Ratio Mathematica Volume 47, 2023

A new form of continuity in fuzzy soft
topological spaces

Sandhya G Venkatachala Rao*
Anil P Narappanavar®
P. G. Patil*

Abstract

The current work introduces a new class of fuzzy soft b continuous
functions such as slightly b continuous, semi b continuous, pre b con-
tinuous functions and their relation with the existing fuzzy soft con-
tinuous functions in fuzzy soft topological spaces. Further optimal
definitions of totally b continuous functions have also been brought
out in the paper. A new space such as fuzzy soft b compact space is
also initiated.

Keywords: fuzzy soft (fs) open set, fs semi-open set, fs pre-open
set, fs b-open set, fs continuous functions.

2020 AMS subject classifications: 54A05, 54A40.!

*Global Academy of Technology, Bengaluru, India;sandhya.gv@gat.ac.in
TGlobal Academy of Technology, Bengaluru, India; anilpn@gat.ac.in
*Karnatak University, Dharwad, Karnataka, India ; pgpatil@kud.ac.in
IReceived on August 23, 2022. Accepted onJune 15,2023. Published onJune 30, 2023. doi:
10.23755/rm.v4710.647. ISSN: 1592-7415.eISSN:2282-8214. ©The Authors. This paper is
published under the CC-BY licence agreement.



Sandhya G Venkatachala Rao, Anil P. N. and P. G. Patil.

1 Introduction

Topology is significant and a significant zone of arithmetic, and it can give
numerous connections between logical regions and numerical models. Both math-
ematicians and computer scientists have concentrated on fuzzy set theory, and
numerous utilizations of these have emerged throughout the long term. The soft
set hypothesis has been applied to various fields with incredible achievement and
rich potential for application in every engineering and sciences gambit. The idea
of fuzzy soft sets is presented as a comprehensive numerical tool for managing
vulnerability.

In the past years, issues in the field of Engineering, physics, social sci-
ences, and medical sciences etc., in recent times involving uncertainties, cannot
be dealt with crisp data. Zadeh [30] in 1965 introduced a general mathematical de-
vice recognized as a “fuzzy set” to address uncertainties. The topological structure
of fuzzy sets was introduced by Chang [4]. To overcome the existing difficulties in
fuzzy set theory, soft sets were introduced by Molodtsov [9] in 1999. This theory
of soft sets can be successfully applied in many directions such as Game theory,
Riemann integration, Smoothness of functions, Probability theory etc. Maji et al.
[8] introduced the merger of fuzzy set and soft set known as a fuzzy soft set. The
notion of the topological structure of fuzzy soft (fs) set was introduced by Tanay
and Kandemir [26] in 2011 and studied further by Varol and Aygun [29], Roy and
Samanta [16] and Pradeep[14]. Continuity is the core of any topological space.
The authors Patil et. al. [11] and Missier and Rodrigo[12] many others contributed
significantly to the continuous functions in topology. Kharal and Ahmad [7] stud-
ied mappings of fuzzy soft classes. The concept of a fuzzy soft semi-open set was
introduced by A.Kandil et al. [6].

Fuzzy soft pre-open and regular open sets were introduced by Sabir Hus-
sain in 2016 [19]. Sabir Hussain[20] has also proposed fuzzy soft semi-open and
semi-permanent functions in fuzzy soft topological spaces. The concept of fs b-
open sets was introduced by Anil P. N. [2] in 2016. Anil P. N et al. [3] has also
introduced fs strongly b-continuous and perfectly b-continuous functions. Fuzzy
soft pre continuous functions were introduced and studied by Ponselvakumari and
Selvi [13]. Sabir Hussain [21] has also introduced fs locally connected spaces and
the concept of fs semi pre-open set. The idea of generalized fs b open set and
fs gb continuous functions were initiated by Sandhya and Anil P. N. [23]. Fuzzy
soft connectedness through fs b open set was formed by Rodyna [15]. Further
Abbas et al. [1] and Ruth and Selvam [18] contributed to the concept of fuzzy
soft connectedness in 2018. Ibedou and Abbas [5] defined a fuzzy soft net con-
sisting of fuzzy soft points and their convergence. This powerful tool called net
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is applied to study some important properties of fuzzy soft topological spaces by
Rui Gao and Jianrong Wu [17] in 2018. Sabir Hussain [22] introduced compact-
ness and locally compactness in fuzzy soft topological spaces. Smitha and Sindhu
[24] introduced gb-closed and gb-open sets in intuitionistic fuzzy soft topological
spaces in 2019. Tingshui Ping [27] investigated a few mappings on fuzzy soft
topological spaces. Alkouri [28] introduced a new mathematical tool called com-
plex generalised fuzzy soft set, a combination of generalised fuzzy soft set and
complex fuzzy set. Parimala and Karthika [10] reviewed fuzzy soft topological
spaces and neutrosophic soft topological spaces in 2020. Smitha and Sindhu [25]
studied gb-continuous functions in intuitionistic fuzzy soft topological spaces in
2021. Zhi Kong and Lifu Wang [31] applied a fuzzy soft set in decision-making
problems based on grey theory in 2021.

In this work, a new class of fs b continuous functions known as fs slightly
b continuous, fs semi b continuous functions, fs pre b continuous, and fs totally
b continuous mappings in fs topological spaces are introduced, and some of their
properties are studied. Further, the concept of fs b compact spaces is initiated.

2 Preliminaries

Definition 2.1. /8] Let U be the initial universe and K be the set of parameters.
IY be the set of all fuzzy sets on U. Let A C K and a mapping f : A — IV. A
pair (f, A) is called fuzzy soft (fs) set over U. It is also denoted by f. That is
foreacha € A, f(a) = f,: U — I is a fuzzy set on U.

