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Abstract

One of the remarkable generalizations of Fibonacci sequence is a
k-Fibonacci sequence and subsequently generalized into the
‘Bifurcating Fibonacci sequence’. In this paper, further
generalization as the sequence of ‘trifurcating Fibonacci numbers’
is studied and Binet-like formula for these numbers is obtained.
The analogous of Cassini’s identity, Catalan’s identity, d’Ocagne’s
identity and some fundamental identities for the terms of this
sequence has also been investigated.
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1. Introduction

The Fibonacci sequence {F,},so IS a sequence 0, 1, 1, 2, 3, 5, 8, 13, 21,
34, 55, 89, ..., where each term is the sum of two preceding terms. The
corresponding recurrence relation is F, =F,_; + F,_,; n> 2. Various
generalizations of this sequence have appeared in recent years [5, 7, 8].
Related to this work (i) some work alters the first two terms of the sequence
from 0,1 to any arbitrary integers a,b while maintaining the recurrence
relation (ii) some more work preserves the first two terms of the sequence but
alters the recurrence relation (iii) even the combined approach of altering the
initial terms as well as recurrence relation was considered by several authors.
For further details about this sequence, one can refer Koshy [6], Patel, Shah
[7], Singh, Sikhwal, Bhatnagar [8] and related papers available in the
literature.

One interesting generalization depending on exactly one real parameter k
is the sequence of k-Fibonacci numbers {Fk,n} which is defined using a linear
recurrence relation Fy , = kFy 1 + Fin—2 ;n = 2 Where Fi,o = 0 and Fy ; =
1. For k = 1, we get the standard Fibonacci sequence and for k = 2, we get
the sequence of Pell numbers. This sequence was studied by Arvadia and Shah
[1]. Edson and Yayenie [4] generalized this sequence to a sequence which
depends on two real parameters a, b. They defined the bifurcating sequence

{Fn(“'b) }n>0 by the recurrence relation
(@b aFn(f’lb) + Fn(f’zb); if n is even
F = (a,b) (@b), .c_ . ’
bE,”," + E,7,7;ifnis odd
where F“” = 0, F*” = 1.

n=2

Diwan and Shah [2, 3], Yayenie [10], Verma and Bala [9] studied this
sequence extensively and obtained significant results. It is easy to observe that
(i) by considering a = b = 1, we get standard Fibonacci sequence (ii) by
considering a = b = 2, we get the sequence of Pell numbers and (iii) by
considering a = b = k, we get the sequence of k-Fibonacci numbers. In this
paper, we further generalize this sequence to a sequence of trifurcating
Fibonacci numbers, which depends on the three real parameters a, b, c.

Definition: For any three nonzero positive integers a, b and c, the trifurcating
Fibonacci sequence {Fn(“'b'c)} is defined recursively by F%"9 =

n=0

0, F“"9) = 1 and the recurrence relation
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The sequence of trifurcating Fibonacci numbers

alFP + F49;if n = 0(mod 3)
EP = SpE@P) 4 F4L9sifn = 1(mod 3).
cF4Y9 + ECY9ifn = 2(mod 3)
To avoid cumbersome notation, we denote Fn(a’b'c) by B,. Few terms of

this trifurcating generalized Fibonacci sequence are shown in the Table 1. In
this paper we obtain various interesting results for this sequence.

P,

0
1

Cc

ac+1

abc+b+c

abc? +bc+c?+ac+1

a’bc? + 2abc + ac’* +a’c+a+b+c

Nolol AW, O|S

a’b?c? + 2ab?c + 2abc? + a’bc+ab + 2bc + b?> +c?*+ac+ 1

Table 1

2. Fundamental identities for the trifurcating
sequence {P,,}>0

In this section, we derive some interesting identities for the terms of the
sequence {P, },=o. We first show that any two consecutive terms of {P, },,>, are
always relatively prime.

Theorem 2.1. gcd(B,, P,—1) = 1;foralln=1,2,....

