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To some structural properties of «o-languages

Ivan Meznik?!

Abstract

Properties of catenation of sequences of finite (words) and infinite (w-words)
lengths are largely studied in formal language theory. These operations are
derived from the mechanism how they are accepted or generated by the
corresponding devices. Finite automata accept structures containing only
words, w-automata accept only w-words. Structures containing both words
and w-words (co-words) are mostly generated by various types of co-automata
(co-machines). The aim of the paper is to investigate algebraic properties of
operations on oo-words generated by 1Gk-automata, where k is to model the
depth of memory. It has importance in many applications (shift registers,
discrete systems with memory...). It is shown that resulting algebraic
structures are of ,,pure“ groupoid or partial groupoid type.
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1. Introduction

The notion of an co-language was introduced by Nivat ([10]) as a free-monoid
structure containing words finite (,,clasical“ languages) and infinite (w-languages)
lengths. The theory of w-languages has been intensively developed so far, mostly as
a generalization of acceptance conditions of various types of automata
([1],18],19],[11],[12],[13],[14],[15] among others). Devices capable to accept (or
generate) simultaneously words or finite or infinite (w-words) lengths were described and
investigated in [2],[3]. Such devices (k-machines, 1Gk-machines) also provide to
implement the depth of memory and possess various applications (shift registers,
modelling of phenomena working in a discrete time scale). They also make a lot of
properties. In [3] lattice structures were described. The way how they generate words and
®-words motivates to study various types of catenation of words, which is the aim of the
paper. The paper is organized as follows. In Section 2 we introduce basic concepts. In
Sections 3 and 4 we examine properties of p-closure and p-operation, respectively.

2. Preliminaries

An alphabet is any finite set (including the empty set) and is denoted by ZX; its
elements are called letters. Let @ be the least infinite ordinal and n, 0 < n < w be an
ordinal. For X~ # @ the set of all finite sequences of elements of ¥ including the empty
sequence A is denoted by X2*, the set of all infinite sequences of elements of X by X“ and
the set X* U X® by Y. For ¥ = @, by definition, 2* = Y* = ¥* = @. The elements of
2™ are words, the elements of X“ are w-words, the elements of X* are oo-words. Instead
of (ag, ay, ...,an—1) € 2*,n = 1 and (ay, ay, ...) € 2“ we write simply aqa, ...a,_, and
apa, ... For w € X, the length of w, denoted by |w| is defined as follows: if w =
agaq ...ap_1 € 2" then |w| =n, if w = aqa, ... € 2 then |[w| = w and if w = A then
lw| = 0. A subset of X* and X® and X is referred to as a language and an w-language
and an co-language (over X) respectively. For L € X we define m(l) = inf{lw|;w €
L}.Letw € 2Z* — {1}, 1 <m < n < 1+ |w|; by w(n) we denote the n-th letter of w, by
w[m,n] the word w(m) ..w(n)and if |w| = w by w[m, w] the word w(m)w(m +
1) .... Instead of w[1, n] we write only w[n]. In case m > n we formally put w[m,n] =
A. The usual operation of catenation on 2* may be extended to X as a partial operation
as follows. Letw € 27, [w| = n,w' € X; if w' € X*, then ww’' is defined by catenation
onX2*and if w' € X¢, then ww' = w(D)w(2) .. wm)w'(Dw'(2) ... Forw € X*, k >
1, the symbol w* denotes the result of k catenations of w and the symbol w® denotes the
result of infinite number of catenations of w; by definition, w° = A.

3. Closure of an co-language

In this section we define the notion of a p-catenation. Subsequently the concept of
a p-closure is introduced and its closure characterization is derived.
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2.1 Definition. Let n,p,r be positive integersandu € X*,v € X*.For u\v
satisfying the property

ulpp+n—-1]=v[r,r+n—-1]j
we define the operation p,, ,, » by
(2.1) Prpr(w,v) = ulp +n = 1v[r +n,|v|]
called a p, ,,-catenation or only p-catenation if n,p,r are given by the context.

