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Abstract

In this article, we consider the problem of finding general formula
for the terms introduced between two given positive integers ‘a’
and ‘b’ in such a way that the terms of newly formed finite sequence
satisfy the recurrence relations of Horadam sequence and some
bifurcating Fibonacci sequences.
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1 Introduction

Consider any two fixed given positive integers a and b such that
a < b. We insert k number of terms between a and b so that every term inserted
between follows the given recurrence relation of any generalized Fibonacci
sequence. Thenwe say x,, (1 < n < k) to be the inserted term (or missing term,
as defined by some of the authors) in the finite (generalized Fibonacci-like)
sequence a, Xy, Xz, X3, ..., Xg, b.

The problem of insertion of terms in arithmetic, harmonic, geometric
sequence is considered to be elementary which occurs in the high school
mathematics. However, not much work is done regarding the general formula
for the inserted terms in a Fibonacci-like sequences. Howell [8] presented a
proof for finding the n™ term of Fibonacci sequence using vectors and
eigenvalues. But he said nothing for the Fibonacci-like sequences. Agnes, et al.
[1] provided a formula for inclusion of three consecutive missing terms in
Fibonacci-like sequence.

Horadam [7] defined a linear recurrence sequence of second order E,(p, q),
acknowledged as Horadam sequence, by the recurrence relation
EPD = pr®® 4 qr®D with the initial conditions FP? = a, EP? = ¢,
where a,c and p,q are arbitrary positive integers. First few terms of this
sequence are shown in the Table 1.

F;p,q )

a

Cc

pc +qa

p%c + pga + qc

p3c + p2qa + 2pqc + q%a

p*c + p3qa + 3p?qc + 2pq?a + q%c

OO WIN|FL|O|S

p°c + p*qa + 4p3qc + 3p?q?a + 3pqg?c + q3a
Table 1
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The Binet-type explicit formula for the terms of this sequence is given by
k_ k —
Fk(p,q) _ (c— aﬁ)a (c aa)B Where o = p+1/p +4q ﬁ _ p—Vp*+4q p 2+4q

thata — B = ,/p +4,a+ﬁ panda,B——

. Here we note

Diwan, Shah [4,5] considered the sequence {F,fp‘q'r's)} defined by the

recurrence relation
FPATS) = pr) (e EPATS) | o axp @ (1 1)

1;if nis odd
0;if nis even’
They studied this sequence extensively for some explicit values of p,q,r,s.
Verma and Bala, Bilgici, Yayenie [2,9,10] also studied this sequence for some
specific values of p, g, 7, s. It is easy to observe that this sequence is bifurcating
sequence depending on the parity of n.

where p, g, r, s are any fixed positive integers and y(n) = {

In this paper we derive the general formula which gives the value of any
inserted term x, (1 <n <k) for the sequence {F,(p,q)} and various

bifurcating subsequence of {Fn(p’q'r’s)} by considering some fixed values of

p,q,1,s. Throughout we assume that the positive integers a, b are the given first
and last term respectively in the sequence to be considered.

2 Insertion of terms satisfying the recurrence
relation of Horadam sequence

In this section, we find the formula for the inserted terms between the given
fixed positive integers a, b so that terms of the sequence a, x4, x5, X3, ..., Xx, b
satisfies the recurrence relation of E, (p, q). Before finding the general formula,
we find the formula for the first term x; in the finite sequence
a, xq, Xy, X3, ...., X, b. This value of x; will be further used to find the general
formula forany x,, (1 <n < k).

In [7], Horadam obtained only the formula for the first missing term
(inserted term) x; when k terms are inserted between given two positive
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integers a and b, so that all x;’s satisfy the recurrence relation of Fn(p'q). In fact,
he proved that
. b—aqF,Ep‘q)

X1 = T
p.q)
Fk+1

(2.1)

In the following theorem, we obtain the general formula for any arbitrary
term x, (1 <n < k) when k terms x;,x,,x3,...,x; are inserted between

positive integers a and b, so that all x;’s satisfy the recurrence relation of Fn(p'q).

Theorem 2.1. When the terms x;, x,, x3, ..., x), are inserted between given
integers a and b in such a way that the finite sequence a, x4, x5, X3, ..., Xx, b

satisfy the recurrence relation of Fn(p'q), then the general formula for any
arbitrary term x,, (1 < n < k) is given by

F,(lp'q)b(a—B)—aqF,(lp'q){(c—aﬂ)a""—(c—aa)ﬂk}+aqF,(ﬁ’f){(c—aﬂ)a’”1 —(c—aa)ﬂkﬂ}

X, = T . (2.2)

(c—ap)aktl—(c—aa)p

Proof. We prove the result by the principle of mathematical induction. For we
k=1, wegetn=1and
Fl(p'q)b(a—B)—aqFl(p'q){(c—a,[?)a—(c—aa)ﬁ}+aqFO(p‘Q){(c—aﬂ)az—(c—aa)ﬂz}

(C—aﬂ)ozz—(c—aoz)[f’2 cptaq '

__ b—aqc

X1 =

which is same as (2.1).