Proof. We prove the result by considering three cases when n = 3k,3k + 1 or
3k + 2. We present the proof only for the case n = 3k and other cases follows
accordingly. Now Euclidean algorithm leads to the following system of
equations:

Py = aPsi_q + P3p_,

P3p_q = CP3p_3 + P3p_3
P3y_p = bP3y_3 + P34
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P4:bP3+P2
P3=aP2+P1
P2=CP1+O

It now easily follows from Euclidean algorithm that gcd(B,, P,,—1) = P; = 1.

We now prove certain summation formulae for the terms of {P,},,50-

Lemma 2.2.

a.)P3n+2:(bC+1)(P3+P6+“‘+P3n)+(P2+P5+"‘+P3n_2)+c

b) P3py1 = (ab+ 1)(P, + Ps + Pg + -+ + P3,_1)
+(b_1)(P1+P4++P3n_2)+1

C)P3n: (aC+1)(P1+P4+...+P3n_2)+(a_1)(P0+P3+"‘+P3n_3).

Proof. Since, P34, = cP3p4q + P3, We get

P2=CP1+PO
P5=CP4_+P3

P8:CP7+P6

Psp_1 =cCP3p_3+ P3p3
P3piz = CP3piq + Py

Adding all these equations we get
P2+P5+P8+...+P3n+2 :C(P]_+P4+...+P3n+1)+(P0+P3+"'+P3n)

Again, P, = aPsy,_q + P3,_, Qives

P3=aP2+P1
P, = aP; + P,

P9=aP8+P7

P3p_3 = aPsn_4 + P3p_s
Py = aPsp_q + P3y_p

Adding these equations, we get
P3+P6+P9+"'+P3n:a(P2+P5+P8+"'+P3n_1)

Also, since P51 = bPs, + P3,_1, We have

P4_:bP3+P2
P7=bP6+P5

P]_O:bpg‘l‘Pg
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The sequence of trifurcating Fibonacci numbers

P3p_3 =bP3p_35+ P3pp_y
P3py1 = bP3p + P3pyq

Adding all these equations we get
Py + P+t Pyy_p + Papyq
=b(P3+ Pg+ -+ P3p) + (P, + Ps+...+P5,_1) (2.3)

Using (2.3) in (2.1) we get
Py+Ps+Pg+ -+ P3pyy
=c(1+b(Ps+Ps+-+Psp)+ (P, +Ps+ -+ Psp_q))
+(Py + Py + -+ + P3y)
=c+ (bc+1)(Py+ Ps + Ps+ -+ P3p,) + c(P + Ps+...+P3p,_1)

This finally gives
Pypio = (bc + 1)(Py + P3 + Pg + -+ + Psp)
+(c—1)(Py, +Ps+...+P3,_1) +¢C (2.4)

Other results can be proved accordingly by considering the pair of
equations (2.1), (2.2) and further (2.1), (2.3) together.

Lemma 2.3.
a) XizoP3i =
b) Xico Pi+r =
C) Xizo Paivz =

aP3p(b—1)(c—1)~(P3p41—1)(ac+1)(c—1)+(P3p42— c)(ab+1)(ac+1)

(ab+1)(ac+1)(bc+1)+(a—1)(b—1)(c-1)
(P3n+1—1)(a—1)(c—1)=(P3p4+2—c)(ab+1)(a— 1)+aP3n(ab+1)(bc+1)

(ab+1)(ac+1)(bc+1)+(a—-1)(b—1)(c-1)
(P3n+2—c)(a-1)(b—1)—aP3n(bc+1)(b—1)+(P3p+1— 1)(ac+1)(bc+1)

(ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c-1)

Proof. We only prove result (a) here and other two results can be proved in a
similar way. Using (b) and (c) of lemma 2.2, we get

aPs, = %{(3%1 1) —(ab+1)(P, +Ps+ Pg+ -+ P3p_1)}

+(a_1)(P0+P3+ +P3Tl)

(ac+1)
Then aPs,, — (‘:}C 2 (Pagpy1— 1) —(a—1)(Py+ P; + -+ P3)
(ac+1)(ab+1)
= —%(PZ +Ps+Pg+ -+ P3n—1)
Using (2.4) we get
(ac+1)
aP3n (h-1) (P3n+1 ) - (a - 1)(P0 + P3 + 4 P3n)

(ab+1)(ac+1)
~ DD ((Pspyz — €) — (bc + 1)(Py + Py + Pg + -+ + P3y,))

Then, ((ab + D(ac + 1)(bc+ 1) + (a— 1)(b — 1)(c = 1))(Py + P3 + -+ + P3p)
=alb—1)(c— 1Pz — (ac+ D(c— D (P3p41 — 1)
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+(ab + 1)(ac + 1) (P34 — ).

