] according to which quantum wavefunctions do not repre-
sent the entire physical or chemical reality.

The strength of the internal bond allows the reduction of four-body
molecules, such as the hydrogen H, = H — H, down to a restricted three-
body system that, as such, admit full analytic solutions with major simplifi-
cation of otherwise notoriously complex elaborations.

It should be noted that, besides the existence of molecules, the biggest
evidence on the existence of the isoelectronium as a particle is provided
by experimental data on the photoionization of the hydrogen and helium
molecules (see, e.g., Ref. [56]) in which bonded electron pairs in singlet
have been systematically detected to survive molecular separation.

For comparison with preceding hadronic structures, let us recall that
Ref. [30], Egs. (4.5) to (4.23), pages 169 to 173, provided the following
representation via model (29) of the rest energy £ = 1 MeV and change
radius R = 6.84 x 107! ¢m of the isoelectronium for the case of full stability
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Figure 21: An illustration of the isochemical model of the hydrogen molecule achieved by
R. M. Santilli and D. D. Shillady [52] with the following main features: 1) Valence elec-
tron pairs are bonded into isoelectronia according to the principles of hadronic chemistry;
2) Due to their strong internal forces, isoelectronia are forced to have oo orbits around
corresponding nuclei resulting in opposite angular momenta that represent the diamag-
netic character of the hydrogen and other molecules; 3) The conventional four-body equa-
tions for the hydrogen molecule are reduced to a restricted three-body form admitting a
full analytic solution.

e e i )]

Etot:El—l—Eg—E:lMeV, m:%

(115)
1 = 2mX2(0) P = oo,
R=0b"1=6.84 x 10" em,
with solutions for the k-parameters
k1 =019 ke =1, (116)

for which the binding energy is null (in first approximation) as expected
from the sole use of contact non-potential interactions, resulting in the to-
tal energy of the isoelectronium F = F; + Fy = 1.022 MeV.

Note that, as expected from the charge independence of contact inter-
actions, values (114) for the isoelectronium (€1, é;). are rather close to the
corresponding values (50) for f the 7° meson (€7, ).

Interested readers should meditate a moment on the capability of con-
tact interactions to achieve a strongly attractive force by overcoming the
extremely big repulsive Coulomb force of 230 N.

This occurrence emphasizes the need in hadronic structure models such
as (112) of the notion of isoparticles in which all intrinsic characteristics are
mutated, thus including the charge.
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This occurrence also suggests the study of structure models of the elemen-
tary charge, such as that of Ref. [44], capable of such a mutation in condi-
tion of deep mutual overlapping to represent the physical evidence of a
strong attraction in singlet valence couplings.

In 1999, D. D. Shillady and R. M. Santilli proved that the isotopic branch
of hadronic chemistry achieves the first known, numerically exact repre-
sentation of the binding energy and other characteristics of the hydrogen
[52] (Figure 23) and water [53] (Figure 24) molecules via isoperturbative
isoseries (namely isoseries based on isoproduct AT'B with 7' < 1) whose
convergence is at least one thousand times faster than the convergence of
conventional quantum chemical series, thus providing an important ex-
perimental confirmation in molecular structures of both Einstein’s deter-
minism per Lemma II-3.7 as well as Corollary II-3.7.1.

In regard to the rather complex case in which the isoelectronium is par-
tially unstable, the numerically exact representation of H, and H,O data,
and other aspects, we refer the interested reader to the above quoted liter-
ature.

The strong valence bond of isoelectronia evidently resolves Insufficien-
cies 1) and 2) of the preceding section.

Insufficiency 3) is resolved by the fact that, due to the strength of its
bond, isoelectronium (112) is forced to have an oo-orbit around the re-
spective nuclei (Figure 22) with ensuing opposite angular momenta and
opposite magnetic polarities that permit a quantitative representation of
the diamagnetic character of the hydrogen, water and other molecules.

The apparent resolution of Insufficiency 4) was provided by the new
chemical species of magnecules [30] (see the U. S. patent [57], the latest ex-
perimental verification [58] and Figure 25) that allowed the identification
of an actual attractive force between water molecules in their liquid state
[98].

The resolution of Insufficiency 5) can be studied via the Lie-admissible
branch of hadronic chemistry, also called genochemistry [30], although it does
not appear that, at this writing, a consistent representation of energy re-
leasing processes is of interest to contemporary chemists at large.

2.8.3. Industrial applications. It is a truism to state that the combustion of
fossil fuels occurring in the ongoing disproportionate number of civilian,
industrial and military vehicles is the same as it was at the dawn of our
civilization some 50, 000 years ago because, in all cases, we strike a spark
and lit the fuel.

To be “True Researchers” in Einstein’s words, it is our societal duty to
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Species H; H,O HF
SCF-energy (DH) {a.u.) —1.132800" -76.051524  —100.057186
Hartree-Fock® (a.u.) ~100.07185"
Iso-energy (a.u.) —1.174441°  -76.308229° —100.459500°
Horizon R, (A) 0.00671 0.00038 0.00030
QMC energy®® (a.u.) —1.17447 —76.430020°  —100.44296"
Exact non-rel. (a.u.) —1.1744741 —100.4595"
Corellation (%) 99.9* 91.6° 103.8
SCP-dipole (D) 0.0 1.996828 1.946698
Iso-dipole (D) 0.0 1.847437 1.841378
Exp. dipole (D) c.0 1.857 1.827

Time® (min:s) 0:15.49 10:08.31 6:28.48

(DH*) Dunning-Huzinaga (10S/6P), [6,2,1,1,1/4,1,1]4+-HaP; +3D1.
“LEAQ-6G13 + optimized GLO-25 and GLO-2P.

bRelative to the basis set used here, not quite HF-limit.

¢lso-energy calibrated to give exact energy for HF.

4Hartree-Fock and QMC energies from Luchow and Anderson [33].
*QMG ensrgies from Hammond et al. [30].

TFirst 7 sig. fAig. from Kolos and Wolniewicz [34].

7Data from Chemical Rubber Handbook, 61st ed., p. EG0.

"Run times on an O2 Silicon Graphics workstation (100 MFLOPS max.).

h

Figure 22: A reproduction of Table 4.2 of Ref. [52] presenting the first known exact
representation of the experimental data of the hydrogen molecule via isomathematics
and isochemistry, by providing an experimental confirmation of the validity in molecu-
lar structres of Einstein’s determinism according Lemma II-3.7, with a convergence of
the isoperturbative series at least one thousand times faster than conventional series, by
therefore providing an experimental confirmation of Corollary 11-3.7.1.
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initiate the laborious process of trial and errors in seeking a clean combus-
tion of fossil fuels that, to be as such, as to be new, namely based on new
mathematical, physical and chemical principles.

In the hope of initiating the expectedly long and laborious process of
trials and errors, Santilli has submitted in Ref. [59] the study of the new
form of combustion of carbon and oxygen, known as hypercombustion, in-
tended to achieve the full combustion of fossil fuels via a small percentage
of nuclear fusions of the novel magnecular forms of 6—C—12and 8—0—16
into the stable 14 — Si—28, thus without the emission of harmful radiations
and without the release of radioactive waste [69] [70] (Figure 24).

We should mention in this respect the gaseous fuel magnegas [30] which
is synthesized by hadronic reactors from a mixture of oil and water, in pro-
duction and sale world wide by Magnegas Corporation, now called Taro-
nis Corporation, whose combustion in air shows no appreciable carbon
monoxide C'O and hydrocarbons (HC) (Figure 25).

This environmental result was achieved via a combustion temperature
more than double that of commercially available fuels, which temperature
is permitted by magnecular bonds that are weaker than molecular bonds,
and at which temperature CO and HC cannot remain unburned.

HyerCombustion aims at achieving the needed higher combustion tem-
perature of petroleum fuels via the use of the indicated nuclear processes
that are solely possible under the”completion” of quantum into hadronic
mechanics.

It appears advisable to indicate that, besides the expected environmen-
tal advances, the new chemical species of magnecules appears to have sig-
nificant medical applications, such as the possible killing of the corona
virus in lungs (and other organs) of patients via ventilators releasing the
new polarized species of magneoxygen, rather than conventional oxygen

[62] - [65].

2.9. Einstein’s determinism in gravitational collapse.
In the recent paper [10], Santilli recalls that iso-space-time metrics contain
as particular cases all possible symmetric metrics in (3 + 1)-dimensions,
thus including the Riemannian metric.

Ref. [10] then factorizes the space component of the Schwartzchild
metric gs(r) according to isotopic rule introduced in Refs. [66] [67]

gs(r) = T(r)s, (117)

where ¢ is the Euclidean metric.
In this way, Santilli reaches the following realization of the isotopic
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OH* OH~ H,0 HF
SCF-Energy® -T4.860377  -75.306624 -76.058000 -100.060379
Hartree-Fock® . -100.07185°
Iso-Energy® -75.056678  -75.554299 -76.388340 -100.448029
Horizon R (A)  0.00038 0.00038 0.00038 0.00030
QMC Energy®® .-76.430020° -100.44296°
Exact non-rel. -100.4595
Iso-Dipole (D)  5.552581 8.638473  1.847437  1.8413778
Exper. Dipole 1.84 1.82

@ Dunning-Huzinaga (10/6p), (6,2,1,1,1/4,1,1)+H2s1+H2p1+3d1.
Iso-Energy calibrated to give maximum correlation for HF.

© Hartree-Fock and QMC energies from Luchow and Anderson [22).

4 QMC energies from Hammond, Lester and Reynolds [21).

Figure 23: A reproduction of Table 5.1. of Ref. [53] presenting the first exact represen-
tation of the experimental data of the water molecule, including its electric and magnetic
moments, via isomathematics and isochemistry, by therefore providing a second experi-
mental confirmation of the validity in molecular structures of Einstein’s determinism ac-
cording to Lemma 1I-3.7, with a convergence of the isoperturbative series at least one
thousand time faster than conventional series, thus providing an experimental confirma-
tion of Corollary 11-3.7.1.

element
ot T (118)
12— oM

where M is the gravitational mass of the body considered with ensuing
isodeterministic isoprinciple, Ref. [10], Eq. (46), page 16,

r
r—2M

which confirms the possible recovering of full classical determinism in the
interior of gravitational collapse essentially as predicted by Einstein (see
Ref. [16], Chapter 6 in particular, for a critical analysis of black holes).

It should perhaps be indicated that the 1993 paper [100] identified the
universal isosymmetry of all possible (non-singular) Riemannian line el-
ements in 3 + 1)-dimensions formulated on iso-Minkowskian isospaces
[78] over isofields. Papers [66] [67] introduced the factorization of a full
Riemannian metric g(z), = (r,t) in (3 4+ 1)-dimensions

g(z) =T, (2)n, (120)

where Tgr is the gravitational isotopic element, and 7 is the Minkowski metric
n = Diag.(1,1,1,—1).

APAp ~ T = =, 0= 0, (119)
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S

Figure 24: In this figure, we present a conceptual rendering of the new chemical species
of Santilli magnecules [30] for the case of the elementary hydrogen magnecules Hy =
H x H (where x denotes magnecular bond). The species is obtained via the use of
special electric arcs producing electric and magnetic fields over certain minimum values
[? ], which arcs ionize the hydrogen molecule and polarize the electron orbits into toroids
by therefore creating a new magnetic dipole moment which does not exist in the natural
state. Polarized atoms bond together in the configuration of the figure which is stable at
ambient temperatures by creating the new species of magnehydrogen (see Refs. [62] to
[65]). It should be indicated that elementary magnecules between other selected atoms
verify all hadronic laws for controlled nuclear fusions ([25], Section 4), for instance, of
CO=6-C—12x8—0 — 16 into 14 — Si — 28 without the emission of harmful
radiations and without the release of radioactive waste [69] [70].

Refs. [66] [67] then reformulated the Riemannian geometry via the
transition from a formulation over the field of real numbers R to that over
the isofield of isoreal isonumbers R where the gravitational isounit is evi-
dently given by

I (x) = 1/T,(x). (121)

The above reformulation turns the Riemannian geometry into a new
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geometry called iso-Minkowskian isogeometry [78] which is locally iso-
morphic to the Minkowskian geometry, while maintaining the mathemati-
cal machinery of the Riemannian geometry (covariant derivative, connec-
tion, geodesics, etc.) although reformulated in terms of the isodifferential
isocalculus.

The following advantages should be mentioned for the identical iso-
Minkowskian reformulation of general relativity, including Einstein’s field
equations, known as isogravitation [83]:

1) The achievement of a consistent operator form of gravity via the
axiom-preserving embedding of the gravitational isounit /,,(z) in the uni
of relativistic quantum mechanics [33] [21];

2) The achievement of the universal LPS isosymmetry of all non-singular
Riemannian metrics [100], which symmetry is locally isomorphic to the LP
symmetry, (Section II-2), while being notoriously impossible in a conven-
tional Riemannian space over the reals;

3) The achievement of clear compatibility, actually a true isounification,
of general and special relativity since the latter can be identically recovered
with the simple limit

I,y — I = Diag.(1,1,1,1), (122)

implying the transition from the universal LPS isosymmetry to the LP
symmetry of special relativity with ensuing recovering of conservation
and other special relativity laws;

4) The possibility of initiating systematic studies on interior gravitational
problems along the forgotten Schwartzchild’s second paper [73];

5) The achievement of axiomatic compatibility between gravitation and
electroweak interactions thanks to the replacement of curvature into the
covering notion of isoflatness, while offering realistic hopes to achieve a
grand unification [38]; and other intriguing advances.

3. CONCLUDING REMARKS.

At the end of their historical paper [1], Einstein, Podolsky and Rosen state:

While we have thus shown that the wavefunction [of quantum mechanic] does not
provide a complete description of the physical reality, we left open the question of
whether or not such a description exists. We believe, however, that such a theory
is possible.

In the preceding Papers I and II we have provided a review and up-
grade of the apparent proof of the existence of classical counterparts for
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Figure 25: A picture of the 300 kW mobile magnegas refinery built by Santilli when
Chief Scientist of Magnegas Corporation (now Taronis Corporation) to process a mixture
of fossil oil and water into magnegas whose combustion with the proper stochiometric
oxygen has no detectable CO or HC' [57]. The oxygen content of magnegas appears to
have special polarizations [62] - [65] deserving tests for its possible use in ventilators to
kill Corona viruses due to the emission of strong UV light in its depolarization in human
lungs.
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extended particles within physical media [9] (Section 1I-3.7), and of the
apparent progressive verification of Einstein determinism in the interior
of hadrons, nuclei and stars [10] (Section II-3.8).

In this third paper, it appears we have additionally proved, apparently
for the first time, the above quoted, concluding EPR statement. In fact,
the “completion” of the quantum wavefunction (¢, r) of the Schrodinger
equation into the hadronic isowavefunction O(t,7) of the Schrodinger-Sant-
illi isoequation allows the achievement, otherwise impossible via quan-
tum mechanics, of an exact representation of all characteristics of: the neu-
tron in its synthesis from the hydrogen atom (Section 2.6); the deuteron
(Section 2.7); the attractive force between the identical electrons in valence
couplings (Section2.8); and the progressive achievement of Einstein’s de-
terminism in interior dynamical conditions (Section 2.9).
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1 Introduction

The research in topology over last two decades has reached a high level
in many directions. Topological methods are widely used in many other branches
of modern mathematics such as differential equation, functional analysis, classical
mechanics, general theory of relativity, mathematical economics, quantum theory,
biology etc.

Bitopological space is a triplet (X, 71, 75), where X is a non empty set and
71 and 7 are topologies on a space X. In 1963, J. C. Kelly [8] initiated the study
of bitopological spaces. In 1985, Fututake [5] studied the concept of generalized
closed (briefly g-closed) sets in bitopological spaces. After that, several authors
turned their attention towards the generalizations of various concepts in topology
by considering bitopological spaces.

In this paper, (7;, 7;)-g*wa-closed sets, (7;, 7j)-¢g*wa-continuous functions
and (7;, 7j)-g*wa-irresolute maps are defined and studied in bitopological spaces.
Also, the concept of (7;, 7j)-g*wa-paracompactness in bitopological spaces is in-
troduced and studied.

2 Preliminaries

Throughout this present paper, let X, Y and Z always represents non-empty
bitopological spaces (X, 71, 72), (Y, 01, 02) and (Z, 71, 72) on which no separation
axioms are assumed unless explicitly mentioned and the integers i, j, k € {1,2}.

Definition 2.1. [13] A space X is said to be g*wa-paracompact if every open
cover of X has a g*wa-locally finite g*wa-refinement.

Definition 2.2. Let A C X. Then A is said to be a
(a) wa-closed [2] if acl(A) C U whenever A C U and U is w-open in X.
(b) g*wa-closed[12] if cl(A) C U whenever A C U and U is wa-open in X.

Definition 2.3. A subset A of a bitopological space (X, 11, T2) is called a

(a) (1;,7;)-g-closed [5] if Tj-cl(A) C U whenever A C U and U is open in ;.

(b) (1;,7;)-rg-closed [1] if Tj-cl(A) C U whenever A C U and U is regular open
in Ti.

(c) (1;,7j)-ag-closed [3] if Tj-acl(A) C U whenever A C U and U is open in ;.
(d) (1;, 7j)-ga-closed [3] if Tj-acl(A) C U whenever A C U and U is a-open in
Ti-

(e) (1i,7;)-gpr-closed [7] if T;-pcl(A) C U whenever A C U and U is regular
open in T;.

(f) (1i,7;)-g*-closed [14] if T;-cl(A) C U whenever A C U and U is g-open in ;.
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(g) (1i,7;)-wa-closed [11] if T;-cl(A) C U whenever A C U and U is w-open in
Ti-
In all the above definitions © # j.

Definition 2.4. A map f : (X, 1, 72) — (Y, p1, po) is called a

(a) Tj-py-continuous [10] if f~1(G) € 7; for every open set G in .

(b) D(7;,7;)-pu-continuous [10] if the inverse image of every puy-closed set in
(Y, p, p2) is (74, 75)-g-closed in (X, 1y, 2).

(¢) D, (7, 7;)-p,-continuous [1] if the inverse image of every py-closed set in
(Y, 1, po) is (7, 75)-rg-closed in (X, 11, 2).

(d) C(7;,1j)-pu-continuous [6] if the inverse image of every [u.-closed set in
(Y, p, p2) is (74, 7j)-w-closed in (X, 11, T2).

(e) D*(7;,7j)-p-continuous [14] if the inverse image of every j-closed set in
(Y, 1, po) is (75, 75)-g*-closed in (X, 11, T2).

(f) (1, 7;)-g-continuous [4] if the inverse image of every puy,-closed setin (Y, i1, f12)
is (7, 7;)-ag-closed in (X, 1, T2).

Definition 2.5. [8] A bitopological space (X, 11, Ts) is said to be pairwise Haus-
dorff if for each pair of distinct points x and y of X, there exist U € P;and V' € P;
suchthatx € U,y € VandU NV = ¢.

3 (75, 7;)-g"wa-Closed Sets

This section deals with the concept of g*wa-closed sets in bitopological
spaces and some of their properties.

Definition 3.1. Ler (i,j) € {1,2} where i # j. A subset A of a bitopological
space (X, 11, 72) is said to be (1;,7;)-g*wa-closed if T;-cl(A) C U whenever
ACUandU € T;-wa-open in X.

Example 3.1. Let X = {m,n,p}, 1 ={X,¢,{m}, {n,p}} and n = {X, ¢,{m}}.
Consider a set in the space (X, 11, 72), A = {n,p} which is (11, 72)-g*wa-closed.

Remark 3.1. If 4 = 7o = 7 in Definition 3.1, then (7;, 7;)-g*wa-closed set in
(X, 71, 72) is same as g*wa-closed [12] in (X, T).

The family of all (7;, 7;)-g*wa-closed sets in (X, 7, 75) is denoted by P(7;, 7;).

Theorem 3.1. Every 1j-closed (resp. (7;,7;)-regular closed) is (1;,7;)-g*wo-
closed.
However the converse need not be true in general as shown in the following ex-
ample.
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Example 3.2. Let X = {m,n,p}, 1 = {X, ¢, {m},{n,p}}and o = {X, ¢, {m}}.
Consider the set, A = {m,p} is (11, T2)-g*wa-closed but not T5-closed (resp.
(73, 7;)-regular closed).

We have the following implification:
1;-closed — (73, 7;)-g*wa-closed — (73, 7;)-ag-closed

Remark 3.2. IfA and B are (1;, 7j)-g*wa-closed in (X, 11, 72) then AU B is also
(73, 7;)-g"wa-closed.

Theorem 3.2. If a subset A of (X, 7, 72) is (7;, Tj)-g*wa-closed then T;-cl(A) — A
does not contain any non empty wa-closed set in ;.

Proof. Let A C (7, 7;)-g*wa-closed and F' C 7;-wa-closed set such that
F C 7j-cl(A) — A. Now F C 7;-cl(A) and F C X — A. Then A C X — F and
by hypothesis A is (7;, 7;)-g*wa-closed and X — F'is 7; — wa-open. Thus from
Definition 3.1, 7;-cl(A) € X — F, thatis ' C (X — 7;-cl(A)). Then F' C (74-
cl(A)) N (X — 7;-cl(A)) = ¢ and so F' = ¢ which is a contradiction. Hence
7;-cl(A) — A does not contain any non empty wa-closed set. O

Remark 3.3. A (7;, 7;)-g*wa-closed set need not be T;-g*wa-closed or 7j-g*wa-
closed.

Example 3.3. Let X = {m,n,p}, m = {X, ¢, {m}} and o = {X, ¢}. Then the
set A = {n,p} is (7, 7j)-g*wa-closed but not T5-g*wa-closed.

Also, if X = {m,n,p}, 1 = {X,¢,{p}} and » = {X,¢,{m},{m,n}} be
topology on X. Then the set A = {m,p} is(7;, 7;)-g*wa-closed but not 11-g*wa-
closed in (X, 1, 73).

Remark 3.4. In general P(t;,7;) # P(7;,T;).

Example3.4. Let X = {m,n,p}, 71 = {X,¢,{p}}and o = {X, ¢, {m}, {m,n}}.
Then g*WOéC(Tl’ 7—2) = {XJ ¢7 {m7 n}} Cli’ld g*waC(T% 7-1) = {X7 ¢7 {nvp}a {p}}
Hence we can observe that g*waC(1, 7o) # g*waC(Te, 11).

Remark 3.5. If 1y C 7o, then P(1y, 1) C P(71, T2) but converse is not true.

Example 3.5. Let X = {m,n,p}, 71 = {X,¢,{p}}and o = {X, ¢, {m}, {m,n}}.

Then P(1o,11) = { X}, 0,{m,n},{n,p}}and P(11,2) = {X, ¢, {m,n}, {n,p}, {p}}
Then P(t9,11) C G(71,72) but 71 € To.

Theorem 3.3. A 7;-wa-open and (7;, 7;)-g* wa-closed set is T;-closed.

Proof. Now A C A. Then 7;-cl(A) € Aand A C 7;-cl(A). Therefore
7;-cl(A) = A and hence A € T;-closed. O
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Theorem 3.4. Let A be 1;-wa-open and (7;,T;)-g*wa-closed. Suppose F is T;-
closed, then AN F is (1;, 7j)-g*wa-closed.

Proof. Let A be 7;-wa-open and A be (7;, 7;)-¢g*wa-closed and F be 7;-closed.
Then from Theorem 3.3, A is 7;-closed. So AN F is 7;-closed and hence (7;, 7;)-
g*wa-closed. O

Theorem 3.5. IfA is (7;, 7;)-g*wa-closed and A C B C 1-cl(A), then 7j-cl(B)—
B contains no non empty 7;-closed set.

Proof. Let A be (7;,7;)-g*wa-closed and A C B C 7;-cl(A). Then B is
(75, 7j)-g*wa-closed follows from Theorem 3.19 [12]. Hence 7;-cl(B) — B con-
tains no non empty 7;-closed set. O

Corolary 3.1. IfA is (1;, 7;)-g*wa-closed and A C B C 1-cl(A), then 7j-cl(B)—
B contains no non empty 1;-wa-closed set.

Theorem 3.6. Arbitrary union of (7;, 7;)-g*wa-closed sets { A; : i € 1} is (1;,7;)-
g*wa-closed if the family {A; : i € 1} is j-locally finite.

Proof. Let {A; : i € I} is 7;-locally finite and {A4; : i € I} is (1, 75)-
g*wa-closed. Let UA; C U where U € T1;-wa-open. Then A; C U and wa-
open in 7;. Since A is (7, 7;)-g*wa-closed the for each i € I, 7;-cl(A;) C U.
Consequently UT;-cl(A;) C U. Since the family, {A; : i € I} is 7;-locally finite
T;-cl(UA;) = U(1-cl(A;)) C U. Therefore UA; is (7;, 7;)-¢g*wa-closed. O

Theorem 3.7. For an element x in X, the set X — {z} is (7;, 7j)-g*wa-closed or
X — {x} is wa-open in ;.

Proof. Suppose X — {z} is not wa-open in 7;, then X is the only wa-open
set containing X — {z}, that is 7;-cl(X — {z}) C 7;-cl({z}) = X. Hence ;-
c(X —{z}) € X. Thus X — {z} is 7;, 7;)-g*wa-closed. O

Definition 3.2. A subset A of a bitopological space (X, 11, 72) is (7;, 7;)-g*wo-
open if its complement is (1;, 7;)-g*wa-closed.

Definition 3.3. For a subset A of a bitopological space (X, 11, 12), (7;, Tj)-g*wa-
interior of A is denoted by (7;, 7;)-g*wa-int(A) and is defined as
(15, 7j)-g*wa-int(A) = U{F : F € (1;,7j)-g*wa-open and F C A}.

Theorem 3.8. Let A be (7;, 7;)-g*wa-open. Then P = X whenever G is T;-wa-
open and T;-g*wa-int(A) U A° C G.

Theorem 3.9. A set A is (7;, 7j)-g*wa-open if and only if F' C 7;-int(A) whenever
Fis 7;-closed and ' C A.
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Theorem 3.10. If A and B are separated (7;,7;)-g*wa-open sets then AU B is
also (1;, 7;)-g*wa-open.

Proof.Suppose A and B are (7;, 7;)-g*wa-open sets. Let F be an 7;-closed set
such that F¥ C A U B. Since A and B are separated, 7;-cl(A) NB = A N 7;-cl(B)
= ¢ and 7;-cl(A) N B = AN Tj-cl(B) = ¢. Then F N7;-cl(A) C (AU B) N 74-
cl(A) = A. Similarly, F' N 7j-cl(B) C B. Since F is 7;-closed, we have F' N ;-
cl(A), F N 1;-cl(B) are also 7;-closed and from hypothesis A and B are (7;, 7;)-
g*wa-open sets, F' N 7;-cl(A) C 7;-int(A) and F' N 7;-cl(B) C 7j-int(B). Now
F=FN(AUB) C (FNT1-cl(A)) U(FNT-cl(B)) C 1;-int(AU B). Hence
AU Bis (1;, 7;)-g*wa-open. O

Definition 3.4. A bitopological space (X, 11, 72) is said to be a (7;,7;)-Tgrwa-
space if every (1;, 7;)-g*wa-closed set is T;-closed.

Example 3.6. Let X = {m,n,p}, 71 = {X, 0, {m},{m,n}} and o = {X, ¢,{m},
{p},{m,p}}. Then (X, 1, 1) is (11, T2)-Ty+wa-space.

Theorem 3.11. If a bitopological space (X, 1, 72) is (Ti, Tj)-Tywa Space, then
foreach x € X, {z} is T;-wa-closed or Tj-open.

Proof. Suppose {z} is not (7, 7;)-g*wa-open, then {z}¢ is (7, 7j)-g*wa-
closed. As X is s (7;, 7j)-T +wa-space, {2} is 7;-closed and hence {x} is 7;-open.
O

Remark 3.6. Every singleton subset of (X, 11, 72) is 1;-closed or T;-wa-closed
but (X, 1, 12) is not (1;, 7;)-1 gwa-space.

Example3.7. Let X = {m,n,p}, 71 = {X, ¢, {m},{m,n}} and 7o = {X, ¢,{m},
{p},{m,p}}. Then every singleton set {x} of X is either T5-open or 71-wa-closed.
However, (X, 1, T2) is not (11, 72)-Ty=wa-space.

Remark 3.7. If (X, 1) and (X, 12) are both T« o-space, then it need not imply
(71, T2)-Tywa-space.

Example 38. Let X = {m7 nap}’ T = {X7 Qb, {TL}, {n7p}} and T, = {X7 ¢7 {m}7
{m,n}}. Then (X, 1) and (X, 12) are Ty ,-space, but (X, 11, T3) is not (11, 72)-
T4+ wa-space.

Remark 3.8. The space (X, 1) is not generally T, -space if (X, Ty, 72) is (11, T2)-
Ty wa-space.

Example3.9. Let X = {m,n,p}, 71 = {X,¢,{m},{n,p}} and n = {X, ¢,{m}}.
Then (X, 11, 72) is (71, T2)-Ty wa-space, but (X, ) is not Ty«,q-space.
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4 (71;,7;)-g*wa-Continuous and (7;, 7,)-g*wa-Irresolute
Maps

Definition4.1. Amap f : (X, 71, 72) — (Y, 1, po) is called P(7;, T;)-j1x-continuous
(pairwise g*wa-continuous) if the inverse image of every p-closed setin (Y, iy, ji2)
is (7, 7;)-g*wa-closed in (X, 11, T2).

Theorem 4.1. Every is 7;-ju,-continuous function is P(T;, T;)-pu,-continuous.

Proof. Follows from Theorem 3.1. O
The converse need not be true as seen from the following example.

Example 4.1. Let X =Y = {m,n,p}, n = {X, ¢, {m},{n,p}}, n» ={X, ¢,
{m} Ap}, {m.p}}, =LY, ¢, {n}} and py = {Y, ¢, {m}}. Let f : (X, 71,72) =
(Y, 1, p1o) be the identity map. Then fis P (71, To)-pi1-continuous but not To-fi,-
continuous, since for the ji-closed set A = {m,p} in ¥, f~*({m,p}) = {m,p}
is not Tp-closed in X.

Remark 4.1. Let f : (X, 7, 72) — (Y, 1, p2) be P(7;,7;)-px-continuous g :
(Y, p1, p2) = (Z,71,72) be P(p1, pi2)-Ym-continuous but their composition need
not be P(T;, T;)-"Ym-continuous.

Example 4.2. Let X =Y = {m,n,p}, 1 = {X, ¢, {m},{m,n}}, n ={X, ¢,
{m}7 {p}a {m7p}}’ H1 = {K ¢7 {m}7 {nup}}’ M2 = {Y7 ¢7 {m}}’ M= {Z7 ¢7
{m}7 {m>p}} and Yo = {27 ¢7 {m}7 {m7n}7 {m7p}} Let f : (X7 7—177—2) -
(Y. . iz) be identity map and define a map g : (Y, 1, j12) = (Z.71,72) by
g(m) =n,g(n) = m, g(p) = p. Then fand g are pairwise g*wa-continuous maps
but their composition is not pairwise g*wa-continuous, since for the ~y,-closed set
{n.p} in (Z,71,72), (9of) " ({n,p}) = [~ g7 ({n.p}) = f~({m.p}) =

{m,p} is not (11, 172)-g*wa-closed in (X, 11, T2).

Definition 4.2. A map f : (X, 7, 7) — (Y, 1, p2) is called pairwise g*wa-
irresolute if for every A € P(pug, pte) in (Y, i1, pi2), f~H(A) € P, 7;) in (X, 11, 72).

Theorem 4.2. Ifamap [ : (X, 11,72) — (Y, p1, u2) pairwise g*wa-irresolute if f
is P(7;, T;)- pte-continuous.

Proof. Let F be yi.-closed, then F is (g, fte)-g*wa-closed in (Y, 1, pi2). From
Theorem 3.1, F € P(us, ie). Since f is pairwise g*wa-irresolute, f~1(F) €
P(7;,7;). Therefore f is P(7;, 7j)-ft.-continuous. U
The converse of this theorem need not be true as seen from the following example.
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Example 4.3. Let X =Y = {m,n,p}, n = {X, ¢, {m},{m,n}}, n ={X, ¢,
{m}7 {p}> {m,p}}, H1 = {Y> ¢a {TL}, {n,p}} and K2 = {Yv ¢7 {m}v {m,p}}.
Let f : (X, 71, m2) — (Y, 1, 12) be the identity map. Then fis P(1y,T2)-pi1-
continuous map but not pairwise g*wa-irresolute map, since for the (ju, i2)-
g*wa-closed set {m, p} in (Y, p1, o), f~({m,p}) = {m, p} is not (1;, 7;)-g*wa-
closed set in (X, 11, 73).

Theorem 4.3. Let [ : (X, 7, 70) — (Y, p1, p2) be a map and (Y, iy, o) be
(ks pre)-Tyrwa-space. Then fis pairwise g*wa-irresolute if and only if fis P(t;, 7;)-
Lhe-CONLINUOUS.

Proof. Suppose fis pairwise g*wa-irresolute. From Theorem 4.2, fis P(7;, 7;)-
Le-continuous.
Conversely, let f be P(7;, 7;)-ft.-continuous map. Let F be (ju, pt.)-g*wa-closed
in (Y, g1, p2). By hypothesis (Y, 11, pi2) 18 (f1k, fte)-Tg=wa-space, F is p.-closed set
in (Y, p11, po). Again, since fis P(7;, 7;)-pe-continuous, f~(F) is (7, 75)-g*wa-
closed set in (X, 71, 72). Hence f is pairwise g*wa-irresolute. O

5 (7, 7;)-g"wa-Paracompact Spaces

We recall that, a collection { = {F) : A\ € '} of subsets of a space X is called
a locally finite with respect to the topology 7;, if for each x € X there exists
U, € 7; containing x and U, which intersects at most finitely many members of €.

Definition 5.1. A collection ¢ = {F : X\ € '} of subsets of a space X is called
(75, 7j)-P-locally finite if for each x € X there exist (1;,7;)-g*wa-open U, in X
and U, intersects at most finitely many members of .

Theorem 5.1. Let £ = {F)\ : A\ € I'} be a collection of subsets of (X, T, T2) then
(a) & is (1, 7;)-g*wa-locally finite if and only if {(7;, 7;)g*wa-cl(Fy) : A € '} is
(7;, 7j)-P-locally finite.

(b)if & is (7, ;)-P-locally finite, then U(T;, 7;) g*wa-cl(Fy) = (1;, 7j) g wa-cl (UF)).
(c) € is locally finite with respect to the topology T; if and only if the collection
{(7i, 15)g*wa-cl(Fy : X € I)} is locally finite with respect to the topology ;.

Proof. (a) Suppose ¢ is (7;, 7;)-P-locally finite. Then for each x € X, there
exists (7;, 7j)-g*wa-open set U, containing x, which meets only finitely many of
the sets F), say Fy,, Fh,, ..., F),. Since F\, C (1, 7j)g*wa-cl(F), ) for each k
=1,2,...,nand U, meets (7;, 7;)-g*wa-cl(F\,), ..., (T, ;) g*wa-cl(Fy, ). Therefore
g*wa-cl(F\) where \ € v is (7;, 7;)-P-locally finite.

Conversely, let z € X. Then there exists (7;, 7;)-g*wa-open U,,, which meets only
finitely many of the sets (7;, 7;)-g*wa-cl(F), ), say (7, 75)-g wa-cl(Fy,), ...,
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(15, 7j)g*wa-cl(F)y, ). Then U, N (73, 75)-g*wa-cl(Fy,) # ¢. Let ¢ € U, and
q € (7, 7j)-g*wa-cl(F)y,), implies that for every (7;, 7j)-g*wa-open set V,, we
have V,, N F), # ¢. But, we have U, is (7;, 7;)-g*wa-open set containing q and so
U, N F, # ¢ for each k=1,2,...,n. Thus ¢ is (7;, 7;)-P locally finite.

