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Stability of domination in graphs
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Abstract

The stability of dominating sets in Graphs is introduced and stud-
ied, in this paper. Here D is a dominating set of Graph G. In this
paper the vertices of D and vertices of V' — D are called donors
and acceptors respectively. For a vertex u in D, let ¢)p(u) denote
the number |N(u) N (V — D)|. The donor instability or simply d-
instability d2 .(e) of an edge e connecting two donor vertices v and
w is |Yp(u) — ¥p(v)|. The d-instability of D, 1)4(D) is the sum of
d-instabilities of all edges connecting vertices in [). For a vertex u
notin D, let ¢p(u) denote the number | N (u) N D|. The Acceptor In-
stability or simply a-instability aZ ,(e) of an edge e connecting two
acceptor vertices u and v is |¢p(u) — ¢p(v)|. The a-instability of D,
¢q(D) is the sum of a-instabilities of all edges connecting vertices in
V' — D. The dominating set D is d-stable if ¢4(D) = 0 and a-stable
if (D) = 0. D is stable, if 14(D) = 0 and ¢,(D) = 0. Given a
non negative integer o, D is a-d-stable, if d” ,(e) < « for any edge
e connecting two donor vertices and D is a-a-stable, if a? ,(e) < «
for any edge e connecting two acceptor vertices. Here we study a-
stability number of graphs for non negative integer o.
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1 Introduction

Graphs considered here are the simple undirected graphs. The study of domi-

nation in graphs started in 1850 with a problem of finding the minimum number
of queens that are needed to place on a Chess board such that each field not occu-
pied by queen can be attacked by atleast one. In 1962, Ore was the first in pub-
lishing about domination in graphs. Many researchers including Ernie Cockayne,
Michael Henning have contributed much to this field. A beautiful survey of results
in domination is given in fundamentals of domination in graphs by W.Haynes et al.
[1998]. The theory of domination has applications in the study of facility location
problems, social networking and so on. Several types of domination number such
as perfect domination number, connected domination number, have been defined
and studied.
In this paper the elements of a dominating set are called donors and the other ver-
tices are called acceptors. A subset D of vertices in a social network graph with
the condition that each member in D dominates almost equally many members
in V — D, or that each member in V' — D is dominated by almost equally many
members in D, or both, plays a key role. This concept of equitable domination in
graphs was defined and studied by A. Anitha, S. Arumugam and Mustapha Chel-
lali. It is referred in the paper Anitha et al. [2011]. In social network problems
related to marketing, banking and others the instability affects the system when
adjacent acceptors are dominated by unequal number of donors or adjacent donors
dominates unequal number of acceptors. This situation become worse when the
instability is large. Motivated from this idea the concept of a-stability of domi-
nating sets is being introduced.

2 «-~d stable domination

Definition 2.1. Let D be a dominating set. For a vertex u in D let {p(u) =
|N(u) N (V — D)|. The donor instability or d-instability of an edge e connecting
two donor vertices u and v, dP .(e)= |vp(u) — ¥p(v)|. Let D C V, the d-
instability of D, is the sum of d-instabilities of all edges connecting vertices in D,

wd(D) = ZeEG[D] diDnst<e) .

Definition 2.2. Let D be a dominating set. Given a non negative integer o, D
is an a-d-stable dominating set, if d ,(e) < « for any edge e connecting two
donor vertices. Cardinality of a minimum «o-d-stable dominating set is a-d-stable
domination number and it is denoted by 5 (G).

Definition 2.3. A dominating set D is d-stable if 14(D) = 0. Cardinality of a
minimum d-stable dominating set is d-stable domination number and it is denoted
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by 73(G).

Observation 2.1. If a > 3, then v(G) < v5(G) < +2(G).
O Uy Uy Uug

\ f h
Uy U2

J

O ug
Figure 1: Graph with 7(G) < 75(G) < 75(G)

Example 2.1. In Figure 1, D = {uy, us} is the minimum dominating set. \p(u;) =
4 and Yp(uy) = 2. And dP ,(uyuy) = 2. Hence D is a minimum 2-d-stable dom-
inating set. And for o > 2, 7$(G) = 2.

If S = {uy,uz,us}, Yp(uy) =3, Yp(ur) = 0and Yp(ug) = 0. None of them are

adjacent. Hence v}(G) = 7%(G) = 3.