Example 2.1. [8] Let the set of shirts be U, and the set of parameters be K. A fs
set describes the attractiveness of shirts with respect to the given parameters. The
set of all fuzzy sets of U is IV X = {x1,z9, 23} and K = {e1, ey, e3,¢e4,¢5}. Let
E = {ey, eq,e3} be the subset of K.A [s set is denoted by (F, E) or fr . Where
e1= colourful, eo= bright, e3= reasonable price, e,= good quality, es=modern
(F, E) = {{05/,I1, 0.9/,I2, 1/1‘3}, {O3/x1, O.G/IQ, O/$3}7
{0.2/21,0.9/x9,1/x3}} describes three shirts with respect to parameters e;, es,
and es. The shirt x1 w.r.t ey = colouful has a graded value 0.5 out of 1. Similarly,x,
with respect to e, has a graded value of 0.9, and x3 has 1 out of 1. .. so on.

Definition 2.2. [26] Let T be a collection of all fs sets over a universe U and K
be a fixed parameter set. A triplet (U, T, K) is called fuzzy soft topological space
[fsts] if the following hypotheses are satisfied:

L. 6[{,?}( cT
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ii. Arbitrary union of members of T is a member of T.

iii. Finite intersection of members of T is a member of T.

Each member of T is called fs open set. If fx € T then 1 — fx is known as fs
closed set.

Definition 2.3. If (U, 7, K) is fsts, then a fs set fx in U is called a

i. fssemi-open[6]if frx < fsclfsint(fx), fssemi-closedif fsintfscl(fx) <
e

ii. fspre-open[l19]if fx < fsintfscl(fx), fs pre-closed if fsclfsint(fr) <
[k

iii. fsb-open [2]if fx < fsclfsint(fr)V fsintfscl(fx). The complement of
the fsbopen setis fsbclosed. A fs set that is both b open and b closed is
called fs b clopen. And fs b open set is referred to as f sbo.

iv. fssemipre-open [20] if fx < fsclfsintfscl(fk), fs semipre-closed
fsclfsintfscl(fx) < fk.

v. fs generalised b open[23] if fsbint(fx) > gk whenever (fx) > gx and gx
is fs closed set in U.

Example 2.2. Consider a fsts (U,7,K) and K = {ej,es} where U = {a,b},
7 =1{01,(F, K), (Fs, K), (Fy, K)} (F1, K) = {{0.6/a,0.8/b},{0.7/a,1/b}}
(Fy, K) ={{0.4/a,0.4/b},{0.3/a,0.1/b}}

(F3, K) = {{0.3/a,0.3/b},{0.2/a,0.1/b}}.

In(U,1,K), (G1,K)={{0.5/a,0.6/b},{0.4/a,0.3/b}}, is fs semi open.

(Gy, K) = {{0.4/a,0.3/b},{0.3/a,0.1/b}}, is fs pre open, fs b open and also
fs gbopen. (G3,K) = {{0.6/a,0.4/b},{0.3/a,0.2/b}}, is fs semi pre open.

Definition 2.4. [8] If f is a fs set, then
i. the intersection of all s closed supersets of fx is fs closure of fk.
ii. the union of all fs open subsets of fr is called fs interior of fi.
Definition 2.5. [2] If fx is a fs set, then

i. the intersection of all fs b closed supersets of fx is fs b closure (fsbcl) of

e

ii. the union of all fs b open subsets of fx is called fs b interior (fsbint) of fk.
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Definition 2.6. Let (U, 7, K) and (V, 0, K) be fsts and f be a function from U to
V. Then f is said to be a

i. fscontinuous [7] if the inverse of every fs open setinV is fs openin U.

ii. fs semi-continuous(resp.fs pre continuous) [13] if the inverse of every fs
open setin'V is fs semi-open (resp fs pre-open)in U.

iii. fssemipre continuous [21] if the inverse of every s open setin'V is fs semi
pre-open in U.

iv. fs b-continuous [23] if the inverse of every fs open setin'V is fs b open in

U.

v. [s b-irresolute [23] if the inverse of every fs b open setinV is fs b open in
U.

vi. fs contra b continuous [3] if the inverse of every fs open setin 'V is fs b
closed in U.

vii. fs strongly continuous [3] if the inverse of every fs setinV is fs clopen in

U.

viii. fs perfectly continuous [3] if the inverse of every fs open set in'V is fs
clopen in U.

ix. fs strongly b-continuous [3] if the inverse of each fs b open setinV is fs
open set in U.

x. fs perfectly b-continuous [3] if for each fs b-open set in'V its inverse is fs
clopen in U.

xi. fs gb continuous [23] if for each fs open set in V its inverse is fs gb open
setin U.

Definition 2.7. Any fsts (U, T, K) is called

i. fsdiscrete space [23] if every fs setis fs openin T.

ii. fslocallyindiscrete space[21] if every fs open set is closed in T .
iii. fs bl space [3]if every fs b open setis fs open.

iv. fsbconnected[15] ifthere are no fs b separations ofTK, otherwise (U, 1, K)
is said to be fs b disconnected space.

Definition 2.8. [15] Let (U, 7, K) be a fsts. An fs b separation OILIK is a pair of
non-null proper fs b open sets fx and g where fix N gk = 0k, 1k = fx U gk.
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3 Fuzzy soft slightly b-continuous functions

Consider two fsts (U, 7, K), (V, 0, K) and f is a function from U to V' and K
is the set of parameters throughout this section.

Definition 3.1. A function f is said to be fs slightly continuous (fssc) if the inverse
of each fs clopen setin'V is fs openin U.

Definition 3.2. A function f is said to be fs slightly b continuous (fssbc) if the
inverse of each fs clopen setin 'V is fs b open (fsbo) in U.

