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Legendre Wavelet expansion of functions and
their Approximations
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Abstract

In this paper, nine new Legendre wavelet estimators of functions
having bounded third and fourth derivatives have been obtained.These estimators
are new and best approximation in wavelet analysis. Legendre wavelet estimator
of a function f of bounded higher order derivatives is better and sharper than the
estimator of a function f of bounded less order derivative.
Keywords : Legendre Wavelet, Legendre Wavelet Expansion, Orthonormal
basis,Legendre Wavelet Approximation .
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1 Introduction

Several researchers have determined the approximation of a functions by
trigonometric polynomials in Fourier analysis. In Fourier analysis, a function
can be represented generally in one Fourier series. In wavelet analysis, a function
can be expanded in many wavelet series corresponding to different wavelets. This is an
advantage of wavelet analysis. There is no such advantage in Fourier analysis.Thus
a signal can be represented by several wavelet series. Hence Wavelet Analysis is
superior to Fourier analysis and has so many applications in Engineering and
Technology. The Wavelet approximation of a functions by its Haar wavelet series
and related approximations have been studied by Devore[7], Debnath[5], Meyer[9] ,
Morlet[3], Mhaskar(2]], Sablonniére[l6]] and Lal & Kumar[8]]. The purpose of this paper
is to discuss the Legendre wavelet series of function having bounded third and fourth
derivatives, i.e. 0 < |f (z)] < co V& € [0,1] and 0 < [f®(z)| < oo Vz € [0,1]
and to obtain Legendre wavelet estimators of these functions. This is a significant
observation of this research paper that estimate of a function is better and the sharper
than the estimate having less order bounded derivative.Therefore comparison of
estimated approximations has very importance in Wavelet analysis.
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2 Definitions and Preliminaries

2.1 Legendre Wavelet

Wavelets constitute a family of functions constructed from dilation and
translation of a single function ¢ € L?(R) , called mother wavelet. We write

¢b,a<x>—|a5w<xb>, 00,

a

If we restrict the values of dilation and translation parameter to a = a; ",
b = mbgap~", a9 > 1,by > 0 respectively, the following family of discrete wavelets
are constructed:

Q/Jn,m(m) = ‘a0|%w(agx - mbO)
The Legendre wavelet over the interval [0,1) is defined as

1 k k N ’ﬁ—l n+1
wn’m(x):{ \/m+ 5 22 P, (2% — 7)), o <z < o

0 , otherwise,

where n = 1,2,...,2¥ and m = 0,1,2,3,..., 7 = 2n — 1 and k is the positive
integer. In this definition,the polynomials P, are Legendre Polynomials of degree m
over the interval [-1,1] defined as follows:

Py(z) =1,Pi(z) ==

(m+1)Ppyi(x) = 2m+ 1)zPyn(x) —mPp_1(z) , m=1,2,3,..

The set of {P,,(z) : m = 1,2, 3, ...} in the Hilbert space L*[—1,1]is a
complete orthogonal set. Orthogonality of Legendre polynomial on the interval [-1,1]
implies that

1 2 _
<P'rn7Pn> :/ Pm(x)Pn(x)dJ:: 2m + 1 m="n
-1 0 , otherwise.

form,n=20,1,2,3...
Furthermore, the set of wavelets 1)y, ,,, makes an orthonormal basis in L? [0,1),i.e.

1
/ qbn,m(m)wnlm/ (x)daj = 6n,n,5m,m/
0

in which § denotes Kronecker delta function defined by

5 _J1, n=m
o 0, otherwise.
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Legendre Wavelet expansion of functions and their Approximations

The function f(x) € L?[0,1) is expressed in the Legendre wavelet series as :

f(x) = Z Cmmwmm(m)
n=1m=0
where ¢, ;m = (f, ¥nm). The (2571 M) partial sums of above series are given by
k=1 pp
Sor—1 (@) = 3 Y cnm¥nm(z) = CT(z)  in which C and (z) are
n=1 m=0

2F=1(M + 1) vectors of the form

T
ct = [CI,O, C1,1,---C1,M,C2,0,C2,15---C2, M 5 +-+5 C2k—1’0, ...C2k—1)M]

and

T
P(x) = [11,0, V1,1, 1,05 V2,0, V2,15 V2, M s ooy k-1 0, k-1 pf)