Apparently, each p,, ,, .-catenation is a partial operation in X®. In other words, each
Pn,p,--catenation defines a partial groupoid in X*. In this manner (regarding the given
n,p,r) the set of partial operations (groupoids) in X is given. Instead of p,, ,, - (u, v) we
write as customary up,, , »v or only upv, if n, p,r are clear from the context. To simplify
the text, by stating up,, , v it is supposed that (w, v) € Dom(ppp,)-

2.2 Lemma. Suppose u € X and upy, , ,u for some n,p,r . Then it holds
UPpprU = U.

Proof. It is an immediate consequence of Definition 2.1

Remarks. 1° Suppose u € X and n,p,r < |u|. Then there is obviously an infinite
number of words x € X® such that up,,,x =u playing the role of the ,identity*

element of p,, ,, .-catenation.

2° Operation p,, , - is in general not commutative. For example consider words u,v over
Y ={a,b}, u= (ab)? v = a3 Applying the previous definition we get wup;;,v =
aba®, vp; 3 u = a®(ab)?, upy3,v # vpy 31U

3° Operation p,,, is in general not associative. For example consider p;;, —
catenation in {a, b}* and let u = (ab)*,v = a5 w = a’. Construct (up;3,v)p13.W,
up132(vpis2w). Due to Definition 2.1 we get (upysz,v)p13,w = aba®, whereas
up1,3,2(vp1,3,2w) = aba’. Of course, some of catenations in the given expressions need
not be defined.

2.3 Theorem Let u € X*,v € X% and sUppose upyp,v, vp,,sw for some
n,p,r,s = 1. Then up, , sw and there holds

(2.2) UPn,p,sW = UPnpr (vpn,r,sw)'

Proof. Suppose that up,, ,, »v, vp,, »sw hold for givenn, p,7, s = 1. From Definition
2.1litfollowsthatu[p,p +n—1] =v[r,r+n—1]andv[r,r+ n—1] = w[s,s + n —
1]. Then evidently u[p,p + n — 1] = w[s,s + n — 1], applying Definition 2.1 we get
UPppsW = Ulp + n — 1]w[s + n, |w|] and the first part of the statement is verified.

Rewriting this expression we obtain
(2.3) UpppsW = ull] ..ulp + n —1jwls + nlw[s + n + 1] .. w[|w]].

Now we costruct the right part of (2.2). By Definition 2.1 we have
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VoprsW = V[1] ..v[r] .. v[r + n — 1]w[s + n] .. w[|w]],
where v[r,r+n—-1]=v[r]..v[r+n—-1]=w[s]..w[s+n—-1] =wl[s,s +n —
1] and
(2.4) upn,p,r(vpn,r,sw) =ul[l] ..u[p]..ulp + n—1lw[s + n] .. w[|w]].
From (2.3) and (2.4) the statement (2.2) holds and the proof is completed.
2.4 Theorem Let u, v € ¥ and suppose upy, , v forfixedn > 1,p = 1,7 = 1.
Then upy, , »v for any m < n and it holds

(2.5) UPnprV = UPmprV -

Proof. Let up,,,v for the given n,p,r. From Definition 2.1 it follows that
ulp,p+n—1] =v[r,r + n—1]. Since m < n , then apparently u[p,p + m—1] =
v[r,r + m — 1] holds for any m < n as well and thus up, , ,v. Due to (2.1) upy ,,v =
u[p + n — 1]v[r + n,|v|]. In a detailed version we have
(2.6) UPpp v = u[l] ..u[p + n— 1Jv[r +n] ... v[|v]].

With a view to m < n, (2.6) may be rewritten as
(2.7) Upnprv =u[l] culp+m—1Julp + m] ..ulp +n - 1v[r + njv[r + n +
1] ...v[|v]].

