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Abstract

In this paper, we study the value distribution of £-function in the ex-
tend Selberg class and a non-constant transcendental meromorphic
f function with finitely many zeros of finite order, sharing a poly-
nomial with its difference monomial. Meromorphic functions and
L-functions are central to Nevanlinna theory, a branch of complex
analysis focusing on the distribution of zeros and poles of analytic
functions. The Meromorphic functions are unique due to their com-
bination of meromorphicity and analyticity. They are defined on the
entire complex plane except for isolated poles in the complex analy-
sis. On the other hand, L-functions, arising notably in number theory
and automorphic forms, exhibit unique properties related to their ze-
ros and poles. One classic example of a prime number distribution is
the Riemann (-function. In this paper, we analyse the uniqueness re-
sults between a non-constant meromorphic function f having finitely
many zeros and L-function, when their difference monomial share a
non-zero polynomial p. Our results extends and improves the earlier
results of Harina P. Waghamore and Manjunatha B E[6].
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1 Introduction

Nevanlinna theory can provide tools for proving uniqueness theorems for an-
alytic functions. By analyzing the behavior of meromorphic functions and their
singularities, one can often deduce properties that lead to uniqueness results. For
instance, understanding the growth and distribution of values of a meromorphic
function can help establish uniqueness within a certain class of functions.

Let f(z) and g(z) be two non-constant meromorphic functions defined in C. We
assume that the reader is familiar with the basic results and standard notations
of Nevanlinna value distribution theory (see [7],[8],[23],[24],[25]). For some
a € CU {0}, the zeros of f — a and g — a have same multiplicities, we say
that f and g share the value a CM(counting multiplicities), otherwise if we do
not consider the multiplicities, we say that f and g share the value a IM(ignoring
multiplicities). If ; and | share 0 CM, then f and g share co CM. While N (r, f)
denotes the counting function of poles of f whose multiplicities are taken into
account(respectively N(r, f) denotes the reduced counting function when multi-

plicities are ignored). Also we have N (r,a; f) = N (7", ﬁ) , denotes the count-

ing function of a points of f(z) whose multiplicities are counted(respectively
N(r,a; f) denotes for the reduced counting function when multiplicities are ig-
nored). In general, the notation N (r,a; f| = 1) denotes the counting function
of simple a-points of f and the notation N (7,a; f| > 2) denotes the counting
function of those of a-points of f whose multiplicities are atleast 2( respectively,
N (r,a; f| +1) and N (r,a; f| > 2) denotes the reduced counting functions).
We denote by T'(r, f) the Nevanlinna characteristic function of f plays a key role
in the value distribution theory. we have T (r, f) = m (r, f) + N (r, f), which
clearly shows that 7' (7, f) is non negative. S(r,f) is small quantity defined by
S(r,f) = o{T(r,f)} as (r — oo, r ¢ E) where E denote any set of positive real
numbers having a finite linear measure.

Let £ be an L-function is defined as a meromorphic function in the complex
plane C that is connected to one or more mathematical properties. A L-series is a
Dirichlet series that typically converges on a half-plane and has the potential to an-
alytically continued as an £-function.We first distinguish between the £-function,
which is the function in the complex plane that is its analytic continuation, and
the L-series, which is an infinite series representation (such as the Dirichlet series
for the Riemann zeta function)(see.[20],[21]). Generally, the constructions begin
with an L-series that is initially specified as a Dirichlet series, and subsequently
expanded into an Euler product that is indexed by prime numbers. The £-function
so defined analytically to the rest of the complex plane C atmost one pole. The
Selberg class is an axiomatic definition of a class of L£-functions. £, consists es-
sentially of those Dirichlet series that satisfy the Riemann hypothesis as well as
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o 1
n=1 ns*

the Riemann zeta function, F'(s) = >

2 Definitions and Theorems

Let us recall the following standard definitions of Nevnalinna theory.

Definition 2.1. [20, 21] The Selberg class S consists of the functions F satisfying
the following axioms:

1. (Dirichlet series) F(s) = Y . a(n)/n® where s € C, absolutely conver-
gent for o > 1.

2. (Analytic continuation) There exists a non-negative integer k such that (s — 1)* L(s)
is an entire function of finite order.