Hence, P0+P3+"'+P3n
_ aP3p(b—1)(c=1)=(P3ps1—1)(ac+1)(c=1)+(P3p42—c)(ab+1)(ac+1)
- (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1) '

We now obtain the sum of first k trifurcating Fibonacci numbers.

Theorem 2.4.

{(b—1)(c—1)—[1—@](bc+1)(b—1)}[4"§”‘)]ap3gl_3

+{ll+)3((k)J(b_l)(c_1)+(ab+1)(bc+1)_I#J(bc+1)(b_l)}ap3lgl

+{[1—@j[(a—1)(c—1)+(ac+1)(bc+1)]—(ac+1)(c—1)}[“‘+(")j <P3l§J_2—1>

+l2++(k)J{(a—l)(c—1)+(ac+1)(bc+1)—Il++(k)J(ac+1)(c—1)}

+["‘+("")j{[1—@](a—1)(b—1)+(ab+1)(ac+1)}(1:3[§]_1—c>

+{lz++(k)J(a—1)(b—1)+[1++(k)J(ab+1)(ac+1)—(ab+1)(a—1)}<P3H+2—c>
3

k _
Yn=1bn = (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1)

Proof. We first obtain the value of YX_, B, in three cases when k is of the
form 3m — 2,3m — 1 and 3m and then combine the results to obtain a single
result.

For k = 3m — 2, using the above lemma we get
KiPo=(Ps+ -+ Py 3)+ (P +Py+ -+ P3pyy)
+(P, + Ps+...+P3py_s)
{aP3m_3(b—1)(c—1)—(P3m_2—1)(ac+1)(c—1)+(P3m_1—c)(ab+1)(ac+1)+}

(P3m-2—1)(a-1)(c—1)—(P3m+2—c)(ab+1)(a—1)+aPz;,(ab+1)(bc+1)+

_ {(Pym—1—c)(a—1)(b—1)—aP3py_3(bc+1)(b—1)+(P3pm_—1)(ac+1)(bc+1)

(ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c-1)
On simplification, we get,
aP3m_3{(b—1)(c—1)=(bc+1)(b-1)}+(P3m—2—D{(a-1)(c-1)+ }

{(ac+ 1) (bc+1)—(ac+1)(c—1)}+(P3pm—1—c){(a—1)(b—1)+(ab+1)(ac+1)}
k P — —(P3m+2—c)(ab+1)(a—1)+aPz,(ab+1)(bc+1)
n=1°n (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1)

Next, for the case k = 3m — 1, we get
YreiPo=(Ps+ -+ Py 3) + (Py+ Py + -+ P3pp_y)
+(P, + Pg+...+P3p_1)
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(P3m+1—1)(a-1)(c—1)—(P3m42—c)(ab+1)(a—1)+aP3y(ab+1)(bc+1)+
(P3m+2—c)(a=1)(b—1)—aPs;, (bc+1)(b—1)+(P3m41—1)(ac+1)(bc+1)
(ab+1)(ac+1)(bc+1)+(a—-1)(b—1)(c-1)

{anm_3(b—l)(c—1)—(P3m_2—1)(ac+1)(c—1)+(P3m_1—c)(ab+1)(ac+1)+}

Simplifying this we get
aP3m—3(b—1)(c—1)+(P3m—1—c)(ab+1)(ac+1)—(P3m-2—1)(ac+1)(c—-1)+
{lac+1)(bc+1)+(a-1)(c—1)}(P3m+1—1)+(P3m+2—c){(a—1)(b—-1)
Zk p = —(ab+1)(a—1)}+aPzp{(ab+1)(bc+1)—(bc+1)(b—1)}
n=1-n (ab+1)(ac+1)(bc+1)+(a-1)(b—1)(c—1)