(b) Suppose ¢ is (7;, 7;)-P-locally finite, then U(7;, 7;)-g* wa-cl(F)) C (1, 7j) g wa-
cl(UFy). On the other hand, let g € (7;, 75)-g*wa-cl(UF)). Then for every (7;, 7;)-
g*wa-open set V,, such that V, N (UF)) # ¢. But from the hypothesis, there exists
(7:, 7j)-g*wa-open set U, such that U, meets only finitely many of the sets F, say
F\,, Fy,, ..., F\,. Thus for each (7;, 7;)-g*wa-open set V, containing q, we have
V, N (UF)y,) # ¢ where k=1,2,...,n. That is, for each ¢ € (7;, 7;)-g*wa-cl(UF},),
there exists h such that ¢ € (7, 7;)-g*wa-cl(F), ). Therefore ¢ € U(T;, 7;)-g*wa-
cl(Fy) and hence (7;, 7j)-g*wa-cl(UF)) = U(T;, 7j)-g*wa-cl(Fy).

(c) Suppose ¢ is locally finite with respect to the topology 7;, then for each z € X
there exists 7;-open set U, which meets only finitely many set F, say Fi1, Fho, ..
, Fy,but Fy, C (73, 75)-g*wa-cl(F), ). Then U, meets (7;, 7;)-g*wa-cl(Fy, ), ...,
(75, 7j)-g*wa-cl(Fy,). Thus (7;,7;)-g*wa-cl(F\ : A € T') is locally finite with
respect to the topology 7;.

Conversely, let z € X. Then there exists 71-open set U, which meets only finitely
many of the sets (7;,7;)-g*wa-cl(Fy), that is (7, 7j)-g*wa-cl(Fy,), ..., (Ti, Tj)-
g'wa-cl(Fy,). Let ¢ € U, and q € (7, 7j)-g*wa-cl(F),) where k=1,2,...,n. Then
for each (7;, 7;)-g*wa-open set V;, containing q such that V,NF), # ¢. Butq € U,
and so U, meets only finitely many of the sets /. Hence ¢ is locally finite with
respect to the topology 7;. O

Lemma 5.1. Let f : (X, 71,72) — (Y,01,02) be a function. Then f is (7;, 7;)-
g*wa-closed if and only if for every y € Y and U € 17,0(X) which contains
[ (y) there exists V € (7;,7;)-g*wa-open set in (Y, 01, 02) such that y € Y and
[ vyeu.

Theorem 5.2. Let f : (X, 7, 72) — (Y,01,02) be (7, 7j)-g*wa-irresolute. If
& = {F\ : X € T'} be a (7, 7j)-P-locally finite collection in Y, then f~(§) =
{f~YF\) : X € T'}is (73, 5)-P locally finite collection in X.

Theorem 5.3. Let f : (X, 7, 7) — (Y, 01,02) be (7;, 7;)-g* wa-continuous. If
& = {F\ : X\ € T} is (ri,7;)-P locally finite collection in Y, then f~'(§) =
{f7Y(F\) : X € T'} is locally finite collection with respect to the topology T;.

Definition 5.2. A non empty collection & = {A;,i € I, an index set} is called a
(75, 7j)-g*wa-open cover of a bitopological space (X, Ty, 7) if X = UA; and § C
T1-g*waO (X, 11, 72) U 7a-g*waO (X, 11, 7o) and & contains at least one member
of 1-g*waO(X, 11, T2) and one member of To-g*waO(X, 11, T2).

Definition 5.3. A subset A of a bitopological space (X, Ty, 72) is said to be (;, T;)-
g*wa-compact if every cover of A by (7;, 7;)-g*wa-open sets has a finite subcover.
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Example 5.1. Let X = {m,n,p,q}, n = {X, ¢, {m},{m,n}} and 7 = {X, ¢,

{m,n}, {m,n,p},{m,p,q}}. Let § = {{m},{m,n},{m,n,p},{m,p,q}} be a
g*wa-open cover of (X, 1y, 72). Then (X, 11, 72) is (7, 7j)-g*wa-compact.

Definition 5.4. A set A of a bitopological space (X, T, 72) is said to be (T;,T;)-
g*wa-compact relative to X if every (1;,7;)-g*wa-open cover of A has a finite
subcover as a subspace.

Theorem 5.4. Every (7;, 7;)-g*wa-compact space is (7;, 7;) compact.

Proof: Let (X, 11, 72) be (15, 7;)-g*wa-compact. Let § = {A; : i € I} be (1, 7))
open cover of X. Then X = UA; and & C 7, U T, so { contains at least one
member of T; and one member of T;. Since, every T;-open set is T;-g*wa-open,
we have X = UA; and £ C 7;-g*waO(X) U 7j-g*waO(X) and by definition
& contains at least one member of T;-g*waO(X, 11, T2) and one member of T;-
g 'waO(X, 11, 1). Therefore & is (1;, T;)-g*wa-open cover of X. As X is (1;,7;)-
g*wa-compact then & has the finite subcover and hence X is (1;, 7;) compact.

Theorem 5.5. If Y is 7,-g*wa closed subset of a (1;,7;)-g*wa-compact space
(X, 71, 72) then Y is T;-g*wa compact.

Proof: Let (X, 71,72) be (7;,7;)-g*wa-compact. Let & = {A; : i € I} bea
Tj-g*wae open cover of Y. As Y is 1;-g*wa closed, Y is T;-g*wa open.  Also,
EUYS =Y U{A; : i € I} be a (1;,7j)-g*wa-open cover of X. Since X is
(7i, 7;)-g*wa-compact, we have X =Y U A U...UA,, soY =A U..UA,.
Hence, Y is 7j-g*wo compact.

Theorem 5.6. Let f : (X, 7y, 75) = (Y, 01,02) be a (1, 7j) continuous, bijective
and (1;, 7;)-g*wa-irresolute. Then the image of a (1;, T;)-g*wa-compact space
under f'is (1;, 7;)-g*wa-compact.

Proof: Let f : (X, 7,73) — (Y,01,02) be a (7, 7j) continuous surjective and
(73, 7;)-g*wa-closed. Let X be (1, 7j)-g*wa-compact. Let & = {A;,i € 1} be
a (1;,7j)-g*wa-open cover of Y. Then Y = UA; and § C o1-g*waO(Y) U 0-
g*waO(Y) and & contains at least one member of 01-g*waO(Y') and one member
of 09-g*waO(Y). Therefore X = f~1(U(A;)) = Uf1(A;) and f~1(€) C 71~
g*'waO(X) U 1o-g*waO(X) and f~1(£) contains at least one member of T-
g*waO(X) and one member of To-g*waO(X). Therefore f~1(€) is the (1, 7;)-
g*wa-open cover of X. Since X is (1;, 7;)-g*wa-compact, we have X = Uf~1(A;)
foreachi=1,.,n, thatis Y = f(X) = U(A;), i=1,...,n. Hence, £ has the finite
subcover. Therefore Y is (1;, 7;)-g*wa-compact.

Definition 5.5. A bitopological space (X, 11, T2) is said to be (7;, T;)-g*wa-paracompact
(pairwise g*wa paracompact) if every T;-open cover of X has a (7;, 7;)-P-locally

finite (1;, 7;)-g*wa-open refinement.
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Example 5.2. Let X = {m,n,p}, 7 = {X, ¢, {m},{m,n}} and 7 = {X, ¢,

{m}a {p}a {mvp}} Letf = {{m}7 {mv TL}} Then the space (X> 71, 7_2) is (Ti7 Tj)
g*w&-paracompact.

Definition 5.6. Let (X, 71, 73) be a bitopological space. Then X is said to be:

(a) (1;,7j)-g*wa-regular if for each T;-closed set F and x € X there exist T;-
g wa-open set U and 7;-g*wa-open set V such that x € U and F' C V.

(b) (7:,7j)-g*wa-normal if there exist two disjoint 7;-closed sets A and B, there
exist disjoint (1;, 7;)-g*wo-open sets U and V such that A C U and B C V.

Example 5.3. Let X = {m,n,p}, m = {X, ¢, {m},{m,n}} and o = {X, ¢,
{m},{p},{m,p}}. Then (X, 1, 1) is (1, 7;)-g* wa-regular.

Example 54. Let X = {m,n,p}, n ={X, ¢, {m},{n,p}} and 7 = {X, ¢,
{m}}. Then (X, 1, 12) is (1;, 7j)-g*wa-normal.

Proposition 5.1. A space (X, 11, 7) is (7, 7;)-g*wa-regular if and only if for
each T;-open set U and v € U there exists V € (7;,7;)-g*waO(X) such that
reV e (nm)gwa-c(V)CU.

Theorem 5.7. Every (7;, 7;)-g*wa-paracompact pairwise Hausdorff bitopologi-
cal space is (1;, 7;)-g*wo-regular.

Proof. Let A be 7;-closed set with = ¢ A. Then for each y € A, choose
7;-open sets U, and H, such thaty € U,, x € H, and U, N H, = ¢, that is
x ¢ (13, 7;)g*wa-cl(Uy,). Therefore the family U = {U, : y € A} U{X — A}
is an 7;-open cover of X and so it has a (7;, 7;)-P-locally finite (7;, 7;)-¢g*wa-open
refinement say p. Let V = {H € p: HN A ¢ ¢}, then Vis a (7;, 7j)-g*wa-open
set containing A and (7;, 75)-g* wa-cl(V) = U{(7;, 7)-g*wa-cl(H) : H € p and
HNAG¢ ¢}. Therefore U = X — (13, 75)-g*wa-cl(V) is a (7;, 7;)-g*wa-open set
containing x such that U and V are disjoint subsets of X. Thus X is (7;, 7;)-g*wa-
regular. O

Corolary 5.1. Every (7;, 7;)-g*wa-paracompact pairwise Hausdorff bitopologcal
space (T;, T;)-g*wa-normal.

Theorem 5.8. Let (X, 1) and (X, 13) be two regular spaces. Then (X, Ty, 1) is
(7, 7j)-g*wa-paracompact if and only if every T;-open cover & of X has a (;, 7;)-P
locally finite (7;, 7;)-g*wa-closed refinement say p.

Proof. Necessity: Let £ be an 7y-open cover of X. Then for each z € X
choose a member U, € . Since (X, 7) and (X, 7») are 7;-regular, there exists
7;-open set V. containing x such that 7, C ¢l(V,) C U,. Therefore ¥ = {V, :
x € X} is an 7;-open cover of X and by hypothesis U has a (7;, 7;)-P-locally
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finite (7;, 7;)-g*wa-refinement say 2 = {W, : A € I'}. Consider the collection
(13, 7) g wae — Q = {(1;, 7j) g*wa-cl(Wy) : X € I'} is a (7, 7j)-P-locally finite of
(73, 7;)-g*wa-closed subsets of (X, 71, 7). Since for every A € I, (1;, 7;)-g*wa-
cd(Wy) C (7, 1) g*wa-cl(Vy) € m-cl(Vy) C U, for some U, € &, therefore
(75, 7j)-g*wa-cl(€2) is a refinement of &.

Sufficiency: Let £ be an 7;-open cover of X and W be a (7;, 7;)-P locally finite
(7:, 7j)-g*wa-closed refinement of £. Then for each z € X choose W, € (7;, 7))-
g*waO(X) such that z € W, and W, intersects at most finitely many member of
V. Let X be (7;, 7j)-g*wa-closed (7;, 7;)-P-locally finite refinement of Q = {IV, :
r € X}. ThenforeachV € ¥, V! = X — H,where H € Yand HNV = ¢.
Then {V!:V € ¥} isa (1, 7;)-g*wa-open cover of X. Now for each V' € ¥, let
us choose U, € Z such that V' C U,. Hence the collection {U, N V! : V € ¥}
is a (7;, 7;)-P-locally finite (7;, 7;)-g*wa-open refinement of €. Thus (X, 71, 72) is
(75, 7j)-g* wa-paracompact. U

Theorem 5.9. Let A be a (i, j)regular closed subset of a bitopological space
(X, 11, 72). Then (A, T;,,7;,) is (1, )-g*wa-paracompact.

Proof. Let ¥ = {V) : A € I'} is an 7;-open cover of A in (A,7,,7;,).
Then for each A € I, choose an U, € 7; such that V, = A N U,. Then the
collection { = {U, : A € I'} U{X — A} which is an 7;-open cover of the (i, j)-
g*wa-paracompact space X and so it has a (4, j)-P-locally finite (4, j)-¢g*wa-open
refinement say > = {W; : 6 € A}. But we have (7, j) — RO(X) C (i,7) —O(X),
then the collection {A N W5 : 6 € A}is a (4, j)-P-locally finite (, j)-g*wa-open
refinement of ¥ in (A4, 7;,,7;,). O

Theorem 5.10. Let f : (X, 71, 72) — (Y, 01,09) be (11,01) and (72, 03) closed
(7, 7j)-g*wa-irresolute surjective function such that f~*(y) is T;-compact in (X, 1)
foreachy € Y. If (Y,01,09) is (7;,7;)-g*wa-paracompact, then (X, Ty, Ts) is
also (1;, 7;)-g*wa-paracompact.

Proof. Let £ = {U, : A € I'} be an 7;-open cover of a bitopological space
(X, 71, 72). Then for each y € Y, £ is an 7;-open cover of the 7;-compact subspace
/' (y). So there exist a finite subcover ', of I' such that f~!(y) C UU, for
each A € =Z,. Let Uy = UU, which is an 7;-open in (X, 77). As fis (1, 01)-
closed, then for each y € Y there exists o;-open set V,, in Y such that y € V),
and f~'(V,) C U,. Then the collection ¥ = {V, : y € Y} is an oy-open
cover of the (7;, 7;)-g*wa-paracompact space (Y, 01, 02) and so it has a (7, 7;)-
P locally finite (7;, 7;)-g*wa-open refinement say 2 = {W, : v € A}. Asfis
(73, 7j)-g*wa-irresolute, the collection f~(Q) = {f~!(W,) : v € A} whichis an
(75, 7j)-g*wa-open (7;, 7;)-P-locally finite cover of (X, 7y, 72) such that for each
v €4, f~YW,) C U, for some y € Y. Then the collection { f~(W,)NU, : vy €
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5, A € Iy} is an (7, 7;)-P-locally finite (7;, 7;)-g*wa-open refinement of . Thus
(X, 11, 72) is (74, Tj)-g*wa-paracompact. O

Conclusion

The notions of sets and functions in topological spaces are extensively devel-
oped and used in many fields such as particle physics, computational topology,
quantum physics. By researching generalizations of closed sets, some new Para-
compact spaces have been founded and they turn out to be useful in the study of
digital topology.
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Some characterizations of fuzzy comultisets
and quotient fuzzy multigroups
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Abstract

The idea of fuzzy multisets has been applied to some group theoretic
notions. Nonetheless, the notions of cosets and quotient groups have
not been substantiated in fuzzy multigroup environment. The aim of
this paper is to present the concepts of cosets and quotient groups in
fuzzy multigroup context with some related results. To start with, the
connection between fuzzy comultisets of fuzzy multigroups and the
cosets of groups is established. Some characterizations of fuzzy co-
multisets are outlined with proofs. In addition, quotient fuzzy multi-
group is proposed and some of its properties are explored. It is proven
that a normal fuzzy submultigroup, H of a fuzzy multigroup, G is

commutative if and only if the quotient fuzzy multigroup, % of G by

H is commutative. Finally, group theoretic isomorphism theorems
are established in fuzzy multigroup setting.
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1 Introduction

Fuzzy set theory proposed in 1965 by Zadeh (1965), although with vehement
opposition as at then, has been extensively researched with applicative expressions
ranging from engineering and computer science to medical diagnosis and social
behavior, etc. In a way of extending the application of fuzzy sets to group theory,
Rosenfeld (1971) proposed the notion of fuzzy groups as an extension of group
theory and some number of results were obtained. Several studies have been car-
ried out on some group theoretic notions in fuzzy group setting (see Ajmal and
Prajapati, 1992; Bhattacharya and Mukherjee, 1987; Ejegwa and Otuwe, 2019;
Mukherjee and Bhattacharya, 1986, 1984; Onasanya and Ilori, 2013).

With the interest derived from fuzzy sets and multisets (see Blizard, 1989),
the idea of fuzzy multisets or fuzzy bags was proposed in (Yager, 1986) as a gen-
eralization of fuzzy sets in multiset framework. Myriad of works have been car-
ried out on the fundamentals and properties of fuzzy multisets (see Biswas, 1999;
Ejegwa, 2014, 2019a; Miyamoto, 1996; Miyamoto and Mizutani, 2004; Onasanya
and Sholabomi, 2019). In recent times, the concept of fuzzy multigroups was in-
troduced as an application of fuzzy multisets to group theory (Shinoj et al., 2015).
The ideas of abelian fuzzy multigroups and order of fuzzy multigroups have been
studied with some results (Baby et al., 2015; Ejegwa, 2018b), and the notions
of center and centralizer in fuzzy multigroup context were established (Ejegwa,
2018b). In the same vein, the concept of fuzzy multigroupoids was introduced and
the idea of fuzzy submultigroups was explored with a number of results (Ejegwa,
2018d). The concepts of normal subgroups, characteristic subgroups and Frattini
subgroups have been established in fuzzy multigroup setting with some results
(Ejegwa, 2018a; Ejegwa et al., 2020; Ejegwa, 2020c). In (Ejegwa, 2018c¢), the idea
of homomorphism in the environment of fuzzy multigroups was defined and some
homomorphic properties of fuzzy multigroups were elaborated. Subsequently, the
idea of direct product of fuzzy multigroups was proposed and a number of results
were established (Ejegwa, 2019b). The idea of alpha-cuts of fuzzy multigroups
and its homomorphic properties have been studied (Ejegwa, 2020b,a). The con-
cept of fuzzy multigroups was redefined by Rasuli (2020) as an extension of the
work in (Anthony and Sherwood, 1979).

The present paper is a further study of fuzzy multigroups in group theoretic
analogs. Motivated by the researches done in fuzzy multigroups so far, it is expe-
dient to investigate the notions of cosets and quotient groups in the light of fuzzy
multigroups to strengthen the theory of fuzzy multigroups. Establishing the ideas
of fuzzy comultisets and quotient/factor multigroups shall enhance the plausibil-
ity of studying nilpotency and solvability in fuzzy multigroup setting. Actually,
this work is an application of fuzzy multisets to cosets and factor groups. In so
doing, this paper assay to introduce fuzzy comultisets and quotient fuzzy multi-
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groups with some analog results. The relationship between fuzzy comultisets of
fuzzy multigroups and that of cosets of groups is examined, and the isomorphism
theorems are duly established. By organization, the paper is thus presented: Sec-
tion 2 provides some preliminaries on fuzzy multisets and fuzzy multigroups. In
Section 3, the idea of fuzzy comultisets is proposed and some of its properties are
discussed. Section 4 discusses the concept of quotient or factor fuzzy multigroups
with some results. Finally, Section 5 concludes the paper and provides direction
for future studies.

2 Preliminaries

In this section, we present some existing definitions and results to be used in
the sequel.

2.1 Fuzzy multisets

Definition 2.1. (Yager, 1986) Assume X is a set of elements. Then, a fuzzy
bag/multiset, G drawn from X can be characterized by a count membership func-
tion, C'M such that

C Mé X — Q,

where () is the set of all crisp bags or multisets from the unit interval, [ = [0, 1].
A fuzzy multiset, G can be characterized by a function

CMg:X = N'orCMg: X —[0,1] = N,

where [ = [0,1] and N = N U {0}.
By Miyamoto and Mizutani (2004), it implies that CMx(x) for z € X is
given as
CMg(z) = {ué(x), ,ué(x), o (),
)

where ué(m),ué(x),:..,yg(?s), .. €10, 1].such that p (x
ug(x) > ..., whereas in a finite case, we write

> pifa) > .

CMg(w) = {pg (@), pg(@), oy py (@)},

for pf(x) > p%(x) > .. > plk ().
A fuzzy multiset, G can be represented in the form G = {

X}
We denote the set of all fuzzy multisets by F' M S(X).

OMa(a) |,
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Definition 2.2. (Yager, 1986) Let C:} ,H € FMS(X). Then, H is called a fuzzy
submultiset of G written as H C G if CMpz(z) < CMg(z), Vo € X. Also, if
H C Gand H # G, then H is called a proper fuzzy submultiset of G and denoted
as H C G.

Definition 2.3. (Yager, 1986) Let G, H € FMS(X). Then, G and H are com-

parable to each other if and only if H C G or G C H, and G = H if and only if
CMg(z) = CMg(z), Vo € X.

Definition 2.4. (Miyamoto, 1996) Let G, H € FMS(X). Then, the intersection
and union of G and H, denoted by G N H and G U H are defined by the rules that
for any object x € X,

() CMgnj(x) = CMg(x) NCMp(x),
(i) CMg,5(z) = CMg(z) V CMg(z),
where A and V denote minimum and maximum operations, respectively.

Before finding the intersection and union of G and H, the membership sequences
of G and H should be equal. If not, it could be completed by affixing zero(s).

2.2 Fuzzy multigroups

We denote group by X and assume that all fuzzy multigroups are drawn from
FMG(X), which is the set of all fuzzy multigroups of X.

Definition 2.5. (Shinoj et al., 2015) A fuzzy multiset G of X is said to be a fuzzy
multigroup of X if it satisfies the following two conditions:

(i) CMga(zy) > CMga(x) NCMga(y), Yo,y € X,
(i1) CM@(J}_I) = CMG(I'), Vo e X.

It can be easily verified that if Gisa fuzzy multigroup of X, then

2(e) =\ OMg(2)

zeX
that is, C'Mg(e) is the tip of G.

Remark 2.1. (Shinoj et al., 2015) We notice that a fuzzy multiset, Gofa group
X is a fuzzy multigroup if Vz,y € X,

CMg(zy™) = CMg(x) A CMg(y)
holds.
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Definition 2.6. (Shinoj et al., 2015) Let G be a fuzzy multigroup of a group X.
Then G~ is defined by C Mg, (z) = CMg(z™"), Vo € X.

By Definition 2.5, we get C Mg () = CMg(z™') = CMg(z). That is,
G'=G.Thus,G € FMG(X) & G~' € FMG(X).

Proposition 2.1. (Shinoj et al., 2015) Let G, H € FMG(X). Then, GN H €
FMG(X).

Definition 2.7. (Ejegwa, 2018d) Let {G;}ic;, I = 1,...,n be an arbitrary family
of fuzzy multigroups of X. Then,

CMp,_, ¢, /\ CMg, (z), Vo € X
el
and
CMy,_ ¢,(x) = \/ CMg,(v), Vo € X.
el

The family of fuzzy multigroups iéi}ieg of X is said to have inf or sup assuming
chain if either G; C G5, C ... C G, or G; 2 G5 O ... O G, respectively.

Definition 2.8. (Baby et al., 2015) Let G € FMG(X). Then, G is said to be
commutative if for all z,y € X,

CMe(zy) = CMg(y).

Definition 2.9. (Ejegwa, 2018a) Let G, H € FMG(X). Then, the product, Go H
of G and H is defined to be a fuzzy multiset of X as follows:

oy Ve [CMa(y) NCMg(2)], ifJy,2 € X such thatz = yz
CMgon(w) = { 0, otherwise.

Definition 2.10. (Ejegwa, 2018d) Let G € FMG(X). A fuzzy submultiset, H
of G is called a fuzzy submultigroup of G denoted by H C G if H is a fuzzy
multigroup. A fuzzy submultigroup, Hof Gisa proper fuzzy submultigroup
denoted by HcG,if HCGand H #+ G.

Definition 2.11. (Ejegwa, 2018a) Let H,Ge FMG (X) such that H C G. Then,
H is called a normal fuzzy submultigroup of G if

CMp(rya™") = CMg(y), Yo,y € X.

Definition 2.12. (Ejegwa, 2018a) Let H be a fuzzy submultiset of G € FMG(X).
Then, the normalizer of H in G is the set given by

N(H)={g€ X | CMy(gy) = CMy(yg), Yy € X}.
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Theorem 2.1. (Ejegwa, 2018a) Let X be a finite group and H be a fuzzy sub-
multigroup of G € FMG(X). Define

H = {ge X |CMgz(g) =CMgle)},
K = {zeX[COMg,(y) = CMg.(y)},

where e denotes the identity element of X. Then H and K are subgroups of X.
Again, H = K.

Definition 2.13. (Ejegwa, 2018d; Shinoj et al., 2015) Let G e FMG(X). Then,
the set &, defined by

G, ={r € X | CMg(z) > 0}

is the level set or support of G. It follows that G, is a subgroup of X.
Also, the set G* defined by

G ={x € X |CMgs(z) = CMgle)}
is a subgroup of X.

Definition 2.14. (Ejegwa, 2018c) Let X and Y be groups and let f : X — YV
be a homomorphism. Suppose G and H are fuzzy multigroups of X and Y,
respectively. Then, f induces a homomorphism from G to H which satisfies

1) CMa(f (i) = CMa(f ) ACMa(f (y2)), Yy1,p2 €Y,
(1)) CMp(f(x122)) > CMg(f(z1)) NCMg(f(xs)), Vai,29 € X,
where

(1) the image of G under f,denoted by f (é) is a fuzzy multiset over Y defined
by
\/xeffl(y) CMG(x)7 fﬁl(y) ?é @

CMf(é) (v) = { 0, otherwise

foreachy € Y.

(i1) the inverse image of H under f, denoted by f *1(]:1 ), is a fuzzy multiset
over X defined by

CMo () = OMp(f(2)), Yz € X.
Proposition 2.2. (Ejegwa, 2018c) Let f : X — Y be a homomorphism and
G € FMG(X). If f is injective, then f~1(f(G)) = G.

Theorem 2.2. (Ejegwa, 2018c) Let X and Y be groups and f : X — Y be an
isomorphism. Then the following statements hold.

(i) G € FMG(X) ifand only if f{(G) € FMG(Y).
(ii) H e FMG(Y) ifand only if f~'(H) € FMG(X).
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3 Fuzzy comultiset and some of its properties

In this section, we define fuzzy comultiset and characterize some of its prop-
erties.

Definition 3.1. Suppose H is a fuzzy submultigroup of a fuzzy multigroup G of
X. Then, the fuzzy submultiset, y H of GG for y € X defined by

CM,z(x) = CMgz(y 'x), Vo € X

is called the left fuzzy comultiset of H. Similarly, the fuzzy submultiset, Hyof G
for y € X defined by

CMpg,(x) = CMg(zy™), Vo € X

is called the right fuzzy comultiset of H.

The following result proves that the right and left fuzzy comultisets of a fuzzy
submultigroup in a fuzzy multigroup are equal.

Proposition 3.1. If H is a fuzzy submultigroup of G € FMG(X), then the right
and left fuzzy comultisets of H in G are identical.

Proof. Letz,y, € X. Assume H is a fuzzy submultigroup of G. Then, we have

C’Myg(x):CMg(yflx) > CMg(y) NCMg(x)
= CMpg(x) NCMg(y)
= CMp(x) NCMp(y™).

)-

Suppose by hypothesis, CMj(z) A CMg(y™') = CMg(zy™"). Then, we have

Again,

CMp,(2) = CMaey™) > CMg(x) ACMy(y)
— OMy(y) A CMy(2)
= OMy(y™) A CMg(o).

By the same hypothesis, we get
CMHy(a:) Z CMyﬁ(aj).
Hence, CM, gz (z) = CMg, (z) = yH = Hy. O
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Remark 3.1. Let A be a fuzzy submultigroup of G € FMG(X). We notice that

(1) the right and left fuzzy comultisets of H in G are fuzzy submultigroups of
G.

(i) «H = yH = zH = H, Vz,y, z € X. This is not applicable in the conven-
tional case.

(iii) there is a one-to-one correspondence between the set of right fuzzy comul-
tisets and the set of left fuzzy comultisets of H in G.

(iv) the number of fuzzy comultisets of Hin G equals the cardinality of H..
V) tHNyHNzH =H =xHUyH U zH,Vz,y,2 € X.

Theorem 3.1. Let H be a fuzzy submultigroup of G € FMG(X). Then, gH =
hH for g, h € X if and only if

CMp(g~'h) = CMp(h™'g) = CMp(e).

Proof. Let gH = hH. Then, CM,;(9) = CM,5(g) and CM, 5 (h) = C M,z (h)
Vg,h € X. Hence,

CMp(g7'h) = CMpz(h™'g) = CMp(e).

Conversely, let CM;(g~'h) = CMz(h™'g) Vg,h € X. Forevery z € X,
we have

CMgg(x):CMg(gflx) = ’1hh 7)

Mpy(g

> CMp(g~h) A CMg(h™a)
= CMg(h™'z)
= OMhH(@")

Similarly,

CMyj(x) = CMg(h~'z) = CMg(h™ 99 tz)

> OMg(h™ ') ACMg(g~'z)
= CMy(g 'x)
= CM i ()

Hence, CM g (z) = CM,,z(x) = gH = hH. O
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Corolary 3.1. Let H be a fuzzy submultigroup of G € FMG(X). Then Hg =
Hh for g, h € X if and only if

CMj(gh™") = CMy(hg™") = CMj(e).
Proof. Straightforward from Theorem 3.1. [

Proposition 3.2. Lert H,G € FMG(X) such that H C G. If gH = hH, then
CMy(g) = CMy(h), Vg, h € X.

Proof. Let g, h € X. Suppose gﬁ] = hH, then we have

CM,5(9) = CM,5(9) = CMy(g~'g) = CMyz(h™'g)
= CMg(e) = CMg(h™'g)

Vg, h € X. The fact that,
CMp(e) = CMy(h™'g) = CMy(h) = CMy(g),

the result follows.
Alternatively, suppose z € X, we get

CM,z(2) = CMy5(2) = CMp(g~'2) = CMp(h™'2)
= C(‘]\4]:Iz—1 (g) = CM]:Iz—l (h)
= CMpy(g) = CMg(h),

because Hz"! = H. O

Theorem 3.2. Let G € FM G(X). Any fuzzy submultigroup H of G and for any

z € X, the fuzzy submultiset, zHz>"", where CM_ g, (x) = CMp (2" xz) for
each v € X is a fuzzy submultigroup of G.

Proof. Letz,y € X and HCG. We prove that zHz lisa fuzzy submultigroup
of G. Now

CMg(ay™) = CMp(etay™'2)

CMp(z tezz"ty 12)

CMg(z w2) N\CMg (27 1y12)
CM. g (2) NCM, g (y™)
CM, 1 (x) NCM, .1 (y), Vz € X.

v

Hence, zH =~ is a fuzzy submultigroup of G. [
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Corolary 3.2. Let {H;}ic; € FMG(X), then
(i) Nie; 2Hiz™' € FMG(X), ¥z € X,

(ii) Uie; 2H;z"' € FMG(X), Yz € X provided {H;};c; have sup/inf assum-
ing chain.

Proof. The results follow from Theorem 3.2. ]

The following results are the application of product of fuzzy multigroups to
the idea of fuzzy comultisets.

Proposition 3.3. Suppose Hisa fuzzy submultigroup of He FMG (X). Then;
(i) Hgo Hg = Hy.
(ii) ﬁgoﬁh = ﬁhof[g.
(iii) (Hgo Hh)™' = (Hh)' o (Hg)™ ..
(iv) (Hgo Hh)™' = Hgo Hh.
Proof. Using Definition 2.9, the results follow. ]
Remark 3.2. Proposition 3.3 also holds for left fuzzy comultisets.

Proposition 3.4. If Hisa Juzzy submultigroup of a commutative fuzzy multigroup
G of X, then

(i) ﬁyoﬁz:ﬁyz, Yy, z € X,
(ii) yﬁozf[:yzfl, Yy, z € X.
Proof. Let H € FMG(X) and z,y, z € X, then we have

1
CMp,om.(x) = \/ [CMg,(2) NCMg.(y)], Vy,z € X

T=zYy

= \/ [CMgz(zy™) NCMy(yz"")], Vy, 2 € X
r=zYy

=\ [CMgaa((zy™ ) (yz")), ¥y, 2 € X
r=2zy

= CMp(zz""y ™)

= CMHyZ(a:).

Hence, Fly oHz = I:Iyz.
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(i) Similar to (i).
[

Corolary 3.3. Suppose Hisa Sfuzzy submultigroup of a commutative fuzzy multi-
group G of X. Then, the following statements are equivalent.

(i) (Hyo Hz)™' = Hyo Hz.
(ii) Hyo Hz = Hyz.

Proof. The result is easy to see by combining Definition 2.9 and Proposition 3.4.
O

Remark 3.3. If (Hyo Hy)™" = Hyo Hz and Hy o Hz = Hyz, then (Hy o
Hz)™'' = Hyz.

Theorem 3.3. Ifl:l~is a fuzzy submultigroup of G € FMG(X) such that G is
commutative, then Hg o Hh = Hgh if and only if gH o hH = ghH,V g,h € X.
Consequently, Hgh = ghH.

Proof. Suppose Hg o Hh = Hgh. By Definition 2.9, we get

CMp,(x) = CMpym(z)
=\ [CMg,(y) ACMg,(y'x)]

yeX

= \VI[CMgzyg™) ANCMg(y " ah™")]

yeX

= VICMz(g7'y) ACMy(h "y )]

yeX

=\ ICM,z(y) ACM,5(y~"2)]

yeX

= CMgI:IohI:I(:C>

= CMth(‘T)

= gH o hH = ghH.
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Conversely, assuming gH o hH = ghH. Then
CMghf{(x) = CM rohH(x)

g

=V ICM,;(y) ACM,5(y "))

yeX

= VI[CMg(g'y) ACMy(h "y )]

yeX

= VICMg(yg™") ACMg(y~'zh™")]

yex
= VIOMp,(y) A COMp,(y "))
yeX
= CMpgom(x)
= CMth(x)
= Hgo Hh = Hgh. Hence, the result follow. [
Theorem 3.4. Suppose G € FMG(X) and H a fuzzy submultigroup of G. Define
H={geX|[CMg(g) =CMg(e)}.
Then Hx = Hy < Hz = I:Iy, Ve,y € X. Similarly, tH = yH < cH = y]:]

Proof. This result gives a relationship between fuzzy comultisets of a fuzzy sub-
multigroup of a fuzzy multigroup and the cosets of a subgroup of a given group.
By Theorem 2.1, we know that H is a subgroup of X and

H = { € X | CMpg, () = CMg, ()}
Now, suppose that Hx = Hy. Then xyy~! € H. Thus
CMjj,,1(2) = CMg, () ¥z € X and so CMp(zyx™) = CMg(2).
Put z = 2y~ !, we get
CMp(zy'ya™") = CMp(2y™') = CMp(za™") = CMp(zy™")
> CMg,(2) = CMpg, (2)
andso,ﬁx:ﬁ[y. 3 3
Conversely, suppose that Hz = Hy, thatis CMg,(2) = CMg,(2), ¥z € X.
This implies that
CMH(Z{E_l) = CMg(Zy_l).
Put z = y, we get
CMg(yx™') = CMg(e).
So,yx~' € H. Thus, Hx = Hy. i
The proof of tH = yH < xH = yH is similar. ]
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4 Quotient fuzzy multigroups

In this section, we present the notion of quotient groups in fuzzy multigroup
setting and establish the isomorphism theorems.