Example 3.1. Suppose f is an identity map and U = {a,b} V = {c¢,d}, K =
{er, 2}, 7 = {0, 1, (F1, K), (Fy, K)} and

o0=10,1,(G1,K),(Go, K)} (F1, K) ={{1/a,0.9/b},{0.8/a,0.8/b}}

(Fy, K) ={{0/a,0.1/b},{0.2/a,0.2/b}}

(G1,K) ={{0.7/¢,0.6/d},{0.5/¢,0.6/d}}

(Ga, K) = {{0.3/¢,0.4/d},{0.5/¢,0.4/d}}. The inverse images of (G, K) and
(Ga, K) are fs b open sets. Therefore f is fs slightly b continuous.

Theorem 3.1. Every fs slightly continuous function is fs slightly b continuous.
Proof: Let f be fs slightly continuous. Let (G, K) be fs clopen set in'V, then
fHG,K) is fs open and hence fs b-open in U. Hence f is fs slightly b-
COntinuous.

Converse need not be confirmed, as seen from the below example.

In example 3.1, f~1(Gy, K) and f~' (G, K) are fs b-open sets but not fs open
in U. Therefore, f is slightly b continuous but not fs slightly continuous.

Theorem 3.2. Every fs contra b continuous function is fs slightly b-continuous.
Proof: If f is fs contra b continuous map and (G, K) is fs clopen set in V, then
~YG,K) is fs bopeninU. Hence the theorem.

The reverse implication is not valid.

Example 3.2. Let f be an fs identity map. Let U = {a,b}, V = {¢,d} and K =
{er,e2} and 7 = {O,1,(F1,K), (Fy,K)} and 0 = {0,1,(Gy, K), (G2, K)},
where (Fy, K) = {{1/a,0.9/b},{0.8/a,0.8/b}}

(Fy, K) = {{0/a,0.1/b},{0.2/a,0.2/0}}

(G1,K) ={{0.7/¢,0.6/d},{0.5/¢,0.6/d}}

(Gy, K) ={{0.3/¢,0.4/d},{0.5/c,0.4/d}}

(Gs, K) = {{0.2/¢,0.3/d},{0.4/c,0.3/d}}. It is verified that f~(G1, K) and
[HGy, K) are fsbopen sets but f~1(Gs, K) is not fs b closed in U. Thus f is
f s slightly b-continuous but not fs contra b continuous.
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Theorem 3.3. Every fs b continuous function is fs slightly b continuous.

Proof: Let (G,K) be fs clopen set in V and f be fs b continuous. Then
[YG,K)is fsbclopeninU. Hence f is s slightly b continuous.

The reverse implication need not be true in general.

Example 3.3. Consider fs identity map. Let U = {a,b}, V = {c,d}, K =

{er,e2}, 7 = {0, 1,(F\,K),(Fy,K)} and 0 = {O,1,(G1, K), (Gs, K)}, where
(Fi, K) = {{0.5/a,0.4/b},{0.3/a,0.4/b}}

(Fy, K) = {{0.3/a,0.3/b},{0.2/a,0.3/b} }
(G1,K)=1{{0.4/¢,0.5/d},{0.4/c,0.6/d}}
(Go, K) ={{0.6/c,0.5/d},{0.6/c,0.4/d}}
(G3, K) = {{0.4/¢,0.5/d},{0.3/¢,0.3/d}}. Since the inverse of fs clopen sets
(G1, K) and (Go, K) are fs b open sets in U, but f is fs slightly b continuous

and f~Y(G3, K) is not fsbopeninU. Hence, f is not fs b continuous.

Theorem 3.4. Composition of fs slightly b continuous functions need not be fs
slightly b continuous.

Example 34. Let f : (U,7,K) — (V,7,K)and g : (V,7,K) — (w,0,K)
be fs identity mappings. So, go f : (U,1,K) — (w,0,K) is also fs iden-
tity map. Let U = {a,b}, V = {c,d}, w = {g,h}, K = {e1,ea}, 7 =
{01, (1, K), (B, K)}, 7/ = {0, 1, (G1, K), (Go, K) } and

o ={0,1,(Hy,K), (Hy, K)} be fuzzy soft topological spaces. Here, (Fy, K) =
{{0.4/a,0.3/b},{0.4/a,0.3/b}}

(Fy, K) ={{0.5/a,0.4/b},{0.4/a,0.4/b}}

(G1,K) ={{0.5/c,0.4/d},{0.5/¢,0.5/d}}

(Go, K) ={{0.5/¢,0.6/d},{0.5/c,0.5/d}}
(H,K)={{0.7/9,0.8/h},{0.6/9,0.5/h}}

(Hy, K) = {{0.3/9,0.2/h},{0.4/9,0.5/h}}. Then f~(G1,K), f~1(Gs, K) in
Uand g'(Hy,K), g '(Hy, K) in V are fs b open sets but (g o f)'(Ha, K) is
not fs b openinU.

Theorem 3.5. Let f : (U, 7,K) — (V,7,K)and g : (V,7',K) — (w,0, K) be
two fs mappings, then
i. If fis fsb-irresolute and g is fssbc, then g o f is fssbc .

ii. If fis fsb-irresolute and g is fs b-continuous, then g o f is fssbc.

iii. If fis fsb-irresolute and g is fssc, then g o f is fs b continuous .
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If f is fs b-continuous and g is fssc, then g o f is fssbc.
If f is strongly b continuous and g is fssbc, then g o f is fssc.
If f is fssbc and g is fs perfectly b continuous, then g o f is fs b-irresolute.
If f is fssbc and g is fs contra continuous, then g o f is fssbc.

If f is fsbirresolute and g is fs contra b continuous, then g o f is fssbc.