Observation 2.2. Property of being a-d-stable dominating set is neither super-
hereditary nor hereditary.

Theorem 2.1. An a-d- stable dominating set D is a minimal o-d- stable domi-

nating set if and only if for each vertex v in D one of the following conditions
holds

1. v is an isolate of D.
2. v has a private neighbour v in V- — D.

3. There exist two adjacent vertices u, and us different from v in D, u, adja-
cent to v, us not adjacent to v and Yp(uy) = ¥p(ug) + a.

Proof. If an a-d- stable dominating set D is minimal, then D is an a-d- stable
dominating set and for each vertex v in D, D — {v} is not an a-d- stable domi-
nating set. This means that some vertex v in (V' — D) U {v} is not dominated by
D — {v} or there exist two adjacent vertices u; and us different from v in D with
[ (ur) — e (u2)] < abut [iop gy (1) — Vp gy (u2)] > @

Now if some vertex v in (V' — D) U {v} is not dominated by any vertex in
D — {v}, either u = v, means v is an isolate of D or u € V — D. If w is not
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dominated by D — {v}, then u is adjacent only to vertex v in D. ie, v has a private
neighbour uin V" — D.

If [Yp(ur) — ¢¥p(uz)| < @ and [Yp_jop(u1) — Yp_qup(u2)| > a, let a =
0, then ¢p(u1) = ¥p(uz) and [p_gu}(u1) — Yp_(u3(u2)| = a + 1. Assume
Yp_(u} (1) > Yp_guy(uz). Then u, is adjacent to v but u, is not adjacent to v
and ¢¥p(u1) = ¢¥p(uz) + a. If @ > 0, then assume ¢p(u;) > ¥p(usz). Then
Yo} (u1) —¥p_fvy(uz) = a+ 1. Then u, is adjacent to v but us is not adjacent
to v and ¢p(u1) = ¢p(us) + a.

Conversely, suppose that D is an a-d-stable dominating set and for each vertex
v € D, one of the three statements holds. We show that D is a minimal «-d-stable
dominating set. If D is not a minimal a-d-stable dominating set, then there exists a
vertex v € D such that D — {v} is an a-d-stable dominating set. Then each vertex
win (V —D)U{v} is adjacent with atleast one vertex in D — {v}. Then v is not an
isolate of D and condition 1 does not hold. And v has no private neighbour in V' —
D and condition 2 does not hold. D — {v} is an «-d-stable dominating set implies
for any two adjacent vertices u; and ug in D—{v}, ¥p_oy (1) =¥p—foy (u2) < a.
Hence condition 3 does not hold. Hence D is a minimal «-d-stable dominating
set. [

Observation 2.3. For non negative integer o, 75(G) =1 <= ~(G) = 1.

(%) . Us

U3

O v
Figure 2: Graph with v§(G) =1

Theorem 2.2. For a graph G and non negative integer o, 5,(G) > 73 (G).

Proof. Let S be a maximum independent set. Then, every vertex in V' — S is adja-
cent with atleast one vertex in S. Thus S is a dominating set. S is an independent
set. It follows that S is a d-stable dominating set. Hence, 5,(G) > ~$(G).For the
graph in figure 2, v$(G) = 2 = (,(G). Hence the bound is sharp. O

Theorem 2.3. If D is an a-d-stable dominating set of a graph G and v and v are
adjacent vertices in D with d(v) = d(u) +k+a«, k € ZT, then D contains atleast
k elements from (N [v] — Nlu)).
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Proof. If D is an «a-d-stable dominating set of a graph G and u and v are adjacent
vertices in D with d(v) = d(u) + k + «a, k € Z*, then |¢p(v) — ¥p(u)| < a.
Hence |N[v] N (V — D)| < |[Nfu| N (V — D)| + a. Thus, d(v) — d(u) <
|(N[v] = N[u]) N D| + «a.
Hence D contains atleast & elements from (N [v] — Nu]). O

Corolary 2.1. If D is a d-stable dominating set of a graph G and u and v are
adjacent vertices in D with d(v) > d(u), then D contains atleast d(v) — d(u)
elements from (N [v] — Nu]).