3. (Functional equation) There exist an integer k > 0, positive real numbers
Q, Aj, complex numbers v; with Rev; > 0 and w with |w|= 1, such that
Nz (s) defined by

K
Ne(s) = L(5)Q° T[T (Ays +v5) = 7(s)F(s),

j=1

satisfies the functional equation Nz (s) = w Az (1 —35). We would call the
function y(s) the ~y factor.

4. (Ramanujan conjecture) For every ¢ > 0, a(n) = O(n°).

5. (Euler product hypothesis) L can be written over prime as

L(s) = exp (Z b(pk)/PkS>

with suitable coefficients b(*) satisfying b(p*) < p*? for some 6 < 1/2
where the product is taken over all prime numbers p.
The degree d. of an L is defined to be

where \; and K are respectively the positive real number and the positive
integer as in axiom (iii) above.

432



Harina P. Waghamore, Roopa M.

Definition 2.2. [9, 10, 11] Let k € NU{0}U{oc}. For a € CU{oo} we denote by
Ex(a; h) the set of all a-points of f where an a-point of multiplicity m is counted
m times if m < k and k + 1 times if m > k. If Ex(a;f) = Ei(a;g), we say that
f, g share the value a with weight k.

Definition 2.3. [4] Let k be a positive integer for any constant a in the complex
plane C.
We denote

1. By Ny, (T, ﬁ) the counting function of a-points of f(z) with multiplicity
<k

2. By N, (7", ﬁ) the counting function of a-points of f(z) with multiplicity <
k. Similarly, the reduced counting functions Nk) (r, ﬁ) and N(k (7“, ﬁ)
are defined.

Definition 2.4. [6] By a difference product, we mean a difference monomial and

its shifts, that is an expression of the type [] f(z + ¢;)".
j=1

In 2011, K. Liu, X. L. Liu, and T. B. Cao [12] studied the uniqueness of the
difference monomials and obtained the following results.

Theorem 2.1. [12] Let f and g be two transcendental meromorphic functions with
finite order. Suppose that c € C\ {0} andn € N. If n > 14, f"(2)f(z + ¢) and
g"(2)g(z + c) share 1 CM, then f = tg or fg = t, where t"™! = 1.

Theorem 2.2. [12] Let f and g be two transcendental meromorphic functions with
finite order. Suppose that ¢ € C\ {0} andn € N. If n > 26, f"(2)f(z + ¢) and
g"(2)g(z + c) share 1 IM, then f = tg or fg = t, where t" ™! = 1.

In 2015, Y.Liu, J. P. Wang, and F. H. Liu [13] improved Theorems A and B
and obtained the following results.

Theorem 2.3. [13] Let c € C\ {0} and let f and g be two transcendental mero-
morphic functions with finite order, and n (> 14), k (> 3) be two positive inte-
gers. If Ex(1,f"(2)f(z 4+ ¢)) = Ex(1,8"(2)g(z + ¢)), then f = t,g or fg = t, for
some constants t, and t, satisfying t}t" = 1 and t3™' = 1.

Theorem 2.4. [13] Let ¢ € C\ {0} and let f and g be two transcendental
meromorphic functions with finite order, and n (> 16) be a positive integer. If

Ea(1, () f(= + ¢)) = Bal(1,g"(2)g(= + <)), then | = trg or fg = s, for some
constants t, and t, satisfying t7" = 1 and t3™' = 1.
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Theorem 2.5. [13] Let ¢ € C\ {0} and let f and h be two transcendental
meromorphic functions with finite order, and n (> 22) be a positive integer. If
Ey(1L,f"(2)f(z +¢)) = E1(1,8"(2)g(z + ¢)), then f = t1g or fg = to, for some
constants t, and t, satisfying t}" = 1 and t3™' = 1.

In 2017, Sujoy Majumder [14] replaced the sharing value 1 by a nonzero poly-
nomial p(z) in 2.3, 2.4, and 2.5 and obtained the following results.

Theorem 2.6. [14] Let f and g be two transcendental meromorphic functions of
finite order, ¢ € C\ {0} and n € N be such that n > 14. Let p(# 0) be a
polynomial such that deg(p) < (n—1)/2. If f*(2)f(z + ¢) — p(2) and g"(2)g(z +
¢) — p(z) share (0, 2), then one of the following two cases holds:

(1) f = tg for some constant t such that t"+*! = 1,

(2) fg = t, where p(z) reduces to a nonzero constant ¢ and t is a constant such
that t" ! = 2.