Definition 4.1. Suppose G is a fuzzy multigroup of X and H a normal fuzzy
submultigroup of G. Then, the union of the set of left/right fuzzy comultisets of
H such that the fuzzy comultisets satisfy

tHoyH =xyH, Va,y € X

is called quotient or factor fuzzy multigroup of G by H, denoted by %

% is a factor fuzzy multigroup of
H is a normal fuzzy submultigroup of G and % —eH
applicable in classical case.

Remark 4.1. Suppose by H, it implies that

G
a

. This property is not

Remark 4.2. Suppose Gisa fuzzy multigroup of X, and H a normal fuzzy sub-
multigroup of GG. Then

(i) if [isa fuzzy submultigroup of G such that H C I C G, then Lisa fuzzy

T

submultigroup of %

is of the form %, for some fuzzy submulti-

G.

Theorem 4.1. If H is a normal fuzzy submultigroup of G € FMG(X). Then H
is commutative if and only if % is commutative.

(i1) every fuzzy submultigroup of

e}
TeeY S el
group I of G suchthat H C [ C

Proof. Letx,y € X. Suppose H is commutative, then
CMy(zyxty™') = CMg(e),

and hence,
CMp(zy) = CMp(yx).

Consequently, H is a normal fuzzy submultigroup of G by Definition 2.11.
Thus, since

CMp(zy(yx) ™) = CMpg(zyz~'y™t) = CMgy(e),
we have

CMy(zy(yx)™") = CMp(e) = CMpg(zy(yz)™) = CMg(xy(zy) ™)
= OMp,,(zy) = CMp,,(vy).
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Thus, ny = ny It follows that, Hz o Hy = Hyo Hz since Hz o Hy = ny
and Hy o Hx = Hyax by Proposition 3.4. Hence, & 1s commutative.

Conversely, assume % 1s commutative, then

]:I:L‘o]:ly:j{]yo]:fxéf{xy:]:fyx.

Thus,
CMpg(xy(yz)™') = CMg(e) = CMy(zy) = CMp(yz),

completes the proof. [

Theorem 4.2. Suppose G~’ € FMG(X) and H, I are normal fuzzy submultigroups
ofé and H C I, then é is a normal fuzzy submultigroup of %

(z) since H C I and, H and T

Proof. Let v € X. Then CM;(x) < CMg
H H
are normal fuzzy submultigroups of G. So, i is a fuzzy submultigroup of G
Subsequently,
CM;(yzy ') =CM; (x)Vz,y € X.
H H
Hence, é is a normal fuzzy submultigroup of % by Definition 2.11. [

Remark 4.3. Let G be a fuzzy multigroup of X, and Ia normal fuzzy submulti-
group of G. Then, every normal fuzzy submultigroup of is of the form , for

some normal fuzzy submultigroup H of G such that H C [ CG.

Theorem 4.3. Suppose G,H € FMG (X) and H a normal fuzzy submultigroup
of G. Then HEG is a normal fuzzy submultigroup of H.

Proof. By Definition 2.13, H, is a subgroup of X and H N G € FMG(X) by

Proposition 2.1. So, H 0¢ g a fuzzy multigroup of X. Since H is a normal fuzzy

submultigroup of G, then HNG is a fuzzy submultigroup of G and £0¢ H ”G is a fuzzy

HﬁG

submultigroup of H. We show that is a normal fuzzy submultlgroup of H.

Letx,y € H*. Then zyx~! € H* since
CMg(zyz™") = CMy(y) >0

by definition of H.,. This  proves that H, is a normal subgroup of X.
It is easy to see that H N G is normal since

CMfm@(xyx_l) = C’MH(xya:_l) A CM@(a:yx_l)
= CMp(y) NCMg(y)
= CMfmC?(y)-
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In fact, H N G is a normal fuzzy submultigroup since HNG = H,and H is a
normal fuzzy submultigroup of G. Hence, H mG is a normal fuzzy submultigroup

of H. O]

Theorem 4.4. Suppose G is a fuzzy multigroup of X, HC G and N(H) is a nor-
malizer. Then N (H ) is a subgroup of X and = zs a normal fuzzy submultigroup

ofé.
Proof. Clearly, e € N(H). Let z,y € N(H). Then for any z € X, we have

CMg((xy ')z) = CMg(z(y™'z)

Hence, zy ! € N (H). Therefore, N(H) is a subgroup of X. By Definition 4.1,

it follows that —“— ( 7 € FMG(N(H)) and clearly, —= ( 5

of H. Since, CM 5 (zyx™')=CM 5 (y), Vz,y € X, it implies that _N(FI) is
N(H) N(H)

a normal fuzzy submultigroup of H. [

is a fuzzy submultlgroup

Theorem 4.5. Suppose G is a commutative Sfuzzy multigroup of X and Ha normal
Sfuzzy submultigroup of G. Then, there exists a natural homomorphism f : G — %
defined by C' Mz (y) = CMg(z~'y), Yo,y € X,

Proof. Let f : G — % be a mapping defined by

That is, C'M ( ) = CM,_;(y) = f(G) = xH (consequently, f(G.) = zH,).
Since f : G — & 1s derived from f : G, — G* such that H, is a normal subgroup

of G*, then to prove that f is a homomorphlsm, we show that
CM,y5(2) = CM, 0,5 (2), V2 € X = f(xy) = f(2)f(y).
Since H is commutative, then
CMp(zz) = CMg(22) = CMg(2 '22) = CMy(x), Vz € X.
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It is certain that,

CM,;(z) = CMg(z~'2) and CM,5(z) = CMg(y'2).

Then
CM,,;(z) = CMg((zy)~'2).
Now,
CM,p.,5(2) = \/[CM,z(r) NCM,5(s)]
=\ ICMg@a™"r) ACMg(y"s)].
Similarly,

CM,,;(2) = CMg((zy)'z) = CMg(y 'a'z)
> \/[CMg(z~'r) ACMg(y~'s)).

Z=Ts

Suppose by hypothesis,

CMy(y~'a7'2) = \/ [CMg(z7'r) ACMy(y~"s)],

Z=TSs

then it follows that CM,, 7 (2) = CM, g, 7(2), V2 € X. Consequently, we have
f(zy) = f(x)f(y), Vz,y € X. Hence, f is a homomorphism. O

Corolary 4.1. Let G, H € FMG(X) such that CMg(x) = CMg(y), Va,y € X
and CMg(e) > CMg(x), Vo € X. If f : G — % is a natural homomorphism
defined by M) (4) = CMy(a™'y), Y.y € X, then f1(F(H)) = Go .

Proof. Let x € X. To proof the result, we assume that f(x) = f(y), Vz,y € X.
Thus,

CMf—l(f(ﬁ))(x) = \/[OMf(H)(f(x))]

zeX

= \VI[CMz(f(fw)]

zeX

= CMg(y).
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Again,

CMg () = \/[CMg(z) ACMg(y)]
=\ I[CMg(xy™") A CMg(y)]
=\ [CMg(e) A CMg(y)]

= OMjz(y).
Hence, the proof follows. 0

Remark 4.4. Assuming there is a bijective correspondence between every (nor-
mal) fuzzy submultlgroup of G that contains H and the (normal) fuzzy submulti-
groups of = ¢ Thatis, if I is a (normal) fuzzy submultigroup of G containing H,

then the correspondlng (normal) fuzzy submultigroup of % is f(I )

Theorem 4.6. Let X and Y be groups, | : X — Y be an isomorphism and Ha
normal fuzzy submultigroup of G € FMG(X) such that CMg(x) = CMg(y)Ve,y €

G~ (&)
X with ker f = {e}. Then Z = Hh)
Proof. By Theorem 2.2 and Definition 4.1, S and % are fuzzy multigroups,
respectively. ~
Let h f(H) ) be defined by h(Hz) = f(H)(f(z)), Vo € X. If Hz =

Hy, then CMp(xy™) = CMy(e). Since ker f = {e} meaning ker f C A*, then
f~Y(f(H)) = H by Proposition 2.2. Thus,

T

’Lﬁ‘lex

71 _ _
CM iy ey ) = CMp gy (€)

=
C My (f(xy™)) = C M (f(e))
=
CMf(ﬁ)(f($)(f(y))_1) = CM; ) (f(€))
=
CM; ) (f(2)) = CMp gy (f(y)e') (where f(e) = €).
Hence,

C My (f(2)) = CMy gy (f(y)) = F(H)(f () = F(H)(f(y))-
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Hence, h is well-defined. It is also a homomorphism because

h(HzHy) = h(Hzy) = f

Moreover,
FUH)(f(2)) = FH)(f(y) = CMy(f(2)(f(y) ") = CMj (€)=

CMf(ﬁz)(f(xy_l)) = CMf(H)(f( e) = OM ~1(f(H ))( ) CM 1(f(H))( e)

implies C M (zy~") = CMy(e) = Hxz = Hy, which proves that & is an iso-
morphism. Hence, the result follows. L]

Corolary 4.2. Let [ : X — Y be an isomorphism and H a normal fuzzy sub-
multigroup of G € FMG(Y') such that CMg(z) = CMg(y), Vo,y € Y. Then

@) ~ G
f(H) H'

Proof. By Theorem 2.2, f(G), f(H) € FMG(X) and f and ]{(H) are fuzzy
multigroups by Definition 4.1.

Again, since H € FMG(Y), then

FUfH(H) = H.

If v € kerf, then f(x) = ¢ = f(e), and so

CMy(f(z)) = CMy(f(e)) = CMy gy (x) = CMyg(e).
Hence, kerf C f~'(H*). The proof is completed following the same logic as in
Theorem 4.6. [
Theorem 4.7. Let H, G € FMG(X) and H a normal fuzzy submultigroup of G.
Then £ e %
Proof. Let f be a natural homomorphism from G, onto g— defined by f(zH,) =
xfl* Vo € é*. Then, we have

C’M (& (zH,) = VICM ¢ (2)], Vz € G,, f(z) = zH,.

-)

Q
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Since & G— and G are bijective correspondence to each other (by Remark 4.4) and

2= f" (a:H*) — xH,, it follows that
CM, & (xH,) = V[CMg (2)], V2 € G, f(z) = vH.
Gx

)
Gx
V[CMg(y)), Yy € =,
= OMg(zH,), Yo € G,,

because % and G are bijective correspondence to each other. Hence, it follows
& .G
that G~,—* ~ g ]

Lemma 4.1. Suppose f : X — Y and G € FMG(X), then (f(G)), = f(G.).
Proof. Straightforward. [

Theorem 4.8. Let G € FMG(X). Suppose Y is a group and I € FMG(Y)
such that G ~ I. Then, there exists a normal fuzzy submultigroup H of G such

G~ I
Proof. Since G ~ I,3 an epimorphism f of X onto Y such that f(G) = I.
Define H € FMG(X) as follows: Vx € X,

CMp(z) = { ()C:MG(I) i)ftlferew]f:gf
Clearly, H C G. If x € kerf, then yzy~* € kerf, Yy € X, and so
CMp(ywy™') = CMg(yay ™) = CMg(x) = CMg(2), ¥y € X.
If v ¢ kerf, then CMp(x) = 0 and so
CMp(yry™) = CMg(z) =0, Vy € X.

Hence, H is a normal fuzzy submultigroup of G. Also, G~ I = f (é) =1
which further implies (f(G)), = I, and f(G,) = I, by Lemma 4.1. Let f = g.
Then g is a homomprphism of CJ* onto f* and ker g = fl*. Thus, there exists an
isomorphism h of g onto I, such that h(zH,) = g(z) = f(z), V= € G.,. For
such an h, we have

C’Mh( )( z) = V[OMg(zH,)], Vo € G\, h(zH,) = »

V(V[CM4a(y)], Yy € xH,),Vz € é*,g(x) =
<)), Yy € G.g(y) =

(W), Yy € X, fy) = )
= CMg(f(2) = CMp (2) = C’Mf(z), Vz e I,.

Therefore, Q =

;?”l’\u
L]
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Theorem 4.9. Suppose Gisa Sfuzzy multigroup of X and H a normal fuzzy sub-
G (HoG)

multigroup ofé. Then e =7

Proof. From Definition 2.13, it is easy to infer that H, is also a normal subgroup
of X. By the Second Isomorphism Theorem for groups, we deduce

Assume that

where f is given by

Thus,
CMf( G )(yl:[*) = C~G~ (yU{IﬂG)*)
HNG HNG
= V[CMg(2)], V2 € y(HNG),
< V[CMg,5(2)], V2 € y(H,NG,)
< V[CMp.a(2)], Vz € yH,
= CMg.e(yH.,), Vy € G,
Hence, f ((H—ﬁm) C I Therefore, (H%G) ~ (29 O

Theorem 4.10. Let H,1,G € FMG(X) such that f[ C I, and H and I are

normal fuzzy submultigroups of G. Then ( %) / (é) o %

Proof. fH,I € FMG (X)and H is a normal fuzzy submultigroup of I , then H,
is a normal subgroup of [, and both H, and I, are normal subgroups of GG,. From
the principle of Third Isomorphism Theorem for groups, it follows that

where f is given by
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Then

CMf((%)/(é))(ﬂ*) - CM(I%)/(é)(xﬁ*(;*))
- \/[CM%(yF[*)], Yy € G*,yﬁ* € Iﬁ*([%)
= V[V(CMga(2)),Vz € yﬁ*], vy € G,, yH, € xﬁ*(g*)
= V[CMg(2)], Vz € G,, zH, € xlf[*(fj;*)

Vo € G*, where the equalities hold since f is one-to-one. Hence, the result
follows. u

5 Conclusions

In this paper, the ideas of fuzzy comultisets and quotient fuzzy multigroups
have been proposed in an attempt to further strengthen the theory of fuzzy multi-
groups. A number of some related results were duly discussed in details. The con-
nection between fuzzy comultisets of fuzzy multigroups and the cosets of groups
has been proven. Some characterizations of fuzzy comultisets were delineated
with verifications. In addition, quotient fuzzy multigroup was explicated and some
of its properties were explored. Finally, group theoretic isomorphism theorems
were substantiated in fuzzy multigroup setting. Nevertheless, some group analog
concepts could still be exploited in fuzzy multigroup context.
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bilities are chosen by the statistician. They are subjective probabili-
ties. It is possible to study them inside of linear spaces provided with
a quadratic and linear metric. We define particular random quanti-
ties whose logically possible values are all logically possible sam-
ples of a given size. In particular, we define random quantities which
are complementary to the Horvitz-Thompson estimator. We identify
a quadratic and linear metric with regard to two univariate random
quantities representing deviations. We use the a-criterion of concor-
dance introduced by Gini in order to identify it. We innovatively ap-
ply to probability this statistical criterion.

Keywords: tensor product; linear map; bilinear map; quadratic and
linear metric; a-product; a-norm

2010 AMS subject classifications: 62D05. !

*Dipartimento di  Scienze Statistiche, Universita La Sapienza, Roma,

pier.angelini@uniromal..it

Italia;

IReceived on May 12th, 2020. Accepted on June 3rd, 2020. Published on June 30th, 2020.

doi: 10.23755/rm.v38i0.511. ISSN: 1592-7415. eISSN: 2282-8214. (©OP. Angelini
This paper is published under the CC-BY licence agreement.

261



Pierpaolo Angelini

1 Introduction

Given a finite population having /N elements, we are only interested in con-
sidering samples containing units of this population where no element of the pop-
ulation under consideration can be selected more than once in the same sample
(Basu [1971]). We are not interested in considering ordered samples of a given
size selected from a finite population (Basu [1958]). On the other hand, when we
consider not ordered samples where repetitions are not allowed we have no loss of
information about a given parameter of the population under consideration (Conti
and Marella [2015]). All logically possible samples of a given size belong to a
given set. We suppose that we are always able to number them. It is known that
if the number of all logically possible samples of a given set is very large then
it could be a very hard or impossible work to give to them a number (Godambe
and Joshi [1965]). A sampling design is characterized by a pair of elements (Joshi
[1971]). The first element of this pair represents the set of all logically possi-
ble samples selected from a finite population. The second element of this pair
represents all probabilities assigned to the samples of the set of all logically pos-
sible samples of a given size. We consider a distribution of probability in this way
(Hartley and Rao [1962]). Each element of the set of all logically possible samples
of a given size can be viewed as a logically possible event of a finite partition of
incompatible and exhaustive elementary events. It is then possible to assign a sub-
jective probability to each logically possible event of this partition (Good [1962]).
A probability subjectively assigned to each logically possible event of a finite par-
tition of events must only be coherent. It is inadmissible when it is not coherent.
A probability is subjectively assigned to each logically possible event of a finite
partition of events even when it is an equal probability assigned to each of them.
An equal probability assigned to each logically possible event of a finite partition
of events is always a subjective judgment. We have to note a very important point:
when we say that it is possible to assign a subjective and coherent probability to
every logically possible event of a given set of events we mean that the choice of
any value in the interval from 0 to 1 is allowed. Such an interval includes both end-
points. It would therefore be possible to assign to every logically possible event of
a given set of events a probability equal to 0. This choice is absolutely coherent.
We will however introduce a restriction that is concerned with this point. We have
to note another very important point: we methodologically distinguish what it is
logically possible from what it is subjectively probable. What it is logically possi-
ble at a given instant it is not either certainly true or certainly false. One and only
one element of the elements belonging to the set containing all logically possible
elements at a given instant will be true a posteriori. A subjective probability is
then assigned to each element of the set containing all logically possible elements
before knowing this thing.
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2 Events as points in the space of random quantities

We consider a finite set of vectors denoted by S into the field R of real num-
bers. We enumerate them. We consequently write

S1y...,S8N, (1)

where it turns outtobe s; € §,7 = 1,..., N. We consider a linear space over R
of all linear combinations of elements of S expressed in the form

€181 + ...+ cNSnw, (2)
where every ¢;, = = 1,..., N, is a real number. We observe that (2) is completely
determined by the real numbers ¢4, . .., cy. Each number ¢; is associated with the

element s; of the set S. It is known that an association is exactly a function. For
each s; € § and ¢ € R we then consider

cs; 3)

to be the function that associates ¢ with s, and 0 with s;, where we have j # 1.
Given a € R, we obtain
a(cs;) = (ac)s;. 4)

Given ¢ € R, we obtain
(c+)si =cs; + s (5)

Thus, it is possible to consider a linear space over R. It is the set of all functions of
S into R. These functions can be written in the form given by (2). The functions

Lsy,..., sy (6)

are linearly independent so they represent a basis of the linear space under con-
sideration. We have then to suppose that ¢y, . . ., ¢y are elements of R such that it
is possible to obtain the zero function given by

0181—|—...+CN8N:O. (7)

This means that we have ¢; = 0 for every ¢;, ¢« = 1,..., N. This thing con-
sequently proves the linear independence under consideration. Moreover, it is
always possible to write s; instead of 1s;. A sample belonging to the set of all
logically possible samples of a given size is then expressed by the vector

sy = |7 (8)
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having N components, where s’ is a sample of the set of all logically possible sam-
ples denoted by S’ (Godambe [1955]). We will always consider vectors viewed
as ordered lists of real numbers within this context. A sample can be expressed
by the real numbers of a linear combination of N-dimensional vectors by means
of which another /NV-dimensional vector is obtained. If a sample is identified with
an /N-dimensional vector then its components express the real numbers of a lin-
ear combination of the elements of a basis of the linear space under considera-
tion. This linear space is denoted by RY. Its basis is denoted by S = {e;},
J = 1,...,N. We always consider orthonormal bases within this context. We
therefore write

5(1;8 Ve +0(2;8)eg + ...+ 6(N; s )en =y, ©)

where we have y € RY. We consider as many linear combinations of the elements
of S ={e;},j=1,..., N, as logically possible samples there are into the set of
all logically possible samples of a given size denoted by S’. We note that the real

numbers of every linear combination of the elements of S = {e;}, j =1,..., N,
represent one of the logically possible samples of S’. We have evidently
1 ifies
5(i;8") = 10
(85 {0 ifi¢s (10
forevery ¢ = 1,..., N, where the elements of the population under consideration

are overall N. We consider all logically possible samples of S’ having the same
size denoted by n. Since the population has got N elements we observe that the
number of n-combinations is equal to the binomial coefficient denoted by (]Z )
We observe that S’ whose elements are elementary events is a subset of RV, We
say that S’ is embedded in RY.

3 Finite partitions of logically possible elementary
events

Given N, all logically possible samples whose size is equal to n belong to the
set denoted by S’. We have

nzZé(i;s’) (11)
for every s’ € §’. Every sample of the set of all logically possible samples corre-

sponds to a vertex denoted by J(s’) of an N-dimensional unit hypercube denoted
by [0, 1]V, All logically possible samples of S’ can be viewed as possible events
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of a finite partition of incompatible and exhaustive elementary events (de Finetti
[1982b]). We are consequently able to define a univariate random quantity whose
logically possible values are represented by all logically possible samples of S’.
The logically possible values of it are not real numbers but they are N-dimensional
vectors of an /V-dimensional linear space over R. Every logically possible sample
belonging to S’ has a subjective probability of being selected (de Finetti [1989].
It represents the degree of belief in the selection of a logically possible sample
assigned by a given individual (the statistician) at a certain instant with a given set
of information. An evaluation of probability known over a set of possible and el-
ementary events coinciding with all logically possible samples of S’ is admissible
when it is coherent. This means that it must be

> (s =1. (12)
s'eS’
It is essential to note a very important point: we have to introduce an unusual
restriction with regard to the coherence because we exclude of choosing a subjec-
tive probability equal to 0 with respect to any possible and elementary event. This
implies that any logically possible sample of S’ has always a probability greater
than zero of being selected. We have consequently

0<p(s) <1 (13)

for every s’ € S’ (Coletti et al. [2015]). Thus, conditions of coherence coincide
with positivity of each probability of a random event and finite additivity of prob-
abilities of incompatible and exhaustive events (Gilio and Sanfilippo [2014]). We
will also consider bivariate random quantities whose components are two univari-
ate random quantities (de Finetti [2011]). If the logically possible values of these
univariate random quantities are the same vectors of the same /N-dimensional lin-
ear space over R then these random quantities have the same marginal distribu-
tions of probability. They represent the same finite partition of incompatible and
exhaustive elementary events. Putting them into a two-way table we observe that
it is always a table having the same number of rows and columns.

4 First-order inclusion probabilities viewed as a co-
herent prevision of a univariate random quantity

We consider a univariate random quantity denoted by .S whose logically possi-
ble values are vectors of RYY. Given N and n, the number of the logically possible
values of S coincides with the binomial coefficient expressed by

<N> = k. (14)
n
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The set of the logically possible values of S is then given by I(S) = {s},...,s.},
with s, € §’,i = 1,..., k. A nonzero probability is assigned to each sample of the
set of all logically possible samples. Let p(s}), ..., p(s}) be these probabilities. It
must therefore be

k
> (s =1, (15)
i=1

with
0<p(s) <1 (16)

for every ¢ = 1,...,k. It is possible to obtain an /N-dimensional vector after

assigning a nonzero probability to each sample of S’. We denote it with 7. It
represents the first-order inclusion probabilities of all units of the population under
consideration. Thus, we write

T 5(1; ) 5(1: L)
i 7r:2 = p(s}) 5(2;:8/1) b p(s)) (5(2;:52) | .
& S} (N 54)
where we have m; > 0 for every ¢ = 1,...,N. We have evidently written a

convex combination of the vertices of the N-dimensional unit hypercube [0, 1]
corresponding to the samples of S’. Each vertex is a sample having a nonzero
weight representing a subjective probability. It is essential to note that 7 is a
coherent prevision of S denoted by P(S). We therefore write

m= || = PS) = a(s)p(s). (18)

We observe that the logically possible values of .S are represented by vectors hav-
ing N components so its coherent prevision must also be represented by a vector
having N components. The logically possible values of S belong to the set de-
noted by 7(.5). Each element of I(S) contains first-order inclusion “a posteriori”
probabilities. This implies that m must contain first-order inclusion “a priori”
probabilities based on the degree of belief in the selection of all logically possible
samples attributed by the statistician at a certain instant with a given set of infor-
mation. An “a posteriori” probability of a unit of the population of being included
in a given sample is always predetermined. If a unit of the population is contained
“a posteriori” in the sample that has been selected then its probability is equal to
1. If a unit of the population does not belong “a posteriori” to the sample that
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has been selected then its probability is equal to 0. A convex combination coin-
ciding with P(S) has conveniently been taken under consideration because the
logically possible values of .S are incompatible and exhaustive elementary events
of a finite partition of random events. In general, if we consider an event divided
into two or more than two incompatible events then we obtain that its coherent
probability is the sum of two or more than two coherent probabilities. This sum is
a linear combination of probabilities (de Finetti [1980]). We evidently consider a
convex combination coinciding with P(.S) within this context, where its weights
or coefficients are “a priori” subjective probabilities connected with the samples
of &’ (de Finetti [1981]). This convex combination is characterized by k& column
vectors viewed as k£ matrices. Each row of every N x 1 matrix is a first-order
inclusion “a posteriori” probability. We therefore consider a linear combination
of probabilities (de Finetti [1982a]).

5 First-order inclusion probabilities obtained by means
of linear maps

We consider all logically possible samples belonging to the set S’. Given N
and n, let k£ be the number of all elements of S’. We are consequently able to
determine an N X k matrix in R. We denote it by B. It is therefore possible to
define a linear map expressed by

Lg: RF - RV, (19)

It depends on B. Moreover, it also depends on the choice of bases for R¥ and R,
We choose standard bases for R¥ and RY. We consider all probabilities assigned
to the logically possible samples of S’ whose size is equal to n. They can be
viewed as a column vector. We denote it by ). We have then

p(s1)
0= p(f’z) ' 20)
p(si)
It therefore turns out to be
1
Lp@ =BQ=n=|"]|. 1)
m
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We note that if £ = N then we are able to define a linear map expressed by
Lg: RY - RY, (22)

We observe that B is a square matrix. This linear map is an endomorphism. It is
also an isomorphism. It is then an automorphism, so we write

Blr=1|"7"]. (23)

Given B, each row of () can subjectively vary because an evaluation of probability
known over a set of logically possible events must only be coherent. This means
that the sum of all probabilities of the samples of &’ must be equal to 1. We
consequently observe that there are infinite ways of choosing all probabilities of
the samples of S’. They are conveniently caught by Lg. It is hence possible to
obtain 7 as a multiplication of matrices according to a linear map depending on B
and the standard bases of the linear spaces under consideration. Also, we always

obtain
N

S m=n. 24)

=1

6 First-order and second-order inclusion probabili-
ties obtained by means of tensor products

We consider a bivariate random quantity denoted by S;2 whose components
are two univariate random quantities denoted by ;.S and ,S. We therefore write
S12 = {,9,5,5}. Given N and n, the logically possible values of each univari-
ate random quantity coincide with k& samples belonging to the set S’. They are
all logically possible samples of S’ whose size is equal to n. Each sample of &’
is a vector of R, We have to note a very important point: we suppose that the
logically possible values of ;S and ,S are the same N-dimensional vectors of
the same /N-dimensional linear space over R. These univariate random quanti-
ties have then the same marginal distributions of probability. Putting them into
a two-way table we observe that it is always a square table. We observe that all
probabilities of the joint distribution of probability outside of the main diagonal
of this table are always equal to 0. The nonzero probabilities of the joint distribu-
tion of probability coincide with p(s}), ..., p(s)). They are on the main diagonal
of the table under consideration. A coherent prevision of Sj, denoted by P(Si2)
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is obtained by means of the sum of k square matrices. The number of rows and
columns of every square matrix of this sum is equal to /N. Each square matrix of
this sum derives from a tensor product belonging to the same linear space denoted
by RY @ RV, Itis an N2-dimensional linear space over R. We always consider as
many tensor products as joint probabilities are associated with the samples of S’.
We have then

p(s;) : : : = p(s;) : ® : (25)
O(N;si) | [0(N;s)) 6(N; s7) 6(N; 57)
forevery i = 1, ..., k. We note that it turns out to be
o(1; s7) (15 s7) 6(1; s7)
o | ] 92s0) 6(2; 57) | 0250
p(s;) e . =p(s) | .| [0(L5s)) 6(258)) .. O(N s
o(N; s}) 6(N; s7) 6(N; s7)

If we consider a coherent prevision of Si, then we deal with a bilinear map
expressed by RY x RY — My n(R), where the linear space over R of the
N x N matrices in R is denoted by My y(R). This linear space is isomor-
phic to RV *. The matrix product resulting from this bilinear map is factorized
by means of the tensor product of vectors of RY. It is also factorized by means
of a unique linear map whose domain coincides with RY @ R¥. This is because
we are able to know a basis of RY @ R¥ as well as the value of the linear map
under consideration on basis elements. We suppose that a basis of RY @ RN
results from the standard basis of RY, where R” is evidently considered two
times. It is therefore possible to say that there exists a unique linear map given
by RY @ RY — My ny(R). It coincides with the product of a joint probability
viewed as a scalar and a square matrix. We consider k£ products of a joint proba-
bility and a square matrix. We obtain k square matrices in this way. We consider
the sum of these & square matrices in order to obtain a coherent prevision of Ss.
We observe that RY x RY — My n(R) and RY @ RY — My y(R) have
the same codomain. A factorization of RV x RY — My n(R) is then realized
by means of a bilinear map given by RY x RY — RY @ R” and a linear map
given by RY @ RN — My y(R). These two maps are connected, so we obtain a
composition of functions identified with RY x RY — My y(R). The following
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commutative diagram

RY x RN —— RV @ RV

T~ l

MNN

permits of visualizing what we have said. A coherent prevision of Sj, is then
bilinear and homogeneous. It is given by

1 T2 ... TIN 1 T2 ... TIN
21 9 ... TN 12 T2 ... TaN
™1 TN2 ... TN ™N To9N ... TN

It coincides with the symmetric matrix of the first-order and second-order in-
clusion probabilities. The trace of this matrix is evidently equal to n (Angelini
[2020]).

7 'The covariance of two univariate random quanti-
ties obtained by considering two bilinear maps

Given Si5 = {59, ,S5}, the covariance of ;.S and ,,S is expressed by
C(15,,9) =P(S12) = P(15)P(,95), (28)

where P(S12) represents the prevision or mathematical expectation or expected
value of Sjp, while P(;5) and P(,5) represent the prevision or mathematical
expectation or expected value of |.S and ,S. We note that a coherent prevision of
S1o derives from a bilinear map because we have

1 T2 ... TIN

s s ..o

™1 T7TN2 ... TN

Moreover, since we have
T
2
P(,S)=| . (30)

TN
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as well as

PGLS)=1| .|, (1)

TN

we note that the product of these two linear maps is evidently bilinear. Such a
product is expressed in the form

™1 ™71 T T ... TTN
Up) Mo T ToT
271 2T ... 2T N
[m ™y ..oy = : (32)
™ TNT1 TINT ... TNTN

It is then evident that the covariance of ;.S and 4,5 derives from two bilinear maps
because we can write

T T2 ... TIN T MMy ... TITN
C(,S,,8) = To1 Ty ... Ton| | MW MMy ... ToTN (33)
N1 TN2 .. TN TNTL TNT2 ... TNTN
By writing
(m —mm)  (mg—mme) ... (my—m7N)
C(,S.,5) = (m91 — momy) (Mo — mome) ... (Won — MaTN) (34)
(1 — nm) (Tne — TnTe) ... (TN — TNTN)

we note that it is possible to consider as many random components as inclusion
probabilities are studied. A unit of the population under consideration can be in-
cluded, or not, in a given sample (Bondesson [2010]). This thing is uncertain until
a given sample is selected (Hajek [1958]). Two different units of the population
under consideration can be included, or not, in the same sample (Deville and Tillé
[1998]). This thing is uncertain until a given sample is selected. A component
associated with one or two different units of the population under consideration is
evidently random for this reason (Connor [1966]). This means that each random
component is characterized by a subjective probability. It is an “a priori” prob-
ability. It is also characterized by an “a posteriori” probability coinciding with
one of the two logically possible values of a random event, 0 and 1. One and
only one of these two logically possible values of a random event will be true “a
posteriori”. On the other hand, it is known that the notion of probability basically
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deals with an aspect that is included between two extreme aspects. The first ex-
treme aspect deals with situations of non-knowledge or ignorance or uncertainty
determining the set of all logically possible samples of a given size viewed as el-
ementary events. They are evidently all logically possible alternatives that can be
considered. The second extreme aspect deals with definitive certainty expressed
in the form of what it is certainly true or certainly false. Thus, every logically
possible sample of a given size definitively becomes true or false. Probability is
subjectively distributed by the statistician as a mass over the domain of all logi-
cally possible samples of a given size before knowing which is the true sample to
be selected “a posteriori”. Having said that, the variance of every random compo-
nent as well as the covariance of two random components are dealt with by means
of the first-order and second-order inclusion probabilities. The variance of each
random component is represented by every element on the main diagonal of the
symmetric matrix given by (34). The covariance of two random components is
represented by every element outside of the main diagonal of the square matrix
given by (34).

8 A univariate random quantity representing devi-
ations

We define a univariate random quantity representing deviations. We denote it
by D. We firstly consider S whose values are all logically possible samples of
a given size viewed as elementary events belonging to the set S’. Given N and
n, the number of the logically possible values of S is equal to (JZ ) = k. The set
of the logically possible values of S is then given by /(S) = {s,...,s}}, with
si € 8,4 =1,..., k. A nonzero probability denoted by p(s;), i = 1,...,k,
is assigned to each sample of S’. We therefore obtain an N-dimensional vector
denoted by 7. It represents the first-order inclusion probabilities of all units of
the population under consideration. They are all greater than zero. This vector is
always independent of the origin of the coordinate system that we could consider.
We note that the number of the logically possible values of D is equal to k. It is
the same of the one of S. The set of the logically possible values of D is given by
I(D) =A{dy,...,d}}, with

d(1; %) m
6(2; s, T

o | [P (35)
d(N; st) TN
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where we have i = 1, ..., k. It follows that we have
0
/ U / / 0
p(sy)dy + ...+ p(sp)d), = e (36)
0

This means that P(S) is an /N-dimensional vector such that all deviations from
it that are multiplied by the corresponding probabilities represent N-dimensional
vectors whose sum coincides with the zero vector of RY. We are now able to
calculate the variance of S by using D. We refer to the a-criterion of concordance
introduced by Gini. It is a statistical criterion that we innovatively apply to prob-
ability viewed as a mass. An absolute maximum of concordance is then realized
when each d, i = 1,...,k, is multiplied by itself. If each d, i = 1,... k, is
multiplied by itself then we obtain k& square matrices. Every multiplication that
we consider is a tensor product of two vectors of R"Y. These two vectors represent
two deviations which are the same. The components of these two vectors are then
the same. Hence, the variance of S coincides with the sum of £ traces of k£ square
matrices. Each trace of the square matrix under consideration is an inner product
viewed as an a-product. An a-product is a bilinear form. We consider each p(s}),
i =1,...,k, as a scalar. Each p(s}),i = 1,...,k, is firstly a subjective proba-
bility. Thus, it always characterizes a random quantity. It is nevertheless viewed
as a scalar within this context. We can therefore multiply all components of d; by
p(si), 1 = 1,...,k. We note that the components of each d;, i = 1,...,k, are
always independent of the origin of the coordinate system that we could consider.
We therefore write

ot =tr (& (p(s)dy)) + .+ tr (0T (p(s1)dh) ) (37

We have evidently introduced a quadratic and linear metric in this way. We there-
fore note that 0% is the sum of the squares of & a-norms. It is possible to verify
that every trace of a square matrix is an a-product which is an a-commutative
product, an a-associative product, an a-distributive product and an «-orthogonal
product. We have to note a very important point: S and D are two different quan-
tities from a geometric point of view because they are represented by different
sets of N-dimensional vectors. They are nevertheless the same quantity from a
randomness point of view. They are characterized by the same probabilities. We
therefore observe the same events because we consider only a change of origin.
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9 Intrinsic properties of a univariate random quan-
tity representing deviations

Translations and rotations of vectors identifying a given univariate random
quantity representing deviations are intrinsic properties of it. They do not depend
on the choice of a basis of a given linear space. We say that all vectors of S’ are
subjected to the same translation when we consider £ sums of two vectors. We
consider k sums of two vectors because the number of the elements of S’ is equal
to k. The first vector of each sum of them is given by s, 7 = 1,..., k. The second
vector of each sum of them is given by an arbitrary N-dimensional vector which
is always the same. We say that all vectors of S’ are then subjected to the same
change of origin. It follows that o% is invariant with respect to a translation of all
vectors of §’. We say that a quadratic and linear metric is invariant with respect to
a translation of all vectors of S’. Concerning a rotation, let A = (a;'»/) bean N x N
orthogonal matrix. Each element of this matrix is denoted by two indices. We use
contravariant and covariant indices without loss of generality. The contravariant
indices represent the rows of the matrix. We have i' = 1,..., N. The covariant
indices represent the columns of the matrix. We have 5 = 1,..., N. We observe
that rotations of all vectors contained in /(D) = {d},...,d}} are characterized
by A. We write

Rald;): di = Ad; = (d;)", (38)
where we have i = 1,. .., k. We evidently denote by (d})* the result of the rotation
of the vector d; obtained by means of the orthogonal matrix denoted by A. The
vector (d})* is an N-dimensional vector. Its components are originated by N
linear and homogeneous relationships. We have to note a very important point:
P(S) is an N-dimensional vector such that all rotated deviations from it that are
multiplied by the corresponding probabilities represent N-dimensional vectors
whose sum coincides with the zero vector of RY. We have then

p(s)(dy)" + -+ plsp)(d)" = | . | - (39)

If we consider rotated deviations then we write

o = tr (&) T (p(s)(d))) + ...+ tr ((d) T (p(si)(dy))),  (40)

where S* represents a univariate random quantity connected with rotated devia-

tions. Since it turns out to be
2 2
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we say that the variance of S is invariant with respect to all rotated deviations
obtained by means of the same orthogonal matrix denoted by A. We have there-
fore introduced a quadratic and linear metric which is invariant with respect to
translations and rotations of vectors identifying a univariate random quantity rep-
resenting deviations.