2.2 Legendre Wavelet Approximation

Let Sor—1 5 (f)(2) denote the (281, M)* partial sums of the series > Y ¢y mt¥n,m ()

n=1m=0
1.€.

k=1 pr

S2’€*1,M(f)(x) = Z Z Cnm¥n,m ()

n=1 m=0

The Legendre wavelet approximation Eqr—1 5/ (f) of a function f € L?[0, 1) by (281, M)t
partial sums Sar—1_p/(f) of its Legendre Wavelet series is given by

Eor1 i (f) = min|| f — Sor—1 1 (f)ll2, (Zygmund][1], pp.115)

where

112 = ( | 1 If(x)de>% |

If Egr—1p(f) = 0as k — 0o, M — oo. then Eyr-1 p(f) is called the best
approximation of f of order (2°=!, M) (Zygmund[1],pp.115)

3 Example

Express the following function in the Legendre wavelet series :
ft)= t3 vt €]0,1)
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Proof:

Cnom = / f(t)wnm(t)dt

1 1
2m+1)\?2 . ) R
Com = (27k+1> /(n3 + v% + 3720 + 3av?) Py, (v)dv
-1
By above expression
1

1 2
Cno = <27k+1) /(ﬁ?’ +v® + 3070 + 3av?) Py (v)dv
1
1 \? .,
i\
Cn1 = (27k+1> /(ﬁ3 +0° + 3% + 3aw?) Py (v)dv
|
V3 T2,
VAN
Cn2 = (27k+1> /(ﬁ3 + 0% + 3% + 37w?) Pa(v)dv
-1
3,
. NG 4n
o 9Tk+1 5
Vit
Cng = ( 57 +1> (7® +v° + 370 + 37w?) P3(v)dv

1
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Legendre Wavelet expansion of functions and their Approximations

1

4 VT \°
Cn,3 g W
Cnom = 0, form=>4
Then,

2k1 2k1

2k—1 2k—1

= Z chollénoll3+ D e
n=1

| =

17113 =

2k1 2k1 2k1

2k1

f(t) = chO"r/)nO +ch1¢n1 +ch2¢n2

2k—1

= Z o+ZCn1+ZCn2+ZCn3

2k 1 3
= 2 (27k+1) (20° + 21)
n=1 [

k=1 [ 3
4 V7
+ — 35 97k+1

4 Theorems

In this paper, we prove following new theorems:

Theorem (4.1)

2k1

+Z

2k1

+ Z Cn, 31%3

Leta function f € L2[0, 1) such that its third derivative be bounded ,i.e. 0 < |f" (z)| <
ooV z € [0,1). Then the Legendre wavelet approximations of f satisfy :

ok—1
(VEL o) =11 = 5 enotinoll2 = O ()
(2) 2k 1

(“)Egk 11( )_Hf 2 z_: Cnm"/}anZ—
(@i EGL 5 (f) = |1f - g z_ e mnmlla =
(iv)For f(CE) = 21 Z() Cn,qubn,ma

" k-1 gy
EQK ljw( )_ ||f Z_: Z_: Cnmwnm||2
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2k1 2

=2 Z :O<(2M1_3)3251“€>’VM>2'

n=1 m=M+1

Theorem (4.2)
If a function f € L?[0,1) having bounded fourth derivative ji.e. 0 < |[f®(z)| <

ooV € [0,1). Then its Legendre wavelet approximations are given by
k—1

DESL () =If - 3 enotmollz = O (5)
(6) 2k 1 .
(”)Egk 1 1( )* Hf 2_: 2_: Cn mwn mH2 = (ﬁ)
2k 1

(i10) Byl () = I1f = z ; enamtamlls = O (5h)
() By () = 11 = zl z_ Cnmtinmll2 = O ()
(’U)FOI‘ f(x) = Zl Zocnmﬂ/}n,m s

ok—1 2

=1 > Z 0((2]\41_5);2;),\7]\423.

n=1 m=M+1

5 Proofs

5.1 Proof of the Theorem (4.1)

(i) The error e\ (x) between f(z) and its expression over any subinterval is
defined as

6510)(55) - Cn,()wn,()(‘r) - f(l.) , L S [ﬁz_kl7 %) ,n= ]-a 2737 °"2k71

118 = [ @)