Now, we construct up,, ,, ,v form <n.ltholdsu[p,p + m — 1] = v[r,r + m — 1]

and by (2.1)

(2.8) UPmprV = Ulp + m—1]v[r + m,|v]].
In detail
(2.9) UPmprV = u[l] .u[p +m — 1]v[r + m] ... v[|v]].

With a view to m < n, (2.9) may be rewritten as
(2.10) uppp,v = u[l] ..u[p] ...ulp + m —1|v[r + m] ..v[r + n—1]v[r +
n]...v[|v|].

Due to (2.7) and (2.10) u[1]..u[p+m —1] and v[r + n]...v[|v|] are common
parts. It remains to verify that v[r + m]...v[r+n—1] = u[p+m]..u[p +n—1].
Using assumptions of Definition 2.1 we have u[p,p + n — 1] = v[r,r + n — 1] and thus
also vi[r+m] ..v[r+n—1] = u[p + m]...u[p + n — 1]. Hence (2.7) and (2.10) are
identical words and the proof is completed.

2.5 Definition. Leta p,,, — catenation be given. Define a relation R, on X by
(2.11) Rypr = {u,v €X”; (u,v) € Dom(pn,p,r)} Cr®xX™,

2.6 Lemma. The relation R,, , ;- is
(i) reflexive,

(if) not symmetric,
(iii) not antisymmetric,
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(iv) not transitive.

Proof. (i) Reflexivity of R,,,, follows immediately from Lemma 2.2. (ii) Consider
u = abbb,v = aabbb. By Definition 2.1 it holds u = abbbp, 3 3;aabbb = v, whereas
v = aabbbp, 3 ;abbb = u does not hold, so the relation Ry, ,, . is not transitive. (iii) Put

u = abababab = (ab)*,v = bababababa = (ba)®. By Definition 2.1 we have
Up; 25V, VP1,2,5U, but u # v and hence the relation R,, ,, - is not antisymmetric. (iv) Let

u = abbb,v = bababa,w = bbbb. From Definition it follows up, 1 ,v,vp;;,w, but
up; 1w does not hold and the relation Ry, ,, - is not transitive.

2.5 Definition. Let L € X* be an oo-language, n > 1 integer and u, v € X*. Put
U U U
Ca () = " upn s Gy (L) = " CR (), CP(L) = | Gy (L).

The set C¥ (L) is called the n-th p-closure of L and the set C* (L) = :C,’l’ (L) the p-
closure of L respectively.

2.6 Lemma. Let L € ¥ — {1} be an co-language. Then L € C”(L) holds true.

Proof. Suppose w € L. Trivially w(1) = w(1) and by Definition 2.1 it holds
wps 11w = w[1]w[2, |w|] = w and hence by Definition 2.5 w € Cf(L) and also w €
CP (L) and the statement holds true.

2.7 Theorem Let L < (X* — {1}) be an oo-language. Then for every i > 1 there
holds
cl (L) € cl(L).

Proof. Let w € C/,(L). According to Definition 2.1 there exist u,v € £ and
i,p,vr =1 with the property ulp,p +i] = v[r,r +i] for which up;,;,,v=ul[p+
ilv[r +i+1,|v|] = w holds. Obviously if u[p,p + i] = v[r,r + i] then also u[p,p +
i —1] = v[r,r +i— 1] holds. By Definition 2.5 we get up; ,,v =ul[p + i — 1]v[r +
i, [v]] = w’ € C/(L). But apparently w,w’ are identical words. Hence w € €/ (L) and
the statement is valid.