Proof:

Let (H, K) be fs clopen setin W, since g is fssbc, g~ (H, K) is fs b open in
V and f is fs birresolute (go f)'(H,K) = f~Y(g '(H,K)) is fs b open
inU. Thus g o f is fssbc.

Let (H, K) be fs clopen set in W, since g is fs b continuous, g~ (H, K) is
fsbopeninV and f is fsbirresolute, (go f)"*(H,K) = f~Y(¢g ' (H, K))
is fsbopenin U. Therefore g o f is fssbc.

Let (H, K) be fs clopen set in W, since g is fssc, g~ '(H, K) is fs open set
inV and also fsbopeninV since f is fsbirresolute, (go f)"'(H,K) =
Y9 Y (H,K)) is fs b-open. Therefore, g o f is fssbc.

Let (H, K) be fs clopen setin W, since g is fs slightly continuous, g~ (H, K)
is fs bopen setinV, since f is fs b continuous,

(gof) M(H,K) = f~Yg Y (H, K))is fs b-openin U and hence go f is fssbc.

Let (H, K) be fs clopen setinW. Since g is fs slightly continuous, g~*(H, K)
is fs bopeninV and f is fs strongly b continuous. (go f)"'(H,K) =
Y9 (H,K)) Is fs openin U. Consequently g o f is fssc.

Let (H,K) be fs b open set in W, since g is fs perfectly b continuous,
g Y (H,K) is fs open. fsclosedinV since f is fssbc, (9o f)"'(H,K) =
Y9 ' (H,K)) is fs bopeninU. Accordingly g o f is fs b irresolute.
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vii. Let (H, K) be fs clopen set in W, since g is fs contra continuous,
( ,K)is fsopenand fs closed inV since, f is fssbc, (go f) ' (H,K) =
“Ng Y (H,K)) is fsbopeninU. Hence g o f is fssbc.

viii. Let (H,K) be fs b clopen set in W, since g is fs contra b continuous,
g ' (H,K) is fs bopen and fs b closed in V. Since f is fs b irresolute,
(go /)" YH,K) = fYg ' (H,K)) is fs bopen, and fs b closed in U. So

o f is fssbc.

Theorem 3.6. If f is fssbc and U is fs b1y, topological space, then f is fssc.
Proof: Let (H,K) be fs clopen set in W. Since f is fssbe, f~'(H,K) is fs b
open in the space U and U is fs bTy/, space, so f~'(H,K) is fs open in U.
Hence f is fssc.

Theorem 3.7. If f is fssbc and U is fs b connected space, then'V' is not f s discrete
space.

Proof: Let us assume V as fs discrete space. Let (H, K) be a proper non-empty
fs open subset of V. Since, f is fs slightly b continuous, so f~(H, K) is proper
non-empty fs b clopen subset of U, which contradicts that U is fs b connected.
Therefore V' is not fs discrete space.

Theorem 3.8. If f is fssbc and V' is fs locally indiscrete space, then f is fs b
CONtinuous.

Proof: Let (H,K) be fs open set in V and V' is locally indiscrete space with
(H,K) is fs closed in V. And function is fs slightly b continuous, f~*(H, K) is
fsbopeninU. Hence f is fs b continuous.

Remark 3.1. From the above observations of stronger and weaker forms of fs
slightly b continuous functions in fsts we have the following implications.

fs is slightly continuous \

fs contra b continuous } fs slightly b continuous

fs b continuous _-—-——"'-"‘-—-—-9

Figure 1:
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4 Fuzzy soft semi b continuous functions

Throughout this section, (U, 7, K) and (V, 0, K') be any two fsts where K is
the set of parameters and f be a mapping from U to V'

Definition 4.1. A function f is fs semi b continuous if the inverse of every fs b
open (fsbo) set is fs semi-open. The family of all fs semi b continuous functions
is denoted by fssmbc.

Theorem 4.1. If f is a member of fssmbc then it is s semi-continuous.

Proof: If f € fssmbcand (G, K) is fs open set in'V, since every fs open set is
fsbo, f~Y(G, K) is fs semi-open in U. Hence f is fs semi-continuous.

The converse of the this theorem need not be true in general.

Example 4.1. Consider the fs identity map f from U to V.

Let 7 = {O,1,(F,K),(Fy, K)}, 0 = {O,1,(G1,K), (G, K)} be fsts. Let
U=/{a,b}, V={cd}, K={e,es}, where

(F1, K) ={{0.5/a,0.3/b},{0.2/a,0.4/b}}

(Fy, K) ={{0.3/a,0.1/b},{0.2/a,0.3/b}},

(G1,K) ={{0.5/¢,0.7/d},{0.3/¢,0.5/d}},

(Ga, K) ={{0.4/¢,0.5/d},{0.2/c,0.3/d}}.

Consider (H,K) = {{0.3/¢,0.4/d},{0.3/¢,0.1/d}} a fsbo set in V. Since
f~YH,K) it is not fs semi-open in U, f does not belong to fssmbc. But it is
fs semi-continuous.

Theorem 4.2. If f € fssmbc then f is fs b continuous.

Proof: If f is in fssmbc, the inverse of every fsbo set is fs semi-open. Consider
fsopenset (G,K)inV, f71(G,K) is fs semi-open and hence fsbo in U, f is
fs b continuous.

But the converse is not as seen from the above example 4.1, f~1(Gy, K) and
Y Gy, K) are fs b-open sets in U. Therefore, [ is fs b continuous. But
f~YH, K) is not fs semi-openin U, Hence f ¢ fssmbc.

Theorem 4.3. If f € fssmbc then f is fsgb continuous.

Proof: For an fs semi b-continuous function, the inverse image of a fsbo set is
fs semi-open. Each fs semi-open setis fs gb open. Hence f is fsgb continuous.
With the counter example, we can prove that converse is not valid.