Corolary 2.2. If u is a pendant vertex adjacent to v, D is a d-stable dominating
set and u,v € D, then N|[v| C D.

Theorem 2.4. For any non negative integer (3, there exist graph G with v9(G) >
74(G) > 3(G) . > 74(G)

Proof. Take k = 3+ 1

Construct G as follows,

Step 1:- Let H be the complete graph with vertex set {a1, as, ...., aj }.

Step 2:- Let Al = {ai,l, Qi 2, ... amqu} for: = 1, 2, ey k.

Form G by joining each vertices in A; with a; in H fori =1,2... k.

Let D be a d-stable dominating set, B; = {a;, a; 1, @i 2, ..., ¢;;+1 } and C; = B;ND.
If a,,as € D withr < s then by corollary 2.1, D contains s —r elements from

A and hence by corollary 2.2, N{as] C D. Thus By C D. Thus C; = B; for all

1=1,2, .. k.
Hence D = V(G) orD = A1UA2UA3U ...... UAS_1UA5+1U ..... UAk_1UAkU

{as}. Hence we take D = A UAUA3U......UA; 1UA; 1 U.... .UA,_1UAU{as}.
Thus |C;| =i+ 1 for i # s and |C| = 1. Then,

D] = 243+ ..+ (s)+1+(s+2)+ ..+ (k+1)

_ (k+1)2(k+2) —(s+1).

Hence | D| is minimum when (HQ)QM —(s+1) is minimum. That is when s = k.
And D = AfUA, U A3 U ... U Ay_1 U{ax} will form a d- stable dominating

set with [D| = &) _ (4 ),

Hence 79(G) = —(k+2)2(k+1) —(k+1)= —(k)(;““).

Similarly,

e — G

(@) =

75(G> — (k*5+;)(k75) + B.
Figure 3 illustrates the graph with 19(G) > ~7}(G) > 73(G). O
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23

@ @22

a2 2

Figure 3: Graph with 79(G) > 7}(G) > 12(G)

3 «-a-stable domination

Definition 3.1. Let D be a dominating set. For a vertex u not in D, let ¢p(u)
= |N(u) N D|. The Acceptor Instability or a-instability of an edge e connecting
two acceptor vertices v and v is, a .(e) = |¢pp(u) — ¢p(v)|. The a-instability of

D, ¢4(D) is the sum of a-instabilities of all edges connecting vertices in V- — D,
¢a(D) = ZeeG[V—D] aps(e)-

Definition 3.2. Let D be a dominating set. Given a non negative integer «, D
is an a-a-stable dominating set, if aP ,(e) < « for any edge e connecting two
acceptor vertices. Cardinality of a minimum «-a-stable dominating set is a-a-

stable domination number and denoted by 3 (QG).

Definition 3.3. The dominating set D is a-stable if ¢,(D) = 0. Minimum cardi-
nality of an a-stable dominating set is a-stable domination number and denoted

by 73(G).

Observation 3.1. If o > 3, then v(G) < v¥(G) < 4(G)

— a

Example 3.1. In Figure 1, D = {uy, us} is the minimum dominating set. ¢p(uz) =
op(ug) = éplus) = ¢pl(ug) = ¢p(ur) = ¢plus) = 1. Hence D is a minimum
a-stable dominating set and v3(G) = 2 for all non negative integer .
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Observation 3.2. Property of being a-a-stable dominating set is neither super-
hereditary nor hereditary.

Theorem 3.1. An a-a- stable dominating set D is a minimal o-a- stable domi-
nating set if and only if for each vertex v in D one of the following conditions
holds

1. v is an isolate of D.
2. v has a private neighbour win V — D.

3. There exist two adjacent vertices uy, and uy in V-D, u, adjacent to v, us not
adjacent to v and ¢p(uz) = ¢p(uy) + a.

Proof. If an a-a- stable dominating set D is minimal then D is an a-a- sta-
ble dominating set and for each vertex v in D, D — {v} is not an a-a- stable
dominating set. This means that some vertex u in (V — D) U {v} is not domi-
nated by D — {v} or there exist two adjacent vertices u; and uy in V' — D with
[60(u1) — ép(uz)] < butép ) () — 6p-oy(uz)| > o

Now if some vertex w in (V — D)U{v} is not dominated by any vertex in D —{v},
either v = v, means v is an isolate of D or v € V' — D. If u is not dominated by
D — {v}, then w is adjacent only to vertex v in D. ie, v has a private neighbour u
inV —D.