As a consequence of Definition 2.5 and Theorem 2.7 the following Corollary 2.8
holds:

2.8 Corollary Let L € (£® — {1}) be an oo-language. Then C*(L) = C”(L) holds
true.

2.9 Example Let L = {ab, ba*,a®; k = 1} € {a, b}* be an w - language. To find
CP (L) and CP (L) applying Definition 2.5 we get the results as follows.
(i) cf@): cP(ab,ab) = {ab},Cf(ab,ba*) = {a¥,aba*; k = 1}, C! (ba*, ab) =
{b,ba*b; k = 1}, CP (ba*,ba*) = {ba*; k = 1},C! (ab,a®) = {a®},C! (a®,ab) =
{a*b; k > 13}, C! (a®,a®) = {a®}, Cf (ba*,a®) = {ba®},CF (a®, ba¥) = {a*; k > 1};
therefore C° (L) = {ab, a*, aba*, ba*b, ba*,a®,a*b,ba®; k > 1}.
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(ii) C¥ (L): C¥ (ab, ab) = {ab}, C} (ab,ba*) = @,CY (ba¥,ab) = @, C} (a®,a®) =
{a®},CY (ba¥,a®) = {ba®} for k =>2,CY(a® ba*) ={a*; k = 2},C)(ba* ba*) =
{ba*; k > 13},C} (ab,a®) = 0,C¥ (a®,ab) = @; therefore co(L) =
{ab,ba*, a®, ba®,a**'; k > 1}.

(iii) €5 (L): €8 (ab, ab)=C’ (ab, ba*) = C¥ (ba*,ab) = €L (ab,a®) = C§(a®,ab) =
@, CY(bak, ba*) = {ba*; k = 2},CL (a®,a®) = {a®},CL (ba*,a®) = {ba®} for k>
3,Cf(a®, ba*) = {a*; k = 3}; therefore C5 (L) = {ba*,a®, ba®,a**t; k > 2}.

(iv) CP (L) for n = 4: ¥ (ab, ab)=CF (ab, ba*) = C? (ba¥,ab) = CF(ab,a®) =
cP(a®,ab) = @,CF(ba*, ba*) = {ba*;k =n —1},CP(a®,a®) =

{a®}, cP(ba¥,a®) = {ba®} fork =n —1,CL(a®, ba*) = {a¥; k = n — 1}; therefore
cP(L) = {ba*, a®, ba®,a* 'k = n —1}.

Conclusion: C?(L) = {ab, aX, aba*, ba*b, ba¥,a®,a*b,ba®; k = 1} = CP(L).

2.10 Theorem. The set of p-closures is not closed under set union.

Proof. We state an counterexample. Consider L, = {ab}, L, = {a®} over {a, b}*and
put L = L, U L, = {ab, a®}. Applying Definition 2.1 and Corollary 2.8 we get C*(L,) =
cP(Ly) = cP({ab}) = {ab},CP(L,) = CP(L,) = € ({a®}) = {a®}. Further, C*(L) =
CP(L, UL,) = CP({ab,a®}) = {a®,a*b; k = 1}. Obviously CP(L, U L,) # CP(L;) U
CPL,) and the statement is verified.

2.11 Theorem. Let L,,L, € X . Then C”(L,) U C*L,) € CP(L, U L;).

Proof. With a view to Corollary 2.6 we may consider C? instead of C*.Let w €
CP(Ly) U €l (L,). According to Definition 2.3 then (a) there exist u € L,, v € L, and
positive integers p,r such that up; ,,v =w € CP(Ly) or (b) there exist u € L,, v € L,
and positive integers p, 7 such that up, 57v = w € cP(L,). Assuming (a), the statement
there exist u € L; U L,, v € Ly U L, and positive integers p,r such that up, ,, v =w €
CP(Ly U Ly) is obviously also valid for an arbitrary set L,. Assuming (b), the statement
there exist u € L, U L,V € L, U Ly and positive integers p,r such that up, 57v =w €
CP (L, U Ly) is valid as well for ab arbitrary set L,. Thus w € Cf (L, U L,) and the proof
is completed.