10 A univariate random quantity representing vari-
ations and its intrinsic properties
We define a univariate random quantity representing variations. We denote

it by V. Given D, the set of the logically possible values of V' is expressed by
I(V) = {vi,... v}, with

1
v = d, , (42)
Vo
where we have ¢ = 1,...,k. We therefore note that .S, D and V' are different

quantities from a geometric point of view. They are conversely the same quantity
from a randomness point of view. It is possible to verify that it turns out to be

oy = 1. (43)

This index is always equal to 1 independently of the components of d}, i =
1,..., k. It is evident that these components identify 0%, so we say that o2 = 1
is also independent of o%. We observe that rotations of all vectors belonging to
I(V) = {v},...,v},} are always characterized by an N x N orthogonal matrix.

We write .

I\ * !\ *

(v3)" = (d;) Nz (44)
where we have 7 = 1,..., k. If we consider translations and rotations of vectors
identifying a univariate random quantity representing variations then we observe
intrinsic properties that we have already considered. We note that V' can be sub-
jected to an affine transformation. If V' is subjected to an affine transformation
then we write

V =aV +b, (45)

where we have a # 0. We therefore observe that each vector of I(aV + b) is
equal to the corresponding vector of /(V'). This means that the components of
each vector of I(aV + b) are the same of the ones of the corresponding vector of
I(V'). Hence, we say that univariate random quantities representing variations are
invariant with respect to an affine transformation. Given Si5 = {,5,,5}, we note
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that we have ;| V' = ,V = V if and only if it turns out to be ;.S = ,S = S. Itis pos-
sible to verify that the covariance of ; V" and ,V’ is an a-product. It is always equal
to 1. On the other hand, it coincides with the Bravais-Pearson correlation coeffi-
cient in the case of a perfect direct linear relationship between two quantities. It is
possible to verify that the Bravais-Pearson correlation coefficient is invariant with
respect to rotations of vectors belonging to /(V'). It is therefore invariant with
respect to an affine transformation of V. We have to note a very important point:
intrinsic properties that we have considered can be related to the random quantities
themselves or to specific metric indices based on these quantities. Specific metric
indices are evidently based on random quantities representing deviations or varia-
tions because we calculate them after taking such random quantities into account.
We have to note another very important point: we are not interested in translating
or rotating a geometric object in real terms but we are interested in studying its
intrinsic properties because these properties are a fundamental consequence of its
geometric representation.

11 Metric aspects of an estimate of the population
mean

We want to wonder what happens from a metric point of view when we study
one or more than one attribute with respect to each element of the population
under consideration. We suppose of observing three different and independent
characteristics of each element of the population under consideration. We ad-
mit this thing without loss of generality. We therefore consider three different and
independent variables denoted by X, Y and Z. We note that X is the variable con-
cerning the first attribute of each element of the population under consideration.
The variable concerning the second attribute of each element of the population
under consideration is denoted by Y. The variable concerning the third attribute
of each element of the population under consideration is denoted by Z. If we
study only one attribute of each element of the population under consideration
then we estimate the population mean by using the univariate Horvitz-Thompson
estimator. It is defined by

@ =1
i=1 " °

where we have s’ € &’. It is linear and homogeneous (Horvitz and Thompson
[1952]). We note that s is one of the logically possible samples of S’. Also, the
weight of the generic unit ¢ of the population under consideration never depends
on s'. It is obtained beginning from (17). We have conversely considered all
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logically possible samples of S’ when we have defined S, D and V. We did not
consider only one of them. These random quantities are complementary to the
univariate Horvitz-Thompson estimator for this reason. Also, we have always
taken P(S) = 7 into account when we have defined S, D and V. On the other
hand, a coherent prevision of S is itself linear and homogeneous. The expected
value of the univariate Horvitz-Thompson estimator is given by

E[t}7r] = e (47)
Itis equal to the population mean denoted by i, for any vector (z1 x5 ... zy)T €
RY. We have
| N
=~ 2; ;. (48)
The variance of the univariate Horvitz-Thompson estimator is given by
(w) i Ly
Vitir) = 37 Z Z B, (49)
where we have A;; = m;; — m;m;, with 4,5 = 1,..., N. We note that A;;, i, ] =
1,..., N, is obtained by means of (34). Since we consider all logically possible

samples whose size is equal to n we can also write

Vitir) = —3 N2 ZZ (— - —) i (50)

=1 j=1

where we have again A;; = m;; — mym;, withé,7 = 1,..., N (Yates and Grundy
[1953]). This variance is estimated by the univariate Yates-Grundy estimator

given by
(x i\ T T Ty
ol = e D3 (- 2) T

ies’ jes! R4

where we have m;; > 0 because we assume that the sampling design is measurable
and m;; < mm;, with 4,7 = 1,..., N. The same thing goes when we consider
Y and Z. We have to note a very important point: the variance of S denoted
by 0% coincides with the variance of the univariate Horvitz-Thompson estimator
given by (50) when the absolute values of each deviation of x; from z;, with
i # j = 1,..., N, are multiples of V. In addition to this thing, the variance
of S coincides with the variance of the univariate Horvitz-Thompson estimator
given by (50) when the entropy / of the sampling design with fixed sample size
is maximum (Tillé and Wilhelm [2017]), where we have

H=- Z p(s") log p(s'). (52)

s'eS’
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We note that H is maximum when we have

p(s1) = p(sy) = ... = p(sy), (53)
with 3°%  p(s}) = 1. It does not turn out to be p(s’) = 0 within this context.
However, if we observe p(s’) = 0 with regard to (52) then it turns out to be

[01log 0] = 0 by convention. We therefore say that the weights of the univari-
ate Horvitz-Thompson estimator are based on a coherent prevision of S. We have
obtained a linear and quadratic metric by considering two univariate random quan-
tities representing deviations. We have obtained the variance of S by using this
metric. The same thing goes when we consider Y and Z. We have to note an-
other very important point: by studying three different and independent attributes
of each element of the population under consideration we do not jointly consider
three variables but we jointly consider two variables at a time. This is because it
is not appropriate to use a trilinear form when we deal with metric relationships.
If we jointly study two attributes of each element of the population under con-
sideration then we estimate the bivariate population mean by using the bivariate
Horvitz-Thompson estimator. We write

o) = — 22;523 A—5(], Yy (54)

11]1z

when we jointly consider X and Y, where all first-order inclusion probabilities
are greater than zero. They are obtained by means of (17). We write

HT_NQZZWfZS '_5(.7 s')z; (53)

=1 j=1

when we jointly consider X and Z, where all first-order inclusion probabilities
are greater than zero. They are obtained by means of (17). We write

HT _N2 szcSz s ’_5(] s')zj (56)

=1 j5=1

when we jointly consider Y and Z, where all first-order inclusion probabilities
are greater than zero. They are obtained by means of (17). The bivariate Horvitz-
Thompson estimator is obtained by multiplying two linear and homogeneous ex-
pressions. This means that what we have said concerning the weights of the uni-
variate Horvitz-Thompson estimator does not change. The expected value of the
bivariate Horvitz-Thompson estimator concerning X and Y is given by

(@ 1 .y
E[ty] = =N sz i —E[8(7: 5')]y;- (57)

=1 j=1 J
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We observe that it turns out to be E[0(i; s')] = m; as well as E[d(j; s')] = ; for
every s € §',i,7 = 1,...,N. It is therefore evident that (57) is equal to the

population mean denoted by i, for any vector (z1 x5 ... xy)’ € RY and
(y1 y2 ... yn)T € RN, where we have
| NN
Hay) = 72 Z Z Zi Yj- (58)

i=1 j=1

The same thing goes when we consider the expected value of the bivariate Horvitz-
Thompson estimator concerning X and Z as well as the expected value of the
bivariate Horvitz-Thompson estimator concerning Y and Z. We consider an aux-
iliary variable denoted by X' related to X when the values of X given by z;,
i = 1,..., N, are unknown. We consider an auxiliary variable denoted by Y’
related to Y when the values of Y given by v;, ¢ = 1,..., N, are unknown. We
consider an auxiliary variable denoted by 7’ related to Z when the values of Z
given by z;,7 = 1,..., N, are unknown. The known values of X’ are given by 2,
1=1,..., N. We write

|
. /
Hat = o ;:1 x;. (59)
If X and X' are approximately proportional then it turns out to be

x.
— & constant, (60)

where we have ¢ = 1, ..., N. The first-order inclusion probabilities chosen by the

statistician are then given by

/
n;

Ny’
where we have © = 1,..., N. We note that such probabilities are used into (23)
in order to obtain p(s;), ¢ = 1,...,k, when we have & = N. We observe that
p(si), i = 1,...,k, are used in order to obtain a coherent prevision of S. If we
have £ # N then we consider a system of NV linear equations with £ unknowns,
where 7y, ...,y are constant terms. We evidently refer to (21). We therefore
observe that 7, ..., 7y represent a coherent prevision of S obtained beginning
from p(s}), i = 1,...,k. We observe that a-products and a-norms use p(s;),
1 =1,...,k, as scalars. Also the second-order inclusion probabilities character-
ize our metric structure. They are obtained by means of tensor products having
p(si),i=1,...,k, as scalars. They are chosen by the statistician because he sub-
jectively chooses p(s;), i =1, ..., k. He is consequently able to observe m;; > 0,
1,7 =1,..., N. We have established them in (27). The same thing goes when we
consider Y’ and Z'.

(61)

Uy
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12 A metric homoscedasticity of different variables
identifying different and independent attributes
of the units of the population

We have jointly to consider two variables at a time for a metric reason. When

we jointly consider X and Y we have firstly to disaggregate tg%). Given

1 L1
(@ _ = — 2
tar N;ﬂ i; ') (62)
and
1 1
(v)
t = — —
HT N ;1 T 5(] S)ij (63)

the covariance of these two univariate Horvitz-Thompson estimators is therefore
expressed by

N N
@ 4wy _ L Tilin,

Cltir tir) = 373 ; ; et (64)

where we have A;; = m;; — m;m;, with 7,5 = 1,..., N. We note that A;;, i, j =

1,..., N, is obtained by means of (34). The same thing goes when we jointly
consider X and Z as well as Y and Z. We note that

X T
Cltlzr: tir) = V(tir) = 573 Ly ) (65)

i=1 j5=1 im
where we have A;; = m;; — mm;, ¢,7 = 1,...,N. We observe that A;j, 7,5 =

1,..., N, is obtained by means of (34). We note that

N N
1 Yi Y
Cllir tiir) = V(tir) = 33 20 A (66)
=1 j=1
where we have A;; = m;; — mm;, with¢,7 = 1,...,N. We observe that A,
1,7 =1,..., N, is obtained by means of (34). It is also possible to write
1 Sz
Cltsir. tir) = V{tir) = 35 2 > — >y, (67)
im1 =1 "7
where we have A;; = m;; — m;m;, with 4,7 = 1,...,N. We observe that A,
t,7 = 1,..., N, is obtained by means of (34). We are interested in knowing
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what happens from a metric point of view when we study three different and
independent attributes with respect to each element of the population under con-
sideration. We have defined S, D and V. In particular, we consider a bivariate
random quantity representing deviations. It is expressed by Do = {;D,,D}.
Its components are two univariate random quantities, ; D and , D, identifying two
sets of N-dimensional vectors. Each vector of a set of /N-dimensional vectors is
equal to the corresponding vector of the other set of /N-dimensional vectors. We
have consequently I(;D) = I(,D) = {d},...,d.}. Given p(s,), i = 1,...,k,
we observe that ; D is equal to , D), so the covariance of ;D and ,D is equal to
the variance of S denoted by o%. We observe this thing regardless of any pair of
variables that we consider. We could indifferently consider X and Y or X and
Z orY and Z. On the other hand, if we take ;V and ,V into account then we
note that their covariance is equal to 1. Since it turns out to be |V =,V =V we
say that the variance of V' is equal to 1. We observe this thing regardless of any
pair of variables that we consider. We could indifferently consider X and Y or X
and Z or Y and Z. We therefore say that X, Y and Z are homoscedastic from
a metric point of view. We say this thing after considering all logically possible
samples having a given size belonging to S’. We say this thing after defining S
with respect to X, Y, Z. We say this thing because, given p(s}),i =1,..., k, the
variance of S is always the same. It is obtained by virtue of the metric structure
that we have introduced.

13 What is all this for?

All the first-order inclusion probabilities derive from a coherent prevision of
S. A coherent prevision of S always depends on p(s;), 7 = 1,..., k, where these
probabilities are coherently chosen by the statistician. All the second-order inclu-
sion probabilities derive from a coherent prevision of Sj5. A coherent prevision
of Sy2 always depends on p(s}), 7 = 1,..., k. A coherent prevision of S is linear
and homogeneous. A coherent prevision of S, is bilinear and homogeneous. The
bivariate Horvitz-Thompson estimator is obtained by multiplying two linear and
homogeneous expressions. This means that what we are going to say concerning
the weights of the univariate Horvitz-Thompson estimator continues to be valid
even when we make reference to the bivariate Horvitz-Thompson estimator. We
therefore make reference to the first-order inclusion probabilities. If there exists
a direct linear relationship between X’ and X then the statistician chooses high
inclusion probabilities denoted by 7; with respect to the units of the population
under consideration having high attributes of X’ denoted by =/, i = 1,..., N.
This is because they are likely associated with high attributes of X denoted by z;,
1 =1,..., N. The same thing goes when we consider a direct linear relationship
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between Y’ and Y as well as between Z’ and Z. If X and X’ are approximately
proportional then the first-order inclusion probabilities chosen by the statistician
are given by

/
n,
T = N—Z,7 (63)
> j=1T;
where we have ¢ = 1,..., N. If it turns out to be 7; > 1 for some unit of the
population under consideration then we have m; = 1 for all units of the pop-

ulation under consideration having ¢ as a label and such that it turns out to be
nx, > Zjvzl ’; because ] is high. We consider n > 1 within this context. The
statistician consequently chooses

x
m=(Mn—-ng)———0:H, (69)
i
JgA
where we have i = 1,..., N, i ¢ A, concerning the remaining units of the pop-

ulation under consideration. The set of the units of the population under consid-
eration such that it turns out to be nz, > Z;VZI xg is denoted by A, while their
number is denoted by n4. The same thing goes when we consider Y’ and Y as
well as Z' and Z. Having said that, we evidently establish a linear relationship
between p(s;),i =1,...,k,and m;,i = 1,..., N. If the statistician chooses p(s}),
i=1,...,k with 3% p(s}) = 1, then it is possible to get 7;,i = 1,..., N, with
Zi]\il m; = n. We write

T
71—2 e / /
S =D a(hn(s)). (70)
: i=1
TN
He is consequently able to obtain 7; > 0 forevery: = 1,..., N. Conversely, if the
statistician chooses 7;, i = 1,..., N, then it is possible to get p(s;),i = 1,... k.
We observe that a-products and a-norms use p(s;), i = 1,...,k, as scalars. We
obtain different metric relationships by using a-norms whose scalars are p(s}),
t=1,..., k. We note that 71, . .. , my are used into
p(s1)
p(s;
B'P(S) = (,2> (71)
p(s)

in order to obtain p(s}), i = 1,...,k, when we have £ = N. We note that B is
a square matrix, while B~! is its inverse. If we have k& # N then we consider
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a system of NV linear equations with k£ unknowns, where 7y, ..., 7y are constant
terms. We evidently refer to

P(S}) m
L@ =8 |"| = || = o) (72)
p(sk) TN

It is known that if the statistician chooses appropriate inclusion probabilities then
he is able to obtain a more efficient estimator of the population mean.

14 Conclusions

We have considered random quantities whose logically possible values are
all logically possible samples of a given size belonging to a given set. Every
logically possible sample belonging to a given set has a subjective probability of
being selected. We have obtained the first-order inclusion probabilities by means
of coherent previsions of univariate random quantities. We have defined bivariate
random quantities whose components are two univariate random quantities having
all logically possible samples of a given size as their logically possible values.
All univariate random quantities which we have defined are complementary to
the univariate Horvitz-Thompson estimator. It is linear and homogeneous like a
coherent prevision of a univariate random quantity whose logically possible values
are all logically possible samples of a given size belonging to a given set. A
univariate random quantity representing deviations as well as a univariate random
quantity representing variations are defined on the basis of a coherent prevision of
a given univariate random quantity. These random quantities are the same quantity
from a randomness point of view. We have identified a quadratic and linear metric
with regard to two univariate random quantities representing deviations. We have
used the a-criterion of concordance introduced by Gini in order to identify it.
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The aim of this work is to present a novel approach based on the fuzzy neural
network for finding the numerical solution of the first order fuzzy differential
equations under generalized H-derivation.The differentiability concept that
used in this paper is the generalized differentiability since a first order fuzzy
differential equation under this differentiability can have two solutions.The
fuzzy trial solution of the fuzzy initial value problem is written as a sum of two
parts. The first part satisfies the fuzzy condition, it contains no fuzzy
adjustable parameters. The second part involves fuzzy feed-forward neural
networks containing fuzzy adjustable parameters. This method, in comparison
with existing numerical methods and the analytical solutions, shows that the
use of fuzzy neural networks provides solutions with good generalization and
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1 Introduction

Nowadays, fuzzy differential equations (FDES) is a popular topic studied
by many researchers since it is utilized widely for the purpose of modeling
problems in science and engineering. Most of the practical problems require
the solution of a FDE which satisfies fuzzy initial or fuzzy boundary
conditions, therefore, a fuzzy initial or fuzzy boundary problem should be
solved. However, many fuzzy initial or fuzzy boundary value problems could
not be solved exactly, sometimes it is even impossible to find their analytical
solutions. Thus, considering their approximate solutions is becoming more
important [1].

The theory of FDE was first formulated by Kaleva and Seikkala. Kaleva
had formulated FDE in terms of the Hukuhara derivative (H-derivative).
Buckley and feuring have given a very general formulation of a first-order
fuzzy initial value problem. They first find the crisp solution, make it fuzzy
and then check if it satisfies the fuzzy differential equation [2].

In recent years artificial neural network (ANN) for estimation of the
ordinary differential equation (ODE) and partial differential equation (PDE)
has been used. We briefly review some articles in the literature concerning the
differential equations. Lee and Kang in [3] used parallel processor computers
to solve a first order differential equation with Hopfield neural network
models. Meade and Fernandez in [4,5] solved linear and non-linear ODEs by
using feed-forward neural networks (FFNN) architecture and B-splines of
degree one. Lagaris and Likas in [6,7] used ANN for solving ODEs and PDEs
with the initial / boundary value problems. Liu and Jammes in [8] developed
some properties of the trial solution to solve the ODEs by using ANN. Ali
and Ucar in [9] solved the vibration control problems by using ANN. Tawfiq
in [10] presented and developed supervised and unsupervised algorithms for
solving ODE and PDE. Malek and shekari in [11] presented numerical method
based on ANN and optimization techniques which the higher-order ODE
answers approximates by finding a package form analytical of specific
functions. Pattanaik and Mishra in [12] applied and developed some properties
of ANN for solution of PDE in RF Engineering. Baymani and Kerayechian in
[13] proposed ANN approach for solving stokes problems. Oraibi in [14]
designed FFNN for solving ordinary initial value problem. Ali in [15]

288



Analytical and numerical solution of differential equations with generalized fuzzy
derivative

designed fast FFNN to solve two-point boundary value problems. Hussein in
[16] designed fast FFNN to solve singular boundary value problems. Tawfiq
and Al-Abrahemee in [17] designed ANN to solve singular perturbation
problems, and other researchers.

Numerical solution of FDE by using ANN is the subject of a very modern
because it only goes back to 2010. Effati and pakdaman in [18] used ANN for
solving FDE, they used for the first time the ANN to approximate fuzzy initial
value problems. Mosleh and Otadi in [19] used ANN for solving fuzzy
Fredholm integro-differential equations. Ezadi and Parandin in [20] used ANN
based on semi-Taylor series to solve first order FDE.

Numerical solution of FDE by using fuzzy artificial neural network
(FANN) is more modern than the previous subject, where it goes back to 2012.
Mosleh and Otadi in [21] used FANN for solving first order FDE, they used
for the first time FANN to approximate fuzzy initial value problems. Mosleh
in [22] used FANN for solving a system of FDE. Mosleh and Otadi in [23]
used FANN for solving second order FDE. Suhhiem in [24] developed and
used FANN for solving fuzzy and non-fuzzy differential equations.

In 2008, the concept of the generalized Hukuhara — differentiability is
studied by Chalco-Cano and Roman Flores [25,26] to solve FDE.

In this work, for solving FDE Under Generalized H — Derivation, we
present modified method which relies on the function approximation
capabilities of fuzzy FFNN and results in the construction of a solution written
in a differentiable, closed analytic form. This form employs fuzzy FFNN as the
basic approximation element, whose fuzzy parameters (weights and biases)
are adjusted to minimize an appropriate error function. To train the FANN
which we design, we employ optimization techniques, which in turn require
the computation of the gradient of the error with respect to the network
parameters. In this proposed approach the model function is expressed as the
sum of the two terms: the first term satisfies the fuzzy initial / fuzzy boundary
conditions and contains no fuzzy adjustable parameters. The second term can
be found by using fuzzy FFNN, which is trained so as to satisfy the FDE.

289



Basim N. Abood

2 Basic Definitions

2.1 Fuzzy Concepts

In this subsection, the basic notations which are used in fuzzy calculus are
introduced.

Definition (2.1.1), [2] : The r - level (or r - cut ) set of a fuzzy set A
labeled by A,, is the crisp set of all x in X (universal set) such that : px(x) >r
vi.e.

A ={x€X:ux(x) =2r,ref0,1]}. (@D)]
Definition(2.1.2),[2]: Extension Principle

Let X be the Cartesian product of universes X 1, X2, ..., Xm and Ay, Az,
..., Am be m - fuzzy subset in X 1, X2, ..., X m respectively, with Cartesian
product A = A1 x Az X ... X A and fis a function from X to a universe Y, (
y =f(xg, X2, ..., Xm) ). Then, the extension principle allows to define a fuzzy
subset B = f (A) inY by B={(ynz(y) 1y=f(x1,x2 ....,xm), (x1,
X2, ..., Xm ) € X}, where

sup  Min{pg (<)o g (i) i E71 ()20
Mﬁ (y): (X1,-Xm )EF 71(y)

0, otherwise.

(@)

and f~1is the inverse image of f.

For m = 1, the extension principle will be :

B=1(A)= {(y, ug(y)) ry=f(x), x€X}, where

sup puz(x) , if £TN(y)#0
Mg(}’) ={xef~1(y) A 3)
0, otherwise.
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Definition (2.1.3), [24]: Fuzzy Number

A fuzzy number i is completely determined by an ordered pair of functions
(g (n),u (r)), 0 <r < 1, which satisfy the following requirements:

1) u (r) is a bounded left continuous and non-decreasing function on [0,1].
2) u (r) is a bounded left continuous and non-increasing function on [0,1].
u@<u(@),0<r<1.

The crisp number a is simply represented by:
u(m=u(@)=a,0<r<1.

The set of all the fuzzy numbers is denoted by E?.

Remark (1), [24]: For arbitrary @ = (u,u), ¥ = (v,v) and K €R, the addition
and multiplication by K can be defined as :

1) @+v) O=u@+v0@ (@)
2)Wtv) =T+ @) (5)
3) (Ku) () =Ku (), Ku) () =Ku (), if K=0 (6)
4) (Ku) () =Ku (), (Ku) ) =Ku @), if K<0. (7)

Forallr € [0,1].
Remark (2), [1]:

The distance between two arbitrary fuzzy numbers @ = (u, @) and ¥ = (v, V)
IS given as:

D (@9 =fy (u®-y@Vdr+ [ (T -7 @ dr| ®)

Remark (3), [1]: (E1,D) is a complete metric space.
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Remark (4), [2]: The operations of fuzzy numbers (in parametric form) can
be generalized from that of crisp intervals. Let us have a look at the operations
of intervals. V a;, by, az,bo € R, A =[a;, bi] and B =[az b2 ].

Assuming A and B numbers expressed as interval, main operations of
intervals are :

1) Addition: A + B = [a;, bi1] + [az,b2] = [a1+ a2, b1 + b2 ].

2) Subtraction: A - B =[ay, bi] - [az,b2] = [ai- by, b1 - a2 ].

3) Multiplication:

A. B = [min{a; as, a1 by, b1 az, b1 b2}, max{ai a2, a1 by, bi as, b1 ba}]

4) Division : A/B :[min{al /ax,ai /by b1 /ax b /bz}, max{a1 /axai/
by, b1/ az bi / ba}] excluding the case a; = 0 or b, = 0.

5) Inverse : At =[a;, bt = [min{ail, bil},max{all, bil}]

excluding the case a; =0 or b; = 0.

In the case of 0 < a» < by, multiplication operation can be simplified as:
A. B = [min{a; a3, a1 b2 }, max{ b; as, b b2}]

when previous sets A and B is defined in the positive real number R*, the
operations of multiplication, division and inverse are written as :

3") Multiplication: A. B = [aj, bi]. [a2, b2 | = [a1 a2, b1 ba]

4) Division: A /B = [a, bi] / [ax, b ] = [2, 2.
57 Inverse: A =[a;,bi] ! = [bl al .
Definition (2.1.4), [24] : Triangular Fuzzy Number

Among the various shapes of fuzzy numbers, triangular fuzzy numbers is
the most popular one. A triangular fuzzy number is a fuzzy number
represented with three points as follows: A = (a1, as, a3), where aj <a, < a;.
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This representation is interpreted as membership functions:

( 0 ,1f x < aj
X -ai .
" ,1f al<x<a
—_ 2 -ail
HA(X) - a3-x . (9)
, if a<x<a;
asz-az
0 ,1f X > a3

Now if you get crisp interval by r - cut operation, interval [A], shall be

obtained as follows Vr € [0,1] from: Ao . BZA

ay —aj ! az —ap

We get: A= (a, —a;)r+a;, A= (a, —a3) r + as.

Thus: [A]; = [A,K] =[(ay —a;)r+a,, (a, —az) r+az] (10)
which is the parametric form of triangular fuzzy number A.

Definition (2.1.5), [18] : Fuzzy Function

A classical function F : X — Y maps from a fuzzy domain A € X into a
fuzzy range B Yifand only if vx € X, ug(F (x)) > ux(x) .

Remark (5), [18] :
(1) The function F : R — E! is called a fuzzy function .
(2) We call every function defined in set A € E* to B € E' a fuzzy function.

Definition (2.1.6), [18]: The fuzzy function F : R — E! s said to be
continuous if :

For an arbitrary t1 € R and € > 0 there exists a & > 0 such that:

|t-ti] < &6 = D (F (t), F(t1)) < €, where D is the distance between two fuzzy
numbers.

Definition (2.1.7),[25]: Let I be a real interval. The r-level set of the fuzzy
function y : I - E* can be denoted by :

[y®I" = [yi(®,y:(0] tel (11)

The Seikkala derivative y’(t) of the fuzzy function y(t) is defined by:
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[y®]" =[yD'®, y2)'®] tel (12)
2.2 H — Differentiability

In this subsection, the basic definitions which are used in H —
differentiability are introduced.

Definition (2.2.1), [18]: let u, v € E* - If there exist w € E* such that

u = v+w then w is called the H-difference (Hukuhara-difference) of u, v and it
is denoted by w= u © v.

In this work the © sign stands always for H-difference, and let us remark that
u@Ov+u+(-1)v.

Definition (2.2.2), [24]

Let F: (ab) > E! and t, € (ab).We say that F is H-differential
(Hukuhara-differential) at t,, if there exists an element F’(t,) € E* such that
for all h> 0 (sufficiently small), 3 F (t, +h)©F(t,), F(ty) © F (to- h) and
the limits (in the metric D)

F(to +h) ©OF(ty) . F(ty) © F(to —h)
= lim
h—-0 h h—-0 h

= F'(to) (13)

Then F’(t,) is called fuzzy derivative (H-derivative) of F at t,.
where D is the distance between two fuzzy numbers.

It is necessary to note that the definition (2.2.2) is the classical definition of the
H-derivative (or differentiability in the sense of Hukuhara ).

Definition (2.2.3), [25, 26]:
Let F: T—>E! and t, € TcR. Fisdifferentiable at t,, if

(1) there exist an element F’(t,) € E', such that for all h > 0 sufficiently
small, there are  F(ty + h) ©F(t,), F(ty) ©OF(t, — h) and the limits (in the
metric D)

F(to +h) ©F(ty) . F(ty) © F(tp —h)
= lim
h-0 h h-0 h

= F'(to) (14)
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(in this case, F is called (1)-differentiable)
or

(2) there exist an element F’(t,) € E', such that for all h > 0 sufficiently
small, there are F(ty)©F(ty + h), F(t, —h) © F(t,) and the limits (in the
metric D)

F(to)©OF(to + h) . F(to —h) © F(to)
= lim
h—0 —h h-0 —h

= F'(to) (15)

(in this case, F is called (2)-differentiable)
Where the relation (1) is the classical definition of the H-derivative.

Theorem (1) : Let F:1-E! be a function and denote [F(t)]" =
[ f.(t),g.(t)], for eachr € [0,1]. Then

(i) If F is differentiable in the first form (1) of definition (2.2.3.), then f. and
g are differentiable functions and

[F®]" = [£0,8:0 ]

(i) If F is differentiable in the second form (2) of definition (2.2.3), then
f.and g, are differentiable functions and

[F'®]" = [g:(0), () |

Proof: see [25] O

3 Fuzzy Neural Network [24]

A fuzzy neural network (FNN) or neuro — fuzzy system is a learning
machine that finds the parameters of a fuzzy system (i.e., fuzzy set, fuzzy
rules) by exploiting approximation techniques from neural networks.
Combining fuzzy systems with neural networks. Both neural networks and
fuzzy systems have some things in common. They can be used for solving a
problem (e. g. fuzzy differential equations, fuzzy integral equations, etc. ).
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Before 2005 FNN called fuzzy weight neural networks was developed by
Pabisek, Jakubek and et al. Membership functions of FWNN were formulated
by the multi — layered perceptron (MLP) network training, separately for each
learning pattern and then the interval arithmetic was applied to process crisp or
fuzzy data.

3.1 Input — Output Relations of Each Unit [21,22]

Let us consider a three-layer fuzzy FFNN with n input units, m hidden units
and s output units. Target vector, connection weights and biases are fuzzy
numbers and input vector is real numbers. For convenience in this discussion,
FNN with an input layer, a single hidden layer, and an output layer in Fig. (1)
is represented as a basic structural architecture. Here, the dimension of FNN is
denoted by the number of neurons in each layer, that is n x m x s, where n,
m and s are the number of the neurons in the input layer, the hidden layer and
the output layer, respectively.

The architecture of the model shows how the FNN transforms the n
inputs (X1, X5, ey Xjy ver Xp) into the S fuzzy outputs
(Iv1le [y2le oo [V s [¥s]r)  throughout the m hidden fuzzy neurons
([z1)w [22]p - [Zi]r - [zm]:), where the cycles represent the neurons in each
layer. Let [b;], be the fuzzy bias for the fuzzy neuron [z], [ck], be the fuzzy
bias for the fuzzy neuron [y, [wj], be the fuzzy weight connecting crisp
neuron x; to fuzzy neuron [z],, and [wy], be the fuzzy weight connecting
fuzzy neuron [z], to fuzzy neuron [y];.

When an n — dimensional input vector (x4, X5, ..., X, ..., X) IS presented to our
FNN, its input — output relations can be written as follows, where H : R"* —
ES:

Input units: o; =x;, i=1,2,3,...n (16)

Hidden units: [z], = H ([net;],) ,j=1,2,3, ....m, (17)

where

[net;], = XL 0; [wjilr + [bylr (18)
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Output units:
[vilr =H ([nety].), k=1,2,3, ..., s, (19)
where
[netk]r:ergl[ij]r [Zj]r+ [Ck]r (20)
Input units Hidden units Output units
rd
X1 /‘_M\L[ l]r ?l]r
X il
Xn :O »Vs)r
[Zm]r
Bias unit Bias unit

Fig. (1) Three-layer feed forward fuzzy neural network.

The architecture of our fuzzy neural network is shown in Fig. (1), where
connection weights, biases, and targets are fuzzy numbers and inputs are real
numbers.

From the operations of fuzzy numbers (which we have described in section
two), the above relations are rewritten as follows when the inputs x;’s are non
— negative, i.e.,x; =0 :

Input units: 0j = Xj (21)
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Hidden units:

[5]; = H (net],) = [[z], [5].] = [H([net;]), 1 ([net;] )] (22) where
[netj]:: 2i1 04 [Wji]]; + [b]-]f (23)
[netj]fzﬁil Oj [Wji]f + [b,—]f (24)

Output units:

[Vide = H ([neti],) = [[yilr, ¥l = [H([nety]P), H([net,]{)] (25)
where

etidlk = Tyea [Wigl, [5]; + Zjew [wi], [7], + el (26)
etil? = Bjee [wigl, [3], + Ziea [wig], [3]] + lewd? 27)
For [Zi]lrJ = [Zi]]; =0,
where
=i bl =0} v=f+ bl <)

e={: [, 20} a={j: [wg], <o}

aub={1,23,..,m} and cud=1{1,2,3,...,m}.