If |¢p(u1) — ép(uz)] < a and |pp_(y(w1) — dp_(uy(u2)] > a, let a = 0,
then ¢p(u1) = ép(uz) and |dp_gu}(u1) — dp—u(u2)] = o + 1. Assume
ép—{u}(u2) > dp_gyy(u1). Then u, is adjacent to v but us is not adjacent to v
and ¢p(u2) = ¢p(ur) + a. If @ > 0, then assume ¢p(uz) > ¢p(uy). Then
¢p(u2) —op(ur) = cvand ¢p_yy(u2) — dp—_oy(u1) = a+ 1. Then uy is adjacent
to v but u, is not adjacent to v and ¢p(uz) = ¢p(ur) + .

Conversely, suppose that D is an a-a-stable dominating set and for each vertex
v € D, one of the three statements holds. We show that D is a minimal «-a-
stable dominating set. If D is not a minimal «-a-stable dominating set,then there
exists a vertex v € D such that D — {v} is an a-a-stable dominating set. Then
each vertex u in (V' — D) U {v} is adjacent with atleast one vertex in D — {v}.
Then v is not an isolate of D and condition 1 does not hold. And v has no pri-
vate neighbour in V' — D and condition 2 does not hold. If D — {v} is an a-a-
stable dominating set then for any adjacent vertices u; and us in (V' — D) U {v},
¢p—{v}(u2) — dp_fv}(u1) < . Hence condition 3 does not hold. Hence D is a
minimal a-a-stable dominating set. 0

Observation 3.3. For non negative integer o, 72 (G) =1 <= ~(G) =1

Theorem 3.2. Fora > 1,73(G) =2 <= ~(G) =2
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Proof. 1f v(G) = 2, then for a minimum dominating set D, |D| = 2
ID| =2 = ¢pv)=1 or ¢pv)=2 YveV-D
= |¢p(v1) — ¢p(v2)] < 1, Vo, v € V=D
= 7(G) =2

Conversely, if 7¢(G) = 2, then v(G) # 1. If D is a minimum «-a- stable domi-
nating set , then |D| = 2, and D is a dominating set. Thus, v(G) = 2 O

Theorem 3.3. For any graph G and non negative integer o, 72 (G) < 7,(G). And
this bound is sharp.

Proof. If D is a vp- set, then | N[v] N D| = 1, Vv € (V — D). Hence ¢p(v) = 1,
forall v € (V — D). And so D is an a-stable dominating set . Thus every
perfect dominating set is an a-stable dominating set . Hence, 75(G) < 7,(G).
For G = P, 7,(G) = n =7 (G). So we can see that the bound is sharp. O

b3.2

b272”

b2.2

b2’17’

Figure 4: Graph with 79(GQ) > 7X(G) > 42(G)
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Theorem 3.4. For any positive integer 3, there exist graph G with v°(G) >
YHG) > A2(G)...... > Y9(@).

Proof. Let k = 4+ 1. Construct G as follows
Step 1:Let H be the complete graph with vertex set {a1, as, ..., ax}
Step 2: For each i take i copies of P; with vertex set {bij,b; 4, 0:57} for j =
1,2,...,7 and join b; ; with a; for each j = 1,2, .
Let AJ = {byj, z],bm”} forj =1,2,...i andA = {az} U UJ {0
all i € {1,2, ... k}.
Let D be an a—stable dominating set. If a; € D then |A; N D| > i+ 1.
Let r be the smallest integer such that a, ¢ D. Then |A. N D| > r.
If s > randa, ¢ D, since j,,(ar,a;) = 0, V; € D for atmost r values of j.
And if there exist j for which b, ¢ D then by;, b,;” € D.
|[AsN D] > r+2(s—r)
= 2s—r>s+1
Hence,|D| > |AiND|+|A2ND|+|AsND|+ ...+ |A.—1 N D|+
|A, N D|+ |A, ;1N D|+ ...+ |A, N D|

> 243+ .4+ (r=1+)+r+(r+2)+...+(k+1).