Next, we assume that (2.2) holds for some positive integer not exceeding
n. Then both the following results hold:
PP b(a-p)-aar PP c-ap)at—(c-awp FraarP P c-apa+i—c-aarp "}
k+1

X, . =
n-1 (c—ap)aktl—(c—aa)p

F,(f"q>b(a—ﬁ)-aqF,Sp'q’{(e—aﬁ)ak—(c—aa)ﬁk }+aqF,§’i'f){(c—aﬁ)ak+1—(c—aa)ﬁ"“}

X, =
" (c—ap)ak+1—(c—aa)*"

Now consider
(pEPV+ar PP Vb (a-pr-aq(pEP P +arP P ){(c-ap)ak-(c-aa)p*)
.9 .9 k+1 k+1
. +aq(pFn_ +qFpY ){(c—aﬁ‘)a —(c—aa)p*t1}

PXn + qXn-1 = 1(c—aB)z:kJrl—(c—ao:)ﬁkJr1
F,(lf,‘f)b(a—,B)—aqFr(lg'f){(c—aﬂ)ak—(c—aa)ﬂk}
+aqFr(lp'q){(c_aﬁ)ak+1_(C_aa)ﬁk+1}

(C—aﬁ)ak"'l—(c—aa)ﬁk"'l
It can be observed that the right side of this result simplifies to x,,.,. Thus,
by (2.2) is true for every positive integer n.

10
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3 Insertion of terms satisfying the recurrence
relation of bifurcating sequence F;p""l'l)

In this section, we find the formula for the inserted terms between the
numbers a and b so that terms of the sequence a, x4, x5, X3, ..., X, b satisfies the
recurrence relation (1.2).

If we let p=q=r=s5= 1, the sequence {Fn(p’qu’s)

} is the sequence of

usual Fibonacci numbers. If we define F%™ = 0, K#%™ = 1, then first
few terms of this sequence are shown in Table 2.

F;p,q,r,S)

0

1

q

pq+r

pq?® +qr +qs

p%q? + 2pqr + pqs + r?

OO AW NN L OS5

p%q® + 2pq*r + 2pq?s + r?q + sqr + qs*

Table 2
If we consider r = s = 1 in (1.1), we get the sequence {Fn(p'q'l'l)} whose
terms are defined by the recurrence relation
Fn(p'q'l'l) — px(n)ql—)((n)Fn(f.lqllll) + Fn(flzqurl),

where FEP4+Y = o, FP4Y — 1 This can be written in the form

pFn(f'f’l’l) + Fn(f’zq’l’l) ; when n is odd

F(P,Q.l.l) —
n ,q,1,1 ,q4,1,1 .
an(flq )+ Fn(fzq ); when n is even

(n=2) (3.1)

with the initial conditions F.>4 = 0, E®4% = 1, First few terms of
this sequence are shown in Table 3.

This sequence was studied in detail by Diwan, Shah [4] as well as Edson,
Yayenie [6]. They derived the Binet-type explicit formula for the terms of this
sequence as

(!>

Here we note that « — B = \/p2q% + 4pq, a + B = pg and af = —pq.

pa+y/p2q%+4pq B = pa—+/p%q%+4pq
) - .

2 2

), where a =

11



Khushbu J. Das and Devbhadra V. Shah

F;p,q,l,l)

0
1

q
pq+1
pq’ +2q
p2q® +3pg +1
p°q*> + 4pq* + 3q
Table 3

When we consider the sequence a, x;, b, where x; is the only inserted term

between a and b, then using EP*"V = gr®PetD 4 pPOLD e get

2
b=qx1+a.Thusx1=bq;a.

OO [WIN|F,|O|S

When we consider the finite sequence a, x4, x,, b, so that it satisfies (3.1),

Xy—a b-x P bq+a b-a
we observe that x; = 22—~ and x, = —=. This gives x, = ———and x; = —=.
q pq+1 pq+1

Further, considering the sequence a, x4, x5, x3, b, it is now easy to observe

- - b— . . .

that x, = xzq 2 x, = x3px1 and x; = —2. Solving these three equations in
b—a(pq+1) __ bg+aq __ b—-a+bpq

g X2 T o X3 =

. . pfl _+Zfl rq-+2q . rq“+2q

If we continue extending the above finite sequence one more time, then we

get the sequence a, x4, X, X3, x4, b. Using the similar approach as above, we
obtain

three variables x4, x,, x3 we get x; =

o = b-a(p?q+2p) __ bg+apq+a __ b-ap+bpq __a+2bq+bpq?
17 p2q243pq+1’ "2 7 p2q2+3pq+1’ "3 T p2q2+3pq+1 7 p2g243pg+1
We mention these results in the Table 4.
Number of Formula
inserted
terms X1 X, X3 X4
b—a
q
5 b—ap bq +a
pq +1 pqg+1
3 b—a(pqg+1) bq + aq b—a+ bpg
pq* + 2q pq* + 2q pq* + 2q
4 b—a(p?*q+2p) | bqg+apq+a b—ap+bpq | a+ 2bq+ bpq?
p2q>+3pg+1 | p?q*+3pq+1|p?q*+3pg+1 | p2g%2+3pg+1