[
3
(=)
<
3
3
N~—
+
=
=
N
|
[\
9]
3
(=)
<
3
(=)
N~—
=
=
U
S
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Now,

Legendre Wavelet expansion of functions and their Approximations

nt1 n41 A+l
- 2, / U2 o) + / (f(2))2d — 20 / F(2)bno(@)de
"2112 2 2
= / (f(x))*dz — ¢ . (5.1)

woT A LA 2, /A 3 ., /fH— 2
- [ ()5 ()5 (o)
0

0<60<1 byTaylor's expansion
1

_1
F—1 2k—1

- T e T 5o

2k—1 2k—1
2 n—1 v f{n—1 h3 n—1 " n 1
+ /hf( o >f<2k )dh+/3f ok f o +0h | dh
0 0
FoT FoT
’ 3 ﬁ*l " n 1 ’ h4 ’ ﬁ*l 11 ’IA'Lfl
+ W1 o Jdh+ | S f () (5 +0h)dh
0 0
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81 (f—1\ o (f—1\ 1 [ 4 (A—1\ . f—1
+ 323kf<2 )f ( ok )+3/hf< oF )f <2k: +9h>dh
0
4 ’ ’ﬁ—l " ﬁ—l 12k_1 4 0 n 1 1t ’ﬁ—l
T 24,€f(2,c )f ( - )dh+3/hf<2k >f (Qk +9h>dh
0
SFoT
1 5 n—1 w1 —1
+ é/hf < oF >f (2k +9h>dh (5.2)
0
Now,
Cn,o = <f(x)a7/}n,0(x)>
A+l
ok
= /f(x)%,o(x)dl’
AtL
ok
= 2%/f(z)dx
e [ (-1 i
= 2% /‘f<2k—HOdmm: S +h
0
o 2 3
k—1 n—1 n—1 h »(n—1 h® w (n—1
=2 [ () () <5 () <5 (B )
0
SFeT
k—1 2 n—1 2 ’ n—1 4 1 " n—1 1 3 " n—1
= 2 g (O ) vt (U ) e (O ) +s [0 (B )
0
Next,

2 A—1\\> 2 /. /a—1\\° 8 1 [ . [a—-1\)\"
w = w (1))~ (1 () 5w (1 ()

(=)
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81 (n—1\ ,»(n—1 2 (n—-1 h3 (-1
e (zk)f ( o >+2kf <2k> | % <2k +9h>dh

41 +(n—-1 h3 o (h—1
0

Now, by using equations (5.1), (5.2) and (5.3) we have

21 (. /a—=1\\° 321 [/ ./n-1\\> 1 v (=1 2
0)12 — = o i 6
lew Iz 3%k(f (rﬁ)) *45%*<f ( % )) g [0 (f ( o +9h>)‘“
0
1

Vo (=1 [ 5 (f—1 41 (-1
T gt (%)/hf (2k +9h>dh‘3zzkf (w)
0

= .[1+I2+.[3—I4+I5+I(3—I7+Ig—Ig, say.

Since |f (2)| < My, |f" (2)] < Mo, | (2)] < M3, ¥ € [0,1),
therefore

L] < %2% h
L] < %2% 5
[I3| < %2% 3
Iy < 32% 32
[Is] < %T%Mﬂwz
Wl < 2 A
Bl < MM
[Ig] < %%MzMs
[lo] < SQ% 2 M3

93



Shyam Lal and Indra Bhan

Therefore,
D13 < ul+ [Tl + Ts| + |Ia] + 15| + [Ts| + [T7] + |Ts| + |To]
21 9 321 32 1 21 4 1
< gl +4525kM2 oa oM T gam M+ 324’6MIM2
32 1 4 16 8
t 25kM1M3+ 325kM1M3+ 9 26kM2M3+ 926kM2M3
21 5 321 56 1 4 1 52 1 24 1
= gl T pom Mt gyam M+ g g MiMe + T5omp MiMs + T o MMy
2 [ 2M1M2 IM My 2MyMs
< 93k [Ml ( ) (2219) + 92k + 93k
2 My  Ms\?
93k L o
2M? 1 1)\?
= o (Mt tam) oM maz|[My, Ma, Ms]
Next,
2
2k 1
(B, (1) = / S 0@ | de
0 n=1
121«—1 ok—1 gk—1
- [ wrn Y T [aomie
o n=1 n=1 n#n’j
gk—1 1
= Z /(en(:ﬂ))Qdm, due to disjoint supports of e, and e/,
n:lO
2k—1
= > 3
n=1
2M? 1 1)\
k—1
< @ N (1+2k+2%>
M? 1 1)\
Then,
(1) M 1 1
Egk—lvo(f) < 2k<1+2k+22k
1 1 1
< M(ng+21c+2k)
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(ii)el) (x)