= 1424+...+k+k—-1

= M (k-1
Thus, 7J(G) > &M 4 (f — 1).
And D' = {ay, ... ak 1 UUE {B, b, ...bl;} is an a-stable dominating set with
D) = H52 + (k- 1).
Hence, 70(G) < MED 4 (k — 1)
Thus, 72(G) = B8 4 (k — 1)

b;;” } for

2]7 'LJJ

Similarly,

7(G) = MR (k- 2)

26 = ’“(’”) +(k—3)

BE) = HED (k)

W(G) =

~ (G) _ k(k‘+1)

Figure 4 1llustrates the graph with 12(G) > 7}(G) > 72(G). O

4 «-stable domination

Definition 4.1. A dominating set D is stable, if 1q(D) = 0 and ¢,(D) = 0. Min-
imum cardinality of a stable dominating set is called stable domination number

and denoted by °(G).
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Definition 4.2. If a dominating set D is an a-d-stable dominating set and a-a -
stable dominating set, then D is called an a-stable dominating set and cardinality
of a minimum «-stable dominating set is defined as a-stable domination number

and denoted by v*(QG)

Observation 4.1. If a minimum « -a-stable dominating set is an a-d-stable dom-
inating set, then v*(G) = v2(QG). And if a minimum «o-d- stable dominating set is
an a-a- stable dominating set, then v*(G) = 7$(G).

Observation 4.2. If o > f3, then v(G) < v%(G) < 7%(G).

Definition 4.3. Minimum « so that v*(G) = ~(G) is called stable dominating
index and denoted by 1,4(G).

Example 4.1. In figure 1, the minimum d-stable dominating set {uy, ur, ug} is an
a-stable dominating set. Hence {uy,ur,ug} is a minimum stable dominating set
and y°(G) = 3.

A minimum 1-d-stable dominating set {u,,ur,ug} form a 1-a- stable dominating
set and hence {uy, uy, ug} is a minimum 1-stable dominating set and ' (G) = 3.

And minimum dominating set {uy,us} is a 2-a- stable dominating set and a 2-d-
stable dominating set. {uy,us} form a minimum 2-stable dominating set. Hence,
V(G = 2.

AndVa > 2, v(G) = 2 = y(G). Hence, I;4(G) = 2.

Compliment of a minimum «-stable dominating set need not be an «-stable
dominating set. In graph figure 1, {u, us, u3} is a minimum 1-stable dominating
set but its compliment is not a 1-stable dominating set.

Observation 4.3. Property of being a-stable dominating set is neither super-
hereditary nor hereditary.

Theorem 4.1. For any graph G and for any non-negative integer o, v(G) =
1 <= *(G) =1

Proof. If v(G) = 1, then the single vertex set {v} which dominates all vertices
of (G, is an a-d-stable dominating set and an «a-a-stable dominating set. Then
v*(G) = 1. Also any «a-stable dominating set is a dominating set. So, if v*(G)
1 then v(G) = 1.

Il

Lemma 4.1. For any graph G and for any non negative integer o, v*(Q)
n <— G=K,.

Proof. If G # K, there is atleast one vertex v with d(v) > 1. Then V — {v} is an
a-stable dominating set. This means that v*(G) < n — 1. Hence if v*(G) = n,
then G = K,,. If G = K,,, then v*(G) = n trivially. O
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Theorem 4.2. For a graph G with 6(G) > 1, v*(G) < n — 1.
Proof. From lemma 3.9 it is clear that v*(G) < n — 1. O]

Theorem 4.3. For any non negative integer o, v*(G) = v(G) for the following
Graphs

* Complete graph K,

Path P,

Cycle C,

Wheel graph W,
* Helm graph H,

Proof. In these graphs minimum dominating set [J, form an «-stable dominating
set. Hence «-stable domination number is same as its domination number. O]

Theorem 4.4. Let G and H be two graphs of order ny and ns , then for any
non-negative integer o,

* 72 (GOH) < min{niyg (H),n275(G)}
* 13(GOH) < min{ni1vg(H),n273(G)}
* Y(GOH) < min{ny*(H),n2v*(G)}.