Finally, for k = 3m, we get
YK 1Py =(Ps+ -+ P3p) + (Py+ Py + -+ P3pp_y)
+(P2 + Ps+... +P3m_1)
aP3;m (b—1)(c—1)=(P3m41—1D(ac+1)(c—1)+(P3m2—c)(ab+1)(ac+1)+
(Psm+1—1(a-1)(c—1)=(Pmn+2—c)(ab+1)(a—1)+aPzp,(ab+1)(bc+1)+
_ { (Pzm+2—c)(a=1)(b—1)—aPs;, (bc+1)(b=1)+(P3m+1—1)(ac+1)(bc+1) }
- (ab+1)(ac+1)(bc+1)+(a—1)(b—-1)(c—1)
This on simplification gives
Z$1=1 b=
aP3m{(b—1)(c—1)+(ab+1)(bc+1)—(bc+1)(b—1)}+(P3mm+1—1){(a—1)(c—1)+(ac+1)
(bc+1)—(ac+1)(c—1)}+(P3m+2—c){(a—1)(b—1)+(ab+1)(ac+1)—(ab+1)(a—1)}
(ab+1)(ac+1)(bc+1)+(a-1)(b—-1)(c-1)
Combining all these three results, we finally get the required result.

The following are the interesting identities related with the summation of
trifurcating Fibonacci numbers as well as its squares.

(e+1) W (k+2)
Theorem 2.5. Y%_, e A e P e P, =P, +Pyyq — 1.

Proof. Using the definition of trifurcating Fibonacci numbers, we have

Py, = aP3p_q + P3n_3; P3ny1 = bP3y + P3p_q; P3pyp = CP3piq + Pay
This can be written as

aPsn_q = P3p — P3n—2_ ; bP3y = P3pyq __P3n—1 ; CP3pyq = P3pyp — P3y
Thus, we have the following system of equations:

CP1:P2_P0
CLP2=P3—P1

bP3:P4_P2
aPn =Pn+1_Pn—1;ian O(mOd 3)

bP, = P,,1 — P,_1;ifn = 1(mod 3)
Pn = Pn+1 - Pn—1;ifn = 2(m0d 3)

Adding all the above equations and using the fact that P, = 0 and P; =

1, we get ¥7_, e e Pl e oy P.=P,+P,,, — 1.
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Theorem 2.6. ¥7_, o125 p -4 125 P? = P,P,q.

Proof. We prove this result only for the case n = 0(mod 3) and remaining
cases can be proved accordingly. We let n = 3m and apply induction on m.

Form = 1, we have

x(k+1) x(k) x(k+2)
3o al ™5 bS5 p2 = bP2 + cP? + aP2 + bP2
Since Py =0,P, =1,P, = cand P; = (1 + ac), we get

(et 1) 0 (e+2)
Y3 o alt* t |pl2 = Jel-* £ c(1+ac)+ b(1 + ac)? = P;P,

We next assume that the result holds for some positive integer m = [ > 1.
) 31 ll x(k+1)J ll X(k)l ll x(k+2)l 2
Thatis let Y;—oa 3 1plm s e s 1 Pf = P3;P3;44 holds.
(k+1) (k) (k+2)
Now, Zi(zlgl) all £ 3 Jbll X3 Jcll £ 3 JPI?
X(k+1) x(®) x(k+2)
=Xito all : Ibll 3 Icll : JPI? +cPfiy 1 +aPfiyp + DP s
= Py P31 + CP321+21 + aP321+22 +bP3,;
= P3141P3142 + AP35 + P33

= P3142P3143 + bP321+3 = P3q+1)P3+1)+1
Thus, by induction, the result to be proved holds for every positive integer n.

3. Binet-like formula for the trifurcating
Fibonacci sequence:

Generating function is used to solve the linear homogeneous recurrence
relations. In this section, the generating function for the trifurcating Fibonacci
sequence is derived and it is used to obtain Binet-like formula for these
numbers. We first prove a result which will be needed to obtain the generating
function of B,.

Lemma3.l. P,,3 —(abc+a+b+c)B,+P,_53=0.
Proof. We prove the result by considering the three cases when n = 3k, 3k +
1 or 3k + 2. We present the proof only for the case n = 3k and other cases

follows accordingly.