et 113

Now, consider

Cn,1

Cn,1

Cn70¢n70(x) + cn,lwn,l(x) - f(x) ) MRS l:

a4+l

—

3k = n—1 L

3k ” 7/’\7,—1 h2
—922 -
2 /f(gk)a

n—1 n+1
2k 7

2k

n—1

2k

> h(28h — 1)dh
n—1 h3
f (Qk ron)
n—1 n—1

21 /., /a—1\\> 21 v (h—1\)2
son \J o s\
o ?
3.4 . v (=1 41 .
29 (2Fh —1)f ( o >dh +324kf<
0

+h

—(2%h —

(5.4

1)dh
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_|_

2 1 1" 'fl—l 2 1 "’ fL—l 2
(1) 2 = —_—— _ 6
llen 112 15 75 (f ( 5% )) + 3% / h (f ( o +9h>) dh
0

= Il+12—|—13+I4—|—[5+16+I778(1y.

Therefore

L] < %2% 5

o] < %Q%M??

I3 < S%MQMS

4] < %2% 3

|I5] < %2% 2 M3

Il < 253

Bl < o MaMy

leDI3 < [l + Lol + s| + | Ia| + | 5] + 6| + 17|

< %Q%MQ%L%%M§+§2%M2M3+S%M§+§2%M2MS+
+ %2% 2 M3
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Legendre Wavelet expansion of functions and their Approximations

21 ., 15281 _, 1441
= oMt gmMs + s ger MaMs

2 , [ Ms\®  2MyMs
<: égg <A4é 4‘ <2k) ﬁ_ 2k

2
2 1
= ﬁw <1+2k> , M = max[My, Ms).
Next,
2k—1
2
B2 = 3 D)3
n=1
2 1)?
k—1 2
< (2 )ﬁM <1+2k>
M? 1\?
Then,

2 M 1
Eék),171(f) S 92k <1+2k)
1
- o(z)

(111) 6572) (.27) = cn,Own,O(x) + le"bml(x) + Cn,2wn72(x) - f(m) , T € [%; %)
Similarly, it can be proved that

1
Cnym = f(x)wn,m(x)dx
/

ﬁtl
2
o+ 1
_ / (@) m; 25 P, (2% — f)de
n—1
ok
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\/T <n+t) 2m+1 -1(t))

fz—i—t) d(Ppy(t) — Pr_s(t)) _f (n+t) d(Pm?() 31)3 ()>]

/ <ﬁ+t> (Pmia(t) = Pu(t) 5 (ﬁ;t) d(Pm((z;)m— _R;)z(t))}

v+ t) d(Pry3(t) = Pry1(1))]
k (2m +5)

, ﬁ—i—t) d(Ppi1(t) — Pre1(t))]
k (2m + 1)

25k+1(2m 4 1) 2 (2m + 1)
1 1 / ’ ﬁ+t (PnL 1(t) 7Pm—1(t)) (Pm (t) 7Pm 1(t))
2Tk (2m +1) ) (2m+ 3)_/1f < 2k ) [ . 2m+1) B +3(2m + 5)+ } dt
1
1 1 (AN [(Pre1(t) = Pr—s(t))  (Pms1(t) — Pra(t))
2Th+1(2m + 1) (mel)/f ( 2k )[ (2m — 3) - +1(2m+1) : ]dt
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Let
71(t)
To(t)

Then,

Chym =

[€n,m]

Consider,

/1|7-1 (t)|dt

IN

IN

(7o)

mo T+t 2(2m + 3) m+1( ) — (2777, + 5)P,n_1(t) — (2m + I)Pm+3(t)
! ( o ) { @m+1)2m +5)2m + 3) }dt

Le—01__

(7).

jf ) <n+t> { (2m — I)Pm_lég)rn—£211v)1(;7rll)_P,l,3_(;£i)_3()2m3)Pm+1(t)] "