Theorem 2.7. [14] Let f and g be two transcendental meromorphic functions of
finite order, ¢ € C\ {0} and n € N be such that n > 16. Let p(# 0) be a
polynomial such that deg(p) < (n — 1)/2. Suppose t"(2)f(z + ¢) — p(2) and
g"(2)g(z + ¢) — p(z) share (0,1). Then the conclusion of Theorem 2.6 holds.

Theorem 2.8. [14] Let f and g be two transcendental meromorphic functions of
finite order, ¢ € C\ {0} and n € N be such that n > 26. Let p(# 0) be a
polynomial such that deg(p) < (n — 1)/2. Suppose f*(2)f(z + ¢) — p(z) and
g"(2)g(z + ¢) — p(z) share (0,0). Then conclusion of Theorem 2.6 holds.

In 2023, Harina P. Waghamore and Manjunatha B.E [6] replaced the shift by
a difference monomial in 2.6, 2.7, and 2.8 and obtained the following results.

Theorem 2.9. [6] Let f and g be two transcendental meromorphic function of
finite order and n be a positive integer such that n > 2s + 20 + 6. Suppose that

c; € C\ {0} for j = {1,2,3,...s}. Let f" Hlf(z + ;)" —p(z) and g" ‘H1 glz+
= =

¢;)" —p(z) share (0,2) where p be a nonzero polynomial such that 2deg (p(z)) <
n — o, then one of the following two cases holds:

(1) ff = tgfor some constantt such that t"+° = 1,

(2) f(2)g(z) = t, where p(z) reduces to a nonzero constant ¢ and t is a constant
such that "7 = 2.
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Theorem 2.10. [6] Let f and g be two transcendental meromorphic function of
finite order and n be a positive integer such that n > W Suppose that c; €

C\{0} forj = {1,2,3,...s}. Let f" f[ f(z4c¢;)" —p(z) and g" f[ g(z+cj)H —
j=1 j=1

p(z) share (0, 1) where p be a nonzer;polynomial such that 2deg (p(z)) <n-—o,
then the conclusion of Theorem 3.1 holds.

Theorem 2.11. [6] Let f and g be two transcendental meromorphic function of

finite order and n be a positive integer such thatn > 5s+ o + 0. Suppose that

c; € C\ {0} forj ={1,2,3,...s}. Let f" H f(z+¢;)" —p(2) and g" H g(z+
j= j=1

¢; )" —p(z) share (0,0) where p be a nonzero polynomial such that 2deg (p(2)) <

n — o, then the conclusion of Theorem 3.1 holds.

It is quite natural to ask the following question.
Question 1. When two finite order meromorphic functions f and g share a nonzero
polynomial, what can be said about their uniqueness if we consider the difference
monomial and its shift for an L-function instead of the difference polynomial? We
have obtained the following results of Harina P. Waghamore and B. E. Manjunath
[6] which improves and generalizes Theorems 2.9, 2.10 and 2.11.

3 Main Results

Following are the main results of our paper.

Theorem 3.1. Let f be non-constant transcendental meromorphic function having

finitely many zeros and L be an L-function of finite order and n be a positive

integer such that n > 2s+20+5. Suppose that ¢; € C\{0} for j = {1,2,3, ...s}.

Let f* ] f(z + ¢;)" — p(2) and L™ [] L(z + ¢j)* — p(z) share (0,2) where p
j=1 =1

be a nonzero polynomial such that 2deg (p(z)) < n — o, then one of the following

two cases holds:

1. f = tL for some constant t such that t"+° = 1,

2. f(2)L(z) = t, where p(z) reduces to a nonzero constant c and t is a constant
such that t"+7 = 2.

Theorem 3.2. Let f be anon-constant transcendental meromorphic function hav-
ing finitely many zeros and L be an L function of finite order and n be a positive
integer such that n > 3+749, Suppose that ¢; € C\ {0} for j = {1,2,3,...s}.

Let f H f(z + ¢j)* — p(2) and L™ H L(z 4 ¢j)" — p(z) share (0,1) where p

Jj= Jj=1
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be a nonzero polynomial such that 2deg (p(z)) < n — o, then the conclusion of
Theorem 3.1 holds.

Theorem 3.3. Let f be a non-constant transcendental meromorphic function hav-
ing finitely many zeros and L be an L function of finite order and n be a positive
integer such thatn > 4s+o0+7. Suppose that c; € C\ {0} for j = {1,2,3, ...s}.