Using the definition of B,, we get
P3yi3 = aP3pyp + P3gyq = a(cPsjqq + P3g) + bP3y + Pyj_y
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= aCP3k+1 + (a + b)P3k + CP3k_2 + P3k—3'

Now, by definition we have Ps,,, = bPs, + P3,_,. Multiplying this by
ac we get acPsy41 = abcPsy + acPsy_1 = abcPsy + c¢(P3p — P3i_3)
Substituting this value in above equation we get

Psry3 = (abc+a+ b+ c)Ps — P35
Hence, P33 — (abc + a + b + ¢)P3y + P3_3 = 0.

Lemma 3.2. The generating function of the subsequence {Py,}ns0 Of {P.}n=o
IS

; _ cx?+x5 . _

(I) f(x) " (1-(abc+a+b+c)x3-x6) ' whenm = 2(mod 3)

- x—ax* . _

(if) g(x) = (1-(abc+a+b+c)x3-x6) '’ whenm = 1(mod 3)
3

(i)  h(x) = (ac+1)x - when m = 0(mod 3).

(1—(abc+a+b+c)x3—x6)

Proof. We present the proof only for the case m = 2(mod 3). The other cases
can be proved accordingly. We first let f(x) = X0, P3p_1x3"1 = P,x?% +
Psx® + Pgx® + -+ Then
(abc+a+ b+ c)x3 f(x)
= (abc+a+b +c)P,x°>+ (abc +a+ b + c)Psx®
+(abc + a + b + ¢)Pgx't ...
Using lemma 3.1, we get
(1—(abc+a+b+c)x®—x%)f(x)
= cx? + x° — Y ;(P3ks2 — (@bc + a+ b + €)pzr—1 — P3k-4) = cx* +x°.

Thus, f(x) = ———2 %

(1—(abc+a+b+c)x3—x6)’

as required.

The following result gives the generating function for B,.

Theorem 3.3. The generating function for the trifurcating Fibonacci sequence
. _ x(L+cx+x?+acx?—ax3+x*)
{Pn} 1S F(x) T 1—(abc+a+b+c)x3—x6

Proof. We begin with the formal power series representation of the generating
function for {P,}. Let

F(x) =Py + Pix + Pyx? + -+ Pexk + - = 30 _ Ppx™
Then, cxF(x) = cPyx + cPyx? + cPyx® + -+ + cPpx*tt + ..

= Ym=0 CPpx™*! = Yim=1CPm_1x™.

Also, x?F(x) = Pyx? + Pjx3 + P,x% + -+ Ppx® + - = Y% _ P,x™
Since P;j 45 = cPsj41 + P3, We get
(1 —cx —x*)F(x) = x + Xp=1(Ps — cP3pn_q — P3p_p)x>"
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+ Yr=1(P3n41 — CP3p — P3p_p)x®™H1
Since Psy = aPsi_q + P3i_; and Psyyq = bP3y + P31 We get
(1—cx—x*)F(x) = x + (a—¢) Xpm1 Pan—1x°" + (b — ¢) Xiog Papx®™*L.
For convenience, we let f(x) = Yo, P3p_1x3™ and g(x) = X5, Py, x3"
Using lemma 3.2 (a) and 3.2 (b) we get

(1-—cx—x*)F(x)=x+(a—c)

+(b - C) (1—-(abc+a+b+c)x3—x5)
On simplification, we get the required result.

(ac+1)x3
(1—(abc+a+b+c)x3—x%)

We now obtain the Binet-like formula for the sequence of trifurcating
Fibonacci numbers.

Theorem 3.4. The terms of the trifurcating Fibonacci sequence {P,} are given

_ ymalsl-smgls]
by P, oy

where y (n) = ([X(’?+2Jch(r§)+lJa+( 1yxm g5 ll‘X(n)J+[1 S”J)

and 6(n) = (|X222] cF570g 4 (-1yrm gl L 4 |1 2]
u+\/ﬁ u—vu?+4

B =
0 lfn = 0(mod 3)

x(n) =41 if n=1(mod 3) .
2 if n = 2(mod 3)

,u=a+b+c+ abcand

with a =

Proof. From the generating function of {B,}, we have
F(x) — _x(1+cx+(1+ac)x2_ax3+x4)