Table 4

12
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From this table, we observe that there is a similar pattern for the first
inserted term in case of any number of inserted terms. We thus generalize it for
the case of any number of inserted terms and when the terms x,, x,, x5, ..., Xj
are inserted between given two positive integers a and b, we can now write the
general formula for x; as

_b —ap1-X(k)qx(k)—1F’£p,q,1,1)

x| = —BaiD . (3.2)

k+1

Next, when the terms x,, x,, x5, ..., X are inserted between given two
positive integers a and b, we obtain the general formula for n' inserted term
(1 < n < k) using the recurrence relation (3.1).

Theorem 3.1. When the terms x,, x,, x3, ..., x), are inserted between given

integers a and b, so that all x;’s satisfy the recurrence relation of Fn(p’q’l’l), the

general formula for any arbitrary term x,, (1 < n < k) is given by
Fép.q.l.l) b—a Fép.q.l.l)pl- x(0) g x(l)-1 F}Ep.q.l.l) +apXmg-x(m) Fr(lzi.tll.l.l) F,E’i‘f‘l‘l)

Xp = T
p.q,1,1)
Feyq

Proof. We use the principle of mathematical induction to prove the result. Since
b_ap1—x(k)qx(k)—1FI£p.q.1.1)

(».9.1,1)
Feih

n = 1. We next assume that it is true for all positive integers not exceeding n.
Then the following holds:

Fr(lzi.;z.l.l)b_aFr(lzi.;z.l.l)p1-x(k)qx(k)-1F,§p.q.1,1) +aPX("_1)CI'X("'l)F,(l’i'g'l'l)F,E’i'f'l'l)

by (3.2), we have x; = , Which proves the result for

Xn-1= F(p,q,l,l)
k+1

,q,1,1 ,q,1,1 — — ,q,1,1 — — — ,q,1,1 ,q,1,1
Fr(lzlg )b—aFr(fig )pl x(0) gx (k) 1FI£pq )+apx(n 2)g=x(n z)FT(ing )Flng )

Xn-2 = CYEEY
k+1

1—
Now, pXMgl-xMy 4
(pX(n)ql_X(n)Fr(ﬁ'f'l'l) +F1(111,;1,1,1))b_a(p)((n)ql—)((n) F,E’i’f‘l’l) +F,§’i‘g‘1’1))
xpl—x(k)qx(k)—lplgplqli,l)

+a(px(n)ql—x(n)px(n—l)q—x(n—n F,E’i’?'i'l)+p?f("‘2) g~ xn=2) F,E’i‘_i}'i'l)) F;E’i‘f'l’l)

(r.q1,1)
Fk+1

Fr(lp'q'l'l) b—a Fr(zp'q'l'l)Pl_ x(0) gx (-1 F}Ep.q.l.l)
+a(

px(n)+x(n—1)q 1-(x(W+x(n— 1))1:1?1'3'1'1) +p)((ﬂ)q—)((n) Fﬁzi’g’l'l))F,ﬁﬁ'f’l’l)

(p.q.1,1)
Feyt

13
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Fél—’,qu,l)b_aF}(Lp:q,lll)pl—)((k)q)((k)—lFIEp'qil.l)
,q,1,1 - ,q,1,1 ,q,1,1
L R i Ll

(p.q.1,1)
Fk+1

Now, when n is odd, we get
,q,1,1 - ,q,1,1
PRSI 4 pr g ALy

= pXMgl-xm Fn(f,zq,l,l) + pxM g=x(®) Fn(fl?fbljl)

= p)((n)q—x(n) (an(I_Of'l'l) + F,f’_of’l’l))

= px() g=—x(n) (px(n—l)ql—x(n—l) E@aLD 4 Fn(f’gq’l’l))
= px(n)q—x(n)pn(fflf%l»l).

Also, when n is even, we get

p Fn(F_"Zq'l'l) + pxm g=x(m) F,fff'l'”

= pl-xm)gx(m Fn(f,zq,l,l) + pxM g=x(®) Fn(fl?fbljl)

= px(mg=x( (pl—ZX(n)qZXm) E®aLD F,,f’_“';f'l'l))

= px() g—x(n) (px(n—l)ql—x(n—l) F,ff';”l’” n Fn(f’gq’l’l))

= pXMg=xm Fﬁrl%l»l)

Therefore, we have

,q,1,1 ,q,1,1 — - ,q,1,1
{Fépq )b_aFépq )p1 x(K) g x (k) 1F,§pq )}

+a(px(n) q—xm Fr(fi’f’l’l)) Fg,;z,l,l)

[CXEEY ,
Feiy

Xn = px(n)ql—x(n)xn_l T Xp2 =

which proves the result for every positive integer n.