Let ™ H f(z + ¢j)* — p(z) and L™ H L(z + ¢;)" — p(z) share (0,0) where p
Jj= j=1
be a nonzero polynomial such that 2deg (p(z)) < n — o, then the conclusion of

Theorem 3.1 holds.

Example 3.1. Let f = exp®) and L = exp'~?). By considering the values for
n>90=1s=1andc;, ,uj are complex constants. Then one can easily verify

that f" H g(z+c;j)" and L™ H L(z+c;)", where f and L satisfies the algebraic
Jj=
equatlons R(f,L) = 0 with the conclusion of Theorem 3.1 holds.

Example 3.2. Let f = exp®) and L = texp'®). By considering the values for
n>90=1s=1andc;, ,uj are complex constants. Then one can easily verify

that f" H g(z+c;j)" and L™ H L(z+c;)", where f and L satisfies the algebraic
J=
equatzons R(f, %) = 0 with the conclusion of Theorem 3.1 holds.

4 Remarks

Theorem 3.1 - 3.3 is an 1rnpr0vement of Theorem 2.8 - 2.9 respctlvely
Taking s = 1 we get 0 = Z pj =1, H g(z 4+ ¢j)* and L H L(z + c;)"

Jj=
reduces to f"f(z + ¢) and g g(z + ¢), then

(1) In Theorem 3.1 we obtain n > 8 which is an improvement of Theorem 2.9,
(2) In Theorem 3.2 we obtain n > 8 which is an improvement of Theorem 2.10,

(3) In Theorem 3.3 we obtain n > 13 which is an improvement of Theorem 2.11.

5 Lemmas

In this section, we present few lemmas needed in the sequel. Let F,and L be
two non-constant meromorphic functions defined in the open complex plane C.
We denote by H the function

F' o 2F L 2L
H‘(F_f—l)_<F_L—1)‘ M
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Lemma 5.1. /5] Let f be a meromorphic function of finite order p, and let ¢ €
C\ {0} be fixed. Then for each € > 0, we have

m (7’, e (j)c)) +m (7’, f (Z(j)c)) — O(r* ) = S(r, f).

The following lemma has few modifications of the original version [Corollary 2.5

of [4]]

Lemma 5.2. [22] Let f be a non-constant meromorphic function and let a,,(z)
(#0), an—1(2), ..., ag(2) be meromorphic functions such that T'(r, a;(z)) = S(r,f)
fori1=20,1,2 ....n. Then

T(?“, an,f"™ + an,ﬂmil + o+ arf + CLO) = nT(r, f) + S(T7 f)

Lemma 5.3. /8] Let f be a non-constant meromorphic function of finite order and
c € C. Then

N (r,0;f(z+¢)) < N (r,0;f(2))+S(r,f), N(r,o00;f(z+c)) < N(r,o00;f)+S(r,f),
N (r,0;f(z 4+ ¢)) < N (r,0;f(2))+S(r,f), N(r,o00;f(z+c)) < N(r,o0;f)+S(r,f).

Lemma 5.4. [5] Let f be a transcendental meromorphic function of finite order,
¢ € C\ {0} be fixed. Then

T(r,f(z+¢)) =T(r,f)+ S(r,f).

Lemma 5.5. [22] Let f and g be two non-constant meromorphic functions. Then
f

N (r, 00; —> -N (r, 00; %) = N(r,o00;f)+N(r,0;g)— N (r,00;g8)—N(r,0;f).
g

Lemma 5.6. [6] Let f be a transcendental meromorphic function of finite order
and let

F=1"1] (f(z + ¢;))", where n is positive integer. Then
j=1

(n—0o)T (r,f) <T(r,F)+ S(rf).

Lemma 5.7. Let f be non-constant transcendental meromorphic function having
finitely many zeros and L be an L—function of finite order, c € C\ {0} andn € N
such that n > o. Let p be a nonzero polynomial such that 2deg (p) < n— o. Then

S

(1) ifdeg(p) > 1, then f* T] (f(z + ¢;))" .L" I1

S
Jj=1 Jj=1

(L(z+¢;)" # p*(2)
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S S

(2) ifp(z) = ¢ € C\{0}, then the relation f" [] (f(z 4+ ¢;))" L™ [] (L(z + ¢;))" =

j=1 j=1
p?(2), always implies that f.L = t, where t is a constant such that t"° = .