4 Technique of The Proposed Method
4.1 First Order Fuzzy Differential Equation

To solve any fuzzy ordinary differential equation we consider a three —
layered fuzzy FFNN with one unit entry x, one hidden layer consisting of m
activation functions and one unit output N(x,p). The activation function for
the hidden units of our FNN is the hyperbolic tangent function. Here, the
dimension of FNNM is (1 xm x 1) .
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For every entry x (where x > 0 ) equations (21-27) will be :

Input unit: 0 = x, (28)
Hidden units :

(7], = [[zj]:, [ZJ]I:] = [s ([netj]];),s ([netj]lrj)] (29)
where

[net;] "= o [w;]" +[bj]" (30)

[netj]iI =o [Wi]l: + [b,-]f (31)
Output unit:

[N] = [[N], [N]Y] (32)
where

[N]I;:Zan[vj]]; [ZJ]:+ Zjeb["j]i [Zi]f (33)

[N]E:zj&[vj]f [Zi]f+ Zjed[vi]f [Zj]f (34)

For illustration the solution steps of our proposed method, we will consider
the first order fuzzy differential equation :

YW -F(xy) . xelabl.y@=A (35)

where A is a fuzzy number in E! with r — level sets:
[Al: = [[Alr, [AIF],r€[0,1].
The fuzzy trial solution for this problem is:
[y p)lr =[Alr + x—a)[N&x P
[y )Y =[AlY + x —a)[N(x p)Ir (36)

This fuzzy solution by intention satisfies the fuzzy initial condition in (35).
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In this work we use the error function : E = %% (Ef; + E{), where Ef; and
EU can be viewed as the squared errors for the lower limits and the upper
limits of the r-level sets, respectively.

Therefore, The error function that must be minimized for the problem (35) is
in the form [23] :

& (EL+ E} (37)

where
Bl = | [£22092)" _ [ (v, )] |

Y = [ [0 [F (3 G )] ] (38)

where {x;}{_, are discrete points belonging to the interval [a,b] (training set)
and in the cost function (37), EL and EV can be viewed as the squared errors
for the lower limits and the upper limits of the r — level sets, respectively.

It is easy to express the first derivative of [N(x,p)]Y and [N(x,p)]:
in terms of the derivative of the hyperbolic tangent activation function, i.e.,

U U
L 6[Zj]r 6[netj]r

L a [Z]I; a [net
o= Zalvil, a[ne]t]-]L =+ Dolvi], dfneg]” o (39)
v 2 [z]] a[net 0[z]. 0 [ney]
o= Edw], et e Rl St (40)
From (29-31) we can get
ol _ [ (41)
O[Zj],% _ L2
d [netj]: =1- ([Zj]r) (42)
f’[“i_ [w ]] (43)
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Ml ([z,]) (44)

] [net]

From (36) we can get

dlye (xp)]F d [N (x,p)]¥
Ay G = N (x, p)]Y + (x — o) L (45)
U L
alyt g’;p)]r — [N (X, p)]I]:, + (X _ a) d [N ;’;p)]r (46)

Then we have

= [Zalvi]} [zi],+ Solvi]; [5] + (i — ) Ca [y, [wi] @ -
(1)) + 2o ]! [l @ = ([5]7) ) - Fosi TATY + s -
a) (La [V]] [ZJ] +Zb[VJ] [Z]] N2 (47)

Bl = [Zev]] [7],+ Za [v], [3]+ G =) @e [v]] [w], -
(1) 9+ Za Il! Tl @ = ([1") ) = Foso [T + G -
a) (U [V]] [ZJ] +Zd[VJ] [ZJ] N2 (48)

Then we substitute (47) and (48) in (37) to find the error function that must
be minimized for problem (35).

Note : For reducing the complexity of the learning algorithm in (37), we have
used partially fuzzy neural network (PFNN) architecture where connection
weights to the output unit are fuzzy numbers while connection weights and
biases to the hidden units are real numbers .

The input — output relation of each unit of the PFNN can be rewritten for r —
level sets as follows:

Input unit: 0=X (49)
Hidden units:  z =s (net;),j=1,23,..m (50)

where net; = o wj + b (51)
Output unit:
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INL=[INTE, [NV)=[ S [vi] 2y L SRalvi] 7 | (52)

Now, to find the minimized error function for problem (35) :

dz; @
ox | J]]; anzlt net] =2 1["1] wj (1- ) (53)
a[x [ ]]f aanijt an:t] = 1["1] w; (1= 77%) (54)

Then we obtain :

Eili = = 12, [v]] +(x; —a) Z 21wy (1— z )[V]] — F(x;, [A]Y+ (x; —

2) Iz [v]) 1 (55)
Bl =[S0 7 [v] + (s —a) B2y wy (1 — z2)[vi] — Fx,, [Al+ (x; —
a) Iz [v] )12 (56)

Then we substitute (55) and (56) in (37) to find the error function that must
be minimized for problem (35) under PFNN.

4.2 Reducing a FDE to a System of ODEs [24,25]

The solution of the fuzzy differential equation (35) is depend on the choice
of the derivative (in the first form or in the second form of definition (10)).

Let us explain the proposed method, if we denote

[y®]" = [yi(®),y2(®)], [vol" = [Y01, Yozl
and
[F(x,y())]" =
[ Fi(xy5(x), y5(X), F5(x yI(x),y5 () | (57)

we have the following results:

Case I. If we consider y’(x) in the first form (1) of definition (2.2.3), then we
have to solve the following system of ODEs
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d
T V109) = Fi(xy1(0,y:(9) yi@@) = yb;
d
3 (72(0) = Fa(x y1(0,y3(0) y5() = yb

Case Il. If we consider y’(t) in the second form (2) of definition (2.2.3) then
we have to solve the following system of ODEs

d
= (Vi) = F5(x,yi (%), y5(x)) yi(@) = yb,

d
& (200) = Fi(x y1(0,y:(0) y5(@) = y5,

The existence and uniqueness of the two solutions (for problem (35)) which
described above are given by the following theorem

Theorem (2) : Let F : I x E! - E! be acontinuous fuzzy function such
that there exists k > 0 such that

D(F(x, w), F(x, z)) <kD(w,z) forall tel and w,z € E! then the
problem (35) has two solutions (one (1)-differentiable and the other one (2)-
differentiable) on I, where I = [a,b] .

Proof: see [26] O

To illustrate how we can find the two solutions for a fuzzy differential
equation under generalized H-derivation, we present the following problems:

Problem (1): Consider the fuzzy initial value problem
y =—y(x) , y(0)=[0.96+ 0.04r,1.01 — 0.01r ]

(1) According to subsection (4.2), Case I., after reducing the above problem ,
we have the following system of ODEs

d
&(y{(X)) = —yI(x), y5(0) = 0.96 + 0.04r

d
5 2() = =z (0, y5(0) = 1.01 — 0.01r
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Which gives the following fuzzy analytical solution
y(x,r) = [ (0.96 + 0.04r)e™*,(1.01 — 0.01r)e™*]

(2) According to subsection (4.2), Case I1., after reducing the above problem
we have the following system of ODESs

d
&(y{(X)) = —y5(x), yE(0) = 0.96 + 0.04r

d
- () =¥k, y5(0) = 1.01 — 0.01r
Which gives the following fuzzy analytical solution

y(x,r) =[(0.985 + 0.015r)e ™™ — (1 — r)0.025¢€%,(0.985 + 0.015r)e™* +
(1 -1r)0.025€e*].

Problem (2): Consider the fuzzy initial value problem
y = —3y(x) + e?*, y(0) =[0.75+ 0.25r,1.25 — 0.25r ]

(1) According to subsection (4.2), Case I., after reducing the above problem ,
we have the following system of ODEs

d
&(y{(X)) = —3yI (%) + %, yE(0) = 0.75 + 0.25r

d
&(YE(X)) = —3y5(x) + e, y5(0) = 1.25 — 0.25r

Which gives the following fuzzy analytical solution
y(x,r) = [ (0.55 + 0.25r)e™3* + 0.2e%%, (1.05 — 0.25r)e 3% + 0.2e%X ]

(2) According to subsection (4.2), Case 1., after reducing the above problem ,
we have the following system of ODEs

d
&(y{(X)) = —3y5(x) + %, yE(0) = 0.75 + 0.25r

d
&(YE (x) = -3yI(x) + e, y5(0) = 1.25 — 0.25r
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Which gives the following fuzzy analytical solution

y(x,r) = [ (0.75 + 0.25r)cosh3x — (1.25 — 0.25r)sinh3x + 0.2e%X —
0.2e73%, (1.25 — 0.25r)cosh3x — (0.75 + 0.25r)sinh3x + 0.2e%X —
0.2e73% 1.

5 Numerical Examples

To show the behavior and properties of the proposed method, two problem
will be solved in this section. We have used a multilayer perceptron having
one hidden layer with ten hidden units and one output unit. The activation
function of each hidden unit is hyperbolic tangent activation function. The
analytical solution [y,(x)]% and[y,(x)]Y hasbeen known in advance.
Therefore, we test the accuracy of the obtained solutions by computing the
deviation (absolute error):

e(x 1) =1lyaI — [ye IF] e (x 0= lya(]x — [y O]

In order to obtain better results, more hidden units or training points may be
used. To minimize the error function we have used BFGS quasi-Newton
method (For more details, see [24]). The computer programs which we have
used in this work are coded in MATLAB 2015.

Example 1: Consider the following linear fuzzy initial value problem:
y =-y+x+1, with x€][0, 1]

y(0) = [0.96 + 0.04r,1.01 - 0.01r], wherer € [0, 1].

The analytical solution (According to subsection (4.2), Case Il.) are :
[y.()]k =x+ (0.985 + 0.015r)e™ — (1 — r)0.025¢€*
[y.()1Y=x + (0.985 + 0.015r)e™* + (1 — r)0.025¢€*

The trial solution (According to the proposed method in this work) are:
[ye()]E = (0.96 + 0.04r) +x [N(x, p)]¢

ly:(0]¥= (1.01 - 0.01r) +x [N(x,p)]r
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The ANN trained using a grid of ten equidistant points in [0, 1].

The error function that must be minimized for this problem will be:
E=Yi([x 1-1:01[Vj]]; w; s” (X wj +by)+ (1 +x;)
19 [vi]" s (x w; + by ) —x; - 0.01r +0.01 J2
+[x; ]_1=01[V]_]‘: w;j s’ (Xi w;j + b]-) +(1+x5)
19 [vi]” s (x wy + b)) x; + 0.04 1-0.04 ) (58)
Where s” is first derivative of hyperbolic tangent activation function.

Then we use (58) to update the weights and biases.

Analytical and trial(numerical) solutions for this problem can be found in
table (1) and table (2).

Example 2: Consider the following non-linear fuzzy initial value problem:
y =cos (x* +y?), with x€][0,1]
y(0) = [0.75 + 0.25r,1.25 - 0.25r], where r € [0, 1].

The trial solutions (According to the proposed method in this work) for this
problem are :

[ye()]k= (0.75 + 0.25r) + x [N(x, p)]¥
[y:(x)]f= (1.25 — 0.25r) + x [N(x, p)]¥
The ANN trained using a grid of ten equidistant points in [0, 1].
The error function that must be minimized for this problem will be E =
ic1([xi j1=01[vi]: w; s” (x5 wj +by) +
2 [vj]]; s (x; wj +b;) —cos (x;2+(1.25 — 0.25r +

Xi Loy [Vj]]; s (x; wj +b;))?) 12+4[
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X 21131["1']3 w; 87 (x; wj +by)+ Zgl["j]iJ s (xi wj +bj) —cos (x;® +

(0.75 + 0.25r + x; zgfl[v,-]f s(x; wj + b))% 1?) (59)
Then we use (59) to update the weights and biases.
Trial (numerical) solutions for this problem can be found in table (3).

r [y GOI¥ exr) [y 1Y e(xr)

0 1.948579274 0.000000422 2.318032417 0.000000761
0.1 | 1.967254967 0.000000472 2.299762662 0.000000643
0.2 | 1.985930525 0.000000387 2.281492466 0.000000085
0.3 | 2.004605986 0.000000205 2.263223455 0.000000711
0.4 | 2.023282053 0.000000629 2.244953513 0.000000406
05| 2.041957703 0.000000635 2.226683566 0.000000096
0.6 | 2.060632805 0.000000094 2.208413946 0.000000114
0.7 | 2.079308402 0.000000048 2.190144557 0.000000362
0.8 | 2.097984071 0.000000074 2.171875271 0.000000713
09| 2116660365 0.000000725 2.153604974 0.000000054

1 2.135335791 0.000000508 2.135336111 0.000000828
Table (1): Trial solutions for example (1), x = 2.

X [y (O exr) [y GOIY e(xr)

0 0.98 0 1.005 0
0.1 | 0.984236574 0.000000074 1.011865864 0.000000090
0.2 | 0.997322850 0.000000112 1.027858634 0.000000827
0.3 | 1.018388968 0.000000119 1.052136129 0.000000810
0.4 | 1.046645251 0.000000414 1.083941124 0.000000670
05| 1.081372866 0.000000202 1.122591654 0.000000958
0.6 | 1.121919133 0.000000069 1.167472118 0.000000084
0.7 | 1.167689342 0.000000337 1.218032891 0.000000068
0.8 | 1.218140638 0.000000903 1.273778484 0.000000226
0.9 | 1.272775429 0.000000081 1.334265671 0.000000245

1 1.331142019 0.000000196 1.399099381 0.000000513

Table (2): Trial solutions for example (1), r = 0.5.
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X [y GOlr [y GOIY

0 0.8125 1.1875
0.1 | 0.814603338 1.216504331
0.2 | 0.814821036 1.244468346
0.3 | 0.812924175 1.270982832
0.4 | 0.808261184 1.295659825
0.5 | 0.799681021 1.318165427
0.6 | 0.785827891 1.338238511
0.7 | 0.765526122 1.355644313
0.8 | 0.737875907 1.370043258
0.9 | 0.702086306 1.380817214

1 0.657325883 1.386926291

Table (3): Trial solutions for example (2), r = 0.25.

6 Conclusion

In this paper, we have presented numerical method based on fuzzy neural
network for solving first order fuzzy initial value problem under generalized
H-derivation. we have demonstrated the ability of the fuzzy neural network to
approximate the solution of the fuzzy differential equations. Therefore, we can
conclude that the method which we proposed can handle effectively all
types of the fuzzy differential equations and provide accurate approximate
solution throughout the whole domain and not only at the training set. As
well, one can use the interpolation techniques to find the approximate solution
at points between the training points or at points outside the training set.
Further research is in progress to apply and extend this method to solve higher
order fuzzy differential equations and partial fuzzy differential equations.
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Minimal H  -fields

Thomas Vougiouklis™

Abstract

Hyperstructures have applications in mathematics and in other sciences,
which range from biology, hadronic physics, leptons, linguistics, sociology,
to mention but a few. For this, the largest class of the hyperstructures, the
H,-structures, is used. They satisfy the weak axioms where the non-empty
intersection replaces equality. The fundamental relations connect, by quo-
tients, the H,-structures with the classical ones. H,-numbers are elements
of H,-field, and they are used in representation theory. We focus on minimal
H,-fields.

Keywords: hyperstructure, H,,-structure, hope, hypernumbers, iso-numbers.
2010 AMS subject classifications: 20N20,16Y99.!

1 Introduction

The class of hyperstructures called H,-structures introduced in 1990 [Vou-
giouklis, 1991a], [Vougiouklis, 1994] by Vougiouklis, satisfy the weak axioms
where the non-empty intersection replaces equality.

Algebraic hyperstructure (H, -) is a set H equipped with a hyperoperation (ab-
breviated: hope) - : H x H — P(H) — {&} . We abbreviate by WASS the weak
associativity: (zy)z Nx(yz) # &,Vx,y,z € H and by COW the weak commuta-
tivity: xyNyx # &, Vx,y € H. (H,-)is an H,-semigroup if it is WASS, it is called
H,-group if it is reproductive H,-semigroup, i.e., tH = Hx = H,Vx € H.

Motivation. The quotient of a group by an invariant subgroup, is a group. The
quotient of a group by a subgroup is a hypergroup, Marty 1934. The quotient of a
group by any partition (equivalence) is an H,-group, Vougiouklis 1990.
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In an H,-semigroup the powers are: h' = {h},h?* = h-h,...,h"™ = hoho...oh,
where (o) is the n-ary circle hope, i.e. take the union of hyperproducts, n times,
with all possible patterns of parentheses put on them. An (H,-) is called cyclic
of period s, if there exists an element h, called generator, and the minimum s,
such that H = h' U h2... U h®. Analogously the cyclicity for the infinite period is
defined. If thereare h and s, the minimum one, such that H = h®, then (H,-) is a
single-power cyclic of period s.

(R,+,") is called H,-ring if (4) and (-) are WASS, the reproduction axiom
is valid for (+) and (-) is weak distributive to (+):

r(y+z)N(zy +22) #9, (r+y)zN(vz+yz) # I, Vo,y,z € R.

Let (R,+,-) be an H,-ring,a COW H,-group (M, +) is called H,-module
over R, if there is an external hope

- :Rx M — P(M): (a,z) = ax
such that Va,b € R and Vx,y € M we have
a(zx +y)N(ax +ay) # @, (a+b)x N (ax + bx) # &, (ab)z Na(br) # &,

For more definitions and applications on H,-structures one can see in books
and papers as [Corsini, 1993],[Corsini and Leoreanu, 2003],[Davvaz, 2003],[ Davvaz
and Leoreanu, 2007],[Davvaz and Vougiouklis, 2018],[ Vougiouklis, 1994],[Vou-
giouklis, 1995],[ Vougiouklis, 1999b].

Let (H,-),(H,*) H,-semigroups, the hope (-) is smaller than (x), and (x)
greater than (), iff there exists an automorphism

f € Aut(H,*) such that zy C f(x *xy), Vo,y € H.

We write - < * and say that (H, ) contains (H,-). If (H, -) is a structure then
it is basic structure and (H, %) is H, — structure.

Minimal is called an H,-group which contains no other H,-group defined
on the same set. We extend this definition to any H,-structures with any more
properties.

Theorem 1.1. (The Little Theorem). Greater hopes than the ones which are
WASS or COW, are also WASS or COW, respectively.

The little theorem leads to a partial order on H,-structures and to posets.

Let (H,-) be hypergroupoid. We remove h € H, if we take the restriction of
(-)in H — {h}. h € H absorbs h € H if we replace h by h. h € H merges with
h € H, if we take as product of any x € H by h, the union of the results of = with
both h, h, and consider h and h a class with representative h.
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M. Koskas in 1970, introduced in hypergroups the relation 3*, which con-
nects hypergroups with groups and it is defined in H,-groups as well. Vougiouk-
lis [Vougiouklis, 1985], [ Vougiouklis, 1988], [Vougiouklis, 1991a], [Vougiouklis,
1994], [Vougiouklis, 1995], [Vougiouklis, 2016] introduced the +* and €* rela-
tions, which are defined, in H,-rings and H,-vector spaces, respectively. He also
named all these relations, fundamental.

Definition 1.1. The fundamental relations 3% ~* and €*, are defined, in H,-
groups, H,-rings and H.,-vector space, respectively, as the smallest equivalences
so that the quotient would be group, ring and vector spaces, respectively.

Remark: Let (G, -) be group and R a partition in G, then (G/R,-) is an H,-
group, therefore the quotient (G//R, -)/3* is a group, the fundamental one.

Theorem 1.2. Let (H,-) be an H,-group and denote by U the set of all finite
products of elements of H. Define the relation (3 in H by: xSy iff {x,y} C u
where u € U. Then 3* is the transitive closure of 5.

Analogous theorems are for H,-rings, H,-vector spaces and so on [ Vougiouk-
lis, 1994].

Theorem 1.3. Let (R, +,-) be H,-ring. Denote U all finite polynomials of ele-
ments of R. Define the relation v in R by:

xyy iff {z,y} C uwhereu € U.

Then the relation ~y* is the transitive closure of the relation .

Proof. Let y be the transitive closure of -y, and denote by y(a) the class of a. First,
we prove that the quotient set 12/ is a ring.
In R/ 7 the sum (0) and the product (®) are defined in the usual manner:

7(a) ®(b) = {a(c) : c € 7(a) +7(b)},

7 (a) @ 4(b) = {x(d) : d € v*(a) - ¥(b)}, Va,b € R.
7(b). Then we have

a'vaiff 3xq, ..., Ty With oy = a', 2,01 = aand uy, ..., Uy, € U

such that {z;, ;41 } Cu;, i =1,...,m, and
VAbiff 3y, ..., yny With yy =0’ ypsr = band vy, ..., v, € U

such that {y;,y;+1} Cvji=1,...,n.
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From the above we obtain
{xivw’i-‘rl} + Y1 Cuy + vy, 1= 17 ey TV — 17

Tt +{Yj, Yj1} Cum +vj, j=1,...,n.

The sums
u; + v1 =1, 1= 1, ...m — 1 and U, —|—Uj = tz’m—i—j—l, ] = 17 ., n

are also polynomials, thus, ¢, € UVk € {1,....,m+n — 1}.
Now, pick up 21, ..., Zm+n such that

20 €T +y1, t=1,..,nand 2p1j; € Tpy1 +Yjr1, J=1,..,n,

therefore, using the above relations we obtain {zx, 241} C tg, k= 1,...,m+n—
1.

Thus, every z; € 1 +y; = d + b is gl equivalent to every 2,1, € Tpmi1 +
Ynt1 = a+b. Soy(a) © () is a singleton so we can write

y(a) @ y(b) = y(c), Ve € v(a) +~(b)

In a similar way we prove that

y(a) @ v(b) = ~(d),Vd € y(a) - v(b)

The WASS and the weak distributivity on R guarantee that associativity and dis-
tributivity are valid for R/~*. Therefore R/~* is a ring.

Let o be an equivalence relation in R such that R/o is aring and o (a) the class
of a. Then o(a) ® o(b) and o(a) ® o(b) are singletons Va,b € R, i.e.

o(a) @ o(b) =o0(c),Yec € a(a) +o(b), o(a) ® o(b) = o(d),Vd € o(a) - o(b).
Therefore we write, for every a,b € Rand A C o(a), B C o(b),
o(a)®o(b) =c(a+b)=0(A+ B), o(a) ® o(b) =0c(ab) = c(A- B)

By induction, we extend these relations on finite sums and products. Thus, Vu €
U, we have the relation o(z) = o(u) Vo € u. Consequently x € y(a) => x €
o(a),Vx € R. But o is transitively closed, so we obtain: x € y(z) => = € o(a).
That  is the smallest equivalence relation in R such that R/ i is aring, i.e. ¥ =
¥, ]

An element is called single if its fundamental class is singleton [Vougiouklis,
1994].

General structures can be defined using fundamental structures. From 1990
there is the following [Vougiouklis, 1991a], [Vougiouklis, 1994]:
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Definition 1.2. An H,-ring (R,+,-) is called H,-field if R/v* is a field. An
H,-module over an H,-field F;, it is called H,-vector space.

The analogous to Theorem 1.3, on H,-vector spaces, can be proved:

Theorem 1.4. Let (V,+) be H,-vector space over the H,-field F. Denote U the
set of all expressions of finite hopes either on F and V or the external hope ap-
plied on finite sets of elements of F and V. Define the relation € in V as follows:
xey iff {x,y} C uwhere u € U. Then e* is the transitive closure of the relation e.

Definition 1.3. Let (L, +) be H,-vector space over the H,-field F, ¢ : F' — F/~*
canonical; wp = {x € F : ¢(x) = 0}, the core, 0 is the zero of F/~. Let wy, be
the core of ¢' : L — L/e* and denote by O the zero of L/c*, as well. Take the
bracket (commutator) hope:

L] Lx L= P(L): (z,y) = [z,y]
then L is an H,-Lie algebra over F if the following axioms are satisfied:

(L1) The bracket hope is bilinear, i.e.

Ay + Xowo, y] N (Ai[z1, y] + Ao2, y]) # @
[z, My1 + Aawe] N Mz, y1] + Ao[z, 42]) # 9,
Vo, o1, 22,Y,Y1,Y2 € L, A\, A0 € F

(L2) [z,z]Nwy # D, Y €L

(L3) ([, 1y, 2] + [y, [z, 2]] + [z, [2, 9l]) Nwr # @, Va,y,z € L

Definition 1.4. The H,-semigroup (H-) is h/v-group if H/[3* is a group [Vou-
giouklis, 2003].

The h/v-group is a generalization of H,-group where a reproductivity of classes
is valid: if o(x), Vo € H equivalence classes then zo(y) = o(xy) = o(z)y,Vr,y €
H. Similarly h/v-rings, h/v-fields, h/v-vector spaces etc, are defined.

The uniting elements method introduced by Corsini & Vougiouklis in 1989,
is the following [Corsini and Vougiouklis, 1989]: Let G be a structure and a not
valid property d, described by a set of equations. Take the partition in G for which
put in the same class, all pairs of elements that causes the non-validity of d. The
quotient by this partition G/d is an H,-structure. Then, the quotient out GG/d by
[*, is a stricter structure (G/d)S* for which d is valid.

Theorem 1.5. Let (R, +,-) be aring, and F = {f1, ..., fu, i1y - frin} be a
system of equations on R consisting of subsystems F,, = {f1,..., fm} and F,, =
{fms1s s fman}- Let 0, 0y, be the equivalence relations defined by the uniting
elements procedure using F and F,, respectively, and o, the equivalence defined
on F, on the ring R,,, = (R/0,,)/v* Then

(R/0)/7*= (R /0m) /7
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2 Large classes of hopes

A class of H,-structures, introduced in [Vougiouklis, 1991b], [Vougiouklis,
1994], [ Vougiouklis, 2014b], is the following:

Definition 2.1. An H,-structure is called very thin if there exists a pair (a,b) €
H? for which ab = A, with cardA > 1, and all the other products are singletons.

From the very thin hopes the Attach Construction is obtained [Vougiouklis,
1999a], [Vougiouklis, 2014b], [Vougiouklis, 2017]: Let (H, -) be an H,,-semigroup
and v ¢ H. We extend the hope (-) into H = H U {v} by:

r-v=v-x=v,Vre H andv-v=H.

The (H,-) is an H,-group, where (H,-)/B* = Zy and v is a single.
Let (H,-) H,-semigroup, and [x] the fundamental class of Vx € H. Unit class is
[e] if

(el - [z]) N [a] # @ and ([z] - [e]) N ] # @, Ve € H,

andNx € H, we call inverse class of [x], the class [x]}, if
([#] - [2]7") N [e] # @ and ([z]7" - [2]) N [e] # 2.

Enlarged hopes are the ones where a new element appears in one result. The
useful cases are those h/v-structures with the same fundamental structure.

Construction 2.1. (a) Let (H,-) be an H,-semigroup, v ¢ H. We extend (-)
into H = H U {v} by:

r-v=v-x=v,Vr € H, andv-v=H.

The (H,-) is an h/v-group, called attach, where (H,-)/5* = Zy and v is
single. Scalars and units of (H,-) are scalars and units in (H,-). If (H,-)
is COW then (H,-) is COW.

(b) (H,-) Hv-semigroup, v ¢ H, (H,-) its attached h/v-group. Take 0 ¢ H and
define in H, = H U {v,0} two hopes:
hypersum(+) : 0+ 0=z4+v=v+ 2z =0,
O+v=v4+0=24+y=0v,0+z=2+0=v+v=HVer,yc H
hyperproduct(-) : remains the same as in H moreover

0-0=v-x=2-0=0,Vee H
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Then (H,, +, -) is h/v-field with (H , +, -) /v*= Z3. (+) is associative, (-) is
WASS and weak distributive to (+). 0 is zero absorbing in (+). (H,, +, -) is the
attached h/v-field of (H,-).

Definition 2.2. [Vougiouklis, 2008], [Vougiouklis, 2016] Let (G, -) be groupoid
and f : G — G be a map. We define a hope (0), called theta-hope, we write
0-hope, on G as follows

If (+) is commutative then O is commutative. If (-) is COW, then O is COW.
If (G,-) is groupoid and f : G — P(G) — {9} be multivalued map. We define
the 0-hope on G as follows

2dy = (f(x)-y) U (x- fy), Vr,y e

Motivation for the O-hope is the derivative where only the product of functions
is used.

Basic property: if (G, -) is semigroup then V f, the 0-hope is WASS.

Examples (a) In integers (Z,+,-) fix n # 0, a natural number. Consider
the map f such that f(0) = n and f(z) = z,Yax € Z — {0}. Then (Z,0,,0.),
where 0, and 0. are the 0-hopes refereed to the addition and the multiplication
respectively, is an H,-near-ring, with

(Zv 8+a 3)/7* = Zn-

(b) In (Z,+, ) with n # 0, take f such that f(n) = 0 and f(z) = z,Vz €
Z — {n}. Then (Z,0,,0.) is an H,-ring, moreover, (Z,0,,0.)/v* = Z,.

Special case of the above is for n=p, prime, then (Z,d,, .) is an H,-field.

Combining the uniting elements procedure with the enlarging theory or the

O-theory, we can obtain analogous results [Vougiouklis, 1999a], [Vougiouklis,
2014b], [Vougiouklis, 2017].

Theorem 2.1. In the ring (Z,,+, ), with n = ms we enlarge the multiplication
only in the product of the elements 0 - m by setting 0 @ m = {0, m} and the rest
results remain the same. Then

(Zm +, ®)/’7* = (va +, )

Remark that we can enlarge other products as well, for example 2-m by setting
2 ®@m = {2,m + 2}, then the result remains the same. In this case 0 and 1 are
scalars.
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Corolary 2.1. In the ring (Z,,, +, -), with n = ps, where p is prime , we enlarge
only the product 0-p by 0 ®p = {0, p} and the rest results remain the same. Then
(Z,, +, D) is a very thin H,-field.

Now we focus on Very Thin minimal / -fields obtained by a classical field.

Theorem 2.2. In a field (F,+,-), we enlarge only in the product of the special
elements a and b, by setting a @ b = {ab, c}, where ¢ # ab, and the rest results
remain the same. Then we obtain the degenerate, minimal very thin, H,-field

(F,+,@)/v" = {0}

Thus, there is no non-degenerate H,-field obtained by a field by enlarging any
product.

Proof. Take any x € F' — {0}, then from a ® b = {ab, ¢} we obtain
(a ®b) — ab = {0,c — ab} and then (z(c — ab) ') ® ((a ® b) — ab) = {0, z'}

thus, Oyx,xz € F — {0}. Which means that every x is in the same fundamental
class with the element 0. Thus, (F, +,®)/v* = {0}.
O]

Theorem 2.3. In a field (F,+,-), we enlarge only in the sum of the special el-
ements a and b, by setting a ® b = {a + b,c}, where ¢ # a + b, and the rest
results remain the same. Then we obtain the degenerate, minimal very thin, H,-
field (F,+,®)/v* = {0}. Thus, there is no non-degenerate H,-field obtained by
a field by enlarging any sum.

Proof. Take any x € F' — {0}, then from a & b = {a + b, ¢} we obtain
(a®b)—a+b={0,c—a+b} and then (z(c—a+b)"")-((a®b)—a+b) = {0, z}

thus, Oyx,x € F — {0}. Which means that every x is in the same fundamental
class with the element 0. Thus,

(F,+,@)/7" = {0},
[]

The above two theorems state that there is no non-degenerate H,-field ob-
tained by a field by enlarging any sum or product.

Hopes defined on classical structures are the following [Corsini, 1993], [Corsini
and Leoreanu, 2003], [Vougiouklis, 1987], [ Vougiouklis, 1994] :
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Definition 2.3. Let (G, -) be groupoid then for every P C G, P # &, we define
the following hopes called P-hopes: Vx,y € G

P:xPy= (xP)yUxz(Py),

P, :xPy=(zy)PUx(yP), P,:xPy = (Px)yU P(zy).

The (G, P),(G,P,) and (G, P,) are called P-hyperstructures. If (G, ) is semi-
group, then Py = (xP)y U x(Py) = xPy and (G, P) is a semihypergroup.

3 Representations and Applications

H,-structures used in Representation (abbr. rep) Theory of H,-groups can
be achieved by generalized permutations [Vougiouklis, 1992] or by H,-matrices
[Vougiouklis, 1985], [ Vougiouklis, 1994], [ Vougiouklis, 1999b].

H, -matrix is called a matrix if has entries from an H,,-ring. The hyperproduct
of H,-matrices (a;;) and (b;;), of type m x n and n X r, respectively, is defined
in the usual manner, and it is a set of m x r H,-matrices. The sum of products of
elements of the H,-ring is the n-ary circle hope on the hyper-sum.

The problem of the H,-matrix (or h/v-group) reps is the following:

Definition 3.1. Ler (H,-) be H,-group. Find an H,-ring (R,+,"), a set
Mpr={(a;j)|a;;€R}, andamap T : H — Mg, : h — T'(h) such that

T(hihy) N T(hy)T(hs) # @,Yhy, hs € H.

T is an Hy-matrix rep. If T(hihs) C T(h1)T(hs),Yhi,hy € H, then T is an
inclusion rep. If T(h1hs) = T'(h1)T (hs),Vhi, hy € H, then T is a good rep. If T
is a good rep and one to one then it is a faithful rep.

The rep problem is simplified in cases such as if the h/v-rings have scalars 0
and 1. The main theorem of the theory of reps is the following:

Theorem 3.1. A necessary condition in order to have an inclusion rep T of an
h/v-group (H, -) by n x n h/v-matrices over the h/v-ring (R, +, -) is the following:
VB*(x), v € H there must exist elements a;; € H,i,j € {1, ...,n} such that

T(8*(a)) C {A = (ag;)lai; € v*(ais), 4,5 € {1,....n}}
The inclusionrep T : H — Mp : a — T'(a) = (a;;) induces an homomorphic T*

of H/* on R/v* by T*(5*(a)) = [y*(ay;)], B*(a) H/B* where v*(ai;) R/~* is
the ij entry of T*(3*(a)). T* is called fundamental induced rep of T.

321



Thomas Vougiouklis

In reps we need small H,-fields with results of few elements.
An important hope on non-square matrices is defined [Vougiouklis, 2009],
[Vougiouklis and Vougiouklis, 2005]:

Definition 3.2. Let A = (a;;) € My,xn and s,t € N, such that1 < s < m,
1 <t < n. Define a mod-like map st from M,,y, to M. by corresponding to A
the matrix Ast = (a,;) with entries the sets

a;; ={iprsjin|]l <i<s,1<j<tandk,A€ N,i+rs <m,j+ At <n}.

The map st : MyxnMxi © A — Ast(a;;), is called helix-projection of type st.
Ast is a set of s x t-matrices X = (x;;) such that x;; € a;;,Vi,j. Obviously
Amn = A.

LetA = (aij) € Myxnand s,t € N, 1 < s <m,1 <t < n Weapply
the helix-projection first on the columns and then on the rows and the result is the
same: (Asn)st = (Amt)st = Ast.

Definition 3.3. Let A = (a;;) € Mxn and B = (b;j) € My, be matrices.
Denote s=min(m,u), t=min(n,u), then we define the helix-sum by

@ . ManMuXvP(Mth) .

(A7 B) — A® B = As_t+ Bst = (Q@‘) + (1_713) - Msxt7

where (a;;) + (b;;) = {(ci;) = (ai; + bij)lay; € a;; and by; € b;;}. Denote

s=min(n,u), then we define the helix-product by
® : Mipsn Mo P(Moxy) -
(A,B) » A® B = Ams + Bsv = (a;;) + (b;;) C Mynxo,
where (a;;) - (b;;) = {(ci;) = > (aij + bij)|ai; € a;; and bi; € b;}..