(x3+a)(x3+B)
This can be rewritten as
1 [(1+ac)a—(aa+D)x+(a-c)x®> (1+ac)f-(af+1)x+(B—c)x?
F(x) = - - ]
a-f (3 +a) 3+B)
Using McLaurin series expansion, we get

Zoo (-D"™"(1+ac)a X3 Z (-D™(aa+1) 3N+l
n=0 ant1 n=0 qn+1

1 o (1D™a=c) (=1)"(1+ac)B
F(x) — _aT +Zn OT 3n+2 Zn OTxBn

B
(=D)"(af+1) (=)™ (B-c)
+Zn OT 3n+1 Zn OW 3n+2
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Yio(-1n(1 + ac) (B20)

1| e 1y (aa+1)p™1—(af+Da™\ 3541
- Zn=0( 1) ( (aﬁ)n+1 )x
0 _1\n (a_c)ﬁn+1_(ﬁ_c)an+1 3n+2
+Zn=0( 1) ( (aﬁ)n+1 )x
Now, if a, B are the roots of 1 — (a + b + ¢ + abc)x — x? = 0 then
u+VuZ+4 u—-vu?+4

a = T,ﬁ = T

If we let u=a+ b+ c + abc, then it is easy to observe that aff = —1,a +

B=uanda—pB =vVu?+4.

Then
n+1_ n+1
oy [t ) (S o g (et
X n+1l_/_ n
+Zn=o ((ﬁ—C)a +;_g1 B +1) K32
Thus,
ll X(n)J+( 1))((71) l4 X(n)l l X(n)J
n a_
. ) +[X(n)+2J lx( )+1Ia )
F(x) =)y g— . . X
B B O e e K AW
ﬁlgl

x(m)+1
x(n)+ZJ cl -
3

+| Ig

0 if n=0(mod 3)
For convenience if we write y(n) =<1 if n = 1(mod 3) and
2 if n=2(mod 3)

y() = ([MJ L5+ (—1)xWq =2 -2 l1 _MJ)
§(n) = ([MJ 55 g 4 (—1yxmg [ ll‘X(n)J+[1 X(n)Dthen

(n)alnl S(n)ﬁlnl
a-p

F(x) can be written as F(x) = Yoy

_ ymalzl-smslE]

oy , as desired.

This gives P, =
The following results are the easy consequence from this theorem.

=)

Corollary 3.5. (i) P3,, = (1 + ac)( -
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.. ( ﬁ+1) n+1_( +1)ﬁn+1
(il) P3pyq = ( - - a_ﬁaa )
(B C)Ofn+1 (a C)Bn+1
(iii) P3pyp = ( oy )

4, Some more identities relating trifurcating
Fibonacci numbers:

In this section, we use the above Binet-like formula to derive some
interesting properties for the terms of trifurcating Fibonacci sequence. If we let
w = y(n)d(n), then we observe that

w = 1= 220" p(oyrn |1 1) b
x()+1 4 x(n) )
- e 5y 5

(=1 K002 PR gy gy 4 200021 25 g

This on simplification gives the value of w = y(n)8(n) as
(1 + ac)? ;ifn = 0(mod 3)
w=+1 (1+ac)(1+b);ifn =1(mod 3)
(14 ac)(1 + be);if n = 2(mod 3)
P? ;if n = 0(mod 3)
This can be further writtenas w = { (1 + b)P5 ;if n = 1(mod 3)
(14 bc)Pg;ifn = 2(mod 3)

We first obtain an identity for the terms of {B,}, which is analogous to that
of Catalan’s identity for Fibonacci numbers.

Theorem 4.1. For any two nonnegative integers k and r (s S) we have

_p2 _ (_1\l-T+1,,, (Psr z
Py—3rPissr — P = (=1) W(P3) :
Proof. If k = 0(mod 3) then taking k = 31 and using corollary 3.5, we get
P31 3rP3l+3r - P.’Szl )
_ ﬁl T l+r ﬁl+r _ 2 al—ﬁl
(1+ac)( )(1+ac)( pom ) (14 ac) (—a_ﬂ)

