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Abstract
If we go through the literature, one can find many matrices that are
derived for a given simple graph. The one among them is the anti-
adjacency matrix which is given as follows; The anti-adjacency ma-
trix of a simple undirected graph G with vertex set V(G) = { vy, v,
...,Up} is an n x n matrix B(G) = (b;;), where b;; = 0 if there
exists an edge between v; and v; and 1 otherwise. In this paper, we
try to bring out an expression, which establishes a connection be-
tween the anti-adjacency matrices of the two graphs G; and G2 and
the anti-adjacency matrix of their tensor product, G; ® G5. In addi-
tion, an expression for the anti-adjacency matrix of the disjunction of
two graphs, GG V (G5, is obtained in a similar way. Finally, we obtain
an expression for the anti-adjacency matrix for the generalized tensor
product and generalized disjunction of two graphs. Adjacency and
anti-adjacency matrices are square matrices that are used to represent
a finite graph in graph theory and computer science. The matrix el-
ements show whether a pair of vertices in the graph are adjacent or
not.
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1 Introduction

The tensor product (conjunction) and disjunction of two graphs were first de-
scribed in 1967 by Frank Harary and Gordon W. Wilcox [2]. The idea of the
generalized tensor product of two graphs was first suggested in 2014 by U P
Acharya and H S Mehta [S]. The concept of generalized disjunction of two
graphs with respect to distance as a parameter was first suggested in 2020 by
Manju V N and G Suresh Singh [4]. M. Edwina and K.A. Sugeng established
the concept of anti-adjacency matrix for undirected graphs in 2017[1]. Let G be
a simple undirected graph with vertex set V/(G) = {vy,va,...,v,} and edge set
E(GQ) = {e1,ea,...,en}. According to [1], the anti-adjacency matrix of G, de-
noted by B(G) is the n x n matrix B = (b;;), where b;; = 0 if v;u; € E(G) or
otherwise b;; = 1. Some properties of anti-adjacency matrix are related to its char-
acteristic polynomial and its eigenvalues. In chemical graph theory, the physical
characteristics of chemical graphs can be obtained by using the eigenvalues of the
anti-adjacency matrix of graphs. This motivates us to compute the anti-adjacency
matrix of some graphs obtained by few graph theoretical operations.

In this paper, we first obtain an expression for the anti-adjacency matrix of
tensor product and disjunction of two graphs. Next, we define the " stage anti-
adjacency matrix of a simple undirected graph and then try to get an expression
for the anti-adjacency matrix for the generalized tensor product and generalized
disjunction of two graphs.

Definition 1.1. [3] The distance between two vertices v and v in a connected
graph G, denoted by d¢(u,v) is the length of the shortest path between u and v
in G.

Definition 1.2. [2] Let G, = (Vi, Ey) and Gy = (Va, Ey) be two connected
graphs. The tensor product (or conjunction) of G1 and G, denoted by G1 ® G5
is the graph with vertex set V.= V| x Vj and two vertices (u,v) and (u',v") are
adjacent in G1 ® Gy if u is adjacent to u' in Gy and v is adjacent to v in G..

Definition 1.3. /5] Let G, = (V1, E1) and Gy = (Va, Ey) be two connected
graphs. The m-tensor product of G1 and G4, denoted by G| ®,,, G5 is the graph
with vertex set V. = Vi x Vy and two vertices (u,v) and (u',v') are adjacent in
G1 ®m Gy ifdg, (u,u') = mand dg,(v,v") = m.

It is clear that when m = 1, we get definition 1.2. When m = 2, we have the

following

Definition 1.4. [5] Let G; = (V1, E1) and Gy = (Va, Ey) be two connected
graphs. The 2-tensor product of G1 and G4, denoted by G1 Qo G5 is the graph
with vertex set V. = Vi x V, and two vertices (u,v) and (u',v') are adjacent in
G1® Gy ifdg, (u,u') =2 and de,(v,v') = 2.
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Definition 1.5. [2] Let G; = (i, E1) and Gy = (Va, Ey) be two connected
graphs. The disjunction of Gy and G4, denoted by G,V G is the graph with vertex
set V = Vi x Vy and two vertices (u,v) and (u',v") are adjacent in Gy V Gy if u
is adjacent to v’ in Gy or v is adjacent to v’ in G or both

Definition 1.6. [4] Let G, = (Vi,E1) and Gy = (Va, Ey) be two connected
graphs. The m— disjunction of G, and G, denoted by G| \V,, Gy is the graph
with vertex set V. = Vi x Vj and two vertices (u,v) and (u',v") are adjacent in
GV Gy ifdg, (u,u') = m or dg,(v,v") = m or both.

It is clear that when m = 1, we get definition 1.5. When m = 2, we have

Definition 1.7. [4] Let G, = (V1,E1) and Gy = (Va, Ey) be two connected
graphs. The 2— disjunction of G, and G, denoted by G, Vo G5 is the graph
with vertex set V. = Vi x V, and two vertices (u,v) and (u',v") are adjacent in
G Va Gy ifdg, (u,u') =2 or dg,(v,v') = 2 or both.

Definition 1.8. [1] Let G be a simple undirected graph with vertex set V(G) =
{v1,vg,...,v,} and edge set E(G) = {ey, e, ..., e }. The anti-adjacency matrix
of G, denoted by B(G) is the n x n matrix B = [b;;], where b;; = 0 if e = vjv; €
E(QG) or otherwise b;; = 1.

Definition 1.9. [2] Let A = [a;;] be an m x n matrix and B = [b;;| be a p x ¢
matrix, then their tensor product denoted by A @ B is an mp X nq matrix and is
defined as

anB  apB -+ a,B
A 2 B (lng G/Q.QB . a/27:lB
amlB ClmgB tee amnB

All graphs under our consideration are simple, finite undirected connected
graphs.

2 Anti-Adjacency Matrix of m— Tensor Product of
Graphs

In this section we study some properties of the anti-adjacency matrix of G; ®
(G5 and generalize the result for m- tensor product of G'; and G,.

Theorem 2.1. Let G| and G4 be two graphs of order m and n respectively. Then,
the anti-adjacency matrix of G1 G5 is given by B(G1®G3) = B(G1)®J,8J,®
B(G2)® B(G1)® B(G3), where J,, and J,,, are the n xn and m X m matrices with
every entry 1, @ denotes addition modulo 2 and & denotes the tensor product.
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Proof. Let V(G1) = {uy,us, ..., u,} and V(Gy) = {v1, v, ...,v,}. Then con-
sider B(G; ® Gs),

By Bis - By, Bim
B(Gi Gy = | Ba B B, B
Bt Bus o B o Bunl
where
(us,v1)  (usw2) o (us,vn)
(ur,v1) Py P Py

B.s = : : :
(ur,vn) Pnl Pn2

Suppose d¢, (uy, us) # 1, then P;; = 1V ¢ and j. So, in this case B,; = J,,.
0 ifdg,(vi,v;) =1

Next suppose that d¢, (u,, us) = 1, then P;; = "o (U %)

1 otherwise

Thus in this case, P;; = (i, j)™" entry of B(G>). Hence,

B — B(Gsy) ifdg, (up,us) =1
e Jn otherwise

Assume, B(G1) = [bij]mxm and B(G2) = [c;j]nxn and consider

bllt]n blZJn e blmJn
BEy@ ="
meJn bm2<]n T bmmJn

Then the (i, 7)™ block of B(G;) ® J,, = [b;;.J,,] and

[b;;J,] = (0)nxn if by; = 0 (e, ifdg, (u;, u;) = 1)
o In otherwise
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Now,
(11 ... 1
Jn @ B(Gy) = |+ ¢ . | ® B(Gy)
11 -1
[B(Gy) B(Gy) --- B(Gy)
B(G2) B(Gy) - B(Ga)

So, the (i, )™ block of .J,, @ B(G5) is B(G5) Vi and j. Next consider,

b B(Gs) biB(Ga) - bunB(Ga)
bng(Gg) bQQB(GQ) s meB(Gg)
B(Gh) ® B(G,) = : : :
b B(Ga) buaB(Ga) -+ b B(Ga)

Hence, the (7, 7)™ block of B(G1) ® B(G>) is b;; B(G>) and

(O)nxn if bij =0 (ie, if dG1 (UZ',Uj> = ].)

bij B(Ga) = {B(Gg) if by = 1 (e, if da, (us, uj) # 1)

It follows that the (7, 7)™ block of B(G1) ® J,, ® J,, ® B(Gs) & B(G1) ® B(Gs)

_ {(O)an & B(G2) & (0)pxn  ifdg, (uiuj) =1

Jn ) B(GQ) @D B(Gz) if dG1 (ui,uj) 7& 1
. B(Gg) ifdGl(Ui,u]') =1
s if de, (us, uj) # 1

Therefore, the (i, 7)"" block of B(G4) ® J, ® J,, @ B(Gs) ® B(G) @ B(Gs) is
equal to the (i, 7)™ block of B(G; ® Gs). Hence, B(G1 ® Gs) = B(G,) ® J,, @
I ® B(G2) ® B(G1) ® B(Ga). u

Definition 2.1. Let G be a graph with vertex set V(G) = {vy,vq,...,v,}. The
second stage anti-adjacency matrix of G, By(G) is the n xn matrix Bo(G) = [b;;],
where

1 otherwise

{0 ifdg(vi,vj) =2
bij - .

Note that By(G) is real, square symmetric matrix.

247



Manju V N, Athul T B, G Suresh Singh

Theorem 2.2. Let G and G5 be two graphs of order m and n respectively. Then,
the anti-adjacency matrix of G1 ®9 G is given by B(G1 ®9 G3) = By(G1) ®
In ® I @ Ba(Gy) @ By(Gh) ® Bo(Gy), where J,, and J,, are the n x n and
m X m matrices with every entry 1, & denotes addition modulo 2 and & denotes
the tensor product.

Proof. Let V(G1) = {uy,uz, ..., u,} and V(Gy) = {v,v,...,v,}. Then con-
sider B(Gl ®2 GQ),

[Bin Bz -+ Bis -+ Bin|
B(Gl X2 GQ) = Brl Br2 te Brs Brm
_Bml Bm2 e Bms e Bmm_
where
(uS’vl) (uS 7v2) (u37vn)
(Urﬂ)l) PH P12 Pln
By, = : : :
(ur,vn) Pnl Pn2 e Pnn

Suppose dg, (u,, us) # 2, then P;; = 1V i and j. So, in this case B,; = J,,.
0 ifdg,(vi,v;) =2

1 otherwise

Thus in this case, P;; = (i, )™ entry of By(G>). Hence,

Next suppose that dg, (u,, us) = 2, then P;; = {

B. — BQ(GQ) if dG1 (UT,US) =2
e In otherwise

Assume, By(G1) = [bijlmxm and By(G2) = [¢ij]nxn and consider

blljn leJn T blmJn
By(Gh) ® Jn = 21: 22: - 2 :
bmljn meJn e bmmJn

Then the (4, 7)™ block of By(G4) @ J,, = [bs;J,,] and

i) = (0)pxn  if by = 0 (e, if dg, (us, u;) = 2)
o In otherwise
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Now,
(11 - 1
Jm @ Ba(G2) = |1 1 o 1| @ Ba(Ga)
11 -1
By(Gg) Bs(Ga) -+ Ba(Ga)
By(Gy) Ba(Ga) - Ba(Gh)
So, the (i, 7)"" block of J,, ® By(Gy) is By(G2) Vi and j. Next consider,
b11B2(Gs)  b1aBa(Gs) -+ b1y Ba(Gs)
By(Cy) ® Ba(Cl) = bQIBQI(GQ) bQQBQZ(GQ) meB:Q(G2>
biBa(Ga) braBa(Ga) - by Ba(Gh)

Hence, the (i,j)th block of BQ(Gl) (24 BQ(GQ) is bijBQ(GQ) and

)= (0)nxn  if by = 0 (e, if de, (us, uj) = 2)
Ba(Gs) if bij = 1 (e, if dg, (ui, u;) # 2)

It follows that the (Z, th block of BQ(Gl) ®Jn@ Jm®B2(G2) @BQ(Gl) ®B2(G2)
_ n><n S¥ BZ G2> ( )n><n lf dGl (ui? uj) =2
J D BQ G2 () BQ(GQ) if dGl (U,Z‘, Uj) §é 2
BQ GQ if dG1 (Uz, 'Ll/]) =2
if de, (u;, uj) # 2
7)

Therefore, the (7, 7)!" block of By(G1) @ J,, ® Jp, @ Ba(Go) @ Ba(G1) @ Ba(Go)
is equal to the (i, j)*" block of B(G; ®, G3). Hence, B(G1 ®3 Go) = By(G1) ®
I @ I @ Ba(Ga) & By(Gh) ® Ba(Ga). O

Definition 2.2. Let G be a graph with vertex set V(G) = {v,va, ..., v, }. The r'™
stage anti-adjacency matrix of G, B,.(G) is the n x n matrix B,(G) = [b;;], where

{0 ifda(vi,v;) =7
bij = .

1 otherwise

Theorem 2.3. Let G and G5 be two graphs of order m and n respectively. Then,
the anti-adjacency matrix of Gy ®,, Gy is given by B(G1 ®,, G3) = B,,(G1) ®
I @ J @ Bp(Go) @ B, (G1) @ Bn(Gs), where J,, and J,, are the n X n and
m X m matrices with every entry 1, @ denotes addition modulo 2, @ denotes the
tensor product and B,,(G) is the m'™ stage anti-adjacency matrix of G.
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Proof. Proof is same as the proof of Theorem 2.2. [

3 Anti-adjacency Matrix of m— Disjunction of G,
and GQ

In this section we study some properties of the anti-adjacency matrix of G V
(G5 and generalize the result for m- disjunction G; and Gb.

Theorem 3.1. Let Gy and G5 be two graphs of order m and n respectively. Then,
the anti-adjacency matrix of G1 V Gy is given by B(G1V G2) = B(G1) ® B(G»),
where B(G) is the anti-adjacency matrix of G' and & denotes the tensor product.

Proof. Let V(Gy) = {uy,us,...,un} and V(Gs) = {vy,vs,...,v,}. Then con-
sider B(G; V Gs),

[ By Bz -+ Bis -+ By
B(G\VGs)= |Bn Bw -+ Bu .. Bm
_Bml Bm2 Bms Bmm_
where
(us,v1)  (us,v2) - (us,on)
(ur,v1) PH P12 Pln
B.s = ..
(tryvn) Pnl Pn2 o Pnn

Suppose dg, (u,, us) = 1, then P;; = 0V ¢ and j. So, in this case B, is the
zero matrix of order n X n.
Next suppose that dg, (u,, us) # 1, then

0 ifdG2(Ui,Uj) =1
Py = .
1 otherwise

Thus in this case, P;; = (i, j)™" entry of B(G>). Hence,

B, = {B(Gz) if dg, (UT,US) # 1

(0)nxn otherwise
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Assume, B(G1) = [bij|mxm and B(G2) = [c;j]nxn and consider

bllB(Gg) blgB(Gg) s blmB(Gg)

b B(Gs) by B(G3) -+ by B(Ga)
B(G1) ® B(Gq) = : : :

b1 B(G2) bpaB(G2) -+ bumB(Ge)

Then the (i, 7)™ block of B(G;) ® B(G2) = [b;;B(G2)] and

[bz]B(GZ)] - {(O>n><n if bij =0 (ie, if dGl (ui, Uj) = 1)

Hence, the (7, 7)"" block of B(G1)® B(G5) is equal to the (4, ) block of B(G;V
).
Therefore, B(G1 V G2) = B(G1) ® B(Gs).

O

Theorem 3.2. Let G| and G4 be two graphs of order m and n respectively. Then,
the anti-adjacency matrix of G1 Vo Gy is given by B(G1 Vo G2) = Bs(G1) ®
By(G3), where By(G) is the second stage anti-adjacency matrix of G and @ de-
notes the tensor product.

Proof. Let V(Gy) = {uy,us,...,uy} and V(Gs2) = {vi, v, ...,v,}. Then con-
sider B(G1 V4 Ga),

_Bll B12 t Bls t Blm-
B(Gl Vo G2) =|Bn B -+ By .. By
_Bml Bm2 Bms Bmm_
where
(u5‘7v1) (US,’U2) (us 7'Un)
(Umm) P11 P12 Pln
By = : : - :
(ur,vn) Pnl Pn2 e Pnn

Suppose dg, (u,, us) = 2, then P;; = 0V i and j. So, in this case B, is the
zero matrix of order n X n.
Next suppose that dg, (u,., us) # 2, then

0 ifdGQ(Ui,Uj) =2
Py = .
1 otherwise
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Thus in this case, P;; = (i, 7)™ entry of By(G2). Hence,

B.. — B2(G2) if dGl (ur‘aus) % 2
e (0)nxn  otherwise

Assume, By(G1) = [bij|mxm and Ba(Gs) = [¢;j|nxn and consider

b11B2(G2) b12B2(G2) o blmB2<G2)

ba1 Bo(G bas Bo (G cor o boBa(G
B2(G1)®B2(G2) _ 21 2( 2) 22 2( 2) ) 2 2( 2)

bmlBQ<G2) bm2BQ(G2) e bmmB2(G2)

Then the (i,j)th block of Bg(Gl) X BQ(GQ) = [bZ]BQ(GQ)] and

[bij B2(G2)] = {@)nm if by; = 0 (e, if dg, (u;, u;) = 2)

Hence, the (i, )™ block of By(G1) ® By(G) is equal to the (i, 7)™ block of
B(Gl Vs GQ)
Therefore, B(G1 Vo G3) = B2(G1) ® Ba(G).

O

Theorem 3.3. Let G and G5 be two graphs of order m and n respectively. Then,
the anti-adjacency matrix of Gy V,, Go is given by B(Gy V,,, G3) = B,,(G1) ®
B (Gy), where B,,(G) is the m!" stage anti-adjacency matrix of G and @ denotes
the tensor product.

Proof. The Proof is same as the proof of Theorem 3.2. U

4 Conclusions

In this paper, we found the relation between the anti-adjacency matrices B(G1®
Gs), B(G1) and B(G3). Also, we obtained the relationship between B(G; V
G,), B(G,) and B(G;). Further, we introduced the concept of r" stage anti-
adjacency matrix of a simple undirected graph and then tried to find the anti-
adjacency matrices of graphs derived from the graph operations generalized ten-
sor product and generalized disjunction. We strongly believe that this work can be
further extended to find the anti-adjacency matrices of graphs, derived from other
graph theoretical operations such as composition, Cartesian product etc.
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