Proof. Suppose

<f"H<f<z+cj>>“f) (cn <£<z+cj>>“f) = 1(2). @)

j=1 j=1

Let hy = L then by (2), we have

W) = 2 3)

[T hi(z +¢;j)m
j=1

We now consider the following two cases,

Case 1. Suppose h; is a transcendental meromorphic function. Now by Lemma
5.1,5.2 and 5.3, we get

nT (r,hy) =T (r,h?) + S (r,hy),

2
=T |r — () + S (r,hy),
[T hi(z+c;)m
j=1
<N (T,O;Hf(z—i—cj)’”) + N (T,O;Hﬁ(z+cj)"j> + 5 (r,hy),
j=1 j=1

<o[T(r,f)+T(r,L)]+S(rh),

from hy = fL£, which implies T'(r, hy) = T'(r,f) + T(r, L), we get
n|T(rf)+T(r,L)] <o[T(rf)+T(r,L)]+ S (r,hy),

which is a contradiction.
Case 2. Suppose h; is a rational function. Let

hs

hy = —2
1 h3

“)
where hs, h3 are two non-zero relatively prime polynomials. By (3), we have

T(r,hy) = max{deg(hs),deg(hs)}logr + O(1). ®)
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Now by (3) - (5), we have

max{deg(hs),deg(hs)}logr =T (r,h}) + O(1),
<o[T(r,f)+T(r,L)] +2T(r,p) + O(1),

mazx{deg(hs), deg(hs)}logr < omazx{deg(hs), deg(hs)}logr+2T(r,p)+O(1).

(6)
We see that max{deg(hs),deg(hs)} > 1. Now by (6), we deduce that (n — o) <
2deg (p(z)) . Which contradicts our assumption that 2deg (p(z)) < (n — o) . Hence
h; must be a non-zero constant.

Let
hy =t e C\{0}. (7)
Now when deg(p) > 1b (3) and (7), we arrive at a contradiction.
In this case we have ( (z +¢j)" ) <£” IT(L(z+ cj))“j> £ p?(2).
7j=1
Suppose p(z) = c € C \ {O} So by (2), we see that h{™7 = ¢
By (7), we get t"*t9 = (2. This completes the proof. U

Lemma 5.8. Let f be non-constant transcendental meromorphic function having

finitely many zeros and L be an L function of finite order, ¢ € C \ {0} be finite

complex constant such that f(z + ¢;) # f(2) fori =0,1,2,...;s. and L(z + ¢;) #
£ I1 ((+e5))"

L(z) and let n be an integer such thatn > (s+1)+o0. Let F(z) = ————~——

" 11 (e
and L(z) = ]_T where p(z) is nonzero polynomial. If H = 0 then
either

p(z)

S

(1) £ 1 (F(z + ¢)" £7 TT (£(z + )" = p2(2),

j=1 j=1
where f" [] (f(z 4+ ¢;))" —p(2) and L™ [] (L(z + ¢;))" —p(2) share 0 CM,

=1 j=1

(2) f(z) = tL(2) for a constant t with t"7 = 1.

Proof: From (1) we have,

b (F2F N\ (L oL
FOF-1 L L-1)

Since ‘H = 0, by integration, we get

1  BL+A-B
F—-1 L—1

(8)
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where A # 0, B are constant . From (7) it is clear that F and L share (1, 00). We
now consider the following cases.

Case 1. Let B # 0 and A # B, if B = —1 then from (8), we have F = +——
Therefore N (r, m> =N F)<N (7“, %) <T(r,p)=S(r,L).

So in view of Lemma 5.6 and the second fundamental theorem , we get

(n—0o)T(r,L)

IN

T (r, cr ﬁ (L(z + cj))“j> + S(r, L),

T(r,L)+ S(r,g),
N (r,00; L) + N (r,0; L) + N (r,(A+1); £) + S(r, L),
(s+1)T(r,L)+ S(r, L)

ININIA

which contradicts with n > (s + 1) + o.
If B # 1, from (8) we get that

1 —A
Fo(1+=)= .
( +B) B2 (L+428)
So N (7’, BTEA; L) = N(r,00;F) < S(r,£). Using Lemma 5.6 and the same

argument as used in the case when B = —1 we can get a contradiction.
Case 2. Let B # 0 and A = B. If B = —1, then from (8), we have

fm H f(z+c) L H L(z +c;)" = p*(2),

Jj=1 Jj=1

when |f" f[ f(z+¢j)* | —p(z) and [ﬁ" ﬁ L(z+ ¢j)* | — p(z) share 0 CM.
=1

Jj=1 J

If B # 1, from (8) we have

1 BL

F (I+BL-1

Therefore N (r,(1+ B); L) = N(r,00;F). So in view of Lemma 5.8 and the
second fundamental theorem, we get