2.12 Theorem. The set of p-closures is not closed under set intersection.

Proof. We state an counterexample. Consider L; = {a®, a3, b}, L, = {a3,ab} over
{a,b}®and put L = L; N L, = {a3}. Applying Definition 2.1 and Corollary 2.8 we get
CP(Ly) = Clp(lq) = Cf({aw»agfb}) = {a“, b, aki k>1},CP(Ly) = Cf(Lz) =
c?({a3 ab}) = {a,a? a3 a* a5 b,ab,a’b,a®b}, CP(L) NCP(Ly) =
{a,a? a3, a* a b}. Further,CP(L) = CP(LyNL,) = C°({a®}) = {a*;1 < k < 5}.
Obviously C?(L,; N L,) # CP(Ly) N CP(L,) and the statement is verified.

2.13 Theorem. Let Ly,L, € X*. Then C*(Ly N L,) € CP(L,) N CP(Ly).
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Proof. With a view to Corollary 2.6 we may work with C¢ instead of C*. Let w €
Cf(L1 N L,). According to Definition 2.3 there exist u € (L; N L,),v € (L; N L,) and
positive integers p,r such that up, ,, v =w € C{(Ly N Ly). Sinceu € (L; N Ly),v €
(Ly N Ly), then w € C£(L,) and also w € CF(L,). Thus w € CP(Ly) n CP(L,) and the
statement holds.

2.14 Example. Using the setting of the counterexample from the proof of Theorem
212, we have CP(LiNL,)=CP{a®})={a";1<k<5}ccCP(L)NCP(Ly) =
{a,a?, a3, a* a5 b} to illustrate Theorem 2.13. Further, we have CP(L,)U CPL,) =
{a®,b,ab,a’b,a®b,a*;k > 1} € CP(L, UL,) ={a®,a* a*b,b;k > 1} to illustrate
Theorem 2.11.

3. Operation p,,

3.1 Definition. Given Ly, L, € X¥* and n > 1, an operation p,, is defined as follows:
pn(Lq, Ly) = {xuy; there exists u € X™ with xu € Lyand uy € L,}.
Clearly, for each n, p, is the operation on 2%%. In this manner the set of operations
on 2%% is given. Instead of p,,(Ly,L,) we also write L;p,L,.

3.2 Theorem. (i) Let Ly, L, € X®. Then for all n > 1 there holds L,p,L, = @.
(ii) Given Ly, L, < X" and let L, U L, be a finite set. Then for all n >

here holds L,p,L, = @.
Wng?gLZIWI ere holds L, p,L, = @

Proof. Both statements (i), (ii) follow immediately from Definition 3.1.

3.3 Example. (a) Let L;,L, € {a,b}", L, = {(ab)*; k = 1},L, = {a¥,b*; k > 1}.
Applying Definition 3.1 we have L,p; L, = {ab¥, (ab)¥, (ab)*b™; k,m > 1}. Similarly,
and with accordance to Theorem 3.2(ii) we get L,;p,L, = @ and L,p,L, = @ for any
n>2. (b) Let Ly, L, Ly € {a,b}®, L, ={a* b;k >1},L, = {a3 b?},L; = {a®, ab}.
Applying  Definition 3.1 we have LipiL, = {a* b% k =3}, Lyp Ly =
{a®,ab}, (L1p1Ly)p1Ls = {a®,a*b; k > 13, L1p1(LypsL3) = {a®,a®b}.

3.4 Theorem. The operation p,, is generally
(i) not commutative,
(i) not associative.
Proof. It follows immediately from the results of Example 3.3.

3.4 Remark. Theorem 3.4 justifies the conclusion that the set 2%* with the operation
pn forms a ,,pure” groupoid. Also nonexistence of an identity element may be simply
verified.

4. Conclusion

In this paper we examined algebraic properties of operations on co-words having
direct relation to co-languages generated by oo- automata. It may motivate to consider
further types of operations, particularly modeling the depth of memory of such devices.
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As a generalization a variant structure of co-automata may be considered and the
corresponding structures of their oo-languages studied.
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