4 Insertion of terms satisfying the recurrence
relation of bifurcating sequence F&**)

If we consider ¢ = r = 1 in (1.1), the sequence {Fn(p’l’l’s)} whose terms are
defined by the recurrence relation
EPLLS) = px(p@LLS) 4 c1-x(m) peLLs)

pLLS) _ o p®PLLS) _
771

where FO( 1. This can be written in the form

(P11s) (11s) -
FPLLS) _ PE,”, + E,7, ; when n is odd =2 4.1
" Fn(f‘ll 9 4 an(f‘zl %) . when n is even

14
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with the initial conditions £ = 0, " = 1. First few terms of this
sequence are shown in Table 5.

Fglp,l,l,s)

0
1
1
1+p
1+p+s
1+ 2p + ps + p?
1+s+2p+2ps+p?+s?

Table 5

This sequence was studied by Diwan, Shah [4]. They obtained Binet-type
explicit formula for the terms of this sequence as

(».1,1,5) (a-sxql3l_p_syxampl3l
E! =

a-f !
7 _ 2_
where o = (p+s+1)+‘/(2p+s+1) 4s’ﬁ _ (p+s+1) \/(2p+s+1) 4-5. This

a—B=y(p+s+1)?2—4s,a+f=p+s+landaf =s.

In this section, we find the formula for the inserted terms between the
numbers a and b so that terms of the sequence a, x4, x5, X3, ..., X, b satisfies the
recurrence relation (4.1).

When we consider the sequence a, x4, b, by using Fz(
sEPM) we get b = x, + sa. Thus x; = b — sa. This basic formula will be

used to find the other terms.
When we consider the finite sequence as a, x4, x,, b, so that it satisfies (4.1),

b+sa

OO | WIN|FP|O|S

gives

p,1,1s) _ F(p,l,l,S) +
|

b— . .
we observe that x; =x, —s and x, = pxl. This gives x, = =— and
b_
-
14+p

Further, considering the sequence a, x4, x5, x3, b, it is now easy to observe

that x; = x, — sa, x, = =—*and x; = b — sx,. Solving these three equations

. . b—-as(p+s b+sa b+bp—as?

in three variables x;, x,, x5 we get x; = =28+ . — X3 = —P 2%
1+p+s 1+p+s 1+p+s

If we continue extending the above finite sequence one more time, then we
get the sequence a, x4, X, X3, x4, b. Using the similar approach as above, we

15
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__ b—sa(p?+p+ps) __ b+sap+sa __ b+pb-s?pa

obtain X1 = 1+2p+ps+p? "2 T 1+2p+ps+p2'x3 T 1+42p+ps+p? and
b+pb+sb+s?a
Xy = —————
1+2p+ps+p
We mention these results in the Table 6.
Number of Formula
inserted
terms X, X, X3 X4
1 b—sa - -
5 b — sap b+ sa
1+p 1+p
3 b—sa(p+s) b+sa b+ bp — as?
1+p+s 1+p+s 1+p+s
4 b—sa(@*+p+ps)| b+sap+sa b+ pb—s?pa | b+ pb+sb+sia
1+2p+ps+p? | 1+2p+ps+p? | 1+2p+ps+p? 1+2p+ps+p?
Table 6

From this Table, we observe that there is a similar pattern for the first
inserted term in case of any number of inserted terms. We thus generalize it for
the case of k number of inserted terms and we can now write the general
formula for x; as

®LLS)_ o(pALs)
_ b—sa{FkH —Fy }
X1 = PICEET)
k+1

(4.2)

Next, when the terms x,, x,, x5, ..., x; are inserted between given two
positive integers a and b, we obtain the general formula for n'™ inserted term
(1 < n < k) using the recurrence relation (4.1).

Theorem 4.1. When the terms x;, x,, x3, ..., X, are inserted between given

integers a and b, so that all x;’s satisfy the recurrence relation of Fn(p’l’l’s), the

general formula for any arbitrary term x,, (1 < n < k) is given by

Fr(lp,l,l,s)b+saFrEp,1,1,s)F}£z_J,11,1,s) —SaF,,(LIi'zl'l'S) Flgz,;,l,s)
Xpn =

(p,1,1,5)
Fieyh

Proof. We use the principle of mathematical induction to prove the result. Since

P1LS)_L(P1LS)
b—sajF, —-F,” .
{0 R ) , which proves the result for
F,Ep,l.l.s)
+1

n = 1. We next assume that it is true for all positive integers not exceeding n.
Then the following holds:

by (4.2), we have x; =

16
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s PP sar P
n-1 — F(p,l,l,s)
k+1
T . T e v
Xpn-2 = (PLLS)
k+1

Now, pX™yx, _, + st=xMy, _,

(il o )

n) @ LLS) | 1-x(n) p (115 p(P.1,15)
—sa(px( VB st XD, )Fk+1

(p.1,1,5)
Fk+1

n—2) (P, 1,1,s)
{F(p'l'l's)b+SaF(p'1'1's)FI£p'1'1's)—Sa< pX(=DEP )Igp,l.l.s)}
n n -1 1— -2)-(p,1,1,5) +1
+s1-x(=2) g P

(p.1,1,5)
Fieyq
(p.1,1,5) (».1,1,5) o(p,1,1,5) (p.1.1s) L(p,1,1,5)
Fy b+saF, F.y —saF,”,

fe = . which proves the result for

(p1,1,5)
Freys

every positive integer n.