(n—0o)T(r,L£) <T(r,L)+ S(r, L),
< N (r,00; L)+ N (r,0; L) + N (r, (1 + B); L) + S(r, L),
<(s+1)T(r,L)+ S(r,f)+ S(r, L),

so for r € I, we have

mn—o—(s+1)T(r,L)<S(r,L).
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Which is contradiction, since n > (s + 1) + o.
Case 3. Let B = (. From (8) we obtain

_L+A-1

d A

9)
if A # 1, then from (9), we obtain N (r, (1 — A); L) = N (r,0; F).

We can similarly deduce a contradiction as in case 2. Therefore A = 1 and from
(9), we obtain , F(z) = L(2).

That is

f"Hf(z—i—cj)“j = C”H£(2+cj)”f. (10)
j=1 j=1

Leth = % and then substituting f = h £ in (10), we deduce

ho(s) = — L+ (11)
h(z + ¢;)rs
j=1

J

hn+1 —

if h is not a constant, then we have

f 7=1
’ s

[T f(z+c)m

+ S(r,f) ;S(r,ﬁ),
< +o)[T(rf)+T(r,L)]+ S(r,f)+ S(r, L),

(n+1)T(r,h)<T|r

we obtain
(n—0o)[T(rf)+T(r,L)] < S(r,f)+S(r, L),

which is impossible. Therefore h is constant, then substituting f = h £ in (10), we
have h"*? = 1. Therefore f = t£ where ¢ is a constant with "7 = 1.

Lemma 5.9. [1] Iff, g be two non-constant meromorphic functions such that they
share(1,1). Then

ONL(r, 1)+ 2N 1 (r, 1:g)+ N (r, 1) = Nesa(r, 1;g) < N(r, 1;g)— N(r, 1; g).
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Lemma 5.10. [3] Let f and g share (1,1). Then

_ 1— 1 1 /
Nf>2(r7 17g) S §N(Ta Oaf) + §N(T’, OO,f) - §N0(Ta Oaf ) + S<T’ g>7

where Ny (r,0;f") is the counting function of the zeros of f' which are not the zero
of f(f — 1).
Lemma 5.11. [3] Let f, g share (1,0). Then
(i) Nesi(r,1;g) < N(r,0;f) + N(r, 00;f) — No(r, 0;f) + S(r,f)
(ii) Ngs1(r,1;f) < N(r,0;g) + N(r, 00;) — No(r,0;¢") + S(r, 8).
Lemma 5.12. [25] Let f, g share (1,0). Then
Ng(r,1;f) < N(r,0;f) + N(r, 00;f) + S(r,f).

Lemma 5.13. /3] Let f and g be two non-constant meromorphic functions sharing
(1,0). Then

Ng(’f‘, 17 f) + 2N$<T, 17 g) +N(E2(T7 17 f) - Nf>1(,ra 17 g) - Ng>1<7’, 17 f) <

N(r,1;g) = N(r, 1;g).

Lemma 5.14. [10, 19] If N (r,0; f®)|f £ 0) denotes the counting function of those
zeros of f¥)(2) which are not the zeros of f(z), where a zero of f¥)(2) is counted
according to its multiplicity, then

N(r,0;f®|f £ 0) < EN(r,00;f) + N(r,0;f| < k) + kN(r,0;f| > k) + S(r,f).

Lemma 5.15. [18, 20, 21] Let L be an L-function with degree q. Then T (r, L) =
Irlogr + O(r).

Lemma 5.16. [2, 15, 16, 17] Let L be an L-function. Then N (r,00) = S (r, L) =
O(logr).

Lemma 5.17. Let f be a non-constant meromorphic function and L be an L-
function. If f and L share (00, 0), then N (r,00;f) = S (r, L) = O(logr).