((t:aﬁc))z {(« l-r ﬁl r)(al+r _ ﬁl+r) _ (Oll _ 31)2}

— %{aﬂ _ (_1)1 (g)r _ (_1)1 (%)r + '321 _ (C(Zl _ 2(_1)1 + ,321)}
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= W (_q)lreifqr — 2(~1)" + BT}

(a—p)?
_ (+ao? o o Nieri1or _ pry2 — I-r+1 ((A+ac)(@"=p")
= G2~ e - )7 = (— D) (B )

Thus, P3;_3rP3i43r — P35 = (=171 P3,

Next, if we let k = 1(mod 3) then by considering k = 31 + 1, we get
P31-3r+1P3143r4+1 — P321+1
_ ((aﬁ+1)al—r+1_(aa+1)ﬁl—r+1) ((aﬁ’+1)al+r+1—(aa+1)ﬁl+r+1)
a=p a-p
. ((aﬁ+1)al+1—(aa+1)ﬁl+1)
a=p

2

a2(al—r _ Bl—r)(aHr _ ﬁl+r)
_a(al—r _ ﬁl—r)(al+r+1 _ ﬁl+r+1)
— m _ a(al—r+1 _ ﬁl—r+1)(al+r _ ﬁl+r)
_|_(al—r+1 _ ﬁl—r+1)(al+r+1 _ ﬁl+r+1)
__{aZ(al _ '31)2 _ Za(al _ ﬁl)(aHl _ ﬂHl) + (al+1 _ Bl+1)2}_
r aZ(_l)l—r+1[ﬁZr + aZr + 2(_1)r]
_ 1 _( 1)l—r+1[ﬁ2r + aZr + 2( 1)r]

(a-p)?
P racn () @+ (E) @By + 20+ )
= —(E;)lﬁ): {a*(a" —B")? —aul[f* + a* + 2(-1)"] — (a" — B")?}
= @ - @ —au -1y = (@ —au - 1P}

Thus, P3;_341P3143r4+1 — P321+1 = (_1)l_r+1WP3rP3 .

Finally, if k= 2(mod 3) then by considering k =30+ 2, we get

2
P31—3T+2P3l+3r+2 - P3l+2
_ ((ﬁ_c)al—r+1_(a_c)ﬁl—r+1) ((ﬁ—c)a“’“’l—(a—C)BH'H'l) _ ((ﬁ—c)al+1—(a—c)ﬁl+1)2

a—-pB a—p a-B
-(al—r _ ﬁl—r)(alﬂ" _ ﬁl+r) + C(al—r _ ﬁl—r)(al+r+1 _ﬁl+r+1)
1 _|_C(al—r+1 _ ﬁl—r+1)(al+r _ ﬁl+r)
= (a—p)? Fe2(alTH — ﬁl—r+1)(al+r+1 _ ,Bl+r+1)

_(al—r _ ﬁl—r)z _ (al _ ﬁl)(al"'l _ Bl+1) _ CZ(al+1 _ ’31+1)2
(_1)l—r+1[ﬁ2r + a2r + 2(_1)r]
_ 1 _CZ( 1)l—r+1[ﬁ2r + aZr + 2( 1)r]

e [ @+ (©) @t - 2t B
= SO (0 = Y = culB 4 a7 4 2(-1] - e — )

193



Parimalkumar A. Patel, Devbhadra V. Shah

(_1)l—r+1

(_1)l—r+1
= @ - B*Hl+cu—c?*}= Cragy (L cu— c?}Ps,

2 _ l-r+1,,,p2 p—-2
Thus, P3j_3r42P3143r4+2 — P34 = (1) WP§, P3

Hence, in general we write Pj,_3,Pyi3r — PZ = (=) " 1wP2 P32,

The following identity is analogous to the Cassini’s identity for Fibonacci
numbers which follows easily from the above theorem.

Corollary 4.2. Py_3Py.5 — P? = (—1)"w for any integer k > 3.

The following identity is similar to d’Ocagne’s identity of Fibonacci
numbers.