5 Insertion of terms satisfying the recurrence

relation of bifurcating sequence FS""T'”
If we consider p =s =1 in (1.1), then we get the sequence {Fn(l,q.r,l)}
whose terms are defined by the recurrence relation
Fn(l.q,r,l) — q)((n) Fn(i'f'r'l) + i F,fi';""“,

where F(77Y = 0, EM4™1 = 1 This can be written in the form

pary _ Fn(i'f’r’l) + an(i'g’r’l) ; when n is odd
A =

(n=2) (5.1)
an(i'f’r’l) + Fn(i’g'r'l) ; when n is even
with the initial conditions F """ = 0, V%" = 1. First few terms of this
sequence are shown in Table 7.

Diwan, Shah [4] studied this sequence and obtained the Binet-type explicit
formula for the terms of this sequence as

F(l,q,r,l) _ ql—)((n) (a—1)XMgl2]—(p-1)x(M)gl2

n o ,
where q = T Crari-a B = (r+q+1)—/(r+q+1%-4q
2 ’ 2

a—B=r+q+1D2—4qa+B=r+q+1af=r.

with

17
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Fgll,q,r,l)

0
1
q
r+q
q+rq+q?
q+2qr + 7%+ q*
q+rq+2rq®+2q*+r3q+q3

Table 7

In this section, we find the formula for the inserted terms between the
numbers a and b so that terms of the sequence a, x4, x5, X3, ..., X, b satisfies the
recurrence relation (5.1).

When we consider the sequence a,x;,b, using F%"Y = qrMmb 4

OO WINIFL| O|>S

Fo(l’q'r’l), weget b = qx; +a. Thus x; = bq;a,
When we consider the sequence as a, x4, X, b, so that it satisfies (5.1), we
observe that x; =x2q_a and x, =b—rx;. This gives x, = qi’:m and
_ b=a
X1 = mrpl

Further, considering the sequence a, x4, x,, X3, b, it is now easy to observe

Xp—a b—x .
that x; = ZT’ X, = X3 —TXq, X; = X3 —71x, and x3 = —= . Solving these
. . . b— +1
three equations in three variables x;,x,,x3 we get x; =ﬁ, ) =
bg+rqa bgq+br-ra
————, X3 = ————.
q%+q+rq q%+q+rq

If we continue extending the above finite sequence one more time, then we
get the sequence a, x4, x,, X3, x4, b. Using the similar approach as above, we
obtain

b-a(1+r+q) bg+ar?+arq bq+rb—ar bq?+rbq+qb+ar?

q2+r2+2rq+q’ "2 - q2+r2+2rq+q’x3 - qZ+r2+2rq+q’x4 = q2+1r242rq+q
We mention these results in the Table 8. From this table, we observe that
there is a similar pattern for the first inserted term in case of any number of
inserted terms. We thus generalize it for the case of any number of inserted
terms and when the terms x;, x,, x3, ..., x), are inserted between given two
positive integers a and b, we can now write the general formula for x, as

X1 =

b —a{[(%)F}S'?‘TJ) _,_F}El,q.r,l)])((k) [%Figl'q'r'l)] 1—X(k)}

X1 = F(1,q,r,1) (52)

k+1
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Number Formula
of
inserted
term X1 X2 X3 Xg
b—a
1 — —
q
) b—a qb +ra
r+q r+q
3 b—a(q+1) bq +rqa bg + br —ra
q>+q+rq q>+q+rq > +q+rq
A b—a(l+r+q) | bq+ar?+arq bq+rb—ar bq® + rbq + qb + ar?
QP+r2+2rq+q | g2 +r24+2rq+q | ¢*+r2+2rq+q | ¢*+r2+2rq+gq

Table 8

x) are inserted between given two
inserted term

Next, when the terms x,, x,, x3, ...,
positive integers a and b, we obtain the general formula for n™"
(1 < n < k) using the recurrence relation (5.1).