Proof:

Since f and £ share (0o, 0), therefore by lemma 5.16, we have N (7, 00;f) =

N (r,00; L) = S (r, L) = O(logr). This completes the proof.
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6 Proof of main Theorems

6.1 Proof of Theorem 3.1
fn f[ f(z+cj)Hi L f[ L(z+cj)Hi

Let F = ’ZIT and L = HT' It follows that F and L share

(1,2) except the zeors of p(z).
Case 1. Let H # 0 from (1), we obtain

N(r,00;H) < N.(r,1; F, L) + N(r,0; F| = 2) + N(r,0; L| > 2) + No(r,0; F )

+ No(r,0; L). (12)
No(r,0; F') is the reduced counting function of those zero’s of F " which are not
the zero’s of F(F — 1), and No(r,0; F ) is similarly defined.

Let zo be a simple zero of /' — 1 such that p(zy) # 0. Then z; is a simple zero of
L — 1 and a zero of H. So

N(r,1; F|=1) < N(r,0; L) < N(r,00; H) + S(r,f) + S(r, L). (13)
From (12) and (13)
N(r,1; F) < N(r,0; F| > 2) + N(r,0; L| >2) + N.(r,1; F, L) + N(r, 1, F| > 2)
+ No(r,0; F ) + No(r,0; L') + S(r,f) + S(r, L). (14)
Now in the view of Lemma 5.14, we get
No(r,0; L")+ N(r,1; F| > 2) + N,(r, 1; F, L) < No(r,0; L') + N(r, 1; F| > 2)
+ N(r,1; F| > 3)

< N(r,0; L'|L #0) < N(r,0; L) + S(r, L).
(15)

Using equations (14), (15) and Lemma 5.6, we get from second fundamental the-
orem that

(Tl - O')T(T, f) T(T, ‘F) + S(T, f)a

N(r,00;F)+ N(r,0; F) + N(r,1; F) — NO(T,O;./_‘J) + S(r,f),
N

(r, 005 F) + Na(r, 0; F) + Na(r, 0; L) + S(r, f) + S(r, L),

ININ TN

IN

N(r,00;f) + N (T, 00; Hf(z + cj)“J) + 2N (r, 0;f)

J=1

+N (r,O;Hf(ercj)“j) + N, (T70;£nH£(Z+Cj)M>

j=1 j=1

+ S(r, f)+S(r, L),
<@240)T(r, )+ 2+s)T(r,L)+ S(r,f)+ S(r, L). (16)
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Similarly, we can obtain
(n—o)T'(r,L) < 2+0)T(r,L)+ (24 s)T(r,f)+ S(r,f)+S(r,L). (17)
Combining (16) and (17) we have
(n—20—s—4)[T(r,f)+T(r,L)] < S(rf)+S(r L). (18)

Since n > 20 + s + 4, equation (18) leads to contradiction.
Case 2. Let H = 0. Then the theorem follows from Lemmas 5.7 and 5.8. This
completes the proof.

6.2 Proof of Theorem 3.2

£1(2) [T f(z+c;)" £7(2) T1 L(z+e;)d
Let F(z) = = and L(z) = = . Then F and L share

p(2) p(2)
(1,1) except for the zeros of p(z). We now consider the following two cases.

Case 1. H # 0.
Using Lemmas 5.6, 5.8, 5.9 and equations (12) and (13), we get

N, 1;F) < N(r1;F| =1)+ Np(r,1; F) + Ng(r,1; L) —i—Ng(r,l;F),
< N(r,0; F| > 2) + N(r,0;L| > 2) + N,(r,1; F,L) + No(r, 1, F)
—(@2

)
(r,1; L) + N (r,1; F) + No(r,0; F ) + No(r, 0; L") + S(r,f) + S(r, L),
(r,0; F] >2)+ N(r,0; L| >2) + N_g(r,l,]-") + 2N & (r,1; L)
(0
)

IN +

Ny
N
g(rvlaf)+N0<T7Oa~F)+N0T )—I—S(Tf)_’_S(TL)

(r,0; F| >2) + N(r,0; L| > 2) + Nzso(r,1; L) + N(r,1; L) — N(r,1; L)
o(r,0; F) + No(r,0; L') + S(r,f) + S(r, L),

N+
= ZI =l

n
< N(r,0; F| > 2) + %N(T,O;}") + N(r,0;L| > 2)+ N(r,0; L'|L # 0)
+ No(r,0; F) + S(r,f) + S(r, L),

N(r,1:F) < N(r, 0, F| 2 )+ SN(,0;F) + No(r, 0: L) + No(r. 0: F)

+ S(r,f) + S(r, L). (19)
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Hence by using second fundamental theorem, (19), Lemmas 5.1 and 5.6 we get