220+ 3) Py (1) — (2m -+ 5)P_1(£) — (20 + 1) Povys(1)
2(2m — 1)Pp—1(t) — (2m + 1) Pp—3(t) — (2m — 3) Py (t)

27k+1( 2m+1 ) (2m+1) 2m—|—3 )(2m + 5)

1
< /
M1
(27k+1 2m + 1 ) 2m + 1)(2m — 1)(2m — 3) /f ok )Tg(t)dt
-1
M1
11 'fL+t
(27k+1 2m + 1 ) 2m+1 2m+3 (2m+5) /‘f < 2k > ‘Tl(t)|dt
-1
[ 1
11 ’FL"‘t
(27k+1 2m+1) (2m + 1)(2m — 1)(2m — 3) /‘f < ok > [2()dt]
-1
1 3 1 i
h (27’“+1(2m+1)> (2m + 1)(2m + 3)(2m + 5) /'Tl(t)‘dt
21
1 3 1
M <Q7k+1(2m+1)> 2m + 1)(2m — 1)(2m — 3) /'”“”dt' (>6)
41

/11.|71(t)|dt

-1

(/112.dt)é (/1 n(t)?dzt)é
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Now ,

/1|Tz(t)|dt

IN

IN

IN
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1
2

—

V2

(2(2m + 3) Pry1 (t) — (2m + 5) P 1 (1) — (2m 4 1) Py 5(t))° dt)

Ju

Nl

—

[4(2m + 3)*P2 11 (t) + (2m + 5)° P2 _1(t) + (2m + 1)° P2 5(t)] dt)

=

N|=

4(2m + 3)? + (2m + 5)2 + (2m +1)2

2m +3 2m —1
by orthogonality condition on P,

(2m+5? | (2m + 1)2] 5

[ —

2m+7}

[\]

4(2m + 3
ACem )+ ST oy

[4(2m +3)(2m — 1) 4+ (2m +5)% + (2m + 1)? :
(2m —1) ]

[24m2 + 40m, + 14} H

2
2m —1

2yt Dot )

saln g’

/11.|72(t)|dt

V2

[N

—

[2(2m — 1) Pp_1(t) — (2m + 1) Pyy_3(t) — (2m — 3)Pm+1(t)]2dt>

\/i / [(2m - 3)2P77l+1(t) + (2m + 1)2P’3L—3(t) + 4(2m - 1)2P7%L—1(t)} dt]
1

Nl

V2 [(2m - 3)2ﬁ

by orthogonality condition on P,
(2m—3)2  (2m+1)
(2m+3)  (2m-—25)

o [(@m=3)+ (2m+1)° + 4(2m — 1)(2m - 5) 5

2m — 5

+ (2m +1)?

2m — 5 2m —1

+4(2m —1)? 2 }

+4(2m — 1)} ’
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) {247712 — 56m + 30} 3

2m — 5
202 [(2m _231)(_6’;— 5)r
e

Now , by using equations (5.6), (5.7) and (5.8) we have

1 >5[( 26 2/6 ]

| ) | 1 (27k+1(2m+1) 2m—3)% (2m—5)%

) [ 46
M, (27k+1(2m+1>> [(2m—5)3]

<
- 46 M, 1
- 9™ (2m—5)3
Therefore,
46 M, 1
[Crm| < ST (om = 5)3,Vm > 3. (5.9)
2k=1 pr

Sor—1 pr(f)(x) = chmmwn,m(m)

n=1 m=0

ok—1 ok=1 af
f(l’) - Sgk—l7ju(f)($) = Z Z Cn mwn m - Z Z Cn, mwn m
n=1 m=0 n=1 m=0
ok=1 1 gk—1
= Z Z Cn,mwn,m + Z Z Cn, mqun m )
n=1 m=0 n=1 m=M+1
2kt M
= 2 2 cambam(@)
n=1 m=0
ok—1

= Z Z Cn mwnm )

n=1 m=M+1

Then,

2
gk—1 0o

1

/ ST cumtnm(z) | do
0 n=1 m=M-+1
ok
>

If = Soe-1s m(HIIF =

o0

Z Cp.m» DYy orthogonality property of ¢, m,
m=M+
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4v/6M, 1
o™ (2m —5)3

IN

Tk+1

2
) , by (5.9)

96M2 1
4 6k

J
12M7 1 1

5 26k (2M — 3)5
2V/3M, 1

V5 23k(2M — 3)3

o(( !