Theorem 5.1 When the terms x,, x,, x3, ..., x; are inserted between given

- e antl : 1qr1
integers a and b, so that all x;’s satisfy the recurrence relation of Fn( ar ), the
general formula for any arbitrary term x,, (1 < n < k) is given by

1,71 1,q,7.1 1,71 1,qr,0)1X®11_(1,q,7,1)11~ X0

ATy _pany {[( D).y prard O paar]

1-1\ .(1,q,r,1) (1qr1) 1-x(m) 1 (1qr1) x(m) (1qr1)
+a{[( )F +F, [q n—1 Friq
Xn = (1,911
Fris

Proof. We use the principle of mathematical induction to prove the result.

b—a{[( )Flglfrl) (1.q.r,1)]x(k)[%Flgl,q,r_l)r-x(k)} |
, Which

By (5.2), we have x;

(1.q971)
Feid

proves the result for n = 1. We next assume that it is true for all positive
integers not exceeding n. Then the following holds:

{[( )Flgl Z LN (1.q.r,1)]x(k) [lF(l'q’r'l)]l_X(k)}
q

(1qr1) (1qr1)
Fo 4 b—F,

af[()rg e T ety el
Xn-1 = FIS-Z”)
!fF(1qr1)b F(1qr1) {[( )FIEIZH) (1qr1)]X(k)[1 (1qr1) 1- )((k)}\L
+a{[(1 r)F(lqu) F(1qr1)]1 x(n= 2)[; FCLa7D) x(n= 2)} FarD J
Xp-2 = F;Eif”)
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Now, g1 Y™y, | +rxMyx _,
(q1— x(n) Fr(ll'q'r’l) Lrx@ F(l,q,r,l)) b a(ql— x(m) F&g,m) +rx@ F&g.r.l))

{[( )Flgl i{ T, (1.q,r,1)]x(k) [lF(l’q’T‘l)]l_X(k)}
q

qi-x (L) g L ar 1-xn- 1)[1 (1grX*=Y
+a q'n-2 (1qr,1)

k+1

1-r\ .(1,4,11) (1qr1) 1-x(n-2)4 (1,q,7,1) x(n-2)
+rX(")[( LAY [an g

(1,q911)
Feyy

(1qr1)b aF(1qr1){[( - )Flglilrl)_i-FIElqu)]X(k)[l (1qr1)]1 X(k)}

)
+a{q1_x(n)[(i) (1,q,r,1)+14_1§1cz1r1)])((n)[ll7 T(llczlm)]l X(n)} (lqu)}

1-m\ .(1,q,7,1) (1qr1) 1-x(m) 1 (1qr1) () k+1
B +rX(”)[( )F +F, [q o
- (1qr1)
Fyyy

We calculate the value of third term of numerator separately. Now, when
n is odd, we get

_ m 1-x(n)
1=y [(1=1) rLarD) | par DAY [1 L(1gr1)
q [( p )Fn—3 t Fp ] [an—z

1-r (1,q,7,1) (1,q,7,1) 1-x(n) (1,q,7,1) x()
+rx() [(T) E.y + R ] [q E 3

=q E Féi,g,r,l)] + (1;7‘) F(l,q,r,l) + F(l,q,r,l)
an(i,g,r,l) _ T'F(l q,r,1) + (qF(l ,q,1,1) n F(l Q.7 1))]

n-—

qF(l,q,r,l) _ rF(l,q,r,l) + Fn(i,g,r,l)]

(1 + q)F(lqu) F(l:q;r»l):l

( r)F(l"“)+qF(1q“)+qu(1"”)]
1- T)F(lqu) _I_F(lqu)

q

I

/—\QIHQIHQIHQIH

1-x(n)

 —

Also, when n is even, we get
1x(M)

1-r (1,q,1,1) (1,9,7,1) 1-x(n)
e e |

1
(1J ) ’1)
[a Fn—g "

1- (Lgr1) . o(Lgrl)] x® g (Lgr1) x()
+rx® [( )F R [—F e ]
q ] q n-3

1—1r (1
_ (1,9r1) (1,q,7,1) (1,q9711)
_[(_q ) Fam 4 5 ]+raFn_3 |

[F(lqr1)+F(1qr1)]_ [ (1qr1)] [ F(lqu)]

x(m)
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Therefore, we have
xn ] ql_x(n)xn_l _.|_ rx(n)xn_z ( ) ( )
(1,q,7,1) (1,4,7,1) 1-7\ _(1,q71) . (LarDIX®11_(1,qr1)11 XK
o T e Sl i e

1-1\ (Lgr1) . (LgrD1 X1 (1,47r,1)1XM) (1,471
+a{[(T)Fn—2 +F1 ] [EFn—1 Frey1

which

(1,q,71) '
F k+1

proves the result for every positive integer n.

6 Insertion of terms satisfying the recurrence
relation of bifurcating sequence F,(ll’l'r's)

If we consider p = ¢ = 1 in (1.1), then we get the sequence {Fn(l'l'”)}
whose terms are defined by the recurrence relation
FOA7S) = pAArS) 4 pxm) g1-x( p(LLrs),

where ) = 0, ) = 1 This can be written in the form

(1,1,7,s) 1rs) :
£ _ E,20"% +rE,2"" ;whennis odd (n>2) 6.1)
n | s (1175, : = '
1+ sE; 2,777 ;whennis even

with the initial conditions F.™) = 0, K& = 1. First few terms of this
sequence are shown in Table 9.