Example 4.2. Let [ be fs identity mapping and T = {5,1 ([, K), (Fy), K)},
o ={0,1,(G1,K), (G, K)} be fsts.

Let U = {a,b}, V = {c,d}, K = {e1, e}, where

(Fy, K) = {{0.3/a,0.4/b}, {0.5/a,0.6/b}},

(Fy, K) ={{0.4/a,0.4/b},{0.6/a,0.6/b}},
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(G1,K) ={{0.5/¢,0.4/d},{0.1/¢,0.8/d}},

(Go, K) ={{0.4/¢,0.3/d},{0.1/¢,0.6/d}}.

Consider fs b open set, (H, K) = {{0.4/¢,0.2/d},{0.5/c,0.4/d}} in V. Then
YGy,K) and f~Y(Gy, K) are fs gb-open sets in U but f~*(H, K) is not fs
semi available in U. Thus f is fs gb continuous but f ¢ fssmbc.

Theorem 4.4. If f is a member of fssmbc then it is fs semi pre continuous.
Proof: Every fs semi-open set is fs semi pre-open proof is evident.

Theorem 4.5. If 0 € fssmbc and U is fs U1}y space, then 8 is fs continuous.
Proof: Since 0 is fs semi b continuous function, for any fs open set (G, K) inV,
0=Y(G, K) is fs semi-open in U. And every fs semi-open set is fsbo and hence
fsopenin fs bl space, 0 is fs continuous.

The converse is not true.

Example4.3. Let 0 : (U, 7, K) — (V,0, K) be a fs mapping defined by 0(a) = d
and 6(b) = c. Let U = {a,b}, V = {c,d} and K = {e1, ex}.

Let 7 = {0,1,(F1,K),(Fy,K)} and 0 = {0,1,(G1,K), (G, K)} be fsts,
Where (Fy, K) = {{0.6/a,0.5/b},{0.4/a,0.5/b}},

(F2, K) = {{0.5/a,0.4/b},{0.3/a,0.4/b}},

(G1, K) = {{0.5/¢,0.6/d},{0.5/¢,0.4/d}},

(Go, K) = {{0.4/¢,0.5/d},{0.4/c,0.3/d}}. Consider fs b open set (H,K) =
{{0.6/¢,0.5/d},{0.7/¢,0.7/d}} in V and 671 (G1, K), 71 (Ga, K) are fs open
sets but 071 (H, K) is not fs semi-open in U. Thus 0 is fs continuous but 0 ¢
fssmbc.

Theorem 4.6. If o : (U, 7, K) — (V,7/,K) is fs semi b continuous and [ :
(V.7 K) — (W, 0,K) is fs b continuous, then fo« : (U, T, K) — (W,0,K) is
fs gb continuous.

Proof: Let (H, K) be fs open setin W, since 3 is fs b continuous, 3~ (H, K) is
fsbo inV and o is fs semi b continuous, so (foa) ' (H,K) =a (7 (H, K))
is fs semi-open and hence s gb open in U. Thus (f o «) is fs gb continuous.

Theorem 4.7. If o : (U,7,K) — (V,7',K) is fs semi b continuous and [ :
(V,7',K) — (W, 0, K) is fs semi-continuous, then foc : (U, 7, K) — (W, 0, K)
is fs semi pre continuous.

Proof: Let (H, K) be fs open setin W, since 3 is fs semi-continuous, 3~ (H, K )
is fs semi-open and also fsbo in V. Since « is fs semi b continuous (3 o
a) N H,K) = a Y (7 (H,K)), is fs semi-open in U. Every fs semi-open
set is fs semi pre-open. Hence ([ o ) is fs semi pre continuous.

Remark 4.1. The relations of stronger and weaker forms of fs semi-continuous
functions in fsts is represented as :
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fs semi b contimious ——3fs semi continuous ———315 gb continuous

for fs bT1z spa(N / \

fs contmuous fs b continuous —=3fs semi pre continuous

Figure 2:

S Fuzzy soft pre b continuous functions

In this section n : (U,7,K) — (V,7/,K) is defined as fs mapping, and
parameter set be K where U and V' are fsts.

Definition 5.1. A function n is said to be fs pre b continuous if the inverse of
each fsbo in V is fs pre-open in U. The family of fs pre b continuous functions
is denoted by fspbc.

Theorem 5.1. Every fs pre b continuous function is fs pre continuous.

Proof: Let 1) be s pre b continuous mapping, (G, K) be fs open setin'V. Since
every fs open set is fsho, n7Y (G, K) is fs pre-open in U. Hence n is fs pre
continuous. But converse need not be true in general.

Example 5.1. Letn : (U, 7, K) — (V, 7', K) be a function defined by n(x1) = yo
and n(xg)fyl where U = {x1, 25}, V = {yi, fy;}, K ={ey,es}.

Lett ={0,1,(F,K),(Fy, K)} and 7" = {0, 1,(G1, K), (G, K)} be fsts.

(Fl, K) == {{05/1’1, 06/1’2}, {03/1’1, 04/1’2}}

(FQ, K) = {{04/[E1, 03/1‘2}, {02/1‘1, 04/1’2}}

(G, K) = {03/1,03/12}, {02/ 1, 0.2/} )

(Go, K) = {{0.5/y1,0.3/y2},{0.3/y1,0.3/y2} }.
Consider (H, K) = {{0.4/y1,0.1/y2},{0.3/y1,0.2/y2}} which is a fsbo in V.

Gy, K) and 7Y Gy, K) are fs pre-open sets in U, But n~'(H, K) is not fs
pre-open in U. Therefore, 1 is fs pre-continuous but not fs pre b continuous.

Theorem 5.2. Ifn € fspbc then nis fs b continuous.