Proof. Let Sy be a minimum «-a-stable dominating set of H. Let us see that
S = V(G) x Sy is an a-a-stable dominating set of GOH . If (u,v) € (V(G) x
V(H)) — S. Then (u,v) is adjacent to atleast one vertex in S. And if (uy,v;) €
(V(G) xV(H))— S and (uy,v3) € (V(G) x V(H))— S and (uq,v;) adjacent to
¢s(uy,v1) = H{(u,v) € S: (u1,v1)
adjacent to (u,v)}|
= H(u,v) € S:uy =u and v,
adjacent to v}U
(ug,v7). Then, {(u,v) € S:uy adjacent tou and
v = v}
= NH(u,v) € S:uy =uand v
adjacent tov}|

- ¢SH(U1)'
|ps(u1,v1) — ¢s(uz,v2)|
¢s(ug,v9) = ¢g, (v2). And = |¢s, (v1) — ¢s, (v2)  Hence S is an a-

< a.
a-stable dominating set of GLJH.
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Similarly, if S¢ is a minimum a-a-stable dominating set of G, then S x V(H)
is an a-a-stable dominating set of GL1H.
Thus, v*(GOH) < min{ny2(H),nav*(G)}.

Let Sy be a minimum «-d-stable dominating set of H. Let S = V(G) x Sy.
If (u,v) € (V(G) x V(H)) — S, then (u, v) is adjacent to atleast one vertex in S.
And if (uy,v,) € S and (ug, v2) € S and (uq,vq) adjacent to (ug, v2). Then,

wS(U’bUl)
= H(u,v) € (V(G) x V(H)) =S : (u,v1) adjacent to (u,v)}|
= H(u,v) € (V(G)xV(H))—S:u =u and vy adjacent to v}U
{(u,v) € (V(G) x V(H)) — S :uy adjacent to u and vy = v}|
= H(u,v) € (V(G)xV(H))—S:u; =u and vy adjacent to v}|

= gy (v1).
Similarly ¢g(ug, v2) = g, (vs).
Thus
s (ur,v1) — s(uz,v2)| = [thsy(v1) — sy (v2)

< o
Thus S is an a-d-stable dominating set of GO H.
Similarly, if S¢ is a minimum «-d-stable dominating set of G, S x V(H) is
an a-d-stable dominating set of GOH. Thus,

13 (GBH) < min{nyg (H), navg (G)}-

Hence, v*(GOH) < min{n1y*(H), noy*(G)}. O

Remark 4.1. The bound in theorem 3.12 is attained if G = K, and H = K;
because v*(K,0K,) = 2 = min{2y*(K,), ny*(K>)}.

Theorem 4.5. For any two graphs G and K and non negative integer o, a-stable
domination number of its corona, v*(GoK) = |V(G)].

Proof. Let {vy,va, .....,v,} be the vertices of G and {uq, us, ....u,, } be the ver-
tices of K. K; be the i'" copy K in GoK. To make sure that each vertex of
K; is dominated, we need atleast one vertex of K; or v;. Thus the dominat-
ing set contains atleast n vertices. Let D = {v, v, ....... ,Unt. Then each ver-
tex of V' — D is adjacent with exactly one vertex of D and each vertex of D
dominates exactly m vertices in V' — D. And so ¢p(v) = m, Yo € D and
¢p(v) = 1,Yv € V — D. Therefore, |¢pp(vi) — ¢p(ve)| = 0,YVv,v9 € V — D
and |¢p(v1) — ¢¥p(ve)| = 0,Vvy,v2 € D. And so D is a minimum a-stable
dominating set. Thus v*(GoK) = n = |V(G)]. O
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5 Conclusions

Motivated from this idea the concept of a-stability of dominating sets is being
introduced. The stability of dominating sets in Graphs is introduced and studied,
in this paper. In social network problems related to marketing, banking and oth-
ers the instability affects the system when adjacent acceptors are dominated by
unequal number of donors or adjacent donors dominates unequal number of ac-
ceptors. Several types of domination number have been defined and studied. This
situation become worse when the instability is large. Here we study a- stability
number of graphs for non negative integer «. Instability of domination in Graphs
the concept of stability of domination in Graphs are defined. The open problems
are Characterize the graphs with I;(G) = 0. Characterize the graphs for which
the compliment of minimum a-stable dominating set is an «a-stable dominating
set. Develop an algorithm to find the a-stable domination number of a graph. In
future we extended this topic.
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