2M — 3)223k

). arze

5.2 Proof of the Theorem(4.2)

(i) The error e*{! )( ) between f(x) and its expression over any subinterval is

defined as e*(o)( ) = Cn,o¥no(z) —

Now consider,

n—1 n41

2k v 9ok

fla),z e | ),n = 1,2,3,..281

N 2 ~

/(f<”2_,f+h)> dh, z "2;1 h
0
SR o L ) - o
[ () (5) o5 (%) + 50 (%)
0
hy (-1 ?
5/ ( = +9h>} dh
2 A—1\\? 81 /. /Aa—1\\*> 81 [ .[A-1\\"
7 (1(")) 3 (7 () i (0 (%))
321 [ (1NN T8 i (7 ’
6327k<f <2k >)+/576<f ( )) "

0
A (=1 s (A—1\ 81 [A—1\ s /h—1
wt (" )1 () + 5t ()7 (")
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Now,

Next,

2 A-1\\? 2 /o /a—1\\? 81 [ ./n—-1\\> 2
G = w0 () v (5) w5 (7 (55)) +5

1 2

ok—T1
2k pt L (-1 4 (Aa—1\ (-1
i 2(/24f <2k +9h)dh +22’€f<2’€)f<2’f>
0

81 (i—1\ v (A—-1\ 41 ,(A—1\ . [(0—1
*’3?f(2k)f<2k>+3wj(2k)f %)
1

>

Wt (a—1\ ., (A—1 81 ,(A—1\ . (A—1
o [ () (o) g () (0
0

k=1 n—1 2 (n-—1 41 »(n-1 21 wfn—-1
o = 27 [zkf<2k>+zzkf (%)+3wf (%)*gwf (zkﬂ
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Since
1f (@) < My, | (2)] < Mo, |7 ()] < Ms and |/ (2)| < My, Yo €[0,1)
therefore,
2 M, M; M;\?
«(0)]/2 2 3 4
le*P()3 < 23k<M1+ ok +22k+23k> .

SER ()

1
0(5)-
(1)

(ii) The error e*;, ' (x) between f(z) and its expression over any subinterval is
defined as

0 (@) = en0n0(@) + enrtna (@) = flo) w € [Tt BE) n=1,2,3,..28

A4l
ok

e 3= [ (e (2))%da
n2791
A+l
ok

ok
Now,
3. +121 ,(n-1 21 »[(n-—1 21 w(f{n-—1
el = 5% {32%1” (zk>+323kf (zk)+524kf (zk )]
SET \
3.6 [ B, (-1
-2 —(2%h — 1) ™ 0h ) dh.
+\/g2/24( )f<2k'+>
0
Next,

>
—
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o () (5

Therefore,

lle*113

Then,

w

>

4 /’L
24
0
1
ok—1
6 1
T o5 24
0
2 My My\?
1
6
E;k)ll(f>20(22k

)

+ 9h> dh

(iii) The error * )( ) between f(x) and its expression over any subinterval is

defined as

6*512) (LC) = Cn,(){ll)n,()(x) + Cn,lwn,l(x) + Cn,2’(/}n,2($) -

n=123,..

lle* 113

Now,

Cn,2

+

2k71

ot
w\a—

\[z
\fs

2 1
45 25k

1

Do |

k=T

0

2k=T
1
2

[ (A

(z) >

(3h222k 6h2" +2) f* (

)

ht 262k k v [V —
/ﬁ(3h2 —6h2%4+2)f ( -

n—1

2k

ORI
2 , n—1 1
15 ﬁ o ) "o

21

t 5o

105

x

(" ()

2

2

1+0h>dh +

fla),xe [Bh 5L,
n—1
2k
o7 +9h> dh

4 1

45 26k
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3)

)f“’ (ﬁ_1+9h>dh

11 Rt ook k o (=1\ L, (=1
+ 35 / g (Bn72°" —6h2" +2)f 5 ) f v +0h)dh
0

11 ,
+ - / %(3#22’@ 6h2% +-2)f (
0

Therefore,
* 2 M4 2
P < g (Mt 52 )
Then,
7 1

*(3)( )