F n(l,l,r,s)

0
1
1
1+7r
1+r+s
1+2r+s+7r?
1+7rs+2r+2s+71?+s?

Table 9

Diwan, Shah [3] derived the Binet-type explicit formula for the terms of this
sequence as

OOl WINIFP|O|S
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(L17.5) (“—S)X(")a[g]—(ﬁ_s)x(n)ﬁ[%]
E, =

a-B !
2 _ 2_ A
where a = (r+s+1)+1/(;+s+1) 4TS,,B _ (r+s+1) 1/(;+s+1) 4rs with o — ﬁ _

Jor+s+1)2—drs,a+pf=r+s+1andaf =rs.

In this section, we find the formula for the inserted terms between the
numbers a and b so that terms of the sequence a, x4, x5, X3, ..., X, b satisfies the
recurrence relation (6.1).

When we consider the sequence a, x;, b, where x; is the only inserted term
between a and b. Then using EMY9 = FA™S) 4 g7 e get
b=x; +sa.Thus x; = b — sa.

When we consider the finite sequence as a, x;, x,, b, so that it satisfies (6.1),

. . b+ .
we observe that x; = x, — sa and x, = b — rx;. This gives x, = 1:1 This
also gives x, = 22

Y 17 147

Further, considering the sequencea, x4, x,, x3, b, it is now easy to observe
that x; = x, — sa, x, = x3 — rxy, x3 = b — sx,. Solving these three equations
__ b—as(1+s) __ b-rsa __ bt+br+ars?

in three variables x;, x,, x3 We get x; = s 2 T 3T T

If we continue extending the above finite sequence one more time, then we

get the sequence a, x4, X, X3, X4, b. Using the similar approach as above, we
__ b-sa(1+7r+s) __ b+sra+sar? __ b+br-s?ra

obtain X, = X, = X3 = and
1 1+2r+s+r2 * 72 1+2r+s+r2 * 73 14+2r+s+12
b+br+bs+r3sa
x4=—
14+27+s+12

We mention these results in the Table 10.

Number Formula
of
inserted
term X1 X2 X3 X4
1 b—sa
) b—sa b+ rsa
1471 1+r
3 b—sa(l+s) b —rsa b + br + ars? N
1+r+s 1+r+s 1+4r+4+s
4 b—sa(l+r+s)| b+sra+sar?| b+br—s?ra | b+ br + bs +r?s?a
14+2r+s4+r?2 | 14+2r+s+r2|1+2r+s+r? 1+2r+s+7r?

Table 10

From this table, we observe that there is a similar pattern for the first
inserted term in case of any number of inserted terms. We thus generalize it for
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the case of any number of inserted terms and when the terms x,, x,, x5, ..., X
are inserted between given two positive integers a and b, we can now write the
general formula for x; as

- x(k)
b-sa (F,El’l’r‘s))l_X(k)<Zle?:]s[%]_mpz(}rf'r'shs[%])

X1 = (1,1,1,5) J (62)

Feia

Next, when the terms x,, x,, x3, ..., X; are inserted between given two
positive integers a and b, we obtain the general formula for n™ inserted term
(1 < n < k) using the recurrence relation (6.1).

Theorem 6.1 When the terms x4, x,, x3, ..., X, are inserted between given

integers a and b, so that all x;’s satisfy the recurrence relation of Fn(l’l’r’s), the
general formula for any arbitrary term x,, (1 < n < k) is given by

1—x(k) [ﬂ] k-1 k-1 x(
Fél,l,r,s)b_Fél,l,r,s)sa (Flgl,l,r,s)) X (Zmio S[T]—sz(:r,Ll,r,s)_i_s[T])

- 1-x(n)
xm (|22 2 n-2
() (ZL;OL[ Fempgiars) [
Xp = 1,1,71.5)
Fris

Proof. We use the principle of mathematical induction to prove the result. Since

- x(K)
b-sa (F,El‘l‘r's) ) 1 <ZE] s[%] S +s[%])

by (6.2), we have x; =

(1,1,7,5) !
Feis

which proves the result for n = 1. We next assume that it is true for all positive
integers not exceeding n. Then the following holds:

- x(®)
(Frsgi,r,s)b _Frgai,r,s)sa (Flgl,1,r,5))1—)((k) <Z[:?:] S[%]—sz(}ﬁLr,s) +s[%]> \I

x(n-1) _n—3] n-3 nosp\ X
saF AT (p3179) (gmgo s ]—mpg;mus[ﬂ)
Xpn-1 = CRE) )
Feys
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.{ 1-x(k) [ ] [k 1] m [k—l] x (k) \I
Fél_,;,r,s)b_ﬂsaé,r,s)sa (F;ELLT'S)) (Z F(llrs) )