Remark. The definition of the Lie-bracket is immediate, therefore the helix-
Lie Algebra is defined, as well.

Last decades H,-structures have applications in mathematics and in other sci-
ences. Applications range from biology and hadronic physics or leptons to men-
tion but a few. The hyperstructure theory is related to fuzzy one; consequently,
can be widely applicable in industry and production, too [Corsini and Leore-
anu, 2003], [Davvaz and Leoreanu, 2007], [Davvaz et al., 2015], [Davvaz and
Vougiouklis, 2018], [Santilli and Vougiouklis, 1996], [ Vougiouklis, 2014a], [ Vou-
giouklis, 2020], [Vougiouklis and Kambaki-Vougioukli, 2013].

An application, which combines H,-hyperstructures and fuzzy theory, is to re-
place in questionnaires the scale of Likert by the bar of Vougiouklis & Vougiouklis
(V & V bar) [Vougiouklis and Kambaki-Vougioukli, 2013]. They suggest the fol-
lowing:
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Definition 3.4. In every question substitute the Likert scale with 'the bar’ whose
poles are defined with ’0’ on the left end, and ’1’ on the right end:

0 1

The subjects/participants are asked instead of deciding and checking a specific
grade on the scale, to cut the bar at any point s/he feels expresses her/his answer
to the specific question.

The use of V & V bar bar instead of a Likert scale has several advantages
during both the filling-in and the research processing. The final suggested length
of the bar, according to the Golden Ratio, is 6.2cm.

The Lie-Santilli theory on isotopies was born to solve Hadronic Mechanics
problems. Santilli proposed a ’lifting’ of the n-dimensional trivial unit matrix into
an appropriate new matrix. The original theory is reconstructed to admit the new
matrix as left and right unit. The isofields needed in this theory correspond into
the hyperstructures called e-hyperfields, introduced by [Santilli and Vougiouklis,
1996, Davvaz et al., 2015].

Definition 3.5. A hyperstructure (H,-) which contain a unique scalar unit e, is
called e-hyperstructure. In an e-hyperstructure, we assume that for every element
X, there exists an inverse v~ ', ie.e € x-x ' Nat - .

Definition 3.6. A hyperstructure (F,+,-), where (+) is an operation and (-) is a
hope, is called e-hyperfield if the following axioms are valid: (F,+) is an abelian
group with the additive unit 0, (-) is WASS, () is weak distributive with respect to
(4), 0 is absorbing element: 0-x = x-0 = 0,Vx € F, there exist a multiplicative
scalar unit I, ie. 1-x = x -1 = x,Vr € F, and for all x € F there exists a
unique inverse x~', suchthat 1 € x -x~* Nz~ .

The elements of an e-hyperfield are called e-hypernumbers. In the case that
the relation: 1 = x - 2=! = x~! - x, is valid, then we say that we have a strong
e-hyperfield.

Definition 3.7. The Main e-Construction. Given a group (G, -), where e is the
unit, then we define in G, a large number of hopes (®) as follows:

r®y={zy, 01,92 ...},Vr,y € G — {e}, and g1, go,... € G — {e}

g1, go,... are not necessarily the same for each pair (x,y). Then (G,®) becomes
an H,-group, actually is an Hy,-group which contains the (G,-). The H,-group
(G, ®) is an e-hypergroup.
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Example. Consider the quaternions Q = {1,—1,¢,—1i,7, —j, k, —k} with
i* =j%=—1,ij = —ji = kand denote i = {1, —i},7 = {j,—j}, k = {k, —k}.
We define a lot of hopes () by enlarging few products. For example, (—1) * k =
k,k*i=jandix*j= k. Then (Q, %) is strong e-hypergroup.

A generalization of P-hopes used in Santilli’s isotheory, is [Davvaz et al.,
2015], [Vougiouklis, 2016] : Let (G, -) be abelian group, P C G with #P < 1.
We define the hope x,, as follows:

{m-P-y—{m-h-y[heP} ifr#eandc#e
T X,y =

-y ifr=eandy=e

we call this hope P.-hope. The hyperstructure (G, x,,) is abelian H,-group.

4 Small hypernumbers. Minimal h/v-fields

The small non-degenerate h/v-fields on (Z,,, +, -) in iso-theory, satisfy the fol-
lowing:

1. very thin minimal,

2. COW (non-commutative),

3. they have the elements 0 and 1, scalars,

4. if an element has inverse element, this is unique.

Therefore, we cannot enlarge the result if it is 1 and we cannot put 1 in enlarge-
ment.

Theorem 4.1. [Vougiouklis, 2017 ] All multiplicative h/v-fields defined on (Z4, +, -),
with non-degenerate fundamental field, satisfying the above 4 conditions, are the

following isomorphic cases: The only product which is set is 2 ® 3 = {0,2} or
3® 2 ={0,2}. Fundamental classes: [0]=0,2, [1]=1,3 and we have

(Z4’ +, ®)/’7* = (ZQa +, )

Example. Denote £;; the matrix with 1 in the ij-entry and zero in the rest en-
tries. Take the 2 x2 upper triangular h/v-matrices on the above h/v-field (Z4, +, ®)
of the case that only 2®3={0,2} is a hyperproduct:

I =FEy+FEy,a=E+Eia+Ey» b= E\+2E19+ Ey,c = By +3E19+ Eos,

d = FE1+3Ey»,e = B\ +E19+3E, f = En+2E15+3F%, 9 = E11+3E12+3E),
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then, we obtain for X={La,b,c,d,e.f,g}, that (X, ®) is non-COW, H,,-group where
the fundamental classes are @ = {a,c},d = {d, f},e = {e, g} and the fundamen-
tal group is isomorphic to (Zs X Zsg, +). There is only one unit and every element

has unique double inverse. Only f has one more right inverse element d, since
f®d={l,b}. (X,®) is not cyclic.

Theorem 4.2. All multiplicative h/v-fields on (Zg, +, -), with non-degenerate fun-
damental field, satisfying the above 4 conditions, are the following isomorphic
cases: We have the only one hyperproduct,

() 223 = {0,3},204 = {2,5},3®4 ={0,3},3®5 = {0,3},4®5 = {2,5}.
The fundamental classes are [0]=0,3, [1]=1,4, [2]=2,5 and we have

(ZG’ +, ®)/’Y* = (ZSv -+, )

(II) 23 ={0,2}or2®3 ={0,4}, 24 = {0,2} or {2,4},2®5 = {0,4} or
2®5=12,4},3®4=1{0,2} or {0,4},3®5=1{3,5},4®5={0,2} or
{2,4}. In all these cases the fundamental classes are [0]=0,2,4, [1]=1,3,5
and we have

(ZG’ +, ®)/’7* = (Z2v -+, )

Example. In the h/v-field (Zg, +, ®) where only the hyperproduct is 2 ® 4 =
{2, 5} take the h/v-matrices of type ¢ = E1; + iE12 + 4 s, where i=0,1,...,5, then
the multiplicative table of the hyperproduct of those h/v-matrices is

@01 | 2] 3 ]4]5
001 1213|453
114 50123
202003 14250311
31001 |2 ]3| 4|5
41450123
5123 |45 ]0]1
The fundamental classes are (0) = 0,3, (1) = 1,4,(2) = 2,5 and the funda-
mental group is isomorphic to (Zs, +). The (Zg, ® )_ h/v-group which is cyclic

where 2 and 4 are generators of period 4.
Example. Consider the h/v-field (Z,0, +, ®) where only 3 x 8 = {4,9} is a
hyperproduct. Let us take the h/v-matrix

A= 3E11 + E22 + 2E33 + 6E12 + 2E13 + 9E23
Then from the above formulas we obtain that the set of inverse h/v-matrices is

A7V = [2]Ey; + [1]Eg + [3]Ess + [3] Bz + [2] E1s + [3] Egs
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So, for example, if we take the h/v-matrix
AV =TEy 4 6E + 8E33 + 8E15 + 2E13 + 3Ex
we obtain that
A A" =FEy + By + Es3 + {0,5} E1g + 5Ea3
therefore, it contains a unit h/v-matrix.

Theorem 4.3. All multiplicative h/v-fields defined on (Zg,+, -), which have non-
degenerate fundamental field, and satisfy the above 4 conditions, are the following
isomorphic cases: We have the only one hyperproduct, 223 = 0,6 or 3,6,2®4 =
2,80r5,8,206 =0,30r3,6,207=2,50r5,8,208=1,T0r4,7,304 =0,3
0or3,6,3®5=0,60r3,6,3®6=0,30r0,6,307=0,30r3,6,3@8=0,6
0r3,6,405=2,50r2,8406=0,60r3,6408=2,50r5_8506=0,3
or3,6,b07=2,80r5858=1,40r4,7,607=0,60r3,6,6 8=0,3
or3,6,7® 8 = 2,50r2,8. In all the above cases the fundamental classes are

0] ={0,3,6},[1] ={1,4,7},[2] = {2,5,8}, andwehave(Zg, +,®) /7" = (Z3, +,-).

Theorem 4.4. All multiplicative h/v-fields on (Zyo, +, -), which have non-degenerate
fundamental field, and satisfy the above 4 conditions, are the following isomor-
phic cases:

(I) We have the only one hyperproduct,
204 =1{3,8,205=1{0,5},206=1{2,7},207 = {4,9},
209 = {3,8},3®4 = {2,7},3®5 = {0,5},3®6 = {3,8},3®8 = {4, 9},
309 =1{2,7},4®5={0,5},4® 6 = {4,9},
407=13,8},48={2,7},5®6={0,5},5®7={0,5},
5®8={0,5},5®9={0,5},607=1{2,7},6®8={3,8},
629 =1{4,9},7®9={3,8},8®9 = {2, 7}
In all the above cases the fundamental classes are [0] = {0,3,6},[1] =
{1,4,7}, 2] = {2,5,8},
and we have

(Zg, +,®) /7" = (Z3, +, ).

(II) The cases with classes [0] = {0,2,4,6,8} and [1] = {1,3,5,7,9}, and
fundamental field
(Zno, +,®) /7" = (Za, +, ).

are described as follows: In the multiplicative table only the results above
the diagonal, we enlarge each of the products by putting one element of
the same class of the results. We do not enlarge setting 1, and we cannot
enlarge only the 3 ® 7 = 1. The number of those h/v-fields is 103.
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Abstract

The line Mycielskian graph of a graph G, denoted by L, (G) is defined
as the graph obtained from L(G) by adding ¢ + 1 new vertices £’ =
e;: 1 <i<gqande,then for 1 < i < ¢, joining e; to the neighbours
of e; and to e. The vertex e is called the root of L, (G). This research
paper deals with the characterization of planarity of line Mycielskian
Graph L,(G) of a graph. Further, we also obtain the characteriza-
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1 Introduction

All graphs considered in this paper are finite, undirected and without loops.
The phraseologies are referred from [Harary, 1969].

The graph G is said to be embedded in a surface S when its vertices are
represented by points in S and each edge by a curve joining corresponding points
in S, in such a way that no curve intersects itself and two curves intersect each
other only at a common vertex.

A graph G is said to be planar if it can be embedded in the plane. A plane
representation of a planar graph divides the plane into number of plane areas called
regions or faces. The regions enclosed by the planar graph are called interior faces
of the graph. The region surrounding the planar graph is called the exterior face
of the graph. A planar graph G is called maximal planar if the addition of
any edge to GG creates a nonplanar graph. A maximal planar graph is a planar
graph in which every face (including the exterior face) is bounded by a triangle
[Dillencourt, 1991]. A planar graph is called outerplanar if it can be embedded in
the plane so that all its points lie on the same face. An outerplanar graph is called
maximal outerplanar if no line can be added without losing outerplanarity.

The inner vertex number i(G) of a planar graph G is the minimum number
of vertices not belonging to the boundary of the exterior region in any embed-
ding of GG in the plane. A graph G is said to be k£ - minimally nonouterplanar
if i(G) = k,k > 1. An l-minimally nonouterplnar graph is called minimally
nonouterplanar [Kulli and Basavanagoud, 2004].

Two graphs are said to be homeomorphic if one graph can be obtained from
the other by insertion of vertex of degree two into its edges or by the merger of
adjacent edges, where the incident vertex is of degree two.

Crossing number cr(G) of a graph G is the minimum number of crossings
(of its edges) among the drawings of G in the plane.

[Ringel, 1965] introduced the concept of 1-planarity. A graph G is called
I-planar if it can be drawn in the plane so that all or any edge is crossed by at most
one other edge.

The line Mycielskian graph of a graph G, denoted by L, (G) is defined as
the graph obtained from L(G) by adding ¢ + 1 new vertices B = ¢;: 1 <i < g
and e, then for 1 < i < ¢, joining e; to the neighbours of ¢; and to e. The vertex e
is called the root of L, (G) [Mirajkar and Mathad, 2019].
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€ v
Kis:

e

e
2 Lu(C3) or Ly (K13)

Figure 1. C3, K 3 and their line Mycielskian graphs L,(C 3) and L, (K 3)

Motivated by the the research work [Mirajkar and Mathad, 2019], the present
problem is initiated. Further it is extended with the objective of obtaining the
characterization results on planarity, outerplanar, maximal planar, maximal outer-
planar, minimal nonouterplanar and 1-planar of L,(G).

2 Prelimnaries
The following important theorems and remark are used for proving further
results.

Theorem 2.1. [Kuratowski, 1930] A graph is planar if and only if it has no sub-
graph homeomorphic to K5 or Ks 3.

Theorem 2.2. [Harary, 1969] A graph is outerplanar if and only if it has no
subgraph homeomorphic to K, or K 3 except Ky — x.

Theorem 2.3. [Czap and Huddk, 2012] The complete graph K,,, an < 6 is I-
planar.

Theorem 2.4. [Mirajkar et al., 2019] The line Mycielskian graph L,(G) of a
graph G is disconnected iff G = K.

Remark 2.1. [Mirajkar and Mathad, 2019] L(G) is subgraph of L, (G).
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3 Results

Theorem 3.1. The line Mycielskian graph L,,(G) is planar if and only if the graph
GisC,, n=3orCs.

Proof. Suppose L, (G) is planar and G = C,,.
We consider the following cases.

Case 1. Suppose n = 5, then G = C5. L(Cs) is C5 and by remark 2.1, L(G)
is subgraph of L,(G). The construction of L,(G) with five newly introduced
vertices €, ey, €5, €, and ey corresponding to vertices of L(C5) and root vertex
e produces five mutually adjacent vertices with degree four which is a subgraph
homeomorphic to K’5. By theorm 2.1, a contradiction.

Case 2. Suppose n = 4, then G = C,. L(C}) is Cy and by remark 2.1, L(G)
is subgraph of L,(G).

Here L, (G) is constructed by introducing new vertices €}, €y, €5, and e cor-
responding to the vertices ej, €9, €3, and e4 of L(C}) and root vertex e. Newly
introduced vertices are connected with the vertices eq, o, 3 and e4 of Cj in such
a way that the, ¢, and e; are adjacent to the two opposite vertices e, and e4 and e
and ¢ are adjacent to e; and es. Root vertex e is connected to €, €5, €5, €. This
construction produces the five mutually adjacent vertices with degree four and
thus contains a subgraph homeomorphic to K5, a contradiction (From theorem
2.1).

Case 3. Suppose n = 3, then G = C3. L(Cj3) is C5 by remark 2.1, L(G)
is subgraph of L,(G). To construct line Mycielskian graph L,(G), three new
vertices e/, e, and e; corresponding to the edges of G and root vertex e are intro-
duced. The edges between the vertices are drawn in such a way that the newly
introduced vertices ¢}, e, and e; are adjacent to the corresponding adjacent edges
of e, e5 and es of G respectively. The root vertex e joins the vertices ¢}, e, and e;
such that no crossing of edges occur as shown in Figure 1. This implies that line
graph L, (G) is planar for G = C}.

From the above cases, it is observed that L,(G), for all G = C,,, n > 4,
contains a subgraph homeomorphic to K5, a contradiction. Thus L, (&) is planar
only if G is C,,, n = 3.

Conversely, Suppose G = (5, then the construction of L, (&) as discussed in
above case 3 which results into planar graph.

Theorem 3.2. The line Mycielskian graph L,,(G) is planar if and only if the graph
G is a path graph P,, n > 3.

Proof. Suppose L, (G) is planar and G = P,.
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We consider the following cases.
Case 1. Suppose n = 2, then G = P, then from theorem 2.4, L,(G) is
disconnected graph, a contradiction.

Case 2. Suppose G = P,,,n > 3. By remark 2.1, L(G) is subgraph of L,(G).
L(P,) is Py_1.

LM(PS) £ e

€1 €2 €3 ey

Figure 2. P; and its line Mycielskian graph L, (Ps)

For the construction of L,(G), new vertices €}, €y,.., €, corresponding to
edges of GG and root vertex e are introduced. In L,(G), the edges between the
vertices are connected in such a way that, the newly introduced vertices ¢; and
e, are adjacent to ey and e,,_5 of L(G) respectively and the other vertices e, es,..
, e, _, are adjacent to two vertices e;_; and e;1, i = 2,3, .., (n — 2). The root
vertex e is adjacent to the vertices e}, e,,.., ¢, ;. All the faces are polygons without
any crossings as shown in Figure 2. i.e., L, (G) is planar.

It is clear from the above two cases that L,,(G) is planar only for G = P,,n > 3.

Conversely, Suppose G = P,,, n > 3. Then the construction of L,(G) results
into planar graph (as discussed above).

Theorem 3.3. The line Mycielskian graph L,(G) of a graph G is planar if and
only if one of the follwing conditions hold

(i) A(G) = 2, except for C,, n > 4

(ii)) G = Ky 3

Proof. Suppose L, (G) of G is planar.
We discuss the following cases based on the maximum degree of G.
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Case 1. Suppose G is a graph with A(G) = 5. By remark 2.1, L(G) is
subgraph of L,(G). Then the line Mycielskian graph L,(G) contains K5 as its
subgraph. By Theorem 2.1, L, (G) is nonplanar, a contradiction.

Case 2. Next suppose G is a graph with A(G) = 4. By remark 2.1, L(G) is
subgraph of L,(G) and contains K as its subgraph. L,(G) is obtained by intro-
ducing new vertices e, €, e; and e, corresponding to the edges of subgraph K4 of
L(G) and root vertex e by the definition. Vertices of K and newly introduced ver-
tices are connected. The edge from root vertex e is drawn in such a way that it is
adjacent to the vertices e], e,, e; and e,. This construction produces subgraph K
with each vertex degree > 4. One of the newly introduced vertices of is L, (G)
is adjacent to the three vertices of K, with path length 1. It is also adjacent to
the remaining one vertex of /4 with path length 2. This produces the subgraph
homeomorphic to K5, a contradiction.

Case 3. Suppose A(G) = 3, G contains K 3 as its subgraph. By remark 2.1,
L(G) is subgraph of L, (G). Since L(K 3) is C3, the construction of L, (K7 3) is
same as L, (C5) as shown in Figure 1. From theorem 3.1, L, (C}) is planar. Thus
L, (K 3) is also planar.

Further in the construction of L,, (K 3), presence of additional edge in K 3 to
any vertex leads to increase in the number of vertices and edges (2 vertices and 3
edges) in L,,(G) and thus contains /4. On constructing L,(G), newly introduced
vertices, root vertex and vertices of K4 produces five mutually adjacent vertices
with degree 4 which is a subgraph homeomorphic to K. By theorem 2.1, L, (G)
is nonplanar, a contradiction.

Case 4. Suppose A(G) = 2, Obiviously G is either path graph P, or cycle C,,.
By theorem 3.1 and theorem 3.2, L,,(C,,), n = 3 and L,,(P,), n > 3 are planar.

From all the above cases, it is noted that, L#(G) contains subgraph homeo-
morphic to K5 for A(G) > 3, a contradiction and is planar only for A(G) = 2.
Converse is obivious.

Theorem 3.4. The line Mycielskian graph L,(G) is outerplanar if and only if G
is P3.

Proof. Suppose L,(G) is outerplanar. Then L,(G) is planar. By theorems 3.1,
3.2and 3.3, L,,(G) is planar only for the graphs C, K; 3 and P,, n > 3.

Suppose G=C} or K; 3. From theorem 3.1 and Figure 1, L,(G) contains a sub-
graph homeomorphic to K 3. From theorem 2.2, L,(G) is not outerplanar, a
contradiction.

Assume G = Pjy. line graph of Py is P3. By remark 2.1, L(G) is subgraph
of L,(G). On constructing L, (G) with newly introduced vertices and root vertex
(as explained in case 2 of theroem 3.2) forms a subgraph homeomorphic to K5 3.
By theorem 2.2 L, (Py) is not outerplanar. Which is contradiction. i.e., G cannot
be P, 4.
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Similarly, for higher values of n i.e., for G = P,,n > 5, the same construction
(case 2 of theorem 3.2) repeates and generates a subgraph with every four vertices
of L,(G) which is homeomorphic to K 3, a contradiction.

Next assume G = P;. Line graph of P5 is P, and by remark 2.1, L(G) is
subgraph of L,(G). L,(G) is constructed by introducing root vertex e and new
vertices ¢, and e, corresponding to the edges of e; and e, of G respectively. The
edges from new vertices are drawn in such a way that ¢] is adjacent to e, and
6/2 to e; which forms Cj, as shown in Figure 3, which is outerplanar. Therefore,
G = P;.

By observing the above cases , it can be stated that Lu(G) forG=P,,n>4
contains subgraph homeomorphic to K 3, a contradiction and hence is outerplanar
only for G = P,,n = 3.

Py L,(Ps): e
!
€1 e, eq e}
@ @ L
€1 €2

Figure 3. P; and its line Mycielskian graph L, (Ps)

Conversely, suppose G = P5. From theorem 3.2, L,(G) is planar for G=P,,
n > 3. ie., L,(Ps) produces C5 and is planar (as discussed above ). Clearly
which is outerplanar.

Theorem 3.5. The line Mycielskian graph L, (G) is maximal planar if and only
ifGisCsor Kyzor P, n>4.

Proof. Suppose L,(G) is maximal planar, then it is planar. From theorem 3.1,
theorem 3.2 and theorem 3.3, L,,(G) is planar if G is C or Ky 3 0r P,, n > 4.

Suppose G'is C5 or K 3. On the construction of L,(C5) or L, (kK 3) as shown
in Figure 1, it can be observed that, three of its interior faces are triangles and by
the definition of homeomorphic graph, the other two faces can be triangularised
by merging adjacent edges if the incident vertex is of degree two. i.e., L, (G) has
triangulation plane. L, (G) is maximal planar.
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Suppose G is P,, n > 3. From theorem 3.2, L, (G) is planar.
We consider the following cases.

Suppose G = P3. From theorem 3.4, the construction of L,(P3) forms Cj
and does not contain any triangle faces as shown in Figure 3. Thus L, (Ps) is not
maximal planar, a contradiction.

Next, suppose G = P,, n > 4. The construction of LM(G) contains some of
its interior faces as C;’s and some as Cj’s. By definition of homeomorphic graph,
all the faces can be triangularised by merging the adjacent edges. Thus L, (G) has
triangulation plane and is maximal planar for G = P, n > 4.

Conversely, suppose G = C5 or K 3 or P, n > 4. From theorem 3.1, theorem
3.3 and theorem 3.2, L,,(G) is planar.

Let us first consider G = C5 or K 3.

Three interior faces of L, (G) are triangles and two faces are C,’s and by the
definition of homeomorphic graph, they can be triangularized by merging adjacent
edges. i.e., L,(G) has triangulation plane. Hence, L, (G) is maximal planar.

Next suppose G = P,,, n > 4. From Figure 2, all the faces of L,(G) can be
triangularized by merging adjacent edges and thus L, (G has triangulation plane
and it is maximal planar.

(]

Theorem 3.6. For any graph G, The line Mycielskian graph L, (G) of a graph G
is not maximal outerplanar.

Proof. Suppose L,(G) is maximal outerplanar, then it is outerplanar. From
theorem 3.4, L,(G) is outerplanar only for G = P;. From Figure 3, it is obvious
that addition of an edge between any two non-adjacent vertices does not violate
the property of planarity, a contradiction.

O

Theorem 3.7. For any graph G, the line Mycielskian graph L,(G) of a graph G
is not minimally nonouterplanar.

Proof. Suppose L, () is minimally nonouterplanar, then L, (G) is planar. From
theorem 3.1, theorem 3.2 and theorem 3.3, L,(G) is planar only if G is C,,, n = 3
or P,,n>3or K3.
We consider the following three cases.

Case 1. Suppose G = C,,,n = 3or G = K 3. From Figure 1, L,(G) contains
at least three points belong to interior region, a contradiction.

Case 2. Suppose G = P,,n > 3.

Subcase 2.1 Suppose n = 3 then G = P;. From Figure 3, in L,(G) all the
points belong to exterior region. No point belong to interior region, a contradic-
tion.
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Subcase 2.2. Suppose G = P,, n > 4, then L,(G) is constructed with newly
introduced vertices ¢}, €,,.., e, _, corresponding to edges of G and root vertex
e (construction explained in case 2 of theorem 3.2).This construction generates
subgraph with every four vertices of L, (G) which is homeomorphic to K 3. This
process continues for the successive value of » in G and thus L,,(G) contains more
than one subgraph homeomorphic to K 3, a contradiction.

In either cases, L, (G) is not minimally nonouterplanar.

O

Theorem 3.8. If the graph G is a cycle C,, n > 4, then line Mycielskian graph
L,(G) is 1-planar with n crossings .

Proof. Let G be C,,, n > 4. By remark 2.1, L(G) is subgraph of L,(G).
From theorem 3.1, L,,(C,,), n > 4 is nonplanar.
Here L,(G) is constructed by introducing new vertices €], €, €ay Cpps €
and root vertex e. Root vertex, newly introduced vertices and vertices of L(C),)
are connected as explained in the theorem 3.1. This construction produces the
five mutually adjacent vertices with degree > 4 and thus contains a subgraph
homeomorphic to K5. From theorem 2.3, L, (G) is 1-planar.

Lu (C4):

€1

€z €4

€3

e; e3

Figure 4. C and its line Mycielskian graph L, (C})

In L, (G), every crossing arises from the edges drawn between the vertices
L(C},) and newly introduced vertices. Each newly introduced vertex is adjacent
with two vertices of L(C},) and each crosing occurs from the two adjacent vertices
of L(C,,). As there are n vertices in L(C,,), the number of crossings are n.

O

337



Keerthi G. Mirajkar, Anuradha V. Deshpande

Theorem 3.9. If G is K, 30 K, then the line Mycielskian graph L,(G) is 1-planar
with crossing number 1.

Proof . Let G be K ; ® K5. By remark 2.1, L(G) is subgraph of L,(G).

From theorem 3.3, L, (K 3) is planar. But inclusion of K> to K 3 increases
number of vertices and edges in L, (G) for which the construction is explained in
theorem 3.3 case 3. This construction produces five mutually adjacent vertices
with degree 4. Thus L,(G) contains a subgraph homeomorphic to K5. From
theorem 2.3, L,,(G) is 1-planar.

L,(Ky3) - e

K1,3 : KZ .

€1
€y €3

92\.

Figure 5. K 3 @ K and its line Mycielskian graph L, ((K; 5 ® K>)

In graph G = K 5 e K5) shown in Figure 5, the number of edges are four.
Since only one vertex e; of G is adjacent to three edges, in L, (G) the degree of
newly introduced vertex corresponding to this edge is four as shown in Figure 5,
where as the degree of other newly introduced vertices €;, e,, and e, is < 3. Thus,
this results the graph L,(G) to have only one crossing from the edges drawn
between the root vertex e and newly introduced vertices e,, e; and e,
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4 Conclusion

In this research paper we obtained the characterization results on planarity,
outerplanar, maximal planar, maximal outerplanar, minimal nonouterplanar and
1-planar of line Mycielskian graph L,(G).  The results revealed that L, (G) is
planar only for the graphs Cs, P,,n > 3, K; 3 and maximal planar if G is Cs,
P,,n > 4 and K, 3. It is outerplanar only if G= P;.There is no existance of any
graph whose L,(G) is maximal outerplanar and not minimally nonouterplanar.
Further we also obtained L,,(G) for 1-planar when G= C,,, n > 4 and (K 5 K)
with n crossings and 1 crossing respectively.

Future line of this research can be extended to study some more properties
of planarity such as crossing numbers, genus, thickness and coarseness of line
Mycielskian graph of a graph.
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Approximation of functions by (C,2)(E,1)
product summability method of Fourier
series
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Abstract

Various investigators such as Leindler [10], Chandra [1], Mishra et al. [7],
Khan [11], Kushwaha [6] have determined the degree of approximation of
27 -periodic functions belonging to classes Lipa , Lip(a,r), Lip(&(t),r) of
functions through trigonometric Fourier approximation using different
summability means. Recently Nigam [12] has determined that the Fourier
series is summable under the summability means (C,2)(E,1) but he did not find
the degree of approximation of function belonging to various classes. In this
paper a theorem concerning the degree of approximation of function f

belonging to Lip(&(t),r) class by (C,2)(E,1) product summability method of

Fourier series has been established which in turn generalizes the result of H.
K. Nigam [12].
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1. Introduction

The study of the theory of trigonometric approximation is of great
mathematical interest and of great practical importance. Broadly speaking,
signals are treated as function of single variable and images are represented by
function of two variables. The study of these concepts is directly related to the
emerging area of information technology. Studies on trigonometric
approximation of functions in L, -norm using different linear operators such

Holder,Norlund, Euler, Riesz, Borel etc. were made by several researchers like
Mohapatra & Chandra [9], Holland, Mohapatra & sahney [8], Chandra [2].
The degree o approximation of a function belonging to different class of
functions by product summability methods were made by Lal & Singh [5], Lal
& Kushwaha [6]. The aim of this paper is to study Fourier series and conjugate
series by product operators. The advantage of considering product operators
over linear operators can be understood with the observation that the infinite
series, which is neither summable by left linear operators nor by right linear
operators individually, is summable to some number by the product operators
obtained from the same linear operators placed in the same sequential order.
Moreover , in studies of error estimates E,(f) through Trigonometric Fourier
Approximation, product operators give better approximation than individual
linear operators. Generalizing the result of Nigam [12], the degree of
approximation of function f belonging to Lip(&(t),r) class by (C,2)(E,1)
product summability method of Fourier series has been established.

Therefore, in this paper, (C,2)(E,1) product summability method is
introduced and a theorem on the approximation of functions belonging to
L(g(t), r) class has been established.

Let Zun be given infinite series with s_ for its n™ partial sum.
n=0

Let {tnEl} denote the sequence of (E,1) mean of the sequence {sn}. If the
(E,1) transform of s, is defined

astfl(f;x):zinZ[Usk(f;x)—>s asn—oo (1.2)

k=0
The series ZUH is said to summable to the number s by the (E,1) method

n=0

(Hardy [14]).
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Let {t,f?} denote the sequence of (C, 2) mean of the sequence {s, }. If the
(C, 2) transform of s, is defined as
2 > (n—k+1)s, (f;x) >sasn— o (1.2)

WX = ) &

the series ZUH is said to be summable to the number s by (C, 2) method

n=0
(Cesaro method).
Thus if
LT J—— i(”—kﬂ)ii[njs (f;x) >sasn—oo(
" (n+1)(n+2) = 2=\
1.3)

Where t> % denotes the sequence of (C,2)(E,1) product mean of the

sequence s,. The series Zun is said to summable to the number s by
n=0

(C,2)(E,1) method. We observe that (C,2)(E,1) method is regular.
Let f be 27 -periodic and Lebesgue integrable function. The Fourier

series associated with f ata point x is defined by

f(x) ~ a—2°+i(an cosnx-+b, sinnx)= 3" A, (x) (1.4)

n=1
with partial sum s (f;X).
Throughout this paper, we use following notations:

P(t) =(X, t) = F(X+t)+ FT(x—1t) — F(X)

~ 1 G n-k+13& J(ksin(v+1/2)t
Mn(t)—ﬂ(nﬂ)(n”);{ ok Z;{(V} sin(t/2) H

2. Main Theorem

We prove the following theorem
Theorem . If f:R— R is 2z -periodic, Lebesgue integrable on [—r, 7]

and belonging to Lip(cf(t), r) class then the degree of approximation of f by
the (C,2)(E,1) product means

t 5 (f;x)

n n

2 1 n _ _ _
= ey 2Nk o s, (f;x) of its Fourier serie
(n+1)(n+2)§( + )2k ;(VJ v( ) ItS Fourier series

(1.4) is given by
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1
C,.E _ f — - )
b r O(§(n+ln
3. Lemmas
3.1Lemmal
For 0<t<1/(n+1), |K,(t)=0(n+1).
Proof

For 0<t<1/(n+1), sinnt<nsint

1 (n k+1) sin(v +1/2)
|M”(t)|s7z(n+l)(n+2)kz(;_ zou sin(t/2) }

1 0 [ (n— k+1) v +1)sin(t/2)
M, ©) < z(n+1)(n+2) [F| Z_;‘(vj sin(t/2) }

I

k=0

< 1
z(n +1)(n +2)

Z[(n k+1)(2k +1)]

_7z(n+1)(n+2)
n+1 1
ﬂ(n+1)(n+2)z( (n+1)(n+2)z[k(2k+1)]
1

7z(n+2)z( ;z(n+1)(n+2)[ Z +Zk }
~ (n+1)? 1 {n(n+1)(2n+1)+n(n+1)}
7r(n+2) 7r(n+l)(n+2) 3 2

=0(n+1).

3.2Lemma 2

Forl/(n+1) <t<r, |K,(t)=0(/t).

Proof
For 1/(n+1)<t<x, applying Jordan’s lemma, sin(t/2)>t/zand

sinnt<1.
(n— k+1) sin(v +1/2)
M, )] < kzz(;[ Z}UW}
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S5 o]

1 9 1 n
Ttn+2)& th+)(n+2) ;k
—O(U/t).

o
z(n+1)(n+2)

4. Proof of the Theorem

Following Titchmarsh [13] and using Riemann Lebesgue theorem,
s, (f;x) of the series (1.4) is given by

s.(10- 100 = [0 T

Using (1), the (E,1) transforms of s, (f;x) is given by

(ED sin(n+1/2)t
tED — f(x) = 2n+1j¢( )(ko(kJ—sin(t/Z) ]dt

The (C,2) (E,1) transform of s.(f;X) is given by

s o (—k+DF_4() J :
f( ) 7z(n+1)(n+2) & 0|: Ism(t/Z)l ( jSIn(V+l/2)t}dtj|

:f¢a)Kna)dt

l/(n+1)

j SH)K_ (1) dt+ j #(t) K, (t) dt

1/(n+1)
=1, +1, (4.1)

1/(n+1)

Now, I, = [&()|K, () dt
1/(n+1)
:O{ J.f(t)(n +1) dt}, by Lemma (1)

1/(n+1)
=0(n +1){ j £(t) dt}
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1/(n+1)
= (O(n +1)§(ni+lj] j dt, where 0< & <1/(n+1)

by first mean value theorem of calculus

Ry

Lastly, 1, :O{ ]E¢(t) K, () dt}

1/(n+1)

:O{ _T _s® dt] by lemma ( 2)

1/(n+1) (n+1)t

(%)

Combining (4.1)-(4.3), we get

C,E 1
w1l =of 1)

This completes the proof of the theorem.