(iv) The error e between f(x) and its expression over any subinterval is

defined as
«(3
(@) = Cnotno(r) + cn1¥n () + cnotna(@) + castns(z) — fl@)
ve [ M) n=1,23, .2
Similarly , it can be proved that

L0 = 0(5m)-

v)
Following the proof of Theorem (4.1)(iv) we have
1 1 R
o Pl () [l k) (Passl) = Prsse)]
o 27k+1 2m+1)) (2m+3) 2k (2m +1) (2m +5)
21

(2m — 3) (2m+1)

(Pr-1(t) = Prus(t)) <mewﬂwum]ﬁ

|
pevieen) s ()]
(ﬁ+t) :d(Pm+2(t) - Pm(t))}
<
<

(2m + 3)

A+ t) [d(P(t) — sz(t))]
(2m —1)

(
(
- (7= W) T,
(
(

Lol
e

27k+1( 2m—|—1 ) (2m 4+ 3)( 2m—|—1)

f+ t) [d(Ppya(t) — Pm+2(t))}

27k+1( 2m—|— 1)) (2m+3)( 2m—|—5) (2m+7)
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+

+

+

X

+

X

+

X

+

(
-
(
(
-
- (

(

L

L

27k+1( 2m +1)

27’”1 2m+1 >

27k+1 2m +

27k+1( 2m +

1
1

1
1
/1
1

(2m —1)(2m — S/f
1
1
/1
1

27’”‘1 2m +1

(2m —1) 2m+1 /f

-1

29k+1 2m+1

)
) G
)
)

(2m+1) 2m—|—3

(i) [y
(I
e =
()]
() e

1 1
(29k+1(2m + 1)) (2m — 1)(2m — 3)

w (1 + t) {(Pm(t) — Prna(t))

3 8V6M,

(P

[ (46 [(Pa () (Prga(t) = Pult)
/1f ( ){ 2m 1) 2m +3) ]dt
1 2 1
29k+1(2m + 1)) (2m+3)(2m +5)
i ﬁ+t (Pm (t) _Pm (t)) (Pm (t) _Pm(t))
ok ) [ +4(2m+7)+2 B +(22m+3) }dt
1 1
(29k+1(2m+ 1)) (2m —1)(2m +1)
iv n+t (Pm (t) — Pm—Q(t)) (P"H‘Q (t) — P (t))
2k ) [ (2m —1) B (2m + 3) ]dt

2k (2m—1)

(2m —T7)%’
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Next,

2k71

> Y

n=1 m=M+1

1 = Sar—1 (I3

k=1 3 ?
1\2 8V6M,
< >y ((%) 4)
n=1 m=M+1 2 (2m - 7)
_48M3 1 1
T 7 M5y
) _ JBM, 1
s By (f) = 7 2% (20 —5)F

1 1

6 Conclusions

(1) After discussing the Legendre wavelet approximation of a function f with bounded
third and fourth derivatives ,it is trivial to find out the wavelet estimators of a function
f of bounded first and second derivatives .
(2)The estimates of the Theorems (4.1) an(4.2) are obtained as following:

EGLL o(f) =0 (%) = 0ask — o0
(u)Eéi ) 1(f) :O(i) —0ask — o0
(ZZ)E(§12 O (55%) = Oask — o0
(4) 1
(v )EleM (2M 3)23k>—>0a5k—>oo,M—>oo
(v)Eéi)lo(f) —>0ask—>oo
(vi) 52)11 (2k)%0ask%oo
Vil k . =0(s) 2 0ask -
(vid) E 2 2 (3
Vil k L =0 (5 —> 0Oask — o
(vitd) B, 4 (51
(i ) 2k 1M O(zM 5)721k)—>0a5k—>oo,M—>oo
Thim 2 3 4 5 6 7
Byl o0 B (DB (0, B (DB () B (D) Byl (),
Eéf) L 3( ), Eéz) L M( f) are best possible Legendre wavelet approximation in Wavelet
Analy31s

(3)Legendre wavelet estimators of a function f with bounded fourth order derivative is
better and sharper than the estimator of a function f of bounded third order derivative.
(4) Legendre wavelet estimator of a function f of bounded higher order derivatives is
better and sharper than the estimator of a function f of bounded less order derivatives.
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