Proof: Let n be fs pre b-continuous function. So the inverse of every fsbo set is
fs pre-open and each fs pre-open set is fsbo. Hence 1 is fs b continuous.
Converse of the above theorem need not be accurate.

Example 5.2. Letn : (U, m,K) — (V,7',K) be fs identity map, where U =
{z1,22}, V = {y1,y2} and K = {ey, e2}.

Lett = {O,1,(F\,K),(Fy, K)} and 7' = {O,1, (G, K), (Gs, K)} be fuzzy soft
topological spaces. (F1, K) = {{0.3/x1,0.2/22},{0.2/21,0.3/x2}}

(FQ, K) = {{03/[E1, 03/$2}, {08/1’1, 05/1’2}}

(G1, K) = {{0.5/y1,0.6/y2},{0.2/y1,0.3/y2} }
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(G2, K) = {{0.4/41,0.3/y2},{0.2/y1,0.3/y2} }.
Consider (H, K) = {{0.5/y1,0.6/y2},{0.3/y1,0.3/y2} } which is a fsbo setin V.
n Y (H, K) is not fs pre-open in U. Hence n & fspbc. Butitis fs b continuous.

Theorem 5.3. Ifn € fspbc then n is fsgb continuous.

Proof: Letn : (U,1,K) — (V,7',K) be fs pre b- continuous function and
(G,K) be fs open set in'V since every fs open set is fsbo and 1 is fs pre-b-
continuous, 11 (G, K) is fs pre-open, and hence fs gb openin U.

Converse is not be true.

Example 5.3. Let n : (U,7,K) — (V,7',K) be fs identity mapping, where
U=A{z1, 22}, V={y1, e} and K = {e1}.

Lett ={0,1,(F\,K),(F5, K)} and 7" = {O, 1,(G1, K), (G2, K) } be fuzzy soft
topological spaces. (Fy, K) = {{0.3/x1,0.2/xa}} (F2, K) = {{0.3/21,0.3/x2}}
(G1, K) = {{0.5/y1,0.6/y2}} (G2, K) = {{0.4/11,0.3/y2} }.

Consider fs b open set (H,K) = {{0.8/y1,0.7/y,}} in V. Since, n~'(G1, K)
and 1~ (Gy, K) are fs gb-open but n=*(H, K) is not fs pre-openin U, n is fs
gb-continuous but not fs pre b- continuous.

Theorem 5.4. Ifn € fspbc then it is fs semi pre continuous.

Proof: Letn : (U,7,K) — (V,7/,K) be fs pre b- continuous function. Let
(G,K) be fs open setinV. Hence fs b open and n~*(G, K) is fs pre-open in
U. Every fs pre-open set is fs semi pre-open, n is fs semi pre continuous.
Converse need not be accurate as seen from the example 6.1, n~ (G, K) and
n Y (Ge, K) are fs semi pre-open sets in U. Therefore nis fs semi pre continuous.
But ' (H, K) is not s pre-open in U. Hence 1 is not fs pre b- continuous.

Theorem 5.5. If n) is fs pre b continuous and (U, 7, K) is fs b1} 2 space, then 7
is fs continuous.

Proof: Letn : (U,1,K) — (V,7',K) be fs pre b- continuous function. So the
inverse of each fsbo set is fs pre-open and hence fsbo in U. But U is fs b1},
space each fs b open setis fsopen, nis fs continuous.

Example 54. Let  : (U,7,K) — (V,7',K) be defined by n(x,) = y, and
n(z2) = y1, where U = {z1, 22}, V = {y1, 12}, K = {e1,ea}

= {0,1,(F,K),(Fy, K)}and 7' = {O,1,(Gy,K), (Gy, K)} be fuzzy soft
topological spaces.

(Fl, K) = {{06/1’1, 05/£L'2}, {04/1'1, 05/1'2}}

(Fg, K) = {{05/1‘1, 04/1’2}, {03/331, 04/332}}

(G1,K) ={{0.5/11,0.6/y2},{0.5/y1,0.4/y2} }

(Go, K) = {{0.4/y1,0.5/y2}, {0.4/y1,0.3/y2} }-

Consider fsbopen set (H,K) = {{0.6/y1,0.5/y2},{0.6/y1,0.7/y2}} in V.
Since ™Y (G1, K) and n='(Go, K) are fs open sets and ' (H, K) is not fs pre-
openin U, nis fs continuous but not fs pre b continuous.
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Theorem 5.6. If n : (U, 7,K) — (V,7',K) is fs pre b continuous and . :
(V.7 K) — (W,0,K) is fsbcontinuous, then pon : (U1, K) — (W,0,K) is
fs gb continuous.

Proof: Let (H, K) be fs open set in W, since g is fs b continuous, u~*(H, K) is
fsboinV and n is fs pre b continuous (non) *(H,K) =n" (u '(H,K))is fs
pre-open in U. Every fs pre-open set is fs gb open, (i on) is fs gb continuous.

Remark 5.1. From the above observations we have the following implication:

{5 pre b continuous ———3f5 pre continuous —————3fs gb continuous

for fs bTwe :space\l / \‘

fs continuous fs b continuous —fs semi pre continuous

Figure 3:

6 Fuzzy soft totally b continuous functions

Definition 6.1. A function i) : (U, T, K) — (V, 7', K) is fs totally continuous if
the inverse of every fs open set is fs clopen.

Definition 6.2. A function : (U, 7, K) — (V,7', K) is fs totally b continuous if
inverse image of every fs open setinV is fs b clopeninU.

Theorem 6.1. Every fs totally continuous function is f s totally b continuous.
Proof: Since every fs open(closed) set is fs b open (b closed), it was evident that
every fs totally continuous function is fs totally b-continuous.

But converse need not be true.