5. Conclusions
The result of main theorem is

o2& f

-{45)

from which the results of H.K. Nigam [12] can be derived directly.
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Abstract

The uniqueness problems of an entire functions that share a nonzero
finite value have been studied and many results on this topic have
been obtained. In this paper we prove a uniqueness theorem for an
entire function, which share a linear polynomial, in particular fixed
points, with its higher order derivatives.
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1 Introduction, Definitions and Results

Let f be a non-constant meromorphic function in the open complex plane
C. A meromorphic function a = a(z) is called a small function of f if T'(r,a) =
S(r, f), where T'(r, f) is the Nevanlinna characteristic function of f and S(r, f) =
o{T(r, f)}, as r — oo, possibly outside a set of finite linear measure.

Let f and g be two non-constant meromorphic functions and a = a(z) be a
polynomial. We say that f and g share a CM if f — a and g — a have the same
zeros with same multiplicities. On the other hand, we say that f and g share a IM
if f —a and g — a have the same zeros ignoring multiplicities. We express the
CM sharing and IM sharing respectively by the notations f = a = g = a and
f=asg=a.

Let z;(k = 1,2,...) be zeros of f — a and t; be the multiplicity of the zero
2. If z1,(k = 1,2, .. .) are also zeros of g — a and the multiplicity of the zero z is
at least ¢, then we use the notation f = a — g = a.

For standared definitions and notations of the distribution theory we refer the
reader to Hayman [1964].

The problem of uniqueness of meromorphic functions sharing values with
their derivatives is a special case of the uniqueness theory of meromorphic func-
tion. There are some results related to value sharing.

In the begining, Jank, Mues and Volkmann Jank et al. [1986] considered the
situation that an entire function shares a nonzero value with its derivatives and
they prove the following result.

Theorem A. Jank et al. [1986]. Let f be a non-constant entire function and a be
a non-zero finite value. If f, fV) and f® share a CM, then f = f().

Following example shows that in Theorem A the second derivative cannot be
replaced by any higher order derivatives.

Example 1.1. Let k(> 3) be an integer and w(# 1) is a (k — 1) root of unity. We
put f =e** +w — 1. Then f, fY and f*) share the value w CM, but f % fO).

On the basis of this example, Zhong improved Theorem A by considering
higher order derivetives in the following way.

Theorem B. Let f be a non-constant entire function and a be a non-zero finite
number. Also let n(> 1) be a positive integer. If f and Y share the value a CM,
and if f™(z) = f"+)(2) = a whenever f(z) = a, then f = f™.

In 2002, Chang and Fang [2002] extendeed Theorem A by considering shared
fixed points.
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Theorem C. Chang and Fang [2002]. Let | be a non-constant entire function. If
f, £ and @ share = CM, then f = fO.

Later in 2003, Wang and Y1 [2003] improved Theorem A and generalize The-
orem B by considering higher order derivatives in the following way.

Theorem D. Wang and Yi [2003]. Let f be a non-constant entire function and
a be a non-zero finite constant. Also let m and n be positive integers satisfying
m > n. If f and O share the value a CM, and if f™(z) = f"(2) = a
whenever f(z) = a, then

f(z) = AeM+a-— %,

where A(# 0) and X are constants satisfying \" ™' = 1 and \™~! = 1.

In this paper we improve Theorem D by considering the situation when a non-
constant entire function f shares a linear plynomial a(z) = az + 3, a(# 0) and
B are constants, with higher order derivatives. The main result of the paper is the
following theorem.

Theorem 1.1. Let f be a non-constant entire function and a(z) = az + 3 be a
polynomial, where (3 0) and (5 are constants. Also let m amd n be two positive
integers satisfying m >n > 1. If

f(z) = a(z) = fV(2) = al2)

and
f(2) = a(z) = [7(2) = f™(2) = a(2),
then
f(z) = Ce?

f(z) = Ce*H4alz)— a(;) + Oé(l)\; )\)’

where C and )\ are non-zero constants.
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2 Lemmas

In this section we state some necessary lemmas.

Lemma 2.1. Ngoan and Ostrovskii [1965]. Let f be an entire function of order
at most 1 and k be a positive integer, then

m (r, #) = o(log ),

asr — oo.
The above lemma motivates us to prove the following:

Lemma 2.2. Let f be an entire function of finite order and k be a positive integer.
Then for any small function a(z) with respect to f(z),

m <r, 100 - “(k)(z>) = o(log ),

asr — oo.
Proof. Let g(z) = f(z) — a(z). Then
g(2) = fO(2) = a®(2).

Now by Lemma 2.1 and using above equality, we have

m (r, 9;2?) = o(log ),

as r — oo. This implies

N (r FO(2) — a®)(z)
Cf() —alz)

as r — oo. This proves the lemma. [

) = ottoxr).

Lemma 2.3. Clunie [1962]. Let f be a transcendental meromorphic solution of
the equation

f"P(f) = Q(f),

where P(f) and Q(f) are polynomials in f and its derivatives with meromorphic
coefficients a; (say). If the total degree of Q(f) is at most n, then

m(r, P(f)) < Z m(r,a;) + S(r, f).
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Lemma 2.4. Chen and Li [2014]. Let a(z) be an entire function of finite order
and Q)(z) be a non-constant polynomial. If f is an entire solution of the equation

f(k) _ eQ(Z)f _ a(z)
such that p(f) > p(a), then p(f) = oc.
We use this Lemma to prove the following one.

Lemma 2.5. Let f be a non-constant entire function of finite order and a(z) =
az+ 3 be a polynomial, where a(# 0) and [ are constant. Also let k be a positive

integer. If f(2) and f*)(z) share a(z) CM, then
f¥(z) —a(2) _
FEETCEN -

for some nonzero constant c.

Proof. Since f has finite order and since f(z) and f*)(z) share a(z) CM, it fol-
lows from the Hadamard factorization theorem that

k
f(z) —a(2)
where ()(z) is a polynomial.
Suppose that F((z) = f(z) — a(z). Then F®)(z) = f®)(2).
From (2.2) and above equality, we have

F®(2) — QPP (2) = a(2).

If Q(z) is non-constant, then from above equality and by Lemma 2.4, we get
F has infinite order. Since f has finite order, this is impossible. Hence Q(z) is
a constant. Therefore from (2.2), we obtain (2.1) for a non-zero constant c. This
proves the lemma. O

Lemma 2.6. Let [ be a transcendental entire function of finite order and a(z) =
az + [ be a polynomial, where a(# 0) and [ are constants. Also let m be a
positive integer. If

(i) m (r, ;> =S(r, f),

(2)—a(z)
(ii) f(2) = a(z) = [D(2) = a(2)
and
(iii) f(2) = a(z) = f")(2) = a(2),
then
f(z) =Ce?,

where C'is a non-zero constant.
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Proof. Let

F9() — a(z)

"0 = e e

(2.3)

Since f(z) and f™)(z) share a(z) CM, we see that h(z) is an entire function.
Now by Lemma 2.1, Lemma 2.2 and from the hypothesis of Lemma 2.6, we

deduce that

T(Tv h(z)) = m(r, h(Z))
1)

f(z) —a(z)

We rewrite (2.3), as

%) = h=)f(2)
= &i(2)f(2)

where £ (z) and 7, (z) are defined by
&i(2) = h(z), m(z) = a(2)(1 = h(2)).
By (2.5), we have

a(z)(1 = h(z))
m(2),

ﬂ%@::&@vﬂm+a<>ﬂ>+mWa
= (&) () +m)] + V) f(2) + 0t (2)
= mlv»+a<><>u<>+m,@»+m<><>
= &(2)f(2) +m(2),

where

&(2) = £(2) + &1(2)&1(2) and m(2) = 1V (2) + m(2)&1(2).

Now from above equality and using (2.5), we get

Oz = &) fV%) + &) f(2) + i (2)
= &) + ()& (2) + 1 (2) + m(2)&(2)
= &(2)f(2) +m(2),
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where

&(2) = &V (2) + &1(2)&(2) and m3(2) = 1V (2) + m (2)Ea(2).

Similarly,
fB) = &) f(2)+m(2), (2.6)
where
E1(2) = €7 (2) + &1(2)&(2) @.7)
and
meai(2) = 0 (2) + ml2)&(2). (2.8)

Puting £ = 1 in (2.7), we have

&(2) = &)+ & ()& (2)
= h2(2)+rW(2).

Again puting k£ = 2 in (2.7), we get

(1)

&(z) = & (z)+$1( )¢ ( )
= [1%(2) + hV()] Y + (=) B (2) + BO(2)
h3(2) + h P (2) + 3h(2)hV(2).
Similarly,

€4(2) = h*(z) + h¥(2) + 4h(2)hP) (2) + 3 [20°(2) + AW (2)] hD(2).
Hence using mathematical induction, one can easily check
(2) = W)+ Bealz h(2)), (2.9)
where P;_1(z,h(z)) is a polynomial such that total degree degPy_1(z, h(z)) <

k—11in h(z) and its derivatives, and all coefficients in P,_;(z, h(z)) are constants.
Now putting £ = 1 in (2.8), we have

m(z) = ni(2) + m(2)&(2)
= [a(z)(1 — h(2)]" + a(2)(1 — h(2))h(2)
= —a(2)h?(2) — a(2)hWV(2) + (a(z) — a)h(2) + a.
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Again putting k£ = 2 in (2.8), we get

m(z) = 05" (2) +m(2)€(z
(

)

= [— (2)h*(2) —a z)h (Z)—i-(a(z) a)h (Z)—i-oz}(l)
+a(2)(1 = h(2))(h*(2) + b (2))

= —a(2)h*(z) — a(2)h?(2) + [2a(z) — 3a(z)h(2) — 2a] KV (z)
+(a(z) — a)h*(2) + ah(z).

Similarly,
= —a(2)h*(2) — a(2)h®(2) + [3a(z) — 4a(2)h(z) — 3a] KD (2)

+ [5a(z)h(z) — bah(z) — 6a(z)h*(z) — 3a(2)hM (2) + 3a] A (z)
+(a(z) — @)h?(2) + ah?(2).

Like the previous one, it can be easily verified that

ne(2) = —a(2)h*(2) + Qr_1(z, h(2)), (2.10)

where Q;_1(z, h(2)) is a polynomial such that total degree degQy_1(z,h(z)) <
k — 1in h(z) and its derivatives, and all coefficients in Qy_;(z, h(z)) are either
constants or polynomial a(z).

From (2.4) and (2.9), for k = 1,2, ---, we have

T(r,&(2)) = T(r,h*(2) + Peoa(2,h(2)))
< T(r,h*(2)) + T(r, Po_1(2, h(2))) + log 2
~ S(rf).
Similarly,

T(r,me(z)) = S(r, f).

From hypothesis of Lemma 2.6, we have

N (r, Erre ia(z)) — T f(2) - m (r, e a(z)) +0()
= T(r,f(2))+S(r, f), (2.11)

which implies that f(z) — a(z) must have zeros.

Let z; be a zero of f(z) — a(z) with multiplicity (7). Since f(z) = a(z) —
™ (2) = a(z), we see that z; is also a zero of f™)(z) — a(z) with multiplicity
at least §(j). Hence f(z;) = a(z;) and f™(z;) = a(z;).
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It follows from (2.6) that, for £ = m,
Fi(2) = &m(2) f(2) + 0m(2) (2.12)
and then
a(z) = a(z;)ém(z;) + nm(2).
Now we shall prove that,
a(z) = a(2)&n(2) + 1mm(2). (2.13)
Otherwise,
a(2)ém(2) + mm(2) —a(z) £ 0.
From (2.12), we have
a(2)m(2) + nm(2) —a(z) = (F1"(2) = a(2)) = &u(2)(f(2) — a(2)).

By the reasoning as mentioned above, we deduce that z; is a zero of (f(™(z)—
a(z)) — &n(2)(f(2) — a(z)), that is, a zero of a(2)&,,(2) + nm(2) — a(z) with
multiplicity at least 6(j). It follows from this and the fact that &,,(z) and 7,,(2)
are small functions of f(z),

N ( ﬁ) =N ( e M a(z))

1
< (e e )
= S(T, )7
which contradicts (2.11). Thus
a(z) = a(2)&n(2) + nm(2),

which is (2.13).
Now by induction we prove that

M (2) +a(2)6(2) = (a(z) = a)h*(2) + Ri-a(2,h(2)),  (2.14)

where Rj_1(z, h(z)) is a polynomial such that degRy_1(z, h(z)) < k — 1in h(2)
and its derivatives, and all the coefficients in Ry;_1(z, h(z)) are constants or poly-
nomial a(z).
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Firstly, from (2.7), (2.8) and for £ = 1, we have

m(z) +a(2)6(:) = o))+ m)E(E) +a) [67() +&a()a()]
1

= [a(z)(1 = h(2)]Y + a(2)(1 = h(2))h(z) + a(2)hD(2)
+a(2)h*(2)

= a(2)(=hM(2)) + a(l — h(2)) + a(2)h(z) — a(z)h?(2)
+a(z)h(z) + a(z)h’(2)

= (a(z) —a)h(z) +

Secondly, we suppose that the following equation holds

me(2) +a(2)6(z) = (a(z) — a)h" 1 (2) + Rpa(2, h(2)).
Now, by (2.7)—(2.10), we deduce that

1 (2) +a(2)&(2) = 0y (2) +m(2)&(2) + @xﬁka+a@maa>
= [ a(2)h*(2) + Qi1 (z,
+a(z) [W*(2) + Pea(2,
= —ka(2)h 7} (z) — ahf(z) + (
Ca(h()EE) + k(I (2) + a(z) [P
Vh(2)€x(2)

)]

a2 z z

k

2) [P (2, 0(2))) "
= (a(2) = a)h*(2) + Ri-1(2, h(2)),

which proves (2.14).
From (2.13) and (2.14), we obtain

(a(z) — @)™ 1(2) + Rp_a(2, h(2)) = a(2). (2.15)

Clearly, Ry_o(z, h(2)) # a(z). Othewise, from (2.3), (2.15) and the hypothesis of
Lemma 2.6, we have a contradiction. Hence by Lemma 2.3 and from (2.15), we
can deduce that i(z) must be constant.

From (2.7) and &;(z) = h(z), we have

&a(2) = P2(2), &(2) = hP(2), &alz) = h'(2).
Similarly,

&(2) = W (2), for k=1,2,.... (2.16)
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Now, from (2.8) and 7;(2) = a(z)(1 — h(2)), we get

m(z) = (1—h(z))(a+a(z)h(z)),
n3(z) = (1= h(z))(a+a(2)h(2))h(2),
m(z) = (1—h(z)(a+a(z)h(z)h*(2).

Similarly,
m(2) = (1—h(2)(a+a(2)h(2))h*2(2), for k=2,3,.... (2.17)

From (2.13), (2.16) and (2.17), we have

a(z) = a(2)h™(2) + (1 = h(2))(a + a(2)h(2))h"*(2)
= h"72(2) [a(2)h*(2) + a(l = h(2)) + a(2)h(z) — a(2)h*(2)]
= () [a(2)h(2) + a(l = h(2))],

which implies that h(z) = 1.
Hence from (2.3) and h(z) = 1, we can obtain

() = f(2).
This implies
f(z) =Ce.

where C'(# 0) ia a constant. This proof the Lemma 2.6.

3 Proof of the theorem 1.1

First we verify that f(z) cannot be a polynomial. Let f(z) be a polynomial of
degree 1. Suppose that f(z) = Az + By, where A;(# 0) and B; are constants.
Then f(z) = Ay, f™(z) = 0 = f™(z). Now 42 is the only zero of
f(z) —a(z), Al 4125 ig the only zero of fM(z) — a(z) and —g is the only zero of
f0(2)—al(z). Since f(2) and fM(z) share polynomial a(z) CM and the zeros of
f(2) — a(z) are the zeros of f™(z) — a(z), we have A1 Af —g and so A; =0,
a contradiction.

Now let f(z) be a polynomial of degree greater than 1. Suppose thatdeg(f(z)) =
p. Then deg(f(z) —a(z)) = p and deg(fV(2) — a(z)) = p — 1, it contradicts the
fact that f(z) and f()(2) share polynomial a(z) CM.

Hence f(z) is a transcendental entire function. Thus 7'(r, a(z)) = S(r, f).
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To prove the theorem let us consider two functions defined as follows.

a(z) —aM(2)) (2 2)(fP(2) —aM(z
o(2) (a(z) ()" (z) — a(z)(f(2) (2))

- 7o) a2 G-D
and
{al2) = aD () () = a()(FO() = aV ()
U(z) = o al . (3.2)

Then ®(z2) £ U(z2).

We know from the hypothesis of Theorem 1.1 that ®(z) and ¥(z) are entire
functions. Then, by Lemma 2.1 and Lemma 2.2, we have

T(r,@(2)) = m(r,®(2))

o ( (a(=) — aD () F)(2) — a(=)(FV(z) - a<l><z>>>
’ 7(5) —ale)
e FTE) Y () —a(2)
< (’“) i —am) (’“ () —a() )
+ log 2
— St f)

Similarly,

T(r,¥(z)) =S(r, f).

We shall the following three cases.

Case 1. First we suppose that ®(z) # 0. Then by (3.1), we have

1
o(2)

From (3.1) and (3.2), we get

f(2) = a(z) + w7 {(a(z) — aV(2)) f™(2) = a(2)(fV(2) - a!V(2))}. (3.3)

Wy — (@) =aD(2) ey w4 gD
) = L) ) — w(a) 0 )+ ),

Therefore
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First we suppose that m > n > 2. Then from (3.4), we get

1 1 (D(2)f " (2) = ¥(2)f"™)(2))
fO(z) = al(z) a(z)(®(z) = ¥(2)) f(z) —al(z)

a®M(z) —a(z)

3.5)
Using Lemma 2.1 and from (3.5), we have

m (n m) — S(r. f). (3.6)

Next we suppose m > n = 2. Then from (3.4), we get

(f(2) = al2))(@(2) = ¥(2)a(z) = (2) + (a(z) = aD(2)@(2)(fP(2) — a(2))

—(a(2) = aW(2)) ¥ (2) f™(2), (3.7
where
1(2) = (a(z) = aV(2))(@(2)a(2) = (@(2) — ¥(2))a(2)).
Clearly v(z) # 0.
If v(z) = 0, then
A
(I)(Z) - CL(Z) . a(l)(Z’)\Ij( )7

which is a contradiction because ®(z) and W(z) are entire functions and W(z) # 0
when a(z) — aV(z) = 0.
Now from (3.7) we get

o (@R) —Y(2)alz)  alz) - a(l)(z)q)<z)f(2)(z) —aM(2)
FO(z) —a(z) () 1z T () = al2)
a(z) —aW(2) Fm(2)
RV LECEE) (3-8)

Again using Lemma 2.1 and from (3.8), we get

1
mlr,——— | =95(r
(" 7o =) =500
which is (3.6).
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Since ®(z) # 0, it follows from (3.3) and Lemma 2.1 that

T(r, f(2))

IN

IN

a(2) ~ @) (z) — a(2){(2) + a(2)a
m (r, a(z) + 5 )
m(r,a(z m(r (a(2) = a)f"™(2) — a(2) fD(2) o ( aa(z)
e ( o(z) )* ( <1><2>)
+log 3
" (af()z—)a) J;(:))((Z)) -1
m (na<z>f (- ) 480

(al)=0) £0) _
O G 10 +m(r, fD(2)) + S(r, f)

®(2)

mi\r f(m)<Z) — miTr ) z T
(T~ 1)+ mr 1) + 56

T(r, fY(2)) + S(r, f). (3.9)

Applying Lemma 2.1, We can easily see that

T(r, fY() = mr, fO)
W,

f(z)
()
< n(n ) o)
= m(r, f()) + S(r, f)
< T(r f(2))+ S(r. f). (3.10)
Combining (3.9) and (3.10), we have
T(r, fO(2)) = T(r, f(2)) + S(r f). (3.11)

Since f(z) and f(V)(2) share a(z) CM, by using (3.6) and (3.11) together with
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the First Fundamental Theorem, we obtain

1
5 (i e ) +50
1
= (g ) 900
= S, f)
Hence by Lemma 2.6, we have
f(z) =C¢,

where C'(# 0) is a constant.

Case 2. Now we suppose that W(z) # 0. Then following the similar argu-
ments of Case-1 and using Lemma 2.6, we have

f(z) =Ce.
where C'(# 0) is a constant.

Case 3. Finally we suppose that ®(z) = 0 and ¥(z) = 0. Then from (3.1)
and (3.2), we get

(a(z) — aM(2)) f7™(2) — a(2)(fV(z) —aM(2)) = 0 (3.12)
and

(a(2) = aV(2)) f™(2) = a(2)(fP(2) — a®(2)) = 0. (3.13)
Now subtracting (3.13) from (3.12), we have

(a(z) = aV(2)(F™(2) = f*(2)) = 0.

Since a(z) # aM(z), we get
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Solving this we have
f(2) = po + 1" + pae" + -+ pp_pe’ 7,

where t1, ty, - -+ , t,,_, are distinct (m — n)™ roots of unity and py, p1, pa, - - -
Pm—n are constants.
Since f(z) and f™)(2) share a(z) CM, applying Lemma 2.5, we get

for some nonzero constant \.
Solving above equality, we obtain

a(z) N all —N)

£2) = O™ +a(s) - 2 + T2,

where C'(# 0) is a constant. This completes the proof of Theorem 1.1.

4 Conclusions

After the above discussion we arrive at the conclusion that if an entire function
and its first derivative share a linear polynomial with counting multiplicity and it
partially shares the linear polynomial with its two higher order derivatives then
the funtion is either one of the following two forms.

(i) f(z) = Ce?,
(i1) f(z) = Ce* +a(z) — 42 4 2D
where (' and )\ are non-zero constants.
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On commutativity of prime and semiprime
rings with generalized derivations

Md Hamidur Rahaman*

Abstract

Let R be a prime ring, extended centroid C' and m, n, k > 1 are fixed
integers. If R admits a generalized derivation F' associated with a
derivation d such that (F(x) o y)™ + (z o d(y))" = 0 or (F(x) oy,
y)*+z0,d(y)=0forall z,y € I, where I is a nonzero ideal of R, then
either R is commutative or there exist b € U, Utumi ring of quotient
of R such that F'(x) = bx for all x € R. Moreover, we also examine
the case R is a semiprime ring.

Keywords: Prime rings, Semiprime rings, Extended centroid, Utumi
quotient rings, Generalized derivations.

2010 AMS subject classifications: 16W25, 16N60, 16U80. !

1 Introduction

R is always an associative ring with centre Z(R), extended centroid C' and
Utumi quotient ring U. For further information, definitions and properties on
these concepts refer to Beidar and Martindale [1996]. For any z,y € R, the sym-
bols [z, y| and z o y stand for the Lie commutator xy — yx and Jordan commutator
xy + yx respectively. Given z,y € R, wesetzoyy = x,x01y =20y = 2y +yx
and inductively x o,y = (z0,,_1y) oy for m > 2. Recall that a ring R is prime if
for any a,b € R, aRb = {0} implies that either « = 0 or b = 0 and is semiprime
if for any @ € R, aRa = {0} implies that a = 0. Every prime ring is a semiprime
ring but semiprime ring need not be prime ring. The socle of a ring R denoted by
Soc(R) is the sum of the minimal left (right) ideals of R, if R has minimal left
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(right) ideals, otherwise Soc(R) = (0). The goal of this paper is to establish that
there is a relationship between the structure of the ring 12 and the behaviour of
suitable additive mappings defined on R that satisfy certain special identities. In
particular we study the case when the map is a generalized derivation of R. We re-
call that an additive map d : R — R is a derivation of R if d(zy) = d(z)y+zd(y)
for all z,y € R. In particular, d is an inner derivation induced by an element
a € R,if I,(x) = [a,x] forall z € R and d is outer derivation if it is not inner
derivation. An additive map [’ : R — R is said to be a generalized derivation if
there is a derivation d of R such that for all z,y € R, F(zy) = F(z)y + xzd(y).
All derivations are generalized derivations but generalized derivation need to be
derivation. During the past few decades, there has been an ongoing interest con-
cerning the relationship between the commutativity of a ring and the existence of
certain specific types of derivations (see Ashraf and Rehman [2002] , where fur-
ther references can be found). In Argac¢ and Inceboz [2009], Argac¢ and Inceboz
proved that: If R is a prime ring, / a nonzero ideal of R, k a fixed positive integer
and R admits a nonzero derivation d with the property (d(z o y))* = x o y for all
x,y € I, then R is commutative. In [Quadri et al., 2003, Theorem 2.3], Quadri
et al. discussed the commutativity of prime rings with generalized derivations.
More precisely, Quadri et al. proved that if R is a prime ring, / a nonzero ideal of
R and F' a generalized derivation associated with a nonzero derivation d such that
F(zoy)=xzoyforall z,y € I, then R is commutative. In Ashraf and Rehman
[2002], Ashraf and Rehman proved that if R is a 2-torsion free prime ring, [ a
nonzero ideal of R and d a nonzero derivation of R such that d(z) o d(y) =z oy
for all z,y € I, then R is commutative.

The present paper is motivated by the previous results and we here generalized
the result obtained in Ashraf and Rehman [2002] . Moreover, we continue this
line of investigation by examining what happens if a ring R satisfies the following
identities:

(i)(F(x) oy)™ + (z o d(y))" = 0, (i) (F(x) on y)* + x 0, d(y) = 0

for all x,y € I, a nonzero ideal of R. We obtain some analogous results for
semiprime ring in the case I = R. More precisely, we shall prove the following
theorems:

Theorem 1.1. Let R be a prime ring, / a nonzero ideal of R and m,n are fixed
positive integers. If R admits a generalized derivation F’ associated with a nonzero
derivation d such that (F'(z) oy)™ + (z od(y))" = 0 forall z,y € I, then either
R is commutative or there exist b € U, Utumi ring of quotient of R such that
F(xz) = bz forall z € R.
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Theorem 1.2. Let R be a prime ring, / a nonzero ideal of R and m, n, k are fixed
positive integers. If R admits a generalized derivation F' associated with a nonzero
derivation d such that (F(z) o,, y)¥ + z 0, d(y) = 0 forall x,y € I, then either
R is commutative or there exist b € U, Utumi ring of quotient of R such that
F(z) = bx forall z € R.

Theorem 1.3. Let R be a semiprime ring, U the left Utumi quotient ring of 12 and
m, n are fixed positive integers. If R admits a generalized derivation F' associated
with a nonzero derivation d such that (F'(z)oy)™ + (zod(y))" = 0 forall z,y €
R, then R is commutative.

Theorem 1.4. Let R be a semiprime ring, U the left Utumi quotient ring of R
and m, n, k are fixed positive integers. If R admits a generalized derivation F’
associated with a nonzero derivation d such that (F(z) o, y)* + x o, d(y) =
0 forall x,y € R, then R is commutative.

2  Preliminary results

Before starting our results, we state some well known facts which are very
crucial for developing the proof of our main result. In particular, we will make
frequent use of the following facts.

Fact 2.1. [Lee, 1992, Theorem 2] If I is a two-sided ideal of R, then R, and U
satisfy the same differential identities.

Fact 2.2. [Lee, 1999, Theorem 4] Let R be a semiprime ring. Then every gen-
eralized derivation F' on a dense right ideal of R is uniquely extended to U and
assumes the form F(x) = ax + d(x) for some a € U and a derivation d on U.
Moreover, a and d are uniquely determined by the generalized derivation F.

Fact 2.3. [Chuang, 1988, Theorem 2] If I is a two-sided ideal of R, then R, I and
U satisfy the same generalized polynomial identities with coefficients in U.

Fact 2.4. Let R be a prime ring and d a nonzero derivation on R and I be a
nonzero ideal of R. By Kharchenko’s Theorem [ Kharchenko, 1978, Theorem 2], if

[ satisfies the differential polynomial identity P(x1, xa, ...., Tp, d(x1),d(22), ...., d(z,)) =
0, then either d is an inner derivation or d is outer derivation and [ satisfies the
generalized polynomial identity P(xq, X2, ..., Tn, Y1, Y2, -y Yn) = 0.

Fact 2.5. [Chuang, 1994, Page no. 38] If R is semiprime then so is its left Utumi
quotient ring. The extended centroid C' of a semiprime ring coincides with the
center of its left Utumi quotient ring.
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Fact 2.6. [Lee, 1992, Lemma 2] Any derivation of a semiprime ring R can be
uniquely extended to a derivation of its left Utumi quotient ring U, and so any
derivation of R can be defined on the whole U.

Fact 2.7. [Chuang, 1994, Page no. 42] Let B be the set of all the idempotents in
C, the extended centroid of R. Assume R is a B — algebra orthogonal complete.
For any maximal ideal P of B, PR forms a minimal prime ideal of R, which is
invariant under any nonzero derivation of R.

3 Main Results

Theorem 1.1 Let R be a prime ring, / a nonzero ideal of R and m,n are fixed
positive integers. If R admits a generalized derivation F' associated with a deriva-
tion d such that (F'(z) o y)™ + (z o d(y))" = 0 forall z,y € I, then either
R is commutative or there exist b € U, Utumi ring of quotient of R such that
F(z) = bx forall x € R.

Proof. By hypothesis
(F(z)oy)™ + (zod(y)" =0 forall z,y € I. (1)

By the Fact 2.1 I, R and U satisty the same generalized polynomial identity (GPI),
we have

(F(z)oy)" + (zod(y))" =0 forall z,y €U. (2)

Since R is a prime ring and F' a generalized derivation of R, by Fact 2.2,
F(x) = ax + d(x) for some a € U and a derivation d on U. Then U satisfies

((az 4+ d(z)) oy)™ + (z o d(y))* =0 forall z,y € U. (3)
That is
(axoy+d(x)oy)" + (xod(y))" =0 forall z,y € U. 4)

In the light of Kharchenko’s theorem [Kharchenko, 1978, Theorem 2], we divide
the proof into two cases:-

Case I Let d be an inner derivation of U, that is, d(z) = [¢, «] for all z € U and
for some g € U. Then U satisfies

F(x,y) = (axoy+[g,z]oy)™ + (xolgy])" =0 forall z,y € U. (5)

In case C' is infinite, we have F(z,y) = 0 forall 2,y € U ®, C, where C
is the algebraic closure of C'. Since both U and U @, C' are prime and centrally
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closed Erickson et al. [1975], we may replace R by U or U Q) C according to
C' is finite or infinite. Thus we may assume that R is centrally closed over C
which is either finite or algebraically closed and F'(z,y) = 0 forall x,y € R.
By Martindale’s theorem [Martindale, 1969, Theorem 3], R is then a primitive
ring having nonzero socle, soc(R) with D as associative division ring. Hence by
Jacobson’s theorem [Jacobson, 1956, p.75], R is isomorphic to dense ring of linear
transformations of vector space V over C. Then the density of R on V' implies
that R = My (D), where k = dimpV. Assume that dimpV > 2, otherwise we
are done. Suppose that there exists v € V such that v and gv are linearly D-
independent. Since dimpV > 2, then there exists w € V such that {v, qv, w} is
linearly independent over D. By density of R there exist x,y € R such that

zv=0,2qu =w,yw =v,zw = 0,yv = 0, yqu = v. (6)

Multiplying equation (5) by v from right and using conditions in equation (6), we
get (—1)™v = 0, a contradiction. Now we want to show that qv = v for some
B € D. Let v, w be linearly independent. Then by the precedant argument, there
exist 3y, Bu» Borw € D, such that qu = v, qw = WPy, (V+w) = (V4+w) Bytw-
Moreover, v, +w/, = (v+w)B,14 and hence v(5, — Byrw) +W(Bw—Loiw) = 0.
Since v, w are linearly independent, we have 5, = 3, = [, that is 5 does not
depend on the choice of v.

Let now for r € R, v € V, by precedant calculation, qv = va, r(qv) = r(va)
and also ¢(rv) = (rv)a. Thus 0 = [g,7]v for any v € V, that is, [¢,7]V = 0
. Since V is a left faithful irreducible R -module, [¢,7] = 0 for all » € R i.e.,
q € Z(R)andd=0.

Case 2 Let d be an outer derivation of . Then by Fact 2.4, I satisfies the gener-
alized polynomial identity

(axoy+toy)" + (xot)" =0 forall z,y,t e I. @)

In particular, for y = 0, [ satisfies (zt + tz)" = 0. By Chuang [Chuang, 1988,
Theorem 2], this polynomial identity is also satisfied by () and hence R as well.
By Lemma 1 Lanski [1993], there exists a field /' such that R C M (F’), the ring
of k x k matrices over a field F', where k& > 1. Moreover, R and M, (F') satisfy
the same polynomial identity, that is (xt 4 tz)" = 0 for all ¢,z € My (F). Let e;;
be the usual matrix unit with 1 in the (4, j) entry and zero elsewhere. By choosing
t = ej9,x = ey1, we see that (zt + tx)" = (e11 + ex2)™ # 0, a contradiction.

Theorem 1.2 Let R be a prime ring,  a nonzero ideal of R and m, n, k are fixed
positive integers. If R admits a generalized derivation F' associated with a nonzero

derivation d such that (F(x) o,, y)* + x 0, d(y) = 0 forall x,y € I, then either
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R is commutative or there exist b € U, Utumi ring of quotient of R such that
F(z)=bxforallx € R.
Proof. By hypothesis

(F(z) omy)* + x0,d(y) =0 forall z,y € I. (8)

By the Fact 2.1 I, R and U satisty the same generalized polynomial identity (GPI),
we have

(F(x) o y)* + x 0, d(y) =0 forall a,y € U. )

By Fact 2.2, F'(z) = ax + d(x) for some a € U and derivation d on U. Then U
satisfies

((ax + d()) op y)* + x 0, d(y) = 0 forall z,y € U. (10)
That is
(az oy +d(x) 0 y)* + 10, d(y) =0 forall z,y € U. (11)

In the light of Kharchenko’s theorem [Kharchenko, 1978, Theorem 2], we divide
the proof into two cases:-

Case I Let d be an inner derivation of U that is d(x) = [g, ] for all z € U and for
some g € U. Then U satisfies

(az 0p y + [, 7] 0 y)* + 20, [q,y] =0 forall z,y € U. (12)
As in the proof of Theorem 1.1, we have
(ax o y + [q, 7] o y)* + 2 0, [q,9] =0 forall z,y € R. (13)

where R is a primitive ring with D as the associated division ring. If V' is finite
dimensional over D, then the density of R implies that R = M;(D), where k =
dimpV . Assume that dimpV > 2, otherwise we are done. Suppose that there
exists v € V such that v and qv are linearly D-independent. Since dimpV > 2,
then there exists w € V such that {v, qu, w} is linearly independent over D. By
density of R there exist z,y € R such that

v =0,zqv =w,yw = v, 2w = 0,yv = 0, yqu = v.

Multiplying equation (13) by v from right, we get (—1)™*v = 0 which is a contra-
diction to the linearly independent of the set {v, qv}. Therefore, {v, quv} is linearly
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dependent and so ¢ € Z(R), i.e,d = 0.
Case 2 Let d be an outer derivation. Then

(ax opmy+tomy) +x0,s5=0 forall z,y,s,t€ 1. (14)

In particular, choosing y = 0, we have s o, x = 0. By Chuang [Chuang, 1988,
Theorem 2], this polynomial identity is also satisfied by ) and hence R as well.
By Lemma 1 Lanski [1993], there exists a field F' such that R C My (F'), the ring
of k x k matrices over a field F', where k& > 1. Moreover, R and M, (F) satisfy
the same polynomial identity, that is, s o,, x = 0 for all s,z € My (F). Denote
e;; the usual matrix unit with 1 in (¢, j)-entry and zero elsewhere. By choosing
s = e, T = eq1, we see that s o, x = e15 # 0, a contradiction.

