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Abstract:
The concept of ideal in a right (left) semihypergroup is defined. Then some

connections between ideals and the hyper versions of Green’s relations are discussed.

1.Introduction

Marty in 1934[2] Introduced the notion of hypergroup.

We begin by recalling some definitions from [1].

A hyperopration of a non-empty set H, is a function from H x H into
Pe(H) = P(E\{0}.

If “+” is a hyperoperation on H, then (H, ) is called a hypergroupoid.

Let (H,*) be a hypergroupoid and A, B two non-empty subsets of H, then A* B
is defined by

AxB= U axb

aEAbER

By z+ A, and A+ we mean {z} * A and A * {z} respectively, for all x € H,

P#ACH.
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2.Main results
Definition 2.1. Let (H,*) be a hypergroupoid. Then H is said to be a right

(left) semihypergroup (or r.8 (Ls)) if
(cry)rzCax(y*z)Vo,u,2€ H

(z*(y*2) C(c*y)*zVz,y.2 € H).

An hypergroupoid is called a semihypergroup if it is both a left and a right
semihypergroup.

Definition 2.2[2]. Let (H,*)be a semihyprgroup. Then A is called a hypergroup
fz+sH=Hsz=H,forallz € H.

Definition 2.3. Left (H*) be a hypergroupoid and A € P*(H). Then A is
called

(i) a right ideal in H if
teA=z+yCAVWeH

(ii) a left ideal in H if
sc A=>y*xzCAVyeH
(iii) an ideal in H if it is both a left and a right ideal in H.

Example 2.4. If H is a totally ordered set and the hyperoperation “=” on H is
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defined by

{zeH:2<z2} if y<z
sy=yrz=
{zreH:y<z} if 2Ly,

for all z,y € H. Then we can show that (H,#) is a semihypergroup. Infact if
z,y,2 € H,and w € (z *y) * z are arbitrary, then we have w € a * z, for some
a€z+y. Ifz <y, then y < a. Now we have two cases,

Cases 1: Let z > a. Then since w € a * z, we have w 2 2. On the other hand,

since y < a, we obtain that z <y < z. In other words z € y* z and w € z* z. Now

weget that wezxzCx*(ysz).

Case 2: Let a > z. Then, since w € a * z, we conclude that w > a > z. Now if

z 2 y, then we have

w>2a>2=2Y 27T

Hence w € z+z Cz# 2z and 2 € y * 2. Thus
‘ wezxzCr*(y*z).
If y > 2, then we have
z2<y<a<w, sincew€ax*z

consequently

wezy, sincey <wand z <y C z*(y*2z), sincey € y* 2. Therefore

(zy)kz C z*(y*z),if z < y. Now since zxy = y*z, we have (z*y)*z C z*(y*z2).
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Note that, since £+ B = B+z. For all z,y,2 € H. Thus (H, =) is a semihypergroup.
Now Let A= {z € H : a < z}, where a € H. Then we shall show that Ais an ideal

of H. To do this let z € A,y € H and z € 2 *y. Then if z < y, we have
z2y2c20.

Hence z € A. If y < z, we have

z>z2>a.

That is z € A, Consequently = *y C A.

Definition 2.5. Let (H,x) be a hypergroupoid. For every e € H we define

aH = (axH)U{a};
Ha = (Hxa)U{a}
HeH = ((H*a)*xH)UHeUaH.

The hyper versions of Creen’s relations are the equivalence relations R L. 7 and K

defined for all a,b € H by

aRb& aH = bH:
alb& Ha= H;
alb & HoH = HbH;

L=L£NR.
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We shall also consider the relations < (R), € (£) and < (Z) defined for all

a,be H by

e < (R)b & oH CbH;
a<(L)b& Ha C HE,

a < (I)b & HaH C HbH;

(See[1,page 29]).

