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Abstract

In this paper, a new theorem on the approximation of conjugate of
functions belonging to the generalized Lipschitz class by Euler-Matrix
product summability method of conjugate series of Fourier series has
been obtained. Sometimes a series is not summable by any individual
summability method. But it becomes summable by taking product
summability means of given series. So working in this direction we
have used Euler-Matrix product summability method. Since Lipa
Lip (o, p) classes are the particular cases of generalized Lipschitz
class. Therefore, many of the known results may become particu-
lar cases of our result. On the bases of above facts we can say that our
result may be useful for the coming researchers in future.
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1 Introduction

The degree of approximation of functions belonging to various classes by us-
ing Cesaro, Norlund and generalized Norlund summability methods has been ob-
tained by a number of researchers like Chandra [1], Holland [3], Lal et al ([5],[6])
and Kushwaha [4], Qureshi [7]. Later on Tiwary et al [9] has discussed the de-
gree of approximation of functions by using (F, ¢) A product summability means
of Fourier series. No work seems to have been done so for to find the degree of
approximation of conjugate of functions belonging to generalized Lipschitz class
by using Euler-Matrix product summability means. Now, in this paper, we are
presenting a new theorem on the degree of approximation of conjugate functions
belonging to the generalized Lipschitz class by Euler-Matrix product summability
method. This new result may become the generalization of many of the known
results.

2 Definitions

In this section,we have given following definitions:

Definition 2.1. A function f € Lipa if
lf(x+1t)— f(x—1t)| =O(Jt|*) for 0 < a< 1.
Definition 2.2. A function f € Lip(a, p) if

™ 1/p
(T +0-ste—opac)  =0gen0<a<ipz1
0

Given a positive increasing function £(t) and integer p > 1,

f € Lip(&(t),p) if
1/p

l/vu+w—fu—wvm: — 0((t).

IfE(t) = t“, then Lip (£(t), p) coincides to Lip(a, p).
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Definition 2.3. L..-norm of a function f : R — R is defined by

[flloe = sup{[f(x)]/f : R = R}

L,-norm is defined by

27 I/P
1l = / F@r| st
0

The degree of approximation of a function f : R — R by a trigonometric

polynomial t,(Zygmund [11]) is defined by

[tn = flloo = sup {[tn = f| : @ € R} or[tn = fll, = minl[t, = fl.

Let f be 2w periodic and integrable over (—m, ) in Lebesgue sense and [ €

Lip (£(t),p) . Let its Fourier series be given by

1 [e.e]
ft) = 240 + ;(an cosnx + by, sin nx)

1 oo

The conjugate series of the Fourier series (1) is given by

Z(an sinnz — by, cosnx) = — Z B, (z).
n=1 n=1

If f is Lebesgue integrable, then

T €—0
0

F(2) = —% / W(E) cot(t/2)dt — —2inm () cot(t/2)dt

exists for almost all x (Zygmund [11]).
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Let T = (a, ) be an infinite lower triangular matrix satisfying Toeplitz (p.
131) condition of regularity i.e. a,, — 1 asn — oo, a,, = 0 for k > n and
n oo
S |an k| < M afinite constant. Let _, u,, be an infinite series whose k' partial
k=0 n=0
k n
sums is s = > u,. The sequence to sequence transformation t, = Qq i Sk
n=0 —
defines the sequence {t,} of lower triangular matrix summability means of se-
oo

quence {s,} generated by the sequence of coefficients (a, ). The series _ u,, is
n=0

said to summable to sum s by lower triangular matrix method if lim t, exists and
n—oo

is equal to s (Zygmund; p.74) and we write t,, — s(T'), as n — oc.

The (E, q) means of {s,} is defined by -
W, — 1 Xn: (n) s
"I+ e \k "

The (E, q) transform of Matrix transform A of s,, is defined by
1 "\ e
- n—kj
T <1+q>n§(k)q ¢
(1 + q)" k=0 k v=0 7

o0
If 7, — oo as n — oo, then the series Y, uy, is said to be (F,q) A-summable
n=0
to sum s.

We use the following notations :

(i) P(x,t) = flz +1) = fle—1).

N . n cos(v+1/2)t
(”) Mn(t) - 271—(11-',-(1)” Z ( ) {Z Oy, k 51n(t/2/) }

274



On the approximation conjugate of functions belonging to.......