(n—o)T(r,f) <T(r,F)+ S(r,f),
< N(r,00; F) 4+ N(r,0; F) + N(r,1; F) — No(r,0; F') + S(r,f),

IA

_ 1—
N(r,o0; F) + 5]\7(7“,0;.7:) + No(r,0; F) + No(r,0; L) + S(r,f) + S(r, L),

o . s 1 s
< N(r,o00;f) + N(T,oo;Hf(z +¢;)M) + §N(r,0;f"Hf(z+ ci)h)

j=1 j=1

+2N(r,0:f) + N(r, 0 [ [ f(z + ¢))") + Na (r, 0; £ [] £+ Cj)“f>

J=1 J=1

+S(r,6) + S(r,£),
(n— 0)T(r,f) < <#) T(r,6) + (2 + 8)T(r, £) + S(r,f) + S(r, £).

(20)
Similarly, we obtain
2
(n—o)T(r, L) < (m%) T(r,L)+(2+s)T(r,f)+S(r, L)+S(r,f). (21)
Combining (20) and (21), we get

) T(r, f)+T(r,L)] < S(r,f)+ S(r,L). (22)

< 3s+40+9
n-——

Since n > #9749 equation (22) leads to contradiction.

Case 2. Let H = 0.Then the theorem follows from Lemmas 5.7 and 5.8. This
completes the proof.

6.3 Proof of Theorem 3.3

(=) 1 f(ze;)d £7(2) T1 Lz4¢;)s
Let F(z) = ) and L(z2) = =5 . Then F and L share

(1,0) except for the zeros of p(z).
In this case equation (13) changes to

Ng(r, 1;F) < N(r,0;H) < N(r,o0; H) + S(r, F) + S(r, L). (23)
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Using Lemmas 5.11 - 5.14 and equations (13) and (23), we get
(2

(r,;F) < NB(T, 1, F)+ Ng(r,1;F)+ Ng(r,1; L) + N (r,1; F)
N.(r,1; F, L)+ N(r,0; F| > 2) + N(r,0; L| > 2) + No(r,1; F)

=

=
L
S
AV
>
_|_
E
=
=2
=
AV
-
+
=]
K,.I
v
=
=
=
+
=
&
Y
=
=
3
+
=]
N
=
=
X

+ S(r,f)+ S(r, L). (24)
Hence using (24), Lemmas 5.1 and 5.6, we obtain from second fundamental the-
orem that

(n - O—)T(Ta f) S T(?", F) + S(Ta f)a
N(r,00; F)+ N(r,0; F) + N(r,1; F) — No(r,();]:/) + S(r,f),
N(r,00; F) 4 2Ny(r,0; F) + No(r,0; L) + N(r,0; L) + S(r,f) + S(r, L),

< N(r,o00;f) + N (r, 00; Hf(z + cj)‘“') + 4N (r,0;f)

j=1

+2N (T, 0: T f(=+ Cj)lﬂ) e (r’ oL Let+ Cj)w)

j=1 j=1

+N (T,O;L’”HE(Z + cj)“j) + S(r,f)+ S(r, L),

j=1
(n—0o)T(r,f) < (44 25)T(r,f) + (34 2s)T(r, L) + S(r,f) + S(r, L). (25)
Similarly, we obtain
(n—0o)T(r,L) < (4+28)T(r, L)+ (3+2s)T(r,f)+S(r,L) + S(r,f). (26)
Combining (25) and (26), we get
(n—o—4s—=7)[T(r,f)+T(r,L£)] < S(r,f)+ S(r,L). (27)

Since n > 4s + o + 7, equation(27) leads to contradiction.
Case 2. Let H = 0. Then the theorem follows from Lemmas 5.7 and 5.8. This

completes the proof.
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7 Discussion and Conclusions

Nevanlinna theory has applications in various areas of mathematics, includ-
ing number theory, differential equations, algebraic geometry, and mathemati-
cal physics. It provides powerful tools for understanding the intricate behavior of
meromorphic functions and their connections to other mathematical structures. Also
Applications of L-functions in various areas of mathematics often involve under-
standing their analytic properties, which can be studied using techniques from
Nevanlinna theory.

In this article, with the help of the Nevanlinna theory and L-functions, we
have studied the uniqueness results of two difference monomials generated by
two finite order non-constant meromorphic function and L function when they
share a non-zero polynomial and obtain some results which extend and improve
some earlier results of Harina P. Waghamore and Manjunatha B.E.
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