Teorem 2.6. Let H bearsand § # A C H. Then A is a right ideal iff for

every 7,y € f.
g<(R)yandye A=z €A (1)

Proof. Let H be ars, A € P*(H) and (1) hold. Then for all z € A and
y € H, we will prove that z xy C A. To do this let z € z*y, and w € zH are
abitrary. Then w = z or w € z 1, for some t € H. If w =z, then since z € T *y
we have w € z *y and h;snce wne zH. If w € z %1, then since z € z * y we get
that w € (z*y)*t C o+ (y*t) C oH. Therefore zH C zH. In other words
z < (R)z.Hence z € A. That is z * y C A

Conversly, let A be a right ideal in H, 2 < (R)yand y € A. Then yH C A,since
A is a right ideal. Hence

zezH CyH CA.

i3
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In other words € A.

Theorem 2.7. Let H be ar.s @ € H. Then aH is the smallest right ideals
containing a. Right ideals of this form are called principal right ideals.

Proof. The proof is easy.

Theorem 2.8. If H is a r.s and a,b € H, then the following are equivalent:
(1)a< (R)b
(2) ac bH
(3) b€ J = a € J for all principal right ideals J in #,
(4) be J = a € J for all right ideals J in H.

Proof. Clearly (4) = (3) = (2) and (1) = (2). By Theoem 2.7 we have
(2) = (1) and (2) = (4).

Corollary 2.9. If H is a r.s and a,b € H, Then the following are equivalent:
(1) aRb,
(2) b€ aH and a € bH,
(3) a € J & b€ J for all principal right ideals J in H,
(4) a € J & b€ J for all right ideals J in H.

Proof. The proof follows from Definition 2.5 and Theorem 2.8.

Definition 2.10. Let H be a lypergroupoid. A set F of functions on H is
separating if, for all distinct & and y in H, there is an f € F with f(z) # f(y).

Notation. Let H be a hypergroupoid = € H. Then R-class, L - class, I-class
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and K-class of z are denoted by 2, Z,, 25, and T, respectively.
Corollary 2.11. Let H be a r.s. Then the following are equivalent:
(1) the relation < (R) is an order on H.
(2) 2, =2,V € H,
(3) The set of all characteristic function of principal right ideals in H is separating,
(4) The set of all charactcristic functions of right ideals in H is separating .
Proof. Obviously (1) = (2) and (3) = (4). Firstly we shall prove (2) = (3).Let
z and y be two distinct elements in H. Then by Corollary 2.9,we have y ¢ zH or
z . Hence X, (3) # X, (¥) O Xyu(¥) # X,u(®)-
It is now sufficient to show that (4) = (2).Let ¢ < (R)y and y < (R)z. Then

z € yH and y € zH. From Corollary 2.9 we have

z € J & y € J for all right ideals J.

Hence z = y, by (4). Cl.;a;aily < (R) is reflexive and transitive.

Remark 2.12. For a s H there are corresponding theorems and corollaries
connecting the relation £ with left ideals.Moreover for a semihypergroup H there
are corresponding theorems and corollaries connecting the relation T with ideals, we
shall summarise a few of these results in the next theorem.

Theorem 2.13 Let H be a semihypergroup and a,b € H.Then

(1) eTbiff
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ae J e be J forall ideals J in H,
(2) akCb iff
acJabeJ
whenever J is a left ideal or a right ideal in H.
Theorem 2.14. Let H be a semihypergroup. Then H is a hypergroup iff
:cEz*Ha.nd g, =H\Vz e H.
Proof. The proof is easy.
Definition 2.15. Let H,H' be two hypergroupoid and f : H — H' a function.

Then F is called a homomorphism if
flzxy) = fz) = f(y)-
Theoerem 2.16. Let H,H' be two hypergroupoids and f : H — H' an onto

homomorphism. Then f preserves the relations < (R),< (£) and < (I).Moreover

f(xn) = (f(z))k,f(ﬂ:,:) = {f(z));:: f(zr) = (f(I))I and J:i-.::j' = (f(z))e-
Proof. The proof is easy.
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