Example 6.1. Let ¢ : (U,T,K) — (V,7',K) be defined by )(x1) = yo and
W(xy) = y1. Let 7 = {0, 1, (F1,K), (Fy, K)}, 7 ={0,1,(G1,K), (G, K)}, be
fuzzy soft topological spaces. Let U = {x1,x2}, V. = {y1, 92} and K = {ey,es}
(Fl, K) = {{1/1‘17 09/1‘2}, {08/1‘1, 08/1‘2}}

(Fy, K) = {{0/x1,0.1/25},{0.2/21,0.2/25}}

(G1,K) ={{0.7/21,0.6/x2},{0.5/21,0.6 /x5 }}

(Go, K) = {{0.3/21,0.4/25},{0.5/x1,0.4/25}}. Then =1 (Gy, K) and

=Y Gy, K) are neither fs open, nor s closed sets in U. But they are fs b clopen
sets in U. Therefore 1, fs totally b continuous but not fs totally continuous.

Theorem 6.2. Every fs perfectly b-continuous function is fs totally b continuous.
Proof: Let i) : (U,7,K) — (V,7',K) be fs perfectly b continuous function.
Consider an fs open set fi in'V. Since fx is fs b open and 1) is fs perfectly b

22



A new form of continuity in fuzzy topological spaces

continuous. v~ (fx) is fs open and fs closed in U. Every fs open (closed) set
is fsbo (closed), thus ) is s totally b continuous.

But the converse is not valid.

In example 6.1, v (G, K) and ¥~ (Go, K) are fs b open, and b closed sets
in U. Therefore 1) is fs totally b-continuous. Consider a fsbo set (H,K) =
{{0.2/y1,0.3/y2},{0.3/y1,0.4/y2}}. But v~'(H, K) it is neither fs open nor
fs closed in U. Therefore 1 is not perfectly b continuous.

Remark 6.1. The concepts of fs strongly b-continuous function and f's totally b
continuous functions are independent of each other.

In Example 6.1, (G, K) and v~ (G, K) are fs b open, and b closed sets
in U. Therefore 1 is fs totally b-continuous. Consider a fsbo set (H, K) =
{{0.2/y1,0.3/y2},{0.3/y1,0.4/y2}} in V, " (H, K) is not fs openinU. There-
fore ) is not strongly b-continuous.

Theorem 6.3. Every fs totally b-continuous function is fs b continuous.

Proof: Let ) : (U, 7, K) — (V,7', K) be fs totally b continuous function. Then
inverse of each fs open set is fsbo, and fs b closed in U. So v is fs b continuous.
Following example shows that, fs b continuous function need not be fs totally b
CONtinuous.

Example 6.2. Let ) : (U, 7, K) — (V,7', K) be a fs identity map. U = {x1, x5},
V ={y1,y2} and K = {eq, ea},

LetT—{O,l,(Fl,K) (Fy, K), (F5, K), (Fy, K), (F5, K), (Fs, K), (F7, K)},
1, K), (Go, K)} be fsts.

(@
—{{W}’{%ﬁ}}wz{{W}’{f’f}}

Then ¢~ (G1, K) and = (Gy, K) are fsbo sets, but they are not fs b closed sets
in U. Therefore 1 is fs b-continuous but not fs totally b continuous.

Theorem 6.4. Every fs totally b-continuous function is fsgb continuous.
Proof: Let ) : (U, 7, K) — (V, 7', K) be fs totally b-continuous function. Then
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inverse of fs open set is fs b-open, and fs b-closed in U. Since the inverse
of every fsbo set is fs gb-open, 1\ is fs gb-continuous. Example 6.2, give the
converse is not true, (G, K) and 1)~ (Gy, K) are fs gb open sets but not fs
b closed sets in U. Therefore 1, fsgb continuous but not fs totally b-continuous.

Theorem 6.5. Every fs totally b continuous function is fs semi pre continuous.
Proof: Let ¢ : (U,T,K) — (V,7',K) be fs totally b- continuous function. Let
(G,K) be fsopensetinV, then (G, K) is fs bopen and fs b closed in U
and every fs b open set is fs semi pre-open, 1\ is fs semi pre continuous.

In example 6.2, v~ (G1, K) and 1~(Go, K) are fs semi pre-open sets but not
fsbopen, and fs b closed sets in U. Therefore 1), fs semi pre continuous but not
f s totally b continuous. Hence converse of this is not true in general.

Theorem 6.6. If f : (U,7,K) — (V,7',K) is fs totally b continuous and X :
(V, 7", K) — (W,0,K) is fs b continuous, then \o f : (U, 7, K) — (W,0,K) is
fs gb continuous.

Proof: Let (H, K) be fs open setin W, since X is fs b continuous, \"*(H, K) is
fsbo in'V and f is fs totally b continuous, (Ao f)"'(H,K) = f~*(\"Y(H, K))
is fs b open and fs b closed in U. Every fsbo is fs gb open, (Ao f) is fsgb
continuous.

Theorem 6.7. If f : (U,7,K) — (V,7',K) is fs totally b continuous and X :
(V, 7", K) — (W,0,K) is fs b continuous, then \o f : (U, 7, K) — (W,0,K) is
fs semi pre continuous.

Proof: Let (H, K) be fs open setin W, since X is fs b continuous, \"*(H, K) is
fsbo in'V and f is fs totally b continuous, (Ao f)"'(H,K) = f~*(\"Y(H, K))
is fsbopen and fs b closedin U. Since every fs b open set is fs semi pre-open,
(Ao f) is fs semi pre continuous.

Remark 6.2. The concept of fs pre b continuous and totally b continuous func-
tions in fsts are independent of each other.

Example 6.3. Suppose ¢ : (U,,K) — (V,7',K) is defined by Az1) = yo and
Mzo) =y and T ={0,1,(F\,K), (Fy, K)}, 7" ={0,1,(G1,K), (G, K)}, be
any two fsts. Let U = {x1, 22}, V = {y1,y2} and K = {e1, es},

(FlaK) = {{%v%}v {(;_18’%}} (FQ’K) - {{%’%}’ {?’3_12’%}}
S {0 e R

Here, \™'(G1, K) and \™' (G4, K) are fs b open, and b closed sets in U. Thus \
is fs totally b continuous. Consider an fs b open set

(H,K) = {{0.2/y1,0.3/y2},{0.3/y1,0.4/y2}} . Since \"'(H, K) it is not fs
pre-open in U, \ it is not s pre b continuous.
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Remark 6.3. From the above observations, we have the following :

fs totally continuous — fs totally b continuous fs b continuous

fs semi pre continuous

fs perfectly b continuous fs gb continuous

Figure 4:

7 Fuzzy soft b compact spaces

Definition 7.1. Let (U, 7, K) be fsts and fr € fss(U,T,K) the set of all fs
sets. An [s set [ is called b compact if each fs b open cover of [ has a finite
subcover. Also (U, 1, K) is called fs b compact if each fs open cover of 1 has a
finite subcover.

Remark 7.1. A fsts is fs b compact if U is finite.

Example 7.1. Let (U, 7,K) and (V,0, K) be two fsts and T C o. Then fsts
(U,,K) is fs b compact if (V,o,K) is fs b compact.

Definition 7.2. A fsts (U, 7, K) is called a

i. strongly compact if and only if every fs pre-open cover of U has a finite
subcover.

ii. semi-compact if and only if every fs semi-open cover of U has a finite sub-
cover.

iii. semi pre compact if and only if every fs semi pre-open cover of U has a finite
subcover.

iv. S-closed if and only if every fs semi-open cover of U has a finite subcollection
whose closures cover U.

Remark 7.2. Each fs semi-open and f s pre-open sets implies fs b open sets. Ev-
ery fs b compact space means each of fs strongly compact and fs semi-compact
spaces. Also, since fs b-open set implies fs semi pre-open set, it is clear that
fs semi pre compact space means fs b compact space. The finite intersection
property for fs b compact spaces is provided as follows.
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Definition 7.3. A family 1) of fs b open sets has the finite intersection property if
the intersection of members of each finite subfamily of 1) is not the null fs set.

Theorem 7.1. A fsts U is fs b compact if and only if each family of fs b closed

sets with the finite intersection property has a non-null intersection.

Proof: Let ) be an arbitrary family of fs b closed sets with the finite intersec-

tion property. We assume that (\{(f;, K) : (fi, K) € v} is non-null, that is
iel

N(fi, K) = Ok. Then (N (1, K))* = U (fs, K)° = 1x. Since each (fi, K) is b
iel iel iel

closed, the family {(fi, K)° : i € I} is fs b open cover of U. But U is fs b com-
pact, therefore | J(f;, K) = 1k . Thus we have K = ((\(f;, K))* N (fi, K) =

i€l iel iel

Ok a contradiction to assumption.

Suppose U is such that each family of fs b closed sets with the finite intersection
property has a non-null intersection. Let v = {(f;, K) : i € I} be a family
of fs b open sets. Let 1\ has a finite subfamily that also covers U. Assume that

U(fi, K) = 1x for any finite J < I.

ieJ

Then ((fi, K)° = (U (fi, K))¢ # Ok , since J is finite. Thus {(f;, K)°:i € I}
ieJ i€J

has finite intersection property. By assumption (\(f;, K)¢ # Ok , and we have

iel
U (fi, K) # 1x. This is a contradiction. Thus U is fs b compact.
i€l
Theorem 7.2. Let g be fs closed set in fs b compact space (U, T, K). Then gi
is also fs b compact. N
Proof: Let v = {(h;,K) : i € I} be fs b open cover of gx. Then 1x C
{(U(hi, K)) U (g, K)°}. Therefore there exists a finite sub covering

il

(h1,K), (hy, K), (hs, K).....(g9, K). Hence we get 1z C (hy, K) U (hy, K) U
(hs, K)U......... U (hy, K) U (g, K)°. Therefore (¢, K) C (hy, K)U (he, K) U
(h3, K)U......U(hy, K)U(g, K)¢, which implies (g, K) C (hy, K)U (hg, K)U
(hs, K)U.......U(hy, K) since (9, K)N (g, K)¢ = Ok. Hence (g, K) has a finite

subcover thus gk is fs b compact.

8 Conclusion

The present work zeroed in on introducing slightly b, semi b, pre b and to-
tally b continuous mappings in fuzzy soft topological spaces. The correlation
with the existing fs continuous functions are studied, established and compared.
It is proved that every fs is slightly continuous, fs contra b continuous, and fs b
continuous function is fs slightly b continuous. In contrast, the composition of fs
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slightly b continuous function need not be fs slightly b continuous. In fs bT1/2
space fs slightly b continuous function becomes fs slightly continuous. Counter
examples have been shown to illustrate and evidence that the reverse implications
do not imply either. It is deduced that every fs pre b continuous and fs semi b con-
tinuous function is fs b continuous, fs gb continuous, and fs semi pre continuous
function. It is also enumerated that the converse is not valid with evidence using a
counter example. In addition, it is implicated that fs totally b continuous function
is also fs b continuous, fs gb continuous, and fs semi pre continuous with clear
inferences that the reverse implication is not true. Further, it is also concluded
that fs pre b continuous and fs totally b continuous, fs strongly b continuous and
fs totally b continuous functions are independent of each other. A new form of
topological space such as fs b compact space is also introduced. The current word
forms the basis for further work to be computed, emphasising fuzzy soft topology
as the fulcrum of computations.
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