The following examples demonstrate that R to be prime can not be omitted in
the hypothesis of Theorem 1.1 and Theorem 1.2.

Example 3.1. For any ring S, let R = { ( g ‘g ) | z,y € S} and I =

{ ( 8 g ) |y € S}. Then R is a ring under usual addition and multipli-
cation of matrices and I is a nonzero ideal of R. Define maps F,d : R — R

ey 0 )= (5 8 maa( 8 )= (1 h) menrisa

generalized derivation on R associated with the nonzero derivation d satisfying
(F(z)oy)™+ (zod(y))" =0 forall x,y € I. However R is not commutative as
well as F' can not be written as F'(x) = bx for all x € R as d is nonzero. Hence
Theorem 1.1 is not true for arbitrary rings.

(= — (0
Example3.2.LetR—{<0 Z) Ix,y,zeZz}a"df—{<o 0)'

y € Zy p. Then R is a ring under usual addition and multiplication of matrices

0
xz 0 Ty 0 vy . . o
( 0 0 ) and d(( 0 » )) = ( 00 ) Then Fis a generalized derivation on
R associated with the nonzero derivation d satisfying (F(x) o,, y)* + 0, d(y) =
0 forall x,y € I. However R is not commutative as well as F' can not be written
as F(x) = bx for all x € R as d is nonzero . Hence Theorem 1.2 is not true for
arbitrary rings.

and I is a nonzero ideal of R. Define maps F,d : R — R by F(( . ZZ/ )) =

Theorem 1.3 Let R be a semiprime ring, U the left Utumi quotient ring of R and
m, n are fixed positive integers. If R admits a generalized derivation F' associated
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with a nonzero derivation d such that (F'(z)oy)™ + (zod(y))" =0 forall x,y €
R, then IR is commutative.

Proof. By Fact 2.6, any derivation of a semiprime ring R can be uniquely extended
to a derivation of its left Utumi quotient ring U and so any derivation of R can be
defined on the whole of U. Moreover, by Fact 2.3 I, R and U satisfy the same
GPIs and by Fact 2.1 I, R, U satisfy same differential identities. Also by Fact 2.2,
we have F'(x) = ax + d(z) for some a € U and derivation d of U. Then

((ax +d(x))oy)™ + (xod(y))" =0forall z,y € U. (15)

By Fact 2.5, we have Z(U) = C. Let M (C') be the set of all maximal ideals of
Cand P € M(C). By Fact 2.7, we have PU is a prime ideal of U invariant under
all derivations of U. Moreover, {PU | P € M(C)} = 0. Set U = U/PU.
Then derivation d canonically induce derivation d on U defined by d(Z) = d(x)
for all # € U. Therefore,

(a7 + d(@)) 0 )" + (F 0 d(y))" = 0

for all 7,77 € U. It is obvious that U is prime. Therefore, by Theorem 1.1,
we have for each P € M (C) either [U,U] C PU or d(U) C PU. In any case
d(U)|U,U] € PU forall P € M(C). Thus d(U)[U, U] C ({PU | P € M(C)
} = 0, we obtain d(U)[U,U] = 0. Therefore, [U,U] = 0 since ([{PU | P €
M(C)} = 0and d # 0. Since R is subring of U, so in particular [R, R] = 0.
Hence R is commutative. This completes the proof of the theorem.

Using the similar arguments as used in the proof of the above theorem, we can
prove the following theorem.

Theorem 1.4 Let R be a semiprime ring, U the left Utumi quotient ring of R
and k£, m,n are fixed positive integers. If R admits a generalized derivation F
associated with a nonzero derivation d such that (F(z) o,, y)* + x o, d(y) =
0 forall x,y € R, then R is commutative.
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Abstract

In [4], we introduced the notion of a—irresolute topological rings in
Mathematics. This notion is independent of topological rings. In
this note, we point out that under certain conditions an a—irresolute
topological ring is topological ring and vice versa. We prove that
the Minkowski sum 2 + ‘B of an a—compact subset 2l C R and an
a—closed subset B C R of an av—irresolute topological ring (R, <)
is actually a closed subset of R. In the twilight of this note, we pose
several natural questions which are noteworthy.
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1 Introduction

Let’s first introduce some notations. We denote a topological space by (X, <)
(or simply X') where ¥ is a non-trivial topology on X. For every topological space
(X, ), there is a finer topology on X which is called the a—topology on X and
is denoted by 3. In fact, I is the family of all a—open sets in X (with respect
to ). Njastad [3] showed that 3 is a topology on X.

In 2019 ([4]), we introduced a category of a—regular spaces called a—irresolute
topological rings. An a—irresolute topological ring, denoted by (R, <), is a ring
‘R that is endowed with a topology < such that the following mappings

(1) (R, $%) x (R, $%) — (R, S9)
(s, &) — ¢ — & forallg, E€R

and

(2) (R’ %a) X (Rv %a) — (Ra %a)
(¢, &) — ¢.Lforallg, E€R

are continuous.

The notion of a—irresolute topological rings has structural nuances and con-
ceptual niceties with the notion of topological rings. Structurally, it sounds that
there may be a strong relationship between these concepts. In this note, we point
out some conditions with which an a—irresolute topological ring is topological
ring and vice versa. For subsets 2, ‘B of R, we can define the so-called Minkowski
addition of two sets as

A+B={a+b:acA beB}

We describe that the Minkowski sum 2(+ B of 2 C R, an a—compact subset,
and 2l C R, an v—closed subset, is closed subset of K.

Definition 1.1. A subset U of a topological space (X, ) is said to be

(1) a—open [3] if U C Int(Cl(Int(U))).
(2) semi-open [2] if U C Cl(Int(U)).

The complement of an a—open (resp. semi-open) set is called a—closed (resp.
semi-closed).
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2 Main results

For an a—irresolute topological ring (R, <), let I" denotes the collection of
all a«—open subsets of R containing the additive identity 0 of R. In the sequel, we
use the following lemma:

Lemma 2.1. ([4, Corollary 3.9.1]) Let (R, ) be an a—irresolute topological
ring. Then for every U € I, there exists a symmetric o € I such that o + o C ‘8.

Definition 2.1. A subset U of a topological space (X, ) is said to be a«—compact
[1] if every cover of U by a—open subsets of X has a finite subcover.

Theorem 2.1. Let (R, ) be an a—irresolute topological ring. Let 2 and B
be any subsets of R such that 2 is a—compact and *B is a—closed satisfying
ANDB = (). Then there exists a set o € I with the property (A+oc)N(B+0) = (.

Proof. Let ¢ be an element of 2. By Lemma 2.1, there exists a symmetric o € I’
such that

sto.+o.+o.NB=10
or that
Ss+oc+o.NB+o. =0 (%)
Continuing in a similar vein, we obtain a family of a—open subsets,
T={c+o.:0.€l, ¢eA}
Since 2l is a«—compact, we have a finite subset J C 2{ such that
AC Hs+oc:0. €T, ceJ}
Consider the set
o=(Noc:c€J}
Then o is a«—open subset of R.
By virtue of (x),
R+o)N(B+0)=0. O
Theorem 2.2. Let (R, ) be an a—irresolute topological ring, A C R an

a—compact, and B C R an a—closed. Then A + B is a—closed subset of
R.

Proof. We prove this theorem by contrapositive. Let ¢ ¢ 2 + 5.
Then, by Theorem 2.1, for each v € 2, there exists a set 4, € I' such that
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(c+U)N(v+B+4U,) =0 (*)
Consider the collection of sets obtained form this fixed ¢,
r={v+4U, :veA}

By Theorem 3.1 in [4], 7 is a cover of 2l by a—open subsets of R. Therefore,
it has a finite subcover

o ={v+, v, €A, i =12, ..., n} (%)
To obtain the sets,
P =, : ¢ =1, 2, ... ,nh Q= UM, i =
1,2, ... , n}. (@)

By construction, 3 and £ are a—open subsets of R.
Because of (*) and (**), we have
(c+UL)N+B+,)=0,Vi=1,2, ... n.
(@)
Then (@) and (@ @) together complete the proof. O

Theorem 2.3. Let (R, ) be an a—irresolute topological ring, A C R an
a—compact, and B C R an a—closed. Then A + B is closed subset of R.

To prove Theorem 2.3, we need the following fact:

Theorem 2.4. Let (R, ) be an a—irresolute topological ring, 0 C R an
a—compact, and ¥V C R an a—closed satisfying c NV = (). Then there ex-
ist disjoint open subsets 3 and Q of R such that o0 C B and V C Q.

Proof. In light of Theorem 2.1, there exist a—open subsets Ll and ¥ of R such
that

o CU,VCYand UNY = 0.
Take B = Int(Cl(Int(4))) and Q = Int(Cl(Int(V))).
Then B, Q € I with P N Q = (. It finishes the proof. O

Proof of Theorem 2.3. Let ¢ ¢ A + B. By Theorem 2.2, A + B is a—closed
subset of R.

In view of Theorem 2.4, there exists an open subset *J3 C ‘R such that
sePand PN (A+B)=0.
This proves that 2l + ‘B is closed subset of R. Proof is over.

We now give two theorems, Theorem 2.5 and Theorem 2.6, having conceptual
niceties or that indicate the relationship between the topological rings and the
a—irresolute topological rings.
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Theorem 2.5. Let (R, ) be an a—irresolute topological ring such that every
nowhere dense subset of R is a—closed. Then (R, ) is a topological ring.

Proof. Let B be any a—open subset of R. Then 28 = O — V where O is an open
subset of R and V is nowhere dense subset of R. Now,

Let ¢ € 9B be any element. Then ¢ ¢ V. By hypothesis, V is a—closed subset
of R.

By dint of Theorem 2.4, there exist open subsets 4 and *U of ‘R such that
ceU, VT Yand UNY = (.
Whence we easily conclude that B is open subset of R. Hence (R, ) is a

topological ring. 0

Theorem 2.6. Let (R, ) be a topological ring such that every nowhere dense
subset of R is closed. Then (R, ) is a—irresolute topological ring.

Proof. Let *B be any a—open subset of R. Then ‘B = ¥ — V for some open
subset 3 C R and nowhere subset V C R. By given condition, V is a closed
subset of R.

Thus, for any ¢ € ‘B, there exist I, U € & with the property that
seid, VCYand UNY = 0.

Let O = B N L. Then evidently, O is open subset of R containing ¢ such that
© C B. Thereby it follows that (R, J) is an a—irresolute topological ring. [

Theorem 2.7. Let (R, ) be an a—irresolute topological ring. Then, for every
O €T, there exists o € T such that aCl(c) C O.

Proof. Let O € I'. By Theorem 2.1, there exists a set 0 € I" such that
ocN(O°+0o)=0.
This implies that
o C (D°4 o).
Consequently, aCl(o) C O. O

Definition 2.2. A ropological space (X, ) is said to be

(1) o — T if for distinct points x and y in X, there exists an c—open set U in
X such that eitherx € U, y ¢ Uory e U, x ¢ U.

(2) o — T if for distinct points x and y in X, there exist a«—open sets U and
Vin X suchthatz €e U,y ¢ Uandy eV, z ¢ V.

(3) o — Ty if for distinct points x and y in X, there exist disjoint a—open sets
UandV in X suchthatx € U, y ¢ Uandy €V, © ¢ V.
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Theorem 2.8. Let (R, ) be an a—irresolute topological ring. Then the follow-
ing are equivalent:

(1) (R, ) is a — Ty space.

(2) (R, Q) is a — T} space.

(3) (R, Q) is a — T3 space.

Proof. We prove only (1) implies (3). Other implications are obvious.

(1) implies (3): Let ¢ # 0. Without loss of generality, we may assume that
there is ¢ € I' such that ¢ ¢ o. Then, by Theorem 2.7, there exists © € I" such
that ¢ ¢ aCl(O).

By Theorem 2.1, there exists I € I" such that
(c+ %) N (aCl(O) +U) =0.
Thence we infer that ¢ + ${ and 4{ are disjoint a—open subsets of R containing

¢ and 0 respectively. Hence (R, <) is a—Hausdorff space. O

We end this note with some open questions. Imbibing theorems, Theorem
2.3, Theorem 2.5, and Theorem 2.6, we point out several interesting and pertinent
questions which are worthy to the healthy discussion about the interconnection
between the a—irresolute topological rings and the topological rings.

Question 1 . Does there exist an a—irresolute topological ring (R, <) which is
also a topological ring but & # §?

Question 2 . Can we have a finite a—irresolute topological ring which is not a
topological ring?

Question 3 . Is there any av—irresolute topological ring which is not a topological
ring showing the Essentiality of each condition in Theorem 2.37

Question 4 . Does there exist a topological ring which is not an a—irresolute
topological ring satisfying Theorem 2.3?

Question 5 . Can we replace ‘a—closedness’ in the statement of Theorem 2.5 by
a weaker form of it like semi-closedness, pre-closedness, etc.?

Question 6 . Can we replace ‘closedness’ in the hypothesis of Theorem 2.6 by a
weaker form of it like aa—closedness, semi-closedness, etc.?

Question 7 . Does there exist an a—regular topological ring which is not an
a—irresolute topological ring?
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3 Conclusions

In the literature it is a well known result that the algebraic sum of a compact set
and a closed set in a topological ring is closed set. In this note, we showed that the
algebraic sum 2l + ‘B of an a—compact subset 2l C R, and an av—closed subset
B C 'R of an a—irresolute topological ring R is a closed subset of R. In addition,
we have shown the equivalence of o — 7 spaces in a—irresolute topological rings
for: =0, 1, 2.

References
D. Jangkovic, I.J. Reilly and M. K. Vamanamurthy, On strongly compact topo-
logical spaces, Question and answer in General Topology, 6(1) (1988), 29-40.

N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer.
Math. Monthly, 70 (1963), 36-41.

O. Njastad, On some classes of nearly open sets, Pacific J. Math. 15 (1965),
961-970.

M. Ram, S. Sharma, S. Billawria and T. Landol, On a—irresolute topological
rings, International Journal of Mathematics Trends and Technology, 65 (2) (2019),
1-5.

383



384



Ratio Mathematica Volume 38, 2020, pp. 385-393

Properties of Quasinormal Groups (PQG)
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Abstract

A subgroup H of a group G is termed permutable (or quasi normal) in G if it
satisfies the following equivalent conditions:

For any subgroup K of G, HK (the product of subgroups H and K) is a group.
For any subgroup K of G, HK= KH, i.e., H and K are permuting subgroups. For
every g in G, H permutes with the cyclic subgroup generated by g. Also we say
that G=AB is the mutually permutable product of the subgroups A and B if A
permutes with every subgroup of B and B permutes with every subgroup of A.
We say that the product is totally permutable if every subgroup of A permutes
with every subgroup of B. In this paper we prove the following theorem.

Let G=AB be the mutually permutable product of the super soluble subgroups
A and B. If CoreG(ANB)=1, then G is super soluble.
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1 Introduction

All groups considered in this paper are finite. It is known that a group which
is the product of two super soluble groups is not necessarily super soluble, even
if the two factors are normal subgroups of the group. Baer proved in [3] that if
a group G is the product of two normal supersoluble groups and G’ is nilpotent,
then G is super soluble. The search for generalisations of Baer’s result has been
a fruitful topic of investigation recently (see [5,7]).

Most of the generalisations centre around replacing normality of the factors
by different permutability conditions. In [2], Asaad and Shaalan considered
products satisfying one of the following conditions. We will follow Carocca [6],
and say that G=AB is the mutually permutable product of the subgroups A and
B if A permutes with every subgroup of B and B permutes with every subgroup
of A. We say that the product is totally permutable if every subgroup of A
permutes with every subgroup of B. Essentially, the results by Asaad and
Shaalan are devoted to obtaining sufficient conditions for a mutually permutable
product of two supersoluble subgroups to be supersoluble. They prove in [2,
Theorem 3.8] the following generalisation of Baer’s theorem:

Let G be the mutually permutable product of the supersoluble subgroups A
and B. If G’ is nilpotent, then G is supersoluble.They also show that the result
remains true if “G’ nilpotent” is replaced by “Bnilpotent”[2, Theorem 3.2]. In
addition, they prove [2, Theorem 3.1]: If G is the totally permutable product of
the supersoluble subgroups A and B, then G is supersoluble. It is well known
that if G=AB is a mutually permutable product of two supersoluble subgroups
A and B such that ANB=I, then the product is in fact totally permutable
[6,Proposition 3.5], and therefore G is supersoluble. Our main Theorem is a
generalisation of this last property.

Theorem 1.

Let G=AB be the mutually permutable product of the supersoluble subgroups
A and B. If CoreG(ANB) =1, then G is supersoluble.

The second aim of the present paper has been to obtain more complete
information about the structure of mutually permutable products of two
supersoluble groups. As a straightforward consequence of Theorem 1, we have
that, in the notation used above, G/CoreG(ANB) is always supersoluble.
Therefore, every mutually permutable product of two supersoluble subgroups is
metasupersoluble. It is possible to obtain more precise information about its
structure, as our second main theorem shows.

Theorem 2. Let G=AB be the mutually permutable product of the
supersoluble subgroups A and B. Then G/F (G)is supersoluble and
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metabelian.This last theorem can not be improved easily, as the following
example shows.

Example. Let S3 be the symmetric group of degree 3, given by S3=(a,
B:02=PF3=1;pa=P2) and let T7 be the non-abelian group of order 73 and
exponent 7. Write T7= (a,b) with a7=b7=[a,b]7=1 and let c=[a,b]. We have
that S3 acts on T7 in the following way: aoa=b, ba=a, ca=c—1, ap=a2, bp=b4,
cpB=c. Thus, we can consider the semidirect product G=[T7] S3. Take now the
subgroups

A=T7 (B) and B=T7 (o) of G. Clearly both A and B are supersoluble,
and it is easy to check that G=AB is the mutually permutable product of A and
B. Finally, we show that Theorem 1 provides elementary proofs for the results
of Asaad and Shaalan about mutually permutable products.2.

Main results: The following four lemmas are needed to prove Theorem 1.

Lemma 1[4, Theorem 2]. If G=AB is the mutually permutable product of
the supersoluble subgroups A and B, then G is soluble.

Lemma 2. Let G=AB be the mutually permutable product of the supersoluble
subgroups A and B. Then, either G is supersoluble or NA < G and NB < G for
every minimal normal subgroup N of G.

Proof. Assume that G is not supersoluble. Then both A and B are proper
subgroups of G. Let N be a minimal normal subgroup of G and for contradiction
assume that NA=G. Then, as N is abelian, NNA is a normal subgroup of

(N,A) =G. Since N is a minimal normal subgroup of G and A<G, we have
that NNA=1 and consequently A is a maximal subgroup of G. Clearly, we can
also assume that B is not contained in A. It is not difficult to argue that we can
choose an element b of B\A such that bqeA for some prime . Since the product
G=AB is mutually permutable, A <b) is a subgroup of G and the maximality
of A implies that G=A (b) . We now take orders to reach our final
contradiction:

IAINI=|G|=|All (b) [JAN (b) |=g|A|. Consequently, we have that [N|=q and
then G is supersoluble, a contradiction.

Lemma 3. Let G=AB be the mutually permutable product of the subgroups
A and B and let N be any minimal normal subgroup of G. Then either
NNA=NNB=1 or N=(NNA)(NNB).

Proof. Let N be a minimal normal subgroup of G. Clearly A(NNB) and
(NNA)B are both subgroups of G. Note that A normalizes
NN(A(NNB))=(NNA)(NNB) and B normalizes NN((ANN)B)= (NNA)(NNB).
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Therefore (NNA)(NNB) is a normal subgroup of G and the minimality of N
yields the result.

Lemma 4. Let G be a group, and N a minimal normal subgroup of G such
that [N|=pn, where p is a prime and n>1. Denote C=CG(N) and assume that
G/Cis supersoluble. Then, if Q/Cis a subgroup of G/C containing Op'(G/C), we
have that Q is normal in G and N=[[ti=1Ni, where Ni are non-cyclic minimal
normal subgroups of NQ for i=1,....t.

Proof. Since by [8, Lemma A.13.6], we have that Op(G/C)=1 and the
commutator subgroup (G/C)’ of G/C is nilpotent because e G/C is supersoluble,
it follows that (G/C)'is a p’-group. Therefore (G/C)’is contained in Op'(G/C) and
thus Op'(G/C)is a Hall p’-subgroup of G/C. Consequently, Q/Cis a normal
subgroup of G/C and hence Q is normal in G. Consider now N as a G-module
over GF (p)by conjugation. Then, by Clifford’s Theorem [8, Theorem B.7.3], N
viewed as a Q-module is a direct sum N=[[ti=1Ni, where Ni are irreducible Q-
modules for i=1,...,t. Suppose that there exists ie{1,...,t}such that [Ni|=p. Then
clearly [Nj|=p for all j. Therefore Q/CQ(Ni) is abelian of exponent dividing p—1,
and the same is true for Q/C. In particular, Q/C=Op’(G/C) is a Hall p’-subgroup
of G/C. Since N is not cyclic, it follows that Q = G and thus p divides |G/C|.
Hence p is the largest prime dividing |G/C|. From the supersolubility of G/C, we
obtain that 1= Op(G/C) is a Sylow subgroup of G/C, a contradiction.
Consequently, Ni is a non-cyclic minimal normal subgroup of NQ for all
ie{1,t},as we wanted to prove.

Proof of Theorem 1. Let G=AB be the mutually permutable product of the
supersoluble subgroups A and B, with CoreG(ANB)=1, and suppose that G has
been chosen minimal such that its supersoluble residual GU is non-trivial. Let
N be a minimal normal subgroup of G contained in GU. Note that N is an
elementary abelian p-group for some prime p. Applying Lemma 2, we have that
both NA and NB are proper subgroups of G. Moreover, using Lemma 3, we
have that either N=(NNA)(NNB ) or NNA=NNB=I1. Assume first that
N=(NNA)(NNB).

(i) If NNA=1, then N is cyclic. Assume that NNA=1. It follows that N is
contained in B. Let NO be a non-trivial cyclic subgroup of N. Since ANO is a
subgroup of G, we have that NO =ANONN is anormal subgroup of ANO. Hence
every cyclic subgroup of N is normalised by A. Now let N1 be a minimal normal
subgroup of B contained in N. Since B is supersoluble, it follows

That N1 is cyclic and thus normalised by A. Hence N1 is a normal subgroup
of G. The minimality of N implies that N=N1 and consequently N is cyclic.

(i) NNA=1 and NNB=1.0n the contrary, assume that NNA=1. From (i), we
know that N is cyclic. Moreover, Nis contained in B. Hence ANNB= (ANB)N.
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Let L=CoreG(ANB)N). Clearlyy, N is contained in Land
L=LN({(ANB)N)=(LNANB)N. It is clear that G/L=(AL/L)(BL/L)is a mutually
permutable product of AL/L and BL/L suchthat CoreG/L((AL/L)N(BL/L))=1.
By the minimality of G, it follows that G/L is supersoluble. On the other hand,
since N is cyclic, we have that G/CG(N) is abelian. Hence G/CL(N) is
supersoluble and GUCL(N)=C. Note that C=NX(CNANB). Therefore CNANB
contains a Hall p’-subgroup of C. Since CoreG(ANB)=1 and Op’(C) is a normal
subgroup of G contained in CNANB, we have that Op’(C)=1. Moreover,
C'=(CNANB)’ is a normal subgroup of G contained in ANB. Consequently,
C'=1 and C is an abelian p-group. In particular, GU is abelian and thus GU is
complemented in G by a supersoluble normalizer D which is also a supersoluble
projector of G, by [8, Theorems V.4.2 and V.5.18]. Since N is cyclic, we know
that N is central with respect to the saturated formation of all supersoluble
groups. By [8,Theorem V.3.2.e], Dcovers N and thus N is contained in D. It
follows NDNGU=1, a contradiction.

(i) Either N=NNA or N=NNB. If we have N=NNA=NNB, then N is
contained in ANB, contradicting the factthat CoreG(ANB)=1. We may assume
without loss of generality that NNA=N.

(iv) AN and BN are both supersoluble. Since N=(NNA)(NNB) and N=NNA,
it follows that NNB is not contained in NNA. Let n be any element of NNB such
that n/ENNA, and write NO = (n) . Note that ANO is a subgroup of G, and
ANONN=(NNA)NO. Therefore NO(NNA) is a normal subgroup of ANO, and
consequently A normalizes (ANN)NO. This yields that A/CA(N/NNA) acts as a
power automorphism group on N/NNA. This means that AN is supersoluble. If
NNB=N, then BN=B is supersoluble. On the contrary, if NNB=N, we can argue
as above and we obtain that BN is supersoluble. Consequently, ACG(N)/CG(N)
and BCG(N)/CG(N) are both abelian groups of exponent dividing p—1. But then
G/CG(N)=(ACG(N)/CG(N))(BCG(N)/CG(N)) is a m-group for some set of
primes 7 such that if q€n, then q divides p—1.

(v) Let BO be a Hall n-subgroup of B. Then ABONN= ANN.

This follows just by observing that ABONNis contained in each Hall «'-
subgroup of ABO and every Hall 7’-subgroup of A is a Hall «’-subgroup of ABO.
Note that |G/CG(N)] is a m-number and ABO contains a Hall n-subgroup of G.
Therefore G=(AB0)CG(N). But then ANN is a normal subgroup of G. The
minimality of G yields either ANN= lor ANN= N. This contradicts our
assumption 1=NNA=N, and so we cannot have N=(ANN)(BNN). Thus, by
Lemma 3, we may assume NNA=NNB=1. Let M= CoreG(ANNBN). Then
NNM= N and G/M is supersoluble by the minimality of G. Again, we reach a
contradiction after several steps.

(vi) M=N. Suppose that M=N. Since G/M is supersoluble, we know that N
cannot be cyclic. Let us write C=CG(N), and consider the quotient group G/C.
It is clear that G/C is supersoluble. Let Q/C=0p(G/C). Since Op(G/C)=1 and
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(G/C)'is nilpotent, it follows that Q/C is a normal Hall p’-subgroup of G/C. Let
Bp' be a Hall p’-subgroup of B. Since |N| divides |B:ANB|, we have that
(ANB)Bp’ is a proper subgroup of B. Let T be a maximal subgroup of B
containing (ANB)Bp'. Then AT is a maximal subgroup of G and |G:AT|= p=
[B:T|. If N is not contained in AT, we have G=(AT )N and ATNN=1. Then |[N|=p,
a contradiction. Therefore, N is contained in AT. In particular, the family
S={X:X is a proper subgroup of B, (ANB)Bp'X and NAX} is non-empty. Let R
be an element of S of minimal order. Observe that AR has p-power index in G
and thus ARC/C contains Op’(G/C). Regarding N as a AR-module over GF (p),
we know, by Lemma 4, that N is a direct sum N=[[ti=INi, where Ni is an
irreducible AR-module whose dimension is greater than 1, for all ie{1,...,t}.
Assume that (ANB)Bp'=R. Then AR=ABp’ and thus N is contained in A, a
contradiction. Therefore ABp'NB=(ANB)Bp’ is a proper subgroup of R. Let S
be a maximal subgroup of R containing (ANB)Bp’. From the minimality of R,
we know that N is not contained in AS. Consequently, there exists some
1€{1,...,t} such that Ni is not contained in AS, which is a maximal subgroup of
AR. Hence AR=(AS)Ni. Since Ni is a minimal normal subgroup of AR, it
follows that ASNNi= land |[Ni|= |AR:AS|= |R:S|= p, a contradiction.

(vii) M is an elementary abelian p-group. Note that M=N(MNA)=N(MNB)
and [MNA|=MNB|=MJ/|N|. Moreover, A(MNB)is a subgroup of G such that
AMNB)NM= (MNA)(MNB). Hence (MNA)(MNB) is also a subgroup of G. If
MNA= MNB, then MNA is a normal subgroup of G contained in ANB. This
implies that MNA=1 and consequently M=N, a contradiction. It yields that
MNA=MNB. Next we see that (MNA)(MNB) is a normal subgroup of G. Since
(MNA)(MNB)= MNA(MNB), we have that A normalizes (MNA)(MNB).
Similarly, B normalises

(MNA)(MNB) since (MNA)(MNB)=MNB(MNA). This implies normality
of MNA)(MNB) in G. Let X=(MNA)(MNB). Since we cannot have MNA=
MNB, MNA must be strictly contained in X. Thus X=XNM=(XNN)(MNA) >
MNA gives us XNN=1. But then XNN=N, giving NX. Suppose that Q is a Hall
p’-subgroup of MNB. Then QA is a subgroup and so QANM=Q(MNA) is also
a subgroup which contains Q. Hence, as M:MNA|=pk for some k, we have that
QMNANB. Thus QBNMMNANB and similarly QANMMNANB.
Consequently, QM is contained in MNANB. Since QM=0p(M), it follows that
Op( M) is a normal subgroup of G contained in ANB. Hence Op(M)=1, a
contradiction, and consequently Q=1andMis a p-group. Hence N is contained in
Z(M) and M=Nx(MNA)=Nx(MNB). Thus ¢(M)=p(MNA)=p(MNB) is a
normal subgroup of G contained in ANB. This implies that ¢(M)=1 and M is an
elementary abelian p-group, as claimed. (viii) Final contradiction. We have from
the previous steps that MNA is not contained in MNB and that MNB is not
contained in MNA because otherwise, since [MNA|=[MNB]|, it follows that
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MNA=MMNB is a normal subgroup of G contained in ANB. This would imply
MNA=MNB=1, and M=(MNA)N=N. This fact contradicts step (vi).

Let x be an element of MNB such that x’€MNA. Then A (x) is a subgroup
of G, and so is MO=A (x) NM=(ANM) (x) . Therefore, MO is an A-
invariant subgroup of G. In particular, since M=(MNA)(MNB), we have that
every subgroup of M/MNA is A-invariant; that is, A/CA(M/MNA) acts as a
group of power automorphisms on M/MNA. It is clear that M/MNA is A-
isomorphic to N. Consequently, A/CA(N) acts as a group of power
automorphisms on N. This implies that A normalises each subgroup of N. A
nalogously, B normalises each subgroup of N. It follows that N is a cyclic group.
We argue as in step (ii) above to reach a final contradiction. We have that G/M
is supersoluble and M is abelian. Therefore GUM and thus GU is abelian and
complemented in G by a supersoluble normaliser, D say, by [8, Theorem
V.5.18]. Since N is cyclic, we know that D covers N and thus NGUND=1, a
contradiction. Proof of Theorem 2.

Let M=GU denote the supersoluble residual of G. Theorem lyields that
G/CoreG(ANB) is supersoluble. Therefore, M is contained in CoreG(ANB). In
particular, M is supersoluble. Let F(M) be the Fitting subgroup of M. Since A
and Bare supersoluble, we have that [M,AJF(A)NMF(M) and
[M,B]F(B)NMF(M). Consequently, [M,G] is contained in F(M). Note now that
the chief factors of G between F(M) and Mare cyclic,and recall that G/M is
supersoluble. Therefore, we have that G/F (M) is supersoluble. This implies that
M=F(M) and thus M is nilpotent. Consequently, G/F (G) is supersoluble. We
now show that G/F (G) is metabelian. We prove first that A’ and B’ both
centralise every chief factor of G. Let H/K be a chief factor of G. If H/K is cyclic,
then as G’ centralizes H/K, so do A’ an dB’. Hence we may assume that H/K is
a non-cyclic p-chief factor of G for some prime p. Note that we may assume that
H is contained in M because G/M is supersoluble and H/K is non-cyclic. To
simplify notation, we can consider K=1. Since F(G) centralizes H [8, Theorem
A.13.8.b], G/CG(H ) is supersoluble. Let Ap’ be a Hall p’-subgroup of A. By
Maschke’s theorem [8, Theorem A.11.5],H is a completely reducible Ap'-
module and HAp' is supersoluble because H is contained in A. Therefore
Ap'/CAp’(H ) is abelian of exponent dividing p—1. This implies that the primes
involved in |[A/CA(H )| can only be p or divisors of p—1.The same is true for
|B/CB(H )|. This implies that if p divides |G/CG(H )|, then p is the largest prime
dividing |G/CG(H )|. But since Op(G/CG(H ))=1 and G/CG(H ) is supersoluble,
it follows that G/CG(H ) must be a p’-group. Consider H as A-module over GF
(p). Since ACG(H )/CG(H ) is a p’-group, we have that H is a completely
reducible A-module and every irreducible A-submodule of H is cyclic.
Consequently A’ centralizes H, and the same is true for B'. Let now U/V be a
chief factor of G. Then G/CG(U/V )is the product of the abelian subgroups
ACG(U/V )ICG(U/V ) and BCG(U/V )ICG(U/V ). By Itd’s theorem [9], we
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have that G/CG(U/V )is metabelian. Since F(G)is the intersection of the
centralisers of all chief factors (again by [8, Theorem A.13.8.b]), we can
conclude that G/F (G) is metabelian.3. Final remarks Finally, Theorem 1 enables
us to give succinct proofs of earlier results on mutually permutable products.

Corollary 1[2, Theorem 3.2]. Let G=AB be the mutually permutable product
of the subgroups A and B. If A is supersoluble and B is nilpotent, then G is
supersoluble.

Proof. Assume that the assertion is false, and let G be a minimal
counterexample. We have that G is a primitive group, and so G has a unique
minimal normal subgroup, N say, with N=CG(N) a p-group for some prime p.
Since G is not supersoluble, applying Theorem 1, we know that CoreG(ANB)=1.
This yields that N is contained in ANB. Now, since N is contained in B, which
is nilpotent, it follows that any p’-element of B must centralize N. Since
CG(N)=N, we have that B itself is a p-group. Consequently, A must contain a
Hall p'-subgroup of G. Now let T/N=Op'(G/N). The previous argument yields
that T/N is contained in A/N. Note that if B=N, then G =AN= A is supersoluble,
a contradiction. Thus, N is a proper subgroup of B. This implies that p must
divide |G:T|. Since G/N is supersoluble, p must divideq—1 for some prime
gen(T/N). It is clear then that q can not divide p—1. Therefore, there exists a
Sylow g-subgroup Aq of A which centralizes N. Using that CG(N)=N, it yields
that Ag=1 and thus g does not divide |G|,a contradiction.

Corollary 2[2, Theorem 3.8]. Let G=AB be the mutually permutable
product of thes upersoluble subgroups A and B. If G’ is nilpotent, then G is
supersoluble.

Proof. We assume the result to be false, and choose a minimal
counterexample G. Thus, G is a primitive group with unique minimal normal
subgroup N. We also have that G=NM, where M is a maximal subgroup of
G,NNM=1 and N=F(G)=0p(G) for some prime p. Now G’ is nilpotent and thus
G'=F(G)=N. Therefore, M is an abelian group. Since N is self-centralising,
arguing as we did in the previous corollary, we have that N is contained in ANB.
Note that M~=G/N, and thus Op(M)=1. Since M is abelian, this yields that M
is a p’-group. Thus M is in fact a Hall p’-subgroup of G. Applying [1, Theorem
1.3.2], wehave that there exist a Hall p’-subgroup Ap’ of A and a Hall p'-
subgroup Bp’ of B suchthat M=Ap'Bp’. Since NANB, it follows that both Ap’
and Bp’ must have exponent dividing p—1.Regarding N as a M-module, it is easy
to see that M must be a cyclic group. Now, since M=Ap'Bp’ has exponent

392



Properties of Quasinormal Groups (POG)

dividing p—1, it follows that N is a cyclic group as well. This implies that G is
supersoluble, a contradiction.
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