3 Lemmas:-

For the proof of our theorem, we have required following lemmas:

Lemma 3.1. M, (t) =

Proof. For0 <t < (n+1)7!

| M(0)]

IN

IN

O(%)for()gtg (n+1)7t

1

2(1 + q)»

, we have

5 0 (i

v=0

| cos(v + 1/2)1t]

2 i

Lemma 3.2. M ,(t) = O (%) for(n+1)7' <t <.

Proof. For (n + 1)7! <t < m, we have by Jordan’s Lemma, sin(¢/2) >

)

(t/m), then

| M(0)]

IN

. i cos(v +1/2)
' {Z T in(t/2)

n COSIJ+1 2)t
)q { auk /)
v=0

w
Il 3
o
A A
> 3
N——
K
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4 Theorem

In this section, we have proved the theorem:

Theorem 4.1. Let f be a 2m-periodic, Lebesgue integrable function belonging to
Lip (&(t),p) class and T = (ay,,,) be an infinite lower triangular matrix. Then
the degree of approximation of conjugate function by (E, q) A-summability means
of its conjugate series of Fourier series is given by

7=l =0 (n+ 0 (),

provided £(t) satisfies following conditions:

Tem) o o
and ] g
1/(n+1)

where 0 ia an arbitrary number such that q(1 — ) —1 > 0, p~' + ¢~ = 1 such
that 1 < p < oo, conditions (3) and (4) holds uniformly in x.

Proof. The k'" partial sums of conjugate series of Fourier series (2) is given
by

27
k+1/2)t
Sk( ———/cott/2 dt—i—— M
27 sin(t/2)
0

5(fr2) = ——/cot t/2)1) QW/%MW&

Therefore making (A-transform) of 5i(f; x), we get

- cos(v+1/2)t
=] 27r/¢ Ik sin(t/2) (i) O

b(t)dt.
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Now, making (F, ¢) A-transform of 5, (f; =), we get

M, — fz) =

X

= L+ L. )
Clearly,
Wz +t) =@ - < |flutz+t) = fla+ )]+ [flu—z—1) = flz=1)|

Now,let

U(z,t) =Pz +t) -z —1)
Ui(u,z,t) = flutz+1) = flz+1)
¢2(U,Qf,t):f(u—.T—t)—f(x—t)

Hence, by Minkowski’s inequality

o 1/p
{ / w<x,t>|%zx} <

(&(2)) - (6)
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Then
f € Lip(&(t),p) = ¢ € Lip (§(t),p) -

Using the Holder’s inequality, ¢ (t) € Lip ({(t), p), condition (3), sint > (27/t),
Lemma 1, and second mean value theorem for integrals, we have

1/(n+1) ) VP = 1/nt1) o . 7Y
o= [ Csayal T (o
- o+ Y| [ (—f“)?"(”)th]l/q

1/(n+1) La
= O((n+ 1) / (%?)th]

= 0 ((n+ 1)'/7¢ (—nil)) D g =1 (7)

Using the Holder’s inequality, Lemma 2,
dition (4), we have

sint| < 1, sint > (2x/t), and con-

1/p 1/q
T s

Jaie] [ ey

1/(n+1) 1/(n+1)

< O((n+1)°) / (w)th

< O((n+1)) / (%o(A:’T))th

|15

IN
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r 1/q
= 0((n+1)°) / fl(_fz)SA”vT)) dt
1/(n+1)
[ (n+1) ] 14
1 q
= o) | [ (S a) Y
| /7 i
(n+1) 11/
d
o) [Tt

{(” +1)%¢ (%H) (O(n + 1)—‘1(5—1)—1)1/Q}
0 ((” +1)"rg (%H)) P g =1L

Collecting equations from (5) to (8), we get
)) , 1 <p<oo.

=Tl =0 (0 1 (

®)

n—+1

5 Corollaries:-

Corolary 5.1. If £(t) = t then the degree of approximation of a function f(x),
conjugate of f € Lz'p(a,p),% < a < 1by(E,q)A means is given by

17— F(@)ll, = O ((n+1)=+/7) 1 <p< oo

Corolary 5.2. If p — oo in case 1, then for 0 < o < 1, the degree of approx-
imation of a function f(x), conjugate of [ € Lipa by (E,q)A means is given
by

7 = (@), = O ((n+1)7%).
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