Theorem 4.3. PnPyiz — PmizBy = (—1)"Ppn (PK) where m,n are
3
nonnegative integers such that m > n and m = n(mod 3).
Proof. Since m = n(mod 3), we first let both m,n to be of the form 3j, 3k
respectively, for positive integers j and k < j. Then
al k+1_ﬁk+1

P3iP3yy3 — P3ji3Pay = (1+ac)( )(1+ac) (—B)
_ ,8j+1 B

(1+ac)(—)(1+ac)< ﬁ)

1+

= G190 (I (a — ) — B (a - B}

k_pj-k n-1 :

= (1 + ac) (—1)k (%) = DT lwp,_, P

If m,n are of the form 3 + 1 and 3k + 1 respectively, then for positive
integers j and k < j, we have

P3ji1Psky3e1 — P3jyzi1Parsn
((aﬁ+1)aj+1—(aa+1)ﬁj+1) ((aﬁ+1)ak+2—(aa+1)ﬁk+2)
a-p a-p
_ ((aﬁ+1)aj+2—(aa+1),8j+2> ((aB+1)ak+1—(aa+1),8k+1)
a-p a—p

a* (a/p*(a~p) ~ a*p/(a~p))
= | —a (/B (a2~ p?) — i (a? ~ )
—(a/B*(a - B) — a*B/(a — B)
(a B [(a? — au — V) a*p*(al™* — pI=F)]

= (D@ - au— 1) (=2L) = ol Fwp,py
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Finally, if m,n are of the form 3j 4+ 2 and 3k + 2 respectively, then for
positive integers j and k < j, we have

(_)j+1_(_)j+1 (_)k+2_(_)k+2
P3ji2P3k43+2 = P3jr3+2P3ki2 = ( foe 'a_ﬁa 2L ' )('B = a_; o )
_ ((ﬁ—C)a’“—(a—C)ﬁ’“) ((B—C)a"“—(a—C)ﬂ"“)
. . ap ap
oy [dB¥a=p) - a Bia =) = (@ pF(a—B) — a*pl(a - )
- (a—mz +c(alp*(a? - B2) — a i (a? - §?))

(a 5 [(14 cu—c?)a*p*(a/~* — pI7F)]

j-k_pgJj-
= (-D*(@* - au - 1) (L) = -0l Fhw,
Combining all the above cases, we finally get
BnPniz = PpysPy = (_1)lTIWPm—nP3_1-

We use above Binet-like formula to prove the following identity which
combines four consecutive B,’s.

Theorem 4.4.
all X(k3+2)lbl1 X(k3+1)lcl1

g G 2y

= Pr+2Pr+3 — PePrya

Proof. We prove the result only for the case k = 3n and the remaining cases
k =3n+1and k = 3n + 2 can be handled accordingly.

NOW, CP3’2n+1 + aP32n+2 5 2

=c {((aﬁ+1)an+;:(ﬁaa+1)ﬁn+1)} ta {((ﬁ_c)ant:(ﬁa_cmnﬂ)} |

aZC(QZn _ 2(_1)n + BZn)
_Zac(a2n+1 _ (_1)na _ (_1)11[)) + ﬁ2n+1)
+C(a2n+2 _ 2(_1)n+1 + '82n+2)
+2ac(@?™t — (=1D)"B + (=1 "a + p#*1)
+C2(a2n+2 _ 2(_1)n+1 + ﬁ2n+2) + a(aZn _ 2(_1)n + '3211)
{ ( n 'Bn)z +C(0(n+1 _’Bn+1)2}

1
" (a-p)?

(1+ac)

AISO,£31n+2P3n+3+_ P3nPs3niq o
_ ((B=9)a™—(a—c)p" at o
= ( p—r ) (1+ac) ( poy )

—(1+ ac) (“Z:ﬁ") ((aﬁ+1)a"+;:(ﬁaa+1)ﬁ"“)
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_ (1+ao) [(@ = BM) (@ — L) 4 c(att — g2

- (a—pB)2 +a(an _ ﬁn)z _ (an _ ﬁn)(an+1 _ :8n+1)
— ((::;;2 {a(an _ ,3”)2 + C(an+1 _ ,Bn+1)2}
This proves the required result.

4. Conclusions

In this paper, we considered the sequence of ‘trifurcating Fibonacci
numbers’ and obtained its Binet-like formula. We also obtained the analogous
of Cassini’s identity, Catalan’s identity, d’Ocagne’s identity and some
fundamental identities for the terms of this sequence.
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