- 1-x(n-2)
+saF,§ﬂ'T's)(Fr(lﬂé'r's))xm_z)<zgzz] S[nT_S]—m pATs) s[n7_3 )

Xn-2 = FR(1,1,r,s)
k+1

Now, x,,_; + rX¥MWsl-xMy
(F,(Lﬂ'r‘s)ﬂ”x (n)sl‘x(n)Frﬂl‘r's))b—(F(l_‘i'r’s)+rX(n)sl‘X(n)F,(lE%'T’s))sa

x(k)
{<>(z[ £t oo ) }

-x(n-1)
( (11”)))((11 1)< [n 3] [ ] mF(11rs) ;3]>1 xnt

n-2

R x(n—2)
+saFkﬁ A7) +r)((n)sl—x(n)(F1§1_.§,T,S))

n;4] n-g_ i) n_—4] 1-x(n-2)
X{ Lo St 2 Fom =~ tst 2

(1,1,r,s)
Freya

1—x(k) [ﬂ] k-1 k-1 x(k)
Fr(ll’l'r’s)b—F,(ll'l‘r's)sax{(F,El‘l'r'S)) * <2mio s[T]_mFZ(};ll'r'S)ﬂ[T]) }

x(m)
( (11rs))1 X(n)<2m ] [nz ] mF(llrs) ])

2
+saF(11rs) "
ket Jra [n 4] n— g\ 17X
+r XM () ( T pGars) T]>
= (1,1,1,s)
Feyy

We calculate the value of third term of numerator separately. Now, when
n is odd, we get
[n—3

11 1-x(n) =3 rn-3 11 x(n)
(restro) ™ (Sh2d b s 4 1)

ne 1-x(n)
+T)((n)sl—)((n)(Fn(i,31,r,s)))((n) (Z[T‘L] S["L]_m F(llrs) n S[ ]> -x(n

m=0
[n 4

7 5 paare 4 5 “])

m=0

S["T_‘*]FO(LLr,s)_l_ =2 ]F(11r5)+ =2 ]F(llrs)

(1,1,7,5)
= Fn—Z + S n—4
4ot FET 4 sI7
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n—2 n—4 n—6
— F(l,l,r,s) +5 [—]F(l,l,r,s) + S[T]Fl(l,l,r,s) + S[T]Fz(l,l,r,s)
n-—2
+ - +sF(11”) + s[ |
=Z[ 2] g pane . ([

- (sEE e 51

1-x(n)

Also, when n is even, we get

(Fn(i'zl'r's))l_)((n) (2[71 3] [n 3] mF(l 1,7,5) n S[ ]>X(n)

st (LT oo ¢ 5

—Z[n 3] [—] mF(11r5)+S[ ]+rF(11rs)

1-x(n)

To prove the main result, we need to prove that this value should be Fn(f’ll’r‘s).
Clearly this result holds for n = 3, since E**"*) = 1. Assume that this result

holds for all positive integers not exceeding n. Now,
n=4] rn-s n—4a

pir9 oyl T PEm paars) | (P2 g gng
n=5] rn-s n-s

I F i T R Y

Now, F27s) 4 gpLrs)

n-4 -4 -4
— Z[ ] [n—]—m F(l,l,r,s) + S[n_] + TF(l,l,r,s)

+S<Z[ ] [n ] mF(llrs)_I_S[n 5]+T'F(11TS)>

_21[;%20 [;]_mF(11r5)+S[n 4]+T‘F(11rs)

_I_Z[nT_S] [n_] F(l 1,1,5) +S[n 3] +TSF(1,1,1",S)

m=0
n—4

n-—4 n— n—>5 n—
_ (ZLio S[—]—m F(llrs) +s[ = _I_ZL 0] [*23]-m F(1 17.s) +s[ 3])
_I_r(F(l,l,r,s) + F(l,l,r,s))

_ZL 0] [=3]- mF(11TS)_|_S[ 3]+TFn(i'§’r’s) F(llrs) (F(11rs))X(n).

Therefore, we have
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Xp = Xp_q +rX@sl-xMy

- x(K)
'{FS'LT’S)b—F,Sl’l'r‘s)sa{(F,El‘l'r‘s))1_X(k) (2%] S[%]—m F2(711,11,r,s) +s[%]> }\u

(11rs)((1,1rs) x@) nT_Z] [n_—Z]_m (1,1,r,s) [n_—z Lo
tsak )y (Fn—1 ) Lo st 2 Fym @7 st 2

(1,1,7,s)
Freya

proves the result for every positive integer n.

, Which

7 Conclusion

In this paper we derived the general formula which gives the value of any
inserted term x,, (1 < n < k) between the given fixed positive integers a, b so
that terms of the sequence a, x4, x5, x3, ..., Xi, b satisfies the recurrence relation

of E,(p, q) and various bifurcating subsequence of {Fn(p’q'r’s)} by considering
some fixed values of p